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ABSTRACT 

To comprehend the mechanism of seismic vibration technique used as an 

external excitation method in the oil production industry, a three dimensional 

wave model was developed based on Biot’s theory (1956a, b) for describing the 

wave field in a medium excited by multiple point energy sources under spherical 

sources. The displacements governing equations of compressional and shear 

wave propagation in non-viscous fluid saturated elastic porous media are derived 

separately. The relative displacement between the fluid and solid is investigated 

because it is critical to understanding the dynamic behavior of the whole domain. 

The superposition characteristic is considered for spherical waves under the 

multiple energy source models.  

 In viscous fluid-saturated elastic porous media, the spherical shear wave 

displacement equations are developed based on a modified wave frame 

proposed by Sahay (2008). Analytical forms of the solutions are introduced by 

considering the wave magnitude dispersion due to the viscosity of Newtonian 

fluids. The attenuation of relative displacement between the fluid and solid parts 

of the medium is then quantified. The attenuation of compressional wave and 

shear wave are studied separately.  

Many advantages of multiple sources over a single source have been 

demonstrated.  By the implementation of this model, a desired controllable wave 

field can be obtained by selecting proper frequencies, amplitudes, and locations 
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of the wave sources. By altering the energy frequencies, the magnitude of the 

relative displacement can be adjusted. The direction of wave propagation and the 

vibration can be controlled by either changing the frequencies or the amplitudes 

of the wave energy sources.  As such, the desired relative displacement at a 

certain location over a time range can be achieved under multiple energy sources. 

Because the vibration of the particles in the reservoir is crucial for a good 

understanding of the wave propagation characteristics, the vibration of a single 

particle can be taken as a dynamic system that can be reflected by differential 

equations and whose vibration behavior can be very complex due to the physical 

properties mostly related to the nonlinear terms. The nonlinear dynamic systems 

governed by differential equations with damping and regular or periodic external 

excitations may demonstrate complex behaviors with different parameters and 

under different initial conditions. Thus, highly accurate and effective novel 

methods are always in need for the systematic study of the nonlinear dynamic 

system behavior diagnosis and predication.  
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CHAPTER1 INTRODUCTION 

1.1  Background 

One of the major demands for the study of wave propagation in porous 

media is from the oil recovery industry. Various methods have been used in 

enhance oil recovery (EOR), such as water and gas flooding, hydraulic and 

explosive fracturing, and layer burning (Beresnev and Johnson 1994, Walsh and 

Lake 2003). However, based on the available knowledge and techniques, more 

than 60 percent of the residual oil is still left in the reservoirs and cannot be 

extracted from the underground. The elastic-wave stimulation technique is 

becoming an attractive method based on numerous observations in the past 50 

years. The field discoveries motivate the theoretical and experimental 

investigations on vibratory stimulation for EOR. It is well acknowledged that 

seismic waves generated from earthquakes and mechanical vibration can alter oil 

production (Peter et al. 2003, Huh 2006). These acknowledgements motivated 

the theoretical and experimental investigations on vibratory stimulation that 

started sixty years ago (Simkin and Surguchev 1991, Igor and Beresnev 1994, 

Hilpert et al. 2000). Vibration and seismic stimulation tests performed in 

producing oil fields also identify the effects of the wave motion and vibration on 

oil production. According to the literature and available field test reports, the 

increase of oil production with vibration stimulation is ranged from 10% to 65% 

(Kouznetsov et al. 1998). The vibrations propagate into the reservoir as elastic 

waves give rise to numerous effects on the fluid flow in porous rocks. Though 
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numerous investigations were carried out and a considerably large number of 

theoretical research results have been reported in attempting to understand the 

principle of EOR with vibration and seismic stimulation, a thorough 

comprehension of the effects of vibration and seismic excitations on EOR 

processes is far beyond being reached (Garg et al. 1974, Norris 1985, Berryman 

1986, Iassonow 2003). Furthermore, the wave motion needed for generating the 

excitation desired is not comprehended both at theoretical and practical levels. 

This limits the seismic and vibration stimulation technique to be developed for 

industrial applications. The vibrations propagating into the reservoir as elastic 

waves give rise to numerous effects on the fluid flow in porous rocks. Vibration 

and elastic waves decrease the cohesive and adhesive bonding between rocks 

and fluids as well as the capillary forces on oil percolation in the porous media. 

Elastic waves also change the contact angle between the rock formation and the 

fluids, thereby changes the hydraulic coefficient of friction. Oscillating forces are 

generated by the elastic waves for different phases of the fluid systems in the 

strata saturated with the fluids, resulting in relative motion between the fluids and 

solids, coalescence of isolated residual oil blobs, and redistribution of fluids. As is 

well known, residual oil in depleted reservoirs generally remains as isolated 

droplets dispersed in water in very fine capillary-like pores of irregular cross-

section and variable sizes. Vibration excitation can cause oil droplets to move 

and to help the oil droplets be clustered into continuous streams and be 

displaced out of trapped sites. Although numerous investigations were carried 

out and a considerably large number of theoretical research results have been 
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reported in attempting to understand the principle of EOR with vibration and 

seismic stimulation, a thorough comprehension of the effects of vibration and 

seismic excitations on EOR processes, both at pore level and macroscopic level, 

is far from being reached. It is generally accepted that the waves attenuate while 

propagating in the medium due to the material properties and the presence of the 

fluids in the porous media. Wave velocity and wave attenuation are two key 

aspects of wave propagation in porous media, since they are important in 

analyzing the dynamic response of the media with respect to the properties of the 

media and the wave sources, such as viscosity, frequency, and porosity. 

Then, the vibration of the particles in the reservoir is crucial to be 

investigated for achieving a good understanding of the wave propagation 

characteristics. The vibration of a single particle can be taken as a dynamical 

system that is reflected by differential equations. The vibration behavior can be 

very complex due to the physical properties and mostly may be related to the 

nonlinear terms.  The nonlinear dynamic systems governed by differential 

equations with damping and regular or periodic external excitations may 

demonstrate complex behaviors with different parameters and under different 

initial conditions. This kind of differential equation reflects actual dynamic 

systems existing in different areas such as engineering, economics, and weather 

forecasting. However, because of the complexity of the differential equations 

involved in such dynamic systems, it is difficult or impossible to obtain an 

analytical solution for the systems. Sometimes, the behavior of the systems is 

also difficult to clarify and analyze due to the complexity and nonlinear 
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characteristics of the systems. Thus, more effective and accurate methods are 

always needed for systematically studying the behavior of these dynamic 

systems.  

1.2  Contributions 

       The contributions of the research are mainly on the investigation of wave 

propagation in the porous media and the vibrations of nonlinear dynamic systems 

via analytical and numerical approaches. The primary contributions are described 

as the following.  

       A multiple point source model is developed in this research for studying 

both shear and compressional spherical wave propagation in a non-viscous fluid-

saturated elastic porous medium. Relative displacement between the fluid and 

solid of the medium is quantified by the spherical wave governing equations, 

such that the waves described are more representative to that in engineering 

practices. The shear wave has shown significant influences on the characteristics 

of superposed shear and compressional waves generated by multiple point 

sources. Utilization of multiple point sources shows higher efficiency and 

effectiveness in generating desired waves, in comparing with that of single 

source. Specifically, the multiple sources model is more energy effective in 

comparing with the single source model by always producing larger magnitudes 

of relative displacement than a single source with the same energy, which 

becomes more significant when the distance between the source and the 

considered geological particles increases. Multiple point sources also show 
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advantages on duration, direction control and magnitude adjustment for the 

waves generated. Numerical analyses are performed for comparing different 

shear, compressional and the superposed wave responses under single and 

multiple sources.   

        To analytically describe the full wave behavior excited by multiple point 

energy sources in a porous medium with fluid, the compressional wave 

displacement function was developed in spherical coordinates based on Biot’s 

Theory (1956a, b). In addition, a modified shear wave model based on Sahay’s 

(2008) theory was developed for better describing the dynamic behavior of shear 

waves in viscous fluid.  It was found that the slow shear wave vanished rapidly 

close to the wave source in the unbound porous medium and the fast shear wave 

had high attenuation, which leads to the same conclusion as Biot. Therefore, due 

to the high attenuation of the shear waves, the superposition characteristic under 

multiple sources are considered mainly for compressional waves under the 

multiple energy source models. Many advantages of the multiple sources over 

the single source have been demonstrated, such as that multiple energy sources 

can produce a larger relative displacement than a single source. Other 

advantages of multiple energy sources over a single one are theoretically 

demonstrated in wave direction control and magnitude adjustment. Because of 

the viscosity involved, the frequency becomes critical in affecting the wave 

magnitude under given multiple sources and this effect has been demonstrated 

as well.  
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This research also studies the behavior of nonlinear dynamic systems with 

employment of Periodicity Ratio and a statistic hypothesis. A new approach of 

accurately determining the Periodicity Ratio is developed. Overlapping points in a 

Poincare map are verified on a statistically sound basis. The characteristics of 

nonlinear systems are investigated and the distinguished advantages of the 

approach are presented. Other updated methodologies of diagnosing 

characteristics of nonlinear dynamic systems are reported. The widely used and 

most applicable methods and approaches in characterizing the nonlinear 

behaviors of the systems are reviewed briefly. Characteristics of Lyapunov 

exponents and recently developed statistical periodicity ratio approach are 

described in detail. The applicability and efficiency of the approaches are 

presented and compared. 

The system regularity is measured by a newly developed Distance Ratio 

index. An index for measuring the nonlinear system expansion trend is proposed 

by inspecting cover sets of the attractor in the Poincare map. The cover set 

theory is introduced to define several cover sets of the system, and the 

convergence of the cover sets to the system attractor is proven theoretically. A 

representative cover set then can be selected based on the converged cover 

sets. The predictability is examined by the number of elements within the 

representative cover set of the system attractor, where the attractor is defined in 

a statistical sense. 
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This research will help to investigate behaviors of wave propagation in 

porous media and understand the mechanism present in seismic vibration 

techniques used for enhanced oil recovery. It will also introduce some more 

effective and accurate methods to analyze the motions, the regularity and the 

trend of nonlinear. 
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CHAPTER 2 LITERATURE REVIEW 

2.1  Seismic Vibration Technique in Enhanced Oil Recovery 

The impacts from oil production, modern earthquakes, and offshore 

engineering have further motivated research on the dynamics of fluid-saturated 

porous media. Seismic waves generated from earthquakes and mechanical 

vibration could alter oil production by the vibrations propagating into the reservoir 

as elastic waves giving rise to numerous effects on the fluid flow in porous rocks. 

Increase of oil production with vibration stimulation has ranged from 10% to 65% 

(Simkin and Surguchev 1991, Cook and Sheppard 1989, Kouznetsov et al. 1998, 

Baviere 2007). Field discoveries motivated the theoretical and experimental 

investigations on vibratory stimulation for enhanced oil recovery in porous rocks 

(Hilpert et al., 2000, Simkin and Surguchev 1991, Kouznetsov et al., 1998).  

Various methods have been used to enhance oil recovery, such as water and 

gas flooding, hydraulic and explosive fracturing and layer burning (Igor and 

Beresnev 1994, Pujol 2003, Roberts et al. 2003, Huh 2006, Serdyukov and 

Kurlenya 2007, Steven et al. 2008), and vibratory stimulation might also have the 

potential to serve as an EOR technique. 

Elastic wave changes the contact angle between the rock formation and 

fluids, thereby changes the hydraulic coefficient of friction. It also affects oil 

percolation in porous media. Oscillating forces are generated by the elastic 

waves for different phases of the fluid systems in the strata saturated with fluid, 

resulting in relative motion between the fluids and solids, coalescence of isolated 
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residual oil blobs, and redistribution of fluids. All of these aforementioned factors 

could increase the mobility of residual oil within the reservoir and, therefore, 

increase oil production. 

As is well known, residual oil in depleted reservoirs generally remains as 

isolated droplets dispersed in water in very fine capillary-like pores of irregular 

cross-section and variable sizes. Vibratory excitation can cause oil droplets to 

move and promote clustering of the oil droplets into continuous streams and be 

displaced out of trapped sites. 

However, a thorough comprehension of the effects of vibratory and seismic 

excitations on EOR processes, both at the pore and macroscopic levels, is far 

from being reached. After decades of research and testing of vibratory 

techniques, researchers and engineers still face great challenges in applying the 

findings or concepts to fields due to the lack of comprehensive understanding 

and to the complexity of the phenomena involved. However, there are very few 

studies focusing on investigation of the relative placements of fluid and solid in a 

porous medium. Furthermore, almost all the research work in this field 

concentrates on wave propagation generated merely by a single energy source. 

Obviously, a systematic investigation of the propagation, superposition, and 

interactions of the waves generated by multiple energy sources is more 

significant to EOR in industrial practice. 
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2.2  Wave Propagation in Porous Media Saturated with Fluids 

The fundamental theory of elastic waves propagating in a porous medium 

containing a single statured fluid has been quantitatively extended since it was 

initially established by Biot (1956a, b). Biot proved the existence of two types of 

compressional waves, namely the first and second compressional waves, and 

one shear wave in porous media. White (1975) demonstrated that wave velocity 

and attenuation are substantially affected by the presence of partial saturation, 

depending mainly on the size of the gas pockets saturation, frequency, 

permeability, and porosity of the media. Berryman (1985) investigated the impact 

of inhomogeneity in a fluid-saturated medium on the scattering of a fast 

compressional wave and obtained the same three produced elastic waves as 

Biot. Gurevich (1999), who utilized a combination of experiments and simulations, 

also tested the existence of the three waves.   

It is generally accepted that the wave will attenuate due to the presence of 

the pore fluid in the porous media. Wave velocities and attenuation are two key 

aspects of waves in porous media since they are important in analyzing the 

dynamic response of the media with respect to the properties of the media and 

the wave sources, such as viscosity, frequency, and porosity. Extensional wave 

properties as wave attenuation have been studied in fluid-saturated porous 

media (Berryman 1986, 1988). Along with the theory model development 

established; the physical parameters of a medium substantially affect wave 

velocity and attenuation are also demonstrated. These parameters include 
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frequency and amplitude of the wave, as well as the permeability and porosity of 

the porous media (Biot and Willis, 1957).  Berryman considered three single-

scattering approximations for coefficients in Biot's equations of poroelasticity 

(Berryman 1992) and studied how porosity would affect estimation of composite 

elastic constants (Berryman 1994).  Bardet and Sayed (1993) provided exact and 

approximate expressions for the velocity and attenuation of compressional waves, 

exploring these key aspects of wave propagation within nearly fully saturated 

porous-elastic media. Following excitation by a vertical harmonic concentrated 

force, Pham et al. (2002) explored the wave velocities and quality factors of clay-

bearing sandstones as a function of pore pressure, frequency, and partial 

saturation. Liu et.al (2005) proposed a characteristic analysis to enable complete 

basic analysis of wave propagation characteristics in fluid-saturated porous 

media, and the wave fronts through the normal velocity surfaces could then be 

determined. However, this research is not for respectively quantifying the 

displacements of fluid and solid of the porous medium.  

For understanding the relative motion between the fluid and solid, a 

theoretical and systematic investigation of the relative motion between the fluid 

and solid of a porous medium is necessary. Wang (2007, 2009) developed the 

equations in terms of the displacements in cylindrical coordinates. The wave 

sources considered in Wang’s work are taken as straight lines, which can be 

merely expanding in a two-dimensional (2-D) plane and are insufficient to 

disclose the spatial wave propagation characteristics in reality. The dimensions of 

a point energy source are negligible in comparison with the wavelength of the 
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waves, and the assumption of a point source is more acceptable and rational 

than other types of wave sources in practice. In the meantime, though, point 

source waves (Garg et al. 1974, Johnston et al. 1979, Norris 1985, Rajagopala 

and Taoa 1992, Hasheminejad and Badsar 2005, Toms et al. 2006) were used to 

embody the wave propagated behavior in space more accurately. The wave 

motion necessary to generate the desired amount of excitation is not fully 

understood both at theoretical and practical levels. Han (2011) developed the 

non-viscous displacement equations in spherical coordinates for considering a 

wave propagated from single-point energy sources, whose dimensions are 

negligible in comparison with the wavelength of the waves making the point 

source assumption more acceptable and rational than other types of wave 

sources in practice. With non-viscous fluid, the existence and the characteristics 

of the shear wave in porous media have been proved both theoretically and 

experimentally (Castagna et al 1985; Greenberg et al 1992; Lee 2006). In 

addition, because the wave velocity depends on the material physical properties 

such as the pore saturation and permeability, the selection of parameters has a 

strong effect on the quality of the propagation of both shear and compressional 

waves in non-viscous fluid porous media. With viscous fluid, the shear wave is 

considered to be the one with high attenuation (Robert and Anderson 1964, 

Berryman 1986, Pratap 2008), while this dispersion character is always 

associated with high fluid viscosity and always happens under high frequency 

range (Chotiros 1998, King et al 2000).  
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2.3  Novel Methods for Diagnosing the Nonlinear Vibrations  

In the studies of nonlinear dynamic systems, which are usually governed by 

nonlinear second-order differential equations or a system of differential equations, 

the criteria for distinguishing the characteristics of the systems are crucial. The 

techniques provide high efficiency and accuracy in diagnosing and quantifying 

different characteristics such as chaos, periodicity, quasiperiodicity and other 

nonlinear characteristics that are always present in nonlinear dynamic systems.  

There are several methods available in the literature for determining the 

onset of chaotic oscillations, and some predictive and diagnostic criteria for 

chaos are also reported (Gollub and Baker 1996, Alligood et al 1997, Devaney 

2003). Power spectral density is one such method that can be used to distinguish 

chaos from regular behavior of deterministic systems. This method may also be 

used to distinguish chaos from generic stationary stochastic behavior 

(Valsakumar et al 1997). Fractal Dimensions approach is one of the most popular 

methods in diagnosing characteristics of nonlinear dynamic systems. The 

approach identifies the chaotic attractors’ dimensions (Peitgen and Richter 1986,  

Peitgen and Saupe1988, Lauwerier 1991, Kumar 2003, Zaslavsky 2005). In fact, 

all the characteristics of a dynamic system can be identified and classified by 

observing the phase diagrams, bifurcation diagrams (Guckenheimer and Holmes 

1983), and Poincare Maps (Nayfeh 1995, Steven 2000) of the system. However, 

the process of classification is tedious and not practically sound if a periodic-

quasiperiodic-chaotic diagram is considered. Kolmogorov Entropy is also used in 

http://en.wikipedia.org/wiki/Heinz-Otto_Peitgen�
http://en.wikipedia.org/wiki/Heinz-Otto_Peitgen�
http://en.wikipedia.org/wiki/Heinz-Otto_Peitgen�
http://en.wikipedia.org/wiki/Dietmar_Saupe�
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the field as an index that indicates 0 for nonchaotic motion and a positive value 

for chaotic motion. (Kolmogorov 1941a, 1941b, 1951). In some areas, topology 

can be used to study the structure of a bounding torus surrounding the chaotic 

attractor (William 2006). The Hurst exponent (Bo and Khaled 2004) is useful in 

characterizing the nonlinear systems. It can be employed to examine the 

existence of chaos by inspecting the autocorrelation of the time series. Among 

these, some are empirical methods that rely upon physical experiments (Tufillaro 

et al. 1992, Hristu and Kyrtsou 2008) and some depend on the data obtained 

from approximate mathematical models (Sprott 1997, 2003) of the corresponding 

dynamical systems. Besides these, several new attempts have been found in 

diagnosing the nonlinear characteristics. Neural networks and fuzzy logic have 

been used in attempting to provide high speed, flexibility, and logical decisions 

for real time diagnosibility of a system’s behavior.  

Based on the current literature, the Lyapunov Exponent approach is probably 

the most popular approach (Wolf 1985, Parks 1992, Nayfeh and Balachandran 

2004) due to its efficiency and simplicity. The Lyapunov Exponent measures the 

sensitivity of a system to initial conditions and, therefore, classifies the system’s 

responses as either convergent or divergent. A new diagnosing tool named the 

Periodicity-Ratio method was developed by Dai and Singh (Dai and Singh 

1995,1997, 1998). This approach can be used to identify almost all the nonlinear 

characteristics and can be employed to plot the periodic-quasiperiodic-chaotic 

diagram efficiently for nonlinear dynamical systems. Based on the recent 

literature in the field (Dai and Wang 2008, Dai and Han 2011), convergent 

http://mathworld.wolfram.com/Chaos.html�
http://en.wikipedia.org/wiki/Autocorrelation�
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responses of a system may not necessarily be periodic and divergent responses 

may not necessarily be chaotic, let alone the other characteristics such as quasi-

periodic or non-periodic motions. 

Without the aid of an analytical solution, which is the case for the majority of 

complex nonlinear system, the disordered behavior of the chaotic system 

explains how small variations in initial conditions can have a major influence on 

unfolding events within the system (Gleick 2008). This influence makes prediction 

a risky, if not impossible, process. The challenge of predictability of the behavior 

of nonlinear dynamic systems can be caused by the system sensitivity in the 

initial condition. Even under a given initial condition, the continuation of the 

system appears unpredictable, as if mimicking random behavior. The obstacle in 

the predictability of a system is a confusing interaction between the order and 

randomness in complex geometry. Many former studies were successfully 

conducted qualitatively while not including quantitative predication.  For example, 

Lyapunov Exponents count the average exponential rates of divergence or 

convergence of close orbits of a vibrating object in the phase space of a dynamic 

system, thereby somehow predicting the system in the sense of divergence or 

convergence (Lakshmanan and Rajasekar 2003). However, it is not powerful 

enough to precisely measure the exact system behavior, which will have a strong 

influence on the prediction horizon.  

Capra (1996) claims that chaos theory does not make predictions 

impossible, but instead puts predictability in the “qualitative features of the 

system’s behavior rather than the precise values of its variables at a particular 
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time.” This shift from quantity to quality became an important way of thinking. 

Several attempts have been made since.  The structure of nonlinear dynamics 

based on time series has been investigated by means of entropy concepts 

(Velickov et.al 2003). However, the research took the perspective of treating the 

uncertainty of the system as a random factor, and therefore, the methodology 

used appeared as a statistical predication for a random system, which was not 

able to disclose the essence of the complex behavior under the deterministic 

system. The idea of error growth was embodied in a conceptual model previously 

(James 2004), but it only applies to some specific low order dynamic systems.  

One fascinating accomplishment of complexity theory is that the evolution of 

nonlinear, complex systems is marked by a series of phases, each of which is 

under the governance of an attractor(s) dominating the system at that time. 

These attractors, which are determined by both the internal nonlinear dynamics 

and external influence of environmental factors on the system, act to permit and 

constrain the range of possible behaviors in the system. In fact, it is often 

possible to determine the behavior in a complex system through an exploration of 

the qualitative properties of its attractors even when the specific equations 

modeling the dynamics of the system have not been solved (Glass and Mackey 

1988). Since an attractor represents the "shape" of a nonlinear system, which 

determines its behavior, knowledge of these "shapes" provides some degree of 

ability to predict the system's behavior. This is the case even for chaotic systems, 

which are marked by the sensitive dependent initial conditions influencing the 
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future states of such unpredictable systems. Chaotic systems have chaotic 

attractors whose "shape" determines the possible behaviors in the system. 
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CHAPTER 3 THREE-DIMENSIONAL SHEAR 

AND COMPRESSIONAL WAVE PROPAGATION 

OF MULTIPLE ENERGY SOURCES IN FLUID-

SATURATED ELASTIC POROUS MEDIA 

3.1  Introduction 

The goal of this chapter is to analytically describe the full wave behavior in a 

porous medium excited by multiple point energy sources. Besides the wave 

equation development of a compressional wave, the governing equation for 

shear wave in the form of the displacements and its solution is derived in 

spherical coordinates. This will allow a quantitative description of the wave 

superposition for shear and compressional waves in the model of fluid-saturated 

porous media subjected to the excitations of multiple point energy sources. The 

consideration for shear and superposed waves is new and significant. Also, wave 

direction control, which is needed for EOR with seismic wave and vibration 

stimulations, is derived under the superposed wave of the shear and 

compressional waves. The numerical simulations will contribute to the 

comprehensive understanding of the different mechanisms of the wave response 

by the shear, compressional, and superposed waves with single or multiple 

energy sources. It can be quantitatively shown that multiple energy sources can 

produce larger relative displacement between the fluid and solid in most areas of 

the wave field, which can be beneficial for EOR applications. 
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3.2  Governing equation for shear wave and compressional wave 

        Biot’s theory is the fundamental frame work of elastic waves propagating in 

an isotropic and homogeneous fluid statured porous medium solid. In Biot’s most 

representative paper in this field (Biot 1956a, b), based on the analysis of the 

stress-strain relations in a porous elastic solid containing a fluid, the wave 

propagation differential equations for an elastic material solid containing a 

compressible fluid is developed. The wave equations in low frequency range in 

the absence of friction can then be developed as (Biot 1956a):  

 

                                    (3.1a)           

                                                          (3.1b)               

where and are the displacement vectors of the solid and fluid, respectively, 

and  and are the volume strains of the same solid and fluid. The coefficients 

are density coefficients that take into account the fact that the relative 

fluid flow through the pores is not uniform. They can, therefore, be expressed as

, , and , where and are the mass 

density of the solid and fluid, respectively.  in the equations is the porosity and 

is an additional mass caused by the fluid. The negative symbol ahead of the 

 in the formula for  implies the coupling effects between the solid and fluid. 

 and  correspond to the familiar Lame coefficients in the theory of elasticity. 
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 represents the shear modulus of the material. The coefficient  is a 

measurement of the pressure required on the fluid to force a certain volume of 

the fluid into the aggregate while the total volume remains constant. Q describes 

the coupling between the volume change of solid and that of fluid.  

By solving the governing equations in Equations (3.1a) and (3.1b), Biot 

presented the wave expressions in the form of volume strain. However, these 

expressions cannot be directly used to quantify the displacement field in a three-

dimensional (3-D) domain. To describe the displacement field, the equations for 

the propagating waves need to be revised so that the displacements of the fluid 

and solid can be expressed separately and quantified by the governing equation. 

By applying the Helmholtz decomposition (Amrouche et al.1998, Arfken et al. 

2005) to the displacement vectors of the solid and fluid of a porous medium, the 

general form of the governing equations for the shear waves and the 

compressional waves can be derived. Specifically, applying Helmholtz 

decomposition to the displacement vectors of the solid and fluid of a porous 

medium, the displacement vectors of the solid and fluid can be given by 

                                                         (3.2a)                        

                                                         (3.2b)                         

where  and  are scalar potentials of the solid and fluid, whereas and 

are vector potentials for the displacements of solid and fluid, respectively.  and 

also satisfy the following conditions:  and . 

N R

sϕ= ∇ +∇× suψ

fϕ= ∇ +∇× fUψ

sϕ fϕ sψ fψ

sψ

fψ 0∇⋅ =sψ 0∇⋅ =fψ
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For P-wave, also known as compressible wave, the displacement is caused 

by the scalar potentials without rotation, which implies that and

. For shear wave, also known as rotational wave, the displacement 

is due to vector potentials such that and . Substituting 

equations (3.2a) and (3.2b) into equations (3.1a) and (3.1b), and rearranging the 

terms according to the scalar and vector potentials, two sets of equations can be 

obtained corresponding to the scalar and vector potentials of the fluid and solid.  

With the above considerations, the expressions for compressional wave can 

be given as  

                                                        (3.3a)   

                                                        (3.3b)                                                                                                                                                                                                            

with the definition . In the equations, the subscript s represents the 

displacement of solid; f represents the displacement of the fluid. Also, for shear 

wave, the governing equations can be developed as  

                                                                   (3.4a)                                                                   

                                                                            (3.4b)                                                                      

To develop wave equations in the form of displacements for P-wave, take 

the gradient operation to equations (3.3a) and (3.3b) such that 

                                            (3.5a)                         
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                                            (3.5b)                       

Let  be a general scalar displacement potential and  a displacement for 

P- wave.  The displacement vector , for P-wave, is merely related to the scalar 

potential as 

                                                                                                   (3.6)                 

Because , the scalar potential  satisfies the property  

                                                                      (3.7)             

At the same time,           

                                                                            (3.8)                                              

Therefore,  

                                                                               (3.9)                         

Hence, the displacement equation for P-wave can be given in general 

Laplacian operator form as  

                                                            (3.10a)             

                                                           (3.10b)               
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The above derivation can be verified in Wang (2007) and Han (2011). 

However, in their work, the shear wave effect has not been fully disclosed yet. 

For the non-viscous fluid and low frequency wave considered, the shear wave 

effect cannot be neglected in porous media and it exhibits different 

characteristics from compressional waves. Hence, the shear wave equation in 

terms of the magnitude of rotation was developed. For shear wave, the 

magnitude of rotation denoted as here is only related to the vector potential as

. To develop its governing equations in the form of displacement for 

shear wave, take the curl operation to the former equations (3.4a) and (3.4b) for 

shear wave such that  

                                                 (3.11a)                            

                                                                  (3.11b)            

Because of , the vector potential has the property  

                                                               (3.12a) 

And since  

                                                           (3.12b) 

Therefore,                                                           (3.12c) 

The displacement equation for shear wave can then be given by 
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                                                                      (3.13a) 

                                                                             (3.13b) 

It should be noted that the equations developed above are valid only if the 

following conditions are satisfied:  

• For the isotropic and homogenous properties of the porous medium, the 

wave propagation should be systemic along all directions and the pore 

fluid is frictionless 

• Waves considered in this research are in a low frequency range and they 

are the waves propagating in the domain enclosed by the energy sources.  

• In comparison with the wavelength of the waves, the dimensions of the 

point energy sources are negligible.  

• The pores are interconnected (no isolated pores), which means the waves 

are assumed to be continuous and harmonic and they are also in steady 

state.  

      Actually, all these conditions lead to the conclusion that the wave should be 

considered as generated from a point other than a line source. The wave needs 

to be regarded as propagating into 3-D space rather than a 2-D plane. Therefore, 

the spherical wave should be considered to exhibit the wave properties more 

accurately and further provide the right guideline for understanding the essential 

vibration mechanics. 
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3.3  Solutions of the Wave Equations under Spherical Coordinates 

Firstly, in this chapter, a particle in a porous medium is considered for its 

relative displacement between the fluid and solid. Before, the energy sources 

considered in Wang (2007, 2009) were uniformly distributed along a vertical line 

at the center of the cylindrical coordinate system. The wave in such systems is 

generated by a line energy source that is perpendicular to the direction of wave 

propagation. Although the model can be used to describe the wave motions in 3-

D space, as the waves are expressed in the cylindrical coordinate system, this 

model is actually two dimensional. In EOR practice with vibration stimulations, 

the energy source is closer to a point source and the elastic wave generated 

propagating in the earth is closer to a spherical wave. Moreover, low frequency 

wave stimulation is mainly considered in EOR with vibration stimulations in which 

the geometric dimension of the energy source is much smaller than the wave 

length of the wave generated. With this consideration, a point energy source is 

more rational and the corresponding wave model is more desirable for being 

developed with point energy sources (Han 2012). 

To establish such a model with point energy sources, it is convenient for 

the governing equations and corresponding solutions to be expressed in 

spherical coordinates. For this sake, the Laplacian operator in the following 

spherical form can be employed 

                        (3.14)
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where θ   is the azimuthal angle in the i-j plane. From the i-axis with 0 2θ π≤ ≤ , φ  

is the polar angle from the positive k-axis with 0 2φ π≤ ≤ , and r is the variable 

along the radial direction of the sphere in the coordinate system. Since the 

porous medium we consider here is isotropic and homogenous, the pure 

elasticity characteristic can lead to the wave propagating only in regard to the 

radius, which means 
θ
∂
∂

 and 
φ
∂
∂

are both zero in formula (3.14). Therefore, the 

Laplacian operator from equation (3.14) can be simplified as  

                                    

2
2 2

2 2
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∂ ∂ ∂ ∂                                 (3.15) 

In developing the governing wave equations, the shear and compressional 

wave equations are considered separately in this research. For a compressional 

wave, substituting equation (3.15) to equations (3.10), its governing equations 

can be simplified as: 
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where the same parameters are followed as in those introduced by Wang 

(2007,2009] 
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in which  

                                                                                  (3.17b)                                   

                                       (3.17c) 

Therefore, based on formulas (3.16a) and (3.16b), the wave propagating 

from a spherical point source may be considered to take the following form in 

terms of displacements:  

                                        
i( )e ,p pl r tAC

r
ω− +=u                                 (3.18a)  

                                        
i( )e p pl r tBC

r
ω− +=U                                  (3.18b) 

where C is the amplitude of the wave source and A and B are parameters related 

to the material properties of the solid and fluid. pl  is the wave number of the 

compressional wave and   is the distance from the considered point in space to 

the source. In the equation,  i( )e p pl r tω− + designates the time factor of the harmonic 

wave, 1i = − is the complex unit, and  pω is the frequency of the compressional 

wave. 

To simplify the governing equations (3.16), consider the following derived 

properties of the solutions:   
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which gives 
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By substituting the expressions of equations (3.19c) into equations (3.16a) and 

(3.16b), the following equations can be obtained:  
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By definition, the general equation of velocities of the compressional 

waves described in equations (3.18) can be given as  

                                                      

p
p

p

V
l
ω

=                                                (3.21)                                                                                                              

Assume 

                                                 

2

2
c

p

V
V

ξ =                                                  (3.22)            

From equations (3.20)  

                             11 12 11 12( ) ( )A B r A r Bξ σ σ+ = +                                      (3.23a)                           

                            12 22 12 22( ) ( )A B r A r Bξ σ σ+ = +                                      (3.23b)                         
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Mathematically, the determinant of the coefficients must be zero to have non-

singular solutions, which corresponds to  

                                           

11 11 12 12

12 12 22 22

0
r r
r r

ξσ ξσ
ξσ ξσ

− −
=

− −
                                   (3.24)                              

and is equivalent to  

2 2 2
11 22 12 11 22 22 11 12 12 11 22 12( ) ( 2 ) ( ) 0r r r r r rσ σ σ ξ σ σ σ ξ− − + − + − =                     (3.25) 

Equation (3.25) leads to the two positive roots 1ξ  and 2ξ on the basis of the given 

physical parameters. 

Substituting the obtained values of 1ξ  and 2ξ into equation (3.22), the two 

velocities of propagation 1pV and 2pV with respect to the first and second 

compressional waves can be obtained as           

                                      
1 2

1 2

,c c
p p

V VV V
ξ ξ

= =                                            (3.26) 

     From equations (3.23a) and (3.23b), it can also be proved that the amplitudes 

A and B are identical to the following relation reported by Biot (1956a): 

                                
2 2

11 12 22
2 2

11 12 22

2
2

r A r AB r B
A AB B

ξ
σ σ σ

+ +
=

+ +
                                         (3.27)        

Since the amplitudes of the two waves are fixed by the physical medium and cV

can also be determined physically, the wave velocities can be obtained from 

equations (3.26). With a given wave frequency, the wave number can be derived 

by equation (3.21), and vice versa. Moreover, the displacements of the solid and 

fluid can be quantified by employing equations (3.18a) and (3.18b).  As such, the 
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equations needed for describing all the characteristics of the compressional wave 

propagation governed by equations (3.16) are thus completely developed.  

Now considering the equation for the shear waves, eliminating V by  

12

22

V vρ
ρ

= − from equation (3.13b), equation (3.13a) can be converted to  

                                      

2 2
2 12

11 2
11 22

(1 )
t

ρρ
ρ ρ

∂
∇ = −

∂
vvN                                           (3.28)                                       

By defining  

                                 

0.5

2
12

11
11 22

(1 )
sV

ρρ
ρ ρ

 
 
 =
 − 
 

N                                           (3.29)         

where sV  is the propagation velocity of the shear wave, Equation (3.28) is 

equivalent to 

                                       

2
2

2 2

1

sV t
∂

∇ =
∂

vv                                                   (3.30)                 

       Under the Laplacian operator derived in equation (3.15), equation (3.30) 

then becomes  

                               

2 2

2 2 2

2 1

sr r r V t
 ∂ ∂ ∂

+ = ∂ ∂ ∂ 

vv                                           (3.31)               

Therefore, the magnitude of the shear wave propagating from a spherical 

source in the fluid can be obtained as  

                                      
i( )e s sl r tAC

r
ω− +=v                                              (3.32a)                                   

http://mathworld.wolfram.com/Laplacian.html�
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where s s sV lω =  and the magnitude of the shear wave propagating from a 

spherical source in the fluid can be obtained from 12

22

ρ
ρ

= −V v  as 

                                             

i( )12

22

e s sl r tAC
r

ωρ
ρ

− += −V                               (3.32b) 

where C is the amplitude of the wave propagating in solid and A reflects the 

elastic property of the solid.  sl is the wave number and  the distance from the 

considered point in space to the source. In the equation, i( )e s sl r tω− + designates the 

time factor of the harmonic wave, i 1= − is the complex unit, and sω  is the 

frequency of the wave. Differing from the compressional wave, there is only one 

type of shear wave and the magnitude of the rotation in fluid is merely 

determined by the amplitude of the wave propagating in the solid for the coupling 

effect, and the rotation magnitude of the solid is coupled proportionally to the 

rotation magnitude of the fluid. 

 

3.4  Multiple Source Model Development and Superposition 

Principle 

From the developed spherical wave solutions as shown in equations (3.18) 

and (3.32), it can be seen that the wave amplitudes generated by a single energy 

source decrease along the radial direction with the rate of 1/r. This implies the 

r
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corresponding wave energy declines rapidly along a fixed direction when the 

radius r increases. For a given geometry point in a spatial domain considered, to 

produce a desired vibration with large amplitude, the amplitude or the energy of 

the corresponding source would need to be very large if the distance between 

the point and the energy source is large.  This could cause concerns in practice, 

as the capability of the equipment in the field is limited. Moreover, the vibration of 

the particles in a given region is hard to control with a single energy source. The 

natural solution to the limitations of the single energy source is, therefore, to use 

multiple energy sources in generating the wave propagations desired.  

Wang (2007, 2009) applied multiple line energy sources to a cylindrical 

coordinate system, which made the wave propagations considered in fact two 

dimensional.   In developing a real 3-D model with point energy sources and 

considering both the compressional and shear waves, the model developed in 

the previous section with a 3-D spherical coordinate system can be employed.     

In order to implement the developed model, one may have to jointly 

consider the compressional and shear waves described in the equations of the 

model. It should be noted that the vibration of a particle in the domain considered 

is different corresponding to the compressional and shear waves. In fact, the two 

vibrations caused by the two types of waves are perpendicular to each other.  

The solutions of multiple energy source models are developed on the 

superposition principal of compressional waves and shear waves. For the sake of 

clarity and application of the model, a Cartesian coordinate system with unit 

vectors  is employed in the derivation. Consider a particle P in the (i, j,k)
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Cartesian system where compressional and shear waves meet, as shown in 

Figure 3.2. The waves jointly affect the motion of the particle and cause vibration 

of the particle containing solid and fluid. Specifically, when compressional waves 

under multiple resources encounter the components of the solid and fluid, 

vibrations along any of the three perpendicular directions  follows the 

superposition rule. Therefore, to describe the net vibration of the particle due to 

the compressional waves of multiple sources, one may consider the components 

of the vibrations caused by the individual energy sources. The sum of all the 

components along one of the directions  represents the vibration of the 

particle P along the corresponding direction.  The net vibration of the particle can 

then be determined by vectorially summing up the components along the three 

directions , respectively.  

The compressional wave from one of the multi-energy sources, denoted 

as source j, can be expressed in terms of displacement vectors as shown below, 

on the basis of the solutions shown in equations (3.22): 

                                                   (3.34a) 

                                                   (3.34b) 

where is the magnitude of the wave from the jth source.  A and B are the 

parameters related to the material properties of the solid and fluid, respectively. It 
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should be emphasized that the term  in the equation is introduced to 

describe the direction of the wave propagation as well as the vibration of the 

particle. In equation (3.34),  is the position vector of the particle and 

 is the position vector of the jth source.  

 

Since ( ) , ( ) , ( )j j ja a b b c c= − − −
  

jz - z i j k , under a single jth wave energy 

resource, the components of the vibrations along one of the directions  are 

as expressible as follows:  

                                                 (3.35a) 

                                                  (3.35b) 

                                                      (3.35c) 

In the case that there are n energy sources involved, the vibration of the 

solid of the porous medium due to multiple energy sources can be given by 

following the sums as per the principle of superposition:    

                                         (3.36a) 

                                         (3.36b) 
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                                         (3.36c) 

To express the net vibration of the particle, the above equation can be 

rewritten in the following vectorial form:  

                                   (3.37) 

 

Similarly, the vibratory motion of the fluid caused by the compressional 

wave at point P can be derived through the same procedure.     

                                        (3.38a) 

                                         (3.38b) 

                                        (3.38c) 

In terms of net vibration of vectorial from, the vibratory motion of the fluid 

caused by the compressional wave at point P can be derived as   

                                (3.39) 

In developing for the solutions corresponding to shear waves, similar 

processes can be performed. Namely, the shear waves can be developed as 

shown below, in terms of vectorial displacements:  

                                               (3.40a) 
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                                       (3.40b) 

where is the magnitude of the wave and A is the parameter related to the 

material properties of the solid.  

By definition, the vibration generated by the shear wave is perpendicular 

to that of the compressional wave. As described previously, 

 ( ) , ( ) , ( )j j ja a b b c c= − − −
  

jz - z i j k  

represents the vector from the source to the designated particle. For defining the 

orientation of the vibration due to shear wave, let a vector be 

perpendicular to  and define .  

The solid waves, in terms of the displacement components along the three 

coordinate directions, can, therefore, be given by 

                                               (3.41a) 

                                                (3.41b) 

                                               (3.41c) 

The sum of the component of all these displacements due to the multiple 

energy sources along one direction of  can be given by     
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                                        (3.42b) 

                                        (3.42c) 

 

As such, the total displacement vector of the solid can be expressed as 

                                   (3.43) 

Similarly, the total displacement vector of the fluid takes the form  

                                  (3.44) 

In the space, at a given point and a given time, t, the vector expression of 

the relative displacement is defined as  between the solid and fluid, caused 

by a compressional wave from multiple energy sources, can be given as 

             (3.45) 

For the same particle at the same time, t, the vector expression of the 

relative displacement between the solid and fluid caused by a shear wave from 

multiple energy sources can be given as 

 (3.46) 

At time t, the general relative displacement between the solid and fluid 

caused by compressional and shear waves together can, therefore, be obtained 

by combining equations (46) and (47), such that 
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     (3.47) 

where 

 and      (3.48) 

To control the wave direction and the magnitude of relative displacement, for 

a case in which k multiple energy sources are required to reach a relative 

displacement, which has  ,i jΜ Ν
 

 and kΙ


 along each direction, the following 

equation would result: 

          (3.49) 

 

As the root of this algebraic equation, 1 2( , ,..., )kC C C  can be solved, and then, 

the amplitude of each wave source can be obtained. 

3.5  Wave Effect Comparison between the cases of Single and 
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To demonstrate the wave propagation effects of shear and compressional waves 
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by single and multiple sources, numerical simulations were performed with 

implementation of the wave model established and the solutions developed.  

The parameters in equations (3.1) have the following forms (Biot 1956a, 

1956b, Wang 2007,  2009): 

                                                                                   (3.50) 

where is the porosity, is the Poisson ratio, and  is the bulk modulus of the 

fluid.  Below are the listed parameter values taken from the reference cases 

(Castagna et al. 1985, King 2000, Bala and Cichy, 2007, Wang 2007, 2009) and 

reflecting the data of actual oil fields. The parameter values used in the numerical 

computation for the case study are listed below: 
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, , ,  One of the goals of 

this research is to investigate the effects of waves of multiple energy sources on 

the vibrations in the domain considered in comparison with the vibrations caused 

by a single energy source. With the implementation of the wave model 

established, this investigation becomes readily performable. In performing the 

numerical calculations with the model, the energy of the single source is taken as 

the same as that of the total energy of the two sources, and the energy is equally 
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distributed among the multiple sources. The non-dimensional relative 

displacement  is used for comparison. 

           For the sake of easy clear demonstration, a 2-D case with two energy 

sources is considered in comparison with a single energy source. The locations 

of the two sources are at  and , respectively. The wave 

frequency is 35 HZ for the left source and 15 Hz for the right source. The 

superposed wave responses of shear and compressional waves are investigated. 

Figure 3.1 illustrates the relative displacement (RD) of a specified time whereas 

Figure 3.2 shows the maximum relative displacement (MRD) over a time span.  

For both cases, the amplitudes of the wave drop rapidly in general with the 

increasing distance from the energy source. As can be seen from both figures, 

when the porous medium is excited by two energy sources, the superposed wave 

response is different from that of the single source (represented by the curves on 

the ‘left’ and ‘right’, respectively). Although for some areas the amplitude of the 

superposed wave is smaller than that of the single source, for other areas, the 

amplitude is larger than that of the single source. In Figure 3.1, within the line 

between the two sources, the amplitude of the combination wave has a bottom 

value at a location near (500, 0, 0), close to the left source. This unsymmetrical 

wave pattern is due to the different frequencies of the sources. The wave is 

pushed into the left side of the domain due to the low frequency of the right 

source.  However, in Figure 3.2, the MRD shows almost a symmetrical pattern 

regardless of the different frequencies of the sources. This is because, with a 

/U u u−

(0,0,0) (1500,0,0)
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long enough time span to cover the wave period, the MRD is only related to the 

peak value of the suppositional wave, which mainly relies on the wave amplitude.  

 

Figure 3.1 Relative displacement along the connected line at a t=25s  
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Figure 3.2  Maximum Relative displacement along the connected line at a time 

span (15s-70s) 

The location and magnitude of the MRD or RD may also be controlled by 

implementing multiple energy sources with adjusted system parameters. Figure 3 

illustrates the locations of the single source (dashed line sphere at (0, 0, 0)) and 

the two sources (solid line at (0, 0, 0) and (1500, 0, 0)). The maximum relative 

displacements generated by single and two sources are compared along the line 

M-P where point M is taken at the middle point of the line connecting the two 

sources.  
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Figure 3.3  The M-P line in space for comparing the effects of single (larger 

sphere with dashed line) and two small energy sources. 

 

Figure 3.4 Comparison beteween the single (thick line) and multiple energy 

sources (thin line) in the M-P line with different frequencies at 50 s  

3r

3r

3r

Source  A Source  B

i


j


k


P

M

0 2000 4000 6000 8000 10000
0

1

2

3

4

5

6

7

8
x 10

-3

The position of the considered points(m)

R
D

 

 

lf=15,rf=15
lf=15,rf=25
lf=15,rf=5



 

44 
 

Figure 3.4 graphically indicates the instant distribution of relative 

displacements of the single and two energy sources along the line M-P at a given 

time. The thick line in Figure 3.4 represents the maximum relative displacement 

distributions of the single source, and the thin lines in the figure illustrate the 

relative displacement distribution generated by the two energy sources with 

adjusted wave frequency. This shows that the relative displacement is in a wave 

form as expected and reducing with the increase of distance from point M.  In 

Figure 3.5, it can be seen that the maximum relative displacements produced by 

both the single and double sources decreases rapidly as the distance between 

point M and P increases. However, the maximum relative displacement of the 

double sources is generally larger than that of the single source in the time range 

considered. Also, the difference between the MRD caused by the single source 

and two sources becomes smaller as the distance from M increases. As can be 

anticipated, theoretically, the difference between the two maximum relative 

displacements will vanish at a position infinite from point M. In practice, however, 

the larger maximum relative displacement of double sources is significant, as the 

field considered can only be finite. 
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Figure 3.5 Comparison beteween the single (thick line) and multiple energy 

sources (thin line) in the M-P line with different frequencies between 15 and 70 s  

In both figures, along the line close to the M point, one can see that the 

starting point of MRD (RD) under two sources varies a lot as the frequencies of 

the sources change. Particularly in Figure 3.5, when the two wave sources have 

identical frequency, 15 Hz, the MRD starts from zero at the M point, and then it 

increases quickly along the line and finally drops as the distance increases. 

However, when the frequencies of the two sources are different (left source with 

15 HZ, right source with 25 or 5 HZ), the MRD starts at a large value at M point 
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frequencies would not affect the MRD too greatly, as the wave field considered is 

large enough. 

An illustrated model of the investigated wave field under three different 

energy sources is shown in Figure 3.6. A study case with three energy sources is 

investigated. In the space, the three energy sources forming a plane (source 

plane) are assumed to be in the i-j plane. In the EOR application, the energy 

sources are always in the ground, which has distance from the reservoir. For the 

sake of clarity, consider the vibration of a randomly selected particle P in a plane 

parallel to the source plane.  

 

Figure 3.6   Skeleton illustration of the multiple energy sources for the case study 
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(a) 

 

           (b) 
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(c) 

Figure 3.7 Maximum relative displacements caused by shear wave (a), 

compressional wave (b), and the combination of the two waves (c) on the parallel 

plane 50 m away from the plane containing three energy sources  

It is defined in the numerical calculations that the net vibration caused by 

all the shear waves is perpendicular to the vector determined by equation (3.37), 

which represents the net vibration caused by all the compressional waves.  Also, 

is perpendicular to the vector determined by equation (3.37). Therefore, 

 can be determined as the intersection line of the plane perpendicular to 

(( ) , ( ) , ( ) )j j ja a i b b j c c k= − − −jz - z
 

 and another plane perpendicular to the vector 

in equation (3.37). 

Γ
j(z - z )

Γ
j(z - z )
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In performing the calculations for the maximum relative displacements, a 

time interval from 300 to 700 s is considered. The frequencies of all the wave 

sources are set as (7.5Hz, 10Hz, 10Hz), and the amplitudes of the wave sources 

are the same, with the given three sources composing an equilateral triangle with 

the vertexes at (-300, 0, 0), (0, 300 3 , 0), and (300, 0, 0). 

Figure 3.7 shows the maximum relative displacements of the particles in 

the circular region contained in the source plane. The radius of the circular region 

considered is 1000 m. The center of the circumcircle of the equilateral triangle is 

(0, , 50), which is also the center of the circular region considered.  

Figure 3.7a illustrates the maximum relative displacements due to the shear 

waves from the three sources, Figure 3.7b corresponds to the compressional 

waves, and Figure 3.7c shows the maximum relative displacements under the 

joined effects of the shear and compressional waves. The MRD of the shear 

wave is a little bit larger than that of the compressional wave. It should be noted 

that the maximum relative displacements shown in Figure 3.7c are the scalar 

quantities of the vector sum of the two types of vibrations shown in Figures 3.7a 

and 3.7b, as the two vibrations are perpendicular to each other. As expected, the 

maximum relative displacements are the largest at the area corresponding to the 

sources and decrease rapidly as the distance between the sources and the 

particle considered increases. In terms of the maximum relative displacement 

contours, the vibration caused by the shear wave fluctuates more in comparison 

with that of the compressional wave. The magnitude of the wave response is also 

100 3
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larger under the shear wave compared to that of the compressional wave, and 

the combined wave reflects the superposition of both compressional and shear 

waves.   

The advantage of implementing multiple energy sources can also be seen 

in the cases of three energy sources in considering the vibrations of the particles. 

Consider  three sources located at the vertaxes of an equlateral triangle as 

shown in Figure 3.7 and the single souce located at the center of the triangle 

(0,100 3,0) . The maximum relative displacements generated by the waves of the 

three sources are illustrated. To clearly demonstrate the effects of multiple 

energy sources, cirlular regions of 3000 m in radius with center (0,100 3,1000)  

were investigated in a parallel plane 1000 m away from the source plane. The 

frequencies of all the wave sources are all set at 10 Hz. The 2-D projection view 

is used to compare the MRD of the single source and multiple sources. In all 

three figures, the blue areas in the figure represent the areas in which the 

maximum relative displacements generated by the three sources are larger than 

that of the single source. Other areas are plotted in red. 
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(a) 

 

            (b) 
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(c) 

 

Figure 3.8 Comparison of maximum relative displacements (a) by the 

compressional wave, (b) by the shear wave, (c) by the superposed wave of one 

and three energy sources in a parallel plane 1000 meters from the source plane 

The compressional wave response in Figure 3.8a shows a very regular 

symmertical pattern. The multiple sourcs domain is the small triangular central 

area surrounded by the single source domain area exhibted as a 6-legged 

starfish shape. The multiple sources also take up some individual parabolic areas 

beyond the single source-dominated area.  The shear wave response in Figure 

3.8b shows a different symmertical pattern with a greater area of the detected 

circle dominated by the multiple sources, especially in the central part.   The 
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maximum relative displacements of the multiple energy sources that dominate 

over the effects of the single source are within a significanly larger blue area.  

The superposed wave in Figure 3.8c illustrates that the wave response 

exhibits supperposition characteristics by both shear and compressional waves. 

The central pattern is more like a compressional response while the other 

extended area shows a similar pattern to a shear wave.  The single wave effect 

also takes over certain areas of the circular region as the radius of the circle 

approaches infinity. However, the area dominated by the multiple energy sources 

is still larger than that of the single source.  

 

Figure 3.9  Comparison of the ratio of the multiple sources-dominated area 

over a sphere of a given radius  
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For the same given multiple sources and single source, as in Figure 3.8, 

Figure 3.9 provides a more quantitative comparison of the ratio of the area 

dominated by multiple sources vs. the radius for the shear wave effect (dashed 

line), the compressional wave effect (solid line), and the superposed wave effect 

(dashed dot line) in a whole sphere domain with a 3000 m radius whose center  

is (0,100 3,0) . As can be observed, all the curves reach 50% at the radius with 

3000 meters; thus, it can be demonstrated that multiple energy sources will 

dominate the larger area under all the waves when the radius of the sphere 

becomes large enough. 

Specifically for the shear wave, the area dominated by the multiple energy 

sources rises up quickly to around 70% as the radius of the sphere increases to 

about 130 meters. After this, it increases slightly more to 80% and then slightly 

drops down to a stable value at 75% when the sphere radius increases. Before 

the sphere radius increases to about 150 meters, both compressional and 

superposed waves stabilize at 0, which means the single source takes control in 

the area close to the sources. However, the multiple energy sources exert 

greater influence at increasing distances from the center. As the radius increases, 

both curves rise quickly at first and then gradually reach to a peak limit at about 

62% for the superposed wave and 52% for the shear wave. This could indicate 

that although the superposed wave shares a more similar ratio pattern to the 

compressional than the shear wave, the superposed wave does produce a larger 

wave response than the compressional wave.    
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This can also show that MRD under all the waves will eventually reach a 

stabilized value after the radius becomes large enough. Because the energy 

sources cannot be set up close to an oil reservoir in the field, Figure 3.9 indicates 

that multiple energy sources are more efficient in both theory and practical 

application. 

3.6  Conclusions 

The behavior of wave motions in a non-viscous fluid-saturated elastic, 

isotropic and homogeneous porous medium was analyzed under the excitation of 

multiple point energy sources. With Biot’s theory, implementing the methodology 

developed in this research, the vibrations created by the waves from point 

sources in the porous media considered can be quantitatively analyzed with 

respect to the displacements in between the fluid and solid of a porous medium. 

In spherical coordinates, the relative displacements and the maximum relative 

displacements between the fluid and solid can, therefore, be quantified for both 

the shear and compressional waves. The superposed waves of shear and 

compressional waves are embodied as well. Such a methodology is not seen in 

current literature. The multiple energy sources model shows high efficiency and 

effectiveness compared to a single source for practical applications.  
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CHAPTER 4 SPHERICAL WAVE 

ATTENUATION UNDER MULTIPLE ENERGY 

SOURCES IN VISCOUS FLUID-SATURATED 

ELASTIC POROUS MEDIA 

4.1  Introduction 

In this chapter, to analytically describe the full wave behavior excited by 

multiple point energy sources in a porous medium with viscous fluid, the 

compressional wave displacement function was developed in spherical 

coordinates based on Biot’s Theory. In addition, a modified shear wave model 

based on Sahay’s (2008) theory was developed for better describing the dynamic 

behavior of shear waves in viscous fluid.  It was found that the slow shear wave 

vanished rapidly close to the wave source in the unbound porous medium and 

the fast shear wave had high attenuation, which leads to the same conclusion as 

Biot. Therefore, due to the high attenuation of the shear waves, the superposition 

characteristics under multiple sources are considered mainly for compressional 

waves under the multiple energy source models. Many advantages of multiple 

sources over a single source have been demonstrated, such as that multiple 

energy sources can produce a larger relative displacement than single sources. 

Other advantages of multiple energy sources over a single one are theoretically 

demonstrated in wave direction control and magnitude adjustment. Because of 

the viscosity involved, the frequency becomes critical in affecting the wave 
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magnitude under given multiple sources, and this effect has been demonstrated 

as well. 

4.2  Governing Equation for Compressional and Shear Wave 

This section focuses on the development of the compressional and shear 

wave displacement differential equations for an elastic solid containing a viscous 

fluid. The compressional wave equations are based on Biot’s theory (Biot 1956a, 

1956a, Berryman 1985, Gurevich 1999, Wang et al. 2007, 2009, White 1975), 

which allows the further measurement of the relative displacement between the 

solid and fluid. The shear wave equations follow the analysis of modified stress-

strain relations in a fluid-containing, porous elastic solid proposed by Sahay 

(2008). 

In Biot’s theory, the wave equations in the low frequency range are derived 

based on the following assumptions: the relative motion of the fluid in pores is 

laminar viscous and incompressible; the pore size of the material is geometrically 

small in comparison with that of the unit solid-fluid element; and the flow is 

through a constant circular cross-section that is substantially longer than its 

diameter, which requires the wavelength of the wave travelling in the porous 

medium to be much larger than that of the unit element itself. Under these 

assumptions, the governing equations of wave propagation with friction have 

been shown to be (Biot 1956a): 

                            (4.1a)         

2
2

11 122[( ) ] ( ) ( )e b
t t

ε ρ ρ∂ ∂
∇ +∇ + + = + + −

∂ ∂
u u U u UN A N Q

http://en.wikipedia.org/wiki/Viscous�
http://en.wikipedia.org/wiki/Incompressible�
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                                          (4.1b)   

where u and U are the displacement vectors of the solid and fluid, respectively, 

and e  and ε  are the volume strains of the same solid and fluid, respectively. The 

coefficients 11ρ , 12ρ  and 22ρ  are density coefficients that take into account the fact 

that the relative fluid flow through the pores is not uniform. These parameters can 

be expressed as 11 (1 ) sρ φ ρ= − , 22 fρ φρ= , and 12 ( 1) fρ α φρ= − − , where sρ  and fρ  

are the mass densities of the solid and fluid, respectively, and φ  is the porosity of 

the porous medium.  

A  corresponds to the familiar Lame coefficients in the theory of elasticity, where 

N  represents the shear modulus of the material. The coefficient R  is a 

measurement of the pressure on the fluid required to force a certain volume into 

the aggregate while the total volume remains constant. Q describes the coupling 

between the volume change of the solid and that of the fluid. The coefficient b is 

related to Darcy’s coefficient of permeability k by 
2

b
k
µφ

= . By solving the 

governing equations in Equations (4.1a) and (4.1b), Biot presented the wave 

expressions in the form of volume strain. However, these expressions cannot be 

directly used to quantify the displacement field in a three-dimensional domain. To 

describe the displacement field, the equations for the propagating waves need to 

be revised so that the displacements of the fluid and solid can be expressed 

separately and quantified by the governing equation. By applying the Helmholtz 

2

12 222[ ] ( ) ( )e b u U
t t

ε ρ ρ∂ ∂
∇ + = + − −

∂ ∂
u UQ R
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decomposition to the displacement vectors of the solid and fluid of a porous 

medium, the general form of the governing equations can be derived. Specifically, 

applying Helmholtz decomposition to the displacement vectors of the solid and 

fluid of a porous medium, the expressions for compressive wave can be given as 

follows:  

              
2

2
11 122( ) ( ) ( )s f s f s fb

t t
ϕ ϕ ρ ϕ ρ ϕ ϕ ϕ∂ ∂

∇ + = + + −
∂ ∂

P Q                         (4.2a)                    

            
2

2
12 222( ) ( ) ( )s f s f s fb

t t
ϕ ϕ ρ ϕ ρ ϕ ϕ ϕ∂ ∂

∇ + = + − −
∂ ∂

Q R                           (4.2b)                           

with the definition P = A+ 2N . In the equations, the subscript s represents the 

displacement of solid; f represents the displacement of the fluid. 

To develop wave equations in the form of displacements for the P-wave, 

take the gradient operation to equations (4.2a) and (4.2b). Letϕ  be a general 

scalar displacement potential andu  a displacement for the compressional wave.  

The displacement vectoru , for the compressional wave, is merely related to the 

scalar potential. Hence, the displacement equation for a compressional wave can 

be given in general Laplacian operator form as the following: 

   
2

2
11 122( ) ( ) ( )b

t t
ρ ρ∂ ∂

∇ + = + + −
∂ ∂

u U u U u UP Q                                            (4.3a)       

   
2

2
12 222( ) ( ) ( )b

t t
ρ ρ∂ ∂

∇ + = + − −
∂ ∂

u U u U u UQ R                                           (4.3b) 
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Under Biot’s equations, for a shear wave, the magnitude of rotation is 

denoted as v , which is only related to the vector potential as = ∇×vψ . To 

develop the displacement equations for a shear wave, adding the curl operation 

to the former equations (4.3a) and (4.3b) for a shear wave, the displacement 

equation for shear wave can then be given by 

           

2
2

11 122 ( ) ( )b
t t

ρ ρ∂ ∂
∇ = + +

∂ ∂
v v V v - VN                                           (4.4a)                                                                                

           

2

12 2220 ( ) ( )b
t t

ρ ρ∂ ∂
= + −
∂ ∂

v V v - V                                                  (4.4b)                

where v  is the solid magnitude of rotation and V  is the fluid magnitude of 

rotation. 

However, in the recent literature, many researchers think Biot’s framework is 

not sufficient to describe the dynamic propagations since it omits bulk and shear 

viscous-loss mechanisms within the pore fluid. This occurs because the fluid 

strain-rate term is not incorporated into its constitutive relation. Therefore, only 

fast shear waves are detected, and slow shear waves appear not to propagate in 

Biot’s theory. In this work, Sahay’s model was employed to fully describe the 

shear wave model in porous media with viscous fluid under a modified 

constitutive relation. Specifically, the displacement equation for the shear wave 

can be given as follows when the modified constitutive relation is considered: 

                    
2

2
12 122 [( ) ] [ ]s bt t

µ φρ ρ ρ∂ ∂
∇ = − + +Λ −

∂ ∂
v v V v V                          (4.5a)                                     
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2

2
12 122[( ) ] [ ( ) ] [ ]f f bv

t t tµα η η ρ ηρ ρ∂ ∂ ∂
∇ − + = + − −Λ −

∂ ∂ ∂
v V v V v V         (4.5b)                     

where the exact forms of the parameters are given as in the nomenclature. 

4.3  The Solutions of Compressional and Shear Wave Equations 

with Low and High Fluid Viscosity under Spherical Coordinates 

To establish a 3-D model with a point energy source, it is convenient for the 

governing equations and corresponding solutions to be expressed in spherical 

coordinates. Since the porous medium considered is isotropic and homogenous, 

the pure elasticity characteristic can lead to the wave propagation being 

expresses solely with the radius, r. Therefore, the governing equations for a 

compressional wave can result in 

        
2 2

11 12 11 122 2 2

2 1( )( ) ( ) ( )
c

b
r r r V t H t

σ σ γ γ∂ ∂ ∂ ∂
+ + = + + −

∂ ∂ ∂ ∂
u U u U u U                         (4.6a)                                         

        
2 2

12 22 12 222 2 2

2 1( )( ) ( ) ( )
c

b
r r r V t H t

σ σ γ γ∂ ∂ ∂ ∂
+ + = + − −

∂ ∂ ∂ ∂
u U u U u U                         (4.6b)        

where the same parameters are followed as those introduced by Wang(2007, 

2009).  

To quantify the solid and fluid behavior more accurately, wave propagating form 

is assumed as below in terms of displacements:  

                                     
( )p pi l r tAC e

r
ω− +=u                                        (4.7a)     
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( )p pi l r tBC e

r
ω− +=U                                       (4.7b)                               

where C  is the amplitude of the wave source, A  and B are parameters related 

to the material properties of the solid and the fluid, pl  is the wave number of the 

compressional  wave, and  r  is the distance from the point in space under 

consideration to the source. In these equations, ( )p pl r tω− +ie  designates the time of 

the harmonic wave, 1= −i  is the complex unit, and pω  is the frequency of the 

wave.  

Next, phase velocities for waves traversing the porous medium are derived. 

The following equations can be obtained by substituting (4.7a) and (4.7b) into 

(4.6a) and (4.6b): 

     

2
2

11 12 11 122

( )
( ) ( ) ( ) ( )p

p p
c

i bl A B r A r B i A B
V H
ω

σ σ ω− + = + − −                        (4.8a) 

         

2
2

12 22 12 222

( )
( ) ( ) ( ) ( )p

p p
c

i bl A B r A r B i A B
V H
ω

σ σ ω− + = + + −                       (4.8b)             

By setting 
2

2
2

p
c

p

l
Vς

ω
=

, 
and by solving the above equations following the same 

procedure as in Han (2012), two phase velocities can be obtained:  

                                    
0.5

1 1/ Re( )l
p cV V ς=                                                 (4.9a)                                                  

                                        

0.5
2 2/ Re( )l

p cV V ς=
                                               

(4.9b)           
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The high velocity compressional wave will be designated as the 

compressional wave of the first kind and the low velocity wave as the 

compressional wave of the second kind. For shear waves travelling in a porous 

medium containing a viscous fluid, the solutions for equations (4.5a) and (4.5b) 

under the spherical coordinate can be given as follows: 

                                 
i( )s sl r tAC

r
ω− += ev

                                                  
(4.10a)

                                                                    

                                 
( )s sl r tBC

r
ω− += ieV                                                   (4.10b)                                                                 

where C is the amplitude of the wave propagating in a solid, A reflects the elastic 

property of the solid, sl  is the wave number, and r  is the distance from the 

considered point in space to the source. In these equations, ( )sl r−ie designates the 

time factor of the harmonic wave, 1= −i is the complex unit, and sω  is the 

frequency of the wave. 

Substituting solutions (4.10a, b) back to equations (4.8a, b), the slow shear 

phase velocity then can be derived as 

                                 
0.5

1 1/ Re( )l
s SV V z=

                                                 
(4.11a)

                                                                    

                                 
0.5

2 2/ Re( )l
s sV V z=                                                 (4.11b)                                                                 

where the exact form of z  and its derivation process are shown in the Appendix 

A. 
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Although two kinds of shear waves are obtained in this case, as the second 

shear mode turned into a process no longer non-propagated by including the 

fluid strain-rate term in the Biot constitutive relations, the slow shear wave is of 

no practical consequence in the infinite homogeneous and isotropic porous 

medium considered here. Because the energy pumped into the slow shear wave 

process dies off almost in the near neighborhood of its source region (Sahay 

2008), only the characteristics of the fast shear wave will be investigated for 

further study. 

The attenuation of the compressional and shear wave will be demonstrated 

at first in a numerical case under the given parameter values in Table 4.1. The 

velocity changes vs. permeability and velocity changes vs. viscosity are 

investigated.  

Table 4.1 Properties of the porous medium 

φ
 

sv
 

sµ  fK  sρ  fρ  1C C
 

0

.246 

0

.29 

3.45

GPa 

2.4G

Pa 

2630k

g/m3 

1000 

kg/m3 

1.

168 
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Figure 4.1  Phase velocity changes with permeability of the compressional wave 

at different frequencies 
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Figure 4.2 Phase velocity changes with viscosity of the first kind of compressional 

wave at different frequencies  

Firstly, the impact of fluid viscosity on compressional wave propagation 

velocity was investigated. Figure 4.1 is about the propagation velocity of 

compressional waves under varied frequencies with three different permeability. 

Figure 4.2 is about the propagation velocity of compressional waves under varied 

frequencies with three different viscosities. As observed in the figures, the 

compressional wave velocity is sensitive to viscosity and frequency only in a 

narrow neighborhood of the Biot critical frequency (Biot 1956a). As the frequency 

becomes two orders of magnitude smaller than the Biot critical frequency, the 

compressional wave velocity asymptotically reaches to its zero frequency value, 

and, practically, it is no longer sensitive to frequency or viscosity/permeability. 

Typically, for reservoir rocks, a physically plausible value for permeability spans 

from .1 Darcy to 10 Darcy. Accordingly, for such rocks, the Biot critical frequency 

is determined by for low viscosity and high viscosity fluid, respectively.  
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Figure 4.3  Attenuation coefficient of shear wave versus frequency under three 

different viscosities 

In Biot’s theory, the high attenuation of the shear wave has already been 

studied. The procedure to determine the attenuation of a fast rotational wave 

determined by wave number was carried out as in Biot (1956a). Three different 

viscosities were set at the same values as in the former case of the first kind of 

compressional wave. The non-dimensional attenuation coefficient is plotted 

above for three given different viscosities. It can be observed for all the cases 

that the shear wave has a strong attenuation coefficient, which increases with the 

frequency. For the case with smaller viscosity (viscosity is 2cp), the attenuation 

coefficient is expanded in a smaller range from zero to 0.04 than of the case with 

larger fluid viscosity from 0 to 0.09 (viscosity is 120 cp), which is in accordance 
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with the results obtained in Biot (1956a), Gurevich (2002), and Vasheghani et al. 

(2009). 

4.4  Development of Relative Maximum Displacement under 

Multiple Energy Sources 

The relative displacement under compressional waves from multiple sources 

is developed herein. In addition, we consider the impact of using multiple energy 

sources for fluid mobilization. The compressional wave from one of the multi-

energy sources, denoted as source j, can be expressed in terms of displacement 

vectors as shown below: 

        

( )( , ) Re[ ]p j j p ji l r tj
j

j

AC
r t e

r
ω− +

 
 =
  

j

j

z - z
u

z - z
                                           (4.12a)                                                                                                               

         

( )( , ) Re[ ]p j j p ji l r tj
j

j

BC
r t e

r
ω− +

 
 =
  

j

j

z - z
U

z - z
                                          (4.12b)                                                                                                         

where ( ) , ( ) , ( )j j ja a b b c c= − − −
  

jz - z i j k , jC is the magnitude of the wave 

generated from the jth source, and A and B are parameters related to solid and 

fluid material properties.  

In vector form, the net vibration displacement can be expressed in two ways:   

For a solid,      
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, , ,

1 1 1 1
( , ) ( , ) ( , ) ( , )

n n n n

j j j j j
j j j j

r t r t r t r t
= = = =

= + +∑ ∑ ∑ ∑  
i j ku u u u

                            (4.13a) 

For a fluid,      

          
, , ,

1 1 1 1
( , ) ( , ) ( , ) ( , )

n n n n

j j j j j
j j j j

r t r t r t r t
= = = =

= + +∑ ∑ ∑ ∑  
i j kU U U U

                          (4.13b)
                                         

At a given location corresponding to a certain time t, the vector expression of the 

relative displacement, defined as u-U , between the solid and fluid caused by 

different waves from multiple energy sources can be given as follows:  

  

( )

2
1

( ) Re[ ]
( ) ( - ) ( - ) ( - )

p j j p ji l r tn
j j j

p j j j
j j

A B C e
t a a b b c c

r

ω− +

=

−
 = + ∑

  
+RD i j k         (4.14)              

For a case in which k multiple energy sources are required to reach a relative 

displacement with ,i jΜ Ν
 

, and kΙ


 along each direction, the following equation 

results: 

                            

1
1 1

2
1 1

1 1

,...,

,...,
...

, ,...,

k k

k k

k k
k

ABC a a C a a
AB

C b b C b b

C c c C c c AB

  − − Μ      − − = Ν       Ι − −     

                             (4.15)   

           where 0iAB ≥ . As the root of this algebraic equation, 1 2( , ,..., )kC C C , 

can be solved, then the amplitude of each wave source can be obtained. 
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4.5  Numerical Simulation 

Propagation characteristics of a dual-source system were studied where the 

two sources emit waves at different frequencies. The two point sources are 

located at 0, 0x y= =  and 150, 0x y= =  respectively. The source at (0, 0) emits 

waves at 15Hz and the source at (150, 0) emits waves at 45Hz. To ensure a fair 

comparison, the energy from the energy sources is the same under both multiple 

and single source models. In the multi-source case, energy is evenly distributed 

among each source, which can be realized by simply adjusting the amplitude of 

the wave from the sources since energy is only related to amplitude. The relative 

displacement is the vector difference between the fluid and solid wave 

amplitudes, which are always the key factors used to analyze the wave character 

(Ciz and Gurevich 2005). Figures 4.4 to 4.5 show the non-dimensional relative 

displacement amplitudes (u -U) / u  along a line connecting the two point sources. 

As can be seen, wave amplitudes decrease with increasing distance from the 

point energy source. Moreover, the amplitude of the combined wave in a steady 

state follows the vector summation of the amplitudes of the two waves. Due to 

the constructive and destructive interference of the waves, the wave response 

from a dual-source system is vastly different from that of a single source system.  
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Figure 4.4 The relative displacements along the connecting line at a given time 

 

    Figure 4.5 The maximum relative displacements along the connecting line 
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In Figure 4.4, the curves labelled “left” and “right” represent the wave 

responses of a single point source at (0,0) and (1500,0), respectively. These 

curves are contrasted with the curve labelled “combination,” which represents the 

wave responses of the dual-source system. As shown in Figure 4.4., the relative 

displacement under two sources is larger than that under a single source, which 

illustrates the significance of the multiple sources model, as it could produce 

larger relative displacement between the solid and fluid with the same total 

energy as that of a single source.  

In practice, it is the maximum relative displacements between the solid and 

fluid portions of porous media over time that affect the mobilization of the fluid. 

Therefore, the maximum relative displacement is the main focus of this research. 

In performing the calculations for the maximum relative displacements, a time 

interval from 5 to 30s was considered. The maximum relative displacement over 

this time span is plotted in Figure 4.4. As before, the advantage of the multiple 

sources model is displayed by the fact that the maximum relative displacement 

under two sources is larger than that under a single source. While the dual-

source model is illustrative, for real applications in 3-D space, a deeper insight 

into the 3-D wave propagation behavior is necessary. For the purpose of 

simulation, the three energy sources forming a plane are positioned on the x y−
   

plane (same plane as the i j−
 

 plane in section 3). In practice, it is likely that the 

wave energy sources are located above ground for feasibility and economic 

consideration while the oil reservoir is underground thousands of meters away 

from the sources. For the purpose of simplification, a circular region parallel to 
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the plane containing the three energy sources was considered. The distance 

between the plane containing the circular region and the plane containing the 

energy sources plays a key role in the magnitude of vibrations of all the particles 

within the region.  

For illustration purposes, a circular region parallel to the plane containing the 

three energy sources is shown in Figure 3.6. The vibration of a randomly 

selected circle was considered in a parallel plane 2000 m from the source plane, 

which contains three energy sources located at (-300, 0, 0), (0,300 3 , 0), and 

(300 , 0, 0), respectively. The corresponding frequencies of the energy sources 

were chosen to be 10Hz, 15Hz, and 20Hz for illustration purposes. The 

amplitudes of the wave sources are set at 1 m. The radius of the circular region 

considered is 1000 m, and the center of it is (0, 100 3 , 2000), as it is the 

corresponding point of the center of the three sources.  

The following figure 4.6 plots the wave response generated from the three 

energy sources. Figure 4.6 illustrates the maximum relative displacement 

generated from the compressional wave under the above given sources in a 

porous medium with viscous fluid. There are three peak waves in the wave 

domain, which reflects the superposition characteristics. Compared to the wave 

effect under non-viscous fluid, the compressional wave effect in viscous fluid is 

not very smooth and has fluctuations reflecting the superposition characteristics 

even in each wave peak.   
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Figure 4.6  Compressional wave effect in viscous fluid under three sources in a 

parallel plane 2000 meters from the source plane 

Subsequently, the effects of waves caused by multiple energy sources were 

compared to the effect caused by a single energy source through the use of the 

established wave model. To perform the numerical calculations with the model 

established in the former section, the total energy emitted by all of the sources 

was kept constant regardless of the number of sources. The single source is 

located at (0,100 3,0)  (i.e., the center of the three multiple sources).  The 

amplitudes, velocities, and frequencies of the multiple wave sources are the 

same as those given above. In all of the comparison figures, the blue areas 

represent the areas in which the maximum relative displacements generated by 
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the three sources are larger than that of the single source. Areas where this is 

not the case are plotted in red. 

Figure 4.7 shows wave responses under the compressional wave. The area 

dominated by the single source has a near-symmetrically irregular pattern. 

However, it is apparent that the two parts are not perfectly matched, as they 

possess slight differences in certain areas. This variance is caused by 

differences in the given wave frequencies. Furthermore, in the considered 

circular region, the maximum relative displacements of the multiple energy 

sources that dominate over the effects of the single source are shown by a 

significanly larger blue area. It can be anticipated that the area where the multiple 

energy source dominates will grow significantly as the circular region increases. 

However, there is a clear boundary where the single wave effect will never 

dominate once the radius surpasses it.  
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Figure 4.7  Comparison of maximum relative displacements in viscous fluid by 

the compressional wave of one (red) and three (blue) energy sources in a parallel 

plane 2000 meters from the source plane           

 

Figure 4.8 Comparison of maximum relative displacements of one (red) and three 

(blue) energy sources in a 3000 m radius sphere in viscous fluid by a 

compressional wave 

Figure 4.8 investigates the compressional wave effect in a whole sphere 

domain, with a 3000 m radius whose center  is (0,100 3,0) . It can be further 

demonstrated and observed that multiple energy sources dominate the greatest 

area. Specifically, the area dominated by the single energy source spreads out 

as the radius of the sphere increases.  
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As analyzed above, changes in frequency create variations in the magnitude 

of the wave response. For further clarification, as shown in the following figures, 

the maximum relative displacement change over varied frequencies under two 

given sources is detected, where the color bar is used to represent the 

magnitude of the maximum relative displacement under the combination wave. 

Figure 4.9 is the wave response under the excitation of two energy sources. The 

two wave sources given in the figures are located at (0, 0, 0) and (1500, 0, 0). 

Figures 4.10 and 4.11 are the responses under the altered frequencies of the 

above two energy sources, with an extra energy excitation located at (750, 

750 3 , 0). The frequency of the third energy source is 50Hz in Figure 4.10 and 

2Hz in Figure 4.11. All of the investigations concerning the impact on the wave 

magnitude by frequency change were conducted on a randomly selected particle 

located at (250,132,100). 
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Figure 4.9   Maximum relative displacements in viscous fluid with different 

frequencies of two wave energy sources at location (250,132,100)  

The varied pattern of the magnitude in Figure 4.9 reflects both diversity and 

regularity. The distribution is symmetrical along the diagonal line of the frequency 

range. The maximum relative displacement reaches close to the peak values at 

most of the detected frequencies, except for those lines indicated by the yellow 

area. The minimum value appears at the intersection of these yellow lines. The 

wave response presents ideal superposition characteristics under multiple energy 

excitations due to the fluctuation of the wave responses.  
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Figure 4.10   Maximum relative displacements in viscous fluid with different 

frequencies of two wave energy sources at (250,132,100) and a third energy 

source with a fixed frequency of 50Hz  

For the detected maximum relative displacement in Figures 4.10 and 4.11, 

the change in magnitude becomes more complex as both wave frequencies 

increase compared to the pattern in Figure 4.9. The maximum and minimum 

magnitudes appear in certain areas, and the pattern continues through the whole 

figure.   

 

 Figure 4.11  Maximum relative displacements in viscous fluid with different 

frequencies of two wave energy sources at (250,132,100) and a third energy 

source with a fixed frequency of 2Hz  
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Comparing the magnitudes of the waves in Figures 4.9 through 4.11, three 

energy sources (Figure 4.10 and 4.11) result in larger wave responses than two 

energy sources (Figure 4.9). In a three-energy-source wave diagram, one source 

has a fixed frequency. The larger given frequency (Figure 4.10) results in a larger 

wave response than the smaller given frequency of the fixed energy source 

(Figure 4.11). Also, the multiple energy sources provide a wider range of wave 

magnitudes than a single source.  

 

Figure 4.12  Maximum relative displacements in viscous fluid  

with different frequencies of three wave energy sources at location 

(250,132,100)  

Figure 4.12 provides a complete view of how the maximum relative 

displacement changes with the alteration of the frequencies of the three energy 
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sources. Under three changed wave frequency from 0Hz to 50Hz, the increased 

maximum relative displacement between fluid and solid is denoted by the 

different colors from green to purple.  The pattern under frequency 1 vs. 

frequency 2 is similar to the pattern under frequency 2 vs. frequency 3, and both 

of them are similar to the pattern in Figures 4.9 through 4.11. Specifically, the 

maximum relative displacement is not affected by frequency 2 but by the other 

frequencies. The pattern under frequency 1 vs. frequency 3 shows the varying 

impacts of both changed frequencies. As the figure illustrates, the entire detected 

frequency region comprises and experiences the irregularity of the magnitude 

changes. For a specific particle in the domain, it also provides the vibrational 

magnitude range caused by the variation of the frequencies. A desired 

magnitude can be determined by selecting the proper frequencies.   

4.6  Conclusions 

The behavior of wave motions in a Newtonian viscous, fluid-saturated, elastic, 

isotropic and homogeneous porous medium was analyzed under multiple 

spherical energy source excitations. A shear model was developed using 

Sahay’s theory, which evaluates the fluid viscosity more precisely, and 

compressional wave development was based on Biot’s theory.   Analytical forms 

of the solutions were introduced in spherical coordinates to demonstrate a 3-D 

wave propagating from a point source. The relative displacement between the 

fluid and solid parts of the medium was then quantified. The attenuation of 

compressional waves and shear waves were studied separately. Due to the high 
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attenuation of a fast shear wave and strong damping of a slow shear wave, the 

superposition characteristic is only considered for compressional waves under 

the multiple energy sources model. The multiple energy source model showed 

high efficiency and effectiveness compared to a single source for practical 

applications.  
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CHAPTER 5 CHARACTERIZING NONLINEAR 

DYNAMIC SYSTEMS WITH PERIODICITY RATIO 

AND STATISTIC HYPOTHESIS 

5.1  Introduction 

The accuracy of the Periodicity Ratio determined by the approach of Dai and 

Singh (1997, 1998) depends on accurate determination of the periodically 

overlapping points in Poincare maps.  

Moreover, the process of determining the overlapping points, necessary for 

quantifying the Periodicity Ratio values, is a numerical approach that relies on the 

dynamic system itself and the computational system together with the numerical 

method used. With the conventional approach introduced by Dai and Singh 

(1997, 1998), therefore, the overlapping points numerically determined always 

have deviations. This may reduce the accuracy of the Periodicity Ratio 

determination and even reduce the liability of some of the results to be used for 

diagnosing the nonlinear behaviors. In order to implement the Periodicity Ratio to 

diagnose the nonlinear behavior of a dynamic system with higher efficiency and 

accuracy, a practically sound improvement is needed to reduce the deviations 

caused in calculating for the overlapping points to be used for determining the 

Periodicity Ratios. It is natural to employ a reliable statistic approach for 

responding to the concerns listed above, thereby, increasing the efficiency and 

accuracy of the numerical procedures, reducing the deviations in verifying the 
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overlapping points, and, therefore, increasing the accuracy and reliability of the 

Periodicity Ratios to be determined. This chapter introduces a statistical 

Periodicity Ratio based on a properly chosen statistical overlapping boundary, 

which can fully determine the accuracy of the computed Periodicity Ratio value.    

5.2  Periodicity Ratio (PR) Method 

The approach of Periodicity Ratio can be used to efficiently identify the 

behaviors of motions for nonlinear dynamic systems. The Periodicity Ratio or PR, 

which is used as an index with values between 0 and 1 inclusive, is determined 

through an examination of the overlapping points in a Poincare map with respect 

to the total number of points generated by the Poincare sections in creating a 

Poincare map. As per convention, it is believed the motion of a dynamic system 

can be classified into four different categories of motion (Dai and Singh 1997, Dai 

2008): periodic motion, nonperiodic motion, chaotic motion, and quasiperiodic 

motion.   

It is widely acknowledged that for a steady state of a periodic motion of a 

dynamic system, the corresponding Poincare map consists of a finite number of 

visible points (Dai and Singh 1997, Nayfeh and Balachandran 2004). In a perfect 

periodic case, all the points in the Poincare map are overlapping points. On the 

other hand, the points in the Poincare map of a chaotic case are distributed in an 

unpredictable manner, which results in no or very few overlapping points in the 

corresponding Poincare map out of a significantly large number of points 

generated for plotting the Poincare map. A quasiperiodic case may also contain a 
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negligibly small number of overlapping points; however, the system in this case 

shows certain regularity and predictability, in contrast to that of a chaotic case. 

Based on the findings of Dai and Singh (Dai and Singh 1995, 1997), the PR 

value of nonperiodic motion, neither chaos nor perfect periodic cases, should be 

less than 1 but greater than 0.  

As per Dai and Singh (Dai and Singh 1995, 1997, Dai 2008), for a complete 

periodic system, there should be a finite number of j points appearing in the 

corresponding Poincare map and all the other points overlap with these visible 

points. The determination of whether or not a point in the Poincare map is an 

overlapping point is based on the following equations: 

                              0 0

0 0

( ) ( )

( ) ( )
ki

ki

X x t kT x t iT

X x t kT x t iT

= + − +

= + − +  
                                                     (5.1)            

where x is the displacement of the system, t0 a given time, k an integer in the 

range of 1 k j≤ ≤ , and T the period of the periodic motion. If n is designated as 

the overall number of points generated for the Poincare map, i in the above 

equation is then an integer satisfying1 i np≤ ≤ . The point ( , )i ix x is regarded as an 

overlapping point of the kth point ( , )k kx x  only if 0kiX =  and 0kiX = .The total 

number of points that overlap the kth point in the corresponding Poincare map can 

be calculated by the following equation: 

                 ( ) ( ) ( ) [ ( ) ( )] 1
n n

ki ki ki ki
i k i k

k Q X Q X P Q X Q Xζ
= =

   
= ⋅ ⋅ ⋅ −   
   
∑ ∑                        (5.2)                                    
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where Q(y) and P(z)  are step functions expressible in the form:    

                 
1, 0 0, 0

( ) , ( )
0, 0 1, 0

y
Q y P z

y
= = 

= = ≠ ≠ 

 if  if z
 if  if z

                                                  (5.3)                                                          

Designating NOP as the total number of overlapping points, the equation 

developed for determining NOP can be expressed by 

                   { }
1

2 1

(1) ( ).
np k

kl kl
k l

NOP k P X Xζ ζ
−

= =

 
= + + 

 
∑ ∏                                       (5.4)                       

If the response of a dynamic system is completely periodic, all the points for 

the Poincare map must be overlapping points and the corresponding NOP in this 

case can be expressed as  

                                               
1

( )
np

k
NOP kζ

=

=∑                                                         (5.5)     

In those cases, overlapping points may not necessarily be periodic points, 

and further determination for periodically overlapping points needs to be 

considered. Consider the kth group of overlapping points among the j groups; the 

time span between the ith point in the kth group and the i+1th point in the same 

group can be defined as  

                                    , , 1 ,k i k i k iT t t+= −                                                            (5.6)                         

and the time span between the i+2th point and the i+1th point is then                     

                                  , 1 , 2 , 1k i k i k iT t t+ + += −                                                         (5.7)                                                                                 
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Consider the kth group among the j groups overlapping points. Assuming 

there are q overlapping points in the kth group, with the above equations so 

defined, the number of periodic points with identical time spans as that of the ith 

and i+1th points in the kth group can be determined by employing the following 

formula: 

                
2 2

, , 1 , , 1( ) ( ) ( ) 1
q q

k i k h k i k h
h i h i

i Q T T P Q T Tξ
− −

+ +
= =

   
= − ⋅ − +   
   
∑ ∑                           (5.8)              

The overall number of periodic points in the kth group can, thus, be calculated by  

                             { }
1 1

, ,
2 1

( ) (1) ( ).
q i

k i k h
i h

k i P T Tφ ξ ξ
− −

= =

 
= + − 

 
∑ ∏                               (5.9)                    

Then, the total number of periodically overlapping points (denoted as NPP) 

among the entire points in the Poincare map is expressible as 

                                                   
1

(1) ( )
j

k
NPP kξ φ

=

= +∑                                      (5.10)            

and the Periodicity Ratio can be defined as  

                                                          lim
np

NPP
n

γ
→∞

=                                               (5.11)         

where NPP is the number of periodically overlapping points or periodic points in a 

Poincare map and n is designated as the overall number of points generated for 

the Poincare map.  
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Based on the definition of the Periodicity Ratio, it can be seen that the PR 

value actually depends upon whether a point generated by a Poincare section is 

overlapping with the others or whether the distance between a point in a 

Poincare map and a visible point in the same map is zero or not. By definition, 

the Euclidean distance between point p1 and p2 is the length of the line segment 

connecting them. In Cartesian coordinates, if 1 1 2( , ,..., )np m m m=  and 

1 1 2( , ,..., )np n n n= , which are two points in Euclidean n-space, then the distance 

between these two points is 

2 2 2 2
2 1 1 1 1

1
( ) ( ) ( ) ( ) ... ( ) ( )1, ,

n

2 1 n n i i
i

d p p d p p m n m n m n m n
=

= = − + − + + − = −∑          (5.12)                   

Therefore, the distance between a point considered and a visible point in a 

Poincare map can be considered as standing for the Euclidean distance defined 

in the same dimension as the given nonlinear dynamical system. Theoretically, 

the distance between two overlapped points should be perfectly zero. However, 

in the actual numerical computation, the numerical solution of a dynamic system 

can only be approximate and errors due to numerical calculation are unavoidable. 

Plus, all the effects of numerical calculation, as described previously, affect the 

distances among the overlapping points. A perfect state of overlapping points 

with zero distance, therefore, rarely exists in practice.  

Based on the numerical simulations performed in this research and those 

reported in the literature (Ueda 1980, Nayfeh and Mook 1989, Nayfeh and 

Balachandran 2004, Dai 2008), several factors may affect the appearance of the 
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computational deviations for the points generated for Poincare maps such as the 

implementation of the numerical method, the essential differences of computers, 

and the computation complexity caused by nonlinear differential systems. 

In order to identify the overlapping points numerically determined, practically, 

one may have to set a tiny area in the vicinity of a visible point (usually the first 

point generated by a Poincare section after the responses of the corresponding 

nonlinear dynamic system become stable). Any point that periodically appears 

and falls in this area can be considered as an overlapping point of the 

corresponding visible point.  

As per the pioneering works of Dai and Singh (1997, 1998), conventionally, 

this tiny area is selected on the basis of comparing the distances of the points 

near a visible point. A small circle of constant radius is then determined to include 

most of the points nearby in the circle and to be used for evaluating all the points 

with respect to all the visible points in a Poincare map. This implies that the 

distance between a visible point and another point needs to be examined. 

Denote 0d  as the distance and designate it as the overlapping boundary where 

0d can then be used as a criterion. If a point examined has a distance from the 

visible point smaller than 0d , it is considered as an overlapping point. For 

numerical calculations, a function ( )C d  can be defined as 

                                             0

0

1,
( )

0,
d d

C d
d d
≤

=  >

 if 
 if 

                                                (5.13) 
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to examine the distances among the points in a Poincare map. However, as can 

be seen from the following sections, determination of the overlapping boundary 

d0 can be challenging in practice. 

       In order to improve the accuracy and reliability of the overlapping points to 

be counted and, therefore, the Periodicity Ratio to be determined, a development 

of a novel approach for calculating the overlapping points on a practically and 

statistically sound basis is, thus, necessary. It should be noted that the statistical 

approach should be a determination for a “nominate point” based on the points 

that periodically appear and with short enough distances from each other, rather 

than the “first visible point” in a Poincare map. The statistical approach should 

also be a determination for all the overlapping points that are within the circle of 

radius 0d  centered at the nominate point. 

5.3  PR Method Determination with Statistical Hypothesis Testing 

The approach with Periodicity Ratio (PR) can be employed to detect 

characteristics of motion of nonlinear dynamic systems that can be classified as 

quasiperiodicity, chaos, periodicity, and nonperiodicity. The characteristics are 

specified by their corresponding PR values, which are determined by the total 

number of periodic points NPP as shown in Equation (5.10).  

For a non-autonomous nonlinear differential system subjected to an 

external source of excitation, a periodic solution of the system may have a period 

that is either a multiple or integer submultiples of the period 2 /π ω , where ω is 
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the frequency of the external source of excitation (Guckenheimer and Holmes 

1983, Nafey and Balachandran 2004). Poincare sections can be used to create 

the points for plotting a Poincare map. The successive points on the Poincare 

section can be denoted as
0 0 0

{ , ,..., ,...}t t T t NTX X X+ + .  

If the system finally leads to a periodic solution, then, after a given period 

of time, all the points of the Poincare map will converge to a finite number of 

individual points, which must have the form 1{ , ,..., }m m m qX X X+ + . These individual 

points in the Poincare map are actually the visible points showing in the map. In 

fact, in this case of periodic response of the system, each of the visible points in 

the Poincare map is actually overlapping with many points periodically appearing. 

In other words, at the steady state of a periodic case, the number of visible points 

in the Poincare map should be a constant and will not change with increase of 

time in numerically simulating the dynamic system and generating the points for 

the Poincare map. The increase of numerical simulation time in this case may 

only increase the total number of points n used for generating the Poincare map, 

but not the visible points. 

Thus, any overlapping point PX in a Poincare map would be a periodic point with 

m lX +   among 1{ , ,..., }m m m qX X X+ + (0 )l m≤ ≤ , if and only if, the following condition is 

satisfied: 

                                                (5.14) 0 0 1

( ( ( ))( ( )) ) 1
q lq l

p h m l h p k m l k
l h k

P P Q X X Q X X
−

+ + + − + −
= = =

 
− − = 

 
∑ ∏ ∏
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5.3.1      Basic Procedure to Propose an Overlapping Boundary 

Detailed procedures of Periodicity Ratio determination and conditions applied 

during the processes of determination are shown in the flow chart in Figure 5.1. 

Following Fisher’s concept (Fisher 1966, Lehmann and Romano 2005), the 

null hypothesis defined in this chapter is a statistical hypothesis that is tested for 

possible rejection under the assumption that it is true (usually those observations 

are the result of chance). The concept of the hypothesis, on the other hand, is 

contrary to the null hypothesis; the observation in this case is the result of a real 

effect.  The hypothesis and null hypothesis need to be set before the test starts. 

After the hypothesis and null hypothesis are set, the number of samples 

required for the test needs to be determined. This is usually a fraction of the total 

population of the samples.  A significance level also needs to be set. The 

significance level, designated as α, is the probability of making a Type I error. A 

Type I error is a decision in favor of the alternative hypothesis when, in fact, the 

null hypothesis is true. A Type II error is a decision to fail to reject the null 

hypothesis when, in fact, the null hypothesis is false.  

A critical value is also needed to set the cut off point for the test statistic. If the 

value of the test statistic computed from the sample data is beyond the critical 

value, the decision may be made to reject the null hypothesis in favor of the 

alternative hypothesis. 
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   Figure 5.1 Procedures of Periodicity Ratio determination 
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 Figure 5.2 Procedures of statistical hypothesis testing 
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          The p-value is a probability that a test statistic at least as significant as the 

one observed will be obtained, assuming that the null hypothesis is true. Whether 

to reject the null hypothesis is based on a comparison of the p-value with the 

significance level set in advance. If the p-value is less than the significance level, 

reject H0. Otherwise, fail to reject H0. 

5.3.2      Testing a Given Overlapping Boundary 

           With the utilization of the overlapping boundary selected, the Periodicity 

Ratios can be tentatively calculated. Correspondingly, as per the PR 

determination procedures described, the states of the motions can be determined 

with the Periodicity Ratios obtained. In other words, a periodic-quasiperiodic-

chaotic diagram corresponding to the Periodicity Ratio determined can be plotted. 

Each point in the periodic-quasiperiodic-chaotic diagram represents a state of 

motion for the dynamic system considered.  

            Those states determined in the incorrect catalogue by the PR index are 

regarded as misjudged states. The statistical hypothesis will be implemented to 

determine the catalogue of the whole population of system states obtained by the 

PR index under given overlapping boundary. The number of states such 

determined may reach a certain percentage (denoted as p percentage here) out 

of the population. The null hypothesis is, therefore, stated as follows: 

• H0: The percentage of misjudged states within all the states obtained 

as per the PR values, based on the given overlapping boundary d0, 

cannot exceed p percentage. Then, a decision must be made as to 

http://mathworld.wolfram.com/P-Value.html�
http://mathworld.wolfram.com/NullHypothesis.html�
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whether to accept or reject the given value d0 as the selected 

overlapping boundary. 

A sample test is necessary, and a statistical decision should be made to 

either reject or accept the Hypotheses H0. In the statistical hypothesis test, a 

critical value k needs to be designed according to the sample and the test 

statistic as well as the required test significance level. If the number of misjudged 

states in the samples selected exceeds the critical value, the original hypothesis, 

the tentative overlapping boundary should be rejected. The actual test 

procedures are as follows:  

• Consider n state samples from the whole population of type-

determined motions obtained per the PR values, which are 

determined on the basis of a given boundary d0.  

• Event A: the number of incorrectly-determined states of motion within 

the sample states obtained per the PR values with implementation of 

a given boundary d0 is greater than k. Practically, event A is equivalent 

to a case in which the number of incorrectly-determined states within 

the samples determined is k+1 or k+2 or k+3,…, or even n. 

• Denote ( )pP A as the probability of the occurrence of event A when the 

percentage of the incorrect determined states of motion of the entire 

population is p . Therefore, ( )pP A  represents the probability of H0 

being rejected.  
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• Denote event jA  as: the number of incorrectly-determined states of 

motion within the samples obtained by the PR values, based on a 

given overlapping boundary d0.  

Denote ( )p k iP A + as the probability of the occurrence of event k iA + when the 

percentage of the incorrectly determined states of motion of the entire population 

is p . As defined in event A, one may conclude the following: 

                                              
1

n

j
j k

A A
= +

=  ,                                                             (5.15) 

                  
11 1

( ) ( ) ( ) ( )
n nn

p p j p j p j
j kj k j k

P A P A P A P A
= += + = +

= = −∑                                 (5.16)                               

Since , , ,…, are mutually exclusive  events, thus 

                                         
1

( ) 0
n

p j
j k

P A
= +

=                                             (5.17)                           

                      
11 1

( ) ( ) ( ) ( )
n nn

p p j p j p j
j kj k j k

P A P A P A P A
= += + = +

= = −∑                          (5.18)   

As the statistical hypothesis involves correct and incorrect diagnoses with PR 

values, to determine the probability Pp(A), a binomial distribution can be 

implemented. Binomial distribution is a discrete probability distribution of the 

number of successes in a sequence of n mutually exclusive yes/no experiments 

that are specific to determining if the states fall in the correct category of motion. 

1kA + 2kA + 3kA + nA

http://en.wikipedia.org/wiki/Discrete_probability_distribution�
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As per Lehmann and Romano (2005), for the binomial distribution, the probability 

of the occurrence of event jA  can be calculated by 

                                                                                   (5.19) 

and it can be proved (Lehmann and Romano 2005)  that  

                 
1

( ) (1 )
n

j n j
p

j k

n
P A p p

j
−

= +

 
= − 

 
∑                                                        (5.20) 

To avoid a high chance of incorrectly rejecting the null hypotheses H0, a 

proper value needs to be assigned to the test significance level α .  Usually, this 

value is chosen as either 0.05 or 0.1 (Lehmann and Romano, 2005). The critical 

value of k can be determined once the binomial distribution is determined 

provided that the probability ( )pP A α=  is known. Also, ( )pP A  relies on the known 

values of p , α , and n. If there are k or more misjudged samples among all the 

samples obtained from the PR values with given overlapping boundary 0d , then 0d  

is not an appropriate overlapping boundary and the null hypothesis should be 

rejected.  

( ) (1 )j n j
p j

n
P A p p

j
− 

= − 
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5.4  Determination of the Proper Overlapping Boundary for the 

Duffing Dynamic System 

The Duffing dynamic system is a popular system in the area of nonlinear 

dynamics. This system is governed by the Duffing Equation in the following form 

(Ueda 1980): 

                                                                                   (5.21) 

where B and k are system parameters relating to energy dissipation and 

amplitude of external excitations, respectively. 

The Duffing system has very rich nonlinear dynamic behaviors within its 

sizeable number of changing parameters.  The conventional tools, such as phase 

diagrams, wave curves, Lyapunov exponents, and Poincare maps are very useful 

in analyzing the behaviors. However, each of the tools may reveal merely one 

state of behavior for specific initial conditions and given system parameters. It 

can be extremely tedious or almost impossible to analyze the global 

characteristics of the system through plotting out all the diagrams or curves, as 

there may be a numerous or almost infinite number of data to deal with if a large 

range of system parameters or initial conditions need to be considered.  

5.4.1    Proposing an Overlapping Boundary  

     For the sake of clear comparison, about the same ranges of system 

parameters used by Ueda (1982) and Dai and Singh (1997, 1998) are used in 

3 cosx kx x B t+ + =&& &
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this section. Specifically, the parameter B is allowed to vary from 0 to 15 with an 

increment of 0.1, and k varies from 0 to 1 by an increment of 0.01. As such, more 

than 15,000 states under different parametric values are to be examined, which 

is the whole population to follow the test to be conducted. 

Denote s0 and v0 as the initial displacement and velocity of the dynamic 

system, respectively. For each state corresponding to the specified system 

parameters and initial conditions, the first 50 cycles are omitted to eliminate the 

perturbation caused by the initial conditions.  Then, 451 cycles are computed to 

determine the PR values of each state of the system.  

For the sake of accuracy of the Periodicity Ratios to be determined, in 

general, the overlapping boundary to be selected must be small enough and 

properly determined to ensure properly accurate PR values to be determined.  In 

the research presented in this chapter, for the performance of the statistic 

hypothesis test, eight different values of 110− , 210− , 310− , 410− , 510− , 610− , 710− , 

810−  were selected as the overlapping boundaries, di. The selection of the 

overlapping boundaries in this range is rather wide, and such selection is for the 

sake of demonstrating the application of the statistical hypothesis approach in 

determining an optimal overlapping boundary. As desired, fewer overlapping 

boundaries can be used in practice. 

For each of the 8 overlapping boundaries selected, PR values were 

determined as per the PR value calculation procedures described previously. 

With the PR values determined, all the characteristics of the motion were 
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diagnosed for the system.  Therefore, 8 different diagnostic results were obtained. 

Figure 5.3 shows the results with respect to the number of states of motion and 

the specific overlapping boundary used. It should be noted that the value of the 

horizontal axis of the figure decreases in a natural logarithmic fashion. The 

numbers shown on the horizontal axis are the absolute values of the exponents. 

 

Figure 5.3  Bar chart for the distribution of different categories of motion under 

different given overlapping boundaries 

The blue portion in the figure represents the number of quasiperiodic cases, 

light blue represents the number of chaotic cases, yellow the number of 

nonperiodic cases, and brown the number of periodic cases among all the motion 

states of the system. As can be seen from the bar chart in the figure, the 

selection of overlapping boundary significantly affects the accuracy of the 

Periodicity Ratios, which intern affects the diagnostic results for the dynamic 

system.  
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Under any given overlapping boundary, the number of periodic states 

occupies the majority of the bar. This implies that periodic responses dominate 

the responses of the system in the ranges of the parameters and initial conditions 

considered. The portion of periodic responses diagnosed is reduced as the value 

of the overlapping boundary decreases. The percentages corresponding to the 

other three types of states increase as the overlapping boundary decreases. 

When the overlapping boundary is smaller than 310− , the portion occupied by 

chaos remains almost constant. When the overlapping boundary is smaller or 

greater than 310− , the percentage of the nonperiodic portion increases 

monotonically. However, the variation of nonperiodic cases is relatively small, 

except when the overlapping boundary becomes extremely small.  

The chaotic portion shifts up when the value of the overlapping boundary 

decreases while the quasiperiodic portion increases. However, the shift rate 

gradually stabilizes as the boundary becomes smaller than 510− . Chaos and 

quasiperiodicity of the system cannot be detected if the overlapping boundary 

used is too large. 

It should be noted that there are cases in which the maximum distances 

between some points in the Poincare map are smaller than the larger overlapping 

boundary but larger than the small boundary. This implies that some points 

previously classified as periodic overlapped points may no longer be considered 

as periodic points when the overlapping boundary becomes smaller. The 

phenomena revealed in the graph are analyzed in details as follows below.  
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When the overlapping boundary selected is too large, some of the chaotic 

points can be mistakenly included in one or all of the other three categories of 

motions. One may imagine, then, that when the overlapping boundary is large, 

more points would be included in a larger circle with the larger overlapping 

boundary as the radius. Therefore, more points would fall into the circle and be 

counted as overlapping points.  This may significantly increase the possibility of 

counting these points as periodic points. As a result, this may mistakenly 

generate some cases of periodic or types of motions other than chaos.  

On the other hand, if the overlapping boundary is too small, fewer 

overlapping points as periodic points would be counted. In this case, some of the 

periodic points may be considered as nonperiodic just because they are slightly 

out of the small circle quarantined by the small overlapping boundary, though 

they appear periodically.  

One may also conclude from the results shown in the graph that most of the 

periodic cases evaluated are very stable. During the numerical simulation, they 

appear precisely periodically, even when the overlapping boundary becomes 

very small. However, some of the periodic points are not as stable. They may 

slightly vary with time, though they also appear periodically. 

When the overlapping boundary is small enough, the chaotic portion of the 

system becomes stable and not sensitive to the variations of the overlapping 

boundary. In chaotic cases, as can be concluded, the dominating portion of the 

points generated from Periodicity Ratio calculation are distributed in a random 
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manner, and periodic points can hardly be detected. This conclusion matches 

with the characteristics of chaotic responses of a nonlinear system. 

Obviously, as can be seen from the discussion above, the overlapping 

boundary should be properly determined as it is critical to the accuracy of the 

Periodicity Ratio. Larger or smaller overlapping boundaries may result in less 

accurate Periodicity Ratios and, in return, lead to inaccurate or even incorrect 

results in diagnosing the characteristics of a nonlinear dynamic system.  

5.4.2   Random Sampling of Different Overlapping Boundaries 

With the utilization of a given overlapping boundary, when the parameter B 

of the Duffing system varies from 0 to 15 with an increment of 0.1 and k varies 

from 0 to 1 by an increment of 0.01, the corresponding PR values are determined 

for the system. The system’s behaviors are then classified to the four catalogues 

of motion to produce the desired population of samples for the test. As 8 different 

overlapping boundaries are considered in association with the 8 groups of PR 

values determined, 8 groups of sample populations can be made available for 

the test. Among each of the sample populations, a proper number of samples 

needs to be selected for each of the four categories of motion. The motions of 

the samples thus selected are then compared to the actual behaviors of the 

system.  

Since there are four different catalogues of motion for the system, namely 

periodic motion, nonperiodic motion, quasiperiodic motion, and chaotic motion, 

one may have to consider how many samples need to be selected from each 
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category of motion to best fulfill the requirements of the statistical hypothesis test. 

Moreover, the samples selected must be highly representative of the specific 

population considered.  

Based on a group of PR values corresponding to a specific overlapping 

boundary, the number of samples in each catalogue of motion can be determined 

from a sample population that has been classified into the four categories of 

motion.  To ensure the appropriate representation of the samples to be used for 

the test, the number of samples of each category of motion is determined based 

on the proportion of each of the four categories of motion to the entire sample 

population considered.  With the present approach, the samples to be used for 

the test are taken from a specific sample population corresponding to an 

overlapping boundary.  For the sake of simplicity and clarity, the number of 

samples to be used for the test is one per cent of the sample population specified. 

The samples are divided into four groups to reflect the four categories of motion, 

and the proportion of the samples of a group to the total samples selected is the 

same as the proportion of the categorized motion to the entire population. 

For a given overlapping boundary di, assume n samples need to be selected 

from the entire population. Designate ,liS  as the number of samples to be used 

for the test corresponding to the lth category of motion. Based on the description 

above, ,liS  can be expressed by the following equations:   

                   1 2 3 4, , ,i i i i
i i i i

nP nQ nC nNPS S S S
TN TN TN TN

= = = =                                   (5.22)                                                       
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where {1, 2,3, 4}l∈ , {1,2,3,4,5,6,7,8}i∈ , and in the equation, 

iP  denotes the number of periodic points under a given boundary id .  

iQ  denotes the number of quasiperiodic points under a given boundary id   

iNP  denotes the number of nonperiodic points under a given boundary id   

iC  denotes the number of chaotic points under a given boundary id   

TN  is the number of the entire population. 

Once the number of samples required is determined, a proper method of 

selecting the samples from the sample population specified with a given 

overlapping boundary needs to be utilized. This section focuses on how the 

samples under each category of motion can be collected with a given 

overlapping boundary. Since the range of B is from 0 to 15, where the increment 

is 0.1, and k ranges from 0 to 1 by an increment of 0.01, the two parameters B 

and k can be considered to follow a uniform distribution of [0:0.1:15] and 

[0:0.01:1], respectively. When the two values of B and k are specified, the system 

is uniquely determined. Obtaining samples of the system means determining the 

samples of the two parameters.  Since the distributions of the two parameters 

can be mutually exclusive, one may firstly select a value for B from its uniform 

distribution [0:0.1:15] and then a value for k from [0:0.01:1].  

For good representation, the samples need to be selected in a random 

manner.  In other words, a proper pair of B and k values needs to be selected 
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randomly. Considering that a range of integers from 1 to 151 can be associated 

with the integers in [0:0.1:15] and 1 to 101 can be associated with the integers in 

[0:0.01:1], a random number can be generated among these groups of integers.  

In fact, the random numbers can be generated by any means of random number 

generator. Since the statistical hypothesis approach presented relies on 

numerical methods for obtaining solutions for the nonlinear dynamic system, the 

random numbers used in this chapter are generated through a package available 

in Matlab.  

Assuming a random integer 1I  is initially generated from [1:151], a specific B 

value denoted as B0 can be determined by 1
0

1
10

IB −
= . Similarly, a specific k can 

be determined as 2
0

1
100
Ik −

= , where 2I is the random integer generated from 

[1:100].  Once the pair ( 0 0,B k ) is determined, the corresponding solution of 

motion is readily available. The overlapping points can then be calculated with a 

given overlapping boundary di. With the overlapping boundary determined, a 

Periodicity Ratio can be calculated corresponding to the Duffing system specified 

by ( 0 0,B k ). With this Periodicity Ratio, the category of the motion specified can be 

diagnosed. One may then count one sample for this category. Consequently, 

with the same procedure, find a solution of the system with a new pair ( 0 0,B k ) 

randomly selected via the same procedures. Utilizing the same overlapping 

boundary, a new Periodicity Ratio is calculated for this solution, and the category 

of motion for this case can be diagnosed. One sample for this category of motion 
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is then counted. This process should be repeated until each and every required 

number of samples, which are determined through the procedures described 

above, are determined for all four categories of motion. The only restriction on 

randomization is that the number of samples of any specific category of motion 

must satisfy the demanding number.   

5.5  Finalizing Overlapping Boundary under Visual Comparison and 

Statistical Quantity Computation 

The most reliable and evidential tools available for visualizing the responses 

of nonlinear dynamic systems are phase diagrams and Poincare maps. With the 

other means, it would be difficult to identify the categories of motion for a 

dynamic system with confidence. For example, the Lyapunov exponent approach 

may be used to comprehensively determine convergence and divergence of a 

motion, but it cannot further classify whether a convergent motion is periodic or 

quasiperiodic.  

For each sample finally determined through the statistical hypothesis tests, 

its corresponding motion can be graphically described by a Poincare map and 

phase diagram. These two types of diagram are convenient for being used to 

identify its actual category of motion. In comparing the actual category of motion 

with that having been determined by the PR values tested, one may easily judge 

whether the category of motion determined by the PR value is correct or not. By 

comparing the total number of samples correctly and incorrectly diagnosed by the 
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tested PR values for each of the 8 groups of samples corresponding to the 8 

overlapping boundaries, an optimal overlapping boundary can be expected.  

Figure 4.4 shows a Poincare map for a case corresponding to the Duffing 

system with 0.6k = and 10.6B = . As per all the 8 PR values corresponding to the 

8 different overlapping boundaries, the samples tested for this case all led to 

periodic motion or the PR values are a straight unity. Indeed, as can be seen 

from this Poincare map and its phase diagram showing in Figure 4.5, the motion 

is a perfect periodic motion. 

 

Figure 5.4 Poincare map at k=0.6, B=10.6  
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Figure 5.5  Phase diagram at  k=0.6, B=10.6 

Another case is shown for the system with 0.15k = and 7.2B = . From the 

Poincare map in Figure 5.6 and its phase diagram in Figure 5.7, this is a chaotic 

case. The PR values obtained for this case are 0.5600, 0.0200, 0, 0, 0, 0, 0, 0, 

corresponding to the 8 overlapping boundaries in the order of 110− , 210− , 310− , 

410− , 510− , 610− , 710− , 810− .  Obviously, this chaotic case cannot be diagnosed if 

the overlapping boundary selected is too large ( 0.01> ). This is not hard to 

understand. As the overlapping boundary used is too large, more points in the 

Poincare map can be counted as “periodic points” although they are not repeated 

periodically with identical displacements and velocities. A small amount of such 

“periodic points” will lead to miscounting. As a result, the chaotic case would be 

counted as a non-chaotic case. 
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Figure 5.6   Poincare map at k=0.15, B=7.2   

 

Figure 5.7  Phase diagram at k=0.15, B=7.2    
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Quasiperiodic motions are the responses of the system that are not perfectly 

periodic but show some regularity and predictability. A quasiperiodic case can be 

identified by Periodicity Ratio together with the Least Square Method or 

Lyapunov Exponent. As an example, a typical quasiperiodic case tested is shown 

in Figure 5.8 and Figure 5.9. When the overlapping boundaries selected are 

extremely large (>0.1), the case is recognized as nonperiodic. In the case in 

which the overlapping boundary is 0.1, the PR value calculated is 0.3950. 

However, when the overlapping boundaries are smaller than 0.1, all the results 

diagnosed are quasiperiodic. 

 

Figure 5.8  Poincare map at k=0, B=7 
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Figure 5.9  Quasiperiodic phase diagram at k=0, B=7 

Nevertheless, in many cases, proper diagnosis of quasiperiodic states 

requires the overlapping boundary to be appropriately small. Such a case is 

shown in Figure 5.10 and Figure 5.11. As can be seen from Figure 5.10, the 

points shown in the Poincare map are localized in a small area, but they do not 

appear as a periodic case. The displacement and velocity may vary slightly each 

time it appears. If the overlapping boundary selected is too large, 0.001id > , the 

case can be counted as perfectly periodic. When the overlapping boundary is 

small enough, as 510id −< , this case can then be correctly diagnosed as a 

quasiperiodic case. 
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 Figure 5.10 Poincare map at k=0.81, B=0.02  

 

Figure 5.11 Phase diagram at k=0.81, B=0.02  
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Non-periodic cases do not include chaos or quasiperiodic motions. They 

certainly show some periodicity but are not completely periodic. The Periodicity 

Ratios of non-periodic motions are between 1 and 0 but never 1 or 0. For many 

non-periodic cases, they can be interchanged with periodic cases, especially in 

the areas of transition, if the overlapping boundary is not properly selected. A 

case of non-periodic motion is shown in Figure 5.12 and Figure 5.13. The PR 

values for this case are found as 1.0000, 0.9600, 0.7600, 0.6200, 0.4867, 0.3733, 

0.2467, and 0.1267 corresponding to the 8 overlapping boundaries selected. 

 

Figure 5.12  Poincare map of a non-periodic case at k=0.37, B=8.9 
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Figure 5.13  Phase diagram at k=0.37, B=8.9 
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Table 5.1  Comparison of samples obtained via the PR values corresponding to 

the eight overlapping boundaries selected. 

110−
 

210−
 

Type(PR) Sample 
number 

Incorrectly-
diagnosed 

Type(PR) Sample 
number 

Incorrectly-
diagnosed 

Q 0 0 Q 1 0 
C 1 0 C 4 0 
P 140 5 P 138 3 
NP 13 11 NP 11 9 
Total 154 16 Total 154 12 

310−
 

410−
 

Type(PR) Sample 
number 

Incorrectly-
diagnosed 

Type(PR) Sample 
number 

Incorrectly-
diagnosed 

Q 2 
 

0 Q 3 0 

C 8 0 C 10 0 
P 136 2 P 132 2 
NP 9 5 NP 10 6 
Total 155 7 Total 155 8 

510−
 

610−
 

Type(PR) Sample 
number 

Incorrectly-
diagnosed 

Type(PR) Sample 
number 

Incorrectly-
diagnosed 

Q 4 0 Q 5 
 

0 

C 10 0 C 10 
 

1 

P 130 1 P 127 0 
NP 11 5 NP 12 7 
Total 155 6 Total 154 8 

710−
 

810−
 

Type(PR) Sample 
number 

Incorrectly-
diagnosed 

Type(PR) Sample 
number 

Incorrectly-
diagnosed 

Q 6 1 Q 6 2 
C 10 0 C 10 0 
P 123 1 P 105 0 
NP 16 1 NP 33 16 
Total 155 3 Total 154 18 
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      Based on the 8 different overlapping boundaries selected, 8 different groups 

of PR values are determined. Each group of PR values is used to diagnose the 

types of motion for the Duffing system. With the PR values so determined, the 

types of motion diagnosed may not necessarily be all correct in comparison with 

the actual motions of the system.  

Among all the samples selected as per the statistical hypothesis tests, there 

is always a certain number of states diagnosed by the PR values correctly 

matching with the actual states of motion and some others are not correct. In 

Table 4.1, all the tested results of motion states are listed corresponding to the 

PR values determined with the overlapping boundaries selected. In the first 

column of each of the 8 groups of test results, Q stands for the quasiperiodic 

states of motion, C the chaotic states, P the periodic states, and NP designates 

the motions of nonperiodic states. In the table, 8 different values of the 

overlapping boundaries utilized for the 8 groups of tests are given.  In the second 

column of each of the 8 groups of test results, the number of samples is 

tabulated for the motions of each of the four categories. The third column shows 

the number of samples whose diagnosed results as per the PR values employed 

are different from the actual state of motion. They are, therefore, the numbers of 

samples that are incorrectly diagnosed corresponding to the four categories of 

motion.   

As can be seen from Table 5.1, 154 or 155 samples were taken for the tests 

from all the states of motion corresponding to each of the 8 overlapping 
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boundaries. It should be noticed that one per cent of samples are taken from 

each type of motion states. As the number of samples must be an integer, the 

total samples used for the tests may vary from 154 to 155 for each group of tests 

corresponding to a specified overlapping boundary.  

As can be seen from Table 5.1, the total number of incorrectly determined 

samples varies from case to case corresponding to the 8 overlapping boundaries. 

This implies that the number of incorrectly determined samples can be minimized 

if a proper overlapping boundary can be identified. It may also be seen from 

Table 5.1, most of the sample tests fall in the first columns, and a significantly 

small number of samples are in the second columns for each of the 8 overlapping 

boundaries used for the tests. This is due to the fact that the overlapping 

boundaries used are fairly small and not too far from the optimal overlapping 

boundary to be determined.  

The actual motion corresponding to an incorrectly-determined sample implies 

that the overlapping boundary used is too small or too larger than the optimal 

overlapping boundary. Based on the data obtained in the tests with diagnosed 

results tabulated in Table 5.1, under some relatively larger overlapping  

boundaries, say the overlapping boundary are chosen as 110− , 210− , 310− or 410− , 

the periodic states incorrectly diagnosed are mainly nonperiodic points in reality. 

Figures 5.14 and 5.15 show a typical example of this case. As can be seen from 

Figure 5.14, the points are not actually overlapping. This implies that the motion 

is not precisely and periodically repeating itself.  
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Figure 5.14  Poincare map of a non-periodic motion at at k=0.09, B=11.9 

A corresponding phase diagram of this case is shown in Figure 5.15. 

Although the phase diagram seems to be a case very close to a diagram of a 

periodic case to the naked eye, there are slight variations observed at the 

localized areas as the curves in the figure are not perfectly overlapping at all the 

places.  Therefore, this case is a case of nonperiodic motion. However, this 

nonperiodic case is fairly close to periodic. As can be seen from Figure 5.14, all 

the points in the Poincare map are localized in a small area of 0.003 0.0015× , and 

the points actually appear periodically as per the tests. This is why the phase 

diagram seems a perfect periodic case to the naked eye. 
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    Figure 5.15  Phase diagram at k=0.09, B=11.9 

Several samples diagnosed as nonperiodic are actually quasiperiodic cases 

if the overlapping boundaries are not properly chosen.  This is shown in Figure 

5.16 and Figure 5.17. Although the phase diagram indicates some similarities to 

a nonperiodic case, there are no periodic points found in the test. 

In performing the tests, there are some other points worthy to be emphasized. 

The incorrectly diagnosed chaotic and quasiperiodic cases are relatively small, 

regardless of the selection of the overlapping boundaries.  This is true since there  
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are very few periodic points for both of chaotic and quasiperiodic cases. 

 

Figure 5.16  Poincare map at k=0.68, B=5.3  

 

Figure 5.17  Phase diagram at k=0.68, B=5.3 
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Most periodic samples are pretty stable. Their states of motion will not change 

with change of the overlapping boundaries. 

Rapid increase of nonperiodic samples is usually an indicator that the 

overlapping boundary used is probably too small. There exists an optimal 

overlapping boundary for a system considered. However, no extremely perfect 

overlapping boundary can be found to exclude all the incorrectly diagnosed 

cases, regardless of how many samples are used and how overlapping 

boundaries are selected for the tests. This is due to the limitations of the 

numerical calculations, the complexity of the dynamic system, the external 

excitation on the dynamic system, duration of the stable motion considered, 

statistical techniques used, and the other factors involved. Also, to apply the 

equations of statistical calculations and the binomial distribution, the percentage 

of incorrectly diagnosed samples and the level of significance must be decided 

beforehand. For the sake of simplification, the percentage of incorrectly 

diagnosed samples is set 1%, i.e., p = 0.01; this implies 99% confidence level. 

With this confidence level, the statistical tests for the overlapping boundary 

determination should satisfy most of the dynamic systems. As per the convention, 

the level of significance used for the Duffing system is 0.05. In other words, the 

significance level should be greater or equal to 0.05.  

Under the conditions and the data provided, a diagram illustrating the critical 

region of a binomial distribution with p = 0.01 is constructed as shown in Figure 
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5.18. The red diamonds in the figure represent the binomial distribution when 

155n =  and the blue crosses denote the binomial distribution when 154n = . 

 

  Figure 5.18  Critical region diagram of binomial distribution 

In the figure, the vertical axis illustrates the probability of the null hypothesis 

H0 being rejected, and the horizontal axis is the k value indicating the critical 

value representing the cut off point for the test statistic. For the practice of the 

statistical hypothesis test in the Duffing system, the probability of hypothesis H0 

being rejected is Pp(A) that can be calculated by Equation 5.19. The index k is 

used as a single value criterion, which determines whether H0 should be rejected 

or not. The combination of the probability and k value determines the properness 

of the selection of the overlapping boundary. This is the advantage of the 

binomial distribution diagram. 

When 0.01p = , the figure provides a clear view regarding the critical region 

for a test significance level of 0.05. As the significance level required is greater or 
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equal to 0.05, when 4k ≥ , the critical region is reached. Accordingly, the 

corresponding hypothesis made in this case should, therefore, be rejected. At 

4k = , the property ( ) 0.0507pP A =  is found as per the previous discussion for the 

number of samples selected. This implies that k should not be greater than 4 to 

avoid the hypothesis being rejected. In other words, if 5 or more incorrectly 

determined states of motion are detected within the limited number of samples, 

the PR values calculated with the boundary selected are not acceptable. From 

Table 5.1, only the test associated with the overlapping boundary of 710− satisfies 

the required k value, so, therefore, this overlapping boundary is optimal among 

all the overlapping boundaries tested, as this overlapping boundary provides 99% 

accurate satisfaction under a level of significance of 0.05 that was set forth 

previously. It should be noted in statistical hypothesis test practice, however, that 

there may be more than 1 overlapping boundary that satisfies the significance 

level and accuracy requirements. In this case, the best overlapping boundary 

should be the optimal one to be accepted.  

From the discussions of the previous two sections associated with the test 

results shown in Table 5.1 and Figure 5.13, one may recognize that the 

Periodicity Ratio assures a fairly high accuracy when periodic motions are 

considered. From the sample data used, at least 99% of the samples that 

assume periodic motions by the PR values are indeed reflecting periodic motions 

in reality. In fact, with the 0.05 level of significance, this conclusion stands even 

for relatively large boundaries (5 incorrectly determined cases out of 140 samples 
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assumed to be periodic with the PR values under an overlapping boundary of 

110− ).  

5.6  Conclusions 

       With employment of the Periodicity Ratio, a statistical hypothesis method is 

used to determine the proper overlapping boundary by which the efficiency and 

accuracy of diagnosing the nonlinear characteristics of dynamic systems are 

improved. The overlapping points in a Poincare map were verified on a 

statistically sound basis by which more complex characteristics of nonlinear 

systems are disclosed. The numerical results generated by the approach were 

compared with those of the conventional approaches, and the distinct 

advantages of the approach were presented.    
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CHAPTER 6 CHARACTERISTICS DIAGNOSIS 

COMPARISON UNDER STATISTICAL PERIODICITY 

RATIO METHOD AND OTHER NONLINEAR DYNAMIC 

DIAGNOSIS METHOD 

6.1  Introduction 

    With the statistical Periodicity Ratio proposed in the last chapter, this 

chapter diagnoses the nonlinear differential system behavior and deeply explores 

more complex transition characteristics of a representative Duffing System. 

Compared to the most popular diagnosing methods, our method has shown more 

accurate results. 

6.2  Principal approaches of nonlinear behavior diagnosis 

6.2.1 Bifurcation Approach 

Bifurcation is widely used in the field of nonlinear dynamics for characterizing 

the nonlinear behaviors of dynamic systems. It indicates the changes in 

qualitative or topological structure solutions of differential equations. More 

technically, consider the continuous dynamical systems described by ordinary 

differential equations such as n nx f x f :λ × →= ( , ),  R R R , where x  represents a 

vectorial variable and λ is a parameter set. A local bifurcation specifically occurs 

at 0 0x λ( , )  if the Jacobian matrix 
0 0xdf λ( , ) has an eigenvalue with zero real parts. For 

http://en.wikipedia.org/wiki/Topological�
http://en.wikipedia.org/wiki/Differential_equation�
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discrete dynamical systems, consider the system 1
n n

n nx f x f :λ+ × →= ( , ),  R R R . 

Then, a local bifurcation occurs at 0 0x λ( , )  if the matrix 
0 0xdf λ( , ) has an eigenvalue 

with a modulus equal to one. A bifurcation occurs when a small smooth change 

made to the parameter values (the bifurcation parameters) of a system causes a 

sudden 'qualitative' or topological change in its behavior. Many bifurcations can 

finally lead to chaos, such as, for example, the consequence of the explosive 

bifurcation is an on-off intermittent transition to chaos and some dangerous 

bifurcation can jump to a bounded or unbounded remote chaotic attractor. A very 

famous finding by Li and Yorke (1993) disclosed a bifurcation with period three, 

which always implies the occurrence of chaos. Figure 6.1 shows an example of 

bifurcation in logistic map: 1n n nx rx (1- x )+ = (May 1976). The bifurcation parameter r 

is the horizontal axis of the plot, and the vertical axis shows the possible long-

term population values of the logistic function. It can be seen from the figure that 

bifurcation may lead to chaos as the value r increases. 

 

Figure 6.1  Bifurcation diagram of logistic mapping 

http://en.wikipedia.org/wiki/Logistic_map�
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With a bifurcation diagram, one may conveniently identify periodic responses 

of a system and evaluate the evolution of the system from simple harmonic to 

multiple periodic cases. However, quasiperiodicity and chaos can hardly be 

identified with mere implementation of bifurcation diagrams. 

 

6.2.2 Fractal Dimension 

      A fractal is "a rough or fragmented geometric shape that can be split into 

parts, each of which is (at least approximately) a reduced-size copy of the 

whole", a property called self-similarity. A mathematical fractal is based on an 

equation that undergoes iteration, a form of feedback based on recursion. There 

are several examples of fractals, which are defined as portraying exact self-

similarity, quasi self-similarity, or statistical self-similarity.  

Because they appear similar at all levels of magnification, fractals are often 

considered to be infinitely complex (in informal terms). An attractor can be 

considered as a set towards which a dynamical system evolves over time. That 

is, points that get close enough to an attractor remain close even if slightly 

disturbed. Geometrically, an attractor can be a point, a curve, a manifold, or even 

a complicated set with a fractal structure known as a strange attractor, which is  

an attracting set that has zero measure in the embedding phase space and has 

fractal dimension.  

Chaotic attracters can be associated with fractals. The phase space of chaos 

can be fractals. The attractors from chaotic systems are known as strange 

attractors, which have great detail and complexity, in comparison with the simpler 

http://en.wikipedia.org/wiki/Shape�
http://en.wikipedia.org/wiki/Self-similarity�
http://en.wikipedia.org/wiki/Equation�
http://en.wikipedia.org/wiki/Iteration�
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http://en.wikipedia.org/wiki/Fractal�
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fixed-point attractors and limit cycles. The curves appear randomly within a 

strange attractor. Both continuous dynamical systems and discrete systems may 

have strange attractors. Strange attractors are considered as the third type of 

formula fractals, in addition to Julia and Mandelbrot sets. The responses of a 

nonlinear system on the strange attractors are usually considered as chaotic 

responses.   

The most appealing way of assigning a dimension to a set that can yield a 

fractal dimension to certain kinds of sets is the capacity dimension 0D  (Nayfeh 

1995). A set of points that lies in a d-dimensional Cartesian space is covered with 

cubes of edge length r. Let rN  be the minimum number of cubes needed to 

cover the set. The process is repeated by successively smaller values of r. The 

capacity dimension 0D can be given by 0 0

ln ( )lim
ln(1/ )r

N rD
r→

=
 
provided the limit exists. 

In the practice of nonlinear characteristics diagnosis, the capacity dimension 

of a limit cycle is considered as one, that of a two-period quasiperiodic orbit is 

two, and that of an m-period quasiperiodic orbit is m. Strange attractor, 0D , 

always takes fraction or non-integer values. For example, the Lorenz attractor is 

a good example of a strange attractor whose capacity dimension is 2.06 ±0.01 

and, therefore, is taken as chaotic system. Due to the definition of the capacity 

dimension, in practice, however, it is not always easy to determine a fractal 

dimension for a system that has a strange attractor.   

 

6.2.3 Lyapunov Exponents 
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       The spectrum of Lyapunov Exponents has proven to be one of the 

practically sound techniques for diagnosing chaotic systems. The Lyapunov 

Exponent is probably the most widely used index in characterizing the behaviors 

of nonlinear dynamic systems. The approach with the Lyapunov Exponent is 

based on the important characteristic that chaos of a nonlinear dynamic system 

is sensitive to initial conditions. Lyapunov Exponents count the average 

exponential rates of divergence or convergence of close orbits of a vibrating 

object in the phase space of a dynamic system (Lakshmanan and Rajasekar 

2003). Wolf et al. (1985) gave a powerful and efficient method for determining 

Lyapunov Exponents from time series. Rong et al. (2002) investigated the 

principal resonance of a stochastic Mathieu oscillator to random parametric 

excitation and gave the conclusion that the instability of the stochastic Mathieu 

system depends on the sign of the maximum Lyapunov Exponent. Lyapunov 

Exponents were also used to analyze the numerical characteristic (Shahverdian 

and Apkarian 2007).  

Lyapunov Exponent is usually determined by experiments or computer 

simulations. The definition of Lyapunov Exponent is associated with a measure of 

the average rates of expansion and contraction of trajectories surrounding a 

given trajectory.  They are asymptotic quantities, defined locally in state space, 

and they describe the exponential rate at which a perturbation to a trajectory of a 

system grows or decays with time at a certain location in the state space. They 

are useful in characterizing the asymptotic state of an evolution (Nayfeh 1995). 

Nayfeh has clearly described the definition of Lyapunov Exponent: 
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Let ( )X t  such that 0( 0)X t X= = represents a trajectory of the system 

governed by the following n-dimensional autonomous system: 

                                                          =F( ;M)x x           (6.1)                                                                    

where the vector x  is made up of n state variables, the vector function F

describes the nonlinear evolution of the system, and M  represents a vector of 

control parameters. Denoting the perturbation provided to ( )X t  by ( )y t  and 

assuming it to be small, an equation after linearization in the disturbance terms 

can be obtained. The perturbation is governed by  

                                                       
( ) ( )dy t Jy t

dt
=                                         (6.2)                                                        

where, in general, ( )xJ D t= F( ;M)x  is a n n×  matrix with time dependent 

coefficients. If we consider an initial deviation (0)y , its evolution is described by  

                                                     ( ) ( ) (0)y t t y= Φ                                        (6.3) 

where ( )tΦ  is the fundamental (transition) matrix solution of Eq. (6.2) associated 

with the trajectory ( )X t . 

For an appropriately chosen (0)y  in Equation 6.3, the rate of the exponential 

expansion or contraction in the direction of (0)y on the trajectory passing through 

0X is given by  

                                                   ( )1lim ln( )
(0)i t

y t
t y

λ
→∞

=                                    (6.4)    
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where the symbol denotes a vector norm. The asymptotic quantity iλ  is then 

defined as the Lyapunov Exponent. There are several different methods to 

calculate the Lyapunov Exponent, such as the whole Lyapunov Exponent, global 

and local Lyapunov Exponent, and Lyapunov Spectrum.  The method of whole 

Lyapunov Exponent, also known as the Maximum Lyapunov Exponent, is 

suitable for the discrete differential system, whereas the Lyapunov Spectrum is 

more suitable for continuous differential systems. The global Lyapunov Exponent, 

on the other hand, gives a measure for the total predictability of a system, 

whereas the Local Lyapunov Exponent estimates the local predictability around a 

given point 0X  in phase space. These different methods in calculating for the 

Lyapunov Exponent can be generally classified into two groups: the ‘Exponents’ 

for the discrete differential systems and the “spectrum” for the continuous 

differential systems.  

Specifically, to obtain the Lyapunov spectrum for a continuous dynamical 

system, a set of n linearly independent vectors 1 2, ,..., ny y y  may form the basis for 

the n-dimensional state space. Choosing an initial deviation along each of these 

n factors, n Lyapunov Exponent ( )i iyλ  can be determined. The set of n numbers  

( )i iyλ  is defined as the Lyapunov spectrum. For system (6.3), n orthonormal 

initial vectors iy  such that 1 2(1,0,0,...), (0,1,0,...),..., (0,0,0,...,1)ny y y= = =  can be 

assigned. For each of these initial vectors, Equations (6.2) and (6.3) can be 

integrated for a finite time fT , and a set of vectors 1 2( ), ( ),..., ( )f f n fy T y T y T  can then 
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be obtained. The new set of vectors is orthonormalized using the Gram-Schmidt 

procedure to produce  

1
1

1

( )
ˆ

( )
f

f

y T
y

y T
=  

… 

                                                
1

1
1

1

ˆˆ( ) [ ( ). ]
ˆ

ˆˆ( ) [ ( ). ]

n
n f n f i ii

n n
n f n f i ii

y T y T y y
y

y T y T y y

−

=
−

=

−
=

−

∑
∑

                 (6.5)         

Subsequently, using ( )fX t T= as an initial condition for Equation (6.2) and 

using each of the ˆiy  as an initial condition for Equation (6.3), Equations (6.2) and 

(6.3) can be integrated again for a finite time and carry out the Gram-Schmidt 

procedure to obtain a new set of orthonormal vectors. The norm in the 

denominator can be denoted by k
jN . Thus, after repeating the integrations and 

the processes of Gram-Schmidt orthonormalization r times, the Lyapunov 

Exponent can be obtained from 

                                            
1

1ˆ ln
r

k
i j

kf

N
rT

λ
=

= ∑                                              (6.6) 

The Lyapunov spectrum can, thus, be determined. 

 

6.2.4 Statistical Periodicity Ratio 

Dai and Singh (1997) proposed an index named Periodicity Ratio (PR), 

which counts the ratio of periodic points among all the points in the Poincare 

map. Dai and Han (2012) further improved the method by introducing a statistical 
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hypothesis test to accurately determine the overlapping boundary, which is 

crucial to deciding the value of the Periodicity Ratio.  The methodology of the 

Statistical Periodicity Ratio (SPR) approach is based on the measure of 

periodicity of a response of a nonlinear system. The more periodic a dynamic 

system is, the closer the corresponding SPR value is to a unit. When the PR 

approaches zero, the corresponding system has no periodicity at all and, 

therefore, represents either a chaotic or quasiperiodic response of the system.  

The most significant advantage of the Statistical Periodicity Ratio method is that 

the SPR value can be used as a single value index in diagnosing the periodicity, 

and, therefore, the behavior of a dynamic system. Moreover, the Statistical 

Periodicity Ratio method reveals the fact that there is an infinite number of 

fashions of motion in between chaos and periodic responses for a nonlinear 

dynamic system.  

The Statistical Periodicity Ratio method with a proper selected overlapping 

boundary is defined as in the former chapter. If the behavior of a system in a 

steady state is periodic, the points in the corresponding Poincare map must all be 

overlapping points. Accordingly, the value of the Statistical Periodicity Ratio,γ , 

should simply be unity. For a chaotic response of a system, on the other hand, 

the number of periodic points overlapping should be zero or insignificant in 

comparison with n.  This is to say, γ  approaches zero for chaos.  

With the definition of the Statistical Periodicity Ratio, γ  is clearly a quantified 

description of periodicity for a dynamic system. This is to state that γ  indicates 

quantitatively how close the response of a dynamic system is to a perfect 
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periodic motion. For example, a motion with γ  equal to 0.9 is closer to a periodic 

motion in comparing with a motion to which γ equals to 0.8. By contrast, a motion 

with γ  approaching zero will show no periodic behavior, and, therefore, it is a 

perfectly non-periodic motion. When γ  takes a value such that 0 1γ< < , it implies 

that some points in the Poincare map are periodically overlapping points while 

the others are not. Non-periodic cases in between chaos and periodic motions 

may include the intermittent chaos.  

For nonlinear dynamic systems, a motion with Statistical Periodicity Ratio 

equal to zero may not necessarily be a chaotic motion. By the definition of 

Periodicity Ratio, a perfect quasiperiodic motion also has a Statistical Periodicity 

Ratio of zero. In this case, another technique, the Lyapunov Exponent approach, 

can be employed.  

6.3  Characteristics of Lyapunov Exponent and Statistical Periodicity 

Ratio Approaches  

Based on the current literature, the Lyapunov Exponent is probably the most 

popular criterion used for determining whether a system is convergent or 

divergent. However, the Lyapunov Exponent can only describe whether a system 

is convergent or divergent. This may not necessarily lead to the conclusion of 

whether the system is periodic or chaotic, let alone the other characteristics such 

as quasiperiodic or nonperiodic-nonchaotic behaviors. The former studies of the 

Periodicity Ratio method (Dai and Singh 1997, Dai and Wang 2008) 
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concentrated on the derivation of the Periodicity Ratio together with the 

development of a methodology for diagnosing the irregular motions from the 

regular motions of a dynamic system. The characteristics of the Periodicity Ratio 

in diagnosing the irregular motions were not discussed. Moreover, for 

systematically analyzing the behavior of a nonlinear dynamic system with the 

implementation of the Periodicity Ratio, a comparison of the Periodicity Ratio with 

the other criteria seen in the literature for determining the types of motion of a 

dynamics system is necessary. A thorough and systematic investigation of the 

characteristics of the Periodicity Ratio and Lyapunov Exponent approaches 

together with their implementation in the analyses of nonlinear dynamic systems 

are, therefore, necessary and will be described in this section. A detailed 

comparison of diagnosing the nonlinear system behavior between the Periodicity 

Ratio and Lyapunov Exponent will also be presented. The applications of the 

Lyapunov Exponent and Periodicity Ratio as criteria will also be discussed. As an 

example, the generation of the periodic-chaotic region diagrams with the two 

criteria will be presented and compared with the Duffing equation, which 

represents the widely used system in nonlinear dynamics.  

Based on the approach of the Lyapunov Exponent in diagnosing nonlinear 

behaviors, periodicity, limit circles, and two-torus can be effectively determined 

and classified as convergent systems. Chaotic systems are then classified as 

divergent systems. The convergence and divergence of a system can be 

efficiently and accurately determined with the Lyapunov Exponent in comparison 

with the other methods for diagnosing the characteristics of nonlinear systems. 



 

138 
 

The Lyapunov Exponent describes the essence of the evolution tendency of a 

system and the asymptotic state of an evolution. It also quantifies the sensitivity 

of a nonlinear dynamic system to the initial conditions. The sensitivity of a system 

to initial conditions reflects one of the most important characteristics of a 

nonlinear system, chaos. In fact, the Lyapunov Exponent is suitable for almost all 

the systems expressible by differential equations including discrete systems.  

For the Lyapunov Exponent approach, the calculation of the Lyapunov 

Exponent cannot be carried out analytically in general. In most cases, one must 

rely on numerical techniques to carry out the integration. In fact, the existing 

methods for estimating the Lyapunov Exponent all suffer from computational 

difficulties. Specifically, almost all the Lyapunov Exponent techniques used for 

analyzing dynamic systems need to calculate the composition of Jacobian 

matrices, which is defined in Equation (6.2) corresponding to the quantitative 

points along the trajectory considered as shown in Equation (6.2). In performing 

the matrix production or computing for the eigenvalues of the Jacobian matrices 

on a digital computer, the accumulated errors of the calculation must be taken 

into consideration as they affect the accuracy of the calculated results. This may 

cause serious concerns when a large number of points along a trajectory over a 

large time span are considered.  

The overflow errors of the calculations are the consequence of the 

exponential expansions in determining the Lyapunov Exponent. The errors are 

also related to the number of points selected along the trajectory and the time 

span considered in calculating the Lyapunov Exponent. The larger the selected 
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points are and the longer the time span is, the greater might be the errors 

accumulated. A large enough time span is, therefore, necessary in determining 

the system evolution tendency and to assure the accuracy of the Lyapunov 

Exponent to be calculated. Based on the definition of the Lyapunov Exponent, 

theoretically, an infinitely large time span is needed.  The errors are not avoidable 

in numerically determining the Lyapunov Exponent. Reliable results in the 

determination depend on the balance of the error and accuracy.  

The Lyapunov Spectrum relies on periodic Gram-Schmidt orthonormalization 

of the Lyapunov vectors to avoid a misalignment of all the n vectors along the 

direction of maximal expansion. The reliability and accuracy of the Lyapunov 

Exponent so determined depend on the selection of the small perturbation, the 

stability of the calculation, and the numerical method used in the process of 

determining the Lyapunov Exponent. Moreover, the complexity of governing 

nonlinear systems may further increase the difficulty in determining the Lyapunov 

Exponent. Mathematically, the readjustment with the Gram-Schmidt 

orthonormalization or regulation of the trajectory considered can be complex if 

the dimensions of the system are large.  

Compared to the Lyapunov Exponent, the computation of Periodicity Ratio is 

merely affected by the complexity of the differential system. Firstly, as per the 

definition of the Periodicity Ratio method, the PR value depends on the number 

of the periodically overlapping points among all the investigated points in the 

Poincare map. The calculation of the PR value is always carried out by numerical 

simulation.   Therefore, to accurately determine whether two given points in the 
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Poincare map are overlapped is the key factor for obtaining the PR value. As the 

numerical techniques always bring computation errors, the overlapping points in 

a Poincare map can only be very close but usually not perfectly zero as required 

in theory. In numerically determining the overlapping points, practically, one may 

have to assume an error range. For a given n dimensional differential dynamic 

system, once the numerical solution of the system is obtained, the distance 

between two points in a Poincare map can be easily determined by the Euclid 

distance of the n dimensional space. It should be noted that the Euclid distance 

can be conveniently determined by simple algebraic computation, and it is not 

limited by the format of governing equations. In comparison with the Periodicity 

Ratio approach, the Jacobian matrix of the Lyapunov Exponent approach relies 

on the forma of the governing equations, though it also requires numerical 

solutions. In the Periodicity Ratio approach, no eigenvalue of the matrices needs 

to be determined and the shortages of the Lyapunov Exponent approach, such 

as the breakage or error overflow, will not occur. The computational efficiency 

and simplification of the Periodicity Ratio approach has obvious advantages over 

that of the Lyapunov Exponent.  

In many cases, the numerically determined Lyapunov Exponent values vary 

with the increasing calculation time. This may affect the conclusion of the 

Lyapunov Exponent approach in determining whether a system is convergent or 

divergent. The variation is contributed to by the determination of the Lyapunov 

Exponent value as the value is the average of the summation of the log value of 

the vector norm of the denominator obtained from the integration over a finite 
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time. In each step, the log of the vector norm of the denominator, as shown in Eq. 

(6.5) may change from negative to positive or zero as the vector norm of the 

denominator only represents the rate of exponential expansion or contraction in 

the direction of the former vector regardless of whether the entire trajectory is 

divergent or convergent. Thus, the cancellation of the positive values and 

negative values during the summation may cause instability and affect the 

resulting Lyapunov Exponent.  It should be noted that the cancellation depends 

on the time span over which the Lyapunov Exponent is calculated.  

The cancellation effect of the Lyapunov Exponent caused by different 

calculating times is not the case for the Periodicity Ratio approach. For any point 

in a Poincare map, every successive point is inspected to determine whether or 

not it is overlapped with the given point. Once a point is excluded from periodic 

points, it will not affect the resulting PR value at any later time. Similarly, once a 

point is confirmed as a periodic point during the given time, it will always be taken 

as a periodic point over the entire time span. Thus, as long as all the points are 

inspected in the Poincare map over a fairly long time period, the results obtained 

can be considered authentic. Therefore, the results of the Periodicity Ratio 

approach are more stable.  

In addition, in calculating the Lyapunov Exponent, it requires investigation of 

all the points in a phase diagram rather than a Poincare map. Compared to the 

Periodicity Ratio approach, the Lyapunov Exponent approach needs significantly 

more points to be considered and, therefore, requires considerably longer 
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calculation time over the same time span considered in comparison with that of 

the Periodicity Ratio approach.     

Although the Lyapunov Exponent approach may determine the convergence 

or divergence of a system, the Lyapunov Exponent values usually cannot be 

directly used to diagnose all the nonlinear characteristics such as periodic, 

quasiperiodic, and chaotic or other nonlinear characteristics, which are more 

significant in physics and engineering applications. Nevertheless, in general, the 

response of a nonlinear system is considered as periodic when the 

corresponding Lyapunov Exponents are all negative, and the response of the 

system is thought to be chaotic in the case that all the Lyapunov Exponents are 

positive.  It is also widely accepted and true for most cases that a system is 

chaotic if the maximum Lyapunov Exponent or more Lyapunov Exponent values 

are positive, and the system is periodic in the cases in which the maximum 

Lyapunov Exponent is negative or zero. However, this may not necessarily be 

true for all cases. Some examples of such cases will be described in the following 

section. 

Moreover, the Lyapunov Exponent cannot be used to diagnose quasiperiodic 

responses of a system nor some of the non-periodic cases that are very close to 

periodic, though the system is convergent based on the Lyapunov Exponent 

approach. For the systems that are non-periodic but close to chaos, the 

Lyapunov Exponent approach categorizes the systems as divergent systems 

though they are not completely chaotic. A significant drawback of the Lyapunov 

Exponent approach is that the approach simply categories the nonlinear systems 
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as either convergent or divergent, rather than characterizing them into finer 

categories such as periodic, quasiperiodic, chaotic, and other nonlinear 

characteristics, which are physically meaningful. 

In comparison with the Lyapunov Exponent approach, the Periodicity Ratio 

approach characterizes a nonlinear system by the periodicity of the system’s 

responses. Periodic systems can be conveniently distinguished from all the other 

systems with employment of the Periodicity Ratio. The Periodicity Ratio can also 

be conveniently used to quantitatively describe the behavior and periodicity of the 

responses not falling into any of the characteristics of chaos, periodicity, and 

quasiperiodicity. The PR values are ranged from 1.0 to 0.0, corresponding to the 

responses from perfect periodic to perfect non-periodic. Therefore, the Periodicity 

Ratio quantifies an infinite number of characteristics between periodicity to 

chaos. However, the Periodicity Ratio approach cannot be used to evaluate the 

sensitivity of a system and it is not suitable for diagnosing quasiperiodic systems 

from chaos. Also, the Periodicity Ratio does not provide any information 

regarding convergence or divergence of a system.  

Although the Periodicity Ratio is not capable of distinguishing quasiperiodic 

case from chaos, quasiperiodicity and chaos both fall into the category of zero 

PR value. Chaos can be distinguished once quasiperiodic cases are identified in 

the category. Least Square Polynomial Curve Fitting method has been used to 

distinguish quasiperiodic cases from chaos. This approach may miss some of the 

quasiperiodic cases to which the corresponding Poincare map does not form a 
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complete loop or continuous curve. The best solution seems the combination of 

the two approaches of the Statistical Periodicity Ratio and Lyapunov Exponent. 

6.4  Application of Lyapunov Exponent and Statistical Periodicity 

Ratio in Characterizing Duffing System  

In order to demonstrate the behaviours of a nonlinear dynamic system with 

the Lyapunov Exponent and periodicity Ratio approaches, a system governed by 

the following Duffing system (Ueda 1980, Guckenheimer and Holmes 1983) is 

considered as shown in the previous chapter.             

With implementation of the Periodicity Ratio approach based on the given 

statistically chosen overlapping boundary, a periodic-quasiperiodic-chaotic 

diagram can be plotted. The diagram graphically illustrates the nonlinear 

behavior of a dynamic system and can be used to efficiently identify the 

responses of the dynamic system corresponding to the system parameters and 

initial conditions. The diagram is, hence, a powerful tool in analyzing the regular 

and irregular behaviors of a nonlinear dynamic system (Ueda 1980, Zhang and 

Yang 2007, Dai 2008). However, Figure 6.1 provides more detailed information in 

comparison with that of Ueda, in addition to adding the quasiperiodic regions and 

correcting the periodic and chaotic regions of the diagram on top of Ueda’s. It 

should be noted that one of the advantages of utilizing the Periodicity Ratio 

approach for generating such diagrams is that neither a Poincare map nor a 

phase diagram of any kind needs to be plotted. In generating the diagram, 
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parameter k is taken as the value from 0 to 1 with an increment of 0.01 and B is 

from 0 to 15 with an increment of 0.1. As shown in the figure, more than 15,000 

states under different parameter values are examined with their corresponding 

PR values. The initial displacement is -2, and the initial velocity is 0. Each point in 

the diagram actually represents a steady-state motion for the periodic system. 

For each point, the first 50 cycles are omitted to eliminate the perturbation 

caused by the initial values. Then, 451 cycles are computed to determine the PR 

values of each point in the diagram. Diamonds indicate the chaotic case while 

dots represent the periodic case and crosses are the quasi-periodic case. The 

white blank area is occupied by those non regular periodic points whose PR 

value is between 0 and 1 but not 0 or 1. 

 

      Figure 6.2  Duffing System status diagnosed by Periodicity Ratio 
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A similar plot is generated by employing the Lyapunov Exponent approach 

with the same parameters and time span, as shown in Figure 6.2. The diamonds 

in the figure indicate divergent cases while the dots represent convergent cases. 

The Lyapunov Exponents obtained are based on the Lyapunov Spectrum 

method proposed by Wolf et al. (1985). The time step in the calculation is 0.01π, 

and the time span used for the new calculations is 1000π, which is the same as 

the calculation time in the PR method. The initial values are also made as the 

same as the PR method.  By definition (Wolf 1985, Parks 1992, Nayfeh 1995), 

the maximum Lyapunov exponent with value zero indicates that the system is in 

a steady state mode as a limited cycle.  

As can be seen from the two figures, Figure 6.2 provides much detailed 

information regarding the characteristics of the system. All the responses of 

chaos, quasiperiodicity, and periodicity of the system are illustrated in the 

diagram. More significantly, those system responses that are not falling in any of 

the categories of chaos, quasiperiodicity, and periodicity can be identified with 

the help of the Periodicity Ratio approach. Figure 6.3 is plotted with utilization of 

the Lyapunov Exponent approach and only shows the cases of convergence and 

divergence of the system. It is interesting to note that most of the convergence 

areas in Figure 6.3 match with the periodicity areas in Figure 6.2 and most of the 

divergence areas in Figure 6.3 match with the chaotic areas in Figure 6.2, though 

they are not perfectly matched. Based on the numerical simulations performed, 

the Lyapunov Exponent approach shows some limitations. 
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Figure 6.3   System status diagnosed by Lyapunov Exponents  

 

Some comparative cases are selected from Figures 6.1 and 6.2 to 

demonstrate the characteristics of the Lyapunov Exponent and Periodicity Ratio 

approaches.  

Figure 6.4 plots a Poincare map and its phase diagram for a case that is 

declared by the Lyapunov Exponent as a convergent system. However, with 

utilization of the Periodicity Ratio approach, the case is closer to a periodic case. 

Although the Lyapunov Exponent of this case indicates a convergent system, as 

can be seen from Figure 6.4, it is not a perfect periodic case and strong regularity 

and predictability of the system are actually evident. The Periodicity Ratio of 

0.7349 indeed reflects and quantifies the periodicity and regularity of the system. 

It should be noted that the maximum Lyapunov Exponent of this case is 0.0000. 
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Conventionally, this is considered as a periodic case (Nayfeh 1995, Wolf 1985, 

Park 1992).  

 

 

 

Figure 6.4   Poincare map and corresponding phase diagram at k=0.9, B=0.1 

PR=0.7349, LE=( 0.0000   -0.0094   -0.8906) 
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A quasi-periodic case is shown in the two figures of Figure 6.5 for the 

system. Although the Poincare points form a continuous loop in the figure, but a 

continuous curve is difficult to be identified by Least Square fitting method due to 

the existing singularities.  
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            Figure 6.5 Poincare map and corresponding phase diagram at k=0, B=10  

PR=0, LE= (0   -0.0002   -9.9996) 

A special case is shown in the Poincare map and phase diagram of Figure 

6.6. This case, as per the Lyapunov Exponent approach, is considered as a 

divergent case. Conventionally, with the Lyapunov Exponent values (0.0001   -

0.0080   -0.1820), this case is mathematically interpreted as a chaos case [park 

1992; wolf 1989]. In order to ensure proper accuracy of the Lyapunov Exponent 

values calculated, an extra-long time is considered in performing the calculation. 

The Lyapunov Exponent values are stable and unchanged over the extra time 

span. However, as can be seen from the figure, certain periodicity and regularity 

can be found. In some areas in the phase diagram, responses of the system can 

be fairly accurately predicted. This case can hardly be characterized as a perfect 
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chaos case.  The PR value of 0.4462 states that this case is neither periodic nor 

chaotic. The response of the system in this case is somewhere in between 

perfect periodicity and chaos. Therefore, this case is categorized as non-periodic. 

 

 

 

Figure 6.6  Poincare map and corresponding phase diagram at k=0.19, B=10.3  

PR=0.4462, LE=( 0.0001   -0.0080   -0.1820) 
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6.5  Effects of Overlapping Boundaries on the  Nonlinear Behaviors 

of Duffing System 

A periodic-quasiperiodic-chaotic diagram shown in Figure 6.7 is plotted for 

the Duffing system with an overlapping boundary of 710− . This diagram is very 

accurate and detailed in comparison with that of Ueda. The initial conditions used 

for plotting the diagram is s0 = -2 and v0 = 0, which represent the initial 

displacement and initial velocity, respectively. Each state (a point) in the diagram 

corresponds to a set of specified system parameters and initial conditions. The 

first 50 cycles are omitted to eliminate the perturbation caused by the initial 

conditions, and 451 cycles are computed to determine the PR value of the very 

state of the system. The same as the whole population investigated in the 

statistical hypothesis test before, parameter B is varied from 0 to 15 with an 

increment of 0.1 and k varies from 0 to 1 by an increment of 0.01. The green 

diamonds in the diagram indicate chaotic cases while blue dots represent 

periodic cases, and red crosses are the quasiperiodic cases. The white blank 

areas are occupied by those irregular or nonperiodic states whose PR values are 

between 0 and 1.  
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Figure 6.7 Periodic-quasiperiodic-chaotic diagram for Duffing system under the 

given overlapping boundary of 0.0000001(original in color) 

A similar region diagram with overlapping boundary of 0.001 is plotted in 

Figure 6.8. Obviously, this diagram is less accurate in comparing with Figure 6.7, 

as some quasiperiodic states are missing and some nonperiodic cases are 

counted as periodic. This is due to the larger overlapping boundary selected. 

This large overlapping boundary leads to the improper diagnosis.  
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Figure 6.8 Periodic-quasiperiodic-chaotic diagram for Duffing system under given 

overlapping boundary of 0.001 (original in color) 

As can be seen from the periodic-quasiperiodic-chaotic diagrams, the 

periodic cases of the system are indeed stable as most of the periodic areas in 

the diagrams are identical. One may conclude that the Periodicity Ratio is 

suitable for quantitative description the periodicity of a dynamic system. In fact, 

various periodic behaviors of a system can be conveniently analyzed by 

Periodicity Ratios. The periodicities of the Duffing system are shown in Figure 6.9. 
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Figure 6.9 Periodicities of the responses of Duffing system under the given 

overlapping boundary of 0.0000001. (original in color) 

With this diagram, one may easily identify the periodicities of each state of 

the system and visualize the distributions of the periodicities. In Figure 6.9, each 

point in the colored areas of the diagram represents a steady-state periodic 

motion for the nonlinear system. Different colors are used in the figure to 

distinguish the different periodicities, and the different colors correspondingly 

represent different stable states of periodic responses of the system.  

The periodic regions are classified into more than 20 catalogues, as shown 

in the figure, based on their number of true periodicities and distinguishability.  
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Specifically, the colorized zones in the figure and the corresponding periodicities 

are listed as follows: blue zone (state with 1-periodicity); red zone (state with 2-

periodicities); yellow zone (state with 3-periodicities); green zone (state with 4-

periodicities); pink zone (state with 5-periodicities); purple zone (state with 6-

periodicities);  peach red zone(state with 7-periodicities); red purple (state with 8-

periodicities); water blue zone (state with 9-periodicities); orange zone (state with 

10-periodicities); greenish black zone (state with 11-periodicities); dark-blue zone 

(state with 12-periodicities); light grey zone (state with 13-periodicities); dark grey 

zone (state with 14-periodicities); light purple zone (state with 15-periodicities); 

and so on. The periodic regions having numbers of periodicity greater than 26 

are plotted with black crosses (+). The periodic regions not as distinguishable are 

ignored. The specific legends can be found in the figure, where PN stands for 

number of periodicity.   

One of the interesting phenomena found from this diagram is that the 

number of periodicities in most of the regions consistently and consecutively 

increases from 1 to 14 and the increment is accurately 1. It is also found that the 

responses of the system in these regions are perfectly periodic with no irregular 

responses. Each color in the region represents a type of periodic response, and 

the boundaries of the colours are clearly laid out without transitional areas. The 

boundaries are critical to the periodicities of the system. The number of 

periodicity changes by one right after crossing a boundary and maintains 

unchanged inside the boundaries enclosing a single colour. Based on the tests 
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performed, these interesting phenomena can be clearly identified only if the 

overlapping boundary can be properly selected. 

With the overlapping boundary and the Periodicity Ratios of high accuracy, 

transitional areas between two types of motion can be clearly distinguished. This 

is important for analysing the transitional behaviors of these areas (Holmes and 

Rand, 1976;  Ueda, 1992; Feng, 2006;  Zhang and Yang 2007).  For the sake of 

clarity with respect to Periodicity Ratio, a 3-D periodic-quasiperiodic-chaotic 

diagram for the Duffing system is plotted as shown in Figure 6.10. 

 

Figure 6.10 Three-dimensional periodic-quasiperiodic-chaotic diagram for Duffing 

system (original in color) 

In the diagram, the color legends represent the PR values from 0 to 1. With 

this diagram, the transitional areas can be easily identified and the variations of 
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the states of motion are actually quantified with the PR values, as can be 

visualized. From the diagram, for example, one may easily identify a transitional 

area from periodic to chaotic motions. With the 3-D diagram, one may identify 

quantitatively with the Periodicity Ratios how the motion is gradually changed 

from a perfect periodic motion to a perfect chaotic motion. Again, accurate 

identification of the transition depends on the accurate determination of the 

overlapping boundary and corresponding Periodicity Ratios. 

6.6  Conclusions 

With employment of the Statistical Periodicity Ratio for diagnosing nonlinear 

characteristics such as chaotic, periodic, quasiperiodic, and nonperiodic behavior 

of a nonlinear dynamic system was used for analyzing the behavior of versatile 

nonlinear dynamic systems. The proper statistical selected overlapping boundary 

can accurately determine the Periodicity Ratio then deeply disclose the transition 

characteristics of the system.  Compared to other classic methods, this approach 

can be used to diagnose not only the periodic or chaotic motion of the systems 

but also the motions between pure periodic and chaotic motion such as 

quasiperiodic motion and nonperiodic motion. This provides a great advantage in 

analyzing the complex behavior of a nonlinear dynamic system. 
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CHAPTER 7 REGULARITY AND 

PREDICTABILITY OF NONLINEAR DYNAMIC 

SYSTEM BASED ON A REDUCTION 

STRUCTURE OF THE SYSTEM ATTRACTOR 

7.1  Introduction  

The understanding of attractors as predictable structures can be related to 

foresight into the future structure because the future is currently manifested in the 

structure of the present. Instead of emphasizing prediction per se, McMaster 

(1996) argues for foresight based on an understanding of the unfolding patterns 

in an organization. Again, this is similar to the earlier point about how comparing 

the present with past assessments can aid leaders in discovering more and more 

about an organization's identity and using these discoveries to facilitate a greater 

unfolding of this identity. Planners can enable greater insight into an 

organization's "identity" by exploiting the idea of attractors as predictable 

structures. In this chapter, an index for measuring the system regularity and 

predictability is proposed by inspecting the influence of system historical behavior 

on the future behavior. The system regularity is measured by the proposed 

Distance Ratio of the system in the Poincare map, and the predictability is 

examined by the number of the representative points of the system attractor, 

which is proposed in a statistical sense. The cover set theory is introduced by 
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defining the neighborhood of the system points. Several cover sets of the system 

points in the Poincare map are defined, and it can be theoretically proved that 

they are converged with the system attractor as expected.  

7.2  Cover Sets of Specific Points in the Poincare Map and the 

Reduction of the Cover Sets 

One of the central themes in the theory of dynamical systems is the concept 

of attractors, though there is no complete consensus about the precise definition 

of this notion. In particular, it is not clear yet whether an attracter should attract a 

topologically large set or a set that is large in a metric sense. In this chapter, a 

definition of the system attractors is given, and its corresponding reduction cover 

sets will be used to predict the system behavior. 

A chaos has strange attractors that possess a particular structure that 

delimits rather than completely fills the coordinate plane within which the attractor 

is graphed as total random system time series data. The presence of this 

attractor as an enduring geometric shape (in both phase space and a Poincare 

map) is a structure within which future states of the system must fall. In other 

words, this structure can be used as a frame in which the future evolution of the 

system must stay (Goertzel 1993). Whereas the particular future states of the 

system may be unpredictable, the fact that they will fall within the attractor is 

definitely predictable. In this case, the attractor acts as a part of a system's 

structure that remains constant and predictable, whereas specific points on the 
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attractor represent unpredictable system states. The nonlinear dynamical 

psychologist Fred Abraham (1991) has termed this structural predictability of 

complex systems "insensitivity to initial conditions" to contrast it with the sensitive 

dependence on initial conditions causing future states to be so unpredictable. 

Because chaos is aperiodic, each new state of the system will be novel, not an 

exact repetition of a previous state. Indeed, deprivation in prediction turns out to 

be one of the preconditions of novelty in complex systems. Yet, even though 

novelty and uncertainty are being generated in complex, nonlinear systems, 

simultaneously, order and redundancy are also being maintained because of the 

bounded and patterned arena of the chaotic attractor acting as a structure 

ordering the apparently random. 

 

7.2.1 Definition of cover sets in the Poincare map  

For an m dimensional nonlinear differential system with regular or irregular 

external excitations 

(7.1) 

where 1 2( ) ( , ,..., )mX t x x x= , 1 2( ) ( , ,..., )hM t m m m=  

      The solution of this system is                     .  

 1 2( , ) ( ( , ), ( , ),..., ( , ))mS t p s t p s t p s t p=

( ) ( , , )X t F X t P=

( ) ( , )X t S t p=
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For a specific revolution time span pt , after the initial effect of the system is 

eliminated, the set of all the points in the Poincare map within pt is denoted as 

                                    , , int( )
2p

p
t i

t
PS P i N i

ω
π

 
= ∈ <= 
 

                                  (7.2) 

where                                   
2( ( ), ( )),i i i i

iP X t X t t π
ω

= =                               

Under a given radius r , denote  

                        , , , int( )
2
p

i i

t
C p p P r i N i

ω
π

 
= − ≤ ∈ <= 
 
                               (7.3) 

where iP  is the center of iC  

Then, a cover set of 
ptPS can be defined as 

                                 
int( )

2

1
, , int( )

2

p

p

t

pr
t i

i

t
C C i N i

ω
π ω

π=

 
 = ∈ <= 
  

                                     (7.4) 

when 0r = , 
p

r
tC  is the same as 

ptPS ; when 0r > , 
p

r
tC  is a combined set where 

iC  is both the subset and the element and iC is a circle whose center is one of 
the points from 

ptPS . The number of subsets in 
p

r
tC  is denoted as ( , )NP r tp . 

 

7.2.2 Reduction of the cover set in the Poincare map  
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Based on the definition of 
urs

tsCP , the corresponding value for ( , )NP r tp  is 

int( )2
st ω
π . As the system evolution progresses, many subsets within 

urs
tsCP  are 

repeated as some successive points in the Poincare map overlap former points, 

or the cover sets of certain points are entirely embedded in the cover sets of 

some former points.  

Therefore, the defined cover set in formula (7.3) can be reduced by

, ( ),i i j
j

C ifC C j iφ= ⊆ ≠ .  

For simplification, the former reduction is equivalent to  

( ), , ( )i convex j j i
j

P H P P C j i⊆ ∈ ≠  

where
1 1

( ) | , , 0, 1, 1, 2,...
N N

convex a a a a a a
a a

H X l x x X l R l l N
α α

α α α
= =

  = ∈ ∈ ≥ = = 
  
∑ ∑                  (7.5) 

In the planar case, the convex hull is a convex polygon unless all points are 

on the same line. In computational geometry, a number of algorithms are known 

for computing the convex hull for a finite set of points and for other geometric 

objects. The complexity of the corresponding algorithms is usually estimated in 

terms of n, the number of input points, and the number of points on the convex 

hull. 

By introducing ( )Q z and ( )R u ,  

http://en.wikipedia.org/wiki/Convex_polygon�
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1, ( ), 1,

( ) , ( )
0, ( ), 0,

z convex v
v

z convex v
v

P H P v z u
Q z R u

P H P v z u

∉ < = = ∈ < ≠





 if  if =1
if if 1

                (7.6) 

A new definition for ( )S i is   

( )

( ) ( ( ) ( ))
j i

S i R Q i Q j
<

= ∏                                        (7.7) 

Therefore, by reduction, ( , )NP r tp is obtained by  

int( )
2

1
( , ) ( )

st

i
NP r tp S i

ω
π

=

= ∑                                            (7.8)      

With a finite time span pt  , the predictability index of the system from the current 

state can, therefore, be defined as  

            1
( , )

PI
NP r tp

=                                             (7.9) 

7.3  Reduction Cover Sets of the Attractor in Poincare Map  

The above section defines the prediction index of a system within a limited time. 

For an entire insight into the whole system pattern, a predictability index of a 

whole system needs to be proposed.  
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In a general setting, let tT represent an evolution operator that acts on 

initial conditions as 0x in nℜ such that 0 0( , ),t nT t where= ∈ℜx x x x . Repeated 

applications of tT may take its domain to the subspace of nℜ , called an attractor, 

which is defined by the following properties (Eckmann 1981): 

Invariance: An attractor X  is an invariant set of the flow of the system. Formally, 

tT X X⊂ . 

Attractivity: There exists a neighborhood U of the attractor (i.e., X U⊂ ) such that 

evolutions initiated in U  remain in U  and approach X as t →∞ . Formally, 

tT U U⊂ for 0t ≥ and tT U X→ as t →∞ . 

Recurrence: Trajectories initiated from a state in an open set of X repeatedly 

come arbitrarily close to this initial state for arbitrarily large values of time.  

Indecomposability: An attractor cannot be divided into two nontrivial pieces.  

There are various notions of obtaining attractors in the literature, including the 

ideas of measure attractors (Milnor 1985) and statistical attractors (Ilyashenko 

2005). Traditionally, chaotic attractors are subsets of the phase space for 

dynamical systems to which, in some sense, typical trajectories converge. 

Exactly what “typical” and “converge” are defined as may give rise to subtly 

different concepts of attractors. The classical attractor set is always determined in 

a phase diagram that shows a continuous structural evolution of the system. The 

way the attractors are determined is to analyse the system by taking an insight of 
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the structure change to predict the trend rather than to detect the influence from 

past behaviors on future behaviors. A finalized system evolution is taken into 

account over the connection or difference of the behavior between the current 

and future state. However, the attractors’ definitions in the phase diagram are 

always too abstract to be measured through visualization. Karabacak and Ashwin 

(2010) proposed a way to relate the notion of statistical attractors to that of the 

essential w-limit set. They proved ergodicity implying the convergence of time 

averages along almost all trajectories for all continuous observables. Trajectories 

for which time averages of “some” observables do not exist are called historical. 

Typical time-averaged observables do not converge on a constant, and, 

therefore, the system retains information about its past. Thus, the former system 

behavior does somehow predict what happens in the future even in a chaotic 

system.  

7.3.1 Definition of Attractor in Poincare Map based on Statistical Sense 

         The simplest idea of an attractor of a dynamical system is given by a 

compact set embedded in an open domain and its basin of attraction such that 

any neighborhood of the attractor absorbs any compact subset of the basin in a 

sufficient positive time. This indicates that the image of the compact subset under 

a map of the system corresponding to sufficiently large time value belongs to the 

neighborhood mentioned above, which raises a question: what is the definition of 

the physically observed attractor of a dynamic system? Generally, the definition 
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claims that for a “metrically typical" eomorphism of a smooth compact manifold, 

with or without a boundary, there is a finite number of maximal attractors and 

their basins cover almost all of the phase space, in the sense of any 

measurement being compatible with the smooth structure. In the corresponding 

Poincare map, the above characteristics can be translated so that the attracter 

set would cover a continuous area in the final state and would be a cover set 

closely describing most of the points in the following figure, discarding those 

outlying individual points. 

       In many cases, the statistical properties of the convergence are of more 

interest than the fine details of the dynamics. This gives rise to the concept of 

statistical attractors or statistical limit sets introduced by Ilyashenko (2005). The 

convergence or divergence of time average observables along trajectories clearly 

depends on two properties: first, the nature of the attractors and second, the 

nature of the particular observables considered. 

        The idea of the concept of statistical attractors is borrowed to find a 

relatively stable attractor set for the system in the Poincare map. In this way, the 

entire system pattern could be fully represented. Therefore, the regularity of the 

system can be measured by the area of a closed bound cover set of the whole 

system in the Poincare map. The statistical global attracting set Astat of a 

dynamic system can be defined as having the following properties: from the 

system trajectory, all the points outside of a set that measure zero and whose 

orbit converges statistically towards Astat. As indicated before, when the time 
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becomes infinite, the points corresponding to the attractor in the Poincare map 

should conceive an area that is bounded by a distinct smooth curve. Ilyashenko 

(2005) suggested several possible modifications of the basic definitions, 

emphasizing the behavior of "most" points of a typical orbit { }nx rather than 

considering only the limiting behavior as n→∞  . The statistical attractor of the 

trajectory from a given dynamic system can be defined as follows:  the orbit

{ }0, 1, 2,...x x x   converges statistically towards A  if the time average of distances 

tends to be zero:  

{ }0, 1, ,
1 ( ) ( ) ... ( ) 0,nd x A d x A d x A n
n

+ + + → →∞                        (7.10)  

Recall that a closed bounded set is always a compact set. 

Based on the definition, occasional points in the orbit of the system are 

allowed to wander away from A, as long as the majority of other points converge. 

Since the distance function ( , )id x A  for most ix  in the orbit is uniformly bounded, 

an occasional distant orbit point will not affect the definition. The definition for a 

corresponding attracter set in the Poincare map, which is denoted as attractorPoin , 

can be defined as the following: 

A series of points { }0, 1, 2,...p p p   of the system converge statistically towards 

attractorPoin if the time average of distances tends to be zero: 
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      { }0, 1, ,
1 ( ) ( ) ... ( ) 0,attractor attractor n attractord p Poin d p Poin d p Poin n
n

+ + + → →∞         (7.11)     

In a finite time span pt , the attractor subset in the Poincare map is taken as 

( )attractorPoin tp  

The points of the whole system in the Poincare map can, therefore, be 

lim
p

p
tt

PS PS
→∞

= . 

Based on the definition of ( )attractor tpPoin tp PS⊆ and 

( / ( )) 0tp attractorPS Poin tp =  as pt →∞ , due to the measurement of outlying points, 

attractorPoin  becomes zero as time approaches infinity, where   is the Lebesgue 

measure. Therefore, ( ( )) ( ( )) 0tp attractorPS tp Poin tp→∞ − →∞ =  , which results in 

( ) ( ) 0attractorPS Poin− =  . 

Consequently, all points in the Poincare map would eventually approach the 

attractor set as attractorPS Poin→ . 

7.3.2 The Characteristics of Statistical Attractor in Poincare Map  

         The set of points, PS , will be used as the attracter set of the Poincare map 

for any nonlinear dynamical system in the following section. All the derived 

characters of the attractors can be applied to PS  for a visible illustration. 

However, one must keep in mind that these characteristics can only be satisfied 
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within a subset of PS  where all points converge. Since the measurement of this 

subset is the same as PS , most of the points in PS  will possess these 

properties. Similar to the definition of attractors, the characteristics of attractors in 

the Poincare map such as invariance, attractivity, recurrence, and 

indecomposability are correspondingly transferred to the compact set as follows: 

        An attractor X  is an invariant set illustrating the flow of the system. Formally, 

tT X X⊂ . There would be a closed boundary cover set of poincareA , which is 

approximately converged to a constant measurement when the time approaches 

infinity; therefore, the invariance can be confined by the boundary of the compact 

set and the attractor would be approximately expanded to the boundary set. 

Therefore, the countable closed set ( )
pt pPS t →∞ is the approximate required 

boundary set.  

Attractivity: as a neighbourhood set of the attractor attractorPoin , PS has the 

characteristics that for any iP PS∈ , ( )t
i attractorT P Poin→ as time approaches infinity.  

Recurrence: for any i attractorP Poin∈ , there must be a j attractorP Poin∈ . Trajectories 

initiated from a state in PS  repeatedly come arbitrarily close to this initial state 

for arbitrarily large values of time. Specifically, for any iP PS∈ , lim ( , ) 0i jtp
d P P

→∞
→ , 

jP  is a point with a large distance of time from iP . This indicates the ergodicity of 

the system and also indicates that the attracter will have a continuous structure in 

the Poincare map. 
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Indecomposability: The continuity property for the attractor exhibited as a whole 

integrated part has existed in the phase diagram since the continuous curve in a 

phase tractor. However, this may not always be true in terms of an attractor in a 

Poincare map. For a periodic case, the attractors can be a combined set of 

several individual points that have distinct distances from each other. While it 

should be noted that one single point observed in the Poincare map is actually 

periodically overlapped by large quantities of other points. This indeed would not 

be against the nature of the attractor as an attractor cannot be split up into two 

nontrivial pieces.  

It should also be noted that the distance between any two adjacent points is 

crucial to measure the pattern of the system.  Once the system evolution time is 

long enough, the set of all the existing points should be already satisfying the 

requirement as a compact set defined in Equation (7.4), which is sufficient to 

exhibit the typical pattern of the system, though it is still hard to meet the criteria 

as invariance and attractivity, recurrence, and indecomposability as demanded 

by the definition of attractors. For the strange attractor, not a single point would 

repeat a former state as an overlapped point in the Poincare map. Otherwise, the 

system would become periodic at some point. Thus, a proper bounded cover set 

of all the points in the Poincare map would be more suitable to describe the 

attractor. The required bounded set needs to somehow cover the above 

properties of the system.  The selected cover set with proper bounding should 

also be in a sense typical historical behavior and be capable of exhibiting the 

future trend as the attractor requires.   
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7.3.3 Definition of Two Approximated Cover Sets of the Attractor in 

Poincare Map 

In the following section, two cover sets of the system points in the Poincare map 

will be defined. The first set is committed to measure the current states of the 

system that it can, therefore, describe the regularity of the system. The second 

cover set is an expansion set of points in the current Poincare map, which 

involves the expansion trend of the system and somehow predicts the system 

evolution. Theoretically, it would be proven that both sets will eventually converge 

on the attracter set in the Poincare map. For any given 
pi tP PS∈ , denote 

min ,i i j j tpd P P P PS j i= − ∈ ≠ , inf ( ) min( ),i i tpd tp d P PS= ∀ ∈  

sup ( ) max( ),i i tpd tp d P PS= ∀ ∈  

, 2 , , int( ), min , ,
2
pl

tp i i i j j tp

t
RS r d r i N i d P P P PS j i

ω
π


= ∀ ≥ ∈ <= = − ∈ ≠ 
 
        (7.12) 

             { }
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l NP rs
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i
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= = − ≤ 

 
upremum             (7.13)  

The above conditions result in inf ( )( )
2

l d tprs tp <   

In common knowledge, 2 ( ),l
j iP P rs tp j i− ≥ ≠ that ( ) int( )

2
l p

NP rs
t ω
π

= since no two 

circles have an intersection. Define 
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, 2 , , int( ), min , ,
2
pu

tp i i i j j tp

t
RS r d r i N i d P P P PS j i

ω
π


= ∀ < ∈ <= = − ∈ ≠ 
 
       (7.14) 

{ }
( )

1
( ) , , ( )

u
u NP rs

u u rs u
tp tp i i i

i
rs tp RS CP CP CP P rs tp

=

 
= = − ≤ 

 
infimum                         (7.15)  

Proposition 1: 

The defined sets 
lrs

tpCP ,
urs

tpCP will be all converged on the corresponding set of 

the systems attractors as time reaches infinity. 

Proposition 2:  

If  pt →∞ , for any given time for 0ε∀ > , there is another positive number st  such 

that 1 2,p s p st t t t> > , 1 2( ) ( )u uA tp A tp ε− < . 

Thus, 
urs

tsCP should be sufficient as a representative structure for the system’s 

attractor, and ( )
urs

tsA CP  is the area that can be used to describe the system 

regularity for the whole system trend.  
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7.4  Regularity and Predictability Index   

7.4.1 Regularity Index and its Application in Duffing System 

As stated previously, there are two primary ways of getting a series of sections of 

the system: by cutting sections with the same time interval for a system with 

periodic excitations or by cutting sections with the same displacement/velocity for 

a system with non-periodic excitations. Therefore, a series of n points can be 

sectioned as 

                                                                                                      (7.16) 

Define the distance between two points in the section such as in the Poincare 

map: 
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Group k     

 

Then, the summation distance of all the points within l group is   

                                                                                              (7.18) 

 

Designate   

                                                                                                                  (7.19)        

 

The Distance Ratio can be defined as  

                                                                                                                  (7.20) 
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Figure 7.1 The regularity diagram of the Duffing system (original in color) 

Based on the above defined index, a regularity diagram of the given Duffing 

system is plotted in Figure 7.1. Compared with Figure 6.7, the same parameter 

region is detected.  The initial conditions used for plotting this figure are also the 

same as before. Specifically, Parameter B is varied from 0 to 15 with an 

increment of 0.1 and k varies from 0 to 1 by an increment of 0.01. Again, each 

state (a point) in the diagram corresponds to a set of specified system 

parameters and initial conditions. The first 50 cycles are omitted to eliminate the 

perturbation caused by the initial conditions, and after, the 451 cycles are 

computed to collect the points in the Poincare map. Different from Figure 6.7 and 

6.10, this time the color legends represent the Distance Ratio values from 0 to 1 
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other than the Periodicity Ratio, and it represents the regularity of the different 

states of the system. Although different characteristics are investigated, the area 

that has the same region as Figure 7.1 can be identified with the same pattern 

and transition area. Surprisingly, several distinct areas that are shown in different 

colors are compatible with the chaotic area, non-periodic area, quasiperiodic area, 

and periodic area as in Figure 6.7. As anticipated, the periodic motion has the 

strongest regularity, followed by quasiperiodic motion, nonperiodic motion, and 

lastly, the chaotic motion. The pattern exhibited in the figure also has the same 

function as in the former 3-D diagram as quantitatively identifying how the 

regularity of the motion is gradually changed from a perfect periodic motion to a 

perfect chaotic motion. However, it is significantly easier to generate this diagram 

compared to generating Figure 6.7 due to the needlessness of selecting the 

proper overlapping boundary, which requires quantitative data sampling and time 

consumed computation. The Distance Ratio does show its simplicity of 

computation compared to Lyapunov Exponents, as well.  

7.4.2 The Application of Predictability Index in Duffing System 

        For periodic points, the attracters should be individual points in the Poincare 

map in which CH  is some combined set of single points. The area of the cover 

set should be very close to 0. For quasiperiodic points, the attracters should be 

as smooth curve like limit circles in the Poincare map that CH  is a cover of a 

continuous curve. Somehow, the area of the bound cover set would not be 
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increased at some point once the bounded cover set becomes connected. The 

cover set becomes connected meaning that any subset (a convex hull of the 

points within one circle defined as Cα ) of the cover set at least has intersections 

with another subset. If the cover set becomes connected, it means a closed 

continuous line would be conceived by the former system behavior. The area of 

the cover set under this case is larger than the one under the periodic system, 

while it should not be too large either. For strange attractors, the area of the 

bound cover set will not be increased at some point once all the gaps of the 

current bounded cover set become connected. It may be hard to be realised in a 

finite time, especially in a numerical way.  

To numerically localize or visualize attractors, from a computational point of 

view, attractors can be naturally regarded as self-exciting attractors, which can 

be localized numerically by standard computational procedures in which, after a 

transient sequence, a trajectory starting from a point on an unstable manifold in a 

small neighborhood of an unstable equilibrium reaches an attractor. Figure 7.2 

and Figure 7.3 are the Poincare maps for the same system with exactly the same 

initial conditions, while Figure 7.3 is about a state over a much longer time that 

proceeds to infinity. Although the detecting time in Figure 7.3 is three times as 

long as in Figure 7.2, the main structure in the two figures is same. No point in 

Figure 7.3 spreads out randomly in the domain other than within the attractors 

themselves in Figure 7.2. Both figures show exactly the same pattern and 

structure of the system, though the slightly different structure in Figure 7.3 under 
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a longer time is more tense and solid. Moreover, for some areas very close while 

not bonding in Figure 7.2, they become closer and connected to each other in 

Figure 7.3. This could be explained by the theory given previously as the latter 

set consists of only those points in the w-limit set whose arbitrary small 

neighborhood was visited with non-vanishing frequency. In this work, the 

concepts of limit sets will not be bothered as much as a representative cover set 

of the attractors is concentrated, which is supposed to be concerned more with 

the whole system pattern and trend rather than specific points. This cover set has 

a constant characteristic after a long enough time, so the system evolution 

should be enough to exhibit the trend of the system. Therefore, in terms of the 

Poincare map, all the points collected during a sufficient time could be used to 

determine the shape of the attractor. 

 

Figure 7.2 Poincare map in 21,000 seconds time at k=0.05, B=7.5  
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Figure 7.3 Poincare map in 63,000 seconds time at k=0.05, B=7.5   

 

The following images contain some selected Poincare maps, which are 

representative of different kinds of motions of a typical Duffing system. 

Specifically, Figure 7.4 through Figure 7.6 and Figure 7.12 through Figure 7.14 

are chaotic motions. Figure 7.7 through Figure 7.9 is a case for quasiperiodic 

motion.  Figure 7.10 through Figure 7.11 is a periodic case. The corresponding 

predictability index is all detected for the individual cases, as shown in the figures 

below. 
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Figure 7.4 Convex hull of Poincare map at k=0, B=12.4  

 

Figure 7.5 A section of convex hull in the Poincare map at k=0, B=12.4 
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Figure 7.6 A section of cover set in the Poincare map at k=0, B=12.4  
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Figure 7.7   Poincare map at k=0, B=0  
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Figure 7.8 A section of convex hull in the Poincare map at k=0, B=0  

 

Figure 7.9 A section of cover set in the Poincare map at k=0, B=0  
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Figure 7.10 Convex hull in the Poincare map at k=0.8, B=4.6  

 

Figure 7.11 A section of cover sets in the Poincare map at k=0.8, B=4.6  
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Figure 7.12  Convex hull for Poincare map at k=0.05, B=7.5  
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Figure 7.13 A section of convex hull for Poincare map at k=0.05, B=7.5  

 

Figure 7.14 A section of cover set for Poincare map at k=0.05, B=7.5  
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7.4.3 The Application of Regularity Index in the quasi-periodicity 

When try to explore the characteristics of a more regular motion such as 

quasi-periodicity, it is natural to investigate the system evolution along the time. 

The inner expansion of quasi-periodicity is surprisingly coincidentally matching 

the former distance ratio index as shown in the following figures.    
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Figure 7.15 Time versus displacement for a quasi-periodicity case 

Observing from Figure 7.15, a quasiperiodicity periodicity has several 

branches as smooth continuous curves. For a case as given in this figure, the 

number of such branches is 35. After computing the minimum distance within 

different catalogues as given before, the group which can give the minimum 

distance of the system is also 35, which is shown clearly in Figure 7.16 by the 

curves with different colours. 
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Figure 7.16 35 different groups of the system under minimum distance 

summation 

 

Figure 7.17 The corresponding Poincare map of the same quasi-periodicity 

system 
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Figure 7.18 3-D evolutions of the system points within one group 

When projecting the system into the Poincare system, it can be seen the points 

from different groups mix up with each other without certain discipline, while 

extracting the points within one group which is shown in the following 3-D figure 

in Figure 7.18; the system expands in a pattern similar as its Poincare map.  

7.5  Conclusions  

For measuring the nonlinear system expansion and predicting the system 

evolution trend, predictability index and regularity index are both proposed based 

on a representative cover set of the attractor in the Poincare map. A statistical 

attractor is defined; the predictability is examined by the number of elements in 

the representative cover set of the system attractor; and the system regularity is 
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measured by the area of the representative cover set. The proposed indexes are 

applicable for any nonlinear dynamic system.  

By applying the proposed index to a Duffing system, it can found that different 

kinds of motions of the system, such as periodicity, chaos, and quasiperiodicity, 

have distinct nominalised predictability.   
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CHAPTER 8 CONCLUSIONS AND FUTURE WORK 

8.1  Conclusions 

During this doctoral research regarding wave propagation in porous media and 

the nonlinear vibration behavior diagnosis, new methodologies and models were 

developed and significant research results were obtained in theoretical analyses 

and engineering applications. The methodologies and conclusive findings 

together with their significance are listed as follows: 

1. The wave equations in terms of the displacements were established to 

analyze the behavior of the wave motions in a fluid-saturated, elastic, 

isotropic, and homogeneous porous medium that is excited by multiple 

point energy sources in spherical coordinates. The specific spherical 

wave forms were developed for both shear and compressional waves, 

providing a more accurate demonstration of the energy conservation of 

the established model. This enables the evaluation of the dynamic 

response of porous media subjected to the excitations of multi-energy 

sources.  

2. In a porous medium with non-viscous fluid, the superposition principle 

applies to both compressional and shears waves under multiple point 

energy sources. As such, superposition is a necessary consideration, 

and the superposed effects of both shear and compressional waves 

were investigated. Shear waves and compressional waves behave 



 

192 
 

differently in the wave field under multiple source excitations. The 

superposed wave effect showed diverse behavior over separate waves. 

The shear wave showed significant influences on the characteristics of 

superposed shear and compressional waves generated by multiple 

energy sources.  

3. For porous media with viscous fluid, the shear model of displacement 

was modified to represent a dynamic shear wave propagation 

constitution.  Due to the high attenuation of the fast shear wave, the 

superposition characteristic was only considered for compressional 

waves under the multiple energy source models. Because of the 

viscosity involved, the frequency becomes critical in affecting the wave 

magnitude under given multiple sources. 

4. Multiple energy sources produce larger magnitudes of relative 

displacement than a single energy source with the same energy. This 

becomes more significant when the distance between the energy 

source and the particles under consideration increases. The 

frequencies, amplitudes, and duration of the superposed wave motions 

can be controlled as desired by changing the frequencies, amplitudes, 

and locations of the multiple energy sources. Such control is difficult to 

achieve by utilizing a single energy source. Accounting for various 

mechanical and physical parameters of a porous medium, the 

established model can be applied to different porous media. 
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5. When other given parameters are the same, frequency can play a key 

role in adjusting the magnitude of the wave at any detected reservoir 

location in the field. A point having a larger displacement can be 

obtained by selected frequencies of different energy sources. In 

addition, points having a maximum relative displacement can be 

moved as desired by changing the amplitudes and locations of the 

energy sources.  

6. Various mechanical and physical parameters of the porous medium 

were taken into consideration in the development of governing 

equations of the waves. Thus, the established model can be applied to 

different porous media as desired. The numerical simulations of this 

research showed the efficiency of applying the established model in 

quantifying the impact of the waves generated by different energy 

sources on the motions of the fluid and solid of a porous medium. 

7. A Statistical Periodicity Ratio index was proposed on the basis of 

introducing a hypothesis test for finding the proper overlapping 

boundary in the Periodicity Ratio Method. The approach is innovative, 

and the research results regarding the periodicity, nonlinear property 

characterisation, stability, and transitional characteristics of nonlinear 

dynamic systems are not seen in the current literature. Compared to 

the most popular diagnosing methods, the statistical periodicity ratio 

significantly enhances the accuracy of diagnosing the complex 

nonlinear system behavior, especially for detecting the transition 
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characteristics from the regular motions (periodicity, quasiperiodicity) to 

the irregular motions (chaos).  

8. The multiple-periodicity, nonlinearity, and transitional characteristics of 

a Duffing system were deeply analyzed with a Statistical Periodicity 

Ratio.  New and profound character was explored.  The periodic 

regions in a periodic quasiperiodic and chaotic region diagram 

generated with implementation of SPR reflect the steady-state of the 

responses of the system. SPR is a powerful tool in classifying the 

periodicities of a nonlinear dynamic system. The variation in periodicity 

of a nonlinear system was found to be complex when involving the 

periodic points surrounding the chaotic region. The periodic points 

between the two chaotic regions show the greatest periodic numbers, 

which is in accordance with more bifurcation points representing more 

complex and uncontrolled behaviour, which may finally lead to 

qualitative change and unexpected motions. The distribution of the 

number of periodicity follows a regular manner, in general.  

9. With employment of SPR, the stability of the periodic responses of a 

nonlinear system was found to be closely related to the multi-

periodicity and periodicity numbers. The smaller the periodicity number, 

the more stable is the system responses. Utilising SPR, the non-

periodic responses of a nonlinear dynamic system can be effectively 

distinguished from the other types of responses such as periodic, 

quasiperiodic, and chaotic responses. Nonperiodic motion of a 
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nonlinear dynamic system is always the transition between periodicity 

and quasiperiodicity and also between periodicity and chaos.  

10.  A new index is proposed to detect the regularity of the nonlinear 

system. Such an index is significantly easier for computing compared 

to other novel methods such as Lyapunov Exponents and Periodicity 

Ratio.  Surprisingly, it could disclose similar characteristics as the 

former methods.  In addition, the cover set of the system attractor in 

the Poincare map is defined, and the predictability of the system is 

quantified by inspecting the reduction structure of the cover set, which 

provides a significant insight to measure the system evolution. 

The findings of the wave research can be significant in enhanced oil 

recovery (EOR) practices with the wave and vibration stimulations for the model 

established. The new methods for detecting the nonlinear system behavior are 

exclusive and show more efficiency.    
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8.2  Recommendations for Future Work  

8.2.1 Wave Propagation Theory  

In the doctoral research of the present dissertation, a methodology was 

developed for describing the wave field in a porous medium that is excited by 

multiple point energy sources. The behavior of any specified point in the domain 

of the porous medium can be quantified, and the relative displacement between 

the fluid and solid of the medium can be quantitatively determined by making use 

of the methodology developed. The model is made available for obtaining a 

controllable wave field by employing multiple energy sources, and it can be 

improved in the following aspects: 

• The model development is based on Biot’s wave equation. Such a 

wave frame is not sufficient for describing the dynamic behavior of the 

wave field because of the lack of consideration of the pore structure of 

the porous medium. Also, the porous media involved are homogenous 

or isotropic, which is over simplified from the real porous media. 

• The wave behavior caused by the attenuation characters can be very 

complicated due to the physical properties of the media. Other wave 

natures such as reflection or scattering will also affect the wave 

behavior significantly, which has not been considered in this research. 
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• The pure theoretical work is not convincing enough in real 

applications. Therefore, experimental or field tests need to be 

conducted to verify the obtained results.   

8.2.2  Field Tests and Experiments 

In our future research, field tests and experiments with implementation of the 

methodology developed are expected to perform the EOR practices with seismic 

vibration stimulations in the real world.  

• By detecting the properties of oil reservoirs and changing the 

characteristics of the wave sources, such as the locations, 

frequencies, and amplitudes, relative displacement between solid and 

fluid can be obtained at a desired point in the field. The location of 

such a point can be changed as desired by choosing the proper 

parameters of the wave sources. Field testing is the only way to 

strengthen the applicability of the methodology developed in this 

research, to find the possible difficulties in EOR with seismic vibration 

stimulations, and to foresee the economic feasibility of applying the 

methodology developed.  

• For applying the methodologies developed in the present research 

into EOR practice with seismic and vibration stimulation technologies, 

experiments implementing the methodologies on cores collected in 

the field are necessary. For carrying out the experiments, a device for 
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holding the core sample and providing a shaker with controllable 

vibration needs to be designed. The desired liquid will be added to 

one end of the sample with the required pressure. With the 

experiments described above, the vibration required with the optimal 

amplitude and frequencies can be determined, and the determination 

of the other parameters relating to the implementation of the 

methodologies can also be expected. The experiments are, therefore, 

crucial for applying the methodologies developed. 

8.2.3 Predictability of System Behavior 

A complex nonlinear structure has paradoxical regions (e.g., how chaotic 

attractors show tendencies toward both divergence and convergence, i.e., the 

so-called "stretching and folding" of chaos.) is hard to predict even with a full 

understanding of the current system behavior.  Moreover, if structural 

predictability can be used to characterize chaotic systems with their extreme form 

of nonlinear amplified unpredictability, then, structural predictability is even more 

employable when it comes to the systems characterized. Our work used a 

probability index to predict future behavior, which somehow discloses a certain 

system evolution even for a complex chaotic structure.  Next, a deep examination 

of system structure organization will be pursued to be able to distinguish a 

chaotic system from a random system.  
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APPENDIX A 

Slow shear wave equation 
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The equation can then be solved, and the velocity of the slow shear wave can be obtained 
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APPENDIX B 

Proposition 1: 

The defined sets 
lrs

tpCP ,
urs

tpCP will be converted into the corresponding set of the system 

attractors as time proceeds to infinity. 
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As discussed previously, during a finite time, in an invariance and recurrence sense, 
lrs

tpCP

struggles to reach the requirements of the system attractors. Therefore,  
lrs

tpCP  always under-

measures the attractor set as the attractors are connected and continuous structures rather than 

isolated points set.  Contrary to this, 
urs

tpCP always over-measures the attractors because the 

radius is not converged to zero, and many redundant and overlapped areas can be included in 

the definition.   

Define 

( ) ( )
uu rs

tpA tp area CP=  

Since lim
urs

tp attractortp
CP Poin

→∞
=  

Therefore, lim ( ) ( )u
attractortp

A tp A Poin
→∞
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which would be a constant as an invariance characteristic of the attractor. Therefore, after a long 

time evolution, it is possible to find a 
urs

tpCP  based on the current Poincare map that can be a 

close approximation of the attracter set. Specifically, we could use following approach to measure 

whether the system travels long enough that an attracter structure can be established.   

Proposition 2:  

If  pt →∞ , 

for any given time for 0ε∀ > , there is another positive number st such that 1 2,p s p st t t t> > , 

1 2( ) ( )u uA tp A tp ε− < . 
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Thus, 
urs

tsCP should be sufficient as a representative structure for the system’s attractor, and 

( )
urs

tsA CP is the area that can be used to describe the system regularity for the whole system 

trend.  
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APPENDIX C 

Matlab program for the calculation of displacements of the fluid and solid particle of a 
porous medium under the excitations of multiple wave sources. 
 
function y=wavethreesources 
%load the sphere 
load dataspherez100center300 
recplane=dataspherez100center300; 
[n,m]=size(recplane); 
% Response of fluid-saturated elastic porous media to excitations of 
% multiple energy sources 
%syms r11 r22 r12 sigama11 sigama12 sigama22 unknown 
syms r11 r22 r12 sigama11 sigama12 sigama22  
fai=0.3; 
vs=0.29; 
mius=2.25*10^6; 
Kf=4.0*10^6; 
ps=2400; 
pf=880; 
omiga1=15; 
omiga2=7.5; 
omiga3=10; 
omigaset=[omiga1,omiga2,omiga3]; 
p11=(1-fai)*ps; 
p22=fai*pf; 
erfa=0.5*(1/fai+1); 
p12=-(erfa-1)*fai*pf; 
A=2*vs/(1-2*vs)*mius+(1-fai)^2/fai*Kf; 
P=A+2*mius; 
Q=(1-fai)*Kf; 
R=fai*Kf; 
p=p11+p22+2*p12; 
H=P+R+2*Q; 
N=mius; 
Vs=sqrt(N/p11/(1-p12^2/p11/p22)); 
Vc=H/p; 
r11=p11/p; 
r12=p12/p; 
r22=p22/p; 
miu=12; 
pkb=15*exp(-12); 
b=0; 
sigma11=P/H; 
sigma12=Q/H; 
sigma22=R/H; 
ca=(sigma11*sigma22-sigma12^2); 
for kc=1:3 
omigap=omigaset(kc); 
omiga=omigap; 
syms kesin 
cb=(sigma11*r22+sigma22*r11-2*sigma12*r12); 
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cc=r11*r22-r12^2; 
eqw=(sigma11*sigma22-sigma12^2)*kesin^2-cb*kesin+cc; 
ar=solve(eqw,kesin); 
solvekesin=sqrt(eval(real(ar).*real(ar))); 
kesin2=sqrt(max(abs(solvekesin))); 
Vslow=Vc/kesin2; 
v(kc)=Vslow; 
lp(kc)=omigap/v(kc); 
end 
u0=[2.168,2.168,2.168]; 
U0=[1.0,1.0,1.0]; 
AA=[100,100,100]; 
source=[-300,0,350; 
      0,520,350; 
     300 ,0,350]; 
%source=[0,173.2,300]; 
sset=source; 
ll=1; 
        while ll<=n 
           point=recplane(ll,:); 
    
kt=1; 
while kt<=3%length(sset) 
    d=(point-sset(kt,:)).*(point-sset(kt,:)); 
r(kt)=sqrt(sum(d)); 
 t0p(kt)=r(kt)/v(kt); 
 kt=kt+1; 
end 
t=[600]; 
uxp=[]; 
uyp=[]; 
uzp=[]; 
Uxp=[]; 
Uyp=[]; 
Uzp=[]; 
uxp=zeros(1,length(t)); 
uyp=zeros(1,length(t)); 
uzp=zeros(1,length(t)); 
Uxp=zeros(1,length(t)); 
Uyp=zeros(1,length(t)); 
Uzp=zeros(1,length(t)); 
k=1; 
while k<=3 
     x=point(1)-sset(k,1); 
        y=point(2)-sset(k,2); 
        z=point(3)-sset(k,3); 
H1p=exp(-i*(lp(k)*r(k)+omigaset(k)*t))/r(k); 
 tsmallpindex=find(t<t0p(k)); 
  if tsmallpindex~=0 
     H1p(tsmallpindex)=0; 
 end 
uxp=AA(k)*u0(k)*H1p.*([x/r(k)])+uxp; 
uyp=AA(k)*u0(k)*H1p.*([y/r(k)])+uyp; 
uzp=AA(k)*u0(k)*H1p.*([z/r(k)])+uzp; 
Uxp=AA(k)*U0(k)*H1p.*([x/r(k)])+Uxp; 
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Uyp=AA(k)*U0(k)*H1p.*([y/r(k)])+Uyp; 
Uzp=AA(k)*U0(k)*H1p.*([z/r(k)])+Uzp; 
k=k+1; 
end 
Up=sqrt(Uxp.*Uxp+Uyp.*Uyp+Uzp.*Uzp); 
up=sqrt(uxp.*uxp+uyp.*uyp+uzp.*uzp); 
Uup=sqrt((Uxp-uxp).*(Uxp-uxp)+(Uyp-uyp).*(Uyp-uyp)+(Uzp-uzp).*(Uzp-uzp)); 
RDp(ll,:)=max(real(Uup)/u0(1)/AA(1)); 
%plot3(recplane(ll,1),recplane(ll,2),4*RDp(ll,1),'k');%'r.'   
%hold on; 
ll=ll+1;  
end    
datapwave=[recplane(1:n,1)';recplane(1:n,2)';4*RDp(1:n,1)']; 
datat600=datapwave'; 
xlabel('x(m)','fontsize',28); 
ylabel('y(m)','fontsize',28); 
zlabel('MRD','fontsize',28); 
set(gca,'fontsize',28); 
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APPENDIX D 

Matlab program for the calculation of periodicity ratio 
 
function y=pr 
load data; % load the data  
poin=data; 
poin(:,1:120)=[]; 
kset=[0:0.01:1]; 
Bset=[0:0.1:15]; 
lk=length(kset); 
lB=length(Bset); 
[sr,sc]=size(poin); 
A3=zeros(sr*2/3,sc); 
sr=sr/3; % the number of the all the points 
ir=1; 
while ir<=sr 
  rk=ceil(ir/lB);  % the location of k 
  rB=mod(ir,lB);  % the location of B        
  
  % load the data of a single point 
Bk=[];   
Bk(1,:)=poin(3*ir-2,:);  %time   
Bk(2,:)=poin(3*ir-1,:); %distance 
Bk(3,:)=poin(3*ir,:);   %velocity 
bound=0.00000001; 
n=sc; % the point number in Poincare map 
% find the overlap point 
overlap=zeros(n); 
i=1; 
while i<=n 
    overformer=[]; 
overformer=find(overlap(:,i)==1);% the point is overlapping with the former point 
if length(overformer)> 0  
    i=i+1;  % move to the next point  
else  
    fc=min(n,i+1); 
    for j=(i+1:n) 
        mn=abs(Bk(2,j)-Bk(2,i))+abs(Bk(3,j)-Bk(3,i)); 
    if mn<=bound   
        overlap(i,j)=1;  
    end   
    end 
    i=i+1; 
end 
end 
j=1; 
while j<=n 
    oversame=[]; 
    oversame=find(overlap(:,j)==1); 
    loversame=length(oversame); 
    if  loversame >=2 
        d=[]; 
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        for k=1:loversame 
            d(k)=abs(Bk(2,j)-Bk(2,k))+abs(Bk(3,j)-Bk(3,k)); 
        end 
       reserved=find(d==min(d)); 
           if length( reserved)>1 
                  reserved=reserved(1); 
             end  
      oversamecancel=[]; 
     oversamecancel=find(oversame~=oversame(reserved)); 
      overlap(oversame(oversamecancel),j)=0; 
   end 
   j=j+1;   
 end 
 individualpoint=sum(overlap'); % sum the row 
individualpoint=individualpoint'; 
% classified how many circles 
overpoint=find(individualpoint~=0); 
PT=length(overpoint); 
r=sum(individualpoint); 
ratio=(r+PT)/n; 
if rB==0;% exactly the last one in same k 
    rB=lB; 
end 
pratioset7zeros(rB,rk)=ratio;        
ir=ir+1 
end 
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APPENDIX E 

Matlab program for the calculation of Lyapunov Exponents for a discrete system 
 
function y=lyapunovdiscritive 

load data; 
phase=datak; 
h=pi/50; 
iB=1; 
        k=kset(jk); 
        xx=phase(3*lB*(jk-1)+3*(iB-1)+1,:); 
        yy=phase(3*lB*(jk-1)+3*(iB-1)+2,:); 
        zz=phase(3*lB*(jk-1)+3*(iB-1)+3,:); 
kk=1; 
DF=[1,0,0;0,1,0;0,0,1]; 
while kk<=cc 
        x=xx(kk); 
    y=yy(kk); 
    z=zz(kk);   
   Jacobi=[1,                       
           0,            
           0, 
           (h^2*(k*((h^2*k)/4 - 1) - 2*k + (3*h*k*(z - (h*(z^3 + k*y - B*cos(x)))/2)^2)/2 + (3*h*(z - 

(h*(k*(y + (h*z)/2) - B*cos(h/2 + x) + (z - (h*(z^3 + k*y - B*cos(x)))/2)^3))/2)^2*(k - (3*h*k*(z - 
(h*(z^3 + k*y - B*cos(x)))/2)^2)/2))/2))/6 + 1,       

           (h^2*(k*((h^2*k)/4 - 1) - 2*k + (3*h*k*(z - (h*(z^3 + k*y - B*cos(x)))/2)^2)/2 + (3*h*(z - 
(h*(k*(y + (h*z)/2) - B*cos(h/2 + x) + (z - (h*(z^3 + k*y - B*cos(x)))/2)^3))/2)^2*(k - (3*h*k*(z - 
(h*(z^3 + k*y - B*cos(x)))/2)^2)/2))/2))/6 + 1,          

           h - (h^2*((h*k)/2 - 3*((h*((h*k)/2 - 3*((3*h*z^2)/2 - 1)*(z - (h*(z^3 + k*y - 
B*cos(x)))/2)^2))/2 - 1)*(z - (h*(k*(y + (h*z)/2) - B*cos(h/2 + x) + (z - (h*(z^3 + k*y - 
B*cos(x)))/2)^3))/2)^2 - 3*((3*h*z^2)/2 - 1)*(z - (h*(z^3 + k*y - B*cos(x)))/2)^2 + 3*z^2 + k*(h/2 - 
(3*h^2*z^2)/4)))/6, 

           1 - (h*(3*(z - h*(k*(y - (h^2*(z^3 + k*y - B*cos(x)))/4 + (h*z)/2) - B*cos(h/2 + x) + (z - 
(h*(k*(y + (h*z)/2) - B*cos(h/2 + x) + (z - (h*(z^3 + k*y - 
B*cos(x)))/2)^3))/2)^3))^2*(h*(3*((h*((h*k)/2 - 3*((3*h*z^2)/2 - 1)*(z - (h*(z^3 + k*y - 
B*cos(x)))/2)^2))/2 - 1)*(z - (h*(k*(y + (h*z)/2) - B*cos(h/2 + x) + (z - (h*(z^3 + k*y - 
B*cos(x)))/2)^3))/2)^2 - k*(h/2 - (3*h^2*z^2)/4)) + 1) + h*k - 6*((h*((h*k)/2 - 3*((3*h*z^2)/2 - 1)*(z - 
(h*(z^3 + k*y - B*cos(x)))/2)^2))/2 - 1)*(z - (h*(k*(y + (h*z)/2) - B*cos(h/2 + x) + (z - (h*(z^3 + k*y - 
B*cos(x)))/2)^3))/2)^2 - 6*((3*h*z^2)/2 - 1)*(z - (h*(z^3 + k*y - B*cos(x)))/2)^2 + k*(h - (h^2*((h*k)/2 
- 3*((3*h*z^2)/2 - 1)*(z - (h*(z^3 + k*y - B*cos(x)))/2)^2))/4) + 3*z^2 + 2*k*(h/2 - (3*h^2*z^2)/4)))/6,  

          (h*(k*((h^2*(k - (3*h*k*(z - (h*(z^3 + k*y - B*cos(x)))/2)^2)/2))/4 - 1) - 3*k + 
2*k*((h^2*k)/4 - 1) + 3*h*k*(z - (h*(z^3 + k*y - B*cos(x)))/2)^2 - 3*h*(z - h*(k*(y - (h^2*(z^3 + k*y - 
B*cos(x)))/4 + (h*z)/2) - B*cos(h/2 + x) + (z - (h*(k*(y + (h*z)/2) - B*cos(h/2 + x) + (z - (h*(z^3 + 
k*y - B*cos(x)))/2)^3))/2)^3))^2*(k*((h^2*k)/4 - 1) + (3*h*(z - (h*(k*(y + (h*z)/2) - B*cos(h/2 + x) + (z 
- (h*(z^3 + k*y - B*cos(x)))/2)^3))/2)^2*(k - (3*h*k*(z - (h*(z^3 + k*y - B*cos(x)))/2)^2)/2))/2) + 
3*h*(z - (h*(k*(y + (h*z)/2) - B*cos(h/2 + x) + (z - (h*(z^3 + k*y - B*cos(x)))/2)^3))/2)^2*(k - 
(3*h*k*(z - (h*(z^3 + k*y - B*cos(x)))/2)^2)/2)))/6,  

           1 - (h*(3*(z - h*(k*(y - (h^2*(z^3 + k*y - B*cos(x)))/4 + (h*z)/2) - B*cos(h/2 + x) + (z - 
(h*(k*(y + (h*z)/2) - B*cos(h/2 + x) + (z - (h*(z^3 + k*y - 
B*cos(x)))/2)^3))/2)^3))^2*(h*(3*((h*((h*k)/2 - 3*((3*h*z^2)/2 - 1)*(z - (h*(z^3 + k*y - 
B*cos(x)))/2)^2))/2 - 1)*(z - (h*(k*(y + (h*z)/2) - B*cos(h/2 + x) + (z - (h*(z^3 + k*y - 
B*cos(x)))/2)^3))/2)^2 - k*(h/2 - (3*h^2*z^2)/4)) + 1) + h*k - 6*((h*((h*k)/2 - 3*((3*h*z^2)/2 - 1)*(z - 
(h*(z^3 + k*y - B*cos(x)))/2)^2))/2 - 1)*(z - (h*(k*(y + (h*z)/2) - B*cos(h/2 + x) + (z - (h*(z^3 + k*y - 
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B*cos(x)))/2)^3))/2)^2 - 6*((3*h*z^2)/2 - 1)*(z - (h*(z^3 + k*y - B*cos(x)))/2)^2 + k*(h - (h^2*((h*k)/2 
- 3*((3*h*z^2)/2 - 1)*(z - (h*(z^3 + k*y - B*cos(x)))/2)^2))/4) + 3*z^2 + 2*k*(h/2 - (3*h^2*z^2)/4)))/6]; 

Jacobi=reshape(Jacobi,3,3); 
DF=DF*Jacobi; 
kk=kk+1; 
end 
OSL=DF*DF'; 
e=eig(OSL) 
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