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ABSTRACT 

Computer-based numerical simulation has become a significant and very popular 

approach for solving engineering problems in the past few decades. It provides a safe and 

efficient tool to engineering investigations. It can even provide the knowledge that cannot 

be obtained directly through other methods. In other words, numerical simulation 

provides the assistance to interpret the theoretical phenomena and offers an alternative 

way to insightfully study the theories or experiments. 

In hydrodynamics simulations, the tradition mesh-based methods have been the dominant 

methods for decades, but they will fail in the simulation of free surface flow problems 

due to the large deformation and fragmentation, and they suffer from some problems 

whose objects are a set of discrete physical particles (rather than a continuum). On the 

contrary, mesh-less particle methods (MPMs), or mesh-free particle methods, whose 

domain discretization is based on a finite number of discrete particles. The state and 

movement of the problem system is represented by a set of discrete particles in MPMs. 

As in computational fluid dynamics (CFD) problems, the field variables, such as location, 

velocity, pressure, force and other variables (e.g. mass, momentum, energy) are included 

into each particle. Therefore, the movement of the real physical system is directly 

reflected by the movement of the particles. In the past decades, the MPMs have been 

proved as a robust tool in numerical simulations, it is expected that the mesh-less method 

will further thrive the numerical studies in fluid mechanics.  

This study reposes upon the weakly-compressible moving particle semi-implicit (WC-

MPS) method modified and improved by Shakibaeinia and Jin (2010) and aims at 
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modifying the WC-MPS model and applying it to free surface flow problems. During this 

study, the complete theory of the proposed WC-MPS model was introduced. The model 

was later modified to numerically study several open channel flow problems with open 

boundaries. Furthermore, non-Newtonian fluid flows were studied and the specified WC-

MPS method for simulating non-Newtonian flows was proposed.  

Through the current study, the capability of the proposed model to simulate open channel 

flow problems was confirmed. And the proposed model successfully reproduced the 

important flow features for the real open channel flow problems with open boundaries. 

Further modification and application of the proposed model to simulate non-Newtonian 

fluid flows had been validated through experimental studies and the model reproduced 

the crucial non-Newtonian flow features. Comparison with experimental tests showed 

that WC-MPS is capable to simulate free surface flows of non-Newtonian fluid flows. 
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Chapter 1 Introduction to the Particle Methods 

1.1 Computer-based Numerical Simulation 

Computer-based numerical simulation has become a significant and very popular 

approach for solving engineering problems in the past few decades. It converts a real 

physical problem into the correlated mathematical representations, and solves them by 

computers. Therefore, the phenomena behind the physical problem can be virtually 

revealed and studied under different circumstances. Unlike theoretical practices, 

numerical simulation has the advantage of exploring an original problem into the details 

without numerous assumptions. With the increasing power of computers, numerical 

simulation has been extensively adopted in almost every engineering field. 

Rather than carrying out those dangerous and time-consuming experiments, computer-

based numerical simulation provides a safe and efficient tool to engineering 

investigations. It can even provide the knowledge which cannot be obtained directly 

through other methods. In other words, numerical simulation provides the assistance to 

interpret the phenomena and offers an alternative way to insightfully study the theories or 

experiments. 

1.2 Solution Procedure of Numerical Simulation  

All numerical simulation has a similar solution pattern. The standard solution algorithm 

of numerical simulations is briefed as following and as a flow chart in Figure 1-1.  

The physical problem or phenomenon is translated into mathematical representations 

with certain assumptions and simplifications. These mathematical representations are 



 

2 
 

usually expressed as governing equations accompanied with appropriate boundary 

conditions (BC) and/or initial conditions (IC). The governing equations are typically a set 

of ordinary differential equations (ODE), or partial differential equations (PDE). 

Integration equations and other possible forms of representations of the physical laws are 

common as well. 

 

Figure 1-1: Standard solution pattern of numerical simulation. 

Besides the boundary conditions and initial conditions, the problem domain is required to 

be discretized for the computer-based algorithms. The problem domain is generally 

divided into discrete components. And the methods of discretization may vary depending 
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on the numerical methods. A continuous domain will be converted into a finite number of 

components, and these discrete components shape into the computational frame.  

It is obvious that after numerical discretization, the governing equations in any form will 

be converted from a continuous system to a discrete system. Then it can be programmed 

into computer algorithms and implemented thereafter. 

1.3 Mesh-based (or Grid-based) Methods 

The above-mentioned computational frame of the mesh-based methods usually consists 

of a lattice of node points, or grid nodes to represent the geometry of the domain. Field 

variables are evaluated at these nodes and their relations are determined by some function 

relationships, these function relationships are called nodal connectivity as well (Liu and 

Liu 2003). As a result, the nodes are connected to form a mesh or grid system according 

to the nodal connectivity. And the size of the mesh or grid cell will determine the 

accuracy of the simulation. 

There are two categories of computational frames to represent the governing equations.  

Both of them are extensively used in numerical simulations especially in fluid mechanics.  

The first category is the Eulerian frame and it is widely used in finite difference 

simulations (FDM) and finite element simulations (FEM) (e.g. Anderson, 1995; Hirsch, 

1998; Wilkins, 1999); the other is the Lagrangian frame and it can be found in some of 

the finite element simulations (e.g. Zienkiewicz and Taylor, 2000; Liu and Quek, 2003). 

Another frame combing the Eulerian frame and Lagrangian frame is as well developed to 

include their advantages, such as the Arbitrary Lagrangian Eulerian method (ALE) (Hirt 
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et al., 1974; Benson, 1992: Belytschko et al., 2000) and Coupled Eulerian Lagrangian 

(CEL) method (Hans 1999). 

Although the mesh-based methods are the common and dominant methods to numerical 

modeling, the innate limitations of them prevent their application into some certain 

problems as the following briefed.  

The mesh generation in mesh-based systems is a significant prerequisite of the entire 

simulation. As in Eulerian systems, usually FDM methods, it is rather difficult to create 

an irregular geometry based on a regular mesh. Sometimes additional mathematical 

processes will be introduced to create the geometry, and these processes cost more to 

solve than the problem itself. Other problems such as determining the positions of the 

inhomogeneities, deformable boundaries, free surfaces, and moving interfaces in the 

simulation processes are commonly encountered and are difficult to solve by mesh-based 

methods. Lagrangian frame can handle the irregular geometries but this usually takes a 

considerable part of the entire simulation as well. Although the ALE and CEL methods 

combines the advantage of both Eulerian and Lagrangian methods, the highly distorted 

mesh will still cause severe errors in the simulations (Hirt et al., 1974; Benson, 1992; 

Belytschko et al., 2000). 

In hydrodynamic simulations, the mesh-based methods will fail in explosion and high 

velocity impact problems due to the large deformation and fragmentation, highly 

deformable boundaries and free surfaces (Liu and Liu 2003). On the other hand, the 

mesh-based methods suffer from some problems whose object is a set of discrete physical 
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particles (rather than a continuum), such as the interaction of stars, movement of atoms, 

and the dynamic behavior of protein molecules (Liu and Liu 2003).  

1.4 Mesh-less Methods 

Mesh-less methods impose an alternative to solve the PDEs with every kind of boundary 

conditions. The problem domain or geometry is represented by arbitrary distributed node 

points (or particles), rather than the nodes and the mesh in mesh-based methods. And the 

efforts are put into those problems that mesh-based methods suffer, such as the large 

deformation and fragmentation, free surfaces. Liu (2002) studied the details, development, 

theory and application of the mesh-less methods, and Liu and Liu (2003) briefed the 

typical mesh-less methods in their studies. Table 1-1 shows some typical mesh-less 

methods developed by researchers in the past few decades. 

Table 1-1: Typical mesh-less methods developed in recent years. 

Methods Approximation Methods References 

Smoothed Particle 

Hydrodymics (SPH) 
Integral representation 

Lucy, 1977; Gingold and 

Monaghan, 1977. 

Finite Point Method (FPM) 
Finite difference 

representation 
Liszka and Orkisz, 1980. 

Element Free Galerkin 

Method (EFG) 

MLS approximation 

Galerkin method 

Belytschko et al., 1994, 

1996. 

Free Mesh Method (FMM) Galerkin method 
Yagawa and Yamada, 1996, 

1998. 

Moving Particle Semi-

implicit Method (MPS) 

Finite difference 

representation 

Koshizuka et al., 1995; 

Koshizuka and Oka, 1996; 

Point Interpolation Method 

(PIM) 

Point interpolation, 

Galerkin method, Petrov-

Galerkin method 

Liu and Gu, 1999; Gu and 

Liu, 2001; Wang and Liu, 

2000. 

Meshfree Weak-strong 

Form (MWS) 

MLS, PIM, Radial PIM. 

Collocation plus Petrov-

Galerkin 

Liu and Gu, 2002, 2003. 
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1.5 Mesh-less Particle Methods (MPMs) 

Mesh-less particle methods, or mesh-free particle methods, refer to the mesh-less 

methods whose domain discretization is based on a finite number of discrete particles. In 

other words, the state and movement of the problem system is represented by a set of 

discrete particles in MPMs. Depending on the selections of the particle sizes, each 

particle can represent either a discrete physical object, or a portion of a continuum 

domain. The sizes of the particles usually range from the extremely small scales (nano) to 

the macro scales (even astronomical scale). In computational fluid dynamics (CFD) 

problems, the field variables, such as location, velocity, pressure, force and other 

variables (e.g. mass, momentum, energy) are included into each particle. Therefore, 

according to the conservation laws (mass, momentum and energy conservation), the 

movement of the real physical system is directly reflected by the movement of the 

particles. 

Table 1-2: Typical particle methods developed in the previous decades. 

Methods References Scale 

Molecular Dynamics (MD) 
Alder and Wainright, 1957; 

Rahman, 1964. 
Atomistic 

Particle-in-Cell Method (PIC) Harlow, 1963; 1964. Macroscopic 

Marker-and-Cell (MAC) Harlow, 1965. Macroscopic 

Smoothed Particle 

Hydrodynamics (SPH) 

Lucy, 1977; Gingold and 

Monaghan, 1977. 
Macroscopic 

Dissipative Particle Dynamics 

(DPD) 

Hoogerbrugge and Koelman, 

1992. 
Mesoscopic 

Discrete Element Method 

(DEM) 
Cundall, 1987; Owen, 1996. Macroscopic 

Moving Particle Semi-implicit 

Method (MPS) 

Koshizuka et al., 1995; 

Koshizuka and Oka, 1996. 
Macroscopic 
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It is thus obvious that the MPMs have the advantages over those mesh-based methods. 

MPMs can easily obtain the features of the entire system by tracing the movement of the 

particles. And the refinement of particles is much easier than mesh refinement in mesh-

based methods (Liu and Liu 2003). The discretization of complicated problem domains is 

done simply by placing particles at certain locations, rather than creating irregular shapes 

in mesh-based methods. Therefore, MPMs are robust at handling large deformation and 

fragmentation. Table 1-2 lists several mesh-less particle methods or particle-like methods 

developed in the past few decades. 

Molecular dynamics (MD) is the oldest MPM developed by Alder and Wainright (1957) 

to model the motion of atoms and molecules. The motion of atoms and molecules are 

defined according to the theoretical physics in the late 1950s, by numerically solving the 

Newton’s equations of motion for interacting particles. It is still used mostly in material 

science and bio-molecular theories. 

Particle-in-cell (PIC) method by Harlow (1963) combines both Eulerian Frame and 

Lagrangian frame. It tracks individual particles (or fluid elements) in a continuous phase, 

while the properties such as densities and moments are calculated simultaneously at 

Eulerian mesh nodes. A marker-and-cell (MAC) method also developed by Harlow (1965) 

is commonly used in computer graphics to model fluid flows. It simulates fluid flow 

through periodically updating the velocity field, while marker particles are moving 

according to the velocity field to track the flow of the fluid. 

Dissipative particle dynamics (DPD) proposed by Hoogerbrugge and Koelman (1992) is 

a stochastic simulation to model fluid flows. It aims at solving the hydrodynamic time 
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and space scale problems beyond the capacity of the MD method, by modeling the 

dynamics and rheological property change of fluids. 

Discrete element method (DEM) (or distinct element method) is invented for computing 

the movement and effect of the large numbers of tiny particles. And it is closely referred 

to molecular dynamics as well. However, DEM is extraordinary due to its capability of 

handling rotational degrees-of-freedom and very complicated geometries. 

Smoothed particle hydrodynamics (SPH) was developed by Lucy (1977), Gingold and 

Monagham (1977). It is a mesh-less, Lagrangian method. SPH was originally developed 

for astrophysical problems in three dimensional (3D) open spaces owing to the 

similarities between the movements of the astrophysical particles and the liquid or the gas 

flow. Therefore, the astrophysical problems can be simulated by the classical Newtonian 

hydrodynamics. Since then, SPH had been widely used in various areas in astrophysics, 

such as modeling of binary stars and stellar collisions (Benz, 1988; Monaghan 1992; 

Frederic et al., 1999), collapse and formation of galaxies (Monaghan and Lattanzio, 1991; 

Berczik and Kolesnik, 1993; Berczik, 2000), supernova (Hultman and Pharayn, 1999) 

and even the evolution of universe (Monaghan, 1990). However, it was not until the 

1990s had the SPH been applied to fluid mechanics (Swegle, 1992; Monaghan, 1994;). 

Since then the application of SPH to fluid mechanic problems had been mushroomed, 

especially for the flow problems with free surfaces (Monaghan, 1994; Morris et al., 1997; 

Colagrossi and Landrini, 2003; Gotoh et al., 2004; Dalrymple and Rogers, 2006; Lee et al. 

2008). 
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Moving particle semi-implicit (MPS) method has the similarities to the SPH method, but 

it is originally designed for fluid mechanics. Both MPS and SPH intend to approximate 

the strong forms of the PDEs based upon the integral interpolation. The most significant 

difference between them is the introduction of a simplified differential operator model to 

the approximation in MPS, rather than taking the gradient of a kernel function in SPH. 

Although the MPS method shares some common techniques and algorithms as those in 

SPH, it is more intuitive and much simpler than SPH to apply. The current study focuses 

on the MPS and a more detailed introduction to MPS is included in the following chapter. 

1.6 Solution Method of MPMs 

MPMs perform numerical simulations and studies for those complicated physical 

problems without introducing the conventional pre-defined mesh systems. As a result, the 

complexity of creating a nodal connectivity for irregular geometry is avoided. However, 

the typical simulation process using a MPM follows the similar pattern as those in mesh-

based methods. And due to the nature of particle approximation of MPMs, the differences 

between MPMs and mesh-based methods are: the problem domain or geometry will be 

discretized with particles in MPMs, rather than nodes and mesh; in MPMs, the functions, 

derivatives and integrals in the governing equations will be approximated based on 

particles as well. 

1.7 Scope of the thesis 

As discussed previously, since the mesh-less particle methods provide a robust tool in 

numerical simulations, it is expected that the mesh-less particle method will further thrive 

the numerical studies in fluid mechanics. Although these methods are new compared to 
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the mesh-based methods, the significant amount of studies on these methods during the 

past decade and their application to engineering problems confirm their capabilities in 

CFD problems and the related researching areas. 

This study reposes upon the weakly-compressible moving particle semi-implicit (WC-

MPS) method modified and improved by Shakibaeinia and Jin (2010). The original MPS 

method is proposed by Koshizuka et al. (1995) to study free surface flow problems. 

Therefore, this study aims at modifying the MPS model and applying it to free surface 

flow problems.  

1.8 Structure of the thesis 

The structure of the thesis can be divided into three major parts. 

1. The first part is the introduction to the proposed WC-MPS model. This part 

details the complete theory of the MPS method.  

2. The second part of the thesis deals with the application of the proposed WC-MPS 

method to open channel flow problems with open boundaries. The governing 

equations and the application of the WC-MPS to these problems are specified. 

Typically open boundary flow problems are considered and then a real 

engineering open boundary flow problem is studied. 

3. The third part of the thesis focuses on the non-Newtonian fluid flows. The 

features of the non-Newtonian fluid flows are discussed and the method of 

modeling these flows is introduced. And a simple model for modeling non-

Newtonian fluid flow is developed and applied to several benchmark tests. 
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Chapter 2 MPS Basics 

2.1 Introduction of Moving Particle Semi-implicit (MPS) Methods 

Moving particle semi-implicit (MPS) method is classified as a deterministic method (Liu 

and Liu 2003) directly dealing with the governing equations of the real physical system. 

And it is defined as a macroscopic method that can handle regular fluid mechanic 

problems. It was developed by Koshizuka et al. in 1995, and was applied to a water 

column collapse (dam-break) problem (Koshizuka et al. 1995). The model successfully 

reproduced the free surface changes and the collapse features, proving that MPS can be 

capable of simulating incompressible viscous fluid flows. The successful simulating of 

the dam-break problem indicated the possibility of more accurately modeling CFD 

problems with large deformation and fragmentation.  

Since then, the studies on MPS have been mushroomed and applied through a wide range 

of engineering problems in different studying areas. Koshizuka et al. (1995 and 1996), 

Shakibaeina and Jin (2009, 2010 and 2011) used MPS to study hydraulic problems; 

Koshizuka et al. (1999) and Xie et al. (2005) applied MPS to nuclear engineering 

problems; Gotoh et al. (2005) and Gotoh and Sakai (2006) modeled coastal engineering 

problems with MPS; Shibata and Koshizuka (2007) and Sueyoshi et al. (2008) introduced 

MPS into ocean engineering problems; Heo et al. 2002 and Sun et al. (2009) researched 

the performance of MPS in mechanical engineering problems; Tsubota et al. (2006) and 

Sun et al. 2009) investigated the capability of MPS in simulating bioengineering and 

chemical engineering problems, respectively.  
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2.2 Improvements and Modification to MPS 

Through the past decades, a considerable amount of studies focusing on the improvement 

of the accuracy and performance of MPS method have been done by different groups of 

researchers.  

Koshizuka et al. (1998) modified the pressure gradient model to stabilize the MPS 

calculation, by ensuring the inter-particle repulsive forces. The modified pressure 

gradient model was then approved effective in simulating plunging and spilling breakers. 

Yoon et al. (1999) developed a hybrid MPS method and applied it to flow problems with 

inflow and outflow boundaries, which solves the open boundary problems that cannot be 

solved by the original MPS method. Gotoh et al. (2001) proposed a MPS sub-particle-

scale (SPS) turbulence model which resolves the particle scale turbulence fluctuations by 

the filtered momentum equation. Zhang et al. (2006) altered the Laplacian formula to 

improve the simulation results for a convective heat transfer problem. Ataie-Ashtiani and 

Farhadi (2006) studied the performance of six different kernel functions and the scales of 

searching radius in MPS.  

On the other hand, Khayyer and Gotoh (2008) investigated the momentum conservation 

of MPS and found that the original MPS gradient model does not conserve the linear and 

angular momentum. Gotoh et al. (2005) and Khayyer and Gotoh (2009) found the 

artificial pressure fluctuations in MPS as well. Khayyer and Gotoh (2008 and 2009), and 

Kondo and Koshizuka (2010) solved these problems later on by modifying the pressure 

approximation and calculation method. Moreover, Suzuki et al. (2007) introduced a 

Hamiltonian MPS (HMPS) method to their study in simulating incompressible fluid 
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flows and improved not only the linear and angular conservation of the mechanical 

energy but also the mechanical energy conservation. 

The major concerns of the past studies in MPS were largely in single phase flows. The 

study of MPS in multi-phase flows has been started as Gotoh and Fredsoe (2000) 

introduced a two phase MPS model for a solid-liquid mixture and applied the model to a 

deposition-and-diffusion process in which soil was dumped into water. Ikari et al. (2004) 

proposed a two phase model for a gas-liquid mixture and studied a wave breaking 

problem through the model. The common method of handling the multiphase mixtures in 

these models is to add a multiphase interaction force term into the momentum equation, 

and then solve an independent equation for each phase of the mixtures separately. Liu et 

al. (2005) developed a hybrid particle-mesh method, namely, moving particle semi-

implicit finite volume method (MPS-FVM) for modeling two phase incompressible flows. 

In their model, the first phase was represented by MPS method and the other was 

simulated by a stationary mesh. The application of the hybrid method to hydrodynamic 

instability problems testified the capability and efficiency of the hybrid method to 

multiphase flows. 

2.3 MPS Discretization 

2.3.1 Particle Interaction 

In MPS, the interaction inside the real physical system is represented by the interaction 

between discrete particles. In the mathematical form, it is the same as to discretize the 

spatial derivatives in the governing equations over a particle based system, rather than the 

mesh or grid in mesh-based methods. The interaction is built on a set of discrete particles, 
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and the particles interact with each other according to a specialized weight function. The 

real motion of the physical system is then approximated by the particle "interaction" 

process. In the process, each particle carries a set of properties, such as velocity and 

pressure. As the motion progresses, the properties carried by the particle will be updated 

based on those of the neighbouring particles. The closer the distance between two 

particles that are interacting, the stronger the influence is between them. As a result, the 

properties of a certain particle are approximated by its neighbouring particles with the 

weight function. The weight function is also called kernel function in some other studies. 

To be consistent with the literatures, kernel function is used throughout the current thesis 

as well. 

In more detail, when a particle i interacts with another particle j in its vicinities, the 

influence of particle j to particle i is decided by the kernel function W(Rij, re), in which 

Rij=|rj-ri| is the distance between them, and re is interaction radius around particle i, as is 

shown in Figure 2-1.  

 

Figure 2-1: The particle interaction and kernel function. 

All the particles within the interaction radius of the particle i will contribute to the 

approximation of all the properties carried by particle i. In MPS method, all the particles 
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share the same kernel function and the same interaction radius. And the kernel function is 

treated as a smoothing function of the physical properties around a certain particle. 

Consequently, the smoothed physical property <ϕ>i of a certain particle i (i possesses the 

physical value of ϕi) at coordinate ri will be computed from those of its surrounding 

particles by 
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where ϕi is the property possessing by the surrounding particles and itself. In general, the 

smoothed value <ϕ>i of the particle i at coordinate ri is not necessarily the same as its 

physical property ϕi, or in other words, <ϕ>i is the approximation of ϕi. <ϕ>i = ϕi only 

exists as a special case when the kernel function is delta function (Koshizuka et al. 1995). 

It is obvious that the interaction radius re will determine the size of the neighbouring area, 

and no doubt the numbers of particles will be interacting with a certain particle (or the 

particle of interest). In order to clarify the numbers of particles within the interaction area 

of the particle of interest, Koshizuka et al. (1995) proposed a dimensionless parameter 

which is named as particle number density, and it is defined as 
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It is related then to the real fluid density by  
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where Mj is the mass of the neighboring particles j, and dv is the volume of interaction 

around particle i. The denominator in equation (2.3) indicates the integral of the kernel 

function within the whole volume. If the mass are uniformly distributed to each particle, 

the relationship of the real fluid density and the particle number density can be 

represented by 
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           (2.4) 

where M  is the constant mass of each particle. According to equation (2.4), the numbers 

of particles in a unit volume can be defined as 
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         (2.5) 

Therefore, the particle number density <n>i will be used to indicate the density of 

particles around the certain particle in MPS method. 

2.3.2 Kernel Function (Weight Function) 

The kernel function is used to measure the influence of the neighbouring particles and 

approximate (or smooth) the physical properties of the particle of interest. Different 

kernel functions have different kernel effects on the properties of particles. Ataie-

Ashtiani and Farhadi (2006) studied six different kernel functions proposed by different 

researchers. These kernel functions were used by different researcher in their studies. 

Table 2-1 contains the kernel functions studied by Ataie-Ashtiani and Farhadi (2006). 
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Table 2-1: The kernel functions studied by Ashtiani and Farhadi (2006). 

Weight 

Function 
Kernel Formula Reference 
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According to Ataie-Ashtiani and Farhadi (2006), the kernel function developed by Shao 

and Lo (2003) in their incompressible SPH method for modeling Newtonian and non-

Newtonian flows with a free surface is considered better among these six kernel functions 

since it improves the stability of the simulation. The simulation of water dam-break in 

their study successfully reproduced the water collapse until the water lost all its 

momentum and stayed completely horizontal within the container. These six kernel 

functions can be categorized into two groups of functions: bell-shaped function and 

rational function. As indicated by Shakibaeinia and Jin (2010) that the bell-shaped kernel 

function may cause particle clustering since when two particles are too close to each 

other, the repulsive force will not increase sufficiently to repel them apart. On the other 

hand, the rational kernel function attains an infinitive value when two particles are too 

close to each other. Therefore, when the distance of the two particles is zero numerical 

instability may be introduced into the simulation. 

Shakibaeinia and Jin (2010) proposed a third-order polynomial spiky function which is 

defined as  
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       (2.6) 

By introducing this kernel function, the repulsive force increases dramatically when two 

particles are approaching each other, and consequently results in a lower chance of 

particle clustering. Furthermore, when the distance between two particles is zero, the 

spiky kernel fixes at a certain value rather than the infinity, and then numerical instability 

can be avoided. The accuracy of the kernel function in (2.6) has been studied extensively 
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by Shakibaeinia and Jin (2010). And this kernel function is selected in the simulations 

throughout this study.  

2.4 MPS Discretization 

As mentioned above, spatial derivatives in the momentum equation need to be discretized 

over particles. This section deals with the MPS basics of discretizations. 

2.4.1 Gradient Discretization 

In MPS, the gradient of any property  ϕij between particle i at position ri 
and particle j at 

position rj is defined by 
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         (2.7) 

where Rij=|rj-ri|, then according to equation (2.1), the smoothed value of the gradient at 

the interested particle i can be derived by the weighted averaging with the kernel function 

W(Rij, re) among its neighbouring particles, which is  
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       (2.8) 

where d denotes the number of dimensions and n
0
 is the initial particle number density, to 

be noticed, n
0 

maintains a fixed value during the whole simulation, the value of it is only 

related to the initial particle set up when the fluid is static.  

2.4.2 Divergence Discretization 

With the same manner of the gradient, the divergence between any two vectors at particle 

i and its neighboring particle j, fi and fj can be defined as 
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2.4.3 Laplacian 

The approximation of the Laplacian term in MPS refers to the diffusion model proposed 

by Koshizuka et al. (1995). With the diffusion model, the Laplacian term is then 

approximated by the weighted average value of the diffusion of the physical property 

from a particle to its neighboring particles, namely, Δϕi→j as described herein. 

When solving a diffusion problem with a delta function being the initial profile in an 

unlimited space, a Gaussian function will be the analytical solution. The Gaussian 

function can be expressed as  
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in which d is the dimension of the problem space and ν is the kinematic viscosity. 

Therefore, if a physical property ϕi possessed by a particle i is treated as a delta function, 

the solution of the diffusion can be represented through the superposition of Gaussian 

functions. And it can be calculated by the transfer of the physical property from the 

particle i to its neighboring particles based upon the Gaussian functions at any time 

increase Δt. Since kernel function is used as the transfer function in MPS, the variance 

increase Δσ
2
 in ∆t is represented as 

td   22           (2.11) 
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Therefore, according to equation (2.1), the smoothed value of the physical property ϕi 

transferred from a particle i to its neighboring particle j during the time increase Δt can be 

computed as 
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          (2.12) 

where the parameter λ is introduced since the transfer function is not Gaussian function 

and to ensure the variance increase is equal to the analytical solution. λ is defined as 
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vice versa, the transfer of the physical property from particle j to particle i can be 

calculated by  
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As a result, the net change of the physical property at the particle i during time increase 

∆t can be obtained by combining equation (2.12) and equation (2.14) as 
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where n=(nj+ni)/2 is the normalization factor and it conserves the physical property. To 

be noticed, λ varies with different transfer functions. As an example, if the kernel 

function 4 in Table 2-1 is employed, then the parameter λ can be calculated as 

(Koshizuka et al. 1995) 
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Then considering diffusion problem described by the Laplacian equation 
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          (2.17) 

Substituting equation (2.15) into equation (2.17) yields 

   



ij

eijij
i

rRW
n

d
,

2
0

2 


        (2.18)  

At last, equation (2.18) becomes the descritization of the Laplacian term in MPS method. 

And the efficiency and accuracy were discussed by Koshizuka et al. 1995. 

2.5 The Discrepancies between MPS and SPH 

Both MPS and SPH are mesh-less particle methods, therefore, they share the similar 

advantages of the typical particle methods. And both MPS and SPH aim at approximate 

flow equations based on the fluid particles which directly represent the flow of the fluid, 

and result in an exact solution of the advection. 

However, MPS differs from SPH in the essential ideas of approximation. And these 

major differences are briefed by the following section. 

2.5.1 The Approximation of a Physical Property (or Function) 

Considering the MPS approximation, as indicated in equation (2.1) (quoted here), MPS 

approximates a physical property at a certain particle i as 
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while in SPH, the approximation of a physical property can be traced back into the kernel 

approximation of a function <ϕ>i  , which is defined as  

 dvRijii            (2.20) 

in which δ(Rij) is the delta function. To be noticed, the delta function is only a “point” 

support therefore equation (2.20) cannot be used to establish the discrete models required 

by particles. In order to implement the particle discretization, the delta function is 

replaced by the kernel function (or smoothing function) W(Rij, re) with the finite spatial 

dimension in the SPH method, and subsequently the approximation of the function <ϕ>i  

can be obtained as 

 dvrRW eijii  ,          (2.21) 

when implementing at the discrete particles, equation (2.21) is converted into the discrete 

form as 
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It is obvious MPS and SPH employ different approximation methods for a certain 

property. However, MPS considers the influence of the surrounding particles to the 

desired property, the contribution of the surrounding particles is not directly encountered; 

while in SPH it accounts for the direct contribution of the surrounding particles to the 
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desired property. To be noticed, the approximated value <ϕ>i = ϕi only exists when the 

kernel function W(Rij, re) is the delta function in both MPS and SPH methods.  

2.5.2 The Approximation of Derivatives 

In MPS, the approximation of the derivative  ϕi is defined by equation (2.8) (quoted here) 

as 
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       (2.8) 

while in SPH, this approximation is calculated as 

  dvrRW eijii
,         (2.23) 

Through the mathematical transformation (detailed by Liu and Liu 2003), equation (2.23) 

can be finally computed by 

   dvrRW eijii
,         (2.24) 

Similar to the approximation of the physical property function, when implementing at the 

discrete particles, equation (2.24) is converted into the discrete form as 
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Obviously, the derivative of the function is transformed into the differential operation on 

the kernel function. In other words, the SPH approximation of the derivative of a physical 

property can be determined from the physical property function itself and the derivatives 
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of the kernel function W(Rij, re) rather than from the derivatives of the physical property 

function.  

Then comparing the above-mentioned introduction of the approximation methods for 

MPS and SPH, the approximation of the derivative of a physical property function in 

MPS is determined by the function itself over the domain; while in SPH the 

approximation is determined according to both the function itself and the derivatives of 

the kernel function with the second order accuracy (Liu and Liu 2009). 

The higher order derivatives of a physical property function can be obtained with the 

same manner when dealing with the first order derivative in SPH. As a result, any higher 

order derivative of the physical property function can be determined by the function itself 

and the derivatives of the corresponding order of the kernel function. Hence, the 

construction of the kernel function in SPH is strictly stipulated. The requirements of 

constructing a kernel function in SPH can be referred to Liu and Liu 2003. In modeling 

fluid flow problem, the second order derivative (also called Laplacian term in MPS) is 

required, and the corresponding derivatives can be obtained with the abovementioned 

method in SPH. 

On the other hand, since MPS is specialized for handling fluid flows from its emergence, 

it follows a completely different way to deal with the Laplacian term, as defined in 

equation (2.18). It is developed based on a diffusion model, as detailed in 2.4.3 in this 

chapter. 
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2.5.3 Density 

In particle methods, the approximation of density is extremely important due to its 

significance in determining the particle distribution pattern and the kernel length 

evolution. Both MPS and SPH include the approximation of density when modeling fluid 

flows but with different approaches. 

MPS introduces particle number density <n>i =∑W(Rij, re) (equation 2.2) instead of the 

real density in simulation processes. The particle number density evaluates the density of 

the surrounding particles around a certain particle and the influence of these neighboring 

particles. The relation of the particle number density to the real fluid density is defined as 

in equation (2.4) (quoted here) 
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The particle number density is used in MPS to access the properties of particles such as 

pressures, or to be the requisite for recognizing free surface particles.  

In comparison, SPH involves several ways to evaluate the density and the density is used 

directly in the simulation. For example, a frequently used method to evaluate density in 

SPH (Liu and Liu 2003) is  
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Chapter 3 Modeling of Free Surface Flows with MPS Method 

3.1 Introduction 

Fluids flows conveyed within conduits (or pipes) are referred as closed-conduit flows. 

When the flow in the conduits is not completely full or the flow is in an open channel, a 

free surface appears. Therefore, the flow of a fluid with free surfaces will be subjected to 

the atmospheric pressure, and the flow pattern will be much more different from those in 

the closed-conduits.  

Open channel flows are common in nature, such as the ocean flows, waves, tides, river 

flows and etc. Many activities associated with the utilization of water are open channel 

flow examples as well, such as water supply, hydropower, navigation and the flood 

control structures.  

The most significant feature of open channel flow is the existence of free surfaces. 

Theoretically, open channel flow problems are relatively more difficult to solve 

compared to those in the closed-conduits. The flow area is unknown in open channels due 

to the unknown locations of the free surfaces, while these unknowns are preconditions in 

the closed-conduit flows. Nevertheless, the branch of fluid mechanics, namely, 

computational fluid dynamics (CFD) provides numerical solutions to open channel flow 

problems for understanding of the flow mechanisms, and the accuracy of the CFD results 

are usually reasonable and sufficient for engineering purposes. 

On the other hand, open channel flows often occur with large deformation and 

fragmentation of the free surfaces and interfaces. As discussed early in this study and by 

many other researchers, conventional mesh-based methods such as FDM and FEM have 
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difficulties on modeling free surface flows with large deformation and fragmentation. 

Therefore, MPS particle methods are used in the current study to investigate several 

important open channel flow problems. 

3.2 Governing Equations and Numerical Simulations in Fluid Mechanics 

The governing equations in fluid mechanics are commonly written in the form of partial 

differential equations (PDEs), based on the three famous conservation laws, i.e., mass, 

momentum and energy conservations. Typical flow problems can be well studied by the 

momentum conservation equations (which are generally named as Navier-Stokes 

equations) together with the mass conservation equation (i.e. continuity equation). With 

the proper boundary conditions and/or initial conditions, these governing equations can 

be solved numerically with reasonable lose of accuracy. Except for a few spectacular 

cases, analytically solving the governing equations is extraordinarily difficult.  

The fundamentals of most CFD problems are the Navier-Stokes momentum equations, 

which describe the single-phase fluid flows. And these equations are widely used to 

model the water flows in pipes, or other flow problems such as open channel flow, air 

flow, ocean currents, and etc. The general form of the Navier-Stokes equation are 

described as 

fupuu
t

u
 












 2        (3.1)  

Where ρ is the density of the fluid, u is the velocity vector, p is the pressure, μ is the 

dynamic viscosity, f is the external forces and t stands for time. A notable feature of the 

Navier–Stokes equation is the presence of convective term, u u, or the convection 
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acceleration.  It is due to the effect of the time independent acceleration of a fluid with 

respect to the space. The convective term is a spatial effect; however, an individual fluid 

particle only experiences time dependent acceleration.  

Therefore, in particle based methods, or in the form of Lagragian representation, since the 

fluid flow is represented by particles, the convection term is automatically included, and 

the movement of the fluid can be directly calculated without any numerical error. Then 

the Navier-Stoke momentum equation can be re-written to the following, 

fup
Dt

Du
  2         (3.2)  

The convection term is directly included in the total derivative term in the left hand side 

of equation (3.2), and by coupling with the continuity equation for the fluid shown as 

follows, plus the proper boundary and initial conditions, most of the fluid flow problems 

can be solved theoretically. 
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         (3.3)  

In order to solve these equations, the spatial derivatives in these equations need to be 

discretized and the discretizations of these derivatives are introduced previously. 

3.3 MPS Solution 

3.3.1 Prediction-Correction Method 

In MPS, the derivatives in the governing equations will be discretized upon a particle 

based domain by the MPS discretization methodology. The MPS discretizations of these 

derivatives are introduced in the previous chapter. 
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In MPS, each step of a complete calculation is divided into two pseudo steps: prediction 

and correction. As with the method, the velocity at the next time step will be predicted at 

first, and then corrected. The following discussion explains more in details. 

By introducing a temporary term u
*,

 the following relationship associated with Du/Dt in 

equation (3.2) can be derived by mathematical transformation, 
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    (3.4) 

where u
n+1 

is the velocity at the next time step, u
n 
is the velocity at current time step, u

* 
is 

the predicted velocity and u
’ 
is the velocity correction term. Then the following equation 

can be derived, 
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Two important relationships can be obtained from equation (3.5), the first one is as  
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The second relationship can be derived by eliminating Δt from equation (3.5), and then 

the velocity at the next time step can be represented as 

'*1 uuun            (3.7) 

Therefore, as long as u
* 
and u

’ 
are obtained, the velocity at the next time u

n+1 
step can be 

eventually decided.  
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Replacing Du/Dt in the momentum equation (3.2) and rearranging the equation, the 

following relationship can be derived as 

  tfutptuuu n  2*' 1



      (3.8) 

where ν is the kinematic viscosity. Let  

ptu 


1'
         (3.9) 

and 

tfutuu n  2*          (3.10) 

Then the complete calculation at each time step is divided into the two pseudo steps 

mentioned at the beginning: prediction and correction. Equation (3.10) is the prediction 

step, and the predicted velocity u
* 
is obtained according to the current velocity at this step.  

The next is the correction step. The pressure gradient will be calculated in equation (3.9) 

at this step, and eventually, the velocity correction u
’ 
can be obtained through the pressure 

gradient. At last, the velocity at the next time step u
n+1 

can be decided by equation (3.7). 

This process is repeated for every fluid particle at each time step and progresses until the 

pre-set time point. The whole calculation for a complete time step can be simply viewed 

in Figure 3-1. From the algorithm, it is obvious that as long as the velocity at the next 

time step of each particle is obtained, the new position of each particle will be determined 

through the new velocity, thus, the movement of the fluid is completed for the current 

time step. 
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Figure 3-1: Simulation algorithm of MPS method. 

3.3.2 Incompressibility and Pressure 

As shown in Figure 3-1, the pressure gradient term in the momentum equation needs to 

be solved to obtain the pressure field and the velocity correction term. On the other hand, 

among the incompressible fluid, incompressibility is required. It requires the model to 

maintain the density of the fluid constant. Using the same method when dealing with the 

momentum equation (3.2), the continuity equation (3.3) can be divided into following,  



 

33 
 

'1
ut

t







         (3.11) 

*
*1

ut
t

n




 


         (3.12) 

where ρ
’
 is the density correction term and ρ

* 
is the temporary fluid density due to the 

temporary movement of the fluid particles caused by the temporary velocity u
*
. 

For any incompressible fluid, the density of the fluid does not change with the flow, 

reflecting this reality in the continuity equation, it is the same as ∂ρ/∂t=0. In MPS theory, 

the particle number density is the direct reflection of the density of the fluid. Therefore, 

by maintaining the particle number density constant, the continuity equation will be 

satisfied in MPS as well. If the calculated particle number density due to the temporary 

positions of the particles is n
*
 in the prediction step, it may not be equal to the initial 

particle number density n
0
 (Shakibaeinia and Jin 2010), then the following equation can 

be drawn as 

'*0 nnn            (3.13) 

As a result, the particle number density is implicitly corrected by the particle number 

density correction n
’
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following equation is obtained,  
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Then, replacing the velocity correction u
’
 by the right hand side of equation (3.9), the 

Poisson Pressure Equation (PPE) can be derived as 
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The value of n
*
 is different for each particle and is associated with the temporary velocity 

of the particle. In order to obtain the pressure field, discretization of the left hand side of 

equation (3.15) is needed by using the Laplacian equation (2.18), and eventually results 

in a linear symmetric NN matrix (N denotes the fluid particles). To solve this matrix, an 

iterative numerical solver is required, such as the conjugate gradient method. Koshizuka 

et al. (1998) mentioned in their study that to solve the PPE, it take as much as two third 

of the CPU calculating time at each time step, for a case only contains 2418 particles. It is 

obvious when the number of the particles increases rapidly, especially in large scale flow 

modeling problems, generating and solving the PPE matrix will slow down the 

simulating process sharply. 

Shakibaeinia and Jin (2010) proposed to introduce the equation of state in their MPS 

model to improve simulation efficiency. Their model applications reproduced the testing 

cases successfully and showed good agreement with experimental results. The use of the 

equation of state solves the pressure explicitly instead of solving the Laplacian of the 

pressure (PPE); therefore, it considerably saves the simulation time. In order to introduce 

the equation of state, the fluid is assumed to be weakly-compressible, namely, by keeping 

the compressibility of the fluid very small. This allows very small fluctuations of the 

fluid density. The concept of weakly-compressible is originally from SPH method and is 



 

35 
 

common among SPH models (Monaghan 1994, Bonet and Lok 1999, Dalrymple and 

Rogers 2006, and Violeau and Issa 2007). 

Batchelor (1967) described the equation of state and then Monaghan (1994) modified it in 

his SPH method. By using the concept of particle number density, instead of the fluid 

density, the equation of state is described as 
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where γ is coefficient and the typical value is 7 (Monaghan 1994, Shakibaeinia and Jin 

2010); c0 is the sound speed in the reference medium. In practical simulations, a much 

lower artificial sound speed is commonly used instead of the real sound speed. This 

modification avoids the instability and extremely small time steps (Shakibaeinia and Jin 

2010). On the other hand, to keep the fluid weakly-compressible, or to keep the density 

fluctuation of the fluid within 1% of the reference density, the artificial sound speed must 

be higher than ten times of the maximum fluid velocity ( The Mach number is less than 

0.1) (Dalrymple and Rogers 2006). Due to its feature in the pressure calculation, this 

method is called weakly-compressible MPS method (WC-MPS). And it is used as the 

basis of the current study to explore viscous free surface flow problems. 

After the pressure field is obtained through equation (3.16) and substitute the pressure 

field into equation (2.8), the pressure gradient equation can be obtained as 
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3.3.3 Stability and Convergence 

Comparing with equation (3.15) which leads to a linear symmetric NN matrix, equation 

(3.17) solves the pressure field explicitly and thus the Courant-Friedrichs-lewy stability 

condition (CFL condition) is required to be satisfied (Courant et al. 1967). It is defined by: 

Ct
l

u




max           (3.18) 

where C the the Courant number, and 0<C≤1; |u|max is the maximum flow velocity, Δl is 

the average particle distance, and Δt is the calculation time step. The value of |u|max varies 

for different flow problems, and the minimum value of Δl is set to be half of the average 

particle size in the current study. For the dam-break flow problem studied later in the 

current paper, gHu 2
max

  is specified as the maximum velocity in which g is the 

gravitational acceleration, and H is the height of the initial mixture column. 

3.3.4 Viscous Term 

The viscous term  2
u in the momentum equation (3.2) can be descretized by substituting 

velocity into equation (2.17) as following, 
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3.4 Boundary Conditions 

3.4.1 Free Surface 

The most significant advantage of particle methods is the capability of tracking the 

movement of complicated free surfaces with large deformation and fragmentation. In 
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MPS, when approaching the free surface, the particles in the searching radius decreases 

as no particles existing outside the free surface, correspondingly, the particle number 

density decreases as well. Hence, specific conditions are required to recognize the free 

surface particles.  

As shown in Figure 3-2, in MPS, if the computed particle number density of a certain 

particle is less than a fixed value, it then will be recognized as a free surface particle, the 

known pressure boundary conditions will be assigned to it. Koshizuka et al. (1998) 

defined the condition for recognition of the free surfaces particles by 

0* nn
i
           (3.20) 

in which β is called the threshold coefficient. It is intuitively clear that the value of β 

should be less than 1.  

 

Figure 3-2: Recognizing free surface particles. 

Koshizuka et al. (1998) studied the influence of β value to the simulation results and 

found that when β ranges between 0.8 and 0.99, the simulation results are almost the 

same. β = 0.96 is deployed in this study. 
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3.4.2 Solid Boundary 

When approaching the solid walls, or solid boundaries, such as channel beds and 

sidewalls, the particle number density decreases significantly than the initial particle 

number density as well. However, the method of recognizing free surface particles cannot 

be used for the particles near the solid boundary. Otherwise, these particles will be treated 

as free surface particles. On the other hand, the flows patterns near solid boundaries are 

different from the flows near the free surface. Boundary conditions will influence the 

flows near solid boundary, such as the boundary roughness.  

Koshizuka et al. (1998) introduced a method to eliminate particle density deficiency near 

solid boundaries. And the method is used in the current study. A category of fake "fluid 

particles" called ghost particles are set outside the solid boundary (wall particles and 

ghost particles in Figure 3-3, wall particles are the first layers of the ghost particles). By 

deploying these particles, the neighbouring searching process can proceed correctly, and 

those ghost particles within the searching radius of a certain particle will contribute to the 

calculation of the properties of that particle, i.e. the boundary values are interpolated to 

the fluid particles near the solid boundary. Eventually, the real boundary conditions can 

be reflected by assigning the corresponding values to the ghost particles. As two 

examples, the common free slip condition can be set by keeping the normal velocity of 

the ghost particles zero and the tangential velocity equal to that of the fluid particles; 

while for the no slip condition, the normal velocity of the ghost particles are still zero and 

the tangential velocity will be set to be the opposite of the fluid particles. The pressure of 

the ghost particles in both situations will be calculated for the first layer particles, and 
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extrapolated to the other layers of ghost particles to repel the fluid particles. And particle 

penetration through the solid boundary can be avoided (Shakibaeinia and Jin 2010). 

 

Figure 3-3: Setup of ghost particles near solid boundaries. 

The number of layers of the ghost particles depends on the searching radius re. For 

example, if the searching radius is three times of the average particle distance (re= 3Δl), at 

least three layers of ghost particles are required to maintain the neighbouring searching 

proceeding regularly. Figure 3-3 shows a sketch of the setup of ghost particles near solid 

boundaries. In the current study, four layers of ghost particles are used and the first layer 

stands for the wall particles. 

3.4.3 Inflow and Outflow Boundaries 

In particle method, if inflow and outflow exist in an open boundary problem, the inflow 

and outflow need to be treated properly during the simulation. Typically in computational 

methods, the inflow and outflow are modeled by the motion of fluid particles inward and 

outward of the flow domain. Each particle will occupy a certain storage space in the 

computer memory to store its particle identification and the properties it carries. When a 

fluid particle leaves the flow domain, carrying the properties such as velocities and 
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pressure, the storage space in the memory is still occupied by this particle. With the 

simulation time increase, the size of the storage space will increase infinitely with the 

increasing number of particles generated to enter the flow domain and sustain the 

simulation process. As thus, if there are no treatments to the memory space which is 

taken by the particles that have leaved the flow domain, the calculation process would be 

ceased. And due to the memory restrictions of the limited capabilities of computers, the 

number of particles can be used are then limited. 

Liu and Liu (2003) studied a method called periodic boundary conditions to treat flows 

with inflows and outflows. In their method, a particle will re-enter the flow domain 

immediately through the inflow boundary after it leaves the flow domain from the 

outflow boundary. However, in most simulations with inflows and outflows, the number 

of particles leaving the outflow boundary is not necessarily equal to the number of 

particles entering through the inflow boundary at the same time. Therefore, this method 

has limited capability of its scope and application. 

Several other studies have been conducted for handling the inflow and outflow 

boundaries regarding specific cases, such as the droplet breakup behaviour (Nomura et al. 

2001) and jet breakup behaviour (Shibata et al. 2004). These methods are limited to 

certain types of flow patterns and have difficulties to model general open boundary flow 

problems. In spite of a considerable amount of studies have been done on inflow and 

outflow boundaries, a more comprehensive and generalized model on treating inflow and 

outflow boundaries for a wide range of open channel flows is required, furthermore, for 

those with free surfaces. 
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3.4.3.1 Particle Recycling Strategy 

Shakibaeneia and Jin (2010) proposed a particle recycling strategy in their MPS theory 

and successfully applied this strategy into open channel flow simulations with inflows 

and outflows. According to their study, a new type of particles are introduced and named 

as “storage particles”. Storage particles are then deployed into their MPS model. This 

method will be used in this study for modeling free surface flows with inflows and 

outflows. The method is shown in Figure 3-4 and detailed as following. 

A certain number of particles are pre-defined and the corresponding amounts of memory 

space are assigned in the computer. All the properties, such as positions, velocities, and 

pressure of these storage particles are set as a default value, usually equal to zero. When a 

fluid particle leaves from the outflow boundary of the flow domain, it will be converted 

to storage particle, and the properties it carries are removed and set to the default value. 

On the contrary, when a particle is needed to be added through the inflow boundary, a 

storage particle will be converted to a fluid particle, and the physical properties will be 

added to this particle depending on the inflow boundary conditions. For sub-critical flows 

that is affected by the downstream conditions, the known pressure condition will be 

assigned to the outflow boundaries, while the known velocities will be prescribed to the 

inflow boundaries; and the reverse scenario will be set to super-critical flows. 

By using this method, the MPS model is capable of adding and subtracting fluid particles 

to the flow domain, without the limitation of the numbers of particles. And all the 

particles entering and leaving the flow domain come from the storage particles. The 

number of storage particles ranges from case to case, and depends on the maximum 

possible difference between the numbers of particles leaving and entering the flow 
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domain. However, it is usually set to a large value so that sufficient storage particles are 

guaranteed. 

 

Figure 3-4: Storage particles and particle recycling strategy. 

3.4.3.2 Inflow Boundary 

The particle number density decreases approaching to the inflow boundary. Therefore, 

ghost particles are required to compensate particle deficiency near the inflow boundary. 

The particles entering the flow domain will be added between the first layer of the ghost 

particles and the fluid particles (Figure 3-5). Inflow variables of the inflow boundary 

conditions will be assigned and other variables will be extrapolated from the nearby fluid 

particles. For the commonly used known velocity boundary condition, particles will be 

added into the flow domain through the inflow boundary according to the velocity 

distributions of the inflow boundary.  
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Figure 3-5: Simulation of inflow and outflow boundaries in MPS. 

At depth y, a fluid particle will be added into the flow domain at each k time step as per 

the inflow velocity at this depth. The value of k at depth y depends on the inflow velocity 

u(y) and the average particle distance Δl between particles. Shakibaeinia and Jin (2010) 

defined this relationship by 

 
  tyu

l
yk




           (3.21) 

And for the known pressure boundary condition, particles will be added into the flow 

domain through the inflow boundary to compensate particle deficiency which is the result  

of the particle motion. The inflow boundary conditions will be maintained by this way.  

3.4.3.3 Outflow Boundary 

When close to the outflow boundary of an open boundary problem, the particle number 

density decreases. Therefore, ghost particles are set at the outflow boundary as well.  In 

common, several layers of ghost particles are defined corresponding to the neighbor 

searching radius. The properties of them are defined according to the boundary conditions. 
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For example, for free surface flow problems, the outflow depth can be controlled by 

fixing the height of the ghost particles the same as the outflow boundary depth. Then the 

repulsive force between the ghost particles and the fluid particles will stabilize the flow 

depth the same as the height of the ghost particles. For the known pressure outflow 

boundary condition, the boundary pressure is preset to the ghost particles. And the 

pressure of the ghost particles will influence those of the fluid particles near the outflow 

boundary through the repulsive forces created by the ghost particles. Then the velocity 

can be controlled in the outflow region by the pressure gradient.  

To implement the particle recycling strategy, the fluid particles will be removed and 

converted into storage particles when they approach the first layer of the ghost particles. 

3.5 Model Application 

3.5.1 Open channel flow (Straight Channel Flow with Open Boundaries) 

3.5.1.1 Introduction 

Many research for open channel flows in the past few decades has been concerned with 

two dimensional (2D) flow problems accompanied with turbulence models, which have 

simplified forms compared to the three dimensional equations with a reasonable loss of 

accuracy. As an example, the widely used 2D depth-averaged model developed by Molls 

and Chaunhry (1995) imposes an ADI numerical scheme and uses a computational 

coordinate to solve the 2D equations for unsteady flow problems for a wide range of open 

channel problems.  

Nevertheless, all of these methods are Eulerian methods, namely, grid-based methods, 

which have difficulties in dealing with large deformation and fragmentation of the flow 
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interfaces as mentioned in Chapter 1, and numerical diffusion cannot be eliminated for 

the convection term. The advantages of particle method make it possible to eliminate the 

errors created by the convection terms in calculations and to avoid numerical diffusion. 

The free surface could be traced accurately as well. 

To date, most studies of MPS method concern only open channel problems without 

inflows and outflows, and the simulations run for only a short duration, such as the 1.0 s 

of dam-break problem studied by Koshizuka et al. (1995), the 0.0075 s of water bubble 

problem studied by Shakibaeinia and Jin (2010), and the 2.828 s of hydraulic jump 

problem also studied by Shakibaeinia and Jin (2010). Only Yoon et al. (1999) developed 

a hybrid method by combining grid-based method and particle method to solve the open 

boundary problem. The convection term in the momentum equation is solved on an 

Eulerian grid-based system, and other terms are dealt with Lagragian discretization and 

solved using particle method. The modeling results are a combination of both stages. It is 

obvious that although the hybrid method has the capability of solving open boundary 

problems, the shortages of grid-based method exist. Numerical diffusion induced by the 

convection term cannot be avoided. And the flexibility of particle method in dealing large 

deformation and fragmentation is decreased. To date, there are only a few other studies 

have paid attention to these particular types of problems. 

Unlike the typical studies on the MPS method, open channel flow problems have a 

substantially longer duration, as mentioned by Ambtman (2009). For example, to 

measure the velocity distribution under an ice sheet, at least five minutes is required for 

the flow to reach steady flow conditions. Besides, compared to the previously reported 

MPS studies, the geometry of open channel flow has a much larger scale, which means a 
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large number of particles are necessary. This makes the open channel problem more 

difficult to model.  

As a result, it is necessary to testify the capability of MPS method in modeling open 

channel flow problems. The proposed WC-MPS model will be testified herein by a 

straight channel flow problem. 

3.5.1.2 Model Application and Simulation Results 

 

Figure 3-6: The sketch of a straight channel flow problem. A (x= 2.5m) is the location to 

examine the velocity profile. 

Straight channel flow is the basis of all open channel flow problems. In this study, a two 

dimensional straight open channel flow has been simulated to test the capabilities of the 

current WC-MPS model. The flow geometry is shown in Figure 3-6. 

At the beginning, a particle size of 0.01 m was used and all the fluid particles were evenly 

distributed in the flow domain. Properties such as velocities and pressure were assigned 

to the particles depending on their types. For the fluid particles, both velocity components 

in streamwise and vertical directions were set to zero, and the pressures were initially 

zero. For wall particles, all the properties were set to zero. On the other hand, the 

properties of the ghost particles were set according to the bed roughness. The pressures of 
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the wall particles were computed and were extrapolated to the layers of ghost particles to 

repel and avoid fluid particles penetrating the solid boundary. As a result, the properties 

of the ghost particles will affect the computation of the properties of the fluid particles 

near the channel bed. 

 

Figure 3-7: Comparison of simulation results at different time steps of streamwise 

velocity profiles at A (x=2.5m). 

Figure 3-7 shows the comparison of the simulation results at different time steps. From 

the figure, the current model successfully indicates the trend of the velocity change in 

boundary layers, but it overestimates the velocities near the free surface. This might be 

due to diminished particle number density occurring near the free surface and the larger 

velocities of the fluid particles close to the surface. Eventually, these differences lead to 

the calculated values become greater. A more advanced treatment of free surface 
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calculation is, therefore, needed. Furthermore, the simulated streamwise velocities at 150 

seconds show larger values than the ones at 60 seconds.  

Figure 3-7 also shows the simulated results at 160 seconds, and the results at 150 seconds 

and at 160 seconds have slight differences. This can be interpreted as a steady state 

condition of the model. In other words, the model reaches steady state at around 160 

seconds. Although it is in a steady state condition, the simulated velocity values near the 

free surface are still overestimated. Besides improving the free surface recognition 

methods, another possible way to address this is to consider the free surface as an 

interface of water and air and then apply a two phase flow model to calculate the 

properties near the free surface. Related studies have been conducted using a hybrid 

method employing both grid and particles (Liu et al. 2005). However, a purely 

multiphase model in the MPS method remains a challenge. 

3.5.2. Ice Sheet Problem 

3.5.2.1 Introduction 

Ice jam (or ice dam) causes destructive problems to both human lives and properties. It 

can occur at the point of the outflow into a lake, on the edge of a glacier or ice sheet. Ice 

jam occurs in rivers has been an increasing topic in the past few decades. It is the ice 

accumulation when the thawing ice at the upstream of a river hits the still-frozen parts of 

the downstream. Ice jam can lead to severe regional impacts behind the ice blockage in 

the downstream area of the river. Since the melting and sudden failure of the ice blockage 

will release a huge amount of water and ice that cause destructive damage to the nearby 

structures, croplands, wildlife habitats, and human society. The 2009 Red River Flood 
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and 2009 Alaska Floods in U.S. are two natural disasters caused by ice jam. River ice jam 

is a major concern for many communities in Canada, such as the Fort McMurray and the 

Peace River, Alberta. Therefore, the study on transport and accumulation to ice jam 

formation is regarded as one of the most complicated problems in river ice engineering. 

Experimental studies have been done to examine the stability of a floating ice sheet at the 

upstream of an ice cover. These studies concentrated on defining a critical approaching 

velocity or critical Froude number (according to the approaching velocity and the 

thickness of the ice sheet) when the instability occurs. Uzuner and Kennedy (1972), 

Larsen (1975), Hara et al. (1996) and Kawai et al. (1997) recorded the critical Froude 

number in their experiments at instability. Ashton (1974) proposed a relationship to 

estimate the critical Froude number based upon other’s experiments. Daly and Axelson 

(1990) found that the instability of the ice sheet occurs when the submerging forces and 

moments are greater than the resisting forces and moments. 

As the destructive consequences caused by ice jam, and the fast development of the 

numerical modeling technique, the prediction of ice jam occurrence has been widely 

studied in the past years. Numerical models such as the RIVJAM model (Beltaos and 

Wong 1986) and the HEC-RAS model (Daly and Vuyovich 2003, U.S. Army Corps of 

Engineers) are based on steady flow conditions. However, they are not capable of 

sufficiently simulating the highly dynamic processes during real ice jams. Though Babic 

et al. (1990) and Hopkins and Daly (2003) have developed several discrete element 

models for ice jams, there is still limited knowledge of the real physics surrounding an ice 

sheet and hydrodynamic forces acting on it. 
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Recently, the velocity distribution under an ice sheet has been investigated by Ambtman 

(2009). Though understanding of the theory of flow under the ice sheet is limited, it is 

sufficient, with the experimental measurements in Ambtman’s work, to be able to assume 

that a back flow region exists near the leading edge of the ice sheet and, therefore the 

distortion of the free surface occurs. With the advantages of particle methods in modeling 

free surface flows, a WC-MPS model was developed as a part of this study. The 

simulated velocity profiles and some flow features were compared with the experimental 

measurements by Ambtman (2009).  

3.5.2.2 Model Application and Simulation Results 

 

Figure 3-8: Sketch of the ice sheet problem. 

Figure 3-8 shows a sketch of the ice sheet problem definition used in this study. The flow 

under an ice sheet with a thickness of 10.1 cm (7.1 cm above the water surface and 3 cm 

below the water surface), a length 50 cm, and the same width as the flow channel was 

studied. In accordance with the experimental measurements, the three dimensional ice 

sheet problems can be reduced to a two dimensional flow problem (Ambtman 2009). The 

flow channel is 7.5 m long in total. Flow begins from left side and moves to the right in 

the figure. One example of the measured average streamwise velocity before the ice sheet 
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and under the sheet is showed in Figure 3-8 (Ambtman 2009). These measurements were 

used to validate the current model. 

 

Figure 3-9: The locations to measure the streamwise velocities in experiments. 

In the application of the WC-MPS to the ice sheet problem, a uniform particle size of 

0.01 m was selected, and initially, fluid particles were evenly arranged in the flow field. 

The number of used was 22265. Initially, all the field properties, including the velocity 

components and pressure of each particle, were set to zero. For the ghost particles at the 

inflow boundary, streamwise velocity components were set as equal to mean flow 

velocity and vertical velocity components remained zero. Hydrostatic pressure was set to 

the ghost particles based on the flow depth. At the outflow boundary, both velocity 

components were set to zero, and only a static pressure boundary condition was applied 

to avoid fluid particles penetrating the boundary.  
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Streamwise velocity profiles at different locations under the ice sheet were measured in 

the experiments by Ambtman, as shown in Figure 3-9. And the simulation results at the 

same locations as in the experimental measurements were extracted to compare them 

with the experimental data. Theoretically, based on the flow velocity, a particle needs 

approximately 15 seconds to travel from the inflow boundary to the outflow boundary, 

and it then leaves the flow domain. Therefore, the streamwise velocity profiles are 

extracted at the time points that are integral multiples of 15 seconds. From Ambtman’s 

experiments, the measured streamwise velocity profiles are only available in the upper 

region of the channel from 0.13 m, which is the middle of the channel, to 0.27 m, the area 

directly under the ice sheet. However, the model simulated the streamwise velocity 

profiles along the whole water depth. Therefore, the profiles in the lower region, which is 

close to the channel bed, are also shown here. Figure 3-10 shows the simulation results at 

90 seconds. From the comparison, both the streamwise velocity profiles at x= 0.02 m and 

x= 0.0801 m agreed reasonably with the experimental measurements.  

From Figure 3-10, it is obvious that the model slightly overestimated the velocities at x= 

0.02 m and displayed slight velocity fluctuation at x= 0.0801 m. However, based on 

Ambtman’s investigation (2009), the physical processes occurring in this region are 

extremely difficult to be understood. Therefore, to simulate this complex flow situation, 

greater understandings of the turbulence and a much more sophisticated turbulence model, 

which could capture the intricate phenomena in this region, are needed. Nevertheless, the 

current model successfully reproduced the negative flow velocities at the leading edge of 

the ice sheet and also the velocity transition zone near it. The model, took approximately 

90 seconds to reach steady state, while the experimental data were measured after 300 
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seconds. The major reason for this might be that the inflow and outflow boundary 

conditions defined in the model are not the same as the experimental measurements, since 

the inflow and outflow boundary conditions are difficult to deal with in the mesh-less 

method. Furthermore, the time point for the flow to reach steady state was not considered 

in the experiments. Measuring the velocity profiles after 300 seconds is common when 

considering the flow as steady state (Ambtman 2009). The exact time point when the 

steady state was reached is not mentioned in Ambtman’s work. The simulation results of 

all the profiles of the three locations near the channel bed, from 0 m water depth to 0.13 

m are shown. However, no experimental results were available for comparison. 

 

Figure 3-10: 90s simulation results of streamwise velocity profiles at different locations 

along water depth. 
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Chapter 4 Modeling of Non-Newtonian Fluid Flow with MPS Method 

4.1 Overview of Rheology 

Robert Hooke developed the “True theory of Elasticity” for solids in 1678 and proposed 

that “The power of any spring is in the same proportion with the tension thereof”, i.e. the 

extension of any spring is directly proportional to the force applied. On the other hand, 

almost at the same time, Sir Isaac Newton focused on liquids and stated that “The 

resistance which arises from the lack of slipperiness of the parts of the liquid, other things 

being equal, is proportional to the velocity with which the parts of the liquid are being 

separated from each other”, i.e. the velocity gradient in any liquid is directly proportional 

to the force applied to it. Both the Hooke’s law for solids and Newton’s law for fluids are 

linear relationships, assuming direct proportionality between the stress and the strain (or 

strain rate), regardless of the type of the stress. Correspondingly, the behaviour of solids 

following Hooke’s law is regarded as elastic and the behaviour of liquids following 

Newton’s law is considered as viscous. 

However, in 1835, Wilhelm Weber conducted the experiments on silk threads that were 

neither Hookean nor Newtonian. He found that an immediate contraction occurred after 

the removal of an extensional load from the material, and then the length of the material 

gradually decreased to the original length. Silk threads are solid-like materials but their 

behaviour is not completely elastic. There is certain deformation pattern of the materials 

associated more with fluid-like behaviours. Vice versa, in 1867, James Clerk Maxwell 

published the paper “On the dynamical theory of gases”, which proposed a mathematical 

model for a fluid with a few solid-like behaviours. 
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In order to study the materials that exhibit both elastic and viscous behaviours, the term 

“rheology” was proposed by Eugene C. Bingham and his associates in 1929, and it was 

later recognized as a significant subject in the current science study. As thus, the 

definition of rheology is the study of the deformation and flow of matters. And it includes 

the study of the behaviour of all forms of materials. Nevertheless, the Hookean elastic 

solid and Newtonian viscous fluids are the two extremes that are treated as two unique 

subjects and are excluded from the modern rheology studies. The rheology in this study 

would only consider the materials that are neither Hookean nor Newtonian. And the 

behaviours of these materials are often referred as “viscoelasticity” (Barnes et al. 1989). 

As the same manner in fluid mechanics, the principal theoretical laws to describe the 

viscoelastic materials are the conservations laws regarding mass, momentum and energy. 

However, a specific group of equations, namely, constitutive equations are introduced to 

involve the rheological properties of the materials. Constitutive equations aim to relate 

the rheological properties of the materials to the motion and deformation of these 

materials. Then a complete description of the flow processes is obtained to further solve 

the engineering problems, such as those in geotechnical engineering, polymer processing, 

lubrication, food technology, and etc. 

4.2 Numerical Studies of Rheology 

With the fast development of the computer technology, computer-based numerical 

methods such as FDM and FEM are widely applied into rheological problems. These 

methods intend to reduce the PDEs to a set of solvable equations for the nodal variables. 

Another modeling technique used in rheology is the molecular dynamics modeling 
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(MDM). MDM was developed based on super computers as a prospect bridge to relate 

polymer microstructure to the macroscopic rheological properties.  

Non-Newtonian fluid flows account for a significant part among the large number of the 

current engineering flow problems. However, in order to study the flow characteristics of 

non-Newtonian fluids, considerable researches have been done only since the last few 

decades. Constitutive equations or rheological equations relating stress and deformation 

variables are required to study the non-Newtonian fluid flows. The equations must reflect 

the materials’ microstructures, and meanwhile concern the relationships between the 

microstructures and the (macroscopic) constitutive equations. 

4.3 Rheology Model in This Study 

4.3.1 Governing Equations  

The governing equations for non-Newtonian fluid flows are the same with those of 

Newtonian fluids, i.e., Navier-Stokes momentum equations and the continuity equation. 

However, the Navier-Stokes momentum equations for non-Newtonian fluid are written in 

the stress form as   

fp
Dt

Du
          (4.1) 

where ρ indicates the density of the fluid, u is the velocity vector, p is the pressure, τ is 

the shear stress, f is the external force term and t stands for time. In equation (4.1), the 

stress term can be written as the following (Liu and Liu 2003), 

 eff
   

       (4.2) 



 

57 
 

in which μeff  is the effective viscosity, and ε is the stress tensor term, it can be defined by 
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      (4.3) 

Therefore, the divergence of the stress term in equation (4.1) can be defined as  

effeffeff   )(        (4.4) 

4.3.2 Rheology Model 

As discussed previously, different from the Newtonian fluid, the viscosity of non-

Newtonian fluid changes with the applied shear stress. Therefore, the study of rheology is 

necessary to achieve the best understanding of non-Newtonian fluid flows. Rheology 

relates the stress and strain rate tensors of the material under various flow conditions. 

And it can be better understood by introducing constitutive equations, or rheology models, 

in numerical studies. As an example, in equation (4.4), the effective viscosity μeff has to 

be determined by the constitutive equation or rheology models. In general, the equation 

which can predict the general flow curve of a material requires four parameters, as the 

Cross equation describes (Barnes et al. 1989): 

 



K

eff

eff








0
         (4.5) 

where μ0 and μ∞ are the viscosity at very low shear rate and very high shear rate, 

respectively; K is a constant parameter with the dimension of the time and θ is a constant 

number;  denotes the shear rate, which is defined by the second invariant of the 

deformation strain rate (using the indicial notation), ∆ij, as:  
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12

1
i j jiij         (4.6) 

The four rheological parameters describing the flow in the Cross equation (4.5) are: μ0, 

μ∞, θ and K. Therefore, to obtain the effective viscosity μeff,, these parameters are required 

to be pre-defined. In fact, it is not convenient and efficient for simulation purposes. In 

order to simplify the process and find an alternative to obtaining these parameters, Shao 

and Lo (2003) modified the Cross model over the more commonly used Bingham model 

to determine μ0, μ∞, θ and K. However, they used a strictly incompressible SPH model to 

investigate the rheological properties. The equation proposed by Shao and Lo (2003) 

under the assumption of θ =1 can be written as 










K

K
eff




 

1

0          (4.7) 

in which the three rheological parameters μ0, μ∞ and K are required to be determined. 

Equation (4.7) is used as the rheology equation in the current study as well, but with a 

different method to determine the parameters in the equation. The following section 

explains the method proposed in this study to obtain these parameters. In the Cross 

equation (4.5), if μ0⨠μeff  and θ=1, the following relation can be obtained, 






K
eff

0           (4.8) 

The experimental measurements by Komatina and Jovanovic (1997) indicate that the 

Bingham theory is applicable to the water-clay mixtures, and the experiments conducted 

in the current study implies the same fact (detailed in section 4.4.2). Under the Bingham 
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model, the fluid at rest can resist the shear stress less than the yield stress without 

deformation. If the shear stress exceeds the yield stress, the fluid starts to flow. For the 

fluid following Bingham theory, either the Cross equation or the Bingham model can be 

used to describe the flow (Bingham equation is a special case of the Cross equation). The 

Bingham’s model described by the following equation 







B

Beff           (4.9) 

in which μB is the Bingham yield viscosity which is the property of the mixture, τB is the 

Bingham yield stress. Therefore, by comparing the Cross equation (4.8) with equation 

(4.9), μ∞ can be determined as 

B            (4.10) 

This relationship can be derived by the method from Shao and Lo (2003) as well. 

However, they derived another equation to obtain K by 

B

K


0           (4.11) 

Unlike most Newtonian flow simulations, the non-Newtonian flow pattern is the result of 

the continuously proceeding non-linear interaction of the material and the rheology at 

different strains (Moresi et al. 2003). Furthermore, the difficulties in measuring the 

behavior of the materials at realistic strain rates, the complexities of the compositions of 

the materials, and the metamorphic transformations and phase changes during the flow 

which the materials undergo lead to the poorly defined rheological laws governing non-

Newtonian materials at certain scales (Moresi et al. 2003). Therefore, to compensate the 
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incomplete measurements and to minimize the inaccuracies of measurements to the 

numerical tests, an experiment based method was introduced in the present study to 

determine the other two parameters μ0 and K. The method is detailed later in this chapter 

by the study of the water-kaonilite mixture flows. 

As the current study, a weakly-compressible MPS model is used, and the shear rate,  , is 

in a two-dimensional system and it is defined as 
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 can be calculated by the MPS divergence equation (2.9). 

4.4 Model Application 

In order to study the capability of the proposed weakly-compressible MPS method with 

the proposed rheological model in modeling non-Newtonian flows, two groups of test 

cases were simulated.  

The first group of the test cases is a dam-break study of a water-clay mixture, which was 

studied experimentally by Komatina and Jovanovic (1997) and numerically by Shao and 

Lo (2003), respectively. As a weakly-compressible model is used in the current study, the 

first group of test cases was used to validate the rheology equation proposed by Shao and 

Lo (2003) in the WC-MPS model.  

The second group of the test cases was designed to testify the proposed method in this 

study to experimentally obtain the rheological parameters required in the rheology 
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equation (4.7). A water-kaolinite mixture with different solid volume concentrations was 

used in the experiments, and the dam-break flows of the water-kaolinite mixtures with 

different volume concentrations were studied.  

4.4.1 Dam-break Study of the Water-Clay Mixture 

A water-clay column released from a reservoir has been experimentally studied by 

Komatina and Jovanovic (1997). They conducted a sum of 69 tests with different solid 

volume concentrations from 0.0% to 36.1% and the initial reservoir depths ranging from 

0.1 m to 0.3 m between the channel slopes of 0.0% and 0.1%. One case from their 

experimental work was numerically studied by Shao and Lo (2003), in which good 

agreement was illustrated in their study. Thus, this case was used as a benchmark 

comparison to testify the capability of the WC-MPS method in modeling non-Newtonian 

fluid flows. 

The benchmark case was the dam-break flow of the water-clay mixture at the solid 

volume concentration of 27.4% and the channel bed slope of 0.1%. The corresponding 

density was 1200 kg/m
3
. According to the experimental measurements by Komatina and 

Jovanovic (1997), the mixture had a Bingham yield stress of τB= 25 Pa with the 

corresponding viscosity of μB= 0.07 N∙s/m
2
. The initial set up of the mixture was a 

rectangular shape of L= 2.0 m in length and H= 0.1 m in height. The unsteady 

phenomenon used by Komatina and Jovanovic (1997) indicated the flow behavior was 

independent of the channel width in their tests. As a result, the problem can be reduced to 

a two-dimensional unsteady flow problem. This case was numerically studied by Shao 

and Lo (2003) as well.  
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The initial particle distance or particle size was 0.01 m (Figure 4-1), with 2000 fluid 

particles and 3320 particles in total, including wall particles and ghost particles. All the 

particles were uniformly distributed. The initial pressures of the mixture particles were 

set to be hydrostatic. The pressure of the ghost particles at the two vertical boundaries 

was set to be hydrostatic, as well, and the pressure of the wall particles near the channel 

bed was calculated and extrapolated to the three layers of the ghost particles. No slip 

boundary conditions are applied to the wall particles and the ghost particles. During the 

simulation, the confining wall is assumed to be removed instantaneously when the 

calculation starts. 

 

Figure 4-1: Initial particle setup of the water-clay dam-break test 

The relationship of the calculated dimensionless run-out distance x’= (x-2)/H, referenced 

from the initial dam leading edge with the dimensionless time T= t(g/H)
1/2

, is shown in 

Figure 4-2. The WC-MPS simulation is compared with both the SPH and the 

experimental measurements. The comparisons indicate that the WC-MPS method with a 

rheological model is able to reproduce the non-Newtonian behaviours, such as in SPH. 

Although WC-MPS created small discrepancies at the beginning of the flows, its 

accuracy increased as the flow proceeded. This test case confirms that MPS has the 

capability for handling non-Newtonian fluid flows with the introduction of the rheology 
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models. Also, since WC-MPS has the advantages of rapid computations, non-Newtonian 

fluid flows with large particle numbers can be simulated fast and accurately by using 

WC-MPS method. 

 

Figure 4-2: Comparison of WC-MPS with SPH and experimental results. 

4.4.2 Experimental Studies of the Dam-break of the Water-Kaolinite Mixtures 

In order to further verify the WC-MPS model in simulating non-Newtonian fluid flows, 

in the present study, an experiment based method is proposed to determine the 

rheological parameters required for the numerical simulations. In this study, a group of 

experiments for a water-kaolinite mixture were designed to obtain the rheological 

parameters. The experiments were conducted at the National Cheng Kung University 

(NCKU) in Taiwan. 

According to the experimental work by Komatina and Jovanovic (1997), the water-clay 

mixtures exhibit non-Newtonian behaviour only when the solid volume concentration is 
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greater than 10%. Therefore, in the current study, a similar mixture composed of water 

and kaolinite was used as the non-Newtonian fluid. The plastic viscosity μB and the yield 

stress τB were measured before the dam-break tests. The measurements were conducted 

with the solid volume concentrations at 25%, 20%, and 15%, respectively. The measured 

plastic viscosity μB for the water-kaolinite mixtures at different solid volume 

concentrations were used to determine the K value for the rheology equation (4.7) in the 

later numerical studies. Three measurements were repeated for each concentration, with 

nine measurements in total. The measured results of the entire nine tests are shown in 

Table 4-1. The averaged yield stress, averaged plastic viscosity and the corresponding 

standard deviation were calculated as well (Table 4-1). The density of the mixture at 

different solid volume concentrations are listed in Table 4-2.  

Table 4-1: Properties of the mixture at different solid volume concentrations 

Test 

Plastic Viscosity μB (Pa·s) Yield Stress τB (Pa) 

Measurements Averaged 
Standard 

Deviation 
Measurements Averaged 

Standard 

Deviation 

1 25% 0.3209 

0.349 0.0264 

13.957 

13.634 0.2803 2 25% 0.3735 13.459 

3 25% 0.3516 13.485 

4 20% 0.0252 

0.0246 0.002 

2.2559 

2.301 0.0602 5 20% 0.0223 2.3693 

6 20% 0.0262 2.2774 

7 15% 0.0124 

0.0129 0.00045 

1.2102 

1.212 0.0069 8 15% 0.0133 1.2061 

9 15% 0.0130 1.2195 

 

Table 4-2: Density of the mixture at different solid volume concentrations 

Concentration Cv (%) 25% 20% 15% 

Density ρ (Kg/m
3
) 1387 1305 1254 
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The dependence of the Bingham plastic viscosity μB and yield stress τB on the solid 

volume concentration Cv of the water-clay mixture was studied by Komatina and 

Jovanovic (1997). According to their experimental studies on the water-clay mixtures, 

exponential relationships of τB and μB with Cv are found. These relationships are straight 

lines on a semi-logarithmic coordinate system (Figure 4-3). The two relationships are 

confirmed by the measurements of the water-kaolinite mixture in the present study as 

well. As the measured relationships between the solid volume concentration of the water-

kaolinite mixture and the rheological parameters show the same pattern as those 

measured by Komatina and Jonanovic (1997), and the data are shown in Figure 4-3 as 

well. The discrepancies between the measurements of the water-kaolinite mixture and the 

water-clay mixtures in the study of Komatina and Jonanovic (1997) are suspected to be 

due to the different mineral constitutions of the mixtures. The relationships measured 

indicate the applicability of equation (4.7) to the water-kaolinite mixtures.  

 

Figure 4-3: Dependence of Bingham model parameters on volume concentration 
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After the measurements of the rheogoly parameters required, the dam-break tests for the 

water-kaonilite mixtures were performed for the three different solid volume 

concentrations. The experiments were performed on a 1.392 m long, 0.2 m deep, and 

0.051 m wide rectangular channel. The side walls of the channel were made of 

transparent Plexiglas, and the movement of the granular materials was recorded with a 

high speed CMOS camera (IDT X-3 plus, monochrome, maximum shooting rate of 2000 

frames per second (fps) with the resolution of 1280 x 1024 pixels) which was positioned 

1.5 m from the channel to record the motion of the granular flows during each experiment. 

The initial set up of the mixture column for all the three tests was identical. The mixture 

column was set as a rectangular shape of L= 0.356 m in length and H= 0.1 m in height 

(Figure 4-4).  

 

Figure 4-4: Experimental setup of the water-kaolinite dam-break tests 

4.4.3 Numerical Studies of the Dam-break of the Water-Kaolinite Mixture 

The initial particles set up for all three tests were identical. The initial particle distance 

(or particle size) was 0.002 m, with 8,900 fluid particles and 11,014 particles in total, 

including wall particles and ghost particles. All the particles were uniformly distributed 

before the simulation was initiated. The initial pressure distribution of the mixture 
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particles was set to be hydrostatic. The pressure of the wall particles and the ghost 

particles was set the same as in the previous test case. Unlike the previous test case, the 

water-kaolinite mixture column was confined behind a removable gate. However, in the 

current simulation, it is assumed that the confining gate is removed instantaneously when 

the calculation starts. 

4.3.3.1 Determination of K 

In equation (4.7), three rheological parameters μ0, μ∞ and K are required to be determined 

in order to apply the equation for numerical modeling. Hammad and Vradis (1994) 

concluded that the selection of μ0 has nearly no influence on the simulation accuracy as 

long as μ0 >1000μ∞. Therefore, in the present study, μ0 is taken as a thousand times of μ∞, 

and μ∞ is determined previously by equation (4.10) as μ∞= μB. As soon as μ0 is determined, 

the corresponding low shear rate   value can be determined. Then this   is substituted 

into equation (4.7) to obtain the best fitting curve for K with the measured shear stress-

shear rate relationship. This experimental method is detailed by the following section. 

Figure 4-5 through Figure 4-7 show the measured variations of the shear stress with 

respect to the shear rate for the water-kaolinite mixtures at different solid volume 

concentrations, the calculated variations of viscosity with shear rate are shown 

accordingly as well. The methods to determine K for the three tests are identical. The 

water-kaolinite mixture at Cv=25% is taken as an example to detail the method to 

determine K. 

In Figure 4-5(b), the viscosity increases to infinity when the shear rate tends to be zero. 

As in equation (4.8) and (4.9), the equation will create numerical instability when 
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equals zero. Therefore, it is necessary to fix   at a very small value to avoid numerical 

errors. Subsequently, the corresponding viscosity at this very small   can be regarded as 

the viscosities at a very low shear rate for μ0 the mixture. Since μ0 is taken as a thousand 

times of μ∞ in this study, the small value of   can then be determined on the viscosity-

shear rate relationship (Figure 4-5(b)). By introducing this method, the small value is 

selected as 0.018 1/s for the mixture at Cv=25%, and it is 0.0121 and 0.0175 for the 

mixture at Cv=20% and Cv=15%, respectively.  

 

Figure 4-5: (a) Relationship of measured shear stress with shear rate at Cv=25%; (b) 

Relationship of viscosity with shear rate at Cv=25% 

This small value of   is then substituted into equation (4.7) to acquire the best fitting 

curve to determine the K value. The fitting curve is drawn in Figure 4-5(a). It is obvious 

in Figure 4-5(a) that the fitting curve drawn from equation (4.7) has significant 

discrepancies with the measurements when the shear rate is greater than 30 1/s. However, 

from the later simulations, the number of the mixture particles with shear rate greater than 
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30 only accounts for 6.7% of the total number of the mixture particles. It is the same to 

say that the properties of the majority of the mixtures particles in the simulation coincide 

well with the experimental measurements.  

 

Figure 4-6: (a) Relationship of measured shear stress with shear rate at Cv=20%; (b) 

Relationship of viscosity with shear rate at Cv=20% 

 

Figure 4-7: (a) Relationship of measured shear stress with shear rate at Cv=15%; (b) 

Relationship of viscosity with shear rate at Cv=15% 



 

70 
 

Figure 4-6 and Figure 4-7 are the analysis for Cv=20% and Cv=15%, respectively. To be 

noticed, the discrepancies between the fitting curves decrease with the solid volume 

concentration, and from later simulations, the numbers of the mixture particles that do not 

coincide with the measurement only account for 4.7% and 2.3% for Cv=20% and Cv=15%, 

respectively.  

4.3.3.2 Simulation Results for Cv=25% 

Figure 4-8 illustrates the simulation results of the front profiles for Cv=25%, the 

simulation was conducted in the current WC-MPS method, using the method proposed by 

Shao and Lo (2003) and the method proposed in this study, respectively. And the 

comparisons with experimental measurements are shown in the same figure as well. It is 

obvious that all six figures indicate that both simulations overestimate the flow depth near 

the front, and as the flow proceeds, the overestimation becomes less obvious. The 

primary reason is the viscous nature and the corresponding large viscosity of the mixture 

at this concentration, since the yield stress and viscosity increase sharply as per their 

exponential relationships with concentration (Figure 4-3). As a result, the mixture at rest 

will resist any shear stress less than its yield stress. The mixtures will, therefore, exhibit a 

more solid-like behaviour so that the movement will be more difficult to be promoted. 

Another reason is the more viscous nature of the mixture at this concentration, the 

influence of removing the confining gate is not negligible no matter how fast the removal 

occurs. The mixture mass near the gate will “stick” to the gate surface and move upwards 

with the gate for a certain distance, leading to a decrease in the amount of fluid passing 

though the opening part of the gate, and consequently creating a lower flow depth. This 

effect can never be eliminated in the experiments. However, during the numerical 
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simulations, the assumption of instant removal of the gate is applied. At t=0.1 s, the 

resultant flow depth discrepancy is up to 17% of the initial flow depth. Currently, there is 

no model to simulate the movement of the gate and the interactions between the viscous 

mixture and the gate. Therefore, development of such a model or a more generalized 

viscous mixture-solid interaction model is needed for more accurate results. 

 

Figure 4-8: Comparison of front profiles measurement at Cv=25% 



 

72 
 

From Figure 4-8, the comparisons through (a) to (c) between the two simulations show 

that the method proposed in this study has the identical free surface profiles with the 

method proposed by Shao and Lo (2003). Nevertheless, with the flow continuing to 0.25 

s as shown in Figure 4-8(d), the simulation using the method by Shao and Lo (2003) 

overestimates the front propagating velocity more than the method in the current study. 

The overestimation continues to grow as the flow proceeds. 

The proposed method in the present study has been applied to simulate the other two test 

flows to further study its applicability to model non-Newtonian fluid flows. 

4.3.3.3 Simulation Results for Cv=20% 

Figure 4-9(a) through Figure 4-9(f) show the comparison of front profiles of the proposed 

WC-MPS simulations with experimental measurements from t=0.1s to 0.35s. Several 

important flow features are observed in the WC-MPS simulated profiles. From the 

beginning of the initial hydrostatic state to after the instant removal of the confining gate, 

the collapse of the water-kaolinite column is characterized by a rapid drop of flow depth 

near the dam leading edge under the influence of gravity. At t=0.1s, the flow depth is 

reduced to approximately 3/4 of the initial column height, H, at the dam site x=0.356 m 

(Figure 4-9(a)); it then continues to reduce sharply to half of H at t=0.25 s (Figure 4-9(d)). 

The main feature later appears when the flow is further developed, indicating a slow 

decrease of the maximum flow depth and a nearly constant front propagating velocity. 

Finally, the stopping process of the flow starts with a rapid decrease of the front 

propagating velocity, as shown in Figure 4-9(e) and Figure 4-9 (f). The change of the run-

out distances in these two figures are small and indicates a front propagating velocity 

approaching to zero. From the figures, it is also shown that the final stage of the flow is 
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similar to a creeping motion. Compared with water flows with the same conditions, the 

flow of a water-kaolinite mixture has a shock depth and a shock velocity that decay faster 

with time, and it propagates more slowly owing to its viscous nature.  

 

Figure 4-9: Front profile comparisons of WC-MPS for flow profiles at Cv=20% 
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Further validation of the rheological model and the capabilities of the WC-MPS in terms 

of implementing such models are shown by the comparisons of the front profiles with the 

experimental measurements. From Figure 4-9(a) at t=0.1s, which is the beginning of the 

collapse, the front of the simulation agrees well with the measurements. However, there 

are discrepancies near the gate (x=0.356m) due to the influence of the removal of the 

confining gate in the experiments, which was not removed instantaneously to generate a 

dam-break condition. Figure 4-9(c) indicates this influence diminishes as the collapse 

proceeds. The front profiles of the simulation and the measurements are almost identical. 

The simulation moves slightly faster than the experiments, but this may be due to the 

rapid change of the flow depth at the front and the weakly-compressible nature of the 

flow here, which allows a slightly larger particle number density than the initial particle 

number density. As a result, the particles near the front gain slightly larger flow velocities.  

4.3.3.4 Simulation Results for Cv=15% 

Figure 4-10 shows the front profiles measured in laboratory and the numerical 

simulations for Cv=15%. The comparisons are also shown at different times. The current 

WC-MPS model successfully reproduced the surface profiles and the front propagation 

pattern. The simulated front profiles show good agreement with the experimental 

measurements between x=0.3m and x=0.4m. However, the current WC-MPS simulation 

results slightly overestimated the flow depth between x=0.4m and x=0.5m. A major 

reason of these discrepancies is the absence of the confining gate in the simulation. 

Another reason for these discrepancies is the nature of weakly-compressible model, 

which allows a small increase of particle number density under these conditions that 

consequently leads to a slightly partial particle clustering near the free surface. The 
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influence of the gate removal lessens as the front of the experimental measurements, 

shown in Figure 4-10(e) and 10(f), become smoother. The run-out distance of the 

simulations matches well with the measurements. 

 

Figure 4-10: Comparison of front at Cv=15% 
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4.3.3.5 Front Propagation 

In the same manner as in Figure 4-2, Figure-11(a), Figure-11(b), and Figure-11(c) show 

the non-dimensional comparisons between the WC-MPS results and the experimental 

measurements for the three test cases, respectively. The computed dimensionless run-out 

distance, x’=(x-0.356)/H, is referenced from the initial dam leading edge, and the 

dimensionless time t= t(g/H)
1/2

. 

 

Figure 4-11: Dimensionless comparison of run-out distance 
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Figure-11(b) and Figure-11(c) shows good agreement with the measurements for Cv=20% 

and Cv=15%. For the test at Cv=25% in Figure-11(a), there are discrepancies at 

approximately 0.1 s after the collapse begins. As discussed previously, this might be due 

to the rapid change of the flow depth at the front and the weakly-compressible nature of 

the flow. As studied by Komatina and Jovanovic (1997), the viscous nature of the 

mixture should show a decreased propagating velocity, Figure-11(d) confirms the 

capability of the current model to reproduce this viscous nature. A distinct increase of the 

front propagating time with time is comparable to the results of Komatina and Jovanovic 

(1997), and with the increase in the volume concentration of the solid phase, the speed of 

the mixture’s flow decreases.  

4.3.3.6 Simulations with Rheology Model and Non-Rheology Model 

In order to investigate the influence and efficiency of the rheology model to non-

Newtonian fluid flows. Simulations of the water-kaolinite dam-break flows were carried 

out as well, with the rheology model not applied. Figure 4-12 shows the comparison of 

the front propagation of the previous simulation results and with the rheology model not 

applied for Cv=15% and Cv=25%. The set up of both simulations are identical, with the 

only difference being the inclusion (the proposed rheology model) or exclusion (the 

rheology parameters are constant and are not considered to change with shear rate, i.e. 

Newtonian flow model) of the rheology model. At the beginning state of the flows, the 

propagating velocities of the Newtonian flow model are slightly larger than those with the 

rheology model. However, the front propagates faster in the Newtonian flow model over 

time. A significant feature of the non-Newtonian flow is shown in Figure 4-12, as well, 

which is that with the increase of the solid volume concentration Cv, the front propagating 
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velocities decrease. And from the comparison in Figure 4-11, the front propagations 

agree well with the measurements for those with the rheology model, thus, the rheology 

model is required for modeling non-Newtonian flows. 

 

Figure 4-12: Comparison of simulations with rheology model and without rheology 

model 
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Chapter 5 Conclusion and Recommendations 

5.1 The Current MPS Model 

The current research was based on the moving particle semi-implicit (MPS) method 

which is a typical mesh-less particle method (MPM). This study sought to further test and 

to explore the capability of the MPS method to model free surface flow problems with 

open boundaries and non-Newtonian free surface flow. The original MPS method 

developed by Koshizuka et al. (1995) was modified in this study to model different fluid 

flow problems. The weakly-compressible model in the current study was first evaluated 

by common test cases and then applied to real free surface flow problems with open 

boundaries. At the other hand, the proposed model was further modified to simulate more 

complicated fluid flow problems, such as non-Newtonian free surface flows. 

The objectives of this research were: to testify the WC-MPS method in simulating free 

surface flow problems; to apply the proposed WC-MPS model for numerically studying 

of an ice sheet flow problem; to further develop the proposed MPS model in simulating 

non-Newtonian fluid flows. 

The major accomplishment of this study (concluded from the previous chapters) could be 

summarized as the following: 

1. Evaluation of the proposed WC-MPS model to simulate free surface flow 

problems with open boundaries. The proposed WC-MPS model was used to 

simulate open channel flow problems with open boundaries to test its capability. 

The straight open channel flow problem was modeled and confirmed the 
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capability of the proposed WC-MPS model to handle open channel problems with 

open boundaries. 

2. Application of the proposed model to a real free surface flow problem with open 

boundaries. The model was applied to study the flow under an ice sheet in an 

open channel with open boundaries. The results showed good agreement with 

experimental measurements. The model successfully reproduced the negative 

velocities under the ice sheet near the leading edge, and both velocity transition 

zones in two locations (x= 0.02 m and x= 0.0801 m) were demonstrated with the 

current model.  

3. This proposed model was further modified and applied to study non-Newtonian 

fluid flow problems. The non-Newtonian flow was directly represented by the 

interactions through discrete fluid particles. The non-Newtonian nature was 

included by introducing a simple rheology model. The proposed WC-MPS model 

with the discussed rheology model had been validated through a water-kaolinite 

dam-break study and the model reproduced the non-Newtonian flow features of 

the non-Newtonian fluids. As well, the simulation results of the proposed WC-

MPS model agreed reasonably with the laboratory measurements in another case. 

The test cases showed that WC-MPS is capable of simulating free surface flows 

of non-Newtonian fluids. 

5.2 Recommendations  

From the research work included in this study, the following recommendations are 

concluded: 
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1. Although the simulation results for the straight channel flow show the ability of 

the WC-MPS model to handle open channel problems, a more sophisticated 

method to better consider the properties of the particles at the free surface is 

required. The further improvement of the treatment to the free surface particles 

will improve the accuracy of the simulation and obtain a more smoothed free 

surface. 

2. A comprehensive turbulence model is recommended and required to obtain more 

accurate simulation results. From the comparisons of the streamwise velocity 

distribution between the simulation results and the experimental measurements for 

the ice sheet flow, a more comprehensive and suitable turbulence model for 

particle method is required. 

3. For the flows with solid walls or solid boundaries, the wall shear stress should be 

considered if the more accurate results are needed. A specialized interaction 

model between the fluid and the solid may further improve the simulation results, 

especially near the solid boundaries. 

4. More comprehensive rheology model which includes more details for the non-

Newtonian properties of the fluid will improve the accuracy of the model. Various 

constitutive equation for rheology properties will have different performance to 

different non-Newtonian flow problems. 
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