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ABSTRACT 

Hydrologic models are designed to simulate the rainfall-runoff processes through 

conceptualizing and aggregating the complex, spatially distributed and highly interrelated 

water, energy, and vegetation processes in a watershed into relatively simple mathematical 

equations. A significant consequence of process conceptualization is that the model 

parameters exhibit extensive uncertainties, leading to significant uncertainty in hydrologic 

forecasts. Consequently, to facilitate more reliable probabilistic hydrologic predictions and 

multivariate hydrologic risk analysis, innovative uncertainty quantification approaches are 

desired in order to reveal the inherent uncertainty in hydrologic models.  

Water is the life-giving resource required by all species on our planet and is the 

integral link within ecosystems. Severe surplus or deficit of water, has been more 

devastating in terms of deaths, suffering and economic damage, than other natural hazards 

such as earthquakes and volcanoes. Consequently, hydrologic risk analysis is an essential 

tool to analyze and predict flood events and provide decision support for actual flood 

control. However, a flood is usually characterized by multidimensional characteristics, 

including flood peak, flood volume and flood duration. Therefore, innovative multivariate 

hydrologic risk analysis methods are required to reveal the interactive impact among flood 

variables on hydrologic risk values. 

In this dissertation research, a series of innovative methodologies have been 

developed for uncertainty quantification of hydrologic models, and multivariate hydrologic 

risk analysis. These methods include: (i) a PCM-based stochastic hydrological model for 

uncertainty quantification in watershed systems; (ii) a coupled ensemble filtering and 

probabilistic collocation (EFPC) approach for uncertainty quantification of hydrologic 
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models; (iii) a hybrid sequential data assimilation and probabilistic collocation (SDAPC) 

method for uncertainty quantification of hydrologic models; (iv) a copula-based bivariate 

hydrologic risk for the Xiangxi River in the Three Gorges Reservoir (TGR) area, China; 

(v) a hybrid entropy-copula method for bivariate hydrologic risk analysis for the Xiangxi 

River in TGR area; and (vi) a coupled GMM-copula method for hydrologic risk analysis 

for the Yichang Station of the Yangtze River.  

The major accomplishments of this research are summarized as follows: (a) the 

probabilistic collocation method is firstly integrated into the hydrologic model to reveal 

the impacts of uncertainty in model parameters on the hydrologic predictions; (b) the 

backward uncertainty quantification methods (EnKF and PF) and the forward uncertainty 

prediction method (PCM) are integrated together through Gaussian anamorphosis to 

provide a better treatment of the input, output, parameters and model structural 

uncertainties in hydrologic models; (iii) an integrated risk indicator based on interactive 

analysis of multiple flood variables and bivariate copulas is developed for exploring the 

risk of concurrence of flood extremes such as flood peak and volume; and (iv) copula-

based hydrologic risk analysis methods are developed through integrating advanced non-

parametric distribution estimation (entropy and Gaussian mixture model) methods into the 

copulas to improve the performance of copulas in quantifying the dependence among flood 

variables. Reasonable results have been generated from the case studies. They provide 

valuable bases for not only revealing the inherent probabilistic characteristics of hydrologic 

predictions stemming from uncertain model parameters, but also exploring the  

significance of effects from persisting high risk levels due to impacts from multiple 

interactive flood variables.  
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CHAPTER 1  INTRODUCTION 

1.1. Hydrological Forecasting 

Water resources and human beings are strongly interconnected, since all aspects of 

our society functions depend on water availability. Human beings rely on water for a 

myriad of issues, from least being requisite consumption for survival to many other socio-

economic activities such as agricultural and industrial production, power generation, 

transportation, environmental stewardship, wildfire prevention and flood control (DeChant, 

2014). The water that is available for human beings occurs in various forms such as rainfall, 

snow, rivers, lakes, groundwater, or soil moister. The total water resources in the world are 

estimated in the order of 43,750 km3/year (FAO, 2003). However, extensive spatial-

temporal variations exist in the distribution of water resources.  

Water availability exhibits significant spatial variations on both global and regional 

scales. For instance, the islands and coastal areas near the equator usually experience a 

tropical marine climate with the annual rainfall of 1,000 to over 1,500 mm; conversely, the 

annual precipitation in the areas of North Africa is less than 250 mm and zero in some 

years, which cannot sustain survival for any vegetation. Even within a region, water 

availability may present obvious spatial variation. The South-to-North Water Diversion 

Project, by Chinese Government is a well-known project to alleviate the severe spatial 

imbalance of water resources in China. This project diverts fresh water from the Yangtze 

River in southern China to the Yellow River and Beijing.  

In addition to severe spatial imbalance in water resources, water resources availability 

also experience serious temporal variations due to anthropogenic impacts and climate 
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variability. For example, the annual precipitation trends in China for the period 1960–2006 

were found to decrease in the northeastern area from a decrease in summer and autumn 

precipitation, and increase in the southeastern area resulting from an increase in summer 

and winter precipitation (Piao et al., 2010). Most areas in the world experience annual wet 

and dry seasons within a year, which can lead to flooding and dry periods for their rivers. 

For instance, since 1792, the Yellow River in China can have a maximum discharge of 

25,000 m3/s in Summer, while it would run dry before reaching the sea in Spring.  

Additionally, the temporal-spatial variations in water resources distribution are 

intensified due to human interventions and climate change. Studies have stated that global 

warming due to increased greenhouse gas emissions leads to changes in the distribution of 

water resources over many regions, and the global and regional hydrological cycles have 

been greatly influenced by climate change in the past century (Brutsaert and Palange, 1998; 

Scanlon et al., 2007; Solomon et al., 2007; Hagemann et al., 2013). Furthermore, humans 

directly change the dynamics of the water cycle through dams constructed for water storage, 

and through water withdrawals for industrial, agricultural or domestic purposes (Haddeland 

et al., 2014). The study proposed by Nakayama and Shankman (2013) predicted that the 

Three-Gorges Dam (TGD) would increase flood risk during the early summer monsoon 

against the original justifications for building the dam. Such a result was based on complex 

river–lake–groundwater interactions. 

Due to the spatial-temporal variations in water resources, forecasting of water flows 

and storage at different spatiotemporal scales concerns many water resources planners, and 

other related stockholders. Such demand for accurate predictions for hydrologic discharges 

and other state variables (e.g. soil moisture) requires an advanced hydrologic forecasting 
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approach to specific catchments. These streamflow forecasting models can be categorized 

as process-driven methods and data-driven methods (Wang, 2006). The data-driven models 

can capture the mapping between input (e.g. rainfall, evaporation, temperature, etc.) and 

output (i.e. streamflow) variables without considering the physical laws that underlie the 

rainfall-runoff process (Wu, 2010). Conversely, the process-based modeling approaches 

attempt to forecast the streamflow of a river based on those physical laws in the water cycle 

system, which mainly contain various forms of rainfall-runoff models. 

Although advanced data-driven models, including artificial intelligence, statistical 

and machine learning models have been developed by many researches, and produced high 

accuracy for streamflow forecasting. Conceptual or process-based hydrological models are 

typically employed for operational flow forecasting. The process-based hydrologic models 

are simplified, conceptual representations of a part of the hydrologic cycle, which use 

relatively simple mathematical equations to conceptualize and aggregate the complex, 

spatially distributed, and highly interrelated water, energy, and vegetation processes in a 

watershed (Vrugt et al., 2005). Such process-based models are generally based on mass 

and energy conservation. The simplest hydrologic models consider only the 

conceptualization of water balance (Boyle et al., 2000). However, both water and energy 

balance are considered for most recently developed hydrologic models, due to the phase 

changes of water experienced above and below the earth’s surface. (Gao et al., 2010; 

DeChant, 2014).  

Over the past decades, hydrologic modeling has benefited significantly from advances 

in computational power, increased availability of hydrologic observations and improved 

understanding of the physics and dynamics of the hydrologic system (Liu and Gupta, 2007). 
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The growing availability of both computing power and hydrological data, observed at fine 

spatial and temporal scales, has enabled the application of hydrologic models to answer 

many of the questions which are frequently posed to hydrologists (Montanari and Brath, 

2004). However, it appears that extensive uncertainties still exist in association with the 

conceptualization and aggregation of the hydrologic process, and with the measurements 

required for forcing and evaluating the hydrologic models. Proper consideration of 

uncertainty in hydrologic predictions has been broadly recognized as essential in both 

research and operational modeling (Wagener and Gupta, 2005; Liu and Gupta, 2007). 

Hydrologic predictions, without consideration of the associated uncertainty, would be of 

limited value to real world water resources applications, such as flooding control, drought 

management and reservoir operation. Consequently, effective uncertainty quantification 

and reduction methods are required for the applications of hydrologic models to produce 

reliable hydrologic forecasts. 
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1.2. Hydrologic Risk Analysis 

Water is the life-giving resource required by all species on our planet and is the 

integral link within ecosystems in terms of both land and life forms. However, excessive 

or inadequate water resources can lead to extensive loss in both properties and even human 

life. The scarcity in precipitation or streamflows would result in the occurrence of droughts 

while excess of rainfall and river discharges would be associated with floods. Severe floods 

and droughts are more devastating in terms of deaths, suffering and economic damage, than 

other natural disaster such as earthquakes and volcanoes (Xue et a., 2001). Humans, in both 

developed and developing countries, are still vulnerable for both floods and droughts 

despite significant progress in science and technology. 

A drought is a natural hazard that stems from a prolonged deficiency of precipitation 

as compared with the expected or normal amount of precipitation, which can result in 

insufficient water to meet the demands of human activities and the environment (Estrela 

and Vargas, 2012; Chen et al., 2013). The term drought can be characterized as 

meteorological drought (precipitation well below average), hydrological drought (low river 

flows and water levels in rivers, lakes and groundwater), agricultural drought (low soil 

moisture), and environmental drought (a combination of the above) (IPCC, 2007). The 

socio-economic impacts of drought may arise from the interaction between natural 

conditions and human factors, such as changes in land use and land cover, water demand 

and use, and excessive water withdrawals by humans can exacerbate the impact of drought 

(IPCC, 2007).  
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Compared with droughts, floods are often recognized as an immediate hazard being 

very apparent and often eliciting a striking consequence in a short period. Floods and their 

negative consequences are a natural phenomenon, independent of man’s will, and are 

difficult to control. Floods involve river floods, flash floods, urban floods and sewer floods, 

and can be caused by intense and/or long-lasting precipitation, snowmelt, dam break, or 

reduced conveyance due to ice jams or landslides (IPCC, 2007). The severity of floods are 

influenced by many factors, such as intensity, volume, timing in precipitation, antecedent 

conditions of rivers and their drainage basins (e.g., presence of snow and ice, soil character, 

wetness, urbanization, and existence of dikes, dams, or reservoirs) (IPCC, 2007). Moreover, 

human activities can affect the severity of floods. For instance, human encroachment into 

plains and lack of flood response plans would increase the damage potential of floods 

(IPCC, 2007), while some hydraulic projects (e.g. the Three Gorges Reservoir Dam) may 

mitigate the negative effects of floods. For instance, the Yangtze River Floods in 1998 led 

to more than 14 million people being homeless, and the Pakistan Floods in 2010 directly 

affected about 20 million people, and elicited a death loss of nearly 2,000.  

Due to the significant effects of floods, fighting floods has occurred since the birth of 

human civilization. Floods cannot be tamed, but control measures can be adopted to 

mitigate the negative effects of floods. Flood control measures include engineering and 

non-engineering practices. The engineering measures are formed by various hydraulic 

projects such as levee construction, reservoirs, construction of flood diversion areas and 

reconstruction of river channels. Non-engineering practices consist of regulations, laws, 

management acts, and other techniques, such as flood predictions, flood insurance and 

flood planning.  
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However, no matter which engineering and non-engineering control measures are 

adopted, hydrologic risk analysis is an essential tool which can analyze and predict flood 

events and provide decision support for actual flood control. Hydrologic risk is the 

probability of failure occurring on any hydraulic structure attributable to extremely low or 

high water flux. These may be grouped in two categories: (1) structural failure and (2) 

performance failure (Gebregiorgis and Hossain, 2012). At the drainage basin scale, 

consideration of flood risk plays a necessary role in planning of water infrastructure 

projects, for example in design of hydraulic structures (e.g., dam spillways, diversion 

canals, dikes and river channels), urban drainage systems, cross drainage structures (e.g., 

culverts and bridges), reservoir management, flood hazard mapping etc. (Fan et al., 2012a, 

b; Reddy and Ganguli, 2013). 

A flood is usually characterized by multidimensional characteristics, including flood 

peak, flood volume and flood duration. Previously, univariate flood frequency analyses 

have been widely used, focusing on the study of flood peaks for designing most of 

hydraulic structures (Requena et al., 2013). However, a full screening of flood occurrence 

probability cannot be procured just through frequency analysis of flood peaks. For practical 

flood control, the volume and duration of a flood can provide additional information for 

decision makers, in which flood volume can be correlated with flood diversion and flood 

duration can be used for flood supervision. Moreover, the full hydrograph is valuable in 

the case of dam design, as the inflow peak is converted into a different outflow peak during 

the routing process in the reservoir (Requena et al., 2013). Therefore, as the result of the 

multidimensional nature in flood events, a multivariate hydrologic risk analysis is required 
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for different flood variables such as flood peak, volume and duration to achieve practical 

flood control. 
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1.3. Research Objectives 

The objective of this research is to develop a series of uncertainty quantification 

methods for hydrologic models, which will improve upon the existing uncertainty 

quantification approaches with increased effectiveness in implementation, and 

probabilistic characterization. Furthermore, a set of multivariate hydrologic risk analysis 

approaches are to be developed with combinations of copulas functions and other 

nonparametric probabilistic estimation methods.  

The research objectives of the dissertation entail the following aspects: 

(i). Development of a PCM-based stochastic hydrological model for uncertainty 

quantification in watershed systems, in which probabilistic collocation method will be 

employed to quantify the uncertainty of hydrologic models stemming from uncertain 

hydrologic model parameters. 

(ii). Development of a coupled ensemble filtering and probabilistic collocation (EFPC) 

approach for uncertainty quantification of hydrologic models, in which the backward (i.e. 

ensember Kalman filter) and forward uncertainty quantification (i.e. PCM) approaches will 

be combined together to provide a better treatment of the input, output, parameters and 

model structural uncertainties in hydrologic models. 

(iii). Development of a coupled sequential data assimilation and probabilistic collocation 

(SDAPC) method for uncertainty quantification of hydrologic models, where the posterior 

probabilities of model parameters will be estimated through the particle filter method based 

on available observations. The probabilistic collocation method will be further employed 

to quantify the uncertainty in hydrologic predictions. 
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(iv). Analysis of bivariate hydrologic risk for the Xiangxi River in the Three Gorges 

Reservoir (TGR) area, China, in which an integrated risk indicator, based on interactive 

analysis of multiple flood variables and bivariate copulas, will be developed for exploring 

the risk of concurrence of flood extremes such as flood peak and volume. 

(v). Development of a coupled entropy-copula method for bivariate hydrologic risk 

analysis for the Xiangxi River in the TGR area. This study will compare different 

probability estimation methods for flood peak, volume and duration through entropy, 

Gamma, general extreme value (GEV), and Lognormal distribution method and then 

quantify the joint probability of flood peak-volume, peak-duration and volume duration as 

established through copulas. 

(vi). Development of a coupled GMM-copula method for hydrologic risk analysis for the 

Yangtze River, China. This topic will analyze the bivariate flood frequency for different 

flood variable pairs (i.e. flood peak-volume, flood peak-duration, flood volume-duration). 

Through the coupled GMM-copula method, in which the marginal distributions of flood 

peak, volume and duration are quantified through Gaussian mixture models and the joint 

probability of flood peak-volume, peak-duration and volume duration are established 

through copulas. 

.  
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1.4. Organization 

Figure 1.1 shows the structure of this dissertation. The study is outlined as follows: 

Chapter 2 will provide a comprehensive literature review related to the original sources of 

uncertainties in hydrologic models, uncertainty quantification methods for hydrologic 

models, univariate hydrologic frequency analysis and multivariate hydrologic frequency 

analysis. Chapter 3 introduces uncertainty quantification of hydrologic models through the 

Bayesian filtering and probabilistic collocation method, in which the probabilistic 

collocation, ensemble Kalman filter and particle filter methods are integrated to 

characterize the uncertainty for hydrologic models. Chapter 4 presents a set of copula-

based approaches for multivariate hydrologic risk analysis, where a bivariate hydrologic 

risk framework is proposed, based on the bivariate copula method. Then the entropy and 

Gaussian mixture model are integrated into the copula approach framework to analyze the 

bivariate hydrologic risk in Xiangxi River and Yangtze River. Finally, Chapter 5 provides 

the study conclusions, remarks on the developed methods, and provide recommendations 

for future research.    
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Figure 1.1. The Structure of Dissertation 
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CHAPTER 2 LITERATURE REVIEW 

2.1. Uncertainty Quantification of Hydrologic Models 

Hydrologic models are mathematic expressions which represent the complex 

interactive process between water, energy and vegetation in a watershed. Due to the 

differences in perception and understanding by hydrologists regarding different watersheds, 

hydrologic models can have various formats, from physically-based (white-box) to black-

box or empirical to conceptual models, and the most distinctive, from lumped models to 

distributed models (Clarke, 1973; Beven, 1985; Wheater et al., 1993; Refsgaard, 1996; 

Beven, 2001; Moradkhani and Sorooshian, 2008). In lumped models, the entire river basin 

is viewed as one unit where spatial variability is disregarded and thus such a modeling 

approach tries to relate the input data, mainly precipitation inputs, to system outputs 

(streamflow) without considering the spatial processes, patterns and organization of the 

characteristics governing the processes (Moradkhani and Sorooshian, 2008). 

Representative lumped hydrologic models include the Xinanjiang Model (Zhao, 1992); 

Sacramento Soil Moisture Accounting Model (SAC-SMA) (Burnash, 1995); Hymod 

(Moore, 1985, 2007). In comparison with lumped hydrologic models, a distributed or semi-

distributed model would take spatial variation in model variables and parameters into 

consideration, and thus explicitly characterize the water cycle process and patterns in a 

watershed (Beven, 1985; Refsgaard, 1996; Smith et al., 2004). Hydrologic models that 

have been widely used by hydrologists include SHE (Abbott et al., 1986a, b); TOPMODEL 

(Beven and Kirby, 1979); MIKE SHE (Refsgaard and Storm,1995); IHDM (Calver and 

Wood, 1995); SLURP (Kite, 1995). 
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For both lumped and fully or semi-distributed hydrologic models, extensive 

uncertainties would be involved due to the complex interactive processes among water, 

energy and vegetation in a watershed. Uncertainty can be defined as the differences 

between model outputs and observed values, resulting from natural variability 

(unpredictable rainfall, evapotranspiration, water consumption, etc.), both known and 

unknown errors in the input data, the model parameters, and/or the model structures and 

processes (Allataifeh, 2013). Currently, characterization of various uncertainties affecting 

hydrologic models remains a major scientific and operational challenge (Renard et al., 2010) 

In general, uncertainty in hydrologic modeling arises from several sources: inputs, 

outputs, model structures and model parameters. The uncertainty in model inputs refers to 

sampling and measurement errors for the forcing data to drive the hydrologic model, 

including uncertainties in precipitation and evapotranspiration. Precipitation uncertainty is 

generally considered the most influential cause of uncertainty in flood forecasting 

(Moradkhani and Sorooshian, 2008). The uncertainties in model inputs result from both 

the precision in measurement as well as the spatial-temporal averaging of these 

measurements. The uncertainties involved in model outputs are subject to inaccuracies in 

the rating curves at high and low flows, known as heteroscedasticity (variance changing) 

of error with respect to the magnitude of flow as opposed to homoscedasticity (constant 

variance) of error (Moradkhani and Sorooshian, 2008). Structural uncertainty, also known 

as the model uncertainty, arises from the differences in conceptualization and 

representation of hydrologic processes in hydrologic models. The structural uncertainty in 

a hydrologic model depends on the model formulation (e.g., number and connectivity of 

stores, choice of constitutive functions, etc), on the specific catchment, and on the spatial 
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and temporal scale of the analysis (Renard et al., 2010). The parameters in hydrologic 

models can be characterized into physical and process parameters. The physical parameters 

are those measured directly from the watershed, such as, watershed area, impervious area 

in a watershed, local permeability obtained using core samples, and the proportions of 

vegetation and water bodies. The process parameters are those which cannot be measured 

directly and need to be inferred by indirect means, including effective depth of soil 

moisture storage, effective lateral interflow, rate of drainage for hypothetical lumped 

storages, mean hydraulic conductivity, and surface runoff coefficient (Sorooshian and 

Gupta, 1995; Gupta, 1998; Moradkhani and Sorooshian, 2008). The uncertainty in 

hydrologic model parameters reflects the inability to specify precise values to model 

parameters due to finite length and uncertainties in the calibration data, imperfect process 

understanding and model approximations. (Renard et al., 2010). 

For uncertainties which exist in hydrologic models, especially for characterizing the 

uncertainty in model parameters, significant efforts have been made in the development of 

automatic model calibration to find a best value set for model parameters to fit the actual 

measured model responses. Several global optimization methods have been developed in 

recent decades to automatically find the best values for model parameters. Commonly used 

optimization techniques include the shuffled complex evolution method (SCE-UA) (Duan 

et al., 1992), Epsilon Dominance Nondominated Sorted Genetic Algorithm-II (ε-NSGAII) 

(Deb et al., 2002; Tang et al., 2005), Multiobjective Shuffled Complex Evolution 

Metropolis algorithm (MOSCEM) (Vrugt et al., 2003), and the multialgorithm genetically 

adaptive multiobjective method AMALGAM (Vrugt and Robinson, 2007).  
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However, there are a large number of combinations of model parameter sets that are 

practicable, and thus characterizing only the “best” may not realistic; moreover, non-

success in parameter characterization may lead to considerable uncertainty in model 

outputs. Therefore, probabilistic estimation methods have been developed to resolve the 

above issues, based on Monte Carlo procedures. Available probabilistic methods to identify 

the parameter uncertainty primarily include the Generalized Likelihood Uncertainty 

Estimation (GLUE) method proposed by Beven and Binley (1992), the Bayesian Recursive 

Estimation (BaRE) algorithm developed by Thiemann et al., (2001); the Metropolis method 

reported by Kuczera and Parent (1998) and the Shuffled Complex Evolution Metropolis 

(SCEM-UA) algorithm advanced by Vrugt et al. (2003). The GLUE method is based on 

different realization of parameter sets in order to estimate the sensitivity of model 

prediction to various parameter sets; the parameter sets are categorized into behavioral and 

non-behavioral via a likelihood measure and those that are considered as non-behavioral 

are discarded from the prediction (Moradkhani and Sorooshian, 2008). However, previous 

studies indicated that the reduced capacity of this method, owing to its inconsistency with 

the Bayesian inference process, would lead to large overestimation on uncertainty, both for 

the parameter estimation and hydrologic forecasting (Mantovan and Todini 2006; 

Moradkhani and Sorooshian, 2008). The Bayesian recursive estimation (BaRE) approach 

proposed by Thiemann et al., (2001) can be used for simultaneous parameter estimation 

and prediction in an operational setting, in which the prediction is described in terms of the 

probabilities associated with different output values. Small uncertainties in predictions 

would be obtained, due to the recursive update of mode parameters with the successive 

assimilation of measurement data. The Metropolis method developed by Kuczera and 
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Parent (1998) for the parameter uncertainty estimation employs a random walk that adapts 

to the true probability distribution describing parameter uncertainty. The SCEM-UA is the 

extension of the SCE-UA algorithm (Duan et al., 1992), in which the Metropolis Hastings 

(MH) algorithm, controlled random search (Price, 1987), competitive evolution (Holland, 

1975), and complex shuffling (Duan et al., 1992) are integrated to continuously update the 

proposal distribution and evolve the sampler to the posterior target distribution (Vrugt et 

al., 2003). Recently, approximate Bayesian computation (ABC) has been applied to 

uncertainty quantification for hydrologic models (Vrugt and Sadegh, 2013). This statistical 

methodology relaxes the need for an explicit likelihood function in favor of one or multiple 

different summary statistics rooted in hydrologic data to estimate the posterior probability 

distributions of the hydrologic model parameters (Sadegh and Vrugt, 2013; 2014) 

For uncertainty in model structures, one powerful approach to deal with this problem 

is to use a combination of multimodel predictions, or model averaging approaches. The 

motivating idea behind model averaging is that, with various competing models at hand, 

each having its own strengths and weaknesses, combination of the individual model 

forecasts into a single new forecast is at least as good as any of the individual forecasts 

(Diks and Vrugt, 2010). Commonly used model averaging techniques include equal 

weights averaging (EWA) where each of the available models is weighted equally (Diks 

and Vrugt, 2010); Bates-Granger averaging (BGA) (Bates and Granger 1969); AIC and 

BIC-based model averaging (AICA and BICA, respectively) (Buckland et al. 1997; 

Burnham and Anderson 2002; Hansen 2008); Bayesian model averaging (BMA) (Raftery 

et al. 1997, 2005; Hoeting et al. 1999); and Mallows model averaging (MMA) (Hansen 

2007; Hansen 2008). Specifically, the Bayesian model averaging method has been widely 
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employed to account for structural uncertainty in hydrologic models. BMA predictions are 

weighted averages of the individual predictions from competing models, in which the 

weights can reflect the relative model performance since they are the probabilistic 

likelihood measures of a model being correct given the observations (Duan et al., 2007). 

In a separate line of research, data assimilation methods, especially sequential data 

assimilation techniques, have been developed for explicitly dealing with various 

uncertainties and for optimally merging observations into uncertain model predictions (Xie 

and Zhang, 2013). In contrast to classical model calibration strategies, sequential data 

assimilation methods continuously updated the states and parameters of the model to 

improve the model forecast and the evaluation of the accuracy of the forecast, when new 

measurements become available (Vrugt et al., 2005). One prototype of sequential data 

assimilation techniques is the celebrated Kalman filter (KF) (Kalman, 1960). For a dynamic 

system with linear states and measurement equations with normally distributed model 

errors, the Kalman filter method can provide the optimal recursive solution to the state 

updating problem (Moradkhani and Sorooshian, 2008). Three extensions to the KF are 

widely known: the extended Kalman filter (EKF) (Georgakakos, 1986a, b), ensemble 

Kalman filter (EnKF) (Evensen, 1994) and unscented Kalman filter (UKF) (Julier and 

Uhlmann, 1997). These three extensions are developed to deal with nonlinearity in states 

and measurement equations (Liu et al., 2012). Among them, the EnKF approach is one of 

the most frequently used assimilation methods in hydrology due to its attractive features of 

real-time adjustment and ease of implementation (Reichle et al., 2002). The EnKF is based 

upon Monte Carlo or ensemble generations where the approximation of the forecast state 

error covariance matrix is made by propagating an ensemble of model states using the 
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updated states from the previous time step (Moradkhani and Sorooshian, 2008). The key 

point of the EnKF is to generate the ensemble of observations at each update time by 

introducing noise drawn from a distribution with zero mean and covariance equal to the 

observational error covariance matrix (Moradkhani and Sorooshian, 2008). The EnKF 

method provides a general framework for dynamic state, parameter, as well as joint state-

parameter estimation in hydrologic models and has been widely applied to uncertainty 

quantification of hydrologic models. For example, Moradkhani et al. (2005b) proposed a 

dual-state estimation approach based on the EnKF method for sequential estimation of both 

parameters and state variables of a hydrologic model. Weerts and EI Serafy (2006) 

compared the capability of EnKF and particle filter (PF) methods to reduce uncertainty in 

the rainfall-runoff update and internal model state estimation for flood forecasting purposes. 

Shi et al. (2014) presented multiple parameter estimation using multivariate observations 

via the ensemble Kalman filter (EnKF) for a physically based land surface hydrologic 

model. However, due to the local complex characteristics of the watershed, some 

parameters in the hydrologic model may not be entirely identifiable and showed slow 

convergence (Moradkhani et al., 2005b, 2012). Such unidentifiable parameters would lead 

to extensive uncertainties in hydrologic forecasts. Moreover, to prevent the ensemble 

collapse in EnKF (i.e. all ensembles being essentially the same), stochastic perturbations 

would usually be added in the EnKF updating process, leading to some extent of 

uncertainties, even after a long time data assimilation process, for the parameters of 

hydrologic models.  

Another sequential data assimilation approach includes sequential Monte Carlo (SMC) 

methods such as particle filter (PF) (Arulampalam et al., 2002; Moradkhani et al., 2005a; 
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Weerts and El Serafy, 2006; Noh et al., 2011; Plaza et al., 2012). Similar to EnKF, particle 

filtering evolves a sample of the state space forward using the SMC method to approximate 

the predictive distribution, but it is potentially more computationally expensive than EnFK 

(Liu et al., 2012). The most significant advantage that PF outperforms EnKF is the 

relaxation of Gaussian distribution in state-space model errors. Furthermore, the PF method 

performs updating on the particle weights instead of the state variables, which can reduce 

numerical instability especially in physically-based or process-based models (Liu et al., 

2012). The initial implementation of PF was based on sequential importance sampling, 

which would lead to severe deterioration for particles (i.e. only several or even on particle 

would be available). Consequently, sampling importance resampling (SIR) (Moradkhani 

et al., 2005a) was then advanced to mitigate the above problem. Previous studies in other 

fields concluded that the PF method usually requires more samples than other filtering 

methods and the sample size would increase exponentially with the size of state variables 

(Liu and Chen, 1998; Fearnhead and Clifford, 2003; Snyder et al., 2008). Specifically, 

hundreds or thousands of ensemble members may be needed for reliable characterization 

of the posterior PDFs even for small problems with only a few unknown states and 

parameters (Liu et al., 2012). The study proposed by Weerts and El Serafy (2006) showed 

that, for conceptual hydrologic models, PF would perform better than EnKF when the 

sample size is more than a hundred. However, the required number of particles for 

physically-based distributed hydrologic models may limit operational applications of PF 

(Liu et al., 2012). Recent improvement for PF is to combine the strengths of sequential 

Monte Carlo sampling and Markov chain Monte Carlo simulation and is especially 

designed for treatment of forcing data, parameter, model structural and calibration data 
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error (Moradkhani et al., 2012; Vrugt et al., 2013). Such an integration allows for a more 

complete representation of the posterior distribution, reducing the chance of sample 

impoverishment and leading to a more accurate streamflow forecast with small, 

manageable ensemble sizes (Moradkhani et al., 2012). The study proposed by DeChant 

and Moradkhani (2012) showed that the particle filter performed better for uncertainty 

quantification of hydrologic models, which provided a more robust parameter estimation 

technique than the EnKF. 
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2.2. Hydrologic Frequency Analysis 

In many water resources applications such as hydrologic design and floodplain 

management, identification of flood event characteristics is required. In detail, a flood 

event should be characterized not only through the flood peak values, but also through 

other features. Generally, the flood event can be described as a multivariate event 

summarized by its peak, volume and duration; and those three characteristics are random 

in nature and mutually correlated (Yue et a., 1999). Flood frequency analysis is to define 

the severity of a flood event by quantifying the probability of occurrence of a flood event. 

The objective of flood frequency analysis is to correlate the magnitudes of flood 

characteristics to their associated occurrence frequency through probability distributions 

(Haan, 1979). In the past decades, a large number of methods have been proposed for 

univariate and multivariate flood frequency analysis (Cunnane, 1987; Rao and Hamed, 

2000; Krstanovic and Singh, 1987; Singh and Singh, 1991; Yue et al., 1999, 2001).  

However, conventional multivariate flood frequency analysis methods for exploring 

the dependence among flood variables (e.g. flood peak, volume, and duration) are based 

on two main restrictive assumptions: (i) the flood variables have the same type of marginal 

probability distribution, and (ii) the variables follow the normal distribution (Zhang and 

Singh, 2006). For example, Yue et al. (1999), proposed a bivariate Gumbel or Gumbel 

mixed distribution for modeling the joint distributions of peak flow - volume, and volume 

– duration. But such a method is based on the assumption that the marginal distributions 

follow a Gumbel distribution and can only be applied for positive structure between the 

random variables (Yue et al., 1999). Bivariate log-normal, bivariate gamma and bivariate 

Gumbel logistic distributions were also applied for bivariate hydrologic frequency analysis 
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based on the assumption that the marginal distribution of flood variables have the same 

type with the joint probabilities (log-normal, gamma and Gumbel distribution, respectively) 

(Yue, 2000, 2001) 

In real case studies, flood variables are dependent, do not follow, in general, the 

normal distribution (unless transformed to normal), and do not have the same type of 

marginal distributions (Zhang and Singh, 2006). Consequently, the concept of copula has 

been introduced into multivariate flood frequency analysis to investigate the dependence 

structure among flood peak, volume and duration. The concept of copula was proposed by 

Sklar (1959) to connect multivariate probability distributions to their one-dimensional 

marginal probability distributions (Nelsen 2006). The main advantage of copula functions 

over classical multivariate hydrologic modelling is that the marginal distributions and 

multivariate dependence modelling can be determined in two separate processes, giving 

additional flexibility to the practitioner in choosing different marginal and joint probability 

functions (Zhang and Singh, 2006; Genest and Favre, 2007; Karmakar and Simonovic, 

2009; Sraj et al., 2014). 

Since the concept of copula was advanced in 1959, it has been successfully used in a 

large number of applications in survival analysis, actuarial science, and finance. Favre et 

al. (2004) firstly proposed an approach based on copulas applied to bivariate frequency 

analysis. Since then, applications of copulas in hydrology have grown rapidly, owing to 

the fact that using copulas were efficient for describing the dependence among multiple 

hydrologic variables (Grimaldi and Serinaldi, 2006; Zhang and Singh, 2007a, b; Salvadori 

et al., 2007; Aghakouchak, 2014). For instance, De Michele et al. (2005) proposed a 2-

copulas to model the positive dependence between flood peak and flood volume. Zhang 
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and Singh (2006) investigated four Archimedean copulas (i.e. Gumbel–Hougaard, Cook–

Johnson, Ali-Mikhail–Haq and Frank copulas) for estimating the bivariate joint 

distributions among the flood variable pairs (i.e. peak flow-volume, volume-duration and 

peak flow-duration). Genest and Favre (2007) presented the successive steps required to 

build a copula model for hydrological purposes. Furthermore, several studies have been 

proposed for trivariate flood frequency analysis based on copula methods. Grimaldi and 

Serinaldi (2006) built a trivariate joint distribution of flood event variables using the fully 

nested or asymmetric Archimedean copula functions and found better results using an 

asymmetric scheme of copula. Zhang and Singh (2007b) employed Gumbel-Hougaard 

copula to derive the trivariate distribution of flood peak, volume and duration, and the 

conditional return periods. Saad et al., (2014) proposed a multivariate flood risk model 

based on fully nested Archimedean Frank and Clayton copulas in a hydrometeorological 

context. Previous studies have showed better performance of copula-based methods in 

flood frequency analysis than conventional methods. For example, Zhang and Singh (2006) 

demonstrated that copula-based distribution better fits the observed data than a bivariate 

normal probability model (after Box–Cox transformation) or Gumbel mixed probability 

model. They then noted that the three-dimensional Gumbel-Hougaard Archimedean copula 

fits the empirical joint distribution better than the trivariate normal distribution (Zhang and 

Singh, 2007b).  

One of the main advantages of copula method outperforming conventional 

multivariate hydrologic frequency analysis is that it relaxes the restriction of selecting 

marginal functions from same families of probability distribution functions (Karmakar and 

Simonovic, 2008, 2009). Consequently, the selection of marginal distributions and joint 
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probabilities can be conducted in separate processes, giving additional flexibility to the 

practitioner in choosing different marginal and joint probability functions. Therefore, the 

performance of the copula in multivariate hydrologic simulation would be highly 

influenced by the selection of marginal and joint distributions. Previous studies have shown 

that, in modelling multivariate flood frequency through copula functions, the marginal 

distributions of peak, volume and duration were different at different sites. For example, 

Karmakar and Simonovic (2008, 2009) proposed bivariate flood frequency analysis 

through a copula-based approach with mixed marginal distributions for the Red River at 

Grand Forks, North Dakota, USA, in which the gamma distribution was best fitted for peak 

flow (P), and a nonparametric distribution from the orthonormal series method best fitted 

to volume (V) and duration (D). Sraj et al. (2014) performed bivariate flood frequency 

analysis using copula function for the Litija station on the Sava River, in which a log-

Pearson 3 Distribution was chosen for modelling discharge peaks and hydrograph durations, 

and the Pearson 3 distribution was selected for hydrograph volumes. Reddy and Ganguli 

(2014) applied Archimedean copulas for bivariate flood frequency analysis, where the 

normal kernel density function was used for quantifying the distributions of peak flow and 

duration, and quadratic kernel density function was applied for volume. 
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2.3. Literature Review Summary 

In the past decades, a large number of research efforts were made in uncertainty 

quantification and reduction for hydrologic models. Specifically, the applications of 

probabilistic prediction and sequential data assimilation have been extensively explored in 

the atmospheric, oceanic and hydrologic sciences (Liu and Gupta, 2007). The sequential 

data assimilation has proven its promising capability of improving prediction and 

quantifying uncertainty since it can optimally merge information from model simulations 

and independent observations with appropriate uncertainty modelling (McLaughlin, 2002; 

Reichle, 2008; Liu et al., 2012). However, due to the local complex characteristics of the 

watershed, some parameters in the hydrologic model was not quite identifiable and showed 

slow convergence (Moradkhani et al., 2005, 2012). Such unidentifiable parameters would 

lead to extensive uncertainties in hydrologic forecasts. Moreover, to prevent the ensemble 

collapse in the sequential data assimilation process (i.e. all ensembles being essentially the 

same), stochastic perturbations would usually be added to all the samples in the EnKF and 

PF updating processes, leading to some extent of uncertainties, even after long time data 

assimilation process, in the parameters of hydrologic models.  

Previously, the Monte Carlo approach was usually employed for uncertainty 

propagation in hydrologic processes. For example, Delbari et al. (2009) used sequential 

Gaussian simulation to evaluate the field-scale spatial uncertainty of the soil water content 

model. Hostache et al. (2011) proposed a stochastic method to assess the uncertainty in 

hydrometeorological forecasting systems. In the MC simulation process, model parameters 

would be sampled from known distributions, and each sample of model parameters would 

enter the hydrologic model to obtain statistics or density estimates of the model predictions. 
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The accuracy of MC simulation depends on the number of chooses in sampling (Ballio and 

Guadagnini 2004). However, for those complex hydrologic models such as distributed 

hydrologic models, this sampling approach is computationally intensive (Herman et al. 

2013). Consequently, efficient forward uncertainty quantification methods (i.e. from model 

parameters to model predictions) are still required for further analyzing the uncertainty in 

hydrologic model predictions after the data assimilation process.  

Copulas have been widely used for multivariate hydrologic modeling, such as 

multivariate flood frequency analysis (Zhang and Singh 2006; Sraj et al., 2014); drought 

assessments (Song and Singh 2010; Kao and Govindaraju 2010; Ma et al. 2013); storm or 

rainfall dependence analysis (Zhang and Singh 2007a; Vandenberghe et al. 2010); and 

streamflow simulation (Lee and Salas 2011; Kong et al., 2014). However, most hydrologic 

frequency analysis through copula methods still employ some well-known parametric 

methods (e.g. Gamma, GEV, Lognormal) to estimate the marginal distributions of flood 

variables. Research is limited in the area of improving the performance of copula method 

through employing advanced nonparametric methods for estimating the marginal 

distributions. The insight interactive relationships among flood variables still need to be 

characterized. Systematic evaluation of bivariate hydrologic risks requires evaluation to 

reveal significance of effects from persisting high risk levels due to impacts from multiple 

interactive flood variables.  

Therefore, in this dissertation, a series of uncertainty quantification methods for 

hydrologic models are undertaken, which improve upon existing uncertainty quantification 

approaches with advantages in effectiveness in implementation, and probabilistic 

characterization. Furthermore, a set of multivariate hydrologic risk analysis approaches are 
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developed with combinations of copulas functions and other nonparametric probabilistic 

estimation methods. 
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CHAPTER 3 UNCERTAINTY QUANTIFICATION OF 

HYDROLOGIC MODELS THROUGH BAYESIAN FILTERING 

AND PROBABILISTIC COLLOCATION APPROACH 

 

3.1. Background 

Hydrologic models are simplified, conceptual representations of a part of the 

hydrologic cycle, which use relatively simple mathematical equations to conceptualize and 

aggregate the complex, spatially distributed, and highly interrelated water, energy, and 

vegetation processes in a watershed (Vrugt et al., 2005). Such conceptualization and 

aggregation would lead to extensive uncertainties involved in both model parameters and 

structures, and consequently produce great uncertainties in hydrologic forecasts. Therefore, 

characterization of uncertainty in hydrologic models is often critical for many water 

resources applications, including environment protection, drought management, operations 

of water supply utilities, reservoir operation, and sustainable water resources management 

(Fan et al., 2012a, b, 2013, Hu et al., 2012).  

Previously, numerous approaches have been proposed for quantifying the uncertainty 

in hydrologic predictions, primarily by direct optimization and probabilistic estimation 

methods. The direct optimization methods attempt to search the optimal parameters’ data 

set of a hydrological model in terms of historical observations. Commonly used 

optimization techniques included the shuffled complex evolution method (SCE-UA) (Duan 

et al., 1992), Epsilon Dominance Nondominated Sorted Genetic Algorithm-II (ε-NSGAII) 

(Deb et al., 2002; Tang et al., 2005), Multiobjective Shuffled Complex Evolution 
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Metropolis algorithm (MOSCEM) (Vrugt et al., 2003), and the multialgorithm genetically 

adaptive multi-objective method AMALGAM (Vrugt and Robinson, 2007). The 

probabilistic estimation methods mainly approximated the posterior probabilistic 

distributions of the hydrological parameters through the Bayesian theorem, conditioned on 

the streamflow observations. The generalized likelihood uncertainty estimation (GLUE) 

(Beven and Binley, 1992), Markov Chain Monte Carlo (Vrugt et al., 2009; Han et al., 2014), 

Bayesian model averaging (BMA) (Diks and Vrugt., 2010), and approximate Bayesian 

computation (Vrugt and Sadegh, 2014) methods are extensively used probabilistic 

estimation methods. 

In a separate line of research, data assimilation methods, especially sequential data 

assimilation techniques, have been developed for explicitly dealing with various 

uncertainties and for optimally merging observations into uncertain model predictions (Xie 

and Zhang, 2013). In contrast to classical model calibration strategies, sequential data 

assimilation methods continuously updated the states and parameters in the model when 

new measurements become available to improve the model forecast and evaluate the 

forecast accuracy (Vrugt et al., 2005). The prototype of sequential data assimilation 

techniques, the Kalman filter (KF) (Kalman, 1960) and the ensemble Kalman filter (EnKF) 

(Evensen, 1994) provided an optimal framework for linear dynamic models with Gaussian 

uncertainties. The EnKF was one of the most frequently used assimilation methods in 

hydrology, due to its attractive features of real-time adjustment and ease of implementation 

(Reichle et al., 2002). The EnKF method provided a general framework for dynamic state, 

parameter, as well as joint state-parameter estimation in hydrologic models. For example, 

Weerts and El Serafy (2006) compared the capability of EnKF and particle filter (PF) 
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methods to reduce uncertainty in the rainfall-runoff update and internal model state 

estimation for flood forecasting purposes. Shi et al. (2014) presented multiple parameter 

estimation using multivariate observations via the ensemble Kalman filter (EnKF) for a 

physically based land surface hydrologic model. Moradkhani et al. (2005b) proposed a 

dual-state estimation approach based on the EnKF method for sequential estimation of both 

parameters and state variables of a hydrologic model.  

Sequential Monte Carlo (SMC) methods such as particle filter (PF) is another 

sequential data assimilation approach (Arulampalam et al., 2002; Moradkhani et al., 2005a; 

Weerts and El Serafy, 2006; Noh et al., 2011; Plaza et al., 2012). Similar to EnKF, particle 

filtering evolves a sample of the state space forward using the SMC method to approximate 

the predictive distribution but it is potentially more computationally expensive than EnFK 

(Liu et al., 2012). The most significant advantage that PF outperforms EnKF is the 

relaxation of the Gaussian distribution in state-space model errors. Furthermore, the PF 

method performs updating on the particle weights instead of the state variables, which can 

reduce numerical instability especially in physically-based or process-based models (Liu 

et al., 2012). The initial implementation of PF was based on sequential importance 

sampling, which would lead to severe deterioration for particles (i.e. only several or even 

one particle would be available). Consequently, sampling importance resampling (SIR) 

(Moradkhani et al., 2005a) was then developed to mitigate the above problem. Previous 

studies in other fields concluded that the PF method usually requires more samples than 

other filtering methods and the sample size would increase exponentially with the size of 

state variables (Liu and Chen, 1998; Fearnhead and Clifford, 2003; Snyder et al., 2008). 

Specifically, hundreds or thousands of ensemble members may be needed for reliable 
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characterization of the posterior PDFs even for small problems with only a few unknown 

states and parameters (Liu et al., 2012). The study proposed by Weerts and El Serafy (2006) 

showed that, for conceptual hydrologic models, PF would perform better than EnKF when 

the sample size is more than a hundred. However, the number requirement of particles for 

physically-based distributed hydrologic models may limit operational applications of PF 

(Liu et al., 2012). A recent improvement for PF is to combine the strengths of sequential 

Monte Carlo sampling and Markov chain Monte Carlo simulation and is especially 

designed for treatment of forcing data, parameter, model structural and calibration data 

error (Moradkhani et al., 2012; Vrugt et al., 2013). Such an integration can allows for a 

more complete representation of the posterior distribution, reducing the chance of sample 

impoverishment and leading to a more accurate streamflow forecast with small, 

manageable ensemble sizes (Moradkhani et al., 2012). The study proposed by DeChant 

and Moradkhani (2012) showed that the particle filter performed better for uncertainty 

quantification of hydrologic models, which provided a more robust parameter estimation 

technique than the EnKF. 

However, due to the local complex characteristics of the watershed, some parameters 

in the hydrologic model were not completely identifiable and showed slow convergence 

(Moradkhani et al., 2005, 2012). Such unidentifiable parameters would lead to extensive 

uncertainties in hydrologic forecasts. Moreover, to prevent the ensemble collapse in EnKF 

or PF (i.e. all ensembles being essentially the same), stochastic perturbations would usually 

be added in the updating process of sequential data assimilation, leading to some degrees 

of uncertainty in the parameters of hydrologic models, even after a long time data 

assimilation process. Consequently, efficient forward uncertainty quantification methods 
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(i.e. from model parameters to model predictions) are still required for further analyzing 

the uncertainty in hydrologic model predictions after the data assimilation process through 

EnKF or PF. Nevertheless, the previously developed uncertainty quantification method for 

hydrologic models mainly focused on a backward quantification process, in which the 

uncertain model parameters were quantified based on the real observations. In spite of this 

backward uncertainty analysis, efficient forward propagation of uncertainty (i.e. from 

model parameters to model predictions) was a challenge for uncertainty quantification for 

hydrologic models (Marzouk et al., 2007). Several studies were proposed to propagate the 

uncertainties in hydrological processes. For example, Delbari et al. (2009) used sequential 

Gaussian simulation to evaluate the field-scale spatial uncertainty of a soil water content 

model. Hostache et al. (2011) proposed a stochastic method to assess the uncertainty in 

hydrometeorological forecasting systems. In the MC simulation process, model parameters 

would be sampled from known distributions, and each sample of model parameters would 

be entered in the hydrologic model to obtain statistics or density estimates of the model 

predictions. The accuracy of MC simulation depends on the number of realizations that one 

chooses (Ballio and Guadagnini, 2004). However, for those complex hydrologic models 

such as distributed hydrologic models, this sampling approach is computationally intensive 

(Herman et al., 2013). A useful alternative is to employ polynomial chaos expansion (PCE) 

for uncertainty propagation in stochastic processes. This technique includes representing 

the random variables using polynomial chaos basis and deriving appropriate discretized 

equations for the expansion coefficients using the Galerkin technique or probabilistic 

collocation method (PCM) (Li and Zhang, 2007; Shi et al., 2009). Probabilistic Collocation 

Method (PCM) (Ghanem and Spanos, 1991) is a stochastic response surface method, which 
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establishes surrogates for the original complex model base on a truncated Polynomial 

Chaos Expansion (PCE). Compared with the MC simulation, the PCM method is 

computationally inexpensive, in which the surrogate models can be built through tens or 

hundreds of original model evaluations, depending on the number of input variables (Wu 

et al., 2014). The PCM approach has been widely used for uncertainty quantification in 

subsurface flow in porous media (Li and Zhang, 2007; Shi et al., 2009), water quality 

modelling (Zheng et al., 2011), vehicle dynamics (Kewlani et al., 2012) and mechanical 

systems (Blanchard, 2010). However, few studies were proposed to apply PCM for 

quantifying uncertainty propagation in hydrologic models resulting from uncertain model 

parameters.  

The sequential data assimilation (SDA) techniques can only reduce hydrologic model 

uncertainties in which the posterior probability distributions of model parameters can be 

estimated based on the Bayesian recursive update process. The sequential data assimilation 

approaches are much powerful that provide a general framework for explicitly dealing with 

input, output and model structural uncertainty, and for estimating the uncertainty associated 

with the input-state-output relationships of a given model. However, due to the local 

complex characteristics of the watershed, some parameters in the hydrologic model are not 

entirely identifiable and show slow convergence (Moradkhani et al., 2005, 2012). Such 

unidentifiable parameters would lead to extensive uncertainties in hydrologic forecasts. 

Moreover, to prevent the ensemble collapse in EnKF and PF (i.e. all ensembles being 

essentially the same), stochastic perturbations would usually be added in the updating 

process of SDA, leading to some degree of uncertainties, even after a long term assimilation 

process in estimating parameters of the hydrologic models. Therefore, the SDA methods 
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are applied only for uncertainty reduction in hydrologic predictions as they cannot 

eliminate uncertainties in hydrologic predictions. For the uncertainty propagation after data 

assimilation processes through EnKF or PF from model parameters to model predictions, 

a traditional Monte Carlo method is usually employed, which leads to extensive 

computation requirements, especially for hydrologic models with complex structures and 

many parameters.  

Therefore, in this study, we will propose an uncertainty quantification framework for 

hydrologic models based on the probabilistic collocation method (PCM). The probabilistic 

collocation method and the conceptual hydrologic model, Hymod, will be integrated into 

a general framework to quantify the uncertainty predictions of Hymod stemming from 

uncertain model parameters. The results obtained from PCM and Monte Carlo simulation 

method will be compared to demonstrate the accuracy of PCM in quantifying the 

uncertainty of Hymod. 

Furthermore, a coupled ensemble filtering and probabilistic collocation (EFPC) 

method will be proposed for uncertainty quantification of hydrologic models. The 

ensemble filtering will facilitate approximations of posterior distributions based on each 

predictive model responding to real-time hydrological observations, state variables and 

modeling parameters. The probabilistic collocation will help quantify inherent 

uncertainties of stream flows after the data assimilation processes. The proposed EFPC will 

enable an improved quantification of real-time uncertainties as existed in stream flows, 

impact factors and their interrelationships. In EFPC, one major challenge is the arbitrary 

distributions of many hydrological parameters. However, probabilistic collocation is 

merely applicable to the randomness with specific distributions (e.g. standard Gaussian 
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distribution for the PCE with Hermite polynomials). Consequently, a Gaussian 

anamorphosis (GA) approach will be presented to transform the non-Gaussian distributions 

of hydrologic parameters into standard Gaussian distributions. 

Finally, a coupled sequential data assimilation and probabilistic collocation (SDAPC) 

approach will be used to combine the capability of the particle filter and probabilistic 

collocation methods for uncertainty quantification of the hydrologic models. The proposed 

SDAPC will approximate the posterior probabilities of hydrologic model parameters 

through particle filter and then facilitate uncertainty propagation from model parameters 

and predictions through a probabilistic collocation approach. The Gaussian anamorphosis 

(GA) approach will be utilized to transform the arbitrary posterior distributions of model 

parameters to the standard Gaussian distributions, which can form inputs for the 

probabilistic collocation method. 

The proposed EFPC and SDAPC approaches will be applied to the Xiangxi River 

Basin based on a conceptual rainfall-runoff model. These applications will help 

demonstrate the strength and applicability of the proposed methods. Extended applications 

to more watersheds based on more sophisticated hydrological models can similarly be 

undertaken. 
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3.2. Methodology 

3.2.1. Probabilistic Collocation Method  

3.2.1.1. Polynomial chaos expression (PCE) 

Generally, the output of a model is a function of the input fields. Consequently, the 

output can be expressed by a nonlinear function of the set of random variables which are 

used to represent input stochasticity (Huang et al., 2007). The Polynomial Chaos (PC) 

method is usually applied to express the evolution of uncertainty in dynamical system with 

random inputs. The PC method was first introduced by Wiener (1938), where the model 

stochastic process is decomposed by Hermite polynomials in terms of Gaussian random 

variables. However, for non-Gaussian random input variables (e.g. Gamma and uniform), 

the convergence of Herminte polynomial expansion is not optimal (Xiu and Karniadakis, 

2003). Xiu and Karniadakis (2002) proposed generalized polynomial chaos expansions for 

non-Gaussian distributions. According to different types of random inputs, the polynomials 

can be chosen from the hypergeometric polynomials of Askey scheme (Shi et al., 2009). 

The general polynomial chaos expansion can be written in the form: 

1 1 2

1 1 1 2 1 2 1 2 3 1 2 2

1 1 2 1 2 3

0 1 2 3

1 1 1 1 1 1
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where y is the output and 
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( , ,..., )
pp i i i   is the polynomial chaos of order p in terms of 

the multi-dimensional random variables 1{ }
k

M

i k  . For standard normal variables, the 

Hermite polynomial will be used, which is expressed as: 
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where
1 2

( , ,..., )
pi i i    (ζ is the vector form) are the standard normal random variables (srv). 

The polynomial chaos with the order greater than one has zero mean; polynomials of 

different orders are orthogonal to each other, and so are polynomials of the same order but 

with different arguments (Huang et al., 2007).   

Previous studies have demonstrated that accurate approximations can be obtained 

through a truncated PCE with only low order terms (Lucas and Prinn, 2005; Li and Zhang, 

2007; Shi et al., 2009; Zheng et al., 2011). The computational requirement increases as the 

order of the polynomial chaos expansion increases. The total number of the truncated terms 

N for PCE is related to the dimension of the random variables M and the highest order of 

the polynomial chaos p: 

( )!

! !

M p
N

M p


  (3.3) 

Table 3.1gives some explicit values of N for given dimension of the polynomial chaos M 

and the order of the polynomial chaos p. For example, the second and third order Hermite 

polynomials with two random variables are as follows (Huang et al., 2007): 

2 2

1 2 1 2 1 2{1, , , , 1, 1}        (3.4) 

2 2 3 2 2 3

1 2 1 2 1 2 1 1 1 2 2 2 1 1 2 2{1, , , , 1, 1, 3 , , , 3 }                      (3.5) 

 

3.2.1.2. Selection of collocation points for PCM 

The basic idea of the probabilistic collocation method is to let the polynomial chaos 

expansion (PCE), in terms of random inputs, be the same as the model simulation results 

at selected collocation points. Collocation points can be specified by various algorithms. 

In this study, the algorithm proposed by Webster et al. (1996) is adopted, in which the  
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Table 3.1. Number of the truncated terms for M-dimensional pth order PCE 

 M = 1 M = 2 M = 3 M = 4 M = 5 

p = 1 2 3 4 5 6 

p = 2 3 6 10 15 21 

p = 3  4 10 20 35 56 
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collocation points are derived from combinations of the roots of a Hermite polynomial with 

one order higher than the order of orthogonal polynomial. The selection is also expected to 

capture regions of high probability (Huang et al., 2007; Li and Zhang, 2007). For example, 

for the second-order polynomial chaos expansion, the collocation points are combinations 

of the three roots (- 3 , 0, 3 ) of the third order Hermite polynomial 3

3( ) 3H     . For 

the third-order polynomial chaos expansion, the collocation points are chosen based on the 

roots 3 6  of the fourth-order Hermite polynomial 4 2

4( ) 6 3H      . However, 

the selection of the collocation points is also expected to capture regions of high probability. 

For standard random variable, zero has the highest probability. Consequently, the 

collocation points for third-order polynomial chaos expansion are the combinations of (0, 

3 6  ). An example for the potential collocation points for the second- and third-order 

polynomial chaos expansions with two standard random variables are presented in Table 

3.2.  

Probabilistic collocation method (PCM) is implemented through approximating a 

model output with a polynomial chaos expansion (PCE) in terms of random inputs (Zheng 

et al., 2011). The unknown coefficients contained in the expansion can be determined based 

on model simulations at selected collocation points (each collocation point is a realization 

of the random inputs). Generally, there are two main methods to obtain the unknown 

coefficients in PCE. The first one is to solve a system of linear equations expressed as: N 

× a = f, where N is a space-independent matrix of dimension P × P, consisting of Hermite 

polynomials evaluated at the selected collocation points; a is the unknown coefficient 

vector of the PCE; f is the realization of the simulation model at the selected collocation  
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Table 3.2. All collocation points for the second and third PCE 

Collocation points 

Second order  Third order  

ζ1 ζ2 ζ1 ζ2 

1 -1.73 -1.73 0.00 0.00 

2 -1.73 0.00 0.00 -2.33 

3 -1.73 1.73 0.00 -0.74 

4 0.00 -1.73 0.00 0.74 

5 0.00 0.00 0.00 2.33 

6 0.00 1.73 -2.33 0.00 

7 1.73 -1.73 -2.33 -2.33 

8 1.73 0.00 -2.33 -0.74 

9 1.73 1.73 -2.33 0.74 

10   -2.33 2.33 

11   -0.74 0.00 

12   -0.74 -2.33 

13   -0.74 -0.74 

14   -0.74 0.74 

15   -0.74 2.33 

16   0.74 0.00 

17   0.74 -2.33 

18   0.74 -0.74 

19   0.74 0.74 

20   0.74 2.33 

21   2.33 0.00 

22   2.33 -2.33 

23   2.33 -0.74 

24   2.33 0.74 

25   2.33 2.33 
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points. However, such a method is usually unstable and the approximation results are 

highly dependent on the selection of the collocation points (Huang et al., 2007). 

Consequently, Huang et al. (2007) modified the collocation method which utilized more 

collocation points than the number of unknown coefficients through a regression based 

method. In this study, we will employ the regression-based method to obtain the unknown 

coefficients in PCE. 
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3.2.2. Ensemble Kalman Filter Approach 

In the past decades, data assimilation methods attracted increasing attention of 

hydrologists in exploring more accurate hydrological forecasts based on real-time 

observations (Moradkhani et al., 2005; Weerts and El Serafy, 2005; Wang et al., 2009; 

DeChant and Moradkhani, 2012; Zhang et al., 2012; Guingla et al., 2013; Zhang and Yang 

2013, 2014). Sequential data assimilation is a general framework where system states and 

parameters are recursively estimated/corrected when new observations are available. In a 

sequential data assimilation process, the evolution of the simulated system states can be 

represented as follows: 

- +

1( , , )t t t tx f x u     (3.6) 

where f is a nonlinear function expressing the system transition from time t-1 to t, in 

response to model input vectors +

1tx 
 ut and θ; +

1tx 
 is the analyzed (i.e. posteriori) 

estimation (after correction) of state variable x at time step t – 1; -

tx  is the forecasted (i.e. 

priori) estimation of state variable x at time step t; θ represents time-invariant vectors, and 

t  is considered as process noise. 

When new observations are available, the forecasted state can be corrected through 

assimilating the observations into the model, based on the output model responding to the 

state variables and parameters. The observation output model, in general form, can be 

written as: 

- -( , )t t ty h x v   (3.7) 
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where h is the nonlinear function producing forecasted observations; vt is the observation 

noise.  

The essential methods for states updating is based on Bayesian analysis, in which the 

probability density function of the current state given the observation, is approximated 

based on the recursive Bayesian law: 

1: 1
1:

1: 1

( | , ) ( , | )
( , | )

( | )

t t t t t t
t t t

t t

p y x p x y
p x y

p y y

 
 



  (3.8) 

where 1: 1( , | )t t tp x y  represents the prior information; ( | , )t t tp y x   is the likelihood; 

1: 1( | )t tp y y   represents the normalizing constant. If the model is assumed to be Markovian, 

the prior distribution can be estimated via the Chapman-Kolmogorov equation: 

1: 1 1 1 1 1 1: 1 1 1( , | ) ( , | , ) ( , | )t t t t t t t t t t t tp x y p x x p x y dx d              (3.9) 

Similarly, the normalizing constant 1: 1( | )t tp y y   can be obtained as follows: 

1: 1 1: 1( | ) ( | , ) ( , | )t t t t t t t t t tp y y p y x p x y dx d      (3.10) 

The optimal Bayesian solution (i.e. equations (3.8)) and (3.9)) is difficult to determine 

since the evaluation of the integrals might be intractable (Guingla et al., 2013). 

Consequently, approximate methods are applied to treat the above issues. Ensemble 

Kalman Filter (EnKF) and particle filter (PF) are two widely used methods, in which EnKF 

can recursively result in optimal estimation for dynamic linear models with Gaussian 

uncertainties, and PF is suitable for non-Gaussian dynamic nonlinear models (Xie and 

Zhang, 2013).The central idea of EnKF and PF is to represent the state probability density 

function (pdf) as a set of random samples and the difference between these two methods 



45 
 

lies in the way of recursively generating an approximation to the state pdf (Weerts and El 

Serafy, 2005).  

The Ensemble Kalman Filter (EnKF) is a Bayesian approach which attempts to 

approximate the posterior distribution by a set of random samples. In the EnKF, the 

distributions are considered to be Gaussian, and the Monte Carlo approach is applied to 

approximate the error statistics, as well as compute an approximate Kalman gain matrix 

for updating the model and state variables. 

Consider a general stochastic dynamic model with the transition equations of the 

system state expressed as:  

- + -

1, , , 1, ,( , , )t i t i t i t i t ix f x u     , i = 1, 2, …, ne (3.11) 

where xt is the sate vectors at time t; θ is the system parameters vector which are assumed 

to be known and time invariant; the superscript “-” indicates the “forecast” sates; the 

superscript “+” indicates the “analysis” states; ne represents the number of ensembles; ut 

is the input vector (deterministic forcing data); f represents the model structure; ωt is the 

model error term, which follows a Gaussian distribution with zero mean and covariance 

matrix m

t . For the evolution of the parameters, it is assumed that the parameters follow a 

random walk presented as: 

- +

1, , ,t i t i t i     , , ~ (0, )t i tN     (3.12) 

Prior to update of the model states and parameters, an observation equation is applied to 

transfer the states into the observation space, which can be characterized as:  

- - -

1, 1, 1, 1,( , )t i t i t i t iy h x v     , 1, 1~ (0, )y

t i tv N    (3.13) 
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where yt+1 is the observation vector at time t +1; h is the measurement function relating the 

state variables to the measured variables; vk +1,i reflects the measurement error, which is 

also assumed to be Gaussian with zero mean and covariance matix
1

y

t . The model and 

observation errors are assumed to be uncorrelated, i.e. 1[ ] 0t

T

tE v   . After the prediction is 

obtained, the posterior states and parameters are estimated with the Kalman update 

equations as follows (DeChant and Moradkhani, 2012): 

+ - -

1, 1, 1 1, 1,[ ]t i t i xy t t i t ix x K y y         (3.14) 

+ - -

1, 1, 1 1, 1,[ ]t i t i y t t i t iK y y           (3.15) 

where yt is the observed values; 
,t i  represents the observation errors; Kxy and Kθy are the 

Kalman gains for states and parameters, respectively (DeChant and Moradkhani, 2012):  

1( )xy xy yy tK C C R    (3.16) 

1( )y y yy tK C C R 

   (3.17) 

Here Cxy is the cross covariance of the forecasted states 
-

1,t ix   and the forecasted output
-

1,t iy  ; 

Cθy is the cross covariance of the parameter ensembles 
-

1,t i   with the predicted observation

-

1,t iy  ; Cyy is the variance of the predicted observation; Rt is the observation error variance 

at time t. 
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3.2.2. Particle Filter Approach 

In a sequential data assimilation process, the evolution of the simulated system states 

can be represented as follows: 

1 1 1( , , )t t t tx f x u       (3.18) 

where the subscript t denotes the time step; f is a nonlinear function expressing the system 

transition from time t-1 to t; xt denotes the state variables, and θ is the model parameter; 

1t  is considered as process noise (i.e. model error), which obeys a Gaussian distribution 

with mean and covariance being zero and Qt-1, respectively(i.e. 1 1~ (0, )t tN Q   ). 

When new observations are available, the forecasted state can be corrected through 

assimilating the observations into the model, resulting in the update process described by: 

( , )t t ty h x v   (3.19) 

where h is the nonlinear function producing forecasted observations; vt is the observation 

noise, and ~ (0, )t tv N R .  

The essence of the state estimation problem in the Bayesian filtering is to construct 

the posterior PDF p(xk|y1:k) of the state based on all the available information (Gordon et 

al., 1993). The posterior PDF can be calculated in two steps theoretically: prediction and 

update, in which the state PDF from the previous state would be integrated through the 

system model, and the update operation modifies the prediction PDF making use of the 

latest observation (Han and Li, 2008). The prediction step attempts to obtain the prior
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1: 1( | )t tp x y   based on the fact that the transition 1( | )t tp x x  and the posterior 1 1: 1( | )t tp x y  at 

time step t-1 are known, which can be expressed as: 

1: 1 1 1 1: 1 1( | ) ( | ) ( | )t t t t t t tp x y p x x p x y dx       (3.20) 

where the transition is the probabilistic model of the system described by Equation (3.18). 

When a new observation at time t is available, the prior can be corrected according to 

Bayes’s rule, as formulated as follows: 

1: 1
1:

1: 1

( | ) ( | )
( | )

( | ) ( | )

t t t t
t t

t t t t t

p y x p x y
p x y

p y x p x y dx








 (3.21) 

where 1: 1( | )t tp x y  represents the prior information; ( | )t tp y x  is the likelihood. 

The optimal Bayesian solution (i.e. equations (3.20) and (3.21)) is difficult to 

determine since the evaluation of the integrals might be intractable (Guingla et al., 2013). 

Consequently, approximate methods are applied to treat the above issues. Ensemble 

Kalman filter (EnKF) and particle filter (PF) are the two of most widely used methods. The 

central idea of EnKF and PF is to represent the state probability density function (pdf) as a 

set of random samples and the difference between these two methods lies in the way of 

recursively generating an approximation to the state pdf (Weerts and El Serafy, 2005).  

The particle filter, is a kind of sequential Monte Carlo method that calculates the 

posterior distribution of states and parameters by a set of random samples. The advantage 

of the PF, in comparison to the EnKF, is that it relaxes the assumption of a Gaussian error 

structure, which allows the PF to more accurately predict the posterior distribution in the 

presence of skewed distributions (Moradkhani et al., 2005a; DeChant and Moradkhani, 
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2012). In detail, consider ne independent and identically distributed random variables

, 1:~ ( | )t i t tx p x y for i = 1, 2, …, ne, the posterior density, based on the sequential importance 

sampling (SIS) method, can be approximated as a discrete function:  

1: , ,

1

( | ) ( )
ne

t t t i t t i

i

p x y w x x


   (3.22) 

where 
,t iw  is the normalized weight of the ith particle drawn from the proposal distribution; 

δ is the Dirac delta function. Assume the system state to be a Markov process, and apply 

the Bayesian recursive expression to the filtering problem. The updating expression for the 

importance weights (not normalized) is expressed as: 

, , 1,

, 1,

, 1,

( | ) ( | )

( | , )

t t i t i t i

t i t i

t i t i t

p y x p x x
w w

q x x y







   (3.23) 

Equation (3.19) provides the mechanism to sequentially update the importance weights, 

given an appropriate choice of the proposal distribution , 1,( | , )t i t i tq x x y . Consequently, the 

expression of the proposal distribution will significantly affect the efficiency and 

complexity of the PF method. An optimal choice for the proposal density function proposed 

by Doucet et al., (2000), is expressed as follows: 

, 1, , 1,( | , ) ( | )t i t i t t i t iq x x y p x x   (3.24) 

When the transition prior is chosen as the proposal distribution, the importance weights 

depend on their past values and the likelihood p(yt|xt,i), which is expressed as: 

, 1, ,( | )t i t i t t iw w p y x  (3.25) 
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For the likelihood p(yt|xt,i), A common choice of the likelihood density function is the 

Gaussian distribution that describes the misfit between the observation predictions and the 

observations, scaled by the (usually a priori defined) observation error (Guingla et al., 

2013).  

For the particle filter through SIS, a serious limitation is the depletion of the particle 

set, which means that, after a few iterations (time steps), all the particles except one are 

discarded because their importance weights are insignificant (Doucet, 1998). To address 

the above issue, sampling importance resampling (SIR) algorithms are usually applied to 

eliminate the particles with small importance weights and replace them with particles with 

large importance weights. Various resampling methods have been developed, but the most 

commonly used methods are the sampling importance resampling, the stratified resampling, 

the systematic resampling, and the residual resampling (Bi et al., 2014). In this study, the 

sampling importance resampling (SIR) method would be used. The detailed description of 

SIR can be found in Moradkhani et al. (2005a). 

  



51 
 

3.2.3. A PCM-based stochastic hydrological model 

Hydrologic models usually contain parameters that cannot be measured directly, which 

exhibit extensive uncertainties even after inferred by calibration based on a long historical 

record of input-output data. For example, in Hymod, Cmax, bexp, α, Rs, Rq are such 

parameters to be estimated through calibration. Due to such uncertainties in the hydrologic 

model parameters, the forecast outputs generated through hydrological models can also be 

uncertain, which is a function of input fields. Previous research primarily focused on 

reducing the hydrological uncertainties through such methos Markov Chain Monte Carlo 

(MCMC), Ensemble Kalman Filter (EnKF), and Particle Filter (PF) methods (Vrugt et al., 

2003; Vrugt et al ., 2005; Moradkhani et al., 2005 a, b, Han et al., 2014). However, only a 

few studies were conducted to analyze the inherent probabilistic characteristics of the 

hydrologic predictions due to those uncertain parameters. Consequently, this study will 

quantify the uncertainty of hydrological predictions through combining the hydrological 

model and PCM method into a general framework. The flow chart of the PCM method for 

quantifying the hydrological uncertainties is provided in Figure 3.1. In this study, the 

proposed PCM approach was applied to quantify uncertainty of the hydrologic predictions 

produced by Hymod. The Hymod, was originally proposed by Boyle (2001) to address the 

need for the development of models with complexity levels suitable for capturing typical 

and commonly measured hydrologic fluxes (Bastola et al., 2011). This model is a 

conceptual and lumped mode, but it can also conceptualize the key hydrological processes, 

and has been applied in numerous applications. Also, the PCM approach can be applied to 

quantify prediction uncertainty from other hydrologic models such as HBV, TOMODEL, 

and SWAT. Generally, the parameters of hydrologic models can scarely be  
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Figure 3.1. The flow chart for the PCM method in hydrologic model uncertainty 

assessment 
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quantified through standard Gaussian variables (i.e. ζ). Conversely, uniform distributions 

are usually assumed for hydrologic model parameters, if the actual distributions are 

unknown (Bárdossy, 2007; Feyen et al., 2007, 2008). For example, Feyen et al. (2007) used 

SCEM-UA to calibrate the LISFLOOD model for the Meuse catchment, with uniform 

distributed parameters for the large catchment area of approximately 22,000 km2. 

Consequently, in this study, uncertainty parameters in Hymod, are predefined to be 

fluctuated within certain intervals. Thus, approximate transformations are required to 

transform those uncertain parameters into a related standard Gaussian variable. A 

uniformly distributed variable x, x ~ U(a, b), can be represented through a standard 

Gaussian variable ζ, namely x = a + (b - a)(1/2 + 1/2erf( / 2 )). For other common 

distributions, the transformation methods are listed in Table 3.3. For the parameters with 

arbitrary distributions, transformation techniques should be applied to convert the 

distributions of parameters in the hydrologic models into standard Gaussian distributions. 

The Gaussian anamorphosis (GA) method, as a nonlinear, monotonic transform technique, 

can address this issue. For the original random variable x and the transformed random 

variable y = f(x), the idea of GA is to find a function f to define a change of variables 

(anamorphosis) such that the random variable y obeys a standard Gaussian distribution. 

Such a transformation technique has been applied in biogeochemical ocean (Simon and 

Bertino, 2009), physical-biogeochemical ocean (Béal et al., 2010) and subsurface hydraulic 

tomography models (Schöniger et al., 2012). 
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Table 3.3 Transformations among common random variables and standard normal 

random variables 

Distribution Type Transformation 

Uniform (a, b) a + (b - a)(1/2 + 1/2erf( / 2 )) 

Normal (μ, σ) μ + σζ 

Lognormal (μ, σ) exp(μ + σζ) 

Gamma (a, b) ab(ζ 1/ 9a  + 1 - 1/9a) 

Exponential (λ) -1/λ×log(1/2 + 1/2 / 2 ) 

Weibull (a) y1/a 

Extreme Value  -log(y) 

Note: a ζ ~ N(0, 1), y ~ Exponential(1); b adopted from Isukapalli (1999) 
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3.2.4. Coupled Ensemble Filtering and Probabilistic Collocation (EFPC) Method  

Hydrologic models usually contain parameters that cannot be measured directly, and 

must therefore be estimated using measurements of the system inputs and outputs (Vrugt 

et al., 2005). Sequential data assimilation (SDA) is a class of methods that provide a general 

framework for explicitly dealing with input, output and model structural uncertainty, and 

for estimating the uncertainty associated with the input-state-output relationships in a given 

model, at every model evaluation in which an observation of the system, state or output, is 

available. Of these SDA techniques, the ensemble Kalman filter (EnKF) is one of the most 

widely used methods in the hydrologic community (Moradkhani et al., 2005; DeChant and 

Moradkhani, 2012; Leisenring and Moradkhani, 2011; Li et al., 2013; Liu et al., 2012). 

However, due to the complex local characteristics of the watershed, some parameters in 

the hydrologic model are not clearly identifiable and show slow convergence (Moradkhani 

et al., 2005, 2012). Such unidentifiable parameters would lead to extensive uncertainties in 

hydrologic forecasts. Moreover, to prevent the ensemble collapse in EnKF (i.e. all 

ensembles being essentially the same), stochastic perturbations would usually be added in 

the EnKF updating process, leading to some degree of uncertainties in the parameters of 

hydrologic models, even after a long term assimilation process. Therefore, the EnKF 

method is applied only for uncertainty reduction of hydrologic predictions, and it can 

hardly eliminate uncertainties in hydrologic predictions. Previous research has primarily 

focused on improvements of the EnKF method, such as covariance inflation in EnKF (Luo 

and Hoteit, 2011), bridging the EnKF and particle filter (Frei and Künsch, 2013). 

Insufficient research has been conducted to analyze the inherent probabilistic 

characteristics of the hydrologic predictions after the sequential data assimilation process 

http://arxiv.org/find/stat/1/au:+Frei_M/0/1/0/all/0/1
http://arxiv.org/find/stat/1/au:+Kunsch_H/0/1/0/all/0/1
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through EnKF. Consequently, this study will integrate the ensemble Kalman filter (EnKF) 

and the probabilistic collocation methods (PCM) into a general framework to quantify the 

uncertainty of hydrological predictions.  

 

3.2.4.1. Gaussian Anamorphosis Transformation for Non-Gaussian Distributions  

When the polynomial chaos expansion (PCE) is applied to express the evolution of 

uncertainty in a dynamic system with random inputs, those random inputs should be 

transformed to random variables with specific distributions. For example, as proposed in 

Equation (3.1), for the stochastic process decomposed by Hermite polynomials, the random 

inputs should be firstly expressed through the standard Gaussian random variables.  

The EnKF method can continuously updated the states and parameters in the model 

when new measurements become available. After the EnKF update process, the 

distributions of the model parameters can rarely be normally distributed, even though the 

primary distributions of the model parameters are normal. In many cases, the distributions 

of the updated parameters are seldom expressed through specific distributions (e.g. gamma, 

uniform, etc.).  

Consequently, in order to further quantify the inherent uncertainty of the hydrologic 

model after the data assimilation process. Transformation techniques should be applied to 

convert the distributions of the updated parameters into standard Gaussian distributions. In 

this study, a nonlinear, monotonic transform technique, known as Gaussian anamorphosis 

(GA), will be applied to transform the distributions of the updated model parameters 

through EnKF. For the original random variable x and the transformed random variable y 
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= f(x), the objective of GA is to find a function f to define a change of variables 

(anamorphosis) such that the random variable y obeys a standard Gaussian distribution. 

Such a transformation technique has been applied in biogeochemical ocean (Simon and 

Bertino, 2009), physical-biogeochemical ocean (Béal et al., 2010) and subsurface hydraulic 

tomography models (Schöniger et al., 2012). In this study, the GA method will be applied 

to combine the EnKF and PCM method together to quantify the uncertainty of hydrologic 

models.  

Consider an arbitrarily distributed variable y and its Gaussian transform variable z, 

they can be linked through their cumulative distribution functions (CDFs) as follows: 

1( ( ))z G F y  (3.26) 

where F(y) is the empirical CDF of y, G is the theoretical standard normal CDF of z. Since 

G is monotonously increasing, the inverse G-1 exists. Equation (3.26) is called a Gaussian 

anamorphosis function. 

Following the method proposed by Johnson and Wichern (1988), the empirical CDF 

of y can be obtained based on its sample values as follows: 

0.5
j

j
F

N


  (3.27) 

where j is the rank of the sample value of y; N is the sample size of y (rendered as the 

ensemble size of EnKF in this study). From Equations (3.26) and (3.27), the sample values 

of the Gaussian transform variable z can be obtained, which correspond to the sample 

values of y. Also, the sample range of z can be determined as follows: 
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1

min

1 0.5
( )z G

N

 
  (3.28) 

1

max

0.5
( )
N

z G
N

 
  (3.29) 

 

3.2.4.2. The Detailed Procedures of the Coupled EFPC approach 

The flow chart for the coupled EFPC method for quantifying the hydrological 

uncertainties is provided in Figure 3.2. The process of the coupled ensemble filtering and 

probabilistic collocation (EFPC) method primarily involves two components: the EnKF 

update procedures for uncertainty reduction and the PCM procedures for uncertainty 

quantification. The detailed process of the coupled EnKF and PCM method includes the 

following steps: 

Step (1). Model state initialization: Initialize Nx-dimensional model state variables and 

parameters for ne samples: x-
t,i, i = 1, 2, …, ne, xN

x R ;θt,i, i = 1, 2, …, ne, N
R   . 

Step (2). Model state forecast step: Propagate the ne state variables and model parameters 

forward in time using model operator f: 

- - -

1, , , 1, 1,( , , )t i t i t i t i t ix f x u      , 1 ~ (0, )m

t tN   , i = 1, 2, …, ne 

Step (3). Observation simulation: Use the observation operator h to propagate the model 

state forecast: 

- - -

1, 1, 1, 1,( , )t i t i t i t iy h x v     , 1, 1~ (0, )y

t i tv N  , i = 1, 2, …, ne  
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Figure 3.2 the flowchart of the coupled EFPC approach 
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Step (4). Parameters and states updating: Update the parameters and states via the EnKF 

updating equations: 

+ - -

1, 1, 1 1, 1,[ ]t i t i xy t t i t ix x K y y         

+ - -

1, 1, 1 1, 1,[ ]t i t i y t t i t iK y y           

Step (5) Parameter perturbation: take parameter evolution to the next stage through adding 

small stochastic error around the sample: 

- +

2, 1, 1,t i t i t i      , 1, 1~ (0, )t i tN     

Step (6). Check the stopping criterion: if measurement data is still available in the next 

stage, t = t + 1 return to step 2; otherwise, continue to the next step. 

Step (7). Convert the parameter θ into standard Gaussian variables through GA. 

Step (8). Approximate the outputs of interest using the polynomial chaos expansion in 

terms of the standard Gaussian variables. 

Step (9). Select the collocation points according to the dimensions of the stochastic vector 

and the order of the applied polynomial chaos expansion. 

Step (10). Determine the unknown coefficients in the polynomial expansion through 

statistical regression technique. 

Step (11). Evaluate the inherent statistical properties of the outputs stemming from the 

uncertainty of the parameters.  



61 
 

3.2.5. Sequential Data Assimilation and Probabilistic Collocation (SDAPC) Method  

3.2.5.1. The procedure of the proposed SDAPC approach 

The flow chart of the coupled SDA and PCM method for quantifying the hydrological 

uncertainties is provided in Figure 3.3.The process of the coupled SDA and PCM method 

primarily involves two components: parameter estimation through particle filter and 

uncertainty quantification through PCM. The detailed process includes the following steps: 

Step (1). Model state initialization: Initialize Nx-dimensional model state variables and 

parameters for ne samples: x-
t,i, i = 1, 2, …, ne, xN

x R ;θt,i, i = 1, 2, …, ne, N
R   . 

Step (2). Sample weight assignment: Assign the particle weights uniformly: 

wt,1 = 1/ne 

Step (3). Model state forecast step: Propagate the ne state variables and model parameters 

forward in time using model operator f: 

1, , , , 1,( , , )t i t i t i t i t ix f x u     , 1 1~ (0, )t tN Q    , i = 1, 2, …, ne 

where 1,t ix  is the forecasted value for particle i at time t+1, ,t ix  and ,t i are the values of 

state variables and parameters at time t. 

Step (4). Observation simulation: Use the observation operator h to propagate the model 

state forecast: 

1, 1, , 1,( , )t i t i t i t iy h x v    , 1, 1~ (0, )t i tv N R  , i = 1, 2, …, ne 

Step (5). Estimate the likelihood for the selected particles: 

2

1 1, , 1 1, ,

1

1 1
( | , ) exp( [ ( , )] )

22
t t i t i t t i t i

tt

L y x y h x
RR
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Figure 3.3. the flowchart of the coupled SDAPC approach 
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Step (6). Obtained the updated weight 1,t iw   for the analyzed ensemble values: 

, 1 1, , 1

1,

, 1 1, , 1

1

( ( , ) | )

( ( , ) | )

t i t t i t i t

t i ne

t i t t i t i t

i

w p y h x R
w

w p y h x R





  



  



 


 
 

Step (7). Resampling: Apply resampling procedure proposed by Moradkhani et al. (2005a) 

for all states and parameters and store the resulting particles as: 1 ,t resamp i   , 1 ,t resamp ix   . 

Step (8) Parameter perturbation: take parameter evolution to the next stage through adding 

small stochastic error around the sample: 

1, 1 , 1,t i t resamp i t i       , 1, ,~ (0, ( ))t i t iN S    

where η is a hyper-parameter which determines the radius around each sample being 

explored; 1,( )t iS   is the standard deviation of the analyzed particle values. 

Step (9). Set wt+1,i = 1/ne.  

Step (10). Check the stopping criterion: if measurement data is still available in the next 

stage, t = t + 1 return to step 2; otherwise, continue to the next step. 

Step (11). Convert the parameter θ into standard Gaussian variables through GA. 

Step (12). Approximate the outputs of interest using the polynomial chaos expansion in 

terms of the standard Gaussian variables. 

Step (13). Select the collocation points according to the dimensions of the stochastic vector 

and the order of the applied polynomial chaos expansion. 

Step (14). Determine the unknown coefficients in the polynomial expansion through 

statistical regression technique. 
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Step (15). Evaluate the inherent statistical properties of the outputs stemming from the 

uncertainty of the parameters. 

 

3.2.5.2. PCM-based Temporal Dynamics of Parameter Sensitivity 

Sensitivity analysis (SA) evaluates the impact of model parameters on the model 

outputs, and is therefore a convenient tool to assess model behavior and particularly the 

importance of certain parameterizations within the model (Reusser et al., 2011). Generally, 

SA is widely adopted in the model calibration process, and attempts to identify the most 

important parameters for hydrologic model calibration, and the unimportant parameters 

which can be prefixed as a constant value. Some objective functions are adopted for 

sensitivity analysis in hydrology, such as RMES and NSE. In contrast to classical 

sensitivity analysis, the temporal dynamics of parameter sensitivity (TEDPAS) analyze the 

model output variables, such as discharge, groundwater level or snow water equivalent to 

quantify which model components dominate the simulation response, which can be 

considered as an indicator for dominant process in the catchment, as well as the functioning 

of the model (Reusser et al., 2011). All SA methods, such as Sobol’s method and Fourier 

amplitude sensitivity test can be adopted for both classic SA and TEDPAS processes. The 

main difference between these two processes is that SA is performed for each time step 

individually in TEDPAS, while classic sensitivity analysis only requires it to be performed 

once over the simulation period. 

In this study, the Sobol’s method will be employed for the temporal dynamics of 

parameter sensitivity. The Sobol’s method is a global SA method derived from variance 

decomposition, attempting to quantify the contribution to the total variance of the model 
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output by both an individual parameter and its interactions with other parameters (Dai et 

al., 2014). In Sobol’s method, a variance decomposition from random variable y can be 

formulated as (Zheng et al., 2011): 

12...( ) ...i ki i j i ij
V y V V V


      (3.30) 

where Vi is the variance attributed to the single effect of input xi and Vi = V(E(y | xi)); Vij is 

the variance attributed to the interaction effect of xi and xj, and Vij = V(E(y | xi, xj)) - V(E(y 

| xi)) - V(E(y | xj)); higher-order variances have similar expressions (Zheng et al., 2011). 

The Sobol’s sensitivity indices are defined as the ratios of partial variances to the total 

variance, indicating the contribution of each individual parameter and its interactions to the 

total uncertainty (Dai et al., 2014): 

( )

i
i

V
S

V y
  (3.31) 

( )
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  (3.32) 

12...
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k
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S

V y
  (3.33) 

The total sensitivity indices is defined as the sum of all partial sensitivity indices for a 

parameter, and provides the total effect of the parameter, including the interactions (Dai et 

al., 2014): 

12......T

i i ij k

j i

S S S S


     (3.34) 
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The Sobol’s indices are mathematically rigorous but tome-consuming (Zheng et al., 

2011). Consequently, Zheng et al. (2011) integrated PCM with Sobel’s variance-

decomposition and derived the total variance V(y) as:  

2

1 1

( ) !
iM

i ij

i j

V y a p


 

   (3.35) 

where pij! is the order of jth univariate Hermite polynomial (UHP). For example, consider 

a truncated two-dimensional second-order PCE expressed as: 

^
2 2

0 1 1 2 2 3 1 4 2 5 1 2( 1) ( 1)y a a a a a a             , the total variance can be obtained as: 

^
2 2 2 2 2

1 2 3 4 5( ) 2 2V y a a a a a     . If ζ1 is fixed, the variance would be 
^

2 2

1 1 3( | ) 2V y a a   . 

Similarly 
^

2 2

2 2 4( | ) 2V y a a    and 
^ ^

1 2( | , ) ( )V y V y   . Consequently, the first and 

second-order Sobol’s sensitivity indices can be expressed as (Zheng et al., 2011): 

^
2 2

1 1 3
1 ^ 2 2 2 2 2

1 2 3 4 5
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Also, the total-effect indices can be obtained as: 1 1 12

TS S S  , and 2 2 12

TS S S  . 
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3.3. Application 

3.3.1. Hydrologic Model 

The Hymod, which is a well-known conceptual hydrologic model, will be used in this 

study. Hymod is a non-linear rainfall-runoff conceptual model with a daily time step 

(Moore, 1985). The general concept of the model is based on the probability distribution 

of soil moisture modeling proposed by Moor (2007). This model has been widely used for 

demonstrating the applicability of various uncertainty quantification methods such as 

Markov Chain Monte Carlo (MCMC), Ensemble Kalman Filter (EnKF), and Particle Filter 

(PF) methods (Vrugt et al., 2003; Vrugt et al ., 2005; Moradkhani et al., 2005 a, 2005b). In 

Hymod the catchment is considered as an infinite number of points, each having a certain 

soil moisture capacity denoted as c [L] (Wang et al., 2009). Soil moisture capacities vary 

within the catchment due to spatial variability in soil type and depth and a cumulative 

distribution function (CDF) is proposed to describe such variability, expressed as (Moore, 

1985, 2007): 

exp

max

( ) 1 1

b

c
F c

C

 
   

 
, 0 ≤ c ≤ Cmax  (3.30) 

where Cmax [L] is the maximum soil moisture capacity within the catchment and bexp [-] is 

the degree of spatial variability of soil moisture capacities and affects the shape of the CDF.  

As shown in Figure 3.4, the Hymod consists of two-series of linear reservoirs: a single 

reservoir for the slow flow and three-identical quick flow reservoirs. The slow flow 

reservoir (denoted as Xslow in Figure 3.4) represents the water that flows through the ground 

and eventually ends up in the river. The three identical quick flow reservoirs (denoted as 

Xquick1, Xquick2, Xquick3) represent the water that flows directly into the river. The model  
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Figure 3.4. Description of Hymod (modified from Vrugt et al., 2003) 
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uses two input variables: mean areal precipitation, P (mm/day), and potential 

evapotranspiration, E (mm/day). As shown in Figure 3.4, the soil moisture storage is 

assumed to be c(t) [L] at time t. The amount of precipitation which exceeds Cmax, denoted 

as UT1, flows directly through three linear quick flow reservoirs (Xquick1, Xquick2, Xquick3) 

into the river. The rate of the flow between these quick flow reservoirs depends on a 

constant, Rq [1/T]. Depending on the catchment’s soil moisture capacity bexp, the remaining 

precipitation that exceeds the soil moisture capacity, denoted as UT2, will be distributed 

with a fraction coefficient, α, to the quick flow reservoirs (Xquick1, Xquick2, Xquick3) and the 

slow flow reservoir (Xslow). Finally, a fraction of the water in the quick flow and slow flow 

reservoirs will flow into the river. Rq and Rs are coefficients representing those fractions 

for the quick and slow flow components (van Delft et al., 2009). Evaporation extracts water 

from the soil water storage. If enough water is available the actual evaporation equals the 

measured potential evaporation, otherwise only the available stored water evaporates. The 

detailed model formulation can be found in the work of van Delft (2007). There are five 

parameters involved in the Hymod; these are given in Table 3.4. 
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Table 3.4. Description of the Hymod model parameters 

Parameter Unit Description 

Cmax [mm] Maximum soil moisture capacity within the catchment 

bexp [-] Spatial variability of soil moisture capacity  

α [-] Distribution factor of water flowing to the quick flow reservoir 

Rs [1/T] Residence time of slow flow reservoir 

Rq [1/T] Residence time of quick flow reservoirs and 
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3.3.2. Overview of the Study Watershed 

The Xiangxi River basin, located in the Three Gorges Reservoir area of China (as 

shown in Figure 3.5), is selected to demonstrate the proposed forecasting algorithm in 

capturing the climate-hydrological relationship of the hydrologic system. The Xiangxi 

River is located between 30.96 ~ 31.67 0N and 110.47 ~ 111.130E in the Hubei part of the 

Three Gorges Reservoir (TGR) region, which drains an area of about 3,200 km2. The 

Xiangxi River originates in the Shennongjia Nature Reserve with a main stream length of 

94 km and a catchment area of 3,099 km2, and is one of the main tributaries of the Yangtze 

River (Han et al., 2014). The watershed experiences a northern subtropical climate. The 

annual average temperature in this region is 15.6 0C and ranges from 12 0C to 20 0C. The 

historical measurements from 1961~1990 records a maximum temperature of 43.1 0C and 

a minimum temperature of -9.3 0C. The average frost-free days at low, middle and high 

elevations are 272, 215 and 163 days, respectively (Li, 2012). The average annual quantity 

of solar radiation value (heat units) is 2.90 × 108 kW/m2, with values during April to 

September reaching as high as 1.88 × 108 kW/m2 (Li, 2012). Annual precipitation is 1,100 

mm, ranging from 670 to 1,700 mm with considerable spatial and temporal variability (Xu 

et al., 2010). The major rainfall season is May–September, with a flooding season from 

July to August. The precipitation in the north is higher than that in the south, with the 

rainfall being more intense in the Summer than that in the Winter; and sixty nine percent 

of the rain falls in Summer, resulting in an average streamflow of 40.18 m3/s in Xiangxi 

River (Li, 2012). 

The study area consists of a mixed coniferous-deciduous forest which demonstrates 

an explicit vertical gradient with elevation. Vegetation changes from broadleaf forest 
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(below 800 m) to coniferous forest (800 to 1,000 m) and shrub-grassland (above 1,800 m) 

as elevation increases (Li, 2012). The land use is characterized by mixed grain and cash-

crop farming on terraced farmland. Crops include rape, wheat, maize, rice, nuts, and garden 

fruits (Li, 2012).  
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Figure 3.5. The location of the studied watershed 
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3.4. Results Analysis 

3.4.1. Uncertainty Quantification in Watershed Systems through a PCM-based Stochastic 

Hydrological Model 

3.4.1.1. Synthetic Data Experiment 

In this study, a synthetic case of the Hymod model will be applied to demonstrate the 

applicability of PCM in quantifying prediction uncertainty. The model inputs, such as the 

potential evapotranspiration, ET (mm/day), and mean areal precipitation, P (mm/day), are 

observed data sets from the Xiangxi River basin in the Three Gorges Reservoir area, China. 

Two parameters, i.e. Cmax, bexp, are set to be uniformly distributed within certain intervals, 

while other parameters (i.e. α, Rs, Rq) are assumed to be deterministic. The detailed values 

of the five parameters for Hymod are presented in Table 3.5. The probabilistic collocation 

method (PCM) is then applied to quantify the uncertainty of the streamflow predictions 

resulting from the uncertainty of Cmax and bexp. 
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Table 3.5. The values of the Hymod model parameters 

Parameter Unit Value 

Cmax [mm] [150, 500] 

bexp [-] [5, 15] 

α [-] 0.46 

Rs [1/T] 0.11 

Rq [1/T] 0.82 
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3.4.1.2. Results and Discussion 

(1) Two-order polynomial chaos expansion (PCE) 

The 2-order polynomial chaos expansion (PCE) (i.e. 0 1 1 2 2 3 1 2y a a a a       

2 2

4 1 5 2( 1) ( 1)a a    ) was first applied to quantify the uncertainty of the Hymod 

predictions. The potential collocation points for 2-order PCE are presented in Table 3.2. In 

this study, all nine collocation points were selected to establish the linear regression 

equations and generate the values of unknown coefficients of PCE (i.e. a0, a1, …, a5). 

Afterward, 50 values were randomly generated through the standard Gaussian distribution 

for ζ1 and ζ2, respectively, generating a total of 2,500 realizations through both the obtained 

PCE and Hymod. The latter 2,500 realizations obtained through Hymod are considered as 

Monte Carlo simulation results.  

Figure 3.6 and Figure 3.7 show the comparison for the mean streamflow values 

obtained through the 2-order PCE and Monte Carlo (MC) simulation methods. They 

indicate that the mean values obtained through 2-order PCE are identical with the MC 

simulation results. This means that the 2-order PCE may be used to replace the hydrologic 

model (i.e. Hymod) to reflect the temporal variations for the streamflow. Figure 3.8 and 

Figure 3.9 compare the variance of the streamflow, at each time step, obtained through the 

2-order PCE and MC simulation methods, respectively. They show the variance values of 

2-order PCE and MC simulation to be identical at low uncertainty conditions and the 2-

order PCE variance being slightly less than for the MC simulation at higher uncertainty 

conditions. However, in general, the PCE results would fit well with the MC simulation 

mean and variance values   
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Figure 3.6. The mean values of the streamflow obtained through 2-order PCE and Monte 

Carlo (MC) simulation 
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Figure 3.7. The comparison of the mean values of MC simulation and 2-order PCE 

results 
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Figure 3.8. The variance values of the streamflow obtained through 2-order PCE and 

Monte Carlo (MC) simulation 
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Figure 3.9. The comparison of the variance values of MC simulation and 2-order PCE 

results 
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To further compare the accuracy between 2-order PCE and MC simulation results, the 

detailed statistic characteristics would be analyzed for some specific time periods. The 

statistics for mean, standard deviation, kurtosis and skewness, are presented in Table 3.6. 

The specific time periods are selected to cover low, medium, and high streamflow levels. 

As presented in Table 3.6, the probability density distributions obtained through 2-order 

PCE would be similar with those obtained by the MC simulation, however, the shape of 

the probability density distributions generated by the 2-order PCE would be steeper (i.e. 

lower standard deviation and higher kurtosis) than the MC simulation method. These 

findings are shown by the steeper 2-order PCE histograms in Figure 3.10 for the 2-order 

PCE and MC simulation results for these selected time periods.  

Generally, the 2-order polynomial chaos expansion (PCE) generated by the 

probabilistic collocation method can be applied to quantify the uncertainty of the 

streamflow forecasts obtained by Hymod. The mean and variance values of 2-order PCE 

would be consistent with those obtained by MC simulation method, even though the 

variances generated by PCE results would be slightly less than those obtained by MC 

simulation method at high uncertain conditions (i.e. high variance values). However, the 

detailed probability density function generated by 2-order PCE, at each time step has a 

similar but steeper shape than those obtained through MC simulation method.  
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Figure 3.10. The comparison of histograms between MC simulation and 2-order PCE 

results (note: the left is for MC and the right is for PCE) 
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Table 3.6. Comparison of statistic characteristics of the 2-order PCE and MC simulation 

results at specific time 

Time (d) Mean Standard Deviation Kurtosis Skewness 

 PCE MC PCE MC PCE MC PCE MC 

23 6.23 6.26 2.30 2.40 3.73 2.97 0.77 0.69 

145 277.15 277.50 53.01 58.65 3.03 2.26 -0.09 -0.14 

181 634.58 634.73 77.32 83.61 3.43 2.68 -0.52 -0.56 

182 434.46 434.33 44.90 48.27 3.78 2.94 -0.73 -0.74 

218 237.90 237.68 16.90 17.38 5.33 4.51 -1.30 -1.38 

350 0.07 0.07 0.03 0.03 4.09 3.41 0.93 0.88 
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(2) Three-order polynomial chaos expansion (PCE) 

To further improve the accuracy of PCE in quantifying uncertainty of the hydrologic 

predictions, the 3-order PCE would be applied to represent the uncertain predictions of 

Hymod. There are total 10 unknown coefficients in the 3-order PCE (i.e. y = a0 + a1ζ1 + 

a2ζ2 + a3ζ1ζ2 + a4(
2

1 -1) + a5(
2

2 -1) + a6(
3

1 13  ) + a7(
2

1 2 2   ) + a8(
2

2 1 1   ) + 

a9(
3

2 23  )), and total 25 potential collocation points, as presented in Table 3.2. Here, all 

the collocation points are used to obtain the unknown coefficients of 3-order PCE through 

the linear regression method, and total 2,500 realizations would be generated (i.e. ζ1 and ζ2 

sampled 50 times independently) for both the 3-order PCE and MC simulation methods. 

Figure 3.11 and Figure 3.12 show the comparison for the respective mean values of 

the streamflow obtained through the 3-order PCE and Monte Carlo (MC) simulation 

methods. Similar to the 2-order PCE method, the mean values obtained through the 3-oder 

PCE are identical with the MC simulation results, indicating the accuracy for 3-order PCE 

in reflecting the temporal variations for the streamflow. Figure 3.13 and Figure 3.14 

compare the variances of the respective streamflow obtained through the 3-order PCE and 

MC simulation methods. Compared with the 2-order PCE method, the 3-order PCE would 

be much more accurate in reflecting the uncertainty of the hydrologic predictions at each 

time step. As shown in Figure 3.13 and Figure 3.14, the variances of 3-order PCE would 

be identical to the variances obtained by MC simulation method. Consequently, the 3-order 

PCE can suitably quantify the uncertainty of the Hymod predictions. 
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Figure 3.11. The mean values of the streamflow obtained through 3-order PCE and 

Monte Carlo (MC) simulation 
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Figure 3.12. The comparison of the mean values of MC simulation and 3-order PCE 

results 
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Figure 3.13. The variance values of the streamflow obtained through 3-order PCE and 

Monte Carlo (MC) simulation 
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Figure 3.14. The comparison of the variance values of MC simulation and 3-order PCE 

results 
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To further compare the accuracy between 3-order PCE and MC simulation results, the 

statistic characteristics, at specific time periods, would be analyzed in detail. Table 3.7 

presents the mean, standard deviation, kurtosis and skewness values of the 3-order PCE 

and MC simulation results at selected time periods. They indicate that the probability 

density distributions obtained through a 3-order PCE method would be similar with those 

obtained by a MC simulation. For example, at the 181th day, the mean, standard deviation, 

kurtosis, skewness values obtained by 3-order PCE would be 635.49, 65.93, 2.83, -0.19, 

respectively, while those values generated by MC simulation method would be 634.56, 

67.04, 2.96, -0.49, respectively. Figure 3.15 shows the histograms for the 3-order PCE and 

MC simulation results at the selected time periods. It indicates that the shape of the 

probability distributions obtained by the 3-order PCE would be similar to that of the MC 

simulation method. 

Compared with the 2-order polynomial chaos expansion (PCE), the 3-order PCE 

generated by the probabilistic collocation method performed better in quantifying uncertain 

hydrologic predictions. The mean and variance values of 3-order PCE would be highly 

consistent with those obtained by MC simulation method. For the detailed probability 

density function (PDF) at each time step, the PDFs generated by 3-order PCE would be 

similar with those obtained through the MC simulation method, with only slight differences 

in mean, standard deviation, kurtosis and skewness values. 
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Figure 3.15. The comparison of histograms between MC simulation and 3-order PCE 

results (note: the left is for MC and the right is for PCE) 
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Table 3.7. Comparison of statistic characteristics of the 3-order PCE and MC simulation 

results at specific time 

Time (d) Mean Standard Deviation Kurtosis Skewness 

 PCE MC PCE MC PCE MC PCE MC 

23 6.11 6.05 1.89 1.89 3.15 3.36 0.58 0.74 

145 276.49 275.59 46.60 47.48 2.71 2.60 0.14 -0.06 

181 635.49 634.56 65.93 67.04 2.83 2.96 -0.19 -0.49 

182 435.62 435.21 37.94 38.58 2.96 3.22 -0.34 -0.68 

218 239.07 239.06 13.27 13.52 4.19 4.86 -0.98 -1.39 

350 0.07 0.07 0.02 0.02 3.31 3.74 0.65 0.91 
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3.4.2. Uncertainty Quantification in Watershed Systems through a Coupled Ensemble 

Filtering and Probabilistic Collocation 

3.4.2.1. Synthetic Data Experiment 

In this study, a synthetic case of the Hymod model will be applied to demonstrate the 

applicability of the coupled EnKF-PCM method in quantifying prediction uncertainty. In 

detail, the EnKF would be applied first to achieve model parameter estimation and 

uncertainty reduction; the PCM method would further be employed for uncertainty 

quantification for the Hymod predictions. The inputs of the model, such as the potential 

evapotranspiration, ET (mm/day), and mean areal precipitation, P (mm/day), are taken 

from the observed data sets from the Xiangxi River basin in the Three Gorges Reservoir 

area, China. The predefined values for the five parameters of Hymod are provided from 

Table 3.8 to generate related values for the state variables (i.e., soil moisture and 

groundwater storage) and streamflow. The generated streamflow values would form the 

observations in the EnKF updating process, and those state variables values are assumed 

to be the “true state”. In any data assimilation framework, it is necessary to assume error 

values for any quantity that contains uncertainties (DeChant and Moradkhani, 2012). In 

this study, random perturbations are added to precipitation and potential evapotranspiration 

(ET), model predictions to account for their uncertainties. Those random perturbations are 

assumed to be normally distributed with the mean values being 0 and the standard errors 

being proportional to the magnitude of the true values. The proportional coefficients for 

precipitation, potential evapotranspiration, streamflow observation and model predictions, 

are all set to be 0.1 in this study. This means that precipitation, ET, streamflow observation, 

and model predictions are assumed to have normal distributions with relative errors of 10%.   
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Table 3.8. The predefined true values and fluctuating ranges for the parameters of Hymod 

 Parameters     

 Cmax (mm) bexp α Rs (1/day) Rq (1/day) 

True 175.40 11.68 0.46 0.11 0.82 

Primary range [100, 700] [0.10, 15] [0.10, 0.80] [0.001, 0.20] [0.10, 0.99] 

EnKF results [110.9, 690.6] [10.2, 13.8] [0.56, 0.73] [0.10, 0.16] [0.75, 0.76] 
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3.4.2.2. Results Analysis of Synthetic Experiment 

(1) Uncertainty Characterization of Hymod through EnKF 

To demonstrate the capability of EnKF in model parameter estimation and uncertainty 

reduction, the five parameters of Hymod (i.e. Cmax, bexp, α, Rs, Rq) were initialized to be 

varied within predefined intervals, as presented in Table 3.8. The ensemble size in this 

study was set to be 50. The random perturbation for parameter evolution in Equation (7) 

was set to have a normal distribution with a relative error of 10%. The initial samples of 

the five parameters were uniformly sampled from those predefined intervals and the total 

data assimilation steps would be one year (i.e. 365 days). 

Figure 3.17 shows the comparison between the ensembles of the forecasted 

streamflow and the generated true discharge from the synthetic experiment. The results 

indicate that the ensemble mean for the streamflow prediction can closely follow the 

observed discharge data. The ranges formulated through the 5 and 95% percentiles for 

streamflow prediction can adequately bracket the observations. Figure 3.16 depicts the 

evolution of the sampled marginal posterior parameters distribution for the five parameters 

of Hymod during the EnKF assimilation period. From Figure 3.16, it is observed that the 

bexp, α, Rs, Rq parameters are identifiable, while the Cmax parameter is notably less 

identifiable than the other four parameters. This means that the sampled marginal 

distribution of Cmax exhibits considerable uncertainty and vary intermittently throughout 

the feasible parameter space. For bexp, α, Rs, Rq, one year discharge observations are 

sufficient to estimate these values. Table 3.8 presents the final fluctuating intervals for 

these five parameters after a one-year data assimilation period. The case study shows that 

the EnKF method estimated Cmax bexp, α, Rs accurately, while there is only a small 
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difference between the true Rq value and the final estimated interval obtained by EnKF. 

The strong uncertainty of Cmax indicates that, in this synthetic experiment, the Cmax has a 

low sensitivity to the model prediction performance. 

However, after the data assimilation process by EnKF, the parameters of Hymod still 

contain some uncertainties, as presented in Table 3.8. Such uncertainty would also lead to 

uncertainty in the forecasted streamflows. Figure 3.18 shows the comparison between the 

standard deviation of the predicted streamflows before and after the data assimilation 

process by EnKF. This calculation indicates that the uncertainty of the Hymod, after the 

data assimilation by EnKF, is reduced significantly but a level of uncertainty still remains 

in the Hymod even after the data assimilation. Consequently, further exploration is required 

to analyze the inherent statistic characteristics of the hydrologic predictions after data 

assimilation. 

 

(2) Uncertainty Quantification of Hymod through the Probabilistic Collocation Method. 

In this study, the Hermite polynomial chaos expansion was employed to quantify the 

evolution of uncertainty in Hymod stemming from the uncertain parameters. Consequently, 

the distributions of the updated parameter after the EnKF assimilation process would firstly 

be converted into a standard Gaussian distribution. As presented in Table 3.8, after the data 

assimilation process through EnKF, there is still some level of uncertainties existing in the 

five parameters of Hymod. Since the Rq value changes within a very small interval (i.e. 

[0.75, 0.76]), it will be considered to be deterministic in the further uncertainty 

quantification through PCM. The other four parameters (i.e. Cmax, bexp, α, Rs), are 

transformed to standard Gaussian distributions according to the GA method proposed by   
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Figure 3.16. Convergence of the parameter through the EnKF for the synthetic 

experiment over data assimilation period 
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Figure 3.17. Comparison between the ensembles of the forecasted and synthetic-

generated true discharge 
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Figure 3.18. Comparison between forecasted errors before and after the data assimilation 

process by EnKF 
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Equations (3.26) - (3.29). Figure 3.19 shows the histogram of original data, empirical 

anamorphosis function, histogram of transformed data, and normal probability plot of 

transformed data for Cmax. It is noted that after transformation through GA, the sample 

values of Cmax are well fitted to a standard Gaussian distribution. Similarly, the posterior 

distributions of bexp, α, Rs can also be converted to standard Gaussian distributions through 

the GA method. Consequently, the transformed data can be introduced into the PCM 

method to further quantify the uncertainty of Hymod. 

A 2-order polynomial chaos expansion (PCE) is employed to quantify the uncertainty 

of the Hymod predictions. Since there are four parameters in Hymod (i.e. Cmax, bexp, α, Rs), 

the PCE used to represent the output of interest (i.e. streamflow) would be a four 

dimensional and two order PCE. For a 4-dimensional 2-order PCE, there is a total of 15 

unknown coefficients. The potential collocation points are obtained through combining the 

roots (i.e. (- 3 , 0, 3 )) of the third order Hermite polynomial
3

3( ) 3H     . For this 

PCE, there are 81 (i.e. 34) potential collocation points where the probability for each point 

can be obtained through the standard CDF G in Equation (3.26) and consequently, the 

corresponding rank j can be calculated through Equation (3.27). Since j may not be an 

integer, the original values of Cmax, bexp, α, or Rs corresponding to the collocation points of 

ζ are obtained through linear interpolation method based on the two adjacent original data. 

In this study, all the collocation points were used to establish the linear regression equations 

and generate the values of unknown coefficients of PCE. Afterward, 2,000 values are 

independently sampled from the standard Gaussian distribution for ζ1, ζ2, ζ3, and ζ4, 

respectively, and 2,000 realizations would be generated through both the obtained PCE and 

Hymod. The latter 2,000 realization obtained through Hymod are considered as to be  
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Figure 3.19. Histogram of untransformed variable, empirical CDF, histogram of 

transformed variable, and normal probability plot for Cmax (unit (mm)). 
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Monte Carlo simulation results.  

Figure 3.20 shows the comparison for the mean values of the streamflow obtained 

through the 2-order PCE and Monte Carlo (MC) simulation methods. It demonstrates the 

mean values obtained through 2-oder PCE are identical to the MC simulation results. This 

means that the 2-order PCE can generally replace the hydrologic model (i.e. Hymod) to 

reflect the temporal variations for the streamflow. Figure 3.21 compares the standard 

deviations of the streamflow, at each time step, obtained through 2-order PCE and MC 

simulation methods, respectively. It proposes that the standard deviation of the 2-order 

PCE and MC simulation be treated as identical at low uncertain conditions (i.e. low 

standard deviation values). When the Hymod predictions show high uncertainty (i.e. high 

standard deviation values), the standard deviation obtained by the 2-order PCE would be 

slightly less than the actual values (i.e. MC results). However, in general, the PCE results 

would fit well with the MC simulation results for both means and standard deviations. As 

shown in Figure 3.22, the relative errors between the standard deviations from MC 

simulation and 2-order PCE prediction results are relatively small, and most are within [-

0.10, 0.10]. Moreover, Figure 3.23 shows the comparison between the 5% and 95% 

percentile values from the MC simulation and 2-order PCE prediction results. It indicates 

that the predicted intervals for streamflow from the MC simulation and 2-order PCE are 

highly consistent under a 90% confidence level. 

To further compare the accuracy between the 2-order PCE and MC simulation results, 

the detailed statistic characteristics would be analyzed at specific time periods. These 

specific time periods were selected artificially through screening the mean streamflow 

variations over the simulation period, as shown in Figure 3.20,, so that the low, medium  
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Figure 3.20. The comparison between the mean values of the MC simulation and 2-order 

PCE results 
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Figure 3.21. The comparison between the standard deviation values of MC simulation 

and 2-order PCE results 
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Figure 3.22. The distribution of the relative errors between the standard deviations 

from MC simulation and 2-order PCE prediction results 
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Figure 3.23. The comparison between the percentile values of MC simulation and 2-

order PCE results 
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and high streamflow levels are all involved. Consequently, the streamflow predictions from 

the MC simulation and PCE in the 23, 145, 181, 182, 218, 350 day are selected respectively 

and their inherent statistic properties are further analyzed. These statistic properties, 

including mean, standard deviation, kurtosis and skewness, are presented in Table 3.9 

which shows that the probability density distributions obtained through the 2-order PCE 

would be similar to those obtained by the MC simulation. However, the shape of the 

probability density distributions generated by 2-order PCE would be steeper (i.e. lower 

standard deviation and higher kurtosis) than those from the MC simulation method. For 

example, at the 181th day, the mean, standard deviation, kurtosis and skewness values 

obtained by 2-order PCE would be 613.59, 76.32, 3.01, 0.23, respectively, while those 

values generated by MC simulation method would be 615.01, 84.43, 2.07, 0.12, 

respectively. Figure 3.24 shows the histograms of the 2-order PCE and MC simulation 

results at the selected time periods and indicates that the shapes of the probability 

distributions obtained by 2-order PCE would be steeper than those from the MC simulation 

method. 

Generally, after the data assimilation process by EnKF, the uncertainty of Hymod was 

significantly reduced. However, there was still some level of uncertainty existing in the 

Hymod. The probabilistic collocation method (PCM) can effectively quantify the remanent 

uncertainty in Hymod. The 2-order PCE employed in this study showed the mean and 

standard deviation values to be consistent with those obtained by the MC simulation 

method, except minor errors existing between the standard deviations from MC simulation 

and PCE prediction results. However, the detailed probability density generated by 2-order 

PCE, at each time step, would be have a similar but steeper shape than those obtained  
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Figure 3.24. The comparison of histograms between MC simulation and 2-order PCE 

results (note: the left is for MC and the right is for PCE) 
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Table 3.9. Comparison of statistic characteristics of the 2-order PCE and MC simulation 

results at specific time 

Time (d) Mean Standard Deviation Kurtosis Skewness 

 PCE MC PCE MC PCE MC PCE MC 

23 7.38 7.35 3.35 3.22 4.30 4.07 1.27 1.38 

145 292.05 292.17 54.04 56.88 2.93 2.63 0.56 0.48 

181 649.71 647.20 73.11 76.28 2.70 2.56 0.20 0.13 

182 558.05 555.92 52.64 55.47 2.67 2.53 0.02 -0.04 

218 263.00 261.77 14.19 15.00 3.27 2.98 -0.68 -0.70 

350 0.05 0.05 0.03 0.03 4.64 5.59 1.35 1.67 
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through the MC simulation method.  

 

3.4.2.3. Real Case Study 

(1) Model Setup 

To further demonstrate the applicability of the proposed method in quantifying 

uncertainty for hydrologic models, a real case study is going to be provided to examine 

performance of the proposed EFPC algorithm in a real streamflow forecasting in Xiangxi 

River. The daily precipitation, potential evapotranspiration, and streamflow measurement 

from 1991 to 1993 would be applied to evaluate the performance of the proposed algorithm.  

The EnKF quantifies model error, which can be caused by uncertainties in model 

inputs, model structure and parameter values, by using the variance of streamflow 

predictions from an ensemble of model realizations (McMillan, 2013). The stochastic 

perturbations are usually applied to reflect uncertainties of inputs. In the synthetic 

experiment of this study, random perturbations were added to precipitation, potential 

evapotranspiration (ET) and model predictions, which were normally distributed with the 

standard errors being 10% of the true values. However, in order to investigate impact of 

the errors on the performance of EnKF, three relative error scenarios would be added. In 

detail, the precipitation is assumed to be normally distributed with relative error of 10, 15, 

20, 25, and 30% of the true values, respectively. The ET is also normally distributed with 

relative error of 10, 15, 20, 25, and 30%, respectively. Errors in streamflow observations 

derive from errors in river stage measurement and errors in the rating curve used to 

transform stage to discharge, which consist of errors in stage and velocity gauging, 
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assumption of a particular form of stage–discharge relationship, extrapolation beyond the 

maximum gauging and cross-section change (McMillan et al., 2013). In EnKF, the errors 

in streamflow are assumed to be normally distributed. Several studies assumed the standard 

deviation of the observed error to be proportional to the true discharge (Dechant and 

Moradkhai, 2012; Moradkhani et al., 2012; Abaze, et al., 2014), while some studies set the 

error to be proportional to the log discharge (Clark et al, 2008; McMillan et al., 2013). In 

our study, five relative errors would be selected at 10, 15, 20, 25 and 30%, in order to 

characterize the impact of relative errors on the performance of EnKF. 

 

(2) Impact of Stochastic Perturbation on the Performance of EnKF 

The study will perform a series of real-case test with different inputs and streamflow 

observation errors to reveal the impacts of stochastic perturbation on the performance of 

EnKF. Comparison of performance matrices related to the ensemble mean prediction and 

observations would be conducted. The performance of EnKF is evaluated through the root-

mean-square error (RMSE), the Nash-Sutcliffe efficiency (NSE) and the percent bias 

(PBIAS), which are expressed as: 
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  (3.33)  

where N is the total number of observations (or predictions), Qi is the observed value, Pi is 

the estimated value, and �̅� is the mean of all observed and estimated values 

Table 3.10 shows the performance matrices between the discharge observations and 

modeled discharge values under different relative error scenarios. The results indicate the 

stochastic perturbation can significantly influence the performance of EnKF. In detail, 

larger relative errors can effectively reflect the uncertainties in model inputs, and thus 

leading to better model performance. In this study, the performance of EnKF would be 

improved significantly as the relative errors for precipitation, potential evapotranspiration, 

and streamflow observations increase from 10% to 20%. However, as the relative errors of 

inputs (i.e. precipitation and potential evapotranspiration) and streamflow are larger than 

20%, EnKF would perform slightly worse than that with relative errors of 20%. 

Consequently, for the Xiangxi River, the relative error of 20% may be the appropriate 

stochastic perturbation for accounting for the real-world uncertainties in precipitation, 

potential evapotranspiration and streamflow observations. 
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Table 3.10 Performance of EnKF under different relative error scenarios 

Relative error 10% 15% 20% 25% 30% 

RMSE 42.4 43.8 37.1 37.4 39.2 

PBIAS(%) 27.4 22.5 6.0 13.8 13.6 

NSE 0.63 0.64 0.65 0.64 0.64 
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(3) Uncertainty Quantification through Probabilistic Collocation Method 

Based on the EnKF approach, the posterior probabilities of the parameters in the 

hydrologic model would be identified. Consequently, uncertainty of hydrologic predictions, 

stemming from the uncertainty in hydrologic parameters, can be characterized. Previously, 

such an uncertainty quantification process was primarily based on the Monte Carlo method, 

in which random samples are drawn from the posterior distributions of hydrologic 

parameters to run the original hydrologic model. This approach may be insufficient, 

especially for complex hydrologic models. In this study, the probabilistic collocation 

method (PCM) would be applied to establish a proxy for the hydrologic model, with respect 

to the posterior distributions of the hydrologic model parameters. Though PCM, a 

polynomial chaos expansion (PCE) would be obtained to represent the hydrologic model. 

Such a proxy model is then employed to reveal the uncertainty prediction for the hydrologic 

model. 

Figure 3.25 shows the comparison between predictions by the hydrologic model and 

PCE and their respective observations, in which Figure 12(a) indicates the mean 

predictions of hydrologic model and observations and Figure 12(b) shows the mean 

predictions of PCE and observations. This figure indicates that the predictions from the 

hydrologic model and PCE show similar trends, when compared with observations. The 

mean predictions from both the hydrologic model and PCE can well track the observed 

streamflow data with underestimation occurring during some extreme flow periods. To 

further compare the performance of the hydrologic model and PCE in their discharge 

prediction, the RMSE, PBIAS, NSE are calculated based on the prediction means and 

observations. Table 3.11 shows the results for the RMSE, PBIAS, and NSE values obtained 
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through the Monte Carlo method and PCE. The comparison process between Monte Carlo 

method and PCE is as follows: (i) choosing N samples from the standard Gaussian 

distribution, (ii) generating the associated parameter values of the hydrologic model based 

on the relationships between posterior distributions and standard Gaussian distribution 

through the GA approach, (iii) running the PCE and hydrologic model respectively, (iv) 

obtaining the evaluation criteria results. The results in Table 3.11 indicate a good 

performance by the hydrologic model and PCE in tracking the streamflow dynamics in the 

Xiangxi River, with high NSE values and low PBIAS and RMSE values. Specifically, the 

hydrologic model performed a somewhat better than the PCE approach. This is due to the 

polynomial chaos expansion (PCE) acting as a proxy of the hydrologic model obtained 

through the probabilistic collocation method (PCM). The results in Table 3.11 also indicate 

a good performance by the PCE in representing the hydrologic model. Figure 3.26 presents 

comparisons at a 90% confidence interval for the hydrologic model and PCE predictions 

and observations. This shows that 90% prediction uncertainty intervals from the hydrologic 

model and PCE can encompass most observations. The acceptance rate for the hydrologic 

model and PCE is 54.5 and 61.4%, respectively, indicating an acceptable quantification by 

the PCE for quantifying the uncertainty in the hydrologic model.  

 

(4) Computational Efficiency of the EFPC Method 

The foundation of the coupled ensemble filtering and probabilistic collocation (EFPC) 

approach for quantifying the uncertainty of hydrologic models is to use an ensemble 

Kalman filter method to estimate the posterior distributions of the hydrologic model   
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Figure 3.25.  Comparison between the predication means and observations: (a) 

hydrologic model predictions vs. observations, (b) PCE results vs. observation 
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Figure 3.26. Comparison between the predication intervals and observations: (a) 

hydrologic model prediction intervals vs. observation, (b) PCE predicting intervals vs. 

observation 
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parameters and then apply the probabilistic collocation method (PCM) to represent the 

hydrologic model to dicover the uncertainty of the hydrologic models. Previously, the 

uncertainty quantification process was used to attain the posterior distributions through 

EnKF, then apply the Monte Carlo method to draw samples and run the hydrologic model 

again to generate prediction uncertainty ranges. In the EFPC approach, such an uncertainty 

quantification approach can be obtained through the PCE of the hydrologic model. Such a 

method has two advantages, when compared with previous methods: (i) the original 

samples can be drawn from the standard Gaussian distribution, which is easily 

accomplished; (ii) the computational efficiency can be highly improved.  

The first advantage of the EFPC approach is its straightforwardness while the second 

is its illustration through a comparison to the traditional Monte Carlo method. Table 3.11 

shows the computation efficiency and the associated performance of Monte Carlo method 

and PCE. In this study, five sample sizes (n = 500, 1,000, 1,500, 2,000, 2,500) are selected 

to compare the computation efficiency of the hydrologic model and PCE. As can be seen 

from Table 3.11, as the sample size increases, the performance of hydrologic model and 

PCE would not vary significantly. Both the hydrologic model and PCE performed well in 

streamflow forecasting in the Xiangxi River. However, the computational efficiency of 

PCE would be more than ten times faster than the Monte Carlo (MC) method. For example, 

when n = 500, the computational time of MC method would be 54.7 (s), while the 

computational time of PCE is just 5.3 (s). The ratio of computational efficiency between 

PCE and MC (time (MC)/time (PCE)) is 10.3. Such a ratio would increase as the sample 

size increased (i.e. the ratio is 11.9 for n = 2,500). Consequently, the proposed EFPC  
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Table 3.11. Comparison between Monte Carlo method and PCE 

Sample size 500 1000 1500 2000 2500 

Hydrologic 

Model 

RMSE 37.118 37.134 37.107 37.099 37.101 

PBIAS(%) 6.043 6.124 6.053 5.755 5.857 

NSE 0.6475 0.6473 0.6476 0.6478 0.6468 

Time (s) 54.697 111.478 166.210 232.847 334.471 

PCE 

RMSE 37.394 37.349 37.360 37.310 37.339 

PBIAS(%) 7.062 7.444 7.257 7.222 7.238 

NSE 0.6441 0.6417 0.6433 0.6429 0.6423 

Time (s) 5.278 8.750 14.044 19.050 28.232 
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approach would be an improvement the computational efficiency for uncertainty 

quantification of hydrologic models 

In this study, the Hymod was applied to demonstrate the efficiency of the proposed 

approach. This model is a simple conceptual hydrologic model, with five parameters to be 

calibrated. Consequently, the computational requirement for this model is quite low when 

compared with other sophisticated models such as semi-distributed and distributed 

hydrologic models. As presented in Table 3.11, for such a simple hydrologic model, the 

proposed EFPC approach is more than 10 times faster in computational efficiency. For 

other complex hydrologic models, the computational efficiency would be improved 

significantly. 
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3.4.3. Sequential Data Assimilation and Probabilistic Collocation Approach for 

Uncertainty Quantification of Hydrologic Models 

3.4.3.1. Synthetic Data Experiment 

The synthetic streamflow data are generated based on the potential evapotranspiration, 

ET(mm/day), and mean areal precipitation, P (mm/day) from the Xiangxi River basin. In 

the generation process of the synthetic streamflow, the values of the five parameters of 

Hymod would be predefined, as given in Table 3.12. These generated streamflow values 

are considered as the “true” observations in the updating process of particle filter (PF). In 

any data assimilation framework, one must assume error values for any quantity that 

contains uncertainties (DeChant and Moradkhani, 2012). In this study, random 

perturbations would be added to the precipitation, potential evapotranspiration (ET) and 

model predictions to account for their uncertainties. These random perturbations are 

assumed to be normally distributed with the mean values being 0 and the standard errors 

being proportional to the magnitude of the true values. The proportional coefficients for 

precipitation, potential evapotranspiration, streamflow observation and model predictions, 

are set to be 0.3 in this study. This means that precipitation, PET, streamflow observation, 

and model predictions are assumed to have normal distributions with relative errors of 30%.  
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Table 3.12. The predefined true values and fluctuating ranges for the parameters of 

Hymod 

 Parameters     

 Cmax bexp α Rs Rq 

True 175.40 1.5 0.46 0.11 0.82 

Primary range [120, 250] [0, 2] [0.20, 0.70] [0.05, 0.20] [0.60, 0.99] 

EnKF results [170.0, 250] [1.67, 1.99] [0.48, 0.58] [0.13, 0.16] [0.70, 0.85] 
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3.4.3.2. Results Analysis of Synthetic Experiment 

(1) Uncertainty Characterization of Hymod through Particle Filter 

The particle filter method recursively updates the posterior probabilities of model 

parameters and state variables through representative samples when new observations 

become available. During this recursive process, the random samples leading to large 

estimation deviation from the true observations would be declined and those samples near 

the true values are resampled to replace the declined samples. Consequently, the posterior 

probabilities would be obtained and the uncertainty of the hydrologic model can be 

quantified. To demonstrate the capability of PF in model parameter estimation and 

uncertainty reduction, the five parameters of Hymod (i.e. Cmax, bexp, α, Rs, Rq) were 

initialized to be varied within predefined intervals, as presented in Table 3.12. The 

ensemble size in this study was set to be 500. The initial samples of the five parameters 

were uniformly sampled from those predefined intervals and the total data assimilation 

steps would be over a one-year (i.e. 365 days) period. 

Figure 3.27 shows the comparison between the ensembles of the forecasted 

streamflow and the synthetic-generated true discharge. The results indicate that ensemble 

mean of streamflow prediction can well track the observed discharge data and the ranges 

formulated through 5 and 95% percentiles for streamflow prediction can adequately 

bracket the observations. Figure 3.28 shows the comparison of residuals between the 

forecasted ensembles and the true values. It indicates that the average errors of the posterior 

mean predictions are consistent with the generated synthetic discharge data, with some 

deviations appearing in high flow periods. Another advantages of the data assimilation 
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approach is that the state variables can be estimated through available discharge 

observations. Precise estimation of state variables can further improve prediction accuracy 

for the discharge in the next step. Figure 3.29 shows the uncertainty bound tracking for the 

storage in the nonlinear tank. It indicates that the 90% uncertainty ranges can adequately 

bracket the true values of storage in this synthetic experiment. Figure 3.30 presents the 

comparison between the uncertainty ranges obtained through particle filter and the true 

slow flow from the slow-flow tank. Although underestimations would be produced during 

some high slow flow periods, the variation ranges for the estimated slow flow can well 

represent the variation trend for the true slow-flow values. 

Figure 3.31 depicts the evolution of the sampled marginal posterior parameter 

distributions for the five parameters of Hymod during the PF assimilation period. From 

Figure 3.31, the marginal posterior distributions of Cmax, bexp, α, Rs, Rq exhibit considerable 

uncertainties at the beginning of the data assimilation process. However, those 

uncertainties would be significantly reduced during the data assimilation process through 

PF. In detail, approximately one hundred discharge observations are deemed sufficient to 

estimate the posterior probabilities of the spatial variability for soil moisture capacity, bexp, 

the distribution factor of water flowing to the quick flow reservoir, α, the residence time 

for the slow flow reservoir, Rs, and the residence time for the quick flow reservoir, Rq. It is 

found that additional observations were required for the remaining parameter, maximum 

soil moisture capacity, Cmax, to quantify its posterior probabilities. Figure 3.31 shows that 

their posterior probabilities can be effectively estimated by fewer than one hundred and 

fifty observations. This means in this case, the five parameters in Hymod are identifiable 

and observations lasting less than one year are sufficient to estimate their marginal   
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Figure 3.27. Comarison between the ensembles of the forecasted and synthetic-generated 

true discharge 
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Figure 3.28. The residuals between the ensembles of the forecasted and synthetic-

generated true discharge 
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Figure 3.29. Uncertainty bound tracking for the storage in the nonlinear tank 
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Figure 3.30. Uncertainty bound tracking for the slow flow from the slow-flow tank 
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Figure 3.31. Evolution of the model parameter through the PF for the synthetic 

experiment over data assimilation period 
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posterior probabilities. Table 3.13 presents the final fluctuating intervals for these five 

parameters after a one-year data assimilation period. It indicates that the PF method would 

produce some over estimations for bexp, α, Rs, while the final uncertainty ranges for Cmax Rq 

can cover their true values. Moreover, after the data assimilation process through PF, the 

uncertainty range of Cmax exhibited extensive uncertainties, indicating less identifiable 

property for Cmax. Consequently, further uncertainty quantification approaches are required 

to analyze the inherent probabilistic characteristics in hydrologic predictions stemming 

from uncertainties in model parameters. 

The posterior distributions of model parameters are represented through some 

particles with different weights in the sequential data assimilation process through PF. 

These particles are adjusted when new observations become available. Consequently the 

posterior probability distributions of model parameters vary in the sequential data 

assimilation process. Figure 3.32 depicts the variations of the posterior probability 

distributions for the five model parameters in different periods. It shows that the 

distributions of model parameters can be arbitrary during the data assimilation process even 

through the uncertainty ranges are confined to relative constant ranges and do not change 

significantly. This would lead to some difficulties in further uncertainty quantification in 

the model predications since sampling from arbitrary distributions is difficult to implement.   
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Table 3.13. The predefined true values and fluctuating ranges for the parameters of 

Hymod through PF 

 Parameters     

 Cmax bexp α Rs Rq 

True 175.40 1.5 0.46 0.11 0.82 

Primary range [120, 250] [0, 2] [0.20, 0.70] [0.05, 0.20] [0.60, 0.99] 

PF results [170.0, 250] [1.67, 1.99] [0.48, 0.58] [0.13, 0.16] [0.70, 0.85] 
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Figure 3.32. Evolution in posterior distributions of model paramters in different periods  
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(2) Uncertainty Quantification of Hydrologic Predictions through the Probabilistic 

Collocation Method. 

In this study, the Hermite polynomial chaos expansion is employed to quantify the 

evolution of uncertainty in Hymod stemming from the uncertain parameters, where the 

stochastic process of Hymod is decomposed by the Hermite polynomials in terms of 

standard Gaussian random variables. However, as presented in Figure 3.32, the posterior 

probability distributions of the five parameters in Hymod cannot be adequately quantified 

through well-known distributions such as Gaussian, Gamma distributions. Consequently, 

distribution transformation techniques would be desired to convert the posterior 

probabilities of the model parameters into standard Gaussian distributions. In this study, 

the Gaussian anamorphosis (GA) approach, expressed as Equations (3.26) – (3.29), would 

be employed to transform the posterior probabilities of model parameters into standard 

Gaussian distributions. Figure 3.33 shows the histograms of the original data, empirical 

anamorphosis functions, histograms of transformed data, and the normal probabilities plot 

of transformed data for the five parameters. Obviously, after transformation through GA, 

the sample values for Cmax are well fitted to a standard Gaussian distribution. Similarly, the 

posterior distributions of bexp, α, Rs and Rq can also be converted to standard Gaussian 

distributions. These transformed data can be introduced into the PCM method to further 

quantify the uncertainty of Hymod. 

The two and three-order polynomial chaos expansions (PCEs) are going to be 

employed to quantify the uncertainty in Hymod predictions. Both PCEs would establish 

proxy models to represent the original hydrologic model in terms of the five uncertain 

parameters. For the two-order PCE with five inputs, there is a total of 21 unknown  
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Figure 3.33. Histograms of untransformed variables, empirical CDFs, histograms of transformed variable, and normal probability plots 

for transformed variables. 
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parameters to be obtained through the probabilistic collocation method (PCM). The 

collocation points are derived through combinations of the values of - 3 , 0, and 3 , which 

are the roots of three-order Hermite polynomial 3

3( ) 3H     . For the three-order PCE 

with 5 inputs, 56 unknown parameters are required to be obtained through PCM, in which 

the collocation points are the combinations of the roots of four-order Hermite polynomial 

4 2

4( ) 6 +3H     and zero. The value of zero is also introduced into the collocation points 

since zero is located in the highest probability region for a standard Gaussian random 

variable. 

Table 3.14 investigates the performance among Hymod, two and three-order PCEs. 

The Nash-Sutcliffe efficiency and root-mean-square are adopted to evaluate the 

performances of Hymod and its proxy models of two and three-order PCEs. The study uses 

four sample sizes, involving {50, 100, 200, 500} particles to estimate the posterior 

probabilities of model parameters through particle filter. For each sample size, the posterior 

probabilities of those five model parameters would be estimated through particle filter, and 

the associated two and three-order PCE models would be derived to represent the 

hydrologic model. To investigate the robustness of the performance, the process was 

iterated for 30 trials. The values listed in Table 3.14 are the average values of those 30 

iterations. The results shows that as the sample size increases, the performance of particle 

filter method would be improved. Furthermore, the performance of the two and three-order 

PCEs is consistent with the original hydrologic model. For Hymod, both the two and three-

order PCE would be sufficient to establish the proxy model for further uncertainty 

quantification of discharge predictions.   
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Table 3.14. Comparison between the performance of Hymod and two and three-order 

PCEs under different sample size scenarios of data assimilation process. 

 NSE RMSE 

Sample size Hymod 2-order PCE 3-order PCE Hymod 2-order PCE 3-order PCE 

50 0.8564 0.8566 0.8561 12.6264 12.6055 12.6416 

100 0.8831 0.8840 0.8829 10.7984 10.7595 10.8041 

200 0.8878 0.8875 0.8829 11.0099 11.0180 11.0083 

500 0.8903 0.8902 0.8900 10.5155 10.5147 10.5372 
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As presented in Table 3.14, the performance of two-order PCE performed slightly 

better that the three-order PCE. Moreover, to investigate the statistic coherency of the 

performance of the hydrologic model and its associated two and three-order PCE models, 

comparisons of the NSE, RMSE and PBIAS values among the Hymod, two and three-PCE 

models are plotted in Figure 3.34 to Figure 3.36. In these figures, the posterior probabilities 

of the five parameters in Hymod would be estimated through particle filter with a sample 

size of 500 and the associated two and three-order PCE models would be obtained through 

probabilistic collocation methods. The results show that when the original hydrologic 

model performs well, the associated two and three-order PCE models also perform well. 

Also, the differences for NSE, RMSE and PBIAS values are neglible between the original 

model and its two proxy models, indicating the accuracy for the two and three-order PCE 

models in representing the original hydrological model.  

Figure 3.37 shows the comparison for the mean values of the streamflow obtained 

through the two and three-order PCEs and Monte Carlo (MC) simulation methods. The 

mean values obtained through two- and three order PCEs are identical to the MC simulation 

results, meaning the two and three-order PCEs can replace the hydrologic model (i.e. 

Hymod) to reflect the temporal variations for the streamflow. Figure 3.38 compares the 

standard deviations of the streamflow, at each time step, obtained through two- and three-

order PCEs and MC simulation methods, respectively. It suggests that the standard 

deviations of two-order PCEs and MC simulation can fit very well over the simulation 

periods. For the three-order PCE, the standard deviations would be identical in low 

uncertainty conditions (i.e. low standard deviation values). Some overestimations of the 

standard deviation values may be obtained through the three-order PCE during some high   
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Figure 3.34. Comparison of Nash-Sutcliffe Efficiency (NSE) among Hymod, two and 

three-order PCEs 

 

  

0 5 10 15 20 25 30
0.55

0.6

0.65

0.7

0.75

0.8

0.85

0.9

0.95

1

Iteration

N
S

E

Nash-Sutcliffe Efficiency

 

 

Hymod

2-order PCE

3-order PCE



139 
 

 

Figure 3.35. Comparison of root-mean-square error among Hymod, two and three-order 

PCEs 
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Figure 3.36. Comparison of root-mean-square error among Hymod, two and three-order 

PCEs 
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Figure 3.37. Comparison of predicting mean values of the MC simulation, two and three-

order PCE results 
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Figure 3.38. Comparison of standard deviations of the MC simulation, two and three-

order PCE results 
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streamflow periods. However, in general, the results from two and three-order PCEs would 

provide a good fit with the MC simulation results for both means and standard deviations. 

Figure 3.39 shows the differences in between the hydrologic model results and two PCE 

model results to be quite small, indicating the satisfactory performance obtained from the 

PCM in representing the original hydrologic model.  

To further compare the accuracy between two and three-order PCE models and the 

original hydrologic model, the inherent probabilistic characteristics of predictions from the 

PCEs and Hymod would be analyzed. Figure 3.40 shows the comparisons at the 90% 

confidence interval from the MC simulation and two-order PCE prediction results. Figure 

3.41 presents comparison at the 90% confidence interval for the MC simulation and three-

order PCE prediction results. They indicate that the predicted intervals for streamflow from 

two and three-order PCEs are consistent with those obtained through the MC simulation. 

Moreover, the detailed statistic characteristics would be analyzed at specific time 

periods to further evaluate the performance of PCM in quantifying the prediction 

uncertainties of Hymod. Those specific time periods are chosen artificially though 

screening the temporal variations of streamflow, as shown in Figure 3.37. Table 3.15 lists 

the mean, standard deviation, kurtosis and skewness values of uncertainty predictions from 

Hymod and the two and three-order PCEs. The results show that the probability functions 

generated by the two and three-order PCEs would be similar to those probability functions 

generated by the original Hymod. Specifically, the two-order PCE performed slightly better  
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Figure 3.39. Difference between the MC simulations and two and three-order PCE results: (a) residuals of forecasting means between 

two-order PCE and MC results, (b) residuals of forecasting means between three-order PCE and MC results, (c) residuals of 

forecasting standard deviations between two-order PCE and MC results, (d) residuals of forecasting standard deviations between 

three-order PCE and MC results 
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Figure 3.40. The comparison between the percentile values of MC simulation and 2-order 

PCE results 
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Figure 3.41. The comparison between the percentile values of MC simulation and 2-order 

PCE results 
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Table 3.15. Comparison of statistic characteristics among two and three-order PCEs and MC simulation results at specific time 

periods 

Time (d) 

Mean Standard Deviation Kurtosis Skewness 

2-order PCE 3-order PCE MC 2-order PCE 3-order PCE MC 2-order PCE 3-order PCE MC 2-order PCE 3-order PCE MC 

23 1.67 1.66 1.67 0.18 0.20 0.18 3.55 3.87 3.26 0.76 0.74 0.64 

145 111.15 110.25 110.95 12.42 13.26 12.46 3.47 3.77 3.31 0.70 0.68 0.62 

181 336.92 334.41 336.37 34.27 36.37 34.43 3.43 3.71 3.27 0.67 0.64 0.59 

182 289.41 287.68 288.33 19.85 25.10 21.13 3.70 3.98 2.91 0.80 0.72 0.56 

218 159.18 158.12 158.72 11.37 13.54 11.84 3.42 3.80 2.91 0.65 0.63 0.49 

350 0.01 0.01 0.01 0.0012 0.0014 0.0012 3.73 3.88 3.45 0.71 0.68 0.63 
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than three-order PCE. The probability density functions (PDFs) produced by the three-

order PCE exhibit highest kurtosis values for the selected time periods, and thus lead to 

steeper PDFs than those from the MC simulation method. Figure 3.42 shows the histograms 

of the two and three-order PCEs and MC simulation results at the selected time periods. It 

also indicates that the shapes of the probability distributions obtained by three-order PCE 

would be steeper than those from the MC simulation method. 
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Figure 3.42. The comparison of histograms among MC simulation, 2-order and 3-order PCE results 
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3.4.3.3. Real Case Study 

(1) Model Setup 

To further demonstrate the applicability of the proposed method in quantifying 

uncertainty for hydrologic models, a real case study is going to be undertaken to examine 

performance of the proposed SDAPC method in a real streamflow forecasting in the 

Xiangxi River. The daily precipitation, potential evapotranspiration, and streamflow 

measurements from 1994 to 1996 would be applied to evaluate the performance of the 

proposed algorithm.  

The sequential data assimilation approach can quantify model predictions errors 

stemming from various sources such as inputs, model structures and parameters. To 

account for actual uncertainties in real world climatic variables such as precipitation and 

potential evapotranspiration, random perturbations are usually added into real 

measurements in climatic variables and discharges. Several studies assumed the standard 

deviation of the observed errors to be proportional to the true discharge (Dechant and 

Moradkhai, 2012; Moradkhani et al., 2012; Abaze, et al., 2014), while some studies set the 

errors to be proportional to the log discharge (Clark et al, 2008; McMillan et al., 2013). In 

our study, we primarily focus on the capability of the developed SDAPC approach to 

quantify the uncertainty of hydrologic models. Consequently, the observed errors in 

measurements are set to be proportional to the true values. In detail, the precipitation is 

assumed to be normally distributed with a relative error of 20% of the true values. The ET 

is also normally distributed with a relative error of 20%, respectively. The error in 

streamflow is assumed to be normally distributed, with a proportional rate of 20% of the 

true discharges.   
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(2) Uncertainty Quantification through SDAPC 

In the uncertainty quantification process through SDAPC, the posterior probabilities 

of model parameters in the hydrologic model are firstly estimated through the particle filter 

approach based on available observations. The uncertainty of the hydrologic model, 

stemming from uncertain model parameters, is then characterized through the probabilistic 

collocation method. This approach improves upon previous methods where random 

samples are drawn directly from the posterior distributions through the inefficient Monte 

Carlo method, through establishing a proxy model for the original hydrologic model with 

respect to the uncertain model parameters as the inputs to the proxy model. Such a proxy 

model is then employed to reveal the prediction uncertainty of the hydrologic model. 

Figure 3.43 shows the comparison between predictions of the hydrologic model, PCEs 

and observations. Figure 3.43(a) indicates the comparison between the mean predictions 

of the hydrologic model and observations. Comparisons between the mean predictions of 

two-order PCE and observations and the mean predictions of three-order PCE and 

observations are presented in Figure 3.43(b) and (c). From Figure 3.43, the predictions 

from the original hydrologic model and the two and three-order PCEs exhibit no 

significant differences. All three approaches can well trace the variations in observed 

streamflow data while the underestimates or overestimates in the original hydrologic 

model will also lead to similar deviations in the two and three-order PCE models.  

To further compare the performance of the hydrologic model and PCEs in discharge 

prediction, RMSE, PBIAS, NSE are calculated based on the prediction means and 
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Figure 3.43. Comparison between the predication means and observations: (a) hydrologic model predictions vs. observations, (b) 2- 

order PCE results vs. observations, (c) 3-order PCE results vs. observations  
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observations. The comparison process between Monte Carlo method and PCEs is 

implemented through: (i) choosing N samples from the standard Gaussian distribution, (ii) 

deriving the associated parameter values in the hydrologic model through the GA 

approach, (iii) running the PCEs and hydrologic model respectively, (iv) obtaining the 

evaluation criteria results. Table 3.16 shows the results of RMSE, PBIAS, and NSE values 

obtained through the Monte Carlo method and two and three-order PCEs. They exhibit 

satisfactory performance for the hydrologic model and its corresponding two and three-

order PCE models in tracking the streamflow dynamics in the Xiangxi River. Specifically, 

there are no obvious differences in the performance of the Hymod and the two and three-

order PCEs in predicting the streamflow. Although the two and three-order PCEs are 

established as proxy models for the original Hymod, the results in Table 3.16 suggest the 

proxy models based on the two and three-order PCEs can well represent the original 

Hymod. The 90% confidence prediction intervals obtained by the original hydrologic 

model and the two and three-order PCEs are presented in Figure 3.44 and indicate the 90% 

confidence intervals from all three models are quite narrow. Such narrow prediction 

intervals result from the low uncertainty in model parameters. This means that after data 

assimilation through particle filter, the uncertainty within the hydrologic model is quite 

small, resulting in narrow prediction intervals for the hydrologic model and its associated 

proxy models. 

  



154 
 

Table 3.16. Comparison between Monte Carlo method and PCEs 

Sample size 500 1000 1500 2000 2500 

Hydrologic Model 

RMSE 38.263 38.262 38.267 38.258 38.250 

PBIAS(%) 5.594 5.603 5.587 5.619 5.607 

NSE 0.6377 0.6377 0.6376 0.6378 0.6380 

Time (s) 55.730 105.487 159.354 211.302 264.277 

Two-order PCE 

RMSE 38.266 38.265 38.270 38.261 38.253 

PBIAS(%) 5.568 5.576 5.561 5.591 5.577 

NSE 0.6377 0.6377 0.6376 0.6378 0.6379 

Time (s) 5.569 10.421 15.928 21.778 27.550 

Three-order PCE 

RMSE 38.261 38.261 38.265 38.256 38.249 

PBIAS(%) 5.591 5.597 5.583 5.617 5.599 

NSE 0.6378 0.6378 0.6377 0.6379 0.6380 

Time (s) 34.710 69.420 104.240 140.276 174.730 

 

 



155 
 

 

Figure 3.44. Comparison between the predication intervals and observations: (a) hydrologic model prediction intervals vs. 

observations, (b) 2-order PCE predicting intervals vs. observations, (c) 3-order PCE predicting intervals vs. observations 
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(a) Comparsion between 90% confidence interval of MC simulatioins and observations
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(b) Comparsion between 90% confidence interval of 2-order PCE results and observations
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 (3) Computational Efficiency of the SDAPC Method 

The basis of the coupled sequential data assimilation and probabilistic collocation 

(SDAPC) approach for quantifying the uncertainty of hydrologic models is to estimate the 

posterior distributions of the hydrologic model parameters through a particle filter method 

and then reveal the uncertainty of hydrologic models through the probabilistic collocation 

method (PCM). Previously, once the posteriors distributions are obtained through particle 

filter, Monte Carlo method is employed to draw samples and run the hydrologic model 

again to generate prediction uncertainty ranges. In the SDAPC approach, such uncertainty 

quantification can be conducted through the obtained PCE models of the hydrologic model. 

Such a method has two advantages: (i) the original samples can be drawn from the standard 

Gaussian distribution, which is easily conducted; (ii) the computational efficiency can be 

highly improved.  

The first advantage of the SDAPC approach is straightforward since the inputs of the 

PCE models with Hermite polynomials obey the standard Gaussian distribution. The 

second one is illustrated through comparison between the traditional Monte Carlo method 

and the PCE models from Table 3.16 which shows the computation efficiency and the 

associated performance of the Monte Carlo method and PCEs. In this study, five sample 

sizes (n = 500, 1,000, 1,500, 2,000, 2,500) are selected to compare the computation 

efficiency of the hydrologic model and PCEs. As shown in Table 3.16, as the sample size 

increases, the performance of the hydrologic model and PCEs would not vary significantly. 

However, the computational efficiency of PCEs would be much faster than the Monte Carlo 

(MC) method. Specifically, the computational efficiency of two-order PCE model would 

be ten time faster than the original hydrologic model. For example, when n = 500, the 
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computational time of MC method would be 55.7 (s), while the computational time of two-

order PCE is just 5.57 (s). For the three-order PCE, its computational efficiency is also 

more efficient than the original hydrologic model. Consequently, the proposed SDAPC 

approach can significantly improve the computational efficiency for uncertainty 

quantification of hydrologic models 

In this study, the Hymod was applied to demonstrate the efficiency of the proposed 

approach. This model is a simple conceptual hydrologic model, with five parameters to be 

calibrated. Consequently, the computational requirement for this model is quite low, when 

compared with other sophisticated models such as the semi-distributed and distributed 

hydrologic models. As presented in Table 3.16, the obtained two and three-PCE models 

are much faster in computational efficiency. For other complex hydrologic models, the 

computational efficiency would be improved significantly. 

 

(4) Temporal Dynamics of Parameter Sensitivity Analysis Results 

Based on the SDAPC approach, the posterior probability distributions of model 

parameters were obtained based on three years of measurements for the Xiangxi River. The 

two and three-order PCE models were further derived to characterize the uncertainty 

propagation from model parameters to model forecasts. Even though the test model is a 

simple conceptual model having only five parameters, a temporal diagnostic analysis for 

Hymod would be useful to characterize which model components control the performance 

under different hydrologic conditions, and to further explore the dominant runoff 

mechanisms under different hydro-meteorological conditions. 
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As expressed by Equatioins (3.36) – (3.38), the Sobol’s indices can be theoretically 

approximated through the PCE model. Based on the SDAPC approach, the PCE model was 

generated to serve as a proxy for the original hydrologic model. The performance of the 

PCE was consistent with the original hydrologic model. Consequently, the Sobol’s indices 

would be used to analyze the temporal dynamics of parameter sensitivity. Figure 3.45 and 

Figure 3.46 present the temporal dynamics of parameter sensitivity obtained from the two-

order and three-order PCE respectively, along the simulation period. The results in Figure 

3.45 and Figure 3.46 show a consistent trend between each other due to the accurate 

approximation of the two- and three-order PCEs for the original hydrologic model.  

From Figure 3.45 and Figure 3.46, the dominant model components can be 

characterized under different hydro-meteorological conditions. As shown in Figure 3.45, 

the parameter alpha, in general, posed less influence on model performance over simulation 

period, with its values of less than 0.2. This means that the distribution factor of water 

flowing to the quick flow reservoir would not significantly impact on model performance, 

regardless of the variation in actual hydro-meteorological conditions. Conversely, the 

parameters Rs and Rq exhibit significant impacts on the model streamflow predictions. 

Specifically, the values Rs and Rq show significant fluctuation with the minimum value 

being zero and maximum value approaching one. Furthermore, the temporal sensitivity of 

Rq is generally consistent with the variation of precipitation, while the value of Rs shows 

an opposite trend with the precipitation. This is because Rq indicates the residence time of 

quick flow reservoirs, while the Rs represents the residence time of slow flow reservoirs. 

For Cmax and bexp, they exhibite similar variation trends between each other since they are 
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indicators for soil moisture but in general, Cmax plays a more importance role in model 

performance.  

As shown in Figure 3.45 and Figure 3.46, it can be concluded that, under dry 

conditions with low precipitation, the slow flow would be the main mechanism for runoff 

generation, and the maximum soil moisture and spatial variability of soil moisture may also 

pose some impacts on runoff generation. When precipitation occurs, the quick flow 

contribute most to the runoff generation, and the maximum soil moisture and spatial 

variability of soil moisture pose more influence on model performance than that under low 

precipitation conditions. 
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Figure 3.45. Paramter sensitivity analysis through two-order PCE 
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Figure 3.46. Paramter sensitivity analysis through three-order PCE 
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3.5. Summary 

Hydrologic models are designed to simulate the rainfall-runoff processes through 

conceptualizing and aggregating the complex, spatially distributed and highly interrelated 

water, energy, and vegetation processes in a watershed into relatively simple mathematical 

equations. A significant consequence of process conceptualization is that the model 

parameters exhibit extensive uncertainties, leading to significant uncertainty in hydrologic 

forecasts. This study proposed an integrated framework for uncertainty quantification of 

hydrologic models based on the probabilistic collocation method (PCM). The PCM method 

first used polynomial chaos expansion (PCE) to approximate the hydrological outputs in 

terms of a set of standard Gaussian random variables, and then estimated the unknown 

coefficients in the PCE through the collocation method. 

The conceptual hydrologic model, Hymod, was used to demonstrate the applicability 

of the proposed method in quantifying uncertainties of the hydrologic forecasts. Two 

parameters (i.e. Cmax, bexp) were assumed to be uniformly distributed in test intervals, while 

other parameters (i.e. α, Rs, Rq) were considered as deterministic. Two and three order 

polynomial chaos expansions (PCEs) were used to analyze the uncertainty of the Hymod 

predictions. All potential collocation points were applied to formulate linear regression 

equations to estimate the unknown coefficients in 2- and 3-order PCEs. The results 

indicated that, both 2- and 3-order PCEs suitably reflected the uncertainty of the streamflow 

results. The means and variances of 2- and 3-order PCEs were consistent with those 

obtained by a Monte Carlo (MC) simulation method. However, for the detailed probability 

density functions, the histograms formulated by 3-order PCE were more accurate, when 
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compared with the histograms formulated by the MC simulation results, than those 

obtained by the 2-order PCE. The histograms obtained by 2-order PCE were slightly 

steeper than those obtained by the MC simulation method. 

Although this study applied PCM to quantify the uncertainty of the predictions from 

Hymod, the PCM-based approach can be applied to other hydrological models (conceptual, 

semi-distributed, and distributed hydrologic models). Compared to classic Monte Carlo 

(MC) simulation, the proposed PCM approximated the hydrologic predictions through 

truncated polynomial chaos expansion (PCE), which further analyzed the uncertainty of 

the hydrologic predictions without running the hydrologic model again. This would save a 

significant amount of time, especially for complex hydrologic models.  

Furthermore, a coupled ensemble filtering and probabilistic collocation (EFPC) 

approach was developed for uncertainty quantification of hydrologic models. This EFPC 

method combined the backward and forward uncertainty quantification methods together, 

in which the backward uncertainty quantification method (i.e. EnKF) was employed to 

reduce model uncertainty and improve the forecast accuracy based on the observed 

measurements. The forward method (i.e. PCM) was further used to quantify the inherent 

uncertainty of the hydrologic model after a data assimilation process. 

The conceptual hydrologic model, Hymod, was used to demonstrate the applicability 

of the proposed method in quantifying uncertainties of the hydrologic forecasts. A set 

predefined values for the five parameter of Hymod was provided to generate streamflows 

which were considered as the observations in the EnKF adjusting process. These five 

parameters were assumed to be uniformly distributed in test intervals around the predefined 
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values. After one data assimilation process by EnKF, the uncertainty of model parameters 

(i.e. bexp, α, Rs, Rq) was significantly reduced except for the parameter Cmax. Meanwhile, 

the uncertainty of the Hymod predictions was also reduced. Afterward, a probabilistic 

collocation method (PCM) was used to quantify the uncertainty in the Hymod predictions. 

In PCM, a 4-dimensional 2-order polynomial chaos expansion (PCE) (Rq is considered to 

be deterministic) was used to approximate the forecasted streamflow. All potential 

collocation points were applied to formulate linear regression equations to estimate the 

unknown coefficients in PCE. The results indicated that the PCE could well reflect the 

uncertainty of the streamflow results. The mean and standard deviation values of PCE were 

consistent with those obtained by Monte Carlo (MC) simulation method, except slight 

errors existed in the standard deviation values. For the detailed probability density 

functions, the histograms formulated for the PCE predictions held similar but steeper 

shapes than those obtained by the MC simulation results. 

The proposed EFPC method was then applied to a real-world watershed in the Three 

Gorges Reservoir area, China. The impact of relative errors was evaluated for the 

performance of EnKF for estimating the posterior distributions of hydrologic model 

parameters. The results showed that 20% of relative error may be appropriate to account 

for the uncertainties in precipitation, potential evapotranspiration and streamflow 

observations in the Xiangxi River. The results showed that, the polynomial chaos 

expansion (PCE) truly represented the hydrologic model for streamflow forecasting and 

uncertainty quantification. Specifically, the efficiency of the PCE would be more than 10 

times faster than the hydrologic model. 
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The proposed EFPC approach can also be applied to other hydrological models 

(conceptual, semi-distributed, and distributed hydrologic models). The innovation of this 

study is that, after the data assimilation process by EnKF, the probabilistic collocation 

method was further used, other than the classic Monte Carlo simulation method, to reveal 

uncertainty of the hydrologic model.  

Finally, a coupled sequential data assimilation and probabilistic collocation (SDAPC) 

approach was then developed to integrate the capability of sequential data assimilation and 

probabilistic collocation method together for quantifying the uncertainty of hydrologic 

models. In the SDAPC process, the posterior probabilities of hydrologic model parameters 

were estimated through the particle filter method. The uncertainties in model predictions 

were then revealed through polynomial chaos expansion models established through the 

probabilistic collocation method. 

A conceptual hydrologic model was used to demonstrate the applicability of the 

proposed method in quantifying uncertainties of the hydrologic forecasts. A synthetic 

experiment was firstly conducted to evaluate the performance of the proposed SDAPC 

approach, in which the observations were generated through the hydrologic model with 

predefined parameter values. The posterior probability distributions were estimated 

through the particle filter method based on the observations. The variation in posterior 

probability distributions during the data assimilation process was analyzed, indicating that 

the posterior probability distributions may be arbitrary. Consequently, the Gaussian 

anamorphosis method was employed to convert the posterior probability distributions into 

standard Gaussian random variables, which formed the independent variable in the PCE 

with Hermite polynomials. The probabilistic collocation method (PCM) was used to 



166 
 

quantify the uncertainty in the Hymod predictions, stemming from uncertainties in model 

parameters. In PCM, two and three-order PCE models were adopted to approximate the 

forecasted streamflow and all potential collocation points were applied to formulate linear 

regression equations to estimate the unknown coefficients in PCEs. The results indicated 

that two-order PCEs could be sufficient to quantify the uncertainty of Hymod, which 

performed slightly better than the three-order PCE. 

The developed SDAPC approach was then applied for a real-world watershed in the 

Three Gorges Reservoir area, China. The results showed that, the two and three-order 

polynomial chaos expansion (PCE) model could well represent the hydrologic model for 

streamflow forecasting and uncertainty quantification. The performances of the two and 

three-order PCE models did not deteriorate when compared with the original hydrologic 

model. In this study, the original hydrologic model produced satisfactory predictions with 

NSE values larger than 0.63. The associated two and three-order PCE models also 

generated satisfactory predictions with NSE values larger than 0.63. Specifically, the 

efficiency of the PCEs was more efficient than the hydrologic model as the two-order PCE 

model ran ten times faster than the simple conceptual model. Moreover, temporal dynamics 

of parameter sensitivity analysis was then performed to characterize the dominant model 

component for the final performance under different hydro-meteorological conditions. The 

Sobol’s sensitivity indices were employed for the above sensitivity analysis since they 

could be well approximated through the coefficients in the obtained PCE models. The 

results showed that the slow flow and quick flow, in Hymod, would be the dominant model 

components, in which slow flow was most important under dry meteorological conditions 
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and quick flow contributed most when precipitation occurred. Soil moisture contributed 

more to runoff generation under wet conditions than that under dry conditions. 

The developed SDAPC method integrated the capability of the particle filter and 

probabilistic collocation methods for quantifying the uncertainty of hydrologic predictions. 

This method can also be applied to other hydrological models (conceptual, semi-distributed, 

and distributed hydrologic models). The innovation of this study is that, after the data 

assimilation process by particle filter, the probabilistic collocation method was further used, 

other than the classic Monte Carlo simulation method, to reveal uncertainty in the 

hydrologic model.   
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CHAPTER 4 MULTIVARIATE HYDROLOGIC RISK 

ANALSYIS THROUGH A COPULA-BASED APPROACH  

 

4.1. Background 

Extreme hydrologic events, such as floods, droughts and storms, have led to extensive 

property loss in recent decades (Huang et al., 1996; Lv et al., 2010; Fan et al., 2012a; Hu 

et al., 2012; Ma et al., 2014). Specifically, floods have become more common natural 

disasters, posing significant risks to humans and the environment (Ganguli and Reddy, 

2013; Wang et al., 2014; Liu et al., 2014). Hydrological frequency analysis is essential and 

widely adopted to estimate frequency of flood events, which are required for water 

resources management practices such as reservoir management, dam design and flood 

insurance studies (Li et al., 2008; Chebana et al., 2012). Although single variable flood 

frequency analysis has been widely used in the past, it may not provide effective risk 

analyses of correlated flood properties, as hydrological processes often involve multi-

dimensional characteristics (Reddy and Ganguli, 2012). Consequently, flood frequency 

analysis considering multiple flood variables would increase the effectiveness of 

investigating the probabilistic flooding risk.  

In recent years, copula functions have been widely used for multivariate hydrologic 

modeling, such as multivariate flood frequency analysis (Zhang and Singh 2006; Sraj et al., 

2014); drought assessments (Song and Singh 2010; Kao and Govindaraju 2010; Ma et al. 

2013); storm or rainfall dependence analysis (Zhang and Singh 2007a, b; Vandenberghe et 

al. 2010); and streamflow simulation (Lee and Salas 2011; Kong et al., 2014). The main 

advantage of copula functions over classical bivariate frequency analyses is that the 
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selection of marginal distributions and multivariate dependence modelling are two separate 

processes, giving additional flexibility to the practitioner in choosing different marginal 

and joint probability functions (Zhang and Singh, 2006; Genest and Favre, 2007; Karmakar 

and Simonovic, 2009; Sraj et al., 2014). Consequently, the selection of marginal 

distributions would definitely impact the performance of the copula in modelling 

multivariate hydrologic simulations.  

In multivariate hydrologic frequency analysis through copula functions, the flood 

variables under consideration include: the annual maximum peak discharge, and the 

associated hydrograph volumes and durations. Consequently, the marginal distributions of 

these flood variables would vary. For example, when modelling the annual maximum flood 

series, the distributions used in different regions and countries include Extreme Value Type 

1 (EV1), General Extreme Value (GEV), Extreme Value Type 2 (EV2), Two component 

Extreme Value, Normal, Log Normal (LN), Pearson Type 3 (P3), Log Pearson Type 3 

(LP3), Gamma, Exponential, Weibull, Generalised Pareto and Wakeby (Cunnane1989; 

Bobee et al., 1993). A survey conducted by Cunnane (1989), which involved 54 agencies 

in 28 countries, indicated that EV1, EV2, LN, P3, GEV and LP3 distributions were 

recommended in 10, 3, 8, 7, 2 and 7 countries, respectively. Previous studies have shown 

that, in modelling multivariate flood frequency through copula functions, the marginal 

distributions of peak, volume and duration were different at different sites. For example, 

Sraj et al. (2014) took bivariate flood frequency analysis using copula function for the Litija 

station on the Sava River, in which a log-Pearson 3 distribution was chosen for modelling 

discharge peaks and hydrograph durations, and the Pearson 3 distribution was selected for 

hydrograph volumes. Reddy and Ganguli (2012) applied Archimedean copulas for 
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bivariate flood frequency analysis, where the normal kernel density function was used for 

quantifying the distributions of peak flow and duration, and quadratic kernel density 

function was applied for volume.  

Entropy is a measure of expected information and has been widely applied to quantify 

the uncertainty of a variable. One of the important applications of entropy theory is to 

derive the maximum entropy-based distribution for random variables (Kapur and Kesavan, 

1992). Previous research has demonstrated that entropy was more powerful and effective 

than some conventional parameter estimation methods. For example, the entropy-based 

methodology is applicable to any distribution, without knowing the format of the priori 

distribution (Maruyama et al., 2005). Due to the capability of the entropy method in 

quantifying uncertainty of a variable, some studies have been proposed to apply entropy 

for uncertainty assessment in hydrology. For instance Diao et al. (2007) applied the 

principle of maximum entropy (POME) to analyze the distributions of flood forecasting 

errors for typical reservoirs in the Yalu River, Huaihe River and Yangtze River. Hao and 

Singh (2011) proposed the entropy method for single-site monthly streamflow simulation. 

They then advanced an entropy-copula method for single-site monthly streamflow 

simulation (Hao and Singh, 2012).  

A Gaussian mixture model (GMM) is a mixed statistical model of a finite number of 

Gaussian distributions with unknown parameters. It is a parametric probability density 

function expressed as a weighted sum of Gaussian component densities, and all samples 

are assumed to be generated from this mixed model. GMMs are commonly used as a 

parametric model of the probability distribution of continuous measurements or features in 

a biometric system, such as vocal-tract related spectral features in a speaker recognition 
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system (Reynolds, 2007). The finite Gaussian mixture model can theoretically approximate 

any continuous distribution very closely if properly given a sufficient number of 

components (He, 2013). Recently, some research studies were reported to apply the GMM 

to analyze water and environmental data. For example, He (2013) applied the GMM for 

analyzing the multiply censored environmental data.  

The entropy theory has been widely used to quantitatively estimate uncertainties of 

hydrologic variables. However, limited studies have been proposed to utilize the entropy 

method for hydrologic risk assessment. Specifically, few research studies have been 

conducted to explore the performance of coupled entropy-copula method for multivariate 

hydrologic risk analysis. For the Gaussian mixture model, some research studies have been 

reported to demonstrate its capability of modelling the water and environmental samples 

but no studies have been conducted to utilize the GMM for hydrologic risk assessment. 

Specifically, no research has been conducted to explore the performance of coupled GMM-

copula method for multivariate hydrologic risk analysis.  

Therefore, the objectives of this research is to:  

(i) Develop an integrated risk indicator based on interactive analysis of multiple flood 

variables in the Xiangxi River, China. Such an analysis will be based on provision of 

bivariate copulas. Notably, systematic evaluation of bivariate hydrologic risks will be 

undertaken, aiming at revealing the significance of effects from persisting high risk 

levels due to impacts from multiple interactive flood variables. Moreover, the 

conditional probability density distributions (PDFs) under peak flows with different 

return periods will be characterized, intending to explore potential control and 

management practices once a flood has occurred. The detailed objectives include: (i) 
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establishing the bivariate copulas for the three pairs of flooding variables (i.e. flooding 

peak and volume (P-V), flooding peak and duration (P-D), flooding volume and duration 

(V-D)) in the Xiangxi River; (ii) choosing the most appropriate copulas for the three 

pairs of flooding variables based on the RMSE and AIC criteria; (iii) comparing primary, 

bivariate and secondary return periods; (iv) evaluating the bivariate hydrologic risks; 

and (v) characterizing the PDFs of flood volume and duration conditional on flood peak 

flows with different return periods. 

(ii) As an extension of previous research, a coupled entropy-copula method will be 

advanced for bivariate hydrologic risk analysis. In detail, an integrated risk indicator will 

be proposed based on interactive analysis of multiple flood variables through a coupled 

entropy-copula method. Notably, systematic evaluation of bivariate hydrologic risks will 

be undertaken, aiming at revealing significant effects for persisting high risk levels due 

to impacts from multiple interactive flood variables.  

(iii) A coupled GMM-copula method will be developed for bivariate hydrologic risk 

analysis. In detail, an integrated risk indicator based on interactive analysis of multiple 

flood variables would be proposed for revealing the potential multivariate flood risk in 

the Yangtze River, China. Such an analysis will be based on provision of the coupled 

GMM-copula method. Notably, systematic evaluation of bivariate hydrologic risks will 

be undertaken, aiming at revealing the significance of effects from persisting high risk 

levels due to impacts from multiple interactive flood variables. Moreover, the 

conditional probability density distributions (PDFs) of flood volume and duration under 

peak flows with different return periods, will be characterized, intending to explore 

potential control and management practices once a flood has occurred.   
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4.2. Methodology 

4.2.1. Parametric Probability Distributions Approaches 

For multivariate hydrologic risk analysis through the copula method, selection of 

appropriate marginal distributions is required for the final performance of the copula 

method. Previously, some parametric methods have been widely applied to quantify the 

marginal distributions of flooding variables. In this study, three parametric distributions, 

including lognormal distribution (LN), Gamma distributions and generalized extreme 

value (GEV) distributions are compared in modelling the distributions of flooding peak, 

volume and duration. 

The lognormal distribution has been widely used in science and engineering, 

especially for modeling skewed distributions such as streamflow or pollutant 

concentrations. The probability density function of a lognormal distribution can be 

expressed as:  
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y = log(x)  (4.1b) 

21
exp( )

2
x y yu     (4.1c) 

2 2 2exp(2 )[exp( ) 1]x y y y       (4.1d) 
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The lognormal random variable takes on values of [0, +∞], with the y being the scale and 

2

y being the shape of the distribution. 

The gamma distribution has long been used to model many natural phenomena, 

including daily, monthly and annual streamflows as well as flood flows (Bobée and Ashkar, 

1991, Loucks and van Beek, 2005). For a gamma random variable X, its probability density 

function can be expressed as: 

11
( )

( )

x

a b
X a

f x x e
b a





 (4.2) 

where 

1

0
( ) a ua u e du


     (4.2b) 

x

a
u

b
  (4.2c) 

2

2x

a

b
    (4.2d) 

The gamma distribution arises naturally in many problems in statistics and hydrology, 

which exhibits a very reasonable shape for such non-negative random variables as rainfall 

and streamflow (Loucks and van Beek, 2005). 

The generalized extreme value (GEV) distribution is a general mathematical 

expression that combines the type I, II, and III extreme value (EV) distributions for maxima 

(Gumbel, 1958; Hosking et al., 1985, Loucks and van Beek, 2005):  
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1 1
11 ( ) ( )

( ) ( )exp( (1 ) )(1 )k k
X

x x
f x k k

 

  

   
     (4.3a) 

( )[1 (1 )]xu k
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     (4.3b) 

2 2 2( ) { (1 2 ) [ (1 )] }x k k
k


         (4.3c) 

where µ is the location parameter, σ is the scale parameter, and k is the shape parameter. 
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4.2.2. Entropy Method 

The concept of information entropy, as an extension of the entropy in thermodynamics, 

was firstly introduced by Shannon (1948) to quantitatively measure the mean uncertainty 

associated with a probability distribution of a random variable (Chen et al., 2014). Based 

on the concept of entropy, the theory of principle of maximum entropy (POME) was 

proposed by Jaynes (1957a, b, 1982) for estimating a probability distribution based on 

some constraints associated with sample information. Shannon entropy is one of the widely 

used information entropies for many engineering applications such as drought analysis, 

streamflow forecasting, bearing strength prediction and traffic noise analysis. (Singh, 1997; 

Singh, 2011; Li, 2013). 

The Shannon entropy can be defined for both discrete and continuous random 

variables. For a discrete random variable X with its sample values being {x1, x2, …, xn}, the 

Shannon entropy of X can be expressed as: 

1

( ) ( ) ln( ( ))
n

i i

i

H X p x p x


    (4.4) 

where p(xi) is the probability for X = xi. 

For a continuous random variable with a probability density function (PDF) f(x), the 

Shannon entropy H(X) is expressed as: 

( ) ( )ln ( )
b

a
H X f x f x dx    (4.5) 

where H(X) is the entropy of X, a and b are the lower and upper limits of X, respectively.  
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The entropy method can be adopted to find the most appropriate probability 

distributions for a set of random samples based on the principle of maximum entropy 

(POME), formulated by Jaynes (1957a, b). The mathematical expression of POME is 

formulated as a set of constraints, which are formed as expectations for a specific function 

gi(x) (Papalexiou and Koutsoyiannis, 2012): 

( ) ( ) ( ( ))
b

i i
a

g x f x dx E g x  (4.6) 

In practical probability function estimations for a random variable, the statistical 

characteristics of the measured samples are required to be preserved. Therefore, the values 

of mean, variance, skewness and kurtosis, obtained based on the sample values of a random 

variable, are generally considered as the constraints in POME for generating the 

corresponding probability distribution of the random variable. In detail, Equation (4.6) can 

be expressed as: 

0 ( ) 1
b

a
C f x dx    (4.7) 

( ) ( ) ( ) 1,  2,  ... ,  
b

i i i
a

C g x f x dx g x i m     (4.8) 

where x is the sample values of random variable X;
 

( )ig x  is a known function of random 

variable X, specified as 1g x , 
2

2g x , 
3

3g x
 
and 

4

4g x  for the proposed 

constraints in this study; ( )ig x  is the expectation expression of ( )ig x , which are expressed 

as  2 3 4 ,  ,  ,  x x x x . Equation (4.7) illustrates the fact that a PDF must satisfy the 

cumulative probability theorem. 
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The maximized value of entropy, subject to a series of specified constraints 

formulated as Equations (4.7) and (4.8), can be achieved through Lagrange multipliers. 

The Langrangian function L, with constraints expressed as Equations (4.7) and (4.8), can 

be formulated as (Kapur and Kesavan, 1992): 

0

1

( ) ln ( ) ( 1)[ ( ) 1]

[ ( ) ( ) ].

b b

a a

m b

i i i
a

i

L f x f x dx f x dx

f x g x dx C






    

 

 

 
   (4.9) 

where ( 1,  2,  ... ,  )i i m   denotes the Lagrange multipliers. f(x) denotes the PDF of a 

random variable X, which is to be obtained;  ig x  denotes known functions of X; Ci 

denotes the known constraints of f(x). Then the unknown f(x) can be derived through 

maximizing the function of L. If L achieves the maximum values, the derivative of L with 

respect to ( )f x  should be equal to zero: 

0

1

[1 ln ( )] ( 1) ( ) 0.
m

i i

i

L
f x g x

f
 




      


   (4.10) 

Hence, based on Equation (4.10), a maximum-entropy-based (ME-based) PDF can be 

obtained as (Kapur and Kesavan, 1992): 

0

1

( ) exp[ ( )].
m

i i

i

f x g x 


     (4.11) 

The value of the 0th Lagrange multiplier 0  can be obtained through substituting Equation 

(4.11) into Equation (4.7): 
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0
0

1

ln[ exp( ( )) ].
m

i i

i

g x dx 




    (4.12) 

Consequently, the ME-based probability density function for random variable X can be 

generated as: 

0
1 1

( ) exp[ ln( exp( ( )) ) ( )].
m m

i i i i

i i

f x g x dx g x 


 

       (4.13) 

The PDF expressed by Equation (4.13) holds the characteristic of preserving the most 

important statistical moments of the random variable. Consequently, the function of CDF 

can be formulated as: 

( ) ( )
x

X
a

E x f t dt    (4.14) 

In general, the analytical solutions for obtaining the Lagrange multipliers do not exist, 

and then a numerical solution method is required (Hao and Singh, 2011). The values of the 

Lagrange multipliers in Equation (4.13) can be obtained through minimizing a convex 

function expressed as (Hao and Singh (2011): 

0
1 1

( ) ln( exp( ( )) ) ( ).
m m

i i i i

i i

Z g x dx g x  


 

      (4.15) 

In this study, the Conjugate Gradient (CG) method is adopted to generate the Lagrange 

multipliers ( 1,  2,  ... ,  )i i m  in Equation (4.15). The CG method has been widely 

used in nonlinear optimization problems due to its advantages of super linear convergence, 

simple recurrence formula and less calculation (Kong et al., 2014). The detailed process of 

CG method is presented as follows (Kong et al., 2014): 
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(1) Starting from some initial value (0) ; 

(2) Let the initial value of search direction (0)d  : 

(0) (0)

(0)

( 1,  2,  ... ,  ).
i

Z
d g i m




    


  

(3) For step 0,  1,  ... ,  1k n  , calculate: 

( ) ( ) ( ) ( ) ( )( ) min ( )k k k k kf d f d        

( 1) ( ) ( ) ( ).k k k kd       

( ) ( )( )k kg Z     

( 1) ( 1) ( )

( ) 2

( ) 2

( )T

k k k

k

k

g g g

g


  
  

( 1) ( 1) ( ) ( )k k k kd g d     
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4.2.3. Gaussian Mixture Model 

The probability density function of Gaussian mixture model is expressed by a 

weighted sum of K-component Gaussian probability densities as given below: 

1

( ) ( ; , )
M

i j j i j j

j

p N


x x    (4.16) 

where x is D-dimensional measurement sample; αj (j = 1, 2, …, M) denote the mixture 

weights; ( ; , )j i j jN x    (i = 1, 2, …, M) are the component Gaussian densities, which can 

be expressed as: 

11 1
( ; , ) exp[ ( ) ( )]

2(2 ) | |

T

j i j j j j jm

j

N


   x x x    


 (4.17) 

with the mean vector μj and covariance matrix Σj. The weights αj are nonnegative and must 

satisfy 
1

1
M

jj



 . The GMM has two main advantages in practical applications in many 

engineering fields: (i) it can sufficiently approximate a broad class of distribution functions 

encountered in practice, if an appropriate size of components are given in the mixture; (ii) 

the form of the GMM simplifies the derivation of the subsequent estimation method and 

avoids the identifiability problem (He, 2013).  

Let ( , , )μj j j j   , then ( )xip  has M Gaussian models, and M sets of parameters need 

to be estimated. If 1 2( , , ..., )M    , The likelihood function of the GMM model can be 

expressed as: 
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1 1 11

( | ) log ( ; , ) log ( ; , )x x μ x μ
N M N M

j j j j j j j j

j i ji

l N N 
  

        (4.18) 

The analytical solution to maximize Equation (4.18) is generally impractical due to the 

composite operation of components product. The Expectation-Maximization (EM) 

algorithm is usually applied to generate the unknown parameters in a Gaussian mixture 

model. The EM algorithm is an iterative procedure for estimating the parameter θi of a 

target distribution that maximizes the probability under consideration of a given set of 

realizations, {x1, x2, …, xN} (Sondergaard and Lermusiaux, 2013). The EM algorithm is an 

iterative succession of expectation and maximization steps for obtaining the ML estimate, 

which involves two steps: E-step and M-step. A brief description of the EM algorithm can 

expressed as follows: 

E-step: Calculate the posterior probability of mixture component j having generated 

realization xi based on the present estimates: 

1

( ; )
( | ; )

( ; )

x
x

x

j j i

ij j i M

j j i

j

N
E

N


 





  


, 1 ≤ i ≤ N, 1 ≤ j ≤ M.  (4.19)  

M-step: Update the model parameters in accordance with their weighted averages across 

all realizations: 

' 1
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 (4.20) 
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4.2.4. Copula 

Copula functions connect univariate marginal distribution functions with the 

multivariate probability distribution: 

1 21 2 1 2( , , ..., ) ( ( ), ( ), ..., ( ))
nn X X X nF x x x C F x F x F x  (4.23) 

where
1 21 2( ), ( ), ..., ( )

nX X X nF x F x F x are marginal distributions of random vector (X1, X2, …, 

Xn). If these marginal distributions are continuous, then single copula function C exists, 

which can be written as (Sraj et al., 2014): 

1 2

1 1 1

1 2 1 2( , , ..., ) ( ( ), ( ), ..., ( ))
nn X X X nC u u u F F u F u F u    (4.24)   

More details on theoretical background and properties of various copula families can 

be found in Nelsen (2006). In the following section, brief details of copulas used in the 

present study are presented. 

A number of copula functions are widely used in practice, mainly including the 

Archimedean, elliptical and extreme value copulas. Among them, the Archimedean 

copulas are quite attractive in hydrologic frequency analysis, because they can be easily 

generated and are capable of capturing a wide range of dependence structure with several 

desirable properties, such as, symmetry and associativity (Ganguli and Reddy, 2013). In 

the present study, Ali-Mikhail-Haq, Cook-Johnson and Gumbel-Hougaard and Frank 

copulas are considered for probabilistic assessment of flood risk, which belong to the class 

of Archimedean copulas. In general, a bivariate Archimedean copula can be defined as 

(Nelsen, 2006): 
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1

1 2 1 2( , ) ( ( ) ( ))C u u u u      (4.25) 

where u1 and u2 is a specific value of U1 and U2, respectively; U1 =
1 1( )XF x and U2 = 

2 2( )XF x ; 

1XF and 
2XF is the cumulative distribution function (CDF) of random variable X1 and X2, 

respectively; ϕ is the copula generator that is a convex decreasing function with ϕ(1) = 0 

and ϕ-1(.) = 0 when u2 ≥ ϕ(0); the subscript θ of copula C is the parameter hidden in the 

generating function. For one parameter copula, the unknown parameter (i.e. θ) can be 

estimated using the method of moments with the use of the Kendall correlation coefficient 

(Nelsen, 2006). For the copulas with two or more unknown parameters, the maximum 

likelihood method or maximum pseudo-likelihood method can be selected (Zhang and 

Singh, 2007b; Sraj et al., 2014). Table 4.1 presents some basic characteristics of the applied 

single-parameter bivariate Archimedean copulas 

If an appropriate copula function is selected, the conditional joint distribution can then 

be obtained. Following Zhang and Singh (2006), the conditional distribution function of 

U1 given U2 = u2 can be expressed as: 

1 2 2| 1 1 1 2 2 1 2 2 2

2

( ) ( | ) ( , ) |U U uC u C U u U u C u u U u
u




    


 (4.26) 

Similar conditional cumulative distribution for U2 given U1 = u1 can be obtained. Moreover, 

the conditional cumulative distribution function of U1 given U2 ≤ u2 can be expressed as: 

1 2 2

1 2
| 1 1 1 2 2

2

( , )
( ) ( | )U U u

C u u
C u C U u U u

u
      (4.27)
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Table 4.1. Basic properties of applied copulas 

Copula Name Function[
1 2( , )C u u

]    

Generating functions 

[ ( )t ] 

1

0

( )
1 4

'( )

t
dt

t
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1 2

1 2[1 (1 )(1 )]

u u
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Likewise, an equivalent formula for the conditional distribution function for U2 given U1 

≤ u1 can be obtained. 

The probability density function (PDF) of a copula function can be expressed as: 

2

1 2
1 2

1 2

( , )
( , )

C u u
c u u

u u




 
 (4.28) 

and the joint pdf of the two random variables can be obtained as: 

1 2

2 2

1 2 1 2 1 2
1 2 1 2 1 2

1 2 1 2 1 2

( , ) ( , )
( , ) ( ) ( ) ( , )X X

C u u C u u u u
f x x f x f x c u u

x x u u x x

   
  

     
 (4.29) 

Consequently, the conditional pdf of X1, given the value of X2, can be formulated as: 

1

2

1 2
1 2 1 1 2

2

( , )
( | ) ( ) ( , )

( )
X

X

f x x
f x x f x c u u

f x
   (4.30) 

And the conditional pdf of X2, given the value of X1, can be expressed as: 

2

1 2
2 1 2 1 2

1 1

( , )
( | ) ( ) ( , )

( )
X

X

f x x
f x x f x c u u

f x
   (4.31) 
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4.2.5. Multivariate Hydrologic Risk 

If appropriate copula functions are specified to reflect the joint probabilistic 

characteristics among peak, duration and volume of the flood, some conditional, primary 

and secondary return periods can be obtained. Specifically, joint (primary) return periods 

called OR and AND can be formulated as (Salvadoriet al., 2007; Graler et al., 2013; Sraj 

et al., 2014): 

1 2

1 2

,

1 21 ( , )

OR

u u

U U

T
C u u





 (4.32) 

1 2

1 2

,

1 2 1 21 ( , )

AND

u u

U U

T
u u C u u




  
 (4.33) 

where μ is the mean inter arrival time of the two consecutive flooding events.  

The secondary return period, called Kendall’s return period, is defined as follows 

(Salvadoriet al., 2011; Sraj et al., 2014): 

1 2,

1 ( )
u u

C

T
K t





 (3.34) 

where KC is the Kendall’s distribution, associated with theoretical Copula function Cθ. For 

Archimedean copulas, KC can be expressed as (Nelsen, 2006): 

( )
( )

'( )
C

t
K t t

t



 
   (4.35) 

where '( )t 
is the right derivative of the copula generator function ( )t . 
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Risk is the probability of occurrence of an extreme, dangerous, hazardous, or 

undesirable event (Kite, 1988). In engineering design of hydrologic infrastructures, risk 

can be explained as the chance of downstream flooding attributable to uncontrolled water 

release from upstream flooding facilities (e.g. a reservoir), leading to life and property 

losses (Gebregiorgis and Hossain, 2012). Yen (1970) proposed a formulation for the risk 

of failure associated with the return period of a flooding event, which can be expressed as: 

R = 1 – (1 - p)n = 1 - qn = 1 – (1 – 1/T)n (4.36) 

where R is the risk of failure; p and q is the exceedance and nonexceedance probability, 

respectively; T is the return period of a flooding event; n is the design life of the hydraulic 

structure. 

In practical flooding control practice, it is necessary to characterize the flooding event 

through multiple aspects (e.g. peak and duration) rather than only one flooding variable 

(e.g. peak). For example, a flood event with high peak flow and long duration may result 

in serious loss in property, while a short-duration event with high peak may only cause a 

flash flood. Consequently, bivariate hydrologic risk would be more helpful in taking 

nonstructural safety measures, and developing flood mitigation strategies. In this study, the 

joint return period in “AND” case is applied to define the bivariate risk analysis as follows: 

1 2

1 2

,

,

1
1 (1 )n

u u AND

u u

R
T

    (4.37) 
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4.2.6. Goodness-of-fit Statistical Tests 

To evaluate the performance of the marginal and joint distributions, the goodness-of-

fit statistic tests are usually required to determine whether the estimated probability 

distributions provide a satisfied fit to the observed samples. In current study, the 

Kolmogorov-Smirnov (K-S) and the Anderson-Darling (A-D) statistical tests will be used 

to evaluate the performance of the marginal distributions for flooding variables. The 

statistical test based on the Rosenblatt transformation (Rosenblatt 1952) is going to be 

conducted for performance evaluation of the joint distributions, established by copula 

functions, for flood variables. 

The K-S test is a kind of nonparametric test for probability distribution estimation 

(Zhang and Singh 2012). The principle of the K-S test is to quantify the largest vertical 

difference between the theoretical (estimated) and empirical distributions (Massey 1951; 

Razali and Wah 2011). For n increasing ordered data points, ( )x  , the K-S test statistic is 

defined as (Conover 1999): 

   supx nT F x F x    (4.38) 

where  F x
 denotes the theoretical distribution,  nF x  is the empirical distribution, and 

the expression of “sup” stands for supermum. The P-value for K-S test can be approximated 

using Miller’s approximation (Zhang and Singh 2012). 

The A-D test, which is used for examining whether the observed sample data come 

from a specific distribution, is quite powerful and widely used by many research works 

(Scholz 1987; Arshad et al. 2003; Farrel and Stewart 2006). Consider n sample values with 
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an increasing order, ( )x  , the A-D test statistic can be formulated as (Anderson and Darling 

1954; Arshad et al. 2003): 

       2

1

1

1
2 1 log log 1

n

n i n i

i

W n i F x F x
n

 

 



        (4.39) 

where  iF x
 denotes the cumulative distribution function of the estimated distribution. 

The P-value for A-D test can be obtained through a Monte Carlo simulation (Zhang and 

Singh 2012). 

For the goodness-of-fit test for the copula functions, the Rosenblatt transformation 

based statistic test, recommended by Genest et al. (2009), will be employed for 

performance evaluation of the obtained joint distributions of flood variables. The detailed 

steps of the Rosenblatt transformation based statistic test are as follows (Genest et al., 2009):  

 (1) Set up the null hypothesis 
0H : 

0C C～ . 

(2) Obtain the empirical distribution function based on the null hypothesis 
0H :  

     
1

1
, 0,1

n

n i

i

D
n 

  1 E     (4.40) 

where    1,2,...,
ii iU i n E   denotes pseudo-observations from the independence 

copula C ;  1,2,...,iU i n  denote pseudo-observations from the copula C ;  ,u v  

denotes the marginal distributions of random variables X  and Y ; n  is the sample size. 
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The Cramér von Mises test statistic can be used to test the null hypothesis
0H  (Genest 

et al. 2009): 
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 (4.41) 

where  max ,a b a b  . The corresponding P-value of the Cramér von Mises 

test statistic is: 
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  (4.42) 

Since there are several copula functions for modelling the dependence between flood 

variables, selection of the most appropriate copula is desired (Zhang and Singh, 2006). 

Various approaches have been proposed for identification of appropriate copulas (Genest 

and Rivest, 1993; Ganguli and Reddy, 2013; Sraj et al., 2014). In this study, the procedures 

for identification of copulas described by Genest and Rivest (1993) are used; the detailed 

steps of such a procedure can be found in Zhang and Singh (2006). 

Moreover, the goodness-of-fit statistic tests would to be performed for both marginal 

and joint distributions through root mean square error (RMSE) and Akaike Information 

Criterion (AIC). RMSE can be expressed as:  

2 2

1

1
( ) [ ( ) ( )]

N

c o c o

i

RMSE E x x x i x i
N k 

   

  (4.43) 
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where E(.) is the expectation of the random variable; xc(i) denotes the ith computed value; 

xo(i) denotes the ith observed value; k is the number of parameters used in obtaining the 

computed value; N is the number of observations. The AIC, developed by Akaike (1974), 

is also employed to identify the appropriate probability distribution. AIC can be obtained 

either by calculating the maximum likelihood or by calculating the mean square error of 

the model, which can be formulated as (Zhang and Singh, 2006): 

AIC = -2×log(maximum likelihood for model) + 2 ×(no. of fitted parameters)  (4.44) 

or 

AIC = N ×log(MSE) + 2 ×(no. of fitted parameters)  (4.45) 

where 

2 2

1

1
( ) [ ( ) ( )]

N

c o c o

i

MSE E x x x i x i
N k 

   

  (4.46) 

In the process of the identification of marginal distributions for flood variables, the 

values of xo are presented as the empirical nonexceedance probabilities of the flood 

variables, and the values of xc are presented as the calculated probabilities obtained from 

the generated marginal distributions. The empirical nonexceedance probabilities for 

observed values of the flood variables are estimated through the following equation 

(Gringorten 1963; Cunnane 1978; Adamowski 1985; Zhang and Singh, 2006): 

0.44

0.12
m

m
P

N





 (4.47) 
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where m is the index of the mth smallest observation in the data set arranged in ascending 

order; Pm is the probability of the mth value; N is the number of the observations. 

Meanwhile, in the process of appropriate copula identification, the values of xo are 

presented as the empirical joint frequency (nonexceedance joint probabilities) of the flood 

variables, and the values of xc are presented as the calculated joint probabilities obtained 

from the generated copula distributions. The joint cumulative frequency can be obtained 

through the following equation (Zhang and Singh, 2006): 

. ( ) 0.44
( , ) ( , )

0.12

j i j i

i i i i

No of x x and y y
F x y P X x Y y

N

  
   


 (4.48) 

N is the number of the observations, and i, j = 1, 2, …, N. 
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4.3. Applications 

4.3.1. Hydrologic Risk in the Xiangxi River 

The Three Gorges Dam (TGM) is the largest hydraulic project in terms of design 

capacity in the world. The TGM project has produced dramatic benefits in flood control, 

power generation and navigation. Recently, the impacts of the TGM project on hydrology 

and the environment have been attracting the world’s attention. The Xiangxi River is the 

largest tributary of Yangtze River in the Hubei part of the Three Gorges Reservoir (TGR) 

area. Significant research studies have been conducted in this area, primarily focusing on 

hydrological modelling, water quality management and ecological studies (Ye et al., 2009; 

Xu et al., 2010; Fan et al., 2012a; Han et al., 2014). However, extreme hydrologic events, 

especially flooding are one of the major natural disasters encountered by local people due 

to the temporal-spatial variations in precipitation and the complex terrain and geographical 

conditions in this area. For example, the peak flow of the Xiangxi River reached 1590 m3/s 

on July 2, 1998; a mountain flash flood occurred on August 9, 2000, leading to property 

losses of more than three million RMB (Water Conservancy Bureau of Xingshan, 2004). 

Consequently, robust approaches are needed for evaluating the flooding risk in Xiangxi 

River. Such approaches are expected to reflect interactions among flood peak, volume and 

duration. Nevertheless, few studies have been conducted on flooding risk analysis for the 

Xiangxi River.  

The Xiangxi River is located between 30.96 ~ 31.67 0N and 110.47 ~ 111.130E in the 

Hubei area of China’s TGR region, draining an area of about 3200 km2, as shown in Figure 

4.1. The Xiangxi River originates in the Shennongjia Nature Reserve with a main   
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Figure 4.1. the location of the studied watershed 

 

  



197 
 

stream length of 94 km, and a catchment area of 3,099 km2, and is one of the main 

tributaries of the YangtzeRiver (Han et al., 2014). The river experiences a northern 

subtropics climate. Annual precipitation is 1100 mm and ranges from 670 to 1700 mm with 

considerable spatial and temporal variability (Xu et al., 2010). The main rainfall season is 

May–September, with a flooding season from July to August. The annual average 

temperature in this region is 15.6 0C and ranges from 12 to 20 0C. The Xingshan Hydrologic 

Station (110045’0’’ E, 31013’0’’ N) is located on the main stem of Xiangxi River, with a 

drainage area of 1,900 km2. In this study, a total of fifty years’ daily discharge data (1961 

~ 2010) from Xingshan Hydrologic Station would be used for probabilistic assessment of 

flood risks in the Xiangxi River. 

Based on the daily stream flow data, the annual maximum peak discharge, hydrograph 

volume and duration values can be obtained. Hence, although the peak discharges are 

definitely annual maximums, the hydrograph volumes and durations are not necessarily 

also annual maximums (Sraj et al., 2014). The flood peak applied in this study is defined 

as the maximum daily flow during a flood event, with flood duration being defined as the 

total number of days for the flood event and flood volume being considered as the 

cumulative flow volume during the flood period. Such flood characteristics are obtained 

based on the annual scale, meaning in each year one flood would occur. This single-peaked 

flood hydrograph is shown in Figure 4.2. Flood duration (D) can be determined by 

identifying the time of rise (point “s” in Figure 4.2) and fall (point “e” in Figure 4.2) of the 

flood hydrograph. The start of the flood is marked by the sharp rise of the hydrograph and 

end of the flood runoff is identified by the inflection point on the receding limb of the 

hydrograph. Between these two points, the total flood volume is estimated. If the rise time   
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Figure 4.2. Typical flood hydrograph showing flood flow characteristics (adapted from 

Ganguli and Reddy, 2013) 
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of the flood hydrograph is denoted by SD (day) and fall by ED (day), the flood volume (V) 

of each flood event is determined using following expression (Yue 2000, 2001): 

1
( ) ( )(1 )

2

i

i

ED
total baseflow

i i i ij is ie i

j SD

V V V Q Q Q D


       (4.49) 

where Qij is the jth day observed stream flow value for ith year, Qis and Qie are the observed 

daily stream flow value for the start and end day of the flood hydrograph for ith year, 

respectively. SDi and EDi are the start and end day of a flood event in the ith year, 

respectively. Di is the flood duration in the ith year. The annual flood peak is obtained by: 

Qi = max{Qij, j = SDi, SDi + 1, …, EDi}, i = 1, 2, …, n.  (4.50) 

The flood duration can be given by: 

Di = EDi – SDi, i = 1, 2, …, n.  (4.51) 

 

Once the flood characteristics are obtained from daily stream flow data, then the flood 

frequency analysis can be determined. Table 4.2 provides some descriptive statistics values 

of the studied variables (peak discharge, Q; hydrograph volume, V; and hydrograph 

duration, D). The positive values of kurtosis and skewness suggest that the flood variables 

can be modeled by sharp and right tailed distributions. 
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Table 4.2  Statistical characteristics of flood variables 

No.   Flood characteristics 

   Peak Volume Duration 

1 Percentile 

Minimum 91 72 3 

25% 324 530.8 5 

50% 451.5 713.3 6 

75% 684 1189.5 8 

Maximum 1050 2430.8 13 

2 Range 959 2358.8 10 

3 Mean 510 920.5 6.56 

4 Std 243.8 531.9 2.31 

5 Skewness 0.74 0.959 2.72 

6 Kurtosis 2.61 3.20 0.68 
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4.3.2. Hydrologic Risk in Yangtze River 

The Yangtze River is the longest river in Asia the third longest river in the world, with 

a length of 6,300 km for the main stream, flowing from Qinghai Province eastward to the 

East China Sea at Shanghai. Floods on the Yangtze River (Chang Jiang) in central and 

eastern China have occurred periodically and often caused considerable destruction of 

property and loss of life (Chen et al., 2014). For example, in 1998, the entire Yangtze River 

basin suffered tremendous flooding—the largest flood since 1954, which led to an 

economic loss of 166 billion Chinese Yuan (Yin and Li, 2001). Hence, a multivariate flood 

risk analysis of the upper Yangtze River is very important for flood prevention and disaster 

relief. 

For the Yangtze River, floods are caused by unusually high precipitation between June 

and August, in which summer is the main flooding season due to the heavy monsoon 

rainfall (Chen et al., 2014). The floods in the middle and lower reaches of the Yangtze 

River primarily stem from the upper region of the Yichang Station, which is also the control 

station for the Three Georges Reservoir. The flood volume of the upper Yichang site 

contributes approximately 50% of the total flow volume of the Yangtze River and 

approximately 90% of the Jingjiang River reach, which are regarded as the most key area 

for flood prevention (Chen et al., 2012). 

Due to the significant role of the Yichang station in controlling flooding in the middle 

and lower reaches of Yangtze River, the daily streamflow data from the Yichang station 

would be applied to analyze the multivariate flood risk in the Yangtze River. Figure 4.3 

shows the location of Yichang station, which is the control site of the Three Gorges Dam   
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Figure 4.3. the location of Yi Chang station 
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(TGD). The TGD project has produced dramatic benefits in flood control, power generation 

and navigation. Recently, the impacts of the TGD project on hydrology and environment 

have been attracting the world’s attention. The Xiangxi River is the largest tributary of 

Yangtze River in the Hubei area of the TGR region. Research studies have been conducted 

in this area, primarily focusing on hydrological modelling, water quality management and 

ecological studies (Xu et al., 2010; Han et al., 2014). The Yichang Station is the control 

site of the TGD, which also divided the Yangtze River into the upper and middle reaches. 

This study primarily focuses on the upper Yangtze River, which is 4,529 km long, up to 

3/4 of the whole length of the Yangtze River, with a drainage area of 1,006,000 km2 (Chen 

et al., 2013). 
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4.4. Results Analysis and Discussion 

4.4.1. Bivariate Hydrologic Risk Analysis for the Xiangxi River in Three Gorges 

Reservoir Area, China 

4.4.1.1. Interactions among Flood Variables 

(1) Marginal Probability Distribution Functions of Flood Variables 

Firstly, the univariate flood frequency analyses would be performed based on the 

historical flooding records. Many parametric distributions have been used to estimate flood 

frequencies from observed annual flood data series, such as the general extreme value 

distribution in the United Kingdom, Log-Pearson Type-III in the U.S. and Pearson III in 

China (Adamowski, 1989, Kidson and Richards, 2005, Wu et al., 2013). In this study, three 

parametric distribution functions, including Gamma, GEV and Lognormal were used to fit 

the observed flooding data. The parameters in these three distributions were estimated 

through the maximum likelihood estimation (MLE) method. The expressions for 

probability functions (PDFs) and the values of their associated unknown parameters are 

estimated through MLE (refer to Table 4.3). 

Figure 4.4 illustrates the fitted marginal distributions for the three flood variables 

through Gamma, GEV and Lognormal distribution functions. For empirical CDF of the 

observations was calculated through Equation (9). The CDFs for the marginal distributions 

of flood variables (in Figure 4.4) show good agreement between theoretical   
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Table 4.3. Parameters of marginal distribution functions of flood variables 

Name Probability density function 
 Parameters 

 Peak  Volume Duration 

Gamma 
11

( )

x

a b
a

x e
b a





, 1

0
( ) a ua u e du


     

a 4.50 3.06 8.62 

b 113.26 301.24 0.76 

GEV 
1 1

11 ( ) ( )
( )exp( (1 ) )(1 )k k

x x
k k

 

  

   
    

k 0.032 0.099 0.073 

μ 185.0 373.16 1.73 

σ 396.15 664.96 5.43 

Lognormal 
2

( )1
exp( )

22

y

yy

y

x






  

y = log(x), x>0, -∞ <μy<∞, σy> 0 

μy 6.12 6.65 1.82 

σy 0.50 0.63 0.34 
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Figure 4.4. Comparison of different probability density estimates with observed 

frequency.  
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distributions and the empirical distributions. In detail, all three CDFs (i.e. Gamma, GEV, 

Lognormal) fit the flood peak and volume better than duration. 

The performance of each marginal distribution is evaluated against the empirical 

nonexceedance probability, which is calculated through Equation (11), using root mean 

square error (RMSE) and Akaike Information Criterion (AIC) criteria. The results are 

presented in Table 4.4, which provides a comparison of performances for various marginal 

distributions. From Table 4.4, the model results indicate that, based on the historical 

flooding records from 1961-2010, the log-normal distribution is the best fit model for peak 

flow, volume and duration. Although the differences among relative performances of 

Gamma, GEV and Lognormal are very small on fitting the flood duration (i.e. the RMSE 

values of Gamma, GEV and Lognormal is 0.0663, 0.0673, and 0.0655, respectively), the 

Lognormal distribution would be chosen due to its lowest RMSE and AIC values.  

 

(2). Dependence of Flood Variables 

The dependence of flood variables was evaluated through the Pearson’s linear 

correlation (r), and one non-parametric dependence measure, Kendall’s tau. The Pearson’s 

linear correlation, measures the linear dependence between two random variables, but 

assumes that the underlying distribution is normal, and it is not invariant under monotonic 

non-linear transformation (Reddy and Ganguli, 2013). The Kendall’s tau is calculated 

using ranking of variable values rather than actual values. Therefore, the value of Kendall’s 

tau is invariant under monotonic non-linear transformations and no distributional 

assumption is required. Hence, Kendall’s tau is preferred to evaluate the dependence 

between two random variables with nonlinear relationship in hydrology.   
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Table 4.4. Comparison of RMSE and AIC values of flood variables for different 

statistical distributions 

PDF  RSME   AIC  

Peak Volume Duration Peak Volume Duration 

Gamma 0.0378 0.0445 0.0663 -323.5512 -307.1904 -267.3406 

GEV 0.0340 0.0428 0.0673 -332.2144 -309.1165 -263.8541 

Lognormal 0.0265 0.0361 0.0655 -358.8192 -328.2335 -268.6465 
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Table 4.5 presents the values of Pearson’s linear correlation coefficient and Kendall’s 

tau among flood variables – flood peak, volume and duration. It can be seen that the values 

of Pearson’s r and Kendall’s tau between peak and volume are highest, followed by those 

between volume and duration, and then flood peak and duration. In detail, the Pearson and 

Kendall correlation coefficient values were 0.75 and 0.63 for peak-volume, 0.46 and 0.52 

for volume-duration, and -0.06 and 0.15 for peak and duration. These results indicate that 

the correlation between the flooding components of peak and volume would be higher than 

that for volume and duration. In our case, the correlation coefficient for peak and duration 

is much smaller than for the other two pairs (i.e. peak-volume and volume-duration), which 

is consistent with conclusion from previous studies (Grimaldi and Serinaldi, 2006; 

Karmakar and Simonovic, 2009; Reddy and Ganguli, 2012; Sraj et al., 2014). 

 

(3) Joint Distributions Based on Copula Method 

Four Archimedean families of copulas, including Ali-Mikhail-Haq, Cook-Johnson 

(Clayton), Gumbel-Hougaard and Frank copulas are applied to model the dependence 

among flood variables. Since all three copulas are single-parameter Archimedean copula, 

the unknown parameter can be estimated by the method-of-moments-like (MOM) 

estimator based on inversion of Kendall’s tau. For our current study, the values of Kendall’s 

tau for flood peak-volume and volume-duration are 0.63 and 0.52, respectively. 

Consequently, the Ali-Mikhail-Haq could not be applied for the pairs of peak-volume and 

volume-duration since it can only be used with the Kendall’s tau values varied between -

0.18 and 0.33 (Nelsen, 2006). Therefore, the Ali-Mikhail-Haq copula may not be   
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Table 4.5. Values of correlation coefficients for flooding characteristics 

No. Flood characteristics Kendall’s tau Pearson’s r 

1 Peak – Volume 0.63 0.75 

2 Volume – Duration 0.52 0.46 

3 Peak - Duration 0.15 -0.06 
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applicable for dependence analysis of peak-volume and volume-duration. The joint 

distribution functions for flood peak and volume, obtained through the four above-

mentioned copulas, are shown in Figure 4.5; the joint distributions for volume-duration, 

and peak-duration are shown in Figure 4.6 and Figure 4.7, respectively.  

Since there is a class of copulas, investigating the differences among the four chosen 

copulas and identifying the most appropriate copulas for further analysis are necessary. In 

this study, the method for copula identification is based on the process provided by Zhang 

and Singh (2006). Figure 4.8 to Figure 4.10 show the comparison of joint cumulative 

probabilities obtained through empirical equation and copula for flood peak-volume, 

volume-duration and peak-duration, in which the empirical probabilities were obtained 

through Equation (12). For flood peak-volume, all three copulas (excluding Ali-Mikhail-

Haq copula) produced a good graphical fit to the empirical probabilities, as shown in Figure 

4.8. However, the Gumbel-Hougaard and Frank copulas showed better results for plotting 

the joint probability of flooding peak and volume. As can be seen from Figure 4.9, the 

Gumbel-Hougaard and Frank copulas produce better fits to the empirical probabilities than 

the Cook-Johnson copula (Ali-Mikhail-Haq copula was excluded). For flood peak and 

duration, all the four copulas can be applied. As shown in Figure 4.10, Gumbel-Hougaard, 

Frank and Ali-Mikhail-Haq copulas produced good results, while the Cook-Johnson 

resulted in underestimations for the joint probabilities.  
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Figure 4.5. Joint probability distribution functions for peak flow and volume through different copulas 
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Figure 4.6. Joint probability distribution functions for flood duration and volume through different copulas 
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Figure 4.7. Joint probability distribution functions for flood peak and duration through different copulas 
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Figure 4.8. Comparison of joint cumulative probabilities obtained through empirical 

equation and copula for flood peak and volume  
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Figure 4.9. Comparison of joint cumulative probabilities obtained through empirical 

equation and copula for flood duration and volume  
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Figure 4.10. Comparison of joint cumulative probabilities obtained through empirical 

equation and copula for flood peak and duration  
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To further identify the best copula, the root mean square error (RMSE) (expressed by 

Equation (4.43)), and Akaike information criterion (AIC) (expressed by Equation (4.45)) 

are used to test the goodness of fit of sample data to the theoretical joint distribution 

obtained using copula functions. Table 4.6 shows the comparison of RMSE and AIC 

values for joint distributions obtained through different copula functions for flood peak-

volume, peak-duration and volume-duration. The results indicate that the Gumbel-

Hougaard and Frank copulas performed better for modelling the joint distributions for 

flood peak-volume and volume-duration than the Cook-Johnson copula. The differences 

between Gumbel-Hougaard and Frank copulas in quantifying the joint probabilities of 

flood peak-volume and volume-duration are quite small. For example, the RMSE values 

for the Gumbel-Hougaard and Frank copula of peak-volume are 0.0312 and 0.0304, 

respectively, while the AIC values are -344.8576 and -347.4879, respectively. Based on 

the values for RMSE and AIC, it can be concluded that the Frank copula would perform 

best for quantifying the joint distributions of flood peak-volume and volume-duration, 

while the Ali-Mikhail-Haq copula performs better in modelling the joint distribution of 

flood peak-duration than the other three copulas. 
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Table 4.6. Comparison of RMSE and AIC values for joint distributions through different 

copulas  

Copula 

 RSME    AIC   

Peak- 

Volume 

Peak- 

Duration 

Volume- 

Duration 

Peak- 

Volume 

Peak- 

Duration 

Volume- 

Duration 

Ali-Mikhail-Haq 0.0610 0.0514 0.0707 -277.6384 -294.7895 -262.9122 

Cook- Johnson 0.0665 0.2907 0.0873 -269.0263 -121.5381 -241.8286 

Gumbel-Hougaard 0.0312 0.0550 0.0589 -344.8576 -288.0178 -281.1828 

Frank 0.0304 0.0541 0.0559 -347.4879 -289.7032 -286.3915 
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4.4.1.2. Bivariate and Conditional Risk Analysis 

(1) Conditional Cumulative Distribution Functions and Return Periods of Flood 

Characteristics 

Based on the results presented in Table 4.6, the conditional cumulative distribution 

functions (CDFs) for peak-volume, and volume-duration can be obtained through the 

Frank copula, while the conditional CDFs for peak-duration can be quantified by the Ali-

Mikhail-Haq copula. Figure 4.11 shows the conditional CDFs of flooding variables for the 

Xiangxi River at Xingshan Station. It can be seen that, among the flooding pairs for peak-

volume, peak-duration and volume-duration, the values of conditional CDF for one 

flooding variable would decrease as the values of other flooding variables increase. This 

indicates positive correlation structures between peak-volume, peak-duration, and 

volume-duration. The study notes the decreasing trend of conditional CDFs for peak-

duration is less than the other two pairs, indicating less correlation structures between peak 

and duration. This is consistent with the results presented in Table 4.5.  

The multivariate flooding frequency analysis is helpful in understanding critical 

hydrologic behavior of floods through analysis of the concurrence probabilities of various 

combinations of flooding characteristics. The joint return period and second return period 

are calculated based on Equations (4.32) – (4.33) to reflect the historical flooding 

characteristics. Table 4.7 presents the primary return periods of peak, volume, and duration 

obtained by univariate marginal distributions, and joint return periods for “AND” and “OR” 

cases for bivariate distributions. In general, the joint return period in “AND” case is longer 

than the joint return period in “OR” case when the same univariate return period is assumed.  
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Figure 4.11. Conditional cumulative distribution function of flooding variables.  
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Table 4.7. Comparison of univariate, bivariate return periods for flood characteristics (year) 

T 

Peak 

(m3/s) 

Volume 

(m3/s day) 

Duration 

(day) 

AND

PVT  AND

PDT  AND

DVT  OR

PDT  OR

DVT  OR

PVT  
DVT



 
DPT



 PVT


 

5 689.54 1313.48 8.25 7.66 16.18 8.80 2.96 3.49 3.71 11.68 27.38 9.53 

10 857.38 1730.89 9.60 21.19 59.78 25.78 5.46 6.20 6.54 39.19 109.59 30.24 

20 1026.38 2173.89 10.87 65.75 229.22 84.03 10.46 11.35 11.79 142.54 438.50 106.30 

50 1256.75 2809.50 12.51 338.46 1395.49 452.35 25.46 26.46 26.99 839.37 2741.13 611.96 

100 1438.39 3333.42 13.74 1255.64 5532.43 1710.98 50.46 51.51 52.07 3290.08 10965.17 2379.77 
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For three pairs of flooding variables (i.e. peak-volume, peak-duration, volume-

duration), the joint period in “OR” case do not vary significantly with the same primary 

joint periods. Conversely, the joint period in the “AND” case for peak-volume is much 

longer than the other two flooding pairs. For example, consider the primary return periods 

for peak, volume and duration be 100 years. The joint return periods 
AND

PVT  and 
AND

DVT  are 

1255.64 and 1710.98 years, respectively, while the joint return period 
AND

DVT  is 5532.43 

years. This is due to the lower correlation between flooding peak and duration, as shown 

in Table 4. Also, the secondary return periods are presented in Table 4.7. The secondary 

return period can be useful for analyzing risk of supercritical events, which is defined as 

the average time between the occurrence of two supercritical events. As the primary return 

period increases, the probability of supercritical events decreases, leading to an increase of 

the secondary return period. Furthermore, the secondary return period is always higher than 

that of the primary return period and the join return periods of TOR and TAND. 

 

(2) Bivariate Hydrologic Risk Analysis for the Xiangxi River 

For one flooding event, the failure of hydraulic structures is primarily due to high peak 

flow. Therefore, the flooding peak flow would be the essential factor to be considered for 

analyzing hydrologic risks. However, other flooding variables (i.e. flooding duration and 

volume) are also critical for actual flooding control and mitigation. In detail, the flooding 

duration is the vital factor for decision maker in characterizing the flooding control pressure, 

while the flooding volume is related to the diversion of flooding. Consequently, an 

integrated risk analysis framework to consider more flooding variables, can be more 
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helpful for actual flood control than the traditional risk analysis in which only the flooding 

peak is considered. Therefore, this study develops a bivariate hydrologic risk analysis 

method in considering peak-duration and peak-volume to identify the inherent flooding 

characteristics in the Xiangxi River basin. 

There is no reservoir in the Xiangxi River near Xingshan station. Consequently, this 

study primarily analyzes the failure risk for the river levee around Xingshan Station. Three 

designed flows are considered for the river levee of Xiangxi River near Xingshan station, 

1,000, 1200 and 1,500 m3/s with the return periods being about 20, 50, and 100 years, 

respectively. Four service time scenarios are also assumed for the river levee, including 10, 

20, 50 and 100 years.  

 

(2a) Bivariate risk analysis for flooding peak flow and duration 

Figure 4.12 shows the variations in the failure risk for the river levee around Xingshan 

Station under different flooding peak-duration scenarios. From this figure, it can be seen 

that for the same service time, the risk would decrease with the increase in the designed 

flow. Similarly, for the same designed flow, the failure risk of the river levee would 

increase with an increase in service time. For example, as presented in Table 4.8, if the 

service time of the river levee is designed to be 10 years, the failure risk of the river levee 

for the designed flows 1,000, 1,200 and 1,500 m3/s would be 43.6, 22.34 and 10.97%, 

respectively. Meanwhile, the potential risk of designed flow 1,000, 1,200, 1,500 m3/s under 

10-year service time would be 43.6, 22.34, 10.97%, respectively.   
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Figure 4.12. Bivariate flooding risk under different flooding peak-duration scenarios 
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Table 4.8. The flooding risk in Xiangxi river under different peak-duration scenarios (%) 

Service time  10 years    20 years     50 years     100 years   

Designed flow (m3/s) 

Duration (day) 

1000  1200 1500 1000 1200 1500 1000 1200 1500 1000 1200 1500 

2 43.60 22.34 10.97 68.19 39.69 20.73 94.29 71.76 44.06 99.67 92.02 68.71 

4 42.67 21.80 10.69 67.13 38.85 20.24 93.81 70.76 43.18 99.62 91.45 67.71 

6 34.08 16.95 8.21 56.55 31.03 15.75 87.55 60.50 34.85 98.45 84.39 57.55 

8 18.52 8.81 4.19 33.60 16.85 8.20 64.08 36.96 19.25 87.10 60.26 34.79 

10 7.45 3.45 1.62 14.34 6.78 3.21 32.09 16.09 7.83 53.88 29.59 15.05 

12 2.58 1.18 0.55 5.09 2.35 1.10 12.25 5.77 2.72 23.00 11.20 5.38 

14 0.85 0.39 0.18 1.69 0.77 0.36 4.16 1.92 0.90 8.16 3.80 1.78 

16 0.28 0.13 0.06 0.55 0.25 0.12 1.37 0.63 0.29 2.73 1.25 0.58 

18 0.09 0.04 0.02 0.18 0.08 0.04 0.46 0.21 0.10 0.91 0.41 0.19 

20 0.03 0.01 0.01 0.06 0.03 0.01 0.15 0.07 0.03 0.31 0.14 0.07 
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For the bivariate hydrologic risk analysis, one major characteristics is that the 

variation of the hydrologic risk can be reflected with respect to flooding duration or volume. 

Figure 4.12 shows the changing trends for the flooding risk with respect to flooding 

duration under different designed flows and service times. In this figure, the initial risk 

values (points on the y-coordinate) are obtained through Equation (4.36) without 

considering the flooding duration scenarios, while the points on the solid, dashed and 

asterisk lines are derived based on Equation (4.37). The solid, dashed and asterisk lines in 

Figure 4.12 indicate that the bivariate risk of flooding peak flow and duration would keep 

constant for some time and then decreases with the increase of flooding duration for all 

designed flows and service times. However, the detailed decreasing points for different 

designed flows under different service times are also different. As presented in Table 4.8, 

for a designed flow of 1,000 m3/s and a service time of 10 years, the failure risk for the 

river levee would remain constant at about 40% and then decreases significantly if the 

flooding duration is larger than 6 days. Conversely, the risk for the designed flow of 1,000 

m3/s and service time of 100 years would not change significantly until the duration is 

larger than 8 days.  

The bivariate risk for the flooding peak flow and duration is much more meaningful 

for the actual hydrologic facility design and potential flooding control. In practical 

engineering hydrologic facility construction, the return period of peak flow would be the 

key factor to be considered. Moreover, in addition to the hydrologic facility construction, 

materials for flood defense such as sand, wood, bags and so on, are usually need to be 

prepared for flooding control at some important locations (e.g. near cities) of the river levee. 

In the preparation of those flood defense materials, the flood risk with respect to the 
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flooding duration can be a useful reference. For example, as presented in Figure 11 and 

Table 8, if the river levee is constructed with a designed flow of 1,000 m3/s and 10-year 

service time, the flooding risk with the flooding duration of 2, 4, 6, 8, 10-day would be 

43.6, 42.67, 34.08, 18.52, 7.45%, respectively. Such risk values can be considered as 

references for decision makers to determine supply amounts for flood defense preparations.  

 

(2b) Bivariate risk analysis for flooding peak flow and volume 

The bivariate hydrologic risk for flood peak flow and volume indicates the probability 

of co-occurrence of flood peak flow and volume values. Similar to the bivariate hydrologic 

risk for flood peak-duration, the initial risk values are derived based on Equation (4.36) for 

different designed flows and service times, and such risk values would decrease with the 

increase of flood volume, as shown in Figure 4.13. Table 4.9 presents the detailed flooding 

risk values for different designed flows and service times, with respect to different flood 

volume scenarios. In general, the bivariate risk values for flood peak-volume would not 

decrease significantly for all designed flows and service time periods at low flooding 

volumes. This suggests that the occurrence of one flooding peak flow would usually be 

accompanied with some flood volumes, e.g. 1,500 m3/s, as presented in Table 4.9. However, 

as shown in Figure 4.13, for one designed flow and service time period, the increase of 

flood volume would lead to a decrease for the bivariate risk for flood peak flow and volume. 

As can be found in Table 4.9, for a designed flow of 1,000 m3/s and a service time period 

of 100 years, the failure risk of the river levee would be more than 95% with the flood 

volume being less than 2,000 m3/s. Such a risk value would decrease to 87.81, 66.43, 43.33 

and 26.18 as the flood volume increases to 2,500, 3,000, 3,500 and 4,000 m3/s, respectively.   
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Figure 4.13.  Bivariate flooding risk under different flooding peak-volume scenarios 
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Table 4.9. The flooding risks in Xiangxi river under different peak-volume scenarios (%) 

Service time  10 years    20 years     50 years     100 years   

Designed flow (m3/s) 

Volume (m3/s) 

1000  1200 1500 1000 1200 1500 1000 1200 1500 1000 1200 1500 

500 43.60 22.34 7.67 68.19 39.70 14.76 94.29 71.76 32.92 99.67 92.03 55.00 

1000 43.55 22.32 7.67 68.13 39.65 14.74 94.27 71.71 32.88 99.67 92.00 54.95 

1500 41.39 21.19 7.28 65.64 37.90 14.03 93.08 69.61 31.46 99.52 90.76 53.03 

2000 31.44 16.06 5.51 52.99 29.54 10.71 84.85 58.32 24.67 97.70 82.63 43.25 

2500 18.98 9.67 3.31 34.36 18.41 6.52 65.09 39.86 15.51 87.81 63.83 28.61 

3000 10.34 5.26 1.80 19.61 10.25 3.57 42.06 23.68 8.69 66.43 41.76 16.63 

3500 5.52 2.81 0.96 10.74 5.54 1.91 24.72 13.27 4.71 43.33 24.78 9.21 

4000 2.99 1.52 0.52 5.89 3.02 1.04 14.08 7.37 2.57 26.18 14.20 5.08 
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The implication for the bivariate risk of flooding peak flow and volume is to provide 

decision support for hydrologic facility design and establishment of flooding diversion 

areas. During actual flooding control practices, the excess flood water can be redirected to 

temporary holding ponds or other bodies of water with a lower risk or impact to flooding. 

For example, in China, the flood diversion areas are rural areas that are deliberately flooded 

in emergencies in order to protect cities. In flood diversion practice, the bivariate risk for 

flood peak flow and volume would be an important reference for design of flooding 

diversion areas. For example, as shown in Figure 4.13 and Table 4.9, for the river levee 

with a designed flow of 1,000 m3/s and 10-year service period, the flooding risk value 

would be 43.60, 43.55, 41.39, 31.44, 18.98, 10.34% with a flood volume of 500, 1,000, 

1,500, 2,000, 2,500, and 3,500 m3/s, respectively. These risk values suggest the flood 

diversion area be designed based on a minimum volume of 1,500 m3/s, such the bivariate 

risk would not decrease significantly for a flood volume less than 1,500 m3/s. 

 

(3) Conditional Probability Density Functions of Flood Characteristics 

In addition to deriving the conditional cumulative distribution functions and 

conditional return periods based on the best-fitted copula for the historical flooding data, 

the conditional probability density functions of the flooding variable can also be generated 

based on Equations (4.28) - (4.31). In flooding risk analysis, the peak flow would be the 

critical factor to judge whether a flood would occur. However, once the flood occurred, the 

severity of the flood would also be influenced by other flooding variables such as flood 

duration and volumes. In detailed, the flood duration would be related to the flooding 

control pressure in which flood defense materials are prepared for strengthening of the river 
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levee. Alternatively, the flood volume would highly influence the flood diversion practices, 

in which excess water would be diverted to temporary holding ponds with lower risk in 

order to protect cities. 

Figure 4.14 shows the distributions of flood volume conditional on the flood peak 

flows with different return periods. In this study, the flood peak flows with return periods 

of 10, 20, 50, and 100-year are considered. Each curve represents the probability 

distribution function (PDF) of flood volume associated with a flood peak flow with a 

particular return period. According to the PDFs for flood volume, as the increase of flood 

return period, which is equivalent to higher peak flow of the flood, the flood volume would 

be expected to be higher as well. For example, as shown in Table 4.10, if a flood with 10-

year return period occurred, the flood volume is likely less than those accompanied with a 

flood with a 20-year return period. Moreover, as can be seen from Table 10, the higher 

peak flows would usually lead to increases in the mean and standard deviation values for 

the flood volume PDFs. However, the increasing rate would generally decrease. For 

example, the mean values of the flood volume PDFs accompanied with the flood peaks 

with 10 and 20-year return periods would be 1658.09 and 1814.52 m3/s, respectively, and 

the standard deviations would be 682.97 and 735.76 m3/s, respectively. In comparison, the 

mean values associated with the flood peaks with 50 and 100-year return periods would be 

1913.47 and 1947.16 m3/s, respectively. The standard deviation values would be 765.90 

and 775.58 m3/s, respectively. Such PDFs for flood volumes conditional on different flood 

peak flows can be considered as references for flooding diversion practices and used in the 

flood optimization models to determine the capacities of flooding diversion.   
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Figure 4.14. Probability density functions of volume under different peak flow return 

periods. 
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Table 4.10. Statistical characteristics of the conditional PDFs of flooding duration and 

volume under different peak flow return periods. 

Flooding  

variables 

Index initial 

Return periods of peak flow (year) 

10 20 50 100 

duration 

Mean 6.55 7.44 7.51 7.55 7.57 

Std 2.30 2.32 2.33 2.33 2.33 

Kurtosis 1.72 1.51 1.47 1.45 1.44 

Skewness 1.04 0.95 0.94 0.93 0.93 

Volume 

Mean 934.21 1658.09 1814.52 1913.47 1947.16 

Std 622.80 682.97 735.76 765.90 775.58 

Kurtosis 5.05 2.74 1.85 1.41 1.28 

Skewness 1.87 1.43 1.25 1.15 1.12 
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Figure 4.15 shows the distributions of flood duration conditional on the flood peak 

flows with different return periods. It is noted that, the increase in flood return periods 

would not significantly change the PDFs for flood duration. As presented in Table 4.10, 

the mean and standard deviation values of the PDFs associated with the flood with a 10-

year return period would be 7.44 and 2.32 days, while those values accompanied with a 

flood with a 100-year return period would be 7.57 and 2.33 days. Such low impact of flood 

peak on the flood duration is due to the low correlation found between flood peak and 

duration, as presented in Table 4.5. The engineering implications of the PDFs for flood 

duration conditional on flood peak can be useful for flood control. Once a flood occurred, 

the PDF of flood duration conditional on the flood can be provided as a reference to 

determine how much flood defense materials should be prepared for strengthening the river 

levee and how long the inspectors should cruise along the river to confirm the safety of the 

levee.  
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Figure 4.15. Probability density functions of duration under different peak flow return 

periods. 
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4.4.2. Bivariate Hydrologic Risk Analysis Based on the Coupled Entropy-Copula Method 

for the Xiangxi River in the Three Gorges Reservoir Area, China 

4.4.2.1. Bivariate Hydrologic Frequency Analysis through the Coupled Entropy-Copula 

Method 

(1). Marginal Probability Distribution Functions of Flood Variables 

One of the main advantages of the copula method is that the marginal distributions 

and multivariate dependence modelling are two separate processes. Consequently, the 

marginal distributions of flood variables can be quantified first in order to analyze the 

multivariate flood frequency in the Xiangxi River. Many parametric distributions have 

been used to estimate flood frequencies from the observed annual flood series, such as the 

general extreme value distribution in the United Kingdom, Log-Pearson Type-III in the 

U.S. and Pearson III in China (Adamowski, 1989, Kidson and Richards, 2005, Wu et al., 

2013). In this study, three parametric distribution functions, including Gamma, general 

extreme value (GEV) and Lognormal distributions would be used to fit the observed 

flooding data. As an alternative method, the entropy method would be also employed to 

quantify the distributions of the flood variables, in an attempt to obtain more accurate 

estimations for flood variable distributions than the above three parametric methods. The 

expressions for probability functions (PDFs) for Gamma, GEV, Lognormal and Entropy 

and the values of their associated unknown parameters are presented in Table 4.11. The 

parameters in Gamma, GEV, Lognormal distributions are obtained through the maximum 

likelihood estimation method, while the unknown parameters in the ME-based PDF are 

derived through the Conjugate Gradient (CG) method.  
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Table 4.11.  Parameters of marginal distribution functions of flood variables 

Name Probability density function 
 Parameters 

 Peak  Volume Duration 

Gamma 
11

( )

x

a b
a

x e
b a





, 1

0
( ) a ua u e du


     

a 4.50 3.06 8.62 

b 113.26 301.24 0.76 

GEV 
1 1

11 ( ) ( )
( )exp( (1 ) )(1 )k k

x x
k k

 

  

   
    

k 0.032 0.099 0.073 

μ 185.0 373.16 1.73 

σ 396.15 664.96 5.43 

Lognormal 
2

( )1
exp( )

22

y

yy

y

x






  

y = log(x), x>0, -∞ < μy < ∞, σy > 0 

μy 6.12 6.65 1.82 

σy 0.50 0.63 0.34 

Entropy 
1 1

exp[ ln( exp( ( )) ) ( )]
m mb

i i i i
a

i i

h x dx h x 
 

     

λ1 -10.17 -7.48 -3.37 

λ2 16.90 15.29 6.49 

λ3 2.98 0.82 0.96 

λ4 -10.37 -7.46 -1.30 
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Figure 4.16 illustrates the fitted marginal distributions for the three flood variables 

through Gamma, GEV, Lognormal and entropy-based distribution functions. The CDFs for 

the marginal distributions of flood variables (in Figure 4.16) show good agreement between 

theoretical and empirical distributions. In detail, the flood peak can be well fitted through 

the four test distributions, followed by flood volume and duration. To further evaluate the 

four test distributions in quantifying the probability distributions of flood variables, the 

Kolmogorov-Smirnov (K-S) and Anderson-Darling (A-D) tests would be conducted. Table 

4.12 presents the results of the K-S and A-D tests. The results indicate that all the proposed 

four methods successfully modeled the distributions for flood peak, volume and duration, 

with P-values larger than 0.05. The root mean square error (RMSE), which is expressed as 

Equation (22) would then be applied to choose the most appropriate method to quantify the 

distributions of the three flood variables. As presented in Table 4.12, the lognormal 

distribution would perform best in modeling the distributions of flood peak and volume, 

while the entropy-based method performs best in quantifying the flood duration.  

 

(2). Joint Distributions Based on Copula Method 

The dependence of flood variables would be evaluated through the Pearson’s linear 

correlation (r), and one non-parametric dependence measure, Kendall’s tau. Table 4.5 

presents the values of the Pearson’s linear correlation coefficient and Kendall’s tau among 

flood peak, volume and duration. It can be noted that the values for Pearson’s r and 

Kendall’s tau between peak and volume are greatest, followed by the flooding pairs of 

volume-duration and peak-duration. In detail, the Pearson, Kendall coefficient values   
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Table 4.12. Statistical test results for marginal distribution estimation 

Flooding 

variables 

Marginal 

distribution 

K-S test A-D test 

RMSE 

T  P-value 2

n
W  P-value 

Peak 

Gamma 0.0745 0.5471 0.4888 0.2128 0.0378 

GEV 0.0741 0.5510 0.4142 0.3240 0.0340 

Lognormal 0.0548 0.7146 0.3356 0.4958 0.0265 

Entropy 0.0648 0.6301 0.4136 0.3250 0.0343 

Volume 

Gamma 0.1126 0.2615 0.3863 0.3776 0.0445 

GEV 0.1026 0.3268 0.3084 0.5476 0.0428 

Lognormal 0.0749 0.5435 0.3249 0.5144 0.0361 

Entropy 0.1208 0.2149 0.5609 0.1397 0.0512 

Duration 

Gamma 0.1611 0.0667 0.7136 0.0587 0.0663 

GEV 0.1430 0.1176 0.7228 0.0557 0.0673 

Lognormal 0.1521 0.0891 0.6763 0.0728 0.0655 

Entropy 0.1259 0.1888 0.4498 0.2657 0.0580 
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Figure 4.16. Comparison of different probability density estimates with observed 

frequency. 
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are 0.75 and 0.63 for peak-volume, 0.46 and 0.52 for volume-duration, and -0.06 and 0.15 

for peak and duration. These results indicate that the correlation between the flood peak 

and volume would be higher than the other two flood variable pairs. In our case, the 

correlation coefficient for peak and duration is much smaller than for the other two pairs 

(i.e. peak-volume and volume-duration), which is consistent with conclusions from 

previous studies (Grimaldi and Serinaldi, 2006; Karmakar and Simonovic, 2009; Reddy 

and Ganguli, 2012; Sraj et al., 2014). 

Four Archimedean families of copulas, including Ali-Mikhail-Haq, Cook-Johnson 

(Clayton), Gumbel-Hougaard and Frank copulas are applied to model the dependence 

among flood variables. In this study, the unknown parameters four these four copulas are 

estimated by the method-of-moments-like (MOM) estimator based on inversion of 

Kendall’s tau. Moreover, the value of Kendall’s tau for flood peak-volume and volume-

duration is 0.63 and 0.52, respectively. Consequently, the Ali-Mikhail-Haq would not be 

applied for modelling these two flooding variable pairs since it can only be used when the 

Kendall’s tau value varies between -0.18 and 0.33 (Nelsen, 2006).  

The joint distribution functions for flood peak and volume obtained through the four 

above-mentioned copulas, are shown in Figure 4.17. The joint distributions for volume-

duration, and peak-duration are shown in Figure 4.18 and Figure 4.19, respectively. Within 

this class of copulas, investigation as to the differences among the four chosen copulas and 

identification of the most appropriate copulas for further analysis is necessary. In this study, 

the Rosenblatt transformation with Cramér von Mises statistic is employed to evaluate 

performance of the proposed four copulas in modelling joint distributions of flooding 
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Figure 4.17. The copula estimation between flooding peak and volume 



244 
 

 

 

Figure 4.18. The copula estimation between flooding volume and duration 
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Figure 4.19. The copula estimation between flooding peak and duration 
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variable pairs (Table 4.13). It is noted that for the flood variable pairs of peak-volume and 

peak-duration, all the four copulas can successfully model the joint probability 

distributions, with all p-values larger than 0.5. For the flood variable pair of volume-

duration, the Ali-Mikhail-Haq copula does not satisfy the statistical test with a p-value for 

the Cramér von Mises test equal to 0.0476. 

To further identify the best copula, the root mean square error (RMSE) (expressed by 

Equation (4.43)), are used to test the goodness of fit of the sample data for the theoretical 

joint distribution obtained from the copula functions. Table 4.13 shows the RMSE values 

for joint distributions obtained through the different copula functions for flood peak-

volume, peak-duration and volume-duration. The results indicate that the Frank copula 

performed better for modelling the joint distributions for flood peak-volume than the Cook-

Johnson copula. The differences between Gumbel-Hougaard and Frank copulas in 

quantifying the joint probabilities of flood peak-volume is very small. For example, the 

RMSE value using the Gumbel-Hougaard copula is 0.0312, while the value using the Frank 

copula is 0.0304. Based on the RMSE values, the Frank copula would provide best fit for 

quantifying the joint distribution of flood peak-volume. Similarly, the Ali-Mikhail-Haq 

copula would be superior for modelling the joint distribution for flood peak-duration and 

the Frank copula would be chosen for modelling the joint distribution for flood volume and 

duration. 
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Table 4.13. Statistical test results for the flooding pairs of peak-volume, peak-duration 

and volume-duration 

Site 

Copulas 

Cramér von Mises statistic 

RMSE 

T  P-value 

Peak - 

Volume 

G-H  28.5771 0.2965 0.0312 

A-M-H 26.0189 0.2075 0.0610 

C-J 27.9247 0.2905 0.0368 

Frank 28.3249 0.3205 0.0304 

Peak - 

Duration 

G-H  25.4985 0.1765 0.0455 

A-M-H 25.8098 0.2025 0.0436 

C-J 25.3029 0.1905 0.0456 

Frank 25.4286 0.1915 0.0452 

Volume - 

Duration 

G-H  28.1722 0.0685 0.0484 

A-M-H 26.3907 0.0476 0.0664 

C-J 27.6360 0.0845 0.0480 

Frank 27.9854 0.0885 0.0466 
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4.4.2.2. Bivariate and Conditional Risk Analysis 

(1) Return Periods of Flood Characteristics 

The concurrence probabilities of various combinations of flood variable, would be 

more helpful for actual flood control and management than the univariate flooding 

frequency analysis. As expressed by Equations (4.32) – (4.35), the joint return period and 

second return period can be derived based on the selected copula functions. Table 4.14 

presents the joint return periods of “AND” and “OR” cases for different flood pairs. In 

general, the joint return period in “AND” case is much longer than the joint return period 

in “OR” case. For the flood pair peak-duration, the joint return period in “OR” case is 

almost half of the primary univariate return period. For example, if both the flood peak and 

duration are in a 100-year return period, the “OR” joint return period of flood peak-duration 

would be 50.46 years. This may due to the low correlation found between flood peak and 

duration. The “OR” return periods for flood peak-volume and volume-duration would be 

longer than the “OR” return period of flood peak-duration. Conversely, as the result of low 

correlation between flood peak-duration, the joint period in “AND” case for peak-duration 

is much longer than the other two flooding pairs, followed by the “AND” return periods 

for flood volume-duration and flood peak-volume. Figure 4.20 shows the contour plot of 

the joint return periods in “OR” and “AND” cases for the different flood pairs. The 

secondary return periods are presented in Table 7, which can be useful for analyzing risk 

of supercritical flood events. The secondary return period is defined as the average time 

between the concurrences of two supercritical flooding events. With an increase in the 

primary return period, the probability of supercritical flooding events decreases, leading to   
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Table 4.14. The joint and secondary return periods for different flood pairs 

T 
AND

PVT  AND

PDT  AND

DVT  OR

PDT  OR

DVT  OR

PVT  
DVT



 DPT


 PVT


 

5 7.66 16.18 8.80 2.96 3.49 3.71 11.68 27.38 9.53 

10 21.19 59.78 25.78 5.46 6.20 6.54 39.19 109.59 30.24 

20 65.75 229.22 84.03 10.46 11.35 11.79 142.54 438.50 106.30 

50 338.46 1395.49 452.35 25.46 26.46 26.99 839.37 2741.13 611.96 

100 1255.64 5532.43 1710.98 50.46 51.51 52.07 3290.08 10965.17 2379.77 
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Figure 4.20. The joint return period of flooding variables.  
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an increase in the value for the secondary return period. Furthermore, in the Xiangxi 

River, the secondary return period is always higher than that of the joint return periods 

for TOR and TAND cases. 

 

(2) Bivariate Hydrologic Risk Analysis for the Xiangxi River  

The damage caused by a flood, such as the failure of hydraulic structures, is primarily 

due to the high peak flow of the flood. The annual maximum peak discharge would be the 

central issue considered in a hydrologic risk analysis. Moreover, the flood discharge 

volume and duration would also be considered in practical flooding control and mitigation. 

In such cases, the flooding duration is the vital factor for decision makers in characterizing 

the flooding control pressure, and the flooding volume is related to flooding diversion 

practices. Consequently, multivariate flooding risk analysis, which involves more variables 

than just considering flood peak, would be more helpful for practical flood control. 

Therefore, in this study, a bivariate hydrologic risk analysis method would be proposed to 

identify the inherent flooding characteristics in the Xiangxi River basin. 

In the current study, the available data for hydrologic risk analysis were measured at 

the Xingshan station located on the main stream of the Xiangxi River. The main 

consequence of a flood event near the Xingshan station would be the failure of river levee, 

since no reservoirs are located near this hydrologic station. To investigate the potential risk 

of a flood, three flow values are considered as designated standards for the river levee on 

the Xiangxi River: 1,000, 1,200 and 1,500 m3/s. Four service time scenarios are also 

assumed for the river levee at 10, 20, 50 and 100 years.  
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(2a) Bivariate flood risk under different flood peak-duration scenarios 

Figure 4.21 shows the variations in the failure risk of river levee around Xingshan 

Station under the different flooding peak-duration scenarios. Under the same service time, 

the risk would decrease with an increase in the designated flow. For the same designated 

flow, the failure risk would increase as the service time increases. For the bivariate 

hydrologic risk analysis, a major characteristics is that the variation of the hydrologic risk 

can be reflected with respect to the variation in flooding duration or volume. Figure 4.21 

also shows the changing trend in flooding risk with respect to flooding duration under 

different designated flows and service times. From this figure, the initial risk values (points 

on the y-coordinate) are obtained through Equation (19) without considering the flooding 

duration scenarios, while the points on the solid, dashed and asterisk lines are derived based 

on Equation (21). The results in Figure 8 suggest that the bivariate risk of flooding peak 

flow and duration would generally decrease with the increase of flooding duration for all 

designated flows and service times. Such results may be due to the low correlation between 

flood peak and duration. 

The bivariate risk for the flooding peak flow and duration can provide useful 

information for actual hydrologic facility design and potential flooding control. In practical 

engineering hydrologic facility construction, the return period of peak flow would be the 

key factor to be considered. Moreover, the flooding duration would be related to flood 

defense preparation, in which a longer flood duration would generally require more flood 

defense materials such as sand, wood, bags, etc. Consequently, the bivariate flood risk 

values under different flood peak-duration scenarios would be considered as references for 

decision makers to determine quantities of preparatory materials required for flood defense.   
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Figure 4.21. Bivariate flood risk under different flood peak-duration scenarios 
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(2b) Bivariate flood risk under different flood peak-volume scenarios 

The bivariate hydrologic risk for flood peak flow and volume indicates the probability 

of concurrence of flood peak flow and volume values. Similar to the bivariate hydrologic 

risk for flood peak-duration, the initial risk values are derived based on Equation (19) for 

different designated flows and service times. Such risk values would decrease as the flood 

volume increases, as shown in Figure 4.22. In general, the bivariate risk values for flood 

peak-volume would not decrease significantly for all designated flows and service time 

periods at low flooding volumes. This suggests that the occurrence of one flooding peak 

flow would usually be accompanied with certain flood volumes. However, as shown in 

Figure 4.22, for one designated flow and service time period, the increase of flood volume 

would lead to a decrease for the bivariate risk for flood peak flow and volume, which means 

that the probability of concurrence of large flood volume and high peak flow would be less 

than the probability of occurrence of large flood volume or high peak flow.   

The implication for the bivariate risk of flooding peak flow and volume is to provide 

decision support for hydrologic facility design and establishment of flooding diversion 

areas. In actual flooding control practices, the excess flood water can be redirected 

temporary to holding ponds or other bodies of water with a lower risk or impact from 

flooding. For example, in China, the flood diversion areas are rural areas that are 

deliberately flooded during emergencies in order to protect cities. In flood diversion 

practice, the bivariate risk for flood peak flow and volume would be an important reference 

for the design of flooding diversion areas. For example, as shown in Figure 4.22, for the 

river levee with a designated flow of 1,000 m3/s and a 10-year service period, the flooding 

risk value would be about 43, 41, 30, 18% with a flood volume of 500, 1,000, 1,500, and   
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Figure 4.22. Bivariate flood risk under different flood peak-volume scenarios 
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2,000 m3/s, respectively. These risk values suggest the flood diversion area be designed 

based on a minimum volume of 1,500 m3/s, where the bivariate risk would not decrease 

significantly for flood volumes less than 1,500 m3/s. 

 

4.4.2.3. Summary 

In this study, a coupled entropy-copula method was proposed for bivariate hydrologic 

risk analysis for the Xiangxi River in the Three Gorges Reservoir area, China. In the 

bivariate hydrologic risk analysis framework, the bivariate frequency analysis, which 

considered the flooding variable pairs of flood peak, duration and volume, was first 

conducted through the coupled entropy-copula method. The coupled entropy-copula 

method improved upon previous developed methods by introducing the principle of 

maximum entropy for quantifying the marginal probability of flood duration. Four 

Archimedean copulas were then applied to quantify the joint probabilities of flood pairs. 

These copulas were evaluated through the Cramér von Mises statistic test and the root mean 

square error (RMSE). The primary, conditional and secondary return periods were then 

derived based on the selected copula. The bivariate hydrologic risk was defined based on 

the joint return period of flooding variables to reflect the hydrologic risks of flood peak-

duration and flood peak-volume pairs.  

The results indicated that the correlation coefficient for flood peak and duration was 

much smaller than the other two pairs of flood variables (i.e. flood peak-volume and flood 

volume-duration). For the four Archimedean copulas, the Frank copula best quantified the 

joint distributions for flood peak-volume and volume-duration, while the Ali-Mikhail-Haq 
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copula performed better in modelling the joint distribution for flood peak-duration. The 

joint return period in “AND” case was much longer than the joint return period in “OR” 

case when same univariate return period was assumed. Moreover, the secondary return 

period was always higher than the primary return period and the joint return periods of TOR 

and TAND, indicating the low probability of the concurrence of a supercritical flooding event. 

The bivariate risk for flood peak flow-duration indicated that with an increase in the flood 

duration, the probability for the flood peak and duration generally decreasde for all 

designated flows and service times. Such bivariate risk values could provide decision 

support for flood control. Moreover, the bivariate risk for flood peak-volume exhibited 

similar trends with that for flood peak-duration, except for maintaining constant risk values 

at low flood volume conditions. 
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4.4.3. Hydrologic Risk Analysis through a Coupled GMM-Copula Method for the 

Yangtze River, China 

4.4.3.1. Modelling the Joint Distributions of Flooding Variables using a GMM-Copula 

Approach 

(1). Marginal Probability Distribution Functions of Flood Variables 

One of the main advantages for the copula method is that the marginal distributions 

and multivariate dependence modelling are two separate processes. Consequently, to 

analyze the multivariate flood frequency in the Yangtze River, the marginal distributions 

of flood variables would be quantified first. In this study, the Gaussian mixture model 

would be applied to quantify the marginal distributions of flood peak, volume and duration. 

Many parametric distributions have been used to estimate flood frequencies from observed 

annual flood series, such as the general extreme value distribution in the United Kingdom, 

Log-Pearson Type-III in the U.S. and Pearson III in China (Adamowski, 1989, Kidson and 

Richards, 2005, Wu et al., 2013). To demonstrate the performance of GMM in modeling 

the marginal distributions of flood variables, the obtained marginal distributions would be 

compared with three parametric distribution functions, including Gamma, GEV and 

Lognormal distributions. The expressions for probability functions (PDFs) for Gamma, 

GEV, Lognormal and the values of their associated unknown parameter are presented in 

Table 4.15. The parameters in Gamma, GEV, and Lognormal distributions are obtained 

through the maximum likelihood estimation method. Table 4.16 shows the marginal 

distributions for flood variables obtained through GMM, in which the unknown parameters 

are obtained through the EM algorithm.  
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Table 4.15. Parameters of marginal distribution functions of flood variables 

Name Probability density function 
 Parameters 

 Peak  Volume Duration 

Gamma 
11

( )

x

a b
a

x e
b a





, 1

0
( ) a ua u e du


     

a 32.76 2.9 7.90 

b 1557.5 31363.5 1.24 

GEV 
1 1

11 ( ) ( )
( )exp( (1 ) )(1 )k k

x x
k k

 

  

   
    

k -0.336 0.18 0.04 

μ 8899.6 36511.23 2.74 

σ 48177 63161.81 8.07 

Lognormal 
2

( )1
exp( )

22

y

yy

y

x






  

y = log(x), x>0, -∞ < μy < ∞, σy > 0 

μy 10.82 11.24 2.22 

σy 0.18 0.62 0.36 
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Table 4.16. Marginal distributions for flooding variables through GMM 

Flooding Variables Weights Mean 
Standard 

Deviation 

Volume 

0.4232 91987.0 27586.0 

0.1882 182387.1 37581.9 

0.3886 46691.3 16094.4 

Peak 

0.7436 47928 7551.2 

0.2564 60020 4480.5 

Duration 

0.2681 5.98 0.7 

0.4533 9.43 1.7 

0.2785 14.03 2.8 
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Figure 4.23 illustrates the fitted marginal distributions for the three flood variables 

through Gamma, GEV, Lognormal and GMM-based distribution functions. The CDFs and 

PDFs for the marginal distributions of the flood variables (in Figure 3) show good 

agreement between theoretical and empirical distributions. Generally, the flood peak and 

volume can be well quantified through the proposed three parametric distributions and 

GMM-based distributions. For flood duration, there are some deviations between the 

theoretical and observed values, especially for the three parametric distributions. To further 

evaluate the GMM and three parametric distributions in quantifying the probability 

distributions for the flood variables, the Kolmogorov-Smirnov (K-S) test is conducted 

(Table 4.17). The results indicate that all the proposed four methods can be successfully 

used to model the distributions for flood peak, volume and duration, with resulting P-values 

larger than 0.05. However, the performance of the three parametric distributions in 

modelling the flood duration is not as satisfactory as those quantifying the flood peak and 

volume since the P-values are less than 0.1. The root mean square error (RMSE), which is 

expressed as Equation (4.43) would then applied to compare the performance of those four 

distributions. As shown in Table 4, the GMM-based distributions perform best in 

quantifying the three flood variables, with lowest RMSE values; particularly for flood 

duration, where the GMM-based distribution performs much better than the three 

parametric distributions.  
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Figure 4.23. Comparison of different probability density estimates with observed 

frequency.  
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Table 4.17. Statistical test results for marginal distribution estimation 

Flooding 

variables 

Marginal 

distribution 

K-S test 

RMSE 

T  P-value 

Peak 

Gamma 0.0570 0.4253 0.0247 

GEV 0.0362 0.7017 0.0176 

Lognormal 0.0612 0.3740 0.0287 

GMM 0.0380 0.6776 0.0119 

Volume 

Gamma 0.0611 0.3753 0.0266 

GEV 0.0459 0.5705 0.0213 

Lognormal 0.0390 0.6648 0.0174 

GMM 0.0434 0.6049 0.0148 

Duration 

Gamma 0.1009 0.0716 0.0375 

GEV 0.1023 0.0666 0.0403 

Lognormal 0.0996 0.0769 0.0376 

GMM 0.0703 0.2754 0.0297 
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(2) Joint Distributions Based on Copula Method 

The dependence of flood variables was evaluated through the Pearson’s linear 

correlation (r), and one non-parametric dependence measure, Kendall’s tau. Table 4.18 

presents the values for Pearson’s linear correlation coefficient and Kendall’s tau among 

flood peak, volume and duration. The values for Pearson’s r and Kendall’s tau between 

flood duration and volume are highest, followed by flooding pairs of peak-volume, and 

peak-duration. In detail, the respective Pearson, Kendall correlation coefficient values are 

0.55 and 0.66 for peak-volume, 0.68 and 0.75 for volume-duration, and 0.27 and 0.35 for 

peak-duration. These results indicate that the correlation between the flood duration and 

volume would be higher than the other two flood variable pairs. In this study case, the 

correlation coefficient for peak and duration is much smaller than for the other two pairs 

(i.e. peak-volume and volume-duration), which is consistent with conclusions from 

previous studies (Grimaldi and Serinaldi, 2006; Karmakar and Simonovic, 2009; Reddy 

and Ganguli, 2012; Sraj et al., 2014). 

In the current study, three Archimedean families of copulas, including Cook-Johnson 

(Clayton), Gumbel-Hougaard and Frank copulas would be selected to model the 

dependence among flood variables. In this study, the unknown parameters in these three 

copulas are estimated by the method-of-moments-like (MOM) estimator based on 

inversion of Kendall’s tau.  
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Table 4.18.  Dependence evaluations among flooding variables 

No. Flood characteristics Kendall’s tau Pearson’s r 

1 Peak – Volume 0.5509 0.6598 

2 Volume – Duration 0.6756 0.7529 

3 Peak - Duration 0.3561 0.2902 
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The joint distribution functions for flood peak and volume, obtained through the four 

above-mentioned copulas, are shown in Figure 4.24; the joint distributions for peak-

duration, and volume-duration are shown in Figure 4.25 and Figure 4.26, respectively. 

Additionally, comparison between empirical and theoretical copula functions for the flood 

pairs peak-volume, peak-duration and volume-duration can be found in Figure 4.24, Figure 

4.25, and Figure 4.26, respectively. In Figure 4.24 to Figure 4.26, the red dashed contour 

lines represent the empirical copula obtained through ( , )nC u v   
1

1/ 1( / ( 1)
n

ii
n R n


   

, / ( 1) )iu S n v  , where , [0,1]u v , Ri and Si denote the ranks of the ordered samples, and the 

solid contour lines represent the theoretical copula. The results indicate that the empirical 

and the three theoretical copulas fit well for flood peak-volume. For flood peak-duration, 

there are some deviations between theoretical copulas and empirical copulas at low 

probability levels. This may due to the discrete characteristic of the duration sample and 

the relatively low accuracy of the obtained marginal distribution. However, at higher 

probability levels, the theoretical values can fit well with the empirical copula values. 

Similar characteristics can be found for volume-duration flood pair. 

Since there is a class of copulas, investigating the differences among the four chosen 

copulas and identifying the most appropriate copulas for further analyses are necessary. In 

this study, the Rosenblatt transformation with Cramér von Mises statistic is employed to 

evaluate performance of the three test copulas in modelling joint distributions of the flood 

variable pairs. Table 4.19 presents the results of the statistic test results for the flooding 

pairs peak-volume, peak-duration and volume-duration. The results show that, for the three 
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flood variable pairs, the tested Cook-Johnson (Clayton), Gumbel-Hougaard and Frank 

copulas can be applicable for modelling the dependence of flood peak-volume, peak-   



268 
 

 

Figure 4.24. The copula estimation between flooding peak and volume 
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Figure 4.25.The copula estimation between flooding peak and duration 
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Figure 4.26. The copula estimation between flooding volume and duration 
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Table 4.19. Statistical test results for the flooding pairs of peak-volume, peak-duration 

and volume-duration 

Site 

Copulas 

Cramér von Mises statistic 

RMSE 

T  P-value 

Peak - Volume 

G-H  
70.8224 0.3365 0.0168 

C-J 
69.3597 0.3085 0.0199 

Frank 
70.3817 0.3495 0.0149 

Peak - 

Duration 

G-H  
66.2142 0.1215 0.0349 

C-J 
64.9940 0.1165 0.0342 

Frank 
65.7948 0.1325 0.0334 

Volume-

Duration 

G-H  
77.2530 0.1156 0.0302 

C-J 
75.8958 0.1096 0.0305 

Frank 76.8450 0.1216 0.0291 
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duration and volume-duration, with their p-values exceeding 0.05. To further identify the 

most appropriate copula, the root mean square error (RMSE) (expressed by Equation 

(4.43)), is used to test the goodness of fit of sample data for the theoretical joint distribution 

obtained using copula functions. Table 4.19 shows the RMSE values for joint distributions 

obtained through the different copula functions for flood peak-volume, peak-duration and 

volume-duration. The results indicate that the Frank copula performed better for modelling 

the joint distributions for the three flood pairs than the other two copulas. The differences 

among these three copulas in quantifying the joint probabilities of the three flood pairs are 

quite small. Taking the flood pair peak-volume for example, the RMSE value for the 

Gumbel-Hougaard and Cook-Johnson copula is 0.0168 and 0.0199 respectively, while the 

RMSE value of the Frank copula is 0.0149. Based on these values of RMSE, it can be 

concluded that the Frank copula surpasses other copulas in quantifying the joint distribution 

for flood peak-volume. Similarly, the Frank copula would be the most appropriate for 

modelling the other joint distributions for flood peak-duration and volume-duration. 

 

4.4.3.2. Bivariate and Conditional Risk Analysis 

 (1). Conditional Cumulative Distribution Functions and Return Periods of Flood 

Characteristics 

Based on the results presented in Table 4.19, the Frank copula would be chosen to 

model the dependence between the three flood pairs. Consequently, the conditional 

cumulative distribution functions (CDFs) of one flood variable, given the values of the 

other flood variables, can be derived based on the fitted copula function. Figure 4.27 shows 
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the conditional CDFs for the flooding variables, which are obtained through Equations 

(4.26) and (4.27). It can be seen that among the flooding pairs peak-volume, peak-duration 

and volume-duration, the values for the conditional CDF for one flooding variable would 

decrease as the values of other flooding variables increase. This indicates positive 

correlation structures between peak-volume, peak-duration, and volume-duration. Notably, 

the decreasing trend of the conditional CDFs for peak-duration is less than the other two 

pairs, indicating lower correlation structures between peak and duration. This is consistent 

with the results presented in Table 4.18.  

The concurrence probabilities of various combinations of flood variables, are found 

to be more helpful for actual flooding control and management than the univariate flooding 

frequency analysis. As expressed as Equations (4.32) – (4.35), the joint return period and 

second return period can be derived based on the selected copula functions. Table 4.20 

presents the joint return periods of “AND” and “OR” cases for different flood pairs. In 

general, the joint return period in “AND” case is much longer than the joint return period 

in “OR” case. For example, if both the flood peak and duration are in a 100-year return 

period, the “OR” joint return period of flood peak-duration would be 50.9 years, while, in 

contrast, the “AND” joint return period is 2809.4 years. Furthermore, the “AND” return 

period for flood peak-duration is longest among the three flood variable pairs due to the 

low correlation between flood peak and duration, followed by the “AND” return periods 

of peak-volume and volume-duration. Correspondingly, the “OR” joint return period for 

peak-duration is shorter than the “OR” return periods of the other two flood variable pairs. 

Figure 4.28 shows the contour plot for the joint return periods in “OR” and “AND” cases 

for different flood pairs. The secondary return periods are also presented in Table 4.20  
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Figure 4.27.The conditional cumulative distribution functions. 
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Table 4.20.Comparison of univariate, bivariate return periods for flood characteristics (year) 

T 

Peak 

(m3/s) 

Volume 

(m3/s day) 

Duration 

(day) 

AND

PVT  AND

PDT  AND

DVT  OR

PVT  OR

PDT  OR

DVT  
PVT



 
PDT



 DVT


 

5 59120.7 132815.5 12.9 8.5 11.4 7.2 3.5 3.2 3.8 11.1 16.8 8.6 

10 62281.3 179597.7 15.2 24.5 36.6 19.2 6.3 5.8 6.8 36.6 60.7 26.5 

20 64567.8 205920.7 16.6 78.8 127.6 58.0 11.5 10.8 12.1 132.1 229.7 91.0 

50 66950.9 229240.1 18.1 419.6 726.4 290.3 26.6 25.9 27.4 773.9 1387.9 515.8 

100 68475.7 243091.0 19.1 1579.9 2809.4 1063.1 51.6 50.9 52.5 3027.9 5488.1 1995.0 
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are useful in analyzing risk of supercritical flood events. The secondary return period is 

defined as the average time between the concurrence of two supercritical flooding events, 

which would appear to be more rare than the given designated return periods. With an 

increase in the primary return period, the probability of supercritical flooding events 

decreases, leading to an increase in the secondary return period. Furthermore, the 

secondary return period is always larger than that of the joint return periods in TOR and 

TAND cases. 

 

(2). Bivariate Hydrologic Risk Analysis 

The damages caused by a flood, such as the failure of hydraulic structures, usually 

due to the high peak flow of the flood. The annual maximum peak discharge would be the 

central issue to be considered in hydrologic risk analysis. Moreover, the flood discharge 

volume and duration would also be considered for practical flood control and mitigation, 

where the flooding duration is a vital factor for decision makers in characterizing the 

flooding control pressure, and the flooding volume should be considered in flooding 

diversion practices. Consequently, multivariate flooding risk analysis, involving more 

flooding variables than just flood peak, would be more helpful for actual flood control. 

Therefore, in this study, a bivariate hydrologic risk analysis method would be proposed to 

identify the inherent flooding characteristics in the Yangtze River. 

In the current study, the available data for hydrologic risk analysis are measured at the 

Yichang station located on the main stream of the Yangtze River. The Yichang station   
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Figure 4.28. Comparison of the joint return periods. 
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plays a vital role for flooding control in the middle and lower reaches of Yangtze River, 

especially for flood control in the Jingjiang River reach. The middle-lower Yangtze plain, 

also called the Jingjiang plain, with a large population and prosperous economy, is the 

focus of the whole river flood control project. The total flow volume from Yichang Station 

would contribute approximate 90% of the flow volume in the Jingjiang River reach. To 

investigate the potential risk of a flood, three flow amounts, with a return period of 50, 70, 

and 100-year, respectively are considered as designated standards for the river levee at the 

Yichang Station. Four service time scenarios are also assumed for the river levee, namely 

30, 50, 70 and 100 years. 

 

(2a) Bivariate flood risk under different flood peak-volume scenarios 

The bivariate hydrologic risk for flood peak flow and volume indicates the probability 

of concurrence of flood peak flow and volume values. Figure 4.29 shows the bivariate flood 

risk under different flood peak-volume scenarios. The value for the univariate hydrologic 

risk expressed as Equation (4.36), would decrease with an increase in designated peak flow 

or service time for the river levee. As noted from Figure 4.29, if the flood volume is less 

than 1 × 105 (m3/s), the bivariate risk values for flood peak-volume would not decrease 

significantly for any designated flows and service time periods. This suggests that the 

occurrence of one flooding peak flow would usually be accompanied with some degree of 

flood volume. However, the results show for one designated flow and service time period 

the values of the bivariate risk for flood peak-volume would decrease with increased flood 

volume. This indicates that the probabilities of concurrence of large flood volumes and 

high peak flows would be less than the occurrence probabilities for high peak flows.    
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Figure 4.29. Bivariate flood risk under different flood peak-volume scenarios 

 

  



280 
 

The implication for the bivariate risk of flooding peak flow and volume is to provide 

decision support for hydrologic facility design and establishment of flooding diversion 

areas. In actual flooding control practices, the excess flood water can be redirected 

temporary to holding ponds or other bodies of water with a lower risk or impact to flooding. 

For example, in China, the flood diversion areas are rural areas that are deliberately flooded 

in emergencies in order to protect cities. In flood diversion practice, the bivariate risk for 

flood peak flow and volume would be an important reference for the design of flooding 

diversion areas. For example, as shown in Figure 4.29, for the river levee with a designated 

flow with 50-year return period and 30-year service time, the flooding risk value would be 

approximate 45, 43, 35, and 22% with a flood volume being 0.5, 1, 1.5, and 2 × 105 m3/s, 

respectively. Based on these bivariate risk values, the flood manager can design 

corresponding scales for the flooding diversion areas. 

 

(2b) Bivariate flood risk under different flood peak-duration scenarios 

Figure 4.30 shows the variations in the failure risk for the river levee around Yichang 

Station under different flooding peak-duration scenarios. The bivariate hydrologic risk can 

reflect the potential failure risk for the river levee with respect to variation in flood duration. 

In Figure 4.30, the initial risk values (points on the y-coordinate) are obtained through 

Equation (4.36) without considering the flooding duration scenarios, while the points on 

the solid, dashed and asterisk lines are derived based on Equation (4.37). The results in 

Figure 4.30 indicate that the bivariate risk of flood peak-duration would not decrease at a 

flood duration of less than 5 days, and then decrease as the increase of flood duration. Such   
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Figure 4.30. Bivariate flood risk under different flood peak-duration scenarios 

 

  



282 
 

results suggest that the once a flood occurs at Yichang Station, this flood would last at least 

5 days. However, the concurrence of a flood with high peak flow and long duration would 

not appear frequently.  

The bivariate risk of the flooding peak flow and duration can provide useful 

information for actual hydrologic facility design and potential flooding control. In practical 

engineering hydrologic facility construction, the return period of peak flow would be a key 

factor. Moreover, the flooding duration would be related to flood defense preparation, in 

which longer flood duration would generally require more flood defense materials. 

Consequently, the bivariate flood risk values under different flood peak-duration scenarios 

would be considered for flood defense preparation.  

 

(3). Conditional Probability Density Functions of Flood Characteristics 

In addition to derive the conditional cumulative distribution functions and conditional 

return periods based on the best-fitted copula for the historical flooding data, the 

conditional probability density functions of the flooding variable can also be generated 

based on Equations (4.28) - (4.31). In the flooding risk analysis, the peak flow would be 

the critical factor to decide whether a flood occurs. However, once the flood occurred, the 

severity of the flood would also influenced by flood duration and volumes. In detail, the 

flood duration related to the flooding control pressure, which would trigger inspection and 

strengthening of the river levee. The flood volume would generally influence the flood 

diversion practices, in which excess water would be diverted to temporary holding ponds 

of lower risk in order to protect cities. 
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Figure 4.31 shows the distributions of flood volume conditional on the flood peak 

flows with different return periods. In this study, the flood peak flows with return periods 

of 10, 20, 50, and 100-year are under consideration. Each curve represents the probability 

distribution function (PDF) of flood volumes associated with the flood peak flow with a 

particular return period. It can be noted that once a flood occurs, the conditional PDF for 

flood volume would approximately follow a bimodal distribution, with the two vertex (i.e. 

peaks) appearing around 1.2 and 2.0 × 105 m3/s. However, as the flood return period 

increases, the value for flood peak would also increase, resulting a slightly increase of the 

two vertex of the conditional PDF of flood volume. Furthermore, the frequency of the first 

peak (at 1.2 × 105 m3/s) would decrease, and the frequency of the second peak (at 2.0 × 105 

m3/s) would increase as the flood peak return period increases. Table 4.21 shows the 

statistical characteristics for the PDFs for flood volume conditional on different floods. The 

results indicate that, as the flood peak return period increases, the mean value of the 

conditional PDF for flood volume would also increase, while the standard deviation of the 

conditional PDFs would not change significantly. Such PDFs for flood volume conditional 

on different flood peak flows can be considered as references for flooding diversion 

practices and be involved in the flood optimization models for flooding diversion. 

Figure 4.32 shows the distributions of flood duration conditional on the flood peak 

flows with different return periods. The conditional PDFs for flood duration would 

generally obey bimodal distributions, with two vertex (i.e. peaks) appearing around 11 and 

16 days. Also, as the increase in flood return period, the two peaks for the conditional PDFs 

would also increase slightly. Moreover, as the increase in the flood peak return period, the 

frequency of the first and second peak would respectively decrease and increase. The   
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Figure 4.31. Probability density functions of volume under different peak flow return 

periods. 
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Table 4.21. Statistical characteristics of the conditional PDFs of flooding duration and 

volume under different peak flow return periods. 

Flooding  

variables 

Index initial 

Return periods of peak flow (year) 

10 20 50 100 

Volume 

Mean 91356.3 151750.3 161656.9 167571.8 169531.0 

Std 54840.2 51379.1 51441.9 51214.0 51095.1 

Kurtosis 0.4 -0.7 -0.8 -0.7 -0.7 

Skewness 1.0 0.1 -0.1 -0.2 -0.2 

Duration 

Mean 10.0 13.7 14.3 14.6 14.7 

Std 3.4 3.0 3.0 3.0 2.9 

Kurtosis 0.1 -0.4 -0.4 -0.3 -0.3 

Skewness 0.8 0.1 0.0 -0.1 -0.1 
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PDF statistical characteristics for flood duration conditional on different flood peak flows 

are presented in Table 4.21. The results indicate that the mean values of the conditional 

PDFs would increase while the standard deviations remain as constants. Furthermore, for 

a flood with a return period larger than 50 years, associated flood duration would not 

change significantly. For example, from Table 4.21, the mean values of the PDFs for flood 

duration conditional on floods with 50 and 100-year return periods would be 14.6 and 14.7 

days, respectively. The engineering implications of the PDFs for flood duration conditional 

on flood peak can be useful for flood control where once a flood occurs. The PDF for flood 

duration can be provided as a reference for flood defense materials preparation and river 

levee safety inspection.  
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Figure 4.32. Probability density functions of duration under different peak flow return 

periods. 
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4.5. Summary 

In the present work, bivariate hydrologic risk for the Xiangxi River in the Three 

Gorges Reservoir area, China was analyzed based on bivariate copula methods. In the 

bivariate hydrologic risk analysis framework, the bivariate frequency analysis, which 

considered the flooding variable pairs for flood peak, duration and volume, was firstly 

conducted through the Ali-Mikhail-Haq (AMH), Cook-Johnson, GumbelHougaard (GH), 

and Frank copulas. The root mean square error (RMSE) and Akaike Information Criterion 

(AIC) values were then employed to choose the most appropriate copula in modelling joint 

distributions for the flooding variable pairs. The primary, conditional and secondary return 

periods were then derived based on the selected copula. The bivariate hydrologic risk was 

defined based on the joint return period for the flooding variables to reflect the hydrologic 

risks of flood peak-duration and flood peak-volume pairs. The conditional probability 

distribution functions (PDFs) for the flood volume and duration under different flood peak 

scenarios were also derived to explore the variation in PDFs for flood volume and duration 

corresponding to different flood peak flows. 

The results indicated that the correlation coefficient for flood peak and duration is 

much smaller than the other two pairs for flood peak-volume and flood volume-duration. 

For the four Archimedean copulas, the Frank copula best quantified the joint distributions 

for flood peak-volume and volume-duration, while the Ali-Mikhail-Haq copula performed 

better in modelling the joint distribution for flood peak-duration. The joint return period in 

“AND” case was much longer than the joint return period in “OR” case when same 

univariate return period was assumed. Moreover, the secondary return period was always 

higher than that of the primary return period and the joint return periods of TOR and TAND, 
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indicating a low probability of the occurrence of supercritical flooding events. The 

bivariate risk for flood peak flow-duration indicated that, as the flood duration increased, 

the probability of the flood peak and duration remained constant for some time and then 

decreased for all designated flows and service times. Such bivariate risk values could be 

used to provide decision support for flood control. Moreover, the bivariate risk for flood 

peak-volume exhibited similar trends with flood peak-duration, which could be useful in 

establishment of flooding diversion areas. Finally, the conditional probability density 

functions for flood duration and volume for given flood peak flows could be applied to 

reflect the severity of a flood. The results indicated that the distributions of flood volume 

would be highly influenced by flood peak flows, in which the flood volume would be 

expected to increase with increases in flood return period. Those distributions could 

support the flood diversion practices once the flood occurred. The probability of flood 

duration conditional on flood peak flows stated that an increase in flood return period 

would not significantly change the statistical characteristics for the flood duration, due to 

low correlation between flood peak and duration. 

The accuracy of the copula method in modelling the joint probability of flood 

variables is influenced by many factors such as the performance of the marginal 

distribution of the flood variable and the algorithm used for estimating the unknown 

parameters in the marginal distributions and copulas. In the current study, the lognormal 

distribution was employed to model the marginal distributions for the flood peak flow, 

volume and duration. Consequently, further studies are still required to improve the 

performance of the copula methods through use of more accurate methods to model the 

marginal distributions of the three flood variables. 
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Furthermore, a coupled entropy-copula method was proposed for bivariate hydrologic 

risk analysis for the Xiangxi River in the Three Gorges Reservoir area, China. In the 

bivariate hydrologic risk analysis framework, the bivariate frequency analysis considered 

the flooding variable pairs including flood peak, duration and volume. A coupled entropy-

copula method was proposed and improved upon previous developed methods by 

introducing the principle of maximum entropy for quantifying the marginal probability of 

flood duration. Four Archimedean copulas were then applied to quantify the joint 

probabilities of flood pairs. These copulas were evaluated through Cramér von Mises 

statistic test and the root mean square error (RMSE). The primary, conditional and 

secondary return periods were then derived based on the selected copula. The bivariate 

hydrologic risk was defined based on the joint return period for the flooding variables to 

reflect the hydrologic risks for flood peak-duration and flood peak-volume pairs.  

The results indicated that the correlation coefficient for flood peak and duration is 

much smaller than for the other two pairs of flood variables (i.e. flood peak-volume and 

flood volume-duration). From the four Archimedean copulas, the Frank copula best 

quantified the joint distributions for flood peak-volume and volume-duration, while the 

Ali-Mikhail-Haq copula performed better in modelling the joint distribution for flood peak-

duration. The joint return period in “AND” case was much longer than the joint return 

period in “OR” case when the same univariate return period was assumed. Moreover, the 

secondary return period was always higher than that of the primary return period and the 

joint return periods for TOR and TAND, which indicated a the low probability of the 

concurrence of a supercritical flooding event. The bivariate risk for flood peak flow-

duration indicated an increase in flood duration resulted in a general decrease in flood peak 
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and duration for all designated flows and service times. Such bivariate risk values could 

provide decision support for flood control. Moreover, the bivariate risk for flood peak-

volume exhibited a similar trend to flood peak-duration, except at low flood volumes where 

risk values remained constant. 

Finally, a coupled GMM-copula method was firstly proposed for bivariate hydrologic 

risk analysis for the Yangtze River, China. In the bivariate hydrologic risk analysis 

framework, the bivariate frequency analysis utilized flooding variables pairs including 

flood peak, duration and volume. The analysis first conducted a coupled GMM-copula 

method which improved upon previous developed methods by introducing the Gaussian 

mixture model to quantify the marginal distributions for flood peak, volume and duration. 

Three Archimedean copulas were then applied to quantify the joint probabilities of flood 

pairs. These copulas were evaluated through Cramér von Mises statistic test and the root 

mean square error (RMSE). The primary, conditional and secondary return periods were 

then derived based on the selected copula. The bivariate hydrologic risk was defined based 

on the joint return period for the flooding variables to reflect the hydrologic risks of flood 

peak-duration and flood peak-volume pairs. The conditional probability distribution 

functions (PDFs) for flood volume and duration under different flood peak scenarios were 

derived. The variation in PDFs for flood volume and duration were investigated at different 

flood peak flows. 

The proposed method was used to quantify the bivariate hydrologic risk in the 

Yangtze River based on the daily discharge measurements at the Yichang Station. The 

results indicated that, compared with the parametric distributions for the Gamma, GEV and 

Lognormal functions, the Gaussian mixture model performed much better for quantifying 
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the marginal distributions for flood peak, volume and duration. Specifically, the marginal 

distribution for flood peak was well represented by a weighted sum of 2-component 

Gaussian probability densities, while the marginal distribution for flood volume and 

duration were expressed by the weighted sum of 3-component Gaussian probability 

densities. The K-S test and RMSE values indicated the best performance for the GMM. 

Regarding dependence among flood variables, the correlation for flood peak and 

duration was much smaller than the flood peak-volume and flood volume-duration 

variables based on the Pearson’s r and Kendall’s tau values. For the three Archimedean 

copulas, the Frank copula best quantified the joint distributions for the three flood variable 

pairs. The joint return period in “AND” case was much longer than the joint return period 

in “OR” case when the same univariate return period was assumed. Moreover, the 

secondary return period was always higher than that of the primary return period and the 

joint return periods TOR and TAND, indicating the low concurrence frequency of a 

supercritical flooding event. The bivariate risk for flood peak-volume indicated that, as the 

flood volume increased, the frequency of large flood peak and volume occurring would 

generally decrease. A similar trend resulted for the bivariate risk of flood peak-duration. 

Finally, the conditional probability density functions for flood duration and volume for 

given flood peak flows were applied to reflect the severity of a flood. The results indicated 

that the distributions of flood volume and duration would be influenced by flood peak flows 

where the flood volume and duration were expected to increase as the flood return period 

increased. Moreover, the PDFs for both flood volume and duration conditional on flood 

peak appeared to be bimodal. For the conditional PDFs for flood volume and peak, as flood 
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peak increased, the frequency of the first peak decreased and the frequency of the second 

peak increased. 

In engineering applications, the bivariate risk can be applied for actual flood 

management. Specifically, the bivariate risk of flood peak-volume can provide support for 

design of flood diversion areas, and the bivariate risk of flood peak-duration can be 

considered as a reference for preparation of flood defense materials. Moreover, flood 

volume and duration PDFs conditional on different flood flows can help flood mitigation 

and control once a flood has occurred, where the conditional PDF for flood volume can 

provide useful information for flood diversion, and the conditional PDFs for flood duration 

can assist in flood preparation decisions. 
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CHAPTER 5 CONCLUSIONS 

5.1. Summary 

In this research, a set of coupled sequential data assimilation and probabilistic 

collocation (SDAPC) approaches were developed for uncertainty quantification in 

hydrologic models and application to probabilistic hydrologic predictions in the Xiangxi 

River basin, Three Gorges Reservoir area, China. The uncertainty quantification methods 

included: (i) a PCM-based stochastic hydrologic model for uncertainty quantification in 

watershed systems, (ii) a coupled ensemble filtering and probabilistic collocation (EFPC) 

method for quantifying prediction uncertainty in the Xiangxi River basin, and (iii) an 

integrated sequential data assimilation  and probabilistic collocation (SDAPC) approach 

for uncertainty quantification of the hydrologic models. A series of copula-based 

multivariate hydrologic risk analysis methods were applied to evaluate the bivariate 

hydrologic risk in the Xiangxi and the Yangtze Rivers. These included: (i) bivariate 

hydrologic risk analysis for the Xiangxi River, (ii) a coupled entropy-copula method for 

bivariate hydrologic risk analysis in the Xiangxi River, and (iii) a coupled GMM-copula 

method for hydrologic risk analysis in the Yangtze River. These methodologies improved 

the existing uncertainty quantification approaches with advantages in effectiveness of 

implementation and probabilistic characterization and provided more reliable risk 

evaluations for extreme flooding events. 

Chapter 3 demonstrated three new probabilistic prediction methods. In detail, a PCM-

based stochastic hydrological model was developed for uncertainty quantification in 

watershed systems, in which the probabilistic collocation method was employed to 
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quantify the uncertainty of hydrologic models stemming from uncertain hydrologic model 

parameters. The developed ensemble filtering and probabilistic collocation (EFPC) 

approach integrated the backward (i.e. ensember Kalman filter) and forward uncertainty 

quantification (i.e. PCM) approaches to provide better treatment of the input, output, 

parameters and model structural uncertainties in hydrologic models. In detail, this EFPC 

approach could quantify the posterior probabilities of model parameters through EnKF. 

The PCM would be further employed to analyze the uncertainty propagation from model 

parameters to model predictions. The sequential data assimilation and probabilistic 

collocation (SDAPC) method facilitated uncertainty quantification for hydrologic models 

through estimating the posterior probabilities by particle filter and characterizing 

probabilistic properties for model predictions by the probabilistic collocation method. The 

main innovations of the proposed methods are that the uncertainty of hydrologic models 

can be reduced through the sequential data assimilation methods (i.e. EnKF and PF), and 

then uncertainty propagation would be revealed through PCM to reflect impacts of the 

uncertainty in model parameters on the probabilistic features of the final predictions. 

In Chapter 4, three copula-based multivariate hydrologic risk analysis methods were 

applied to evaluate the hydrologic risk in the Xiangxi and Yangtze Rivers. The developed 

copula-based hydrologic risk analysis showed advantages in: (i) developing an integrated 

risk indicator based on interactive analysis of multiple flood variables and systematic 

evaluation of bivariate hydrologic risks, (ii) improving the marginal probabilities of flood 

variables through an entropy and Gaussian mixture model approach which further 

enhanced the performance of the copula methods. The developed methods were applied to 

hydrologic risk analysis at the Xiangshan and Yichang Stations in the Yangtze River. The 
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results revealed the significance of persisting high risk levels due to impacts from multiple 

interactive flood variables and explored the conditional probability density distributions 

(PDFs) under peak flows with different return periods. 

 

5.2. Research Achievements 

From the perspectives of probabilistic hydrologic predictions and multivariate 

hydrologic risk analysis, the following achievements were achieved in this research: 

(i). Hydrologic models are designed to simulate the rainfall-runoff processes through 

conceptualizing and aggregating the complex, spatially distributed and highly interrelated 

water, energy, and vegetation processes in a watershed as relatively simple mathematical 

equations. A significant consequence of this conceptualization is that the model parameters 

exhibit extensive uncertainties, leading to significant uncertainty in hydrologic forecasts. 

Do deal with those uncertainties, a number of innovative methodologies were advanced, 

including a PCM based stochastic hydrologic model, a coupled ensemble filtering and 

probabilistic collocation method (EFPC), and a hybrid sequential data assimilation and 

probabilistic collocation (SDAPC) approach. These developed methods were applied for 

probabilistic hydrologic predictions in the Xiangxi River, China. The results showed that 

the PCM-based stochastic hydrologic model accurately reflected the uncertainty in the 

original hydrologic model. The EFPC and SDAPC approaches combined the backward and 

forward uncertainty quantification methods to provide a better treatment for model 

uncertainties. In the EFPC and SDAPC processes, the posterior probabilities for hydrologic 

model parameters were estimated through ensemble Kalman filter and particle filter 
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methods. These posterior probability distributions were then transformed into standard 

Gaussian random variables based on the Gaussian anamorphosis method. The uncertainties 

in model predictions were finally revealed through polynomial chaos expansion models 

established through the probabilistic collocation method. The results from a real-case study 

showed that the efficiency of the PCEs to be more efficient than the hydrologic model, with 

the two-order PCE model ten times faster than the simple conceptual model. 

(ii) In terms of multivariate hydrologic risk analysis, an integrated risk indicator based 

on interactive analysis of multiple floods was first developed based on provision of copula 

functions. A bivariate hydrologic risk analysis was then performed for the Xiangxi River 

simulation.  This revealed the significant effects from persistent high risk impact levels as 

a result of multiple interactive flood variables.  Coupled entropy-copula method was 

advanced for the bivariate hydrologic risk analysis, employing entropy to estimate the 

marginal distributions of flood variables. The dependence among flood variables were 

revealed through copulas. This methodology was applied to hydrologic risk data for the 

Xiangxi River. A hybrid GMM-copula method  improved the performance of the copula 

method through introduction of a Gaussian mixture model into the copula process. This 

GMM-copula method was applied to the bivariate hydrologic risk analysis for data from 

the Yichang Station on the Yangtze River. The study revealed interactive relationship 

among flood variables and explored bivariate risks among flood peak-volume and flood 

peak-duration values. The study also derived conditional probability distribution functions 

(PDFs) and their variations for flood volume and duration values under different flood peak 

scenarios and flows.  
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5.3. Recommendations for Future Research 

(i) This study used uncertainty quantification methods based on Bayesian filtering and 

probabilistic collocation methods to address probabilistic hydrologic predictions. The 

methods integrated probabilistic collocation methods, particle filter and ensemble Kalman 

filter approaches to better deal with uncertainties in hydrologic models. However, further 

research is required to improve the efficiency of sequential data assimilation processes 

based on particle and ensemble Kalman filter methods. The probabilistic collocation 

method can closely approximate some lumped hydrologic models. Verifications of such  

methods to approximate semi-distributed and distributed hydrologic models are still 

required. Furthermore, global and local PCM sensitivity analysis is needed to reveal the 

single and interactive impacts for hydrologic model parameters.  

This study used bivariate hydrologic risk analysis to characterize flood variables. Tri-

variate hydrologic risk analyses are needed to provide a comprehensive screening for 

floods and multivariate hydrologic risk analysis through copulas are required to improve 

the accuracy of estimates for the marginal distributions of a flood event. These two issues 

may be resolved through combinations of multiple distributions or copulas through model 

averaging methods (e.g. Bayesian model average) to model the marginal and joint 

distributions of flood events. 
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