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Abstract

Rough set theory offers a mathematical approach to data analysis and data

mining. It can be used to learn classification rules that define classes of a classi-

fication based on some well defined concepts. The fundamental task of rough set

data analysis is to precisely construct and interpret concepts.

When applying rough set theory to rule learning, the main tasks involve re-

moving redundant attributes, redundant attribute-value pairs, and redundant

rules in order to obtain a minimal set of simple and general rules. Following

Pawlak, we can arrange these tasks into a three-step sequential process, called

Pawlak three-step approach, based on a central notion of reducts. One problem is

that reducts used in the three steps are defined and formulated differently. Such

an inconsistency in formulation may unnecessarily affects the elegancy of the ap-

proach. By adopting the classical view of concepts that interprets a concept by a

pair of intension and extension, in this thesis we introduce a generic definition of

reducts of a set. We define various reducts used in rough set analysis in a unified

way. We study several mathematically equivalent, but differently formulated,

definitions of reducts. Each definition captures a different aspect of a reduct

and their integration provides new insights. The Pawlak three-step approach is

reformulated uniformly as a search for different reducts.
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Chapter 1

INTRODUCTION

Rough set theory was proposed by Pawlak [17] in 1982, which offers a mathe-

matical approach to data analysis and data mining [11, 18–21]. It is useful for

dealing with indiscernibility of objects caused by incomplete or limited informa-

tion. Rough set theory provides a simple and elegant method for analyzing data

represented in a tabular form, which can be applied to decision table simplifica-

tion and rule learning [18,26]. Rough set theory has been applied in many real life

applications, including disease diagnosis, banking, financial and market analysis

and so on [19].

1.1 Overview of Rough Set Analysis

In this section, we review the basic ideas and notions in rough set theory pertinent

to our study.
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1.1.1 Rough Set Approximations

The notion of approximations is a fundamental concept in rough set theory. Since

some concepts can not be expressed by employing available knowledge in an

information table, Pawlak proposes the idea of approximating a concept by other

concepts. Intuitively, one can approximate a concept by a pair of lower and upper

approximations [17].

Information Tables and Equivalence Relations

Rough set theory concerns the analysis of data represented in a tabular form,

namely, an information table in which a finite set of objects is described by a

finite set of attributes.

Definition 1.1.1 An information table is defined as follows:

S = (U,At, {Va | a ∈ At}, {Ia | a ∈ At}),

where U is a finite nonempty set of objects called the universe, At is a finite

nonempty set of attributes, Va is a nonempty set of values for a ∈ At, and Ia :

U −→ Va is a complete information function that maps an object of U to exactly

one value in Va.

When an information function is a partial function, that is, it is not defined

for some objects in U , the information table is called an incomplete table. In this

thesis, we only consider complete tables. For an object x ∈ U , Ia(x) denotes the

value of x on attribute a ∈ At. For notational simplicity, for a subset of attributes

A ⊆ At, IA(x) denotes the vector value of x on A.
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Rough set theory analyzes an information table based on equivalence rela-

tions (i.e., reflexive, symmetric and transitive relations) induced by subsets of

attributes [18].

Definition 1.1.2 For an attribute a ∈ At, an equivalence relation on U is defined

by:

xEay ⇐⇒ Ia(x) = Ia(y). (1.1)

That is, two objects are equivalent with respect to an attribute if and only if they

have the same value on the attribute. By using equivalence relations defined by

individual attributes as components, we can construct an equivalence relation for

a subset of attributes A ⊆ At as follows:

EA =
⋂

a∈A

Ea.

That is, two objects are equivalent with respect to a set of attributes A if and only

if they are equivalent with respect to every attribute a ∈ A.

An equivalence relation E is a set of pairs, i.e., E ⊆ U × U . One can apply

set-theoretic operations and relations on equivalence relations. If E1 and E2 are

equivalence relations, then E1 ∩ E2 is also an equivalence relation. Thus, the

definition of EA in terms of the intersection of Ea is valid. By definition, EA can

also be interpreted as follows [18]:

xEAy ⇐⇒ ∀a ∈ A(Ia(x) = Ia(y)). (1.2)

Two objects x and y are equivalent with respect to a subset of attribute A if and

only if they have the same values on all the attributes in A.

A notion closely related to equivalence relations on the universe are partitions

of the universe, which is given in the next definition.
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Definition 1.1.3 A partition of the universe is a family of nonempty pair-wise

disjoint subsets of the universe whose union is the universe. Each subset in the

partition is called a block.

Given an equivalence relation E on U , it induces a partition U/E = {[x]E | x ∈

U} of U called the quotient set, where [x]E = {y ∈ U | xEy} is the equivalence

class containing x. Conversely, given a partition π of U , an equivalence relation

Eπ on U can be defined by xEπy if and only if there exists a block B ∈ π such

that x, y ∈ B.

The partition induced by Ea is denoted by U/Ea = {[x]Ea | x ∈ U}. The

equivalence relation EA is generated by the family equivalence relations {Ea |

a ∈ A}. For a singleton subset {a}, we have E{a} = Ea. The partition induced

by EA is denoted by U/EA = {[x]EA
| x ∈ U}. The corresponding equivalence

classes of Ea and EA are related by:

[x]EA
=

⋂

a∈A

[x]Ea .

That is, the equivalence class of EA is an intersection of equivalence classes of

all Ea, a ∈ A. There is a one-to-one correspondence between all equivalence

relations on U and all partitions of U . Therefore, we use equivalence relations

and partitions interchangeably.

The standard set inclusion of equivalence relations defines a partial order on

partitions as follows: for two equivalence relations E1 and E2,

U/E1 � U/E2 ⇐⇒ E1 ⊆ E2. (1.3)
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If U/E1 � U/E2, each block of U/E2 must be a union of some blocks of U/E1,

and the partition U/E1 is called a refinement of U/E2 and U/E2 a coarsening of

U/E1.

With respect to different subsets of attributes, we can establish the following

relationships, for A,B ⊆ At, x ∈ U ,

(1) EA∪B = EA ∩ EB,

(2) [x]EA∪B = [x]EA
∩ [x]EB

,

(3) A ⊆ B =⇒ EB ⊆ EA,

A ⊆ B =⇒ U/EB � U/EA. (1.4)

Properties (1) and (2) show that the equivalence relation, or the corresponding

partition, defined by a union of two subset of attributes can be constructed from

the intersection of the individual equivalence relations or partitions defined by

the two subsets of attributes. Property (3) states that the refinement-coarsening

relation � is monotonic with respect to set inclusion of sets of attributes.

A Pair of Lower and Upper Approximations

Consider the equivalence relation EA defined by a subset of attributes A ⊆ At.

For a subset X ⊆ U , its lower and upper approximations are defined by [17,18]:

apr(X) =
⋃
{[x]EA

∈ U/EA | [x]EA
⊆ X};

apr(X) =
⋃
{[x]EA

∈ U/EA | [x]EA
∩X 6= ∅}. (1.5)

That is, the lower approximation apr(X) is the union of those equivalence classes

that are subsets of X, and the upper approximation apr(X) is the union of those
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equivalence classes that have nonempty intersection with X.

Three Regions

By the lower and upper approximations, one can divide the universe U into three

pair-wise disjoint regions [17], namely, the positive region POS(X), the negative

region NEG(X) and the boundary region BND(X): :

POS(X) = apr(X),

NEG(X) = (apr(X))c

= apr(Xc),

BND(X) = apr(X)− apr(X)

= apr(X) ∩ (apr(X))c

= ((apr(X))c ∪ apr(X))c

= (POS(X) ∪ NEG(X))c, (1.6)

where (·)c denotes the set complement. Some of these regions may be empty. The

pair of lower and upper approximations and the three regions uniquely define each

other. One can formulate the theory of rough sets by using any one of them.

1.1.2 Rough Set Data Analysis

Rough set data analysis deals with a finite set of objects in an information table

with an objective to classify all objects to some predefined classes. In his book,

Pawlak [18] first used a subset of objects to represent a concept and a partition

of the universe to represent a classification at an abstract level. More specifically,
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he called subsets categories, a partition or equivalently an equivalence relation

(classification) knowledge and a family of equivalence relations a knowledge base.

A classification table or a decision table is used for making classification of objects

in the table, in which attributes are divided into condition attributes and decision

attributes.

Definition 1.1.4 A classification table or a decision table is an information table

S = (U,At = C ∪D, {Va | a ∈ At}, {Ia | a ∈ At}), where C is a set of condition

attributes and D is a set of classification or decision attributes. If for all objects

x, y ∈ U , IC(x) = IC(y) implies that ID(x) = ID(y), the table is called a consistent

classification table, and is called an inconsistent table otherwise.

A classification table provides available information about a set of objects.

We analyze attributes and objects based on the information functions in the

table. When analyzing data and discovering knowledge by rough set theory, two

levels of analysis are considered [39]. An attribute-value level analysis focuses on

relationships between attribute values of individual objects, and an attribute level

analysis focuses on relationships between attributes. The results of the former

are typically expressed as classification rules, and the results of the latter are

expressed as attribute dependency rules.

Pawlak investigated three main tasks of rough set analysis and presented them

in a sequential three steps [18], as shown in Figure 1.1. We use a naming system

that is slightly different from the one used in Pawlak’s book. More specifically,

we use “attribute reduction” and “attribute reduct” instead of “knowledge red-

cution” and “reduct of knowledge,” respectively, and use “attribute-value-pair
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reduction” and “attribute-value-pair reduct” instead of “reduction of categories”

and “value reducts,” respectively.

An information table

Attribute reduction

A reduced information table defined by an attribute reduct
(a set of rules)

Attribute-value pair 
reduction for each rule

A set of minimal rules
(A minimal rule is defined by an attribute-value-pair reduct)

Rule reduction

A minimal set of minimal rules defined by a rule reduct

Concepts used:
dispensable attributes,
attribute reducts,
relative attribute reducts;

Concepts used:
dispensable attribute-value pairs,
attribute-value-pair reducts,
relative attribute-value pair reducts;

Concepts used:
dispensable rules,
rule reducts.

Figure 1.1: Pawlak three-step analysis

Attribute Level Analysis

The first step is attribute level analysis that analyzes attribute dependencies with

an objective to simplifying a table. The main tasks involving identifying superflu-

ous (i.e., dispensable) attributes and finding a minimal subset of attributes that

has the same power as the entire set of attributes for the purpose of classification.

Such a minimal set of attributes is called an attribute reduct of the table or a

relative attribute reduct of a classification table. There may exist more than one
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reduct for each table. With respect to a reduced table with a minimal set of at-

tributes, we can construct a set of attribute dependency rules. The left-hand-side

of each decision rule is a conjunction of a set of variables representing attributes.

Attribute-value Level Analysis

The second step is attribute-value level analysis that analyzes dependencies of

attribute values with an objective to simplifying a decision rule. Similar to the

notion of superfluous attribute in a table, there may exist superfluous attribute-

value pairs in the left-hand-side of a decision rule. The main tasks of the second

step are to identify superfluous attribute-value pairs and to derive a minimal set

of attribute-value pairs for each decision rule. A minimal set of attribute-value

pairs is called a relative attribute-value-pair reduct. Again, there may exist more

than one reduct. The result of the second step is a set of minimal decision rules.

Rule Dependencies Analysis

The third step analyzes dependencies of decision rules with an objective to simpli-

fying a set of decision rules. There may exist superfluous (i.e., dispensable) rules

in the set of decision rules obtained in the second step. By removing superfluous

rules, one can obtain a minimal set of rules called a rule reduct.

Since a reduct is normally not unique, there are two different approaches in

rough set analysis. One is to find all reducts and the other is to find one reduct.

In this thesis, we focus on the latter as it is computational feasible.
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1.2 Motivations of the Study

The notion of a reduct, a minimum subset of elements preserving the same de-

scriptive or classification power as the entire set of elements, plays an essential role

in rough set analysis [17–20]. It mainly contributes to simplifying the information

for classification and can be utilized in rules simplification.

In the literature of rough set theory, many different types of reducts have been

proposed and used for different simplification purposes [9, 10, 40]. Each type of

reducts preserves a specific property, such as region preservation reducts, decision

preservation reducts and relationship preservation reducts [14]. New types of

reducts are being constantly proposed [5, 29, 30]. However, different forms and

definitions are used for different types of reducts. With the increasing of the types

of reducts, it becomes more difficult to study them. This calls for a unified and

generic definition of reducts.

Consider Pawlak three-step analysis. Although each of the three steps in-

volves different entities or subjects, they share high-level similarities. All of them

analyze relationships between entities with an objective to make simplification

by removing superfluous entities. More importantly, the result of simplification

is a reduct, namely, an attribute reduct of a table, an attribute-value-pair reduct

of a rule, and a rule reduct of a set of rules [36]. This observation suggests that

one may unify the three steps.

Motivated by these observations, in this thesis we propose a generic definition

of reducts and show that Pawlak three-step analysis can be uniformly formulated
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based on the generic definition. The results of this thesis can be used to relate

Pawlak approach to other standard rule learning algorithms, such as partition-

based decision-tree construction methods [12,23,41] and covering-based sequential

covering methods [2,3,6–8,42]. While other methods focus mainly on rule learning

algorithms, Pawlak’s approach emphasizes a study of intrinsic properties of rules

independent of a particular rule learning algorithm [20].

1.3 Methodologies and Contributions

The methodologies and contributions of this thesis are summarized as follows:

1.3.1 An Explicit Expression of Concepts

Rough set theory concerns how to approximate an unknown (i.e., undefinable)

concept by some known (i.e., definable) concepts [17,18]. The notion of concepts

is of fundamental importance in rough set theory. One of the important tasks is

to precisely construct and interpret a concept.

There are many views on interpreting the notion of concepts [24, 28]. We

adopt the classical view that interprets a concept jointly by a pair of an intension

and an extension. The intension is intrinsic properties of a concept based which

allows one to determine if an object is an instance of the concept; the extension

is the set of instances of the concepts. In rough set theory, the intension and

extension can be represented by a logic formula and a set of objects, respectively.

From both intension and extension points of view, we illustrate the relationships

between concepts generated by three structures in an information table, namely,
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basic definable concepts, elementary definable concepts and definable concepts.

Moreover, based on the notion of definable concepts and rough set approxima-

tions, we discuss approaches to learning a concept and a classification [16].

The classical view provides a concrete and explicit way to model a concept

in both logic and set-theoretical settings [4]. Furthermore, this interpretation

provides another way to view rough set theory as an example of granular com-

puting [1,11,34]. The results lead to new understanding of reduct constructions.

1.3.2 A General Definition of Reducts

We introduce a generic notion of reducts that unifies different types of reducts.

Although different types of reducts are different in forms, they share exactly the

same feature, that is, they are the minimal subsets of jointly sufficient and indi-

vidually necessary elements for preserving the properties of the entire set. From

this point of view, we specify a set of conditions and an evaluation function for

defining a reduct. We use a deletion algorithm to construct a reduct based on the

proposed generic definition. One essential and critical issue is the monotonicity

of evaluation criterion with respect to set inclusion. With monotonicity, one can

reduce the computational cost of a reduct construction algorithm.

By introducing the generic definition of reducts, all the different reducts de-

fined by different forms can be expressed in a common form. By abstracting

the intrinsic commonalities and characteristics behind those different reducts, we

may have a more in-depth understanding of the notion of reducts.
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1.3.3 A Critical Analysis of Pawlak Three-step Approach

to Data Analysis

As an application of the proposed generic definition of reducts, we reformulate

the classical Pawlak’s three-step data analysis for rule leaning. It is shown that

the three steps use three types of reducts, namely, attribute reducts of the table

with respect to decision attributes, attribute reducts of an object with respect

to decision attributes, i.e., attribute-value-pair reducts, and rule reducts. The

generic notion of reducts unifies the three steps and demonstrates the simplicity

and reflexibility of the Pawlak approach. Furthermore, based on the generic

definition of a reduct of a set, we study about twenty different definitions of

reducts used in rough set analysis. Each definition interprets a reduct from an

unique angle and, pooling together, all interpretations provide new insights.

1.4 Organization of the Thesis

In Chapter 2, we introduce a concrete approach to interpret and represent a

concept, which can also be applied to interpret the classifications. In Chapter 3,

we propose a general definition of a reduct of a set, examine a simpler definition

of a reduct when a monotonic evaluation is used, and investigate an ∩-reduct

and a ∪-reduct of a family of subsets of a set. Chapter 4 is a critical analysis

of Pawlak three-step approach to data analysis. We conclude our research and

suggest directions for future research in Chapter 5

13



Chapter 2

CONCEPTS AND

CLASSIFICATIONS

In rough set theory, a classification of a universe of objects is a partition of the

universe, i.e., a family of pair-wise disjoint nonempty subsets whose union is the

universe. Each block of the partition is considered to be instances of a class or

a concept. Classification rule learning is to find rules that define classes of a

classification based on some well defined concepts. A basic task of classification

rule mining is to precisely construct and represent concepts. The objective of

this chapter is to examine a formal representation of concepts and classifications

based on the classical view of concepts.

2.1 Overview of Concepts

Concept, as an abstract and important notion, plays an essential role in human

language, communications and intelligence. Smith [24] characterizes a concept

14



as “a mental representation of a class or individual and deals with what is being

represented and how that information is typically used during the categorization.”

There are many views for interpreting concepts, including the classical view,

theory view, prototype view, exemplar view and frame view [13,25,28,35]. Each

view captures a specific and unique angle of concepts.

In this thesis, we adopt the classical view that interprets and represents a

concept jointly by a pair of an intension and an extension [32]. As shown in

Figure 2.1, the meaning triangle, proposed by Ogden and Richards [15], illus-

trates the classical view of a concept with an added node to represent natural

language coding of a concept. The Concept, namely, the intension, is the intrinsic

properties or a description of a concept, based on which one can determine if an

object is an instance of the concept. The Word, also called symbol, is a linguistic

representation of the concept. The Referent, namely, the extension, is the set

of instances of the concepts which explicitly provides concrete examples of the

concepts. The arrow from Word to Concept depicts that concepts are coded by

words in a language. The arrow from Concept to Referent denotes that instances

from Referent are described by properties in Concept. The dashed line from Word

to Referent stands for an indirect mapping [27,35].

The classical view of concepts can be used to explain learning. For example,

when we learn the concept “dog,” one can use some attributes and properties

to describe the concept “dog,” such as mammal, four legs, one tail, leather-

covered and so on. All these features and characteristics are considered to be

the intension. The intension provides the descriptive and abstract features for

15



Concept

Word Referent

Figure 2.1: The meaning triangle [15]

the concept “dog,” which may not enough to have an explicit picture of a dog.

Therefore, in order to have a more intuitive understanding of “dog,” we need some

typical and concrete examples of dogs, such as different types of dogs, which are

considered to be the extension. To a large degree, learning by examples is a

process of forming an intension of a concept based on a subset of its extension.

By this kind of learning process, one may get a comprehensive understanding of

a concept.

2.2 A Decision Logic Language L

In rough set theory, intension and extension of a concept can be precisely de-

fined in an information table. Given an information table S = (U,At, {Va | a ∈

At}, {Ia | a ∈ At}), for a subset of attributes P ⊆ At, one can construct an equiv-

alence relation EP . Each equivalence class [x]EP
may be viewed as the extension

of a concept, all objects in [x]EP
have the same characteristics. For precisely

defining the intension of [x]EP
, we need to introduce a logic language.
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Definition 2.2.1 In an information table, a decision logic language L is recur-

sively defined as follows: an atomic formula is given by a = v,where a ∈ At and

v ∈ Va. If φ and ψ are formulas, then φ ∧ ψ and φ ∨ ψ are formulas.

The decision language is a sub-language used by Pawlak [18]. The meaning of

a formula is defined by the satisfiability of the formula by objects. We say that

a set of objects is the meaning set of a formula if and only if every object in the

set satisfies the formula and the set is the largest set with such a property.

Definition 2.2.2 Let x � φ denote that x satisfies a formula φ. It can be formally

defined as follows:

x � (a = v) iff Ia(x) = v,

x � φ ∧ ψ iff x � φ and x � ψ,

x � φ ∨ ψ iff x � φ or x � ψ.

Object x satisfies a formula φ if and only if it satisfies all atomic formulas in φ.

Definition 2.2.3 For a formula φ, the set m(φ) ⊆ U defined by

m(φ) = {x ∈ U | x |= φ}, (2.1)

is called the meaning set of the formula φ.

By definition, the meaning sets of formulas satisfy the following properties:

m(a = v) = {x ∈ U | Ia(x) = v},

m(φ ∧ ψ) = m(φ) ∩m(ψ),

m(φ ∨ ψ) = m(φ) ∪m(ψ). (2.2)
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A formula and its meaning set jointly represent a concept. We say that the

formula is the description of its meaning set, whereas the meaning set is a set of

instances of the corresponding formula.

2.3 Definable Concepts

With the introduction of the decision logic language L and the meanings of for-

mulas, we have a formal description of concept. A concept in an information

table is a pair (φ,m(φ)), where φ ∈ L is a logic formula describing the intension

of the concept and m(φ) ⊆ U is a set of objects or instances representing the

extension of the concept.

For a given formula, one can obtain a unique subset of U as its meaning set. In

contrast, for an arbitrary subset of U , one may not find a formula that produces

the subset.

Definition 2.3.1 [33] A subset X ⊆ U is called a definable set by a set of

attributes A ⊆ At in an information table if and only if there exists a formula φ

using only attributes in A such that,

X = m(φ).

A subset X ⊆ U is called a definable set if there exists a formula φ whose

meaning set is X; otherwise, X is undefinable. It may also happen that one may

find more than one formula for a subset of U . In other words, some subset of U

may have multiple representations in terms of formulas in L.

The notion of definable sets provides an useful interpretation of structures in

an information table. For an equivalence class [x]Ea , based on the attribute values
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of x on the attribute a, we can form an atomic formula a = Ia(x) and its meaning

set is the equivalence class [x]a induced by equivalence relation Ea. The concept

(a = Ia(x), [x]Ea) is called a basic concept. Consider an equivalence class [x]EA
,

by the value of x on the subset of attribute A ⊆ At, we can form a logic formula

∧
a∈A(a = Ia(x)), which is constructed by the conjunction of atomic formulas on

each attribute in A. The meaning set of formula
∧
a∈A(a = Ia(x)) is, in fact,

the equivalence class [x]EA
induced by EA, that is, m(

∧
a∈A(a = Ia(x))) = [x]EA

.

In this way, we form an elementary concept (
∧
a∈A(a = Ia(x)), [x]EA

). One can

establish a connection between basic concepts and elementary concepts. For

x ∈ U, a ∈ At and A ⊆ At, we have:

(1) m(a = Ia(x)) = [x]Ea ,

(2) m(
∧

a∈A

a = Ia(x)) = [x]EA
=

⋂

a∈A

[x]{a}.

That is, elementary concepts are constructed by intersection of basic concepts.

Another interesting and useful structure B(U/EA) based on the partition U/EA

is defined by,

Definition 2.3.2 Given a partition of the universe U/EA, one can construct a

Boolean algebra B(U/EA) with U/EA as its set of atoms:

B(U/EA) = {∪F | F ⊆ U/EA}. (2.3)

That is, B(U/EA) contains ∅ and U and is closed under set complement, inter-

section and union.

Consider a subset Y ∈ B(U/EA). By definition, Y can be expressed as the

union of a family of equivalence classes F ⊆ U/EA, that is, Y =
⋃
F . For Y , we
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have a logic formula ∨[x]EA
∈F ∧a∈A (a = Ia(x)) with Y = m(∨[x]EA

∈F ∧a∈A (a =

Ia(x))). In other words, for each subset Y ∈ B(U/EA), we can construct a

concept (∨[x]EA
∈F ∧a∈A (a = Ia(x)), Y ). The following theorem [33] shows that

the Boolean algebra consists of all and only definable sets.

Theorem 1 The family of definable sets is the Boolean algebra B(U/EA).

a = Ia(x)

∧
a∈A

a = Ia(x)

∨
[x]EA

∈F
∧

a∈A
a = Ia(x)

m(a = Ia(x)) = [x]Ea
∈ U/Ea

m(
∧

a∈A
a = Ia(x)) = [x]EA

∈ U/EA

m(
∨

[x]EA
∈F

∧
a∈A

a = Ia(x)) =
⋃
F ∈ B(U/EA)

⋂

⋃

∧

∨

Figure 2.2: Relationships between the concepts of three structures

Figure 2.2 shows the close relationships between the three structures U/Ea,

U/EA and B(U/EA). The first column is the intensions of the concepts used

in the three structures, denoted by logic formulas; the second column is the

extensions of the concepts in the three structures, denoted by the meaning sets

of corresponding formulas. One can construct concepts of U/EA by concepts of

U/Ea and construct concepts of B(U/EA) by concepts of U/EA. For intension,

by taking conjunction of formulas of U/Ea, we can get the formulas of U/EA. By

taking disjunction of formulas in U/EA, we can obtain the formulas of B(U/EA).

For extension, by taking intersection of the meaning sets in U/Ea, i.e., equivalence

classes in U/Ea, we can get the meaning sets in U/EA, i.e., equivalence classes
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in U/EA. By the union of a family of meaning sets in U/EA, we can get the

meaning sets in B(U/EA).

2.4 Concept Learning: Representing a Concept

by Definable Concepts

In rough set theory, when learning a new concept whose extension is a subset of U.

the first step is to approximate the concept by other known definable concepts.

Specifically, one approximates the concept to be learnt by a pair of lower and

upper approximations that are definable concepts. The rules generated from

the lower approximation are considered as the certain rules, whereas the rules

generated from the upper approximation are considered as uncertain rules. In

this thesis, we only concentrate on the certain rules [18] generated from the lower

approximations as in Pawlak’s book.

By definition, the lower approximation of a concept X ⊆ U is given by:

apr(X) =
⋃
{[x]EA

∈ U/EA | [x]EA
⊆ X}. (2.4)

That is, we represent the concept X by a family of elementary concepts {[x]EA
∈

U/EA | [x]EA
⊆ X}, as shown in Figure 2.3. Moreover, the union of those

elementary concepts gives a representation that approximates X from below.

For each equivalence class in the lower approximation of X, we have:

[x]EA
⊆ X.
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the concept 

lower approximation of 

X

X

Figure 2.3: The lower approximation of a concept X

Accordingly, we can formulate a rule as follows:

∧

a∈A

(a = Ia(x)) −→ Des(X),

where Des(X) denotes the description or the name of concept X. In this way,

we can construct a set of rules based on equivalence classes in the lower approxi-

mation of X to characterize the concept X.

2.5 Learning a Set of Classification Rules

In rough set theory, a classification of the universe is a partition of the universe

and each block in a partition is considered to be a concept. Learning a classifica-

tion of the universe can be viewed as to learn a family of concepts and the result

is a set of classification rules. In a classification table, classification rule learning

is in fact to establish the relationship between the partition induced by condition

attributes and the partition induced by decision attribute, that is, to establish
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the relationship between definable concepts generated by condition attributes and

concepts generated by decision attributes.

By extending the idea in Section 2.4, we first construct the lower approxima-

tion of partition induced by decision attributes with respect to partition induced

by condition attributes. Suppose that U/EA is a partition induced by EA, where

A ⊆ C is a subset of condition attributes and U/ED is a partition induced by

ED. The lower approximation of U/ED with respect to U/EA is defined by:

apr
U/EA

(U/ED) =
⋃
{apr

U/EA
(K) | K ∈ U/ED}. (2.5)

That is, the lower approximation of U/ED is the union of all the lower approxi-

mations of each concept in U/ED with respect to U/EA, as showed in Figure 2.4.

a block in πED

a block in πEA

lower approximation of πED

Figure 2.4: The lower approximation of πED

According to Section 2.4 of learning rules of a concept, we can learn a set of

classification rules of the whole table by collecting all the rules for all concepts in

23



U/ED.

2.6 An Example of Concepts and Classifications

In this section, we give an illustrative example to explain the notions and main

ideas introduced. Table 2.1 is a simple information table. There are totally six

objects. Attributes “Colour” and “Height” are condition attributes, i.e., C =

{Colour,Height}. Attribute “Class” is the classification attribute which is used

to classify the six objects, i.e., D = {Class}.

Table 2.1: An Information Table

Object Colour Height Class

o1 blue tall +

o2 red tall -

o3 blue tall +

o4 red tall -

o5 red short -

o6 blue short +

Representation of concepts

An example of a logic formula in this information table is:

Colour = blue ∧ Height = tall.

The meaning set of the formula is:

m(Colour = blue ∧ Height = tall) = {o1, o3}.
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We can therefore define a concept by a pair of intension and extension:

(Colour = blue ∧ Height = tall, {o1, o3}).

It is apparently that the set {o1, o3} is definable since we can find a formula to

describe it. However, the set {o1, o2} is undefinable, because we can not find any

formula to describe it in the table.

Three structures

We now turn our attention to construct the three structures U/Ea, U/EA and

B(U/EA) in this table. For the basic definable sets U/Ea, where a ∈ C, we have,

U/EColour = {{o1, o3, o6}, {o2, o4, o5}},

U/EHeight = {{o1, o2, o3, o4}, {o5, o6}}.

Let attribute set A = C, for the elementary definable sets U/EA, according to

Figure 2.2, we have,

U/E{Colour,Heiht} = U/EColour ∩ U/EHeight

= {{o1, o3}, {o2, o4}, {o5}, {o6}}.

25



Similarly, based on Definition 2.3.2 and Figure 2.2, we can construct all definable

sets B(U/EA),

B(U/E{Colour,Heigt}) = {∪F | F ⊆ U/E{Colour,Heigt}}

= {∅, {o1, o3}, {o2, o4}, {o5}, {o6}, {o1, o2, o3, o4}, {o1, o3, o5},

{o1, o3, o6}, {o2, o4, o5}, {o2, o4, o6}, {o5, o6}, {o1, o2, o3, o4, o5},

{o1, o2, o3, o4, o6}, {o1, o3, o5, o6}, {o2, o4, o5, o6}

{o1, o2, o3, o4, o5, o6}}.

By constructing the three structures U/Ea, U/EA and B(U/EA), we can have a

better understanding of the relationships between them.

Learning a concept and classification

To construct a set of classification rules, we should first get two partitions of the

universe, namely, the set of elementary definable concepts U/EA and the set of

concepts to be learnt U/ED. Let A = C, we have:

U/E{Colour,Height} = {{o1, o3}, {o2, o4}, {o5}, {o6}},

U/E{Class} = {{o1, o3, o6}, {o2, o4, o5}}.

We now construct the lower approximation of U/ED with respect to U/EA.

We first need to construct the lower approximation of each concept in U/ED.

According to Equation (2.4), for concept (Class = +, {o1, o3, o6}), we have:

{o1, o3} ⊆ {o1, o3, o6},

{o6} ⊆ {o1, o3, o6}.
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Therefore,

apr
EA

({o1, o3, o6}) = {o1, o3} ∪ {o6} = {o1, o3, o6}.

According to Section 2.4, for concept (Class = +, {o1, o3, o6}), we obtain two

rules:

(1) Colour = blue ∧ Height = tall −→ Class = +,

(2) Colour = blue ∧ Height = short −→ Class = +.

Similarly, we can obtain the rules for concept (Class = −, {o2, o4, o5}):

(1) Colour = red ∧ Height = tall −→ Class = −,

(2) Colour = red ∧ Height = short −→ Class = −.

By collecting all the rules for each concepts in U/ED together, we obtain a set of

classification rules for the information table.
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Chapter 3

A PROPOSED GENERAL

DEFINITION OF REDUCTS

In this chapter, we introduce a general definition of reducts of a set and investigate

an ∩-reduct and a ∪-reduct of a family of subsets of a set. Furthermore, we

propose a deletion algorithm to construct a reduct based on the proposed generic

definition.

3.1 Reducts of a Set

Reducts are a fundamental notion of rough set analysis. Different types of reducts

have been proposed and studied. Consider an attribute reduct of a table. Intu-

itively speaking, an attribute reduct is a subset of attributes that has the same

capacity or power as the entire set of attributes (i.e., the sufficiency condition)

and at the same time contains no superfluous attributes (i.e., non-redundancy

condition) [18]. This interpretation of an attribute reduct can be generalized

into a generic definition of a reduct of any set. First, we specify a property

such that the entire set has the property. Then, we state the sufficiency and
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non-redundancy conditions on a subset of the set for it to be a reduct. The suf-

ficiency condition suggests that a reduct has the same property of the entire set.

The non-redundancy condition requires that a reduct must be a minimal subset

having the property.

Definition 3.1.1 Suppose S is a finite set and 2S is the power set of S. Let P

denote a unary predicate on subsets of S, that is, for X ⊆ S, P (X) stands for the

statement that “subset X has the property P .” An evaluation e of P is understood

as a truth assignment for every subset of S: Pe(X) is true if X has property P ,

otherwise, it is false.

An evaluation typically depends on a particular data set. For example, an

evaluation of subsets of attributes is determined by a particular information table.

A reduct of S is therefore defined with respect to a given evaluation. We use a

subscript e to explicitly denote the evaluation.

Definition 3.1.2 Given an evaluation e of P , a subset R ⊆ S is called a reduct

of S if it satisfies the following conditions:

(i) Pe(S),

(s) Pe(R),

(n) ∀B ⊂ R(¬Pe(B)).

Condition (i) requires that the entire set S must have the property P . In

many studies, this condition is typically implicitly assumed or embedded in P . It

ensures that a reduct of S exists. Condition (s) is a sufficiency condition, stating

that a reduct R of S is sufficient for preserving property P of S. Condition (n)

is a non-redundancy condition, indicating that R is a minimal subset of S that

has the property and none of the proper subsets of R has the property.
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According to Definition 3.1.2, it is necessary to check all proper subsets of R

in order to verify if R is a reduct. This imposes an unpractical computational

constraint. In many situations, one can study a special class of property P that

satisfies the monotonicity with respect to set inclusion.

Definition 3.1.3 A predicate P is said to be monotonic with respect to set in-

clusion if it satisfies the following property:

∀A,B ⊆ S, (A ⊆ B =⇒ (P (A) =⇒ P (B))). (3.1)

The monotonicity states that if a subset has a property, then a superset of it

also has the property. It is important to point out that, unlike the definition of a

reduct, the monotonicity of P is defined based on all possible evaluations. That is,

the monotonicity must hold for all possible evaluations. In terms of information

tables, each table determines an evaluation and all possible tables determine all

possible evaluations. The monotonicity of a predicate must hold for all possible

information tables. The monotonicity can be equivalently re-expressed as:

∀A,B ⊆ S, (A ⊆ B =⇒ (¬P (B) =⇒ ¬P (A))). (3.2)

That is, if a set does not have the property, then none of its subsets has the

property. Thus, once we know that a set does not have the property, we do not

need to check its subsets. This leads to a simplified definition of reducts.

Definition 3.1.4 Suppose P satisfies monotonicity. Given an evaluation e of P ,

a subset R ⊆ S is called a reduct of S if it satisfies the following properties:

(i) Pe(S),

(s) Pe(R),

(n) ∀a ∈ R(¬Pe(R− {a})).
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Condition (n) shows that each element a ∈ R is necessary. That is, elements

of R are individually necessary. With the monotonicity, a verification of a reduct

becomes easier, one only needs to check individual elements from S based on

condition (n) instead of all subsets of R. A reduct is always defined with respect

to a particular evaluation. In the rest of this thesis, for notational simplicity

we sometimes omit the subscript e by simply writing Pe(X) as P (X) for subset

X ⊆ S.

In the study of reducts, there are two additional important notions. The first

one is superfluous or redundant elements and the second one is core elements. The

concept of superfluous elements is only applicable when considering monotonic

evaluations. One can also define generic notions of redundant elements and core

elements.

Definition 3.1.5 Suppose P satisfies monotonicity. Given an evaluation e of P ,

an element a is called a redundant element if it satisfies the following properties:

(i) Pe(S),

(ii) Pe(S − {a}).

Condition (ii) states that when removing an element a from the set S, the

rest elements of the set still satisfy the property P . That is, the element a is

unnecessary and dispensable for preserving the property P and one can have

a same result without considering the element a in S. Therefore, we say a is

redundant in S.

Definition 3.1.6 Suppose P satisfies monotonicity. Given an evaluation e of P ,
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an element a is called a core element if it satisfies the following properties:

(i) Pe(S),

(ii) ¬Pe(S − {a}).

That is, for a set S satisfying property P , if we remove element a from S,

the rest elements can no longer preserve property P . Therefore, the element a is

necessary and indispensable for keeping property P .

Definition 3.1.7 Given a set S, let RED(S) denote the family of all reducts of

S, the set of core elements of S can be defined as follows:

CORE(S) =
⋂

RED(S). (3.3)

The CORE is the intersection of all reducts, in other words, elements in

CORE are included in every reduct. Therefore, the CORE is the most impor-

tant subset that none of its elements can be eliminated for preserving a specific

property.

3.2 Reducts of a Family of Subsets of a Set

The proposed definition of reducts is flexible. As an example, we consider a set

S whose elements are subsets of a set. Given a set W , suppose S ⊆ 2W is a

family of subsets of W . According to definition of reducts in Definition 3.1.4, we

introduce ∩-reducts and ∪-reducts of S.

Definition 3.2.1 [18] Suppose W is a finite set and S ⊆ 2W . A set R ⊆ S is
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called an ∩-reduct of S if it satisfies the following conditions:

(i) ∩S = ∩S,

(s) ∩R = ∩S,

(n) ∀a ∈ R(¬(∩(R− {a}) = ∩S)).

A set Q ⊆ S is called an ∪-reduct of S if it satisfies the following conditions:

(i′) ∪S = ∪S,

(s′) ∪Q = ∪S,

(n′) ∀a ∈ Q(¬(∪(Q− {a}) = ∪S)).

Conditions (i) and (i′) simply state that S has the property. We explicitly list

them to show the connection to Definition 3.1.4.

In some situations, we want to use a family of subsets S to represent other

subsets of W . This leads to a definition of relative reducts.

Definition 3.2.2 [18] Suppose S ⊆ 2W is a family of subsets of a finite set W

and T ⊆ W is a subset of W . An ∩-reduct R ⊆ S relative to T , or simply an

∩-relative-reduct is defined by the following conditions,

(i) ∩S ⊆ T,

(s) ∩R ⊆ T,

(n) ∀a ∈ R(¬(∩(R− {a}) ⊆ T )).

Condition (i) states that the family S has the property of ∩S ⊆ T . We will

show later that those reducts form a basis of rough set analysis.
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3.3 Construction of a Reduct

Algorithms for constructing a reduct in rough set analysis explore the monotonic

property. By studying existing algorithms, Yao et al. [38] classify them into three

classes based on search strategies, namely, deletion strategy, addition strategy

and addition-deletion strategy. As an example, we present a deletion-strategy

based algorithm in Figure 3.1.

Algorithm 1: Construction of a Reduct by Deletion

Input: A set S; A fitness function δ ;

Output: A reduct R

1 begin

2 R = S;

3 unchecked = S;

4 while unchecked 6= ∅ do

5 Compute the fitness of all the elements in unchecked using the

fitness function δ;

6 Select an element a ∈ unchecked with minimum fitness;

7 unchecked = unchecked− {a};
8 if Pe(R− {a}) is true then

9 R = R− {a};
10 end

11 end

12 end

Figure 3.1: A deletion strategy for reduct construction

Intuitively, the deletion strategy starts from the whole set of elements and
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gradually deletes one element at a time until we get a reduct. During deletion,

we apply a fitness function δ to choose the appropriate element a from S to check

if it is needed for keeping the specific property. If the property can be maintained

without having a, we remove a. Since a core element can not be removed, we do

not need to check them if we construct the set of core elements first. That is, in

line 3, we can have unchecked = S − CORE(S).
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Chapter 4

A CRITICAL ANALYSIS OF

PAWLAK THREE-STEP

APPROACH TO DATA

ANALYSIS

Pawlak three-step approach to data analysis [18] systematically discovers classifi-

cation rules from an information table. In this chapter, we thoroughly analyze the

key roles of reducts used in each step based on the generic definition of reducts.

The results demonstrate the usefulness of the generic definition and bring more

valuable insights into the study of rough set analysis.

4.1 Step 1: Analysis of Attribute Dependencies

Pawlak [18] refers to partitions, or equivalently equivalence relations, defined by

subsets of attributes as classification knowledge or simply classification. Analysis
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of attribute dependencies is performed through equivalence relations defined by

subsets of attributes.

4.1.1 Reducts of an Information Table

Consider first the notion of reducts of an information table. Pawlak introduces

the notion of a reduct of a family of partitions or equivalence relations. Since

each attribute defines an equivalence relation, we can use a Pawlak reduct of a

family of equivalence relations to define an attribute reduct of an information

table.

Definition 4.1.1 Given an information table, consider the family of equivalence

relations defined by attributes S = {Ea | a ∈ At}. A reduct of S is defined as a

subset R ⊆ S satisfying the following conditions:

(s1) ∩R = ∩S,

(n1) ∀E ∈ R(¬(∩(R− {E}) = ∩S)). (4.1)

In this definition, the condition ∩S = ∩S is not explicitly given. Recall that

an equivalence relation is a set of pairs. It follows that S ⊆ 2U×U . Therefore,

according to Definition 3.2.1, a reduct as defined by Definition 4.1.1 is in fact an

∩-reduct of S.

There is only a small problem when characterizing an information table by

the family of equivalence relations {Ea | a ∈ At}. Two different attributes

a, b ∈ At may define the same equivalence relation, that is, Ea = Eb. To resolve

the problem, Pawlak treats all those attributes that define the same equivalence
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relation as one attribute. According to Definition 3.1.4, the following definition

resolves this problem by directly referring to the set of attributes At.

Definition 4.1.2 In an information table, an attribute reduct is a subset of at-

tributes R ⊆ At satisfying each of the following equivalent pairs of conditions:

equivalence relation based conditions :

(s2) ER = EAt,

(n2) ∀a ∈ R(¬(ER−{a} = EAt));

partition based conditions :

(s3) U/ER = U/EAt,

(n3) ∀a ∈ R(¬(U/ER−{a} = U/EAt));

equivalence class based conditions :

(s4) ∀x ∈ U([x]ER
= [x]EAt

),

(n4) ∀a ∈ R ∃x ∈ U(¬([x]ER−{a} = [x]EAt
)). (4.2)

The definition contains both commonly used conditions based on equivalence

relations or partitions and new conditions based on equivalence classes. Each

pair of conditions provides a different characterization and understanding of a

reduct. That is, a reduct is a minimal set of attributes that defines the same

equivalence relation as EAt. The last pair of conditions is particularly interesting

and is closely related to the conditions for defining attribute-value-pair reducts.

Again, the first condition of a general reduct is not explicitly stated. For example,

we omit the condition EAt = EAt. By Definition 3.1.4, an attribute reduct is an

exapmle of a reduct of the set of attribute At.
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4.1.2 Relative Reducts of a Consistent Classification Ta-

ble

For analyzing a classification table, Pawlak introduces the notion of a relative

reduct. Based on an equivalence relations defined by subsets of attributes, a

classification table with At = C ∪D is consistent if

EC ⊆ ED, or equivalently U/EC � U/ED. (4.3)

For a consistent classification table, similar to Definition 4.1.1, a relative reduct

can be defined according to Definition 3.2.2.

Definition 4.1.3 Consider the set of all equivalence relations defined by condi-

tion attributes S = {Ea | a ∈ C}. A reduct of S relative to ED is a subset R ⊆ S

satisfying the following properties:

(i) ∩S ⊆ ED,

(s5) ∩R ⊆ ED,

(n5) ∀E ∈ R(¬(∩(R− {E}) ⊆ ED)). (4.4)

Similar to Definition 4.1.2, a relative attribute reduct can also be equiva-

lently defined by using equivalence relations, partitions, and equivalence classes,

respectively.

Definition 4.1.4 Given a consistent classification table S = (U,At = C ∪
D, {Va | a ∈ At}, {Ia | a ∈ At}), a subset R ⊆ C is called a reduct of C relative to

D, or simply a relative reduct, if R satisfies one of the following equivalent pairs
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of conditions:

equivalence relation based conditions :

(s6) ER ⊆ ED,

(n6) ∀a ∈ R(¬(ER−{a} ⊆ ED));

partition based conditions :

(s7) U/ER � U/ED,

(n7) ∀a ∈ R(¬(U/ER−{a} � U/ED));

equivalence class based conditions :

(s8) ∀x ∈ U([x]ER
⊆ [x]ED

),

(n8) ∀a ∈ R ∃x ∈ U(¬([x]ER−{a} ⊆ [x]ED
)). (4.5)

Conditions in the definition suggest that a relative reduct R is a minimal set

of attributes whose partition U/ER is the same or finer than ED. For example,

condition (s8) states that the equivalence class of ER containing x is a subset

of the equivalence class of ED containing x. That means that one can infer the

equivalence class [x]ED
from the equivalence class [x]ER

so that it preserves the

descriptive power for classification. Condition (n8) states that any attribute in

R is necessary for inferring [x]ED
.
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4.1.3 Relative Reducts of an Inconsistent Classification

Table

For an inconsistent classification table, Pawlak defines a relative reduct by using

the positive region of the classification U/ED induced by EC :

POSEC
(U/ED) =

⋃
{POSEC

(K) | K ∈ U/ED}

=
⋃
{apr

EC
(K) | K ∈ U/ED}. (4.6)

More specifically, a relative reduct of an inconsistent classification table is a min-

imal set of attributes that preserves the positive region of U/ED; there is no

consideration of objects not in the positive region.

Definition 4.1.5 [18] Given an inconsistent classification table S = (U,At =

C ∪ D, {Va | a ∈ At}, {Ia | a ∈ At}), a subset R ⊆ C is called a reduct of C

relative to D if R satisfies the two conditions:

(s9) POSER
(U/ED) = POSEC

(U/ED),

(n9) ∀a ∈ R(¬(POSER−{a}(U/ED) = POSEC
(U/ED))).

For a consistent classification table, we have POSEC
(U/ED) = U . Pawlak’s

definition is therefore applicable to both consistent and inconsistent classification

tables.

Although Pawlak’s definition is an example of a relative reduct of the set of

condition attributes C, it is very different in form from the definition of a relative

reduct of a consistent classification table as given by Definitions 4.1.3 and 4.1.4.

By insisting on having the same positive region, a relative reduct does not care
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about objects in the boundary region. This observation provides a hint: one can

transform an inconsistent table into a consistent table by focusing on individual

positive regions of equivalence classes of ED so that the definition of a relative

reduct of a consistent table can be used. According to the positive regions of

equivalence classes in U/ED, we can form the following partition:

{POSEC
(K) 6= ∅ | K ∈ U/ED} ∪ ({∪{BNDEC

(K) | K ∈ U/ED}} − {∅}). (4.7)

Suppose ED′ is the equivalence relation corresponding to this partition, and the

partition can be denoted by U/ED′ . According to the partition U/ED′ , a relative

reduct of an inconsistent table can be defined based on Definition 4.1.4.

Definition 4.1.6 Given an inconsistent classification table S = (U,At = C ∪
D, {Va | a ∈ At}, {Ia | a ∈ At}), a subset R ⊆ C is called a reduct of C relative

to D if R satisfies any of the following equivalent pairs of conditions:

equivalence relation based conditions :

(s10) ER ⊆ ED′ ,

(n10) ∀a ∈ R(¬(ER−{a} ⊆ ED′));

partition based conditions :

(s11) U/ER � U/ED′ ,

(n11) ∀a ∈ R(¬(U/ER−{a} � U/ED′));

equivalence class based conditions :

(s12) ∀x ∈ U([x]ER
⊆ [x]ED′

),

(n12) ∀a ∈ R ∃x ∈ U(¬([x]ER−{a} ⊆ [x]ED′
)). (4.8)

A consistent table is a special case of inconsistent tables. For a consistent

table, U/ED′ = U/ED and, hence, the definition is also valid for a consistent table.
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An advantage of Definition 4.1.6 is that it is in a uniform format as a relative

reduct of a consistent table. However, we need to construct a partition U/ED′

originally not in the table. If we examine the Pawlak definition again, we find that

keeping the positive region is equivalent to saying that ∀x ∈ U([x]EC
⊆ [x]ED

=⇒

[x]ER
⊆ [x]ED

). Based on this observation, we can have another definition of a

relative reduct of an inconsistent table.

Definition 4.1.7 Given an inconsistent classification table S = (U,At = C ∪
D, {Va | a ∈ At}, {Ia | a ∈ At}), a subset R ⊆ C is called a reduct of C relative

to D if R satisfies the two conditions:

(s13) ∀x ∈ U([x]EC
⊆ [x]ED

=⇒ [x]ER
⊆ [x]ED

),

(n13) ∀a ∈ R ∃x ∈ U(¬([x]EC
⊆ [x]ED

=⇒ [x]ER−{a} ⊆ [x]ED
)). (4.9)

For a consistent table, [x]EC
⊆ [x]ED

is true for all x ∈ U . In this case,

conditions (s13) and (n13) are equivalent to conditions (s8) and (n8). Therefore,

Definition 4.1.7 is also valid for a consistent table. An advantage of this definition

is that we do not need to introduce any extra structures not given in the table.

4.1.4 Relative Reducts and Attribute Dependencies

The relationship between the set of condition attributes C and the set of decision

attributes D can be easily extended to a study of dependency of any two sets of

attributes in an information table.

Consider two arbitrary subsets of attributes A,B ⊆ At in an information

table. The two subsets may have a nonempty intersection. If EA ⊆ EB holds, we

say that B depends on A. In this thesis, we only consider two sets of attributes
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with a full dependency. This is similar to a consistent classification table with

EC ⊆ ED. By applying the results of a relative reduct of a consistent classification

table, it is straightforward to define a reduct of A relative to B for simplifying

an attribute dependency.

Definition 4.1.8 For a pairs of subsets of attributes A,B ⊆ At in an informa-

tion table with EA ⊆ EB, a subset R ⊆ A is called a reduct of A relative to B if

it satisfies the following conditions:

(s14) ER ⊆ EB,

(n14) ∀a ∈ R(¬(ER−{a} ⊆ EB)). (4.10)

With this definition, we can interpret a reduct R ⊆ At of an information

table as a relative reduct with respect to the entire set of attributes At. Relative

reducts of a consistent classification table are also special cases.

Attribute dependencies can be formally studied through attribute-level rules

in a table [39]. In this way, we can unify notions of attribute reducts and attribute-

value-pair reducts in a common framework of rules. For such a purpose, we need

to introduce another decision logic language LA, similar to the language used in

Section 2.2.

Definition 4.1.9 In an information table, a decision logic language LA is recur-

sively defined as follows: an atomic formula is given by =a, where a ∈ At. If p

and q are formulas, then p ∧ q is a formula.

By using language LA, we can express attribute dependency EA ⊆ EB as,

∧

a∈A

=a →
∧

b∈B

=b, (4.11)
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or simply,

=A → =B, (4.12)

where both the left-hand-side and right-hand-side of→ are formulas of LA. Con-

sequently, finding a relative reduct can be viewed as searching for a minimal set

of atomic formulas on the left-hand-side of an attribute-dependency rule.

The meaning of formulas of LA are given by pairs of objects. More specifically,

a pair of objects is said to satisfy an atomic formula =a if and only if Ia(x) = Ia(y).

In general, the meanings of formulas can be recursively defined.

Definition 4.1.10 The meanings of formulas of LA are recursively computed as

follows:

m(=a) = {(x, y) ∈ U × U | Ia(x) = Ia(y)},

m(=A) = {(x, y) ∈ U × U |
∧

a∈A

Ia(x) = Ia(y)},

m(p ∧ q) = m(p) ∩m(q). (4.13)

Recall that a formula may be interpreted as the intension of a concept, and

the meanings set is the extension of the concept. In this way, we express a concept

jointly by a pair of a formula and a set. A concept in the context of attribute-level

rules is an equivalence relation. By definition, it follows that,

m(=a) = Ea,

m(
∧

a∈A

=a) = EA. (4.14)

With respect to the left-hand-side of an attribute dependency rule given by e-

quation (4.12), we can define a set of atomic formulas and a set of the meaning
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sets of atomic formulas:

S = {=a| a ∈ A},

m(S) = {m(=a) | a ∈ A}. (4.15)

In this way, an attribute reduct of A relative to B can be interpreted as a) a reduct

of the set of atomic formulas S relative to the formula =B, and b) a reduct of

the family of equivalence relations m(S) relative to the equivalence relation EB.

According to Definitions 3.1.4 and 3.2.1, we have two more definitions of a ruduct

of an attribute dependency rule.

Definition 4.1.11 For an attribute dependency rule =A→ =B, a subset R ⊆ S

is reduct of the set of atomic formulas S relative to =B if R satisfies the following

conditions:

(s15) ∩ {m(p) | p ∈ R} ⊆ m(=B),

(n15) ∀q ∈ R(¬(∩{m(p) | p ∈ (R− {q})} ⊆ m(=B))). (4.16)

Definition 4.1.12 For an attribute dependency rule =A → =B, a subset R′ ⊆
m(S) is reduct of the set of equivalence relations m(S) relative to the equivalence

relation m(=B) if R′ satisfies the following conditions:

(s16) ∩R′ ⊆ m(=B),

(n16) ∀E ∈ R(¬(∩(R′ − {E}) ⊆ m(=B))). (4.17)

Recall that different attributes may define the same equivalence relation, like

Definition 4.1.1, Definition 4.1.12 is not a very accurate characterization of a

reduct of an attribute dependency rule.
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4.1.5 An Illustrative Example of Step 1

In order to have an intuitive and explicit understanding of Pawlak’s three-step ap-

proach to data analysis by applying three types of reducts, i.e., attribute reducts,

attribute-value-pair reducts and rule reducts, we provide illustrative examples to

demonstrate the process for each step, respectively.

Table 4.1: An Information Table [22]

Object Height Hair Eyes Class

o1 short blond blue +

o2 short blond brown -

o3 tall red blue +

o4 tall dark blue -

o5 tall dark blue -

o6 tall blond blue +

o7 tall dark brown -

o8 short blond brown -

Table 4.1 is an information table taken from [22]. There are totally eight ob-

jects and each object is described by four attributes. Attributes “Height”, “Hair”

and “Eyes” are considered as condition attributes, i.e., C = {Height,Hair,Eyes}.

Attribute “Class” is the classification attribute which is used to classify the eight

objects, i.e., D = {Class}.

In the first step, our objective is to find an attribute reduct which enables to

preserve the classification power for the entire table. Based on Definition 4.1.3,
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let S be a set of all equivalence relations defined by condition attributes,

S = {EHeight, EHair, EEyes}.

There is a one-to-one correspondence between equivalence relations and parti-

tions, we use them interchangeably. Therefore, S can be equivalently interpreted

as:

S = {U/EHeight, U/EHair, U/EEyes}.

According to Table 4.1, we have:

U/EHeight = {{o1, o2, o8}, {o3, o4, o5, o6, o7}},

U/EHair = {{o1, o2, o6, o8}, {o3}, {o4, o5, o7}},

U/EEyes = {{o1, o3, o4, o5, o6}, {o2, o7, o8}},

U/EClass = {{o1, o3, o6}, {o2, o4, o5, o7, o8}}.

Condition (i) in Definition 4.1.3 is satisfied since,

⋂
S =

⋂
{U/EHeight, U/EHair, U/EEyes}

= {{o1}, {o2, o8}, {o3}, {o4, o5}, {o6}, {o7}}

� U/EClass.
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For Condition (ii), we need to examine the possible sub-families of S,

U/EHeight ∩ U/EHair = {{o1, o2, o8}, {o3}, {o4, o5, o7}, {o6}}

� U/EClass,

U/EHeight ∩ U/EEyes = {{o1}, {o2, o8}, {o3, o4, o5, o6}, {o7}}

� U/EClass,

U/EHair ∩ U/EEyes = {{o1, o6}, {o2, o8}, {o3}, {o4, o5}, {o7}}

� U/EClass.

We can see that only {Hair,Eyes} satisfies the condition (s5). Considering

the monotonicity, we do not need to further check the condition (n5) in Defini-

tion 4.1.3 since both {Height,Hair} and {Height,Eyes} do not satisfy the prop-

erty, their subsets, i.e., {Height}, {Hair} and {Eyes} surely do not satisfy the

property. It means that removing either Height or Eyes from {Hair,Eyes}, the

equivalence relations on the rest subsets of condition attributes will no longer

hold the property and condition (n5) is true.

Based on the analysis, we obtain an attribute reduct R = {Hair,Eyes} and

attribute “Height” is a redundant attribute for making the classification for all

the objects in the table. Therefore, we can simply remove the column attribute

“Height” from the original table. By removing the duplicated rows and relabeling

the new rows, we can obtain a simplified information Table 4.2.
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Table 4.2: The Simplified Information Table from Step 1

Object Hair Eyes Class

o1, o6 blond blue +

o2, o8 blond brown -

o3 red blue +

o4, o5 dark blue -

o7 dark brown -

4.2 Step 2: Analysis of Attribute-value Depen-

dencies

For a classification table with At = C ∪ D, the result of Step 1 analysis is an

attribute reduct R ⊆ C. For an equivalence class [x]ER
satisfying the condition

[x]ER
⊆ [x]ED

, Pawlak constructs a classification rule showing a dependency be-

tween values of x on attributes R and D, respectively. To represent formally such

classification rules, we consider a sub-language of the decision logic language used

in Section 2.2.

Definition 4.2.1 In an information table, a decision logic language LV is recur-

sively defined as follows: an atomic formula is given by a = v, where a ∈ At and

v ∈ Va. If φ and ψ are formulas, then φ ∧ ψ is a formula.

An atomic formula a = v is commonly known as an attribute-value pair,

written (a, v), or a descriptor. By restricting to the logic connective ∧, we only

consider a formula that is the conjunction of a family of atomic formulas. The

meaning of a formula is defined by the set of objects satisfying the formula.
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Definition 4.2.2 The meanings of formulas of LV are recursively computed as

follows:

m(a = v) = {x ∈ U | Ia(x) = v},

m(φ ∧ ψ) = m(φ) ∩m(ψ). (4.18)

With the introduced logic language LV , a classification rule can be defined as:

∧

a∈R

a = Ia(x)→
∧

d∈D

d = Id(x), (4.19)

or simply,

R = IR(x)→ D = ID(x), (4.20)

The family of classification rules is given by:

RS1 = {
∧

a∈R

a = Ia(x)→
∧

d∈D

d = Id(x) | x ∈ U}. (4.21)

By the fact that [x]ER
= m(

∧
a∈R(a = Ia(x))), rules in RS1 are non-overlapping

and non-redundant. For a classification table, there may exist more than one

attribute reduct. Different reducts produce different sets of rules.

The left-hand-side of the rule in RS1 can be understood as a set of attribute

value pairs, namely, atomic formulas. A classification rule is therefore called an

attribute-value-level rule. A problem with rule set RS1 is that some condition

on the left hand side of a rule may be redundant. That is, like an attribute-level

rule, there may exist superfluous attribute-value pairs on the left-hand-side of the

rule. Pawlak calls m(a = v) a category and introduces the notion of a reduct of

categories to simplify a classification rule.
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By using the same argument for defining a reduct of an attribute dependency

rule, we can define a reduct of an attribute-value dependency rule. For an object

x ∈ U , we have:

m(a = Ia(x)) = [x]Ea ,

m(
∧

a∈A

a = Ia(x)) = [x]EA
. (4.22)

Based on these results, for rule R = IR(x) → D = ID(x), we introduce two

definitions of an attribute-value-pair reduct relative to [x]ED
.

Definition 4.2.3 For a classification rule R = IR(x) → D = ID(x), a subset

of attributes R(x) ⊆ R is called an attribute reduct of x relative to D if R(x)

satisfies the two conditions:

(s17) [x]ER(x)
⊆ [x]ED

;

(n17) ∀a ∈ R(x)(¬([x]ER(x)−{a} ⊆ [x]ED
)).

Note that (s17) and (n17) are related to (s8) and (n8) of Definition 4.1.4. By

comparison, an attribute reduct of an information table must be defined with

respect to all objects in the table and an attribute reduct of a classification rule

is defined with respect to only objects equivalent to x.

Given a classification rule R = IR(x) → D = ID(x), we can construct a set

of attribute-value pairs (i.e., atomic formulas) and the set of their meaning sets,

respectively, as follows:

S(x) = {a = Ia(x) | a ∈ R},

m(S(x)) = {m(a = Ia(x)) | a ∈ R}. (4.23)
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We can use reducts of the two sets to define reducts of a classification rule in a

similar manner as in Definitions 4.1.11 and 4.1.12.

Definition 4.2.4 For a classification rule R = IR(x) → D = ID(x), a subset

R(x) ⊆ S(x) is called an attribute-value-pair reduct relative to D = ID(x) if R(x)

satisfies the conditions:

(s18) ∩{m(φ) | φ ∈ R(x)} ⊆ m(D = ID(x));

(n18) ∀ψ ∈ R(x)(¬(∩{m(φ) | φ ∈ (R(x)− {ψ})} ⊆ m(D = ID(x)))).(4.24)

Definition 4.2.5 For a classification rule R = IR(x) → D = ID(x), a subset

R′(x) ⊆ m(S(x)) is called a reduct of m(S(x)) relative to m(D = ID(x)) if R′(x)

satisfies the conditions:

(s19) ∩R′(x) ⊆ m(D = ID(x));

(n19) ∀K ∈ R′(x)(¬(∩(R′(x)− {K}) ⊆ m(D = ID(x)))). (4.25)

Definition 4.2.5 is in fact an ∩-reduct in Definition 3.2.2. Different attribute-

value pairs may have the same meaning set. Definition 4.2.5 as used by Pawlak

is not a very accurate characterization of a relative attribute-value-pair reduct.

In general, similar to the study of attribute-level rules in Section 4.1, we can

study attribute-value dependencies for any pair of sets of attributes A,B ⊆ At.

For example, one can consider attribute-value dependencies by using the set of

condition attributes C and the set of decision attributes D in a classification

table, instead of using a reduct R ⊆ C from Step 1.
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4.2.1 An Illustrative Example of Step 2

According to the attribute-level reduct R, one can construct a set of classifica-

tion rules RS1. In fact, each equivalence class in Table 4.2 corresponds to a

classification rule in RS1, we have:

(1) Hair = blond ∧ Eyes = blue −→ Class = +,

(2) Hair = blond ∧ Eyes = brown −→ Class = −,

(3) Hair = red ∧ Eyes = blue −→ Class = +,

(4) Hair = dark ∧ Eyes = blue −→ Class = −,

(5) Hair = dark ∧ Eyes = brown −→ Class = −.

In the second step, we start from the simplified information Table 4.2. Our

objective is to simplify the left-hand-side of each rule in RS1 by constructing the

attribute-value-pair reducts of each object.

For object o1, we can construct a set of attribute-value pairs and the set of

their meaning sets as follows:

S(o1) = {Hair = blond, Eyes = blue},

m(S(o1)) = {m(Hair = blond),m(Eyes = blue)}

According to Table 4.2, we have,

m(Class = IClass(o1)) = m(Class = +) = {o1, o3, o6},

m(Hair = blond) = {o1, o2, o6, o8} * m(Class = IClass(o1)),

m(Eyes = blue) = {o1, o3, o4, o5, o6} * m(Class = IClass(o1)),

m(Hair = blond ∧ Eyes = blue) = {o1, o6} ⊆ m(Class = IClass(o1)).
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By Definition 4.2.4, neither the meaning set of “Hair = blond” nor the meaning set

of “Eyes = blue” satisfies the condition (i). Therefore, a reduct R(o1) for object

o1 with respect to the classification attribute is R(o1) = {Hair = blond,Eyes =

blue}. Based on the same principle, one can construct all the attribute-value-pair

reducts for each object,

R(o1, o6) = {Hair = blond,Eyes = blue},

R(o2, o8) = {Eyes = brown},

R(o3) = {Hair = red},

R(o4, o5) = {Hair = dark},

R(o7) = {Hair = dark},

R(o7′) = {Eyes = brown}.

We can see that object o7 has two attribute-value-pair reducts which are denoted

by R(o7) and R(o7′), respectively. Similarly, based on all the derived attribute-

value-pair reducts, one can obtain a simplified information Table 4.3:

Table 4.3: The Simplified Information Table from Step 2

Object Hair Eyes Class

o1, o6 blond blue +

o2, o8 × brown -

o3 red × +

o4, o5 dark × -

o7 dark × -

o7′ × brown -
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According to the attribute-value-pair reducts for each object in Table 4.3, one

can construct a rules set RS2 derived from the second step,

(1) Hair = blond ∧ Eyes = blue −→ Class = +,

(2) Eyes = Brown −→ Class = −,

(3) Hair = red −→ Class = +,

(4) Hair = dark −→ Class = −,

(5) Hair = dark −→ Class = −,

(6) Eyes = brown −→ Class = −.

4.3 Step 3: Analysis of Rule Dependencies

After Step 2 analysis, for an attribute reduct R(x) ⊆ R for an object x, we have

[x]ER(x)
⊆ [x]ED

, which produces a classification rule:

∧

a∈R(x)

a = Ia(x) −→
∧

d∈D

d = Id(x), (4.26)

or simply,

R(x) = IR(x)(x) −→ D = ID(x). (4.27)

Similarly, there may exist more than one attribute-value-pair reduct, i.e., at-

tribute reduct of a classification rule. For the set of all reducts REDUCT (x), we

can construct a family of rules:

RS(x) = {
∧

a∈R(x)

a = Ia(x)→
∧

d∈D

d = Id(x) | R(x) ∈ REDUCT (x)}. (4.28)
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Each rule in RS(x) is sufficient to classify object x. By taking the union of the

sets for all objects, we derive a family of rules for classifying all objects:

RS2 =
⋃
{RS(x) | x ∈ U}. (4.29)

There may exist overlapping and redundant rules in RS2. The family {m(l) | l→

r ∈ RS2} is a covering of U . Rule learning in the second step of Pawlak approach

is therefore based on coverings of the universe.

The third step of Pawlak data analysis consists of constructing a rule set

and simplifying the rule set by removing redundant rules. Instead of using RS2,

Pawlak constructs a rule set CRS by selecting a single rule from RS(x) for each

equivalence class [x]R, where R is a relative attribute reduct obtained in Step 1.

The family {m(l) | l → r ∈ CRS} is a covering of U and may not necessarily

be a partition of U . There may exist redundant rules in CRS. It is therefore

necessary to obtain a rule reduct of CRS.

For a classification rule c → d, we define its meaning as the set of correctly

classified objects:

m(c→ d) = m(c ∧ d) = m(c) ∩m(d). (4.30)

Pawlak only considers certain rules derived from the lower approximation. In this

case, we have m(c) ⊆ m(d) and m(c → d) = m(c). In general, this may not be

true. Based on the meaning sets of rules, a rule reduct is related to ∪-reduct of

the following family of subsets of U :

m(CRS) = {m(c→ d) | (c→ d) ∈ CRS}. (4.31)
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For an inconsistent table, we have ∪m(CRS) = POSEC
(U/ED); for a consistent

table we have ∪m(CRS) = U . According to Definition 3.1.4, we introduce the

notion of a reduct of a rule set.

Definition 4.3.1 A subset of rules RS3 ⊆ CRS is called a rule reduct of a set

of rules CRS if RS3 satisfies the condition:

(s20) ∪m(RS3) = ∪m(CRS),

(n20) ∀(c→ d) ∈ RS3(¬(∪m(RS3 − {c→ d}) = ∪m(CRS))),

where m(RS3) = {m(c→ d) | (c→ d) ∈ RS3}.

Condition (s20) states that rules in RS3 are sufficient for correctly classifying

all objects as the entire rule set CRS and condition (n20) states that each rule

in RS3 is necessary.

According to Definition 3.2.1, we can directly compute an ∪-reduct of the

family m(CRS) to interpret a reduct of the rule set CRS. However, since two

rules may have the same meaning set, such an interpretation is not precise.

4.3.1 An Illustrative of Step 3

According to Table 4.3, we can find that some rules in RS2 are superfluous.

Specifically, for decision class “-”, rule (2) and (6) are identical. Also, rule (4)

and rule (5) are identical. It is enough to have one representative rule from each

group of identical rules. In the third step, we need to remove the superfluous

rules in RS2, to construct a rule reduct. The result is very obvious and is given

in a simplified Table 4.4.
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Table 4.4: The Simplified Information Table from Step 3

Object Hair Eyes Class

o1, o6 blond blue +

o2, o7, o8 × brown -

o3 red × +

o4, o5, o7 dark × -

Therefore, we can construct a set of non-redundancy rules RS that are jointly

sufficient and individually necessary to classify all the objects of the universe:

(1) Hair = blond ∧ Eyes = blue −→ Class = +,

(2) Eyes = Brown −→ Class = −,

(3) Hair = red −→ Class = +,

(4) Hair = dark −→ Class = −.

By calculating the meaning set of each rules in RS in the original classification

Table 4.1, we have:

m(Hair = blond ∧ Eyes = blue) = {o1, o6},

m(Eyes = Brown) = {o2, o7, o8},

m(Hair = red) = {o3},

m(Hair = dark) = {o4, o5, o7}.
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By taking their union, we have:

m(Hair = blond ∧ Eyes = blue) ∪m(Eyes = Brown)

∪m(Hair = red) ∪m(Hair = dark)

= {o1, o2, o3, o4, o5, o6, o7, o8}

= U.

We can simply verify that if we remove any rule from RS, the rest of the rules

are not able to cover the whole universe. Therefore, we can conclude that the

rule set RS is the minimal set of minimal rules that can classify the universe.
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Chapter 5

CONCLUSION AND FUTURE

RESEARCH

This thesis contributes to rough set analysis by introducing a generic notion

of reducts, providing multiple interpretations of reducts, and unifying different

definitions of reducts in a common framework. We demonstrate that Pawlak’s

three-step approach to data analysis can be formulated uniformly based on the

central notion of reducts.

5.1 Conclusion

The notion of concepts plays a crucial role in rough set data analysis. In this

thesis, by adopting the classical view of concepts, we illustrate a concrete and

systematical approach to model a concept by a pair of an intension and an ex-

tension. Furthermore, from both the intension and extension points of view, we

discuss the relationships between concepts generated by three structures in an
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information table, i.e., U/Ea, U/EA and B(U/EA). Concepts generated by the

three structures are called basic definable concepts, elementary definable concepts

and all definable concepts, respectively. We also discuss approaches to learning

a concept and a classification by using definable concepts to approximate the

concepts to be learnt.

A reduct, a minimum subset of elements preserving the same descriptive or

classification power as the entire set of elements, mainly contributes to simplify-

ing data for classification and can be utilized in rules simplification. Motivated

by non-uniformed ways used to define different types of reducts, we propose a

general and generic definition of reducts. By exploring the monotonicity of e-

valuations, a reduct of a set is defined as a subset of a set satisfying a pair of

conditions, namely, a jointly sufficient condition (s) and an individually necessary

condition (n). This generic definition of reduct extracts the intrinsic characteris-

tics and properties of different types of reduct at a much higher level and provides

a common formulation for different reducts.

As an application of the proposed generic definition of reducts, we utilize it

to reinterpret and reformulate Pawlak three-step approach to data analysis. The

generic definition of reducts unifies the three steps and better expresses the roles of

reducts used in each step. Moreover, we study about twenty different definitions

of reducts used in rough set analysis based on the generic definition. The unified

framework has a number of advantages. First, one can apply a generic reduct

construction algorithm for constructing any of the three types of reducts. In

particular, one may use any of the three classes of algorithms, deletion, addition-
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deletion, and addition algorithms [38]. Second, all three steps can be viewed

as different applications of the same data reduction method. Third, the same

framework can be further applied to new situations where a reduct of a set is of

interest.

5.2 Future Research

The work presented in this thesis is mainly based on the classical Pawlak rough

set model, i.e., the partition-based rough set model, in which a classification of

the universe is a partition induced by an equivalence relation on the universe.

Equivalence relations (i.e., reflexive, symmetric and transitive relations) are a

fundamental notion to construct concepts and classifications in partition-based

rough sets. However, equivalence relations are restrictive in some real-world ap-

plications. In order to solve this problem, some extensions have been proposed

for the partition-based rough sets. One typical model is covering-based rough

sets [37].

For the future research direction, we can extend the study of this thesis into

covering-based rough set data analysis. We can explore a concrete approach to

construct concepts and classifications in covering-based rough sets. We first start

with the construction of a semantically meaningful covering. For example, one

may take other types of binary relations, such as similarity relations, tolerance re-

lations, partial orders and so on, to build a covering-based rough set model. Once

a covering of the universe is constructed, one can represent concepts through some

useful structures induced by a covering based on different granularities. Further-
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more, by studying the characteristics and properties of covering-based rough set

structures, we can systematically formulate an approach to discover classifica-

tion rules. The proposed generic definition of reducts can be easily extended to

covering-based rough set model.
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