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ABSTRACT 

 

Water resources issues have become increasingly prominent worldwide. 

Optimization and simulation techniques are recognized as powerful tools to deal with 

water resources issues in an effective and efficient way. Nevertheless, various 

uncertainties and complexities exist in water resources and hydrologic systems, posing 

significant challenges to water resources planning and hydrologic predictions. 

Advanced optimization and simulation methodologies are thus desired to address the 

challenges involved in solving complex water resources problems.  

In this dissertation research, a set of factorial probabilistic methods have been 

developed, which mainly deal with two types of problems: one is the inexact 

optimization for water resources planning and management, and the other is the 

uncertainty quantification for hydrologic simulations. The proposed methodologies 

include: (a) an inexact two-stage mixed-integer programming model with random 

coefficients (ITMP-RC); (b) an inexact probabilistic-possibilistic programming model 

with fuzzy random coefficients (IPP-FRC); (c) a risk-based factorial probabilistic 

inference (RFPI) method; (d) a multi-level Taguchi-factorial two-stage stochastic 

programming (MTTSP) method; (e) a risk-based mixed-level factorial-stochastic 

programming (RMFP) method; (f) a multi-level factorial-vertex fuzzy-stochastic 

programming (MFFP) method; (g) a factorial probabilistic collocation (FPC) method; 

and (h) a factorial possibilistic-probabilistic inference (FPI) method. 

ITMP-RC and IPP-FRC methods improve upon existing inexact optimization 

methods by addressing randomness and fuzziness in the coefficients of the objective 
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function. RFPI, MTTSP, RMFP, and MFFP methods that combine the strengths of 

optimization techniques and statistical experimental designs are capable of exploring 

parametric interactions as well as revealing their effects on system performance, 

facilitating informed decision making. FPC and FPI are factorial probabilistic 

simulation methods, which have been applied to the Xiangxi River watershed in China 

to enhance our understanding of hydrologic processes. FPC improves upon the well-

known polynomial chaos expansion technique by facilitating the propagation of 

parameter uncertainties in a reduced dimensional space, which is useful for representing 

high-dimensional and complex stochastic systems. FPI is able to simultaneously take 

into account probabilistic inference and human reasoning in the model calibration 

process, achieving realistic simulations of catchment behaviors. The proposed methods 

are useful for optimization of water resources systems and for simulation of hydrologic 

systems under interactive uncertainties.   
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CHAPTER 1 INTRODUCTION 

 

1.1. Background 

Water management organizations in many countries have faced significant water 

challenges over the past two decades, mainly water shortages, floods, and water 

pollution. These challenges are becoming increasingly severe due to population growth, 

economic development, urbanization, and climate change, placing considerable 

pressures on food production, energy generation, and activities in other economic 

sectors (Sauer et al., 2010). According to the latest report from the World Economic 

Forum (2014), water shortages are one of the greatest global risks in recent years, and 

there is a continued and growing awareness of water shortages as a result of 

mismanagement and increased competition for already scarce water resources. A 

dwindling water supply and growing water demands have become an increasingly 

critical issue worldwide, which can pose a significant threat to the sustainability of 

industries, the agriculture sector, and municipalities (Russell and Fielding, 2010). It is 

thus necessary to ensure long-term sustainable development through making the best 

use of limited water resources. 

Furthermore, floods have become the most frequent and costly natural disaster 

worldwide in recent years. Many countries have experienced the increasing risks and 

vulnerability to flood hazards that have been exacerbated by climate change and 

accelerated urbanization (Huong and Pathirana, 2013). The Government of Canada 

allocated nearly US$100 million in its 2012 budget to share the provincial and territorial 

expenditures on permanent flood mitigation measures, and China invested US$10.5 
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billion in flood prevention in 2011 (United Nations Office for Disaster Risk Reduction, 

2013). Since floods can cause severe property damage and loss of life, effective 

measures will help control floods and reduce the risk of damages.  

To address critical water resource issues, optimization techniques are recognized 

as a powerful tool for helping decision makers identify sound water management plans, 

and reduce risks as well as economic and environmental costs. Over the past decade, a 

number of optimization methods have been proposed to address water resources issues 

(Wei and Hsu, 2008; Lee et al., 2009; Ding and Wang, 2012; Yang et al., 2012; De Corte 

and Sörensen, 2013; Karamouz and Nazif, 2013; Leon et al., 2014; Woodward et al., 

2014). Moreover, streamflow forecasting plays an important role in water resources 

planning and management, which can provide decision makers and stakeholders with 

the information required to make strategic and informed decisions (Besaw et al., 2010). 

The natural streamflow regime is affected by human development as well as land use 

and climate change. Hydrologic models that make use of mathematical equations to 

represent complex hydrologic processes have been widely adopted for operational 

streamflow forecasting (VanderKwaak and Loague, 2001; Takle et al., 2005; Dechmi et 

al., 2012; Baker and Miller, 2013; Chien et al., 2013; Patil et al., 2014). Simulation and 

optimization techniques are useful for addressing water resources issues and associated 

risks in an effective and efficient way. Nevertheless, a variety of uncertainties and 

complexities exist in water resources and hydrologic systems, deterministic models are 

incapable of providing reliable results due to their oversimplified nature and unrealistic 

assumptions. It is thus necessary to develop advanced methodologies for addressing 

challenges arising from complex real-world problems.  
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1.2. Challenges in Optimization of Water Resources Systems  

Optimization models make use of simple mathematical equations to represent real-

world water resources systems with inherent uncertainties that arise from various 

sources, such as the scarcity of acquirable data, the estimation of parameter values, data 

errors, incorrect assumptions, hydrologic variability (e.g. precipitation, streamflow, 

water quality), and climate change. Thus, a set of deterministic (optimal) solutions 

obtained through exact optimization methods are unreliable and meaningless in practice. 

It is necessary to advance inexact optimization methods to deal with the variety of 

uncertainties in water resources systems. Over the past few decades, a number of 

optimization methods have been developed for addressing water resources issues under 

uncertainty (Teegavarapu and Simonovic, 1999; Jairaj and Vedula, 2000; Akter and 

Simonovic, 2005; Azaiez et al., 2005; Sahoo et al., 2006; Sethi et al., 2006; Qin et al., 

2007; Li et al., 2014). These methods are able to tackle uncertainties in different forms 

of representation, including probability distributions, fuzzy sets, intervals, and their 

combinations. The uncertain information can thus be taken into account in the decision-

making process, enhancing the reliability of the resulting solutions.  

Nevertheless, optimization of water resources systems contains a variety of 

interconnected components related to socioeconomic and environmental concerns. 

These components are correlated with each other and have different effects on the model 

response, intensifying the complexity in the decision-making process. Any changes in 

one component may bring a series of consequences to the other components, resulting 

in variations in model outputs. It is thus indispensable to explore potential interactions 

among uncertain components and to reveal their contributions to the variability of model 
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outputs. To facilitate informed decision making for water resources planning and 

management, various uncertainties and their interactions should be addressed in a 

systematic manner.  

 

1.3. Challenges in Simulation of Hydrologic Systems  

Hydrologic models are recognized as a powerful tool to simulate the physical 

behaviors of hydrologic systems for a region of interest. Since many model parameters 

that characterize hydrologic properties cannot be exactly determined due to the spatial 

heterogeneity of hydrologic systems and the scarcity of acquirable data, quantification 

of uncertainties is critical to enhance their credibility in hydrologic simulations (Chen 

et al., 2013). In recent years, a number of methodologies have been proposed for solving 

two main types of uncertainty quantification problems in hydrologic studies: one is the 

propagation of uncertainty from model parameters to model outputs (Fajraoui et al., 

2011; Müller et al., 2011; Laloy et al., 2013; Sochala and Le Maître, 2013; Rajabi et al., 

2015), and the other is the assessment of parameter uncertainty based on available data 

(Juston et al., 2009; Laloy and Vrugt, 2012; Raje and Krishnan, 2012; Shen et al., 2012; 

Sadegh and Vrugt, 2014). The main concern related to the propagation of uncertainty is 

the computational effort required to construct the functional approximation of a 

stochastic process for uncertainty analysis. Most of the existing methods would become 

computationally expensive for propagating uncertainties in a high-dimensional 

parameter space. Therefore, efficient uncertainty propagation methods with 

dimensionality reduction techniques are greatly needed, especially for solving large-

scale and complex stochastic problems.  
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In terms of the assessment of parameter uncertainty, previous methods mainly 

focus on probabilistic inference for estimating probability distributions of model 

parameters through calibration against observed data. However, the pure probabilistic 

methods are unable to take into account human reasoning in the model calibration 

process. In fact, expert knowledge of catchment behaviors is useful for enhancing the 

understanding of the nature of the calibration problem, which should play an important 

role in parameter estimation. It is thus necessary to advance uncertainty quantification 

methods that combine the strengths of the objective inference and the subjective 

judgment for a realistic assessment of parameter uncertainty. 

 

1.4. Objectives 

In this dissertation research, a set of factorial probabilistic methodologies will be 

proposed for optimization of water resources systems and for simulation of hydrologic 

systems under interactive uncertainties. The main objectives of this dissertation research 

are summarized as follows. 

 

(1) Develop an inexact two-stage mixed-integer programming model with random 

coefficients for addressing probabilistic uncertainties in the coefficients of the 

objective function. The stochastic objective function will be transformed into a 

deterministic equivalent in a straightforward manner. The performance of the 

proposed model will be analyzed and compared against an inexact two-stage 

stochastic programming model through a case study of flood diversion planning. 
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(2) Develop an inexact probabilistic-possibilistic programming model with fuzzy 

random coefficients for tackling multiple uncertainties in the forms of intervals, 

probability distributions, and possibility distributions. Possibility and necessity 

measures will be adopted for risk-seeking and risk-averse decision making, 

respectively. The performance of the proposed model will be compared against 

a possibility-based fractile model through a case study of flood management. 

  

(3) Develop a risk-based factorial probabilistic inference approach for addressing 

stochastic objective function and constraints as well as their interactions in a 

systematic manner. The linear, nonlinear, and interaction effects of risk 

parameters involved in stochastic programming will be quantified through 

performing a factorial experiment. The proposed methodology will be applied 

to a case study of flood control to demonstrate its applicability, and the results 

obtained through the proposed methodology will be compared to those from a 

fractile criterion optimization method and a chance-constrained programming 

method, respectively. 

 

(4) Develop a multi-level Taguchi-factorial two-stage stochastic programming 

approach for performing uncertainty analysis, policy analysis, factor screening, 

and interaction detection in a comprehensive and systematic way. The concept 

of multi-level factorial design will be incorporated into an inexact optimization 

framework to reveal the nonlinear relationship between input parameters and 

model outputs. The performance of the proposed methodology will be 
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compared with a factorial two-stage stochastic programming method for 

solving a water resources management problem. 

 

(5) Develop an integrated approach that combines the strengths of optimization 

techniques and statistical experimental designs to address the issues of 

uncertainty and risk as well as their correlations. Risk assessment will be 

conducted to quantify the relationship between economic objectives and 

associated risks. A water resources planning problem will be used to 

demonstrate the applicability of the proposed methodology.  

 

(6) Develop a multi-level factorial-vertex fuzzy-stochastic programming approach 

for tackling probabilistic and possibilistic uncertainties as well as for revealing 

potential interactions among possibilistic uncertainties and their effects on 

system performance. The proposed methodology will be applied to a regional 

water resources allocation problem and compared against a fuzzy vertex 

method to demonstrate its merits. 

 

(7) Develop a fractional factorial probabilistic collocation method for advancing a 

new selection criterion of collocation points while constructing the polynomial 

chaos expansion. A multi-level factorial characterization method will also be 

proposed to detect potential interactions among hydrologic model parameters 

for uncertainty propagation in a reduced dimensional space. The proposed 

methodology will be applied to the Xiangxi River watershed in China to 
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demonstrate its validity and applicability. The reduced polynomial chaos 

expansions derived from the proposed methodology will be verified through a 

comparison with the standard polynomial chaos expansions and the Monte 

Carlo with Latin hypercube sampling method, respectively. 

 

(8) Develop a Monte-Carlo-based fractional-fuzzy-factorial analysis method for 

inferring optimum probability distributions of hydrologic model parameters in 

a fuzzy probability space. A series of F-tests coupled with their multivariate 

extensions will be conducted to characterize potential interactions among 

model parameters as well as among model outputs in a systematic manner. The 

proposed methodology will be applied to the Xiangxi River watershed to reveal 

mechanisms embedded within a number of hydrological complexities. The 

effectiveness of the proposed method will be compared against a multiple-try 

differential evolution adaptive Metropolis algorithm for assessment of 

parameter uncertainty.  

 

The proposed factorial probabilistic optimization methods will help decision 

makers to address a variety of uncertainties and complexities inherent in water resources 

systems as well as to explore potential interactions among uncertain components, 

facilitating informed decision making. The proposed factorial probabilistic simulation 

methods will help enhance our understanding of hydrologic processes and explore 

mechanisms embedded within a number of hydrological complexities. 
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1.5. Organization 

This dissertation consists of six chapters. Chapter 2 provides a comprehensive 

literature review on optimization modeling for water resources systems analysis, 

optimization modeling under uncertainty, and uncertainty quantification methods for 

hydrologic systems analysis. Chapter 3 presents two probabilistic optimization models 

for dealing with multiple uncertainties and dynamic complexities inherent in flood 

diversion planning. Chapter 4 presents four factorial probabilistic optimization methods 

for water resources systems planning, which are capable not only of characterizing 

uncertainties and their correlations, but also of revealing statistically significant 

parametric interactions as well as their linear and curvature effects on model outputs. 

Chapter 5 presents two factorial probabilistic simulation methods, including a factorial 

probabilistic collocation method for uncertainty quantification in hydrologic predictions 

and a factorial possibilistic-probabilistic inference method for uncertainty assessment 

of hydrologic parameters. These methods will be applied to the Xiangxi River watershed 

to illustrate their applicability. Chapter 6 summarizes the conclusions of this dissertation, 

research achievements, and recommendations for future research.  
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CHAPTER 2 LITERATURE REVIEW 

 

2.1. Optimization Modeling for Water Resources Systems Analysis 

Optimization techniques are increasingly recognized as a powerful tool for 

planning of water resources systems. Over the past decades, a variety of optimization 

methods have been proposed for addressing water resources management problems, 

such as linear programming, nonlinear programming, multi-objective programming, 

integer/mixed-integer programming, fractional programming, and dynamic 

programming.  

For example, Olsen et al. (2000) proposed a dynamic floodplain management 

model which was formulated as a Markov decision process for addressing nonstationary 

conditions; this method was applied to the Chester Creek flood-damage-reduction plan. 

Braga and Barbosa (2001) developed a network flow algorithm for optimization of the 

real-time operation of the Paranapanema reservoir system located in Brazilian southeast. 

Shangguan et al. (2002) developed a recurrence control model for planning of water 

resources of a semi-arid region on the Loess Plateau, China. Labadie (2004) evaluated 

the state-of-the-art in optimization models for reservoir system management and 

operations. Babel et al. (2005) developed an interactive integrated water allocation 

model for identifying optimal water resources allocation schemes under water-stressed 

conditions. Wang et al. (2008) introduced a cooperative water allocation model for 

solving a large-scale water allocation problem in the South Saskatchewan River Basin 

located in southern Alberta, Canada. Wei and Hsu (2008) took advantage of the mixed-

integer linear programming method to solve the problem of real-time flood control for 
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the Tanshui River Basin system in Taiwan. Lee et al. (2009) introduced an optimization 

procedure to rebalance flood control operations for a large and complex reservoir system 

in the Columbia River Basin. Li et al. (2010) proposed a multi-objective shuffled frog 

leaping algorithm for solving a large-scale reservoir flood control operation problem of 

the Three Gorges Project. Ding and Wang (2012) developed a nonlinear numerical 

optimization approach to determine the optimal flood control operation for mitigating 

flood water stages in the channel network of a watershed. Yang et al. (2012) introduced 

a decentralized optimization coupled with a multipleagent system framework for the 

market-based water allocation and management in the Yellow River Basin, China. De 

Corte and Sörensen (2013) conducted an elaborate review of existing methods for the 

optimization of water distribution networks. Leon et al. (2014) proposed a robust and 

efficient hydraulic routing method coupled with the multi-objective nondominated 

sorting Genetic Algorithm II for flood control in the Boise River system in Idaho. 

Exact optimization methods are straightforward and easy to implement in many 

water resources problems; however, they are incapable of dealing with inherent 

uncertainties in water resources systems. Thus, the results obtained through exact 

optimization methods would be questionable due to unrealistic assumptions. It is 

necessary to advance inexact optimization methods for tackling a variety of 

uncertainties in water resources management.  

  

2.2. Optimization Modeling Under Uncertainty 

Inexact optimization methods have been extensively studied and applied to deal 

with a variety of uncertainties in planning problems over the past few decades; they 
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mainly contain stochastic mathematical programming (SMP), fuzzy mathematical 

programming (FMP), interval-parameter mathematical programming (IMP), and 

combinations of these methods. Inexact optimization methods are capable of coping 

with uncertainties in different forms, including probability distributions, fuzzy sets, and 

intervals, as well as multiple uncertainties (e.g. hybrid methods). When the sample size 

is large enough to generate probability distributions in real-world problems, SMP would 

be used to address random uncertainties. However, it is often difficult to acquire all the 

data with known probability distributions in practice, resulting in infeasibility of SMP. 

In comparison, FMP is able to handle uncertainties without the requirement of 

probability distributions, and data can be estimated subjectively and expressed as fuzzy 

sets based on decision makers’ knowledge and experience. IMP deals with uncertainties 

in the form of intervals with known lower and upper bounds, which is the simplest 

representation of uncertainty. 

 

2.2.1. Stochastic Mathematical Programming 

The SMP methods are based on probability theory that can address uncertainties 

expressed as random variables with known probability distributions. Generally, SMP 

contains two main categories: recourse programming and probabilistic programming. 

Recourse programming typically deals with random uncertainties within a multi-stage 

context. Decisions can be made at the first stage before the realization of random events, 

and then operational recourse actions are allowed at the later planning stages to improve 

the objective and to correct any infeasibility. Two-stage stochastic programming (TSP) 
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and multi-stage stochastic programming (MSP) are the two representative approaches 

of recourse programming.  

Different from recourse programming, probabilistic programming allows certain 

constraints to be violated with a given level of probability. Chance-constrained 

programming (CCP) is a typical probabilistic programming approach. In comparison, 

recourse programming deals with the issue of risk by incorporating penalties for 

violating constraints into the objective function. Thus, the main difference between 

recourse programming and probabilistic programming is that they use different 

measures for risk. A variety of the SMP methods have been widely studied over the past 

two decades. 

Cooper et al. (2004) used the CCP approaches to handle the congestion in 

stochastic data envelopment analysis, and reduced the chance-constrained formulations 

to deterministic equivalents in a straightforward manner. Lulli and Sen (2004) 

developed a multi-stage branch-and-price algorithm to solve stochastic integer 

programming problems; the proposed methodology has the advantage of dealing with 

the recourse formulation and the probabilistically constrained formulation within the 

same framework. Azaiez et al. (2005) introduced a chance-constrained optimization 

model for planning of a multi-period multi-reservoir system operation under a 

conjunctive use of ground and surface water. Sethi et al. (2006) developed the 

deterministic linear programming and CCP models for the optimal seasonal crop 

planning and water resources allocation in a coastal groundwater basin of Eastern India. 

Barreiros and Cardoso (2008) introduced a new numerical approach to the TSP 

problems with recourse, which was able to generate a sequence of values of the first-
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stage variables with successive improvements on the objective function. Chen et al. 

(2008) proposed a linear decision-based approximation approach for solving the MSP 

problems with only limited information of probability distributions; the main advantage 

of this method is its scalability to dynamic stochastic models without suffering from the 

“curse of dimensionality”. Poojari and Varghese (2008) proposed a computational 

framework combing Genetic Algorithm and Monte Carlo for solving the CCP problems; 

the non-linear and non-convex nature of CCP were tackled using Genetic Algorithm 

while the stochastic nature was addressed through Monte Carlo simulations. Escudero 

et al. (2010) presented an algorithmic framework based on the twin node family concept 

and the branch-and-fix coordination method for solving two-stage stochastic mixed-

integer problems. Tanner and Ntaimo (2010) proposed a branch-and-cut algorithm 

based on the cuts of irreducibly infeasible subsystems for solving large-scale stochastic 

programs with joint chance constraints. Trukhanov et al. (2010) introduced an adaptive 

multicut method that dynamically adjusted the aggregation level of the optimality cuts 

in the master program for solving two-stage stochastic linear programs with recourse. 

Philpott and de Matos (2012) incorporated a time-consistent coherent risk measure into 

an MSP model and then applied the model to the New Zealand electricity system; the 

MSP model was solved through the stochastic dual dynamic programming using 

scenario trees. Ang et al. (2014) reformulated the two-stage stochastic program as a 

second-order cone optimization problem by using the duality of semi-infinite 

programming and a linear decision rule. Wolf et al. (2014) introduced a special form of 

convex programming that used the on-demand accuracy approach for solving the TSP 

problems. 
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2.2.2. Fuzzy Mathematical Programming 

The FMP methods are based on fuzzy set theory that serves as a useful 

mathematical tool to facilitate the description of complex and ill-defined systems (Zadeh, 

1965). FMP is capable of representing uncertainty without the sample size requirement. 

Generally, FMP can be classified into two major categories: fuzzy flexible programming 

(FFP) and fuzzy possibilistic programming (FPP). FFP allows the elasticity of 

constraints and the flexibility of the target values of objective functions to be 

characterized by fuzzy sets with membership functions determined subjectively by 

decision makers. FFP is thus able to deal with optimization problems with fuzzy goals 

and fuzzy constraints; however, FFP can hardly address fuzziness in the coefficients of 

objective functions or constraints. In comparison, FPP is capable of treating ambiguous 

coefficients of objective functions and constraints through the theory of possibility 

(Zadeh, 1978). The concept of possibility distribution is useful for reflecting the intrinsic 

imprecision in natural languages. Thus, FFP and FPP deal with fuzzy uncertainties in 

different ways, and they have been extensively studied over the past two decades.  

Teegavarapu and Simonovic (1999) used the concept of FMP to deal with the 

imprecision associated with the definition of loss functions used in reservoir operation 

models; the proposed models were applied to the short-term operation planning of Green 

Reservoir in Kentucky. Jairaj and Vedula (2000) applied FMP with the concept of fuzzy 

set theory to the multireservoir system operation in the Upper Cauvery River basin, 

South India; the uncertainty in reservoir inflows was characterized by fuzzy sets in the 

FMP model. Hsu and Wang (2001) introduced an FPP model to deal with production 

planning problems; this model was solved by transforming the fuzzy objective function 
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into three crisp objectives. Stanciulescu et al. (2003) proposed a new methodology that 

considered fuzzy decision variables with a joint membership function for solving 

multiobjective fuzzy linear programming problems. Guan and Aral (2004) introduced 

two optimization models with fuzziness in values of hydraulic conductivity for the 

optimal design of pump-and-treat groundwater remediation systems. Akter and 

Simonovic (2005) proposed a methodology that took advantage of fuzzy set and fuzzy 

logic techniques to capture the views of a large number of stakeholders; the proposed 

method was applied to flood management in the Red River Basin, Manitoba. Sahoo et 

al. (2006) used three linear programming based objective functions and one fuzzy 

optimization based multi-criteria decision function for planning and management of the 

land-water-crop system of Mahanadi-Kathajodi delta in eastern India. Jiménez et al. 

(2007) introduced a resolution method for solving linear programming problems with 

fuzzy parameters, which allowed decision makers to participate in all steps of the 

decision process by expressing their opinions in linguistic (fuzzy) terms. Torabi and 

Hassini (2008) proposed a new multiobjective possibilistic mixed-integer linear 

programming model to address the supply chain master planning problem that involved 

conflicting objectives and the imprecise nature of parameters; this model was solved 

through a novel solution procedure to identify a compromise solution. Özgen et al. (2008) 

introduced an integration of the analytic hierarchy process and a multi-objective 

possibilistic linear programming technique to solve supplier evaluation and order 

allocation problems; fuzzy set theory was adopted to deal with vagueness and 

impreciseness of the information in the decision-making process. Peidro et al. (2010) 

developed a novel fuzzy mixed-integer linear programming model for the tactical supply 
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chain planning while treating demand, process and supply uncertainties as fuzzy sets. 

Pishvaee and Torabi (2010) proposed a bi-objective possibilistic mixed-integer 

programming model for addressing parameter uncertainties in closed-loop supply chain 

network design problems; this model was solved through a proposed interactive fuzzy 

solution approach to generate balanced and unbalanced solutions based on decision 

makers’ preferences. Zeng et al. (2010) proposed a fuzzy multi-objective linear 

programming model for the crop area planning with fuzziness in goals, constraints, and 

coefficients; this model was applied to the crop area planning of Liang Zhou region 

located in Gansu province of northwest China. Teegavarapu et al. (2013) proposed a 

new fuzzy multiobjective optimization model for the optimal operation of a hydropower 

system in Brazil, which incorporated decision makers’ preferences through fuzzy 

membership functions to obtain compromise operating rules. Gupta and Mehlawat 

(2014) proposed a new possibilistic programming approach to address a fuzzy 

multiobjective assignment problem in which the objective function coefficients were 

expressed by possibility distributions; this approach provided a systematic framework 

that enabled decision makers to control the search direction until a preferred 

compromise solution was obtained.  

 

2.2.3. Interval Mathematical Programming 

Based on interval analysis initiated by Moore (1979), a variety of the IMP methods 

have been developed to deal with uncertainties in the form of intervals with known lower 

and upper bounds. Compared with SMP and FMP, IMP treats uncertainties in a more 

straightforward manner without the requirement of probability distributions or 
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membership functions. Thus, IMP was widely studied in the past due to its simplicity. 

Ishibuchi and Tanaka (1990) converted a maximization problem and a minimization 

problem with interval objective functions into multiobjective problems through the 

order relation of interval numbers. Inuiguchi and Kume (1991) solved a goal 

programming problem with interval coefficients and target values based on the interval 

arithmetic and four formulations of the problem. Huang et al. (1992) introduced a two-

step method to convert an interval linear programming problem into two sub-problems 

that corresponded to the lower and upper bounds of the objective function. Inuiguchi 

and Sakawa (1995) introduced a new solution concept based on the minimax regret 

criterion to address a linear programming problem with an interval objective function. 

Chinneck and Ramadan (2000) proposed a new method to solve a linear programming 

problem with interval coefficients, which was able to identify the best optimum and the 

worst optimum as well as the coefficient settings generating these two extremes. Jiang 

et al. (2008) introduced a nonlinear interval programming method to deal with 

optimization problems under uncertainty; the uncertain objective function and 

constraints were converted into deterministic ones through an order relation of interval 

numbers and a modified possibility degree, respectively. Fan and Huang (2012) 

proposed a robust two-step method for solving interval linear programming problems, 

which improved upon the two-step method proposed by Huang et al. (1992) through 

adding extra constraints into the solution procedure to avoid constraint violation.  

The IMP methods are recognized as an effective tool to tackle uncertainties in the 

decision-making process. However, when random variables with known probability 

distributions or fuzzy sets with specified membership functions are available in real-
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world problems, construction of a single IMP model would result in a considerable loss 

of information. Therefore, a number of hybrid methods based on IMP, SMP, and FMP 

techniques have been developed to address a variety of uncertainties and complexities 

in optimization problems. Recently, Sun et al. (2013b) proposed an inexact joint-

probabilistic left-hand-side chance-constrained programming method for dealing with 

uncertainties in the forms of intervals and random variables, which integrated interval 

linear programming and left-hand-side CCP within a general optimization framework. 

Zhou et al. (2013) proposed a factorial MSP approach that combined the strengths of 

interval linear programming, MSP, and factorial analysis for addressing interval and 

random uncertainties as well as their correlations in water resources management. 

Sakawa and Matsui (2013) introduced a new decision making model based on level sets 

and fractile criterion optimization for tackling two-level linear programming problems 

involving fuzzy random variables. Li et al. (2014) advanced a hybrid fuzzy-stochastic 

programming method for addressing uncertainties expressed as fuzzy sets and random 

variables in a water trading system; this method was applied to a water trading program 

within an agricultural system in the Zhangweinan River Basin, China. 

 

2.3. Uncertainty Quantification for Hydrologic Systems Analysis 

In recent years, uncertainty quantification has emerged as an indispensable 

component in hydrologic predictions to enhance the credibility in predictive simulations. 

Uncertainty quantification often involves two major types of problems: one is the 

forward propagation of uncertainty from model parameters to model outputs, and the 

other is the assessment of model uncertainty and parameter uncertainty based on 
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available data. Thus, a variety of methods have been proposed for quantifying the 

uncertainties involved in hydrologic predictions. These methods can be classified into 

the following three categories: forward uncertainty propagation, model 

calibration/validation, and sensitivity analysis.  

 

2.3.1. Propagation of Uncertainty 

There have been two tracks of method development for uncertainty propagation: 

intrusive and non-intrusive methods. The intrusive methods need to be embedded within 

the simulation codes, which require reformulating governing equations of the 

mathematical model that characterizes physical processes. The non-intrusive methods, 

on the other hand, use an ensemble of simulations by sampling uncertain input 

parameters from their probability distribution through the simulation model. The 

resulting outputs can be used to compute model statistics, such as the mean and standard 

deviation. The non-intrusive methods have become increasingly popular due to the 

simplicity in implementing sampling techniques and the requirement of minimal efforts 

in most cases (Chen et al., 2013).  

The conventional sampling method of Monte Carlo and its variant (Latin 

hypercube sampling) have been commonly used to generate an ensemble of random 

realizations of each model parameter drawn from its probability distributions because 

they are straightforward to implement (Cheng and Sandu, 2009). However, Monte Carlo 

sampling techniques suffer from poor computational efficiency, especially for large-

scale stochastic systems with a high-dimensional parameter space. As an attractive 

alternative, the non-intrusive polynomial chaos expansion (PCE) techniques have thus 
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been extensively used to represent a stochastic process through a spectral approximation. 

The concept of polynomial chaos originates from the homogeneous chaos theory 

proposed by Wiener (1938). The coefficients of PCE are often computed through the 

probabilistic collocation method (PCM) introduced by Tatang et al. (1997). The essence 

of PCM is the projection of the model response surface onto a basis of orthogonal 

polynomials. PCE and PCM have been extensively studied in recent years.  

Li and Zhang (2007) proposed a PCM method coupled with the Karhunen-Loeve 

expansion and PCE for uncertainty analysis of subsurface flows in random porous media; 

this method was compared against the Monte Carlo method, the traditional PCE method 

based on Galerkin scheme, and the moment-equation method based on Karhunen-Loeve 

expansion in terms of efficiency and accuracy. Li et al. (2009) introduced a Karhunen-

Loeve expansion based PCM method for predicting flow in the unsaturated zone, which 

was able to provide an accurate estimate of flow statistics with a significant increase in 

computational efficiency compared to the Monte Carlo method. Fajraoui et al. (2011) 

employed a global sensitivity analysis method combined with the PCE technique to 

conduct uncertainty analysis for two nonreactive transport experiments in the 

laboratory-scale porous media; this method was capable of revealing valuable 

information in the design and analysis of experiments, such as the importance of model 

parameters affecting system performance and the guidance in the proper design of 

model-based transport experiments. Müller et al. (2011) used a Hermite PCE to 

characterize uncertainties resulting in the hydraulic conductivity and the flow field; the 

coefficients of PCE were determined through Smolyak quadrature with a relatively low 

computational cost compared to Monte Carlo simulations. Oladyshkin et al. (2011) 
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introduced an arbitrary polynomial chaos technique for uncertainty quantification in 

data-sparse situations, which removed the assumption of probability density functions 

of model parameters. Zheng et al. (2011) proposed an uncertainty quantification 

framework that integrated PCM and the Sobol’ variance-decomposition method for 

water quality management in the Newport Bay watershed located in Orange County, 

California; the integrated framework was used to perform uncertainty analysis and 

sensitivity analysis in an effective and efficient way. Laloy et al. (2013) introduced a 

generalized polynomial chaos theory coupled with two-stage Markov chain Monte 

Carlo (MCMC) simulations to explore posterior distributions in a computationally 

efficient manner. Sochala and Le Maître (2013) used PCE to represent model outputs 

including the mean, the variance, and the sensitivity indices, in which the coefficients 

of the polynomial chaos decomposition were estimated through a non-intrusive spectral 

projection; three different test cases were used to examine the impact of uncertain 

parameters related to soil properties on subsurface flows. Sun et al. (2013a) proposed 

an efficient methodology that combined Karhunen–Loève expansion and PCM for the 

assessment of leakage detectability at geologic CO2 sequestration sites; this method was 

able to reduce the dimensionality of the stochastic space and improve the efficiency of 

stochastic simulations. Rajabi et al. (2015) used the non-intrusive PCE as a 

computationally efficient surrogate of the original numerical model, which remarkably 

accelerated uncertainty propagation analysis of seawater intrusion simulations. 
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2.3.2. Assessment of Parameter Uncertainty 

Due to the time-consuming and subjective nature of the traditional trial-and-error 

approach (manual calibration), automatic calibration that uses search algorithms to 

identify best-fit parameters has become increasingly popular thanks to the computing 

power nowadays. The automatic calibration procedure consists of the choice of a period 

of calibration data, an initial guess of parameter values, the definition of an objective 

function, a search algorithm, and an evaluation criterion used to terminate the search 

(Gupta et al., 1999). Since a variety of uncertainties exist in conceptual hydrologic 

models that can never perfectly represent the real-world watershed processes, 

considerable attention has been given to the uncertainty assessment of hydrologic model 

parameters instead of searching for a single optimum combination of parameter values 

over the past two decades. 

Thiemann et al. (2001) developed a Bayesian recursive estimation approach for 

simultaneous parameter estimation and hydrologic prediction, which was capable of 

recursively updating uncertainties associated with parameter estimates and of 

significantly reducing uncertainties in hydrologic predictions as observed data were 

successively assimilated. Engeland and Gottschalk (2002) proposed a Bayesian 

formulation coupled with MCMC for inferring posterior distributions of hydrologic 

model parameters conditioned on observed streamflows; two statistical likelihood 

functions and one likelihood function of generalized likelihood uncertainty estimation 

(GLUE) were also tested to investigate how different formulations of a likelihood 

function influenced the parameter and streamflow estimations. Vrugt et al. (2003) 

proposed a Shuffled Complex Evolution Metropolis algorithm (SCEM-UA) that 
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incorporated the Metropolis algorithm, controlled random search, competitive evolution, 

and complex shuffling within a general framework for estimating posterior distributions 

of hydrologic model parameters. Engeland et al. (2005) proposed a Bayesian 

methodology coupled with the Metropolis-Hastings algorithm for inferring posterior 

parameter distributions and for quantifying uncertainties of streamflow simulations 

resulting from both model parameter and model structure uncertainties. Muleta and 

Nicklow (2005) introduced an automatic calibration methodology that consisted of 

parameter screening, spatial parameterization, and sensitivity analysis for estimating 

daily streamflow and sediment concentration values; The GLUE methodology was then 

used to characterize uncertainty of parameter estimates. Vrugt et al. (2008) proposed a 

differential evolution adaptive Metropolis (DREAM) algorithm that ran multiple chains 

simultaneously for exploring posterior probability density functions of hydrologic 

model parameters. Juston et al. (2009) evaluated the information value of various data 

subsets for model calibration within the framework of an uncertainty analysis which 

was conducted by using the Monte Carlo-based GLUE method. Vrugt et al. (2009) 

performed an elaborate comparison between a formal Bayesian approach implemented 

by using the DREAM algorithm and an informal Bayesian approach of GLUE for 

assessing uncertainties in conceptual watershed modeling. Laloy and Vrugt (2012) 

introduced a multiple-try DREAM algorithm that merged the strengths of multiple-try 

sampling, snooker updating, and sampling from an archive of past states for 

characterizing parameter and predictive uncertainties; this algorithm was especially 

useful for the posterior exploration in complex and high-dimensional sampling 

problems. Raje and Krishnan (2012) used a Bayesian approach combined with MCMC 
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to infer probability distributions of parameters from the Variable Infiltration Capacity 

macroscale hydrologic model; these posterior distributions were used for projections of 

discharge, runoff, and evapotranspiration by general circulation models at four stations 

in India. Shen et al. (2012) used the GLUE method coupled with the Soil and Water 

Assessment Tool (SWAT) model to assess parameter uncertainties of streamflow and 

sediment simulations in the Daning River Watershed of the Three Gorges Reservoir 

Region, China. Sadegh and Vrugt (2014) introduced a MCMC implementation of 

Approximate Bayesian Computation for the diagnostic inference of complex system 

models, which took advantage of the DREAM algorithm as its main building block to 

estimate posterior parameter distributions.  

 

2.3.3. Sensitivity Analysis 

Sensitivity analysis is recognized as a powerful tool to identify key parameters that 

have a significant influence on the model response. A better understanding of parameter 

sensitivity is beneficial to uncertainty analysis. Sensitivity analysis methods can be 

classified into two groups: local and global methods. Local methods examine the 

sensitivity at only one point of the parameter space, which are unable to account for 

parameter interactions. In comparison, global methods evaluate the sensitivity by 

exploring the full parameter space within predefined parameter ranges, taking into 

account the simultaneous variation of input parameters. Thus, global sensitivity analysis 

is a more powerful and sophisticated approach, which has been frequently used to assess 

sensitivities of model parameters and their interactions over the past decade. 
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Sieber and Uhlenbrook (2005) carried out a comparison between a regression-

based sensitivity analysis and a regional sensitivity analysis (RSA) for identifying the 

most influential parameters of a complex process-oriented catchment model. 

Pappenberger et al. (2006) proposed a method based on regional splits and multiple 

regression trees (Random Forests) for investigating the sensitivity of model parameters 

and for characterizing complex parameter interactions in a multi-dimensional space. van 

Griensven et al. (2006) introduced a global sensitivity analysis method that combined 

the one-factor-at-a-time method and the Latin hypercube sampling technique for 

evaluating the sensitivity of a long list of water flow and water quality parameters of the 

SWAT model in an efficient way. Tang et al. (2007) analyzed and compared the 

effectiveness and efficiency of four sensitivity analysis methods, including parameter 

estimation software (PEST), RSA, analysis of variance (ANOVA), and the Sobol’s 

method; these methods were applied to the lumped Sacramento soil moisture accounting 

model. Rosero et al. (2010) used the Sobol’s total and first-order sensitivity indices to 

identify important parameters and their interactions that have the largest contributions 

to the variability of a land surface model output. Nossent et al. (2011) used the Sobol’ 

method to quantify the first-order, second-order and total sensitivity effects of 26 

parameters affecting flow and water quality simulations of the SWAT model for the 

Kleine Nete catchment, Belgium. Yang (2011) examined the convergence for five 

different sensitivity analysis techniques including the Sobol’ method, the Morris method, 

linear regression, RSA, and non-parametric smoothing, as well as estimated the 

uncertainty of sensitivity indices; these methods were applied to the HYMOD 

hydrologic model with five parameters for the Leaf River watershed, Mississippi. 
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Massmann and Holzmann (2012) performed a systematic comparison of three 

sensitivity analysis methods including the Sobol’s method, mutual entropy, and RSA at 

different temporal scales; these methods were used to reveal the effects of 11 parameters 

on the discharge of a conceptual hydrologic model for the Rosalia catchment located in 

Lower Austria. Zhan et al. (2013) proposed an efficient integrated approach that 

combined the Morris method with the Sobol’s method based on the response surface 

model to reduce the computational effort of global sensitivity analysis for complex and 

distributed hydrological models; the proposed approach was applied to evaluate the 

parameter sensitivity of the distributed time-variant gain model for the Huaihe River 

Basin, China. Esmaeili et al. (2014) introduced the sample-based regression and 

decomposition methods for investigating the effects of 70 parameters including 35 

hydrologic parameters and 35 nitrogen cycle parameters on the outputs of the Root Zone 

Water Quality Model. Vanrolleghem et al. (2015) analyzed the convergence of three 

widely used global sensitivity analysis methods (standardised regression coefficients, 

extended Fourier amplitude sensitivity test, and Morris screening) for identifying 

important parameters of a complex urban drainage stormwater quality–quantity model.   

 

2.4. Summary 

In recent years, a great deal of research efforts have been devoted to the 

development of optimization methodologies for water resources systems planning under 

uncertainty. These methods are able to deal with uncertainties in different forms, mainly 

including probability distributions, fuzzy sets, interval numbers, and their combinations. 

However, few studies have been conducted to explore potential interactions among 
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uncertain components in water resources planning problems. It is thus necessary to 

develop advanced optimization methodologies for addressing uncertainties and their 

interactions in a systematic manner. 

Furthermore, uncertainty quantification has recently attracted great attention in the 

hydrologic community. A variety of uncertainty quantification methodologies have been 

developed to enhance the credibility in hydrologic predictions over the past two decades. 

Generally, these methods can be classified into three categories: uncertainty propagation, 

model calibration/validation, and sensitivity analysis. Most of these methods focus on 

the probabilistic inference for uncertainty quantification, and few studies have been 

reported on other inference methods for characterizing uncertainties, such as factorial 

and possibilistic inference. It is thus necessary to develop more promising uncertainty 

quantification methods for hydrologic systems analysis.  
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CHAPTER 3 PROBABILISTIC OPTIMIZATION FOR WATER 

RESOURCES SYSTEMS ANALYSIS 

 

In this chapter, two inexact optimization models are proposed for dealing with 

parameter uncertainties in the forms of probability distributions, possibilistic 

distributions, intervals, and their combinations. One is an inexact two-stage mixed-

integer programming model with random coefficients, and the other is an inexact 

probabilistic-possibilistic programming model with fuzzy random coefficients. These 

models are useful not only for robustly tackling multiple uncertainties, but also for 

explicitly addressing dynamic complexities in planning problems. These models are also 

able to create a number of alternatives under different risk levels, which are useful for 

decision makers to perform an in-depth analysis of trade-offs between economic 

objectives and potential risks. To illustrate their applicability, the proposed models will 

be applied to solve a flood diversion planning problem. 

 

3.1. An Inexact Probabilistic Optimization Model and Its Application to Flood 

Diversion Planning in Dynamic and Uncertain Environments 

 

3.1.1. Background 

Flooding is the most common and expensive natural disaster worldwide. The 

Government of Canada allocated almost US$100 million in its 2012 budget to share the 

provincial and territorial expenditures on permanent flood mitigation measures 

undertaken in 2011; China also made a major investment of US$10.5 billion in flood 
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prevention in 2011 (United Nations Office for Disaster Risk Reduction, 2013). Recent 

accelerations in population growth, economic development, and changes in climate and 

land use patterns have been increasing risks and vulnerability to flood hazards. Losses 

cannot be avoided when a major flood occurs, a sound flood mitigation plan is thus of 

vital importance for reducing flood damage. 

Optimization techniques have played a crucial role in identifying effective flood 

control strategies, and they have been widely studied over the past few decades (Windsor, 

1981; Wasimi and Kitanidis, 1983; Olsen et al., 2000; Braga and Barbosa, 2001; Labadie, 

2004; Lee et al., 2009; Li et al., 2010; Leon et al., 2014). For example, Unver and Mays 

(1990) formulated a nonlinear programming model to address the real-time reservoir 

operation problem under flood conditions. Needham et al. (2000) developed a mixed-

integer linear programming model to assist with the U.S. Army Corps of Engineers’ 

flood management studies in the Iowa and Des Moines rivers. Wei and Hsu (2008) 

proposed mixed-integer linear programming models to solve the problem of the real-

time flood control for a multireservoir operation system. Ding and Wang (2012) 

developed a nonlinear optimization approach to determine the optimal flood control 

operation and to mitigate flood water stages in the channel network of a watershed. 

These methods were useful for identifying optimal flood mitigation schemes and 

reducing the chance of flood damage. In flood management systems, however, 

uncertainty is an unavoidable component due to randomness from natural variability of 

the observed phenomenon, lack of system information, and diversity in subjective 

judgments. Thus, decisions have to be made in the face of an uncertain future. As a 
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result, conventional optimization methods would become infeasible when the inherent 

uncertainty exists in real-world problems. 

In the past decade, a number of optimization techniques were proposed for tackling 

uncertainties in different forms (Shastri and Diwekar, 2006; Jiménez et al., 2007; Kollat 

et al., 2008; Liu and Huang, 2009; Marques et al., 2010; Cervellera and Macciò, 2011; 

Wang and Huang, 2011; Gaivoronski et al., 2012; Pilla et al., 2012; Wang et al., 2013a). 

Among these methods, two-stage stochastic programming (TSP) is capable of taking 

corrective (or recourse) actions after a random event occurs, which is suitable for 

addressing the flood control problem. For example, decision makers need to determine 

an allowable flood diversion level according to the existing capacity of the floodplain 

before the flood season, and then they may want to carry out a corrective action when a 

flood occurs. TSP is effective in making decisions in a two-stage fashion. It was widely 

studied in the past (Birge and Louveaux, 1988; Miller and Ruszczyński, 2011; 

Dentcheva and Martinez, 2012; Wang and Huang, 2013d; Wang and Huang, 2014). 

However, TSP is incapable of coping with uncertainties in other formats when the 

sample size is too small to construct probability distributions in practical applications. 

Huang and Loucks (2000) thus proposed an inexact two-stage stochastic programming 

(ITSP) model for dealing with interval uncertainties without the requirement of known 

distribution functions. ITSP is able to simply express uncertain information in the format 

of intervals with lower and upper bounds that exist in the objective function and 

constraints as well as in the resulting solutions.  

In flood control problems, the related economic data such as regular costs of flood 

diversion and capital costs of floodplain expansions play a crucial role in the decision-
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making process because they have a direct influence on the economic objective. The 

economic data commonly act as the coefficients of the objective function, and they are 

often given as probability distributions obtained from the estimates of a group of 

decision makers or stakeholders. It is thus indispensable to address randomness of 

coefficients in the objective function. However, ITSP can hardly tackle such a stochastic 

objective. Thus, the Kataoka’s criterion or fractile criterion can be used to transform the 

stochastic objective into its deterministic equivalent function by using statistical features 

(Kataoka, 1963; Geoffrion, 1967). Nevertheless, a variety of uncertainties such as 

intervals and probability distributions may exist simultaneously in many optimization 

problems. Especially when given parameters are highly uncertain and can be expressed 

as intervals with imprecise boundaries, optimization models that address uncertainty in 

a single format would neglect a lot of valuable information in the decision-making 

process, resulting in unreliable solutions. 

Therefore, the objective of this study is to develop an inexact two-stage mixed-

integer programming with random coefficients (ITMP-RC) model for flood diversion 

planning in a dynamic and uncertain environment. A case study of flood management 

will be used to demonstrate the applicability of ITMP-RC. The performance of ITMP-

RC will be analyzed and compared with the ITSP model. 

 

3.1.2. Model Development 

3.1.2.1. Inexact Two-Stage Mixed-Integer Programming 

Consider a watershed system wherein floodwater can be diverted from a river 

channel to multiple water diversion regions (i.e. flood retention areas) in a flood season. 
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The river has a limited water conveyance capacity and may overflow when a flood 

occurs. According to local flood management policies, a flood warning water level of 

the river should be predetermined and several projected flood diversion regions should 

be assigned. If the water level in the river exceeds the warning level, water will be 

diverted to adjacent floodplains. 

Planning for flood diversions normally contains a specification of allowable levels 

of flood diversions and a scheme for efficiently utilizing the flood diversion capacities 

(Li et al., 2007). Developing sound policies for diverting flood under limited diversion 

capacities is crucial for minimizing flooding to densely populated communities and 

industries located in the lower reach. Thus, an allowable flood diversion level can be 

predetermined according to the existing diversion capacity of each floodplain. If this 

allowance is not exceeded, a regular cost would be applied to flood diversions; 

otherwise, it would result in a surplus flood diversion along with economic penalties 

and/or expansion costs. Penalties can be expressed in terms of raised operating costs for 

flood diversions and/or destruction of the land-based infrastructure. Expansions of 

floodplains would help increase the allowable flood diversion capacities and thus reduce 

the penalties. The total amount of flood diversions is the sum of the allowable flood 

diversion level, the incremental quota, and the probabilistic excess flow. It is thus 

desired to identify sound decision schemes for flood diversion and capacity expansion 

with the minimized total cost and the maximized system safety. 

In this problem, a first-stage decision on the amounts of allowable flood diversions 

must be made before uncertain flood flows are realized in the future. A second-stage 

decision (i.e. recourse action) can be taken to compensate for any negative effects as a 
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result of the first-stage decision. The problem under consideration can thus be addressed 

as a two-stage stochastic programming model with flood flows treated as random 

variables. Uncertainties may also exist in other model parameters such as existing and 

maximum diversion capacities, as well as the related economic data. In consideration of 

the limited sample size, all parameters can be easily expressed as intervals with lower 

and upper bounds. Thus, this flood management problem can be formulated as an 

inexact two-stage mixed-integer programming model: 

( )
1 1 1 1

Min = 
u u v w

i i j i ij i ij im im ijm
i i j m

f C W p C T D S E O y± ± ± ± ± ± ± ± ±

= = = =

 + + +  
∑ ∑∑ ∑     (3.1.1a) 

subject to: 

,    i iW R i± ±≤ ∀                (3.1.1b) 

max ,    ,i ij iW S R i j± ± ±+ ≤ ∀              (3.1.1c) 

1
,    ,

w

ij im ijm
m

T O y i j± ±

=

≤ ∀∑              (3.1.1d) 

max
1 1 1 1

( ) ,    
u u u w

i ij ij i im ijm
i i i m

W S T R O y j± ± ± ± ±

= = = =

+ + ≤ + ∀∑ ∑ ∑∑        (3.1.1e) 

1
( ) ,    

u

i ij ij j
i

W S T q j± ± ± ±

=

+ + ≥ ∀∑             (3.1.1f) 

0,    iW i± ≥ ∀                 (3.1.1g) 

0,    ,ijS i j± ≥ ∀                (3.1.1h) 

0,    ,ijT i j± ≥ ∀                (3.1.1i) 

1,  if capacity expansion is undertaken
,    , ,

0,  if otherwise 


= ∀


ijmy i j m       (3.1.1j) 
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1
1,    ,

w

ijm
m

y i j
=

≤ ∀∑                (3.1.1k) 

where f ±  is total system cost ($); i is flood diversion region, i = 1, 2, …, u; j is level 

of flood flow, j = 1, 2, …, v; m is expansion option of diversion capacity, m = 1, 2, …, 

w; iW ±  is amount of allowable flood diversion to region i (m3); ijT ±  is amount of 

increased allowance to region i when its diversion capacity is expanded under flood flow 

jq±  with probability pj (m3); ijS ±  is amount of excess flood to region i when allowable 

diversion level is exceeded under flood flow jq±  with probability pj (m3); ijmy  is 

binary decision variable for region i with capacity expansion option m under flow level 

j; iC±  is regular cost per m3 of allowable flood diversion to region i ($/m3); iD±  is 

penalty per m3 of excess flood diversion to region i ($/m3); imE±  is capital cost of 

capacity expansion for region i with option m ($/m3); pj is probability of flood flow 

occurring with level j; jq±  is amount of random flood flow to be diverted (m3); iR±  is 

existing diversion capacity of region i (m3); maxiR±  is existing maximum diversion 

capacity of region i (m3); imO±  is expanded capacity of option m for region i (m3); “±” 

denotes an interval number which is a set of real numbers defined by [a‒, a+] = [x | a‒ ≤ 

x ≤ a+] (Huang et al., 1992). For example, letting iW −  and iW +  be lower and upper 

bounds of iW ± , respectively. We have iW ±  = [ iW − , iW + ]. When iW − = iW + , then iW ±  

becomes a deterministic number. 

In the above formulation, the objective function is to minimize the total system cost 

through diverting floodwater to multiple regions and expanding the capacities of 
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floodplains when a flood occurs. Constraint (3.1.1b) indicates that the amount of 

allowable flood diversion should not exceed the existing diversion capacity for each 

region; constraint (3.1.1c) represents that the total amount of allowable and excess flood 

diversion should not exceed the existing maximum diversion capacity for each region; 

constraint (3.1.1d) requires that the increased allowance to each region should not 

exceed its expanded capacity; constraint (3.1.1e) indicates that the total flood flow 

diverted must not exceed the total diversion capacity; constraint (3.1.1f) implies that the 

total flood flow should be fully diverted to different regions; constraints (3.1.1g)-(3.1.1i) 

specify that all decision variables should be non-negative; constraint (3.1.1j) presents 

binary decision variables for capacity expansion; and constraint (3.1.1k) indicates that 

the diversion capacity of each region can be expanded only once under each flow level. 

The economic data such as benefits and costs that commonly act as the coefficients 

of the objective function play an important role in optimization problems because they 

are directly related to economic efficiency. These data can hardly be determined with 

certainty in practice; they are often given as probability distributions obtained from the 

estimates of a number of decision makers or stakeholders. It is thus necessary to take 

into account randomness in the coefficients of the objective function. However, model 

(3.1.1) can only deal with uncertain coefficients expressed as intervals without any 

distribution information, and it cannot address randomness in the coefficients of the 

objective function. To address the stochastic objective, the fractile criterion optimization 

model will be introduced as follows. 
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3.1.2.2. Fractile Criterion Optimization Model 

Firstly, consider the following linear programming problem involving random 

coefficients in the objective function: 

1
Min ( )

n

j j
j

f c xω
=

=∑                (3.1.2a) 

subject to: 

1
,    1, 2,...

n

ij j i
j

a x b i m
=

≤ =∑              (3.1.2b) 

( )2( ) ~ ,j j jc Nω µ σ               (3.1.2c) 

0,    1, 2,...jx j n≥ =               (3.1.2d) 

where f denotes the objective function; cj(ω) denotes the coefficient of the objective 

function that is expressed as an n-dimensional random vector with a normal distribution 

(μj is expected value and σj is standard deviation); xj is an n-dimensional decision vector; 

aij is an m×n matrix; bi is an m-dimensional parameter vector. To address random 

coefficients in model (3.1.2), the fractile criterion or Kataoka’s criterion can be used to 

transform the stochastic objective into its deterministic equivalent function (Kataoka, 

1963). 

The criterion consists of setting a probability for the stochastic objective, and 

minimizing the value (aspiration level) that the objective function can reach with, at 

least, the given probability (Muñoz and Ruiz, 2009). By using the fractile criterion to 

handle the stochastic objective, model (3.1.2) can be rewritten as 

Min h                 (3.1.3a) 

subject to: 
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1
Pr ( )

n

j j
j

c x hω β
=

 
≤ ≥ 

 
∑              (3.1.3b) 

1
,    1, 2,...

n

ij j i
j

a x b i m
=

≤ =∑
             

(3.1.3c) 

( )2( ) ~ ,j j jc Nω µ σ               (3.1.3d) 

0,    1, 2,...jx j n≥ =               (3.1.3e) 

where h denotes the aspiration level for the objective function; β denotes the probability 

level given by decision makers. In model (3.1.3), it is assumed that ( )jc ω  is Gaussian 

random vector with expected value μj and standard deviation σj. Under such hypotheses, 

the stochastic chance constraints can be transformed as 

1 1 1

2 2

1 1

( )
Pr

( ) ( )

n n n

j j j j j j
j j j

n n

j j j j
j j

c x x h x

x x

ω µ µ
β

σ σ

= = =

= =

 
− − 

 ≤ ≥ 
 
  

∑ ∑ ∑

∑ ∑         
(3.1.4) 

Since 2

1 1 1
( ) ( )

n n n

j j j j j j
j j j

c x x xω µ σ
= = =

 
− 

 
∑ ∑ ∑  is a standard normal random 

variable with mean 0 and variance 1, the above inequality can be equivalently 

transformed as 

1

2

1
( )

n

j j
j

n

j j
j

h x

x

µ
Φ β

σ

=

=

 
− 

  ≥ 
 
 
 

∑

∑
             (3.1.5) 

where Φ(﹒) is the cumulative distribution function of a standard normal random 

variable. Thus, we have 
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β = Φ(Φ-1(β))                (3.1.6) 

where Φ-1(﹒) is the inverse function of Φ(﹒). As Φ(﹒) is a monotonically increasing 

function, we have 

1 2

1 1
( ) ( )

n n

j j j j
j j

h x xµ Φ β σ−

= =

≥ +∑ ∑            (3.1.7) 

Thus, model (3.1.3) can be transformed into the following problem: 

Min h                 (3.1.8a) 

subject to: 

1 2

1 1
( ) ( )

n n

j j j j
j j

h x xµ Φ β σ−

= =

≥ +∑ ∑            (3.1.8b) 

1
,    1, 2,...

n

ij j i
j

a x b i m
=

≤ =∑
             

(3.1.8c)

0,    1, 2,...jx j n≥ =               (3.1.8d) 

Since 1 2

1 1
( ) ( )

n n

j j j j
j j

h x xµ Φ β σ−

= =

= +∑ ∑
 
holds if h is minimal, model (3.1.8) can 

be equivalently rewritten as 

1 2

1 1
Min ( ) ( )

n n

j j j j
j j

f x xµ Φ β σ−

= =

= +∑ ∑           (3.1.9a) 

subject to: 

1
,    1, 2,...

n

ij j i
j

a x b i m
=

≤ =∑
             

(3.1.9b)

0,    1, 2,...jx j n≥ =               (3.1.9c) 
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Model (3.1.9) is effective in tackling random coefficients through transforming the 

stochastic objective into its deterministic equivalent function. A number of decision 

alternatives can be obtained under different probabilities (i.e. risk levels) that are 

predetermined by decision makers. Nevertheless, the fractile criterion optimization 

model is unable to address interval uncertainties, posing a major obstacle to practical 

applications. 

 

3.1.2.3. Inexact Two-Stage Mixed-Integer Programming with Random Coefficients 

A variety of uncertainties such as intervals and random variables may coexist in 

many problems. Optimization models that address uncertainty in a single format are 

often not satisfactory enough to adequately reflect all uncertain information in the 

decision-making process. Such a simplification may result in unreliable and misleading 

solutions. Moreover, given parameters may be highly uncertain in flood control 

problems, such as the related economic data in the objective function. They can be 

expressed as intervals with imprecise boundaries. In other words, it may be difficult to 

acquire deterministic values for the lower and upper bounds of an interval; instead, the 

two bounds of an interval can be given as probability distributions obtained from the 

estimates of a large number of decision makers or stakeholders. The concept of random 

boundary intervals is thus proposed to address such dual uncertainties (as shown in 

Figure 3.1.1). By incorporating inexact two-stage mixed-integer programming, fractile 

criterion optimization model, and the concept of random boundary intervals within a 

general framework, an ITMP-RC model can be formulated as 
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Figure 3.1.1 Random boundary interval 
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( )
1 1 1 1

Min  = ( ) ( ) ( ) ( )
u u v w

i i j i ij i ij im im ijm
i i j m

f C W p C T D S E O yω ω ω ω± ± ± ± ± ± ± ± ±

= = = =

 + + +  
∑ ∑∑ ∑  

           (3.1.10a) 

subject to: 

,    i iW R i± ±≤ ∀                (3.1.10b) 

max ,    ,i ij iW S R i j± ± ±+ ≤ ∀              (3.1.10c) 

1
,    ,

w

ij im ijm
m

T O y i j± ±

=

≤ ∀∑              (3.1.10d) 

max
1 1 1 1

( ) ,    
u u u w

i ij ij i im ijm
i i i m

W S T R O y j± ± ± ± ±

= = = =

+ + ≤ + ∀∑ ∑ ∑∑        (3.1.10e) 

1
( ) ,    

u

i ij ij j
i

W S T q j± ± ± ±

=

+ + ≥ ∀∑             (3.1.10f) 

0,    iW i± ≥ ∀                 (3.1.10g) 

0,    ,ijS i j± ≥ ∀                (3.1.10h) 

0,    ,ijT i j± ≥ ∀                (3.1.10i) 

1,  if capacity expansion is undertaken
,    , ,

0,  if otherwise 


= ∀


ijmy i j m       (3.1.10j) 

1
1,    ,

w

ijm
m

y i j
=

≤ ∀∑                (3.1.10k) 

where ( )iC ω± , ( )iD ω± , and ( )imE ω±  are intervals with Gaussian random boundaries. 

To solve model (3.1.10), a robust two-step method can be used to convert the 

interval linear programming problem into two submodels that correspond to upper and 

lower bounds of the objective function value (Fan and Huang, 2012). Since the first-
42 

 



stage decision variables ( iW ± ) in model (3.1.10) are considered as intervals, it is difficult 

to determine whether its lower bound ( iW − ) or upper bound ( iW + ) corresponds to the 

lower bound of the total system cost. An optimized set of iW ±  will thus be identified 

by having zi being decision variables, which is helpful for achieving a minimized total 

system cost. Therefore, let i i i iW W W z−= + ∆ , where i i iW W W+ −∆ = − , and zi (0 ≤ zi ≤ 1) 

are decision variables used for identifying the optimized set of iW ± . Since the objective 

is to minimize the total system cost, the submodel corresponding to the upper bound of 

the objective function value can be first formulated as 

( )
1 1 1 1

Min  = ( )( ) ( ) ( ) ( )
u u v w

u
i i i i j i ij i ij im im ijm

i i j m
f C W W z p C T D S E O yω ω ω ω+ + − + + + + + +

= = = =

 +∆ + + +  
∑ ∑∑ ∑

                  
(3.1.11a) 

subject to: 

,    i i i iW W z R i− −+ ∆ ≤ ∀              (3.1.11b) 

max ,    ,i i i ij iW W z S R i j− + −+ ∆ + ≤ ∀            (3.1.11c) 

1
,    ,

w
u

ij im ijm
m

T O y i j+ +

=

≤ ∀∑              (3.1.11d) 

max
1 1 1 1

( ) ,    
u u u w

u
i i i ij ij i im ijm

i i i m
W W z S T R O y j− + + − +

= = = =

+ ∆ + + ≤ + ∀∑ ∑ ∑∑      (3.1.11e) 

1
( ) ,    

u

i i i ij ij j
i

W W z S T q j− + + +

=

+ ∆ + + ≥ ∀∑           (3.1.11f) 

0,    i i iW W z i− + ∆ ≥ ∀               (3.1.11g) 

0,    ,ijS i j+ ≥ ∀                (3.1.11h) 
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0,    ,ijT i j+ ≥ ∀                (3.1.11i) 

0 1,    iz i≤ ≤ ∀                (3.1.11j) 

1,  if capacity expansion is undertaken
,    , ,

0,  if otherwise 


= ∀


u
ijmy i j m       (3.1.11k) 

1
1,    ,

w
u
ijm

m
y i j

=

≤ ∀∑                (3.1.11l) 

where ijT + , ijS + , and iz  are continuous decision variables, and u
ijmy  are binary 

decision variables for the upper-bound submodel. Their solutions of optijT + , optijS + , optiz  

and opt
u
ijmy  can be obtained through solving submodel (3.1.11). The optimized set of the 

first-stage decision variables can be determined by calculating opt opti i i iW W W z−= + ∆ . 

Based on the solutions of submodel (3.1.11), the submodel corresponding to the lower 

bound of the objective function value can be formulated as 

( )opt
1 1 1 1

Min  = ( )( ) ( ) ( ) ( )
u u v w

l
i i i i j i ij i ij im im ijm

i i j m
f C W W z p C T D S E O yω ω ω ω− − − − − − − − −

= = = =

 +∆ + + +  
∑ ∑∑ ∑

                  
(3.1.12a) 

subject to: 

opt ,    i i i iW W z R i− ++ ∆ ≤ ∀             (3.1.12b) 

opt max ,    ,i i i ij iW W z S R i j− − ++ ∆ + ≤ ∀            (3.1.12c) 

1
,    ,

w
l

ij im ijm
m

T O y i j− −

=

≤ ∀∑              (3.1.12d) 

opt max
1 1 1 1

( ) ,    
u u u w

l
i i i ij ij i im ijm

i i i m
W W z S T R O y j− − − + −

= = = =

+ ∆ + + ≤ + ∀∑ ∑ ∑∑      (3.1.12e) 
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opt
1

( ) ,    
u

i i i ij ij j
i

W W z S T q j− − − −

=

+ ∆ + + ≥ ∀∑           (3.1.12f) 

opt 0,    ,ij ijS S i j+ −≥ ≥ ∀              (3.1.12g) 

opt 0,    ,ij ijT T i j+ −≥ ≥ ∀              (3.1.12h) 

1,  if capacity expansion is undertaken
,    , ,

0,  if otherwise 


= ∀


l
ijmy i j m       (3.1.12i) 

1
1,    ,

w
l
ijm

m
y i j

=

≤ ∀∑                (3.1.12j) 

where ijT − , ijS −  are continuous decision variables, and l
ijmy  are binary decision 

variables for the lower-bound submodel. Their solutions can be obtained through 

solving submodel (3.1.12). By integrating the solutions of submodels (3.1.11) and 

(3.1.12), interval solutions can be obtained as 

opt opt opt[ , ],    ,ij ij ijT T T i j± − += ∀             (3.1.13a) 

opt opt opt[ , ],    ,ij ij ijS S S i j± − += ∀             (3.1.13b) 

opt opt opt[ , ]f f f± − +=               (3.1.13c) 

The optimized flood diversion schemes would then be  

opt opt opt opt ,    ,ij i ij ijA W T S i j± ± ± ±= + + ∀           (3.1.14d) 

where optijA±  denotes the total diverted flow, which is a sum of the allowable flow, the 

incremental quota, and the probabilistic excess flow.  

The detailed solution procedure of the proposed ITMP-RC model can be 

summarized as follows: 

Step 1: Formulate the ITMP-RC model. 
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Step 2: Acquire model parameters in the forms of intervals with deterministic lower and 

upper bounds, probability distributions, as well as intervals with Gaussian random 

boundaries.  

Step 3: Reformulate the ITMP-RC model by introducing i i i iW W W z−= + ∆ , where 

i i iW W W+ −∆ = −  and zi ∈ [0, 1]. 

Step 4: Transform the ITMP-RC model into two submodels through the robust two-step 

algorithm.  

Step 5: Solve the submodel corresponding to f +  firstly by using the fractile criterion, 

since the objective function is to be minimized. 

Step 6: Solve the other submodel corresponding to f −  by using the fractile criterion 

based on the solutions obtained from Step 5. 

Step 7: Combine solutions from two submodels and the final solutions would be 

obtained as opt opt opt[ , ]f f f± − += , opt opt opt[ , ]ij ij ijT T T± − += , and opt opt opt[ , ]ij ij ijS S S± − += . 

 

3.1.3. Case Study 

3.1.3.1. Statement of Problems 

A flood management system is composed of multiple interconnected components 

related to various socioeconomic and environmental concerns. For instance, a flood 

management system may involve several flood diversion regions for flood mitigation. 

These regions are interrelated to each other. Any changes (e.g. floodplain expansions) 

in one region would bring a series of consequences to the others, resulting in variations 

in economic costs. Such interrelationships may lead to various complexities such as 
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uncertainties in parameters and parameter relations, as well as multi-region, multi-flood-

level, and multi-option features. 

Deterministic information about model parameters is often unavailable, such that 

rough estimations have to be made; also, a large portion of available information can be 

qualitative, such as implicit knowledge from decision makers or stakeholders. Such 

complexities can exist in various factors related to socio-economic conditions, flood 

characteristics and geographical conditions, which have to be addressed through 

stochastic, fuzzy or interval-analysis methods. A typical example is capital costs of 

expansion in floodplains. This uncertainty can be expressed as an interval, indicating 

that its true value is between the lower and upper bounds of a given range. However, in 

some cases, even the lower and upper bounds can hardly be known with certainty, which 

necessitates more advanced methodologies that can handle multiple uncertainties. 

In general, flood management systems are subject to effects of extensive 

complexities, particularly in terms of the existence of multiple uncertainties and their 

interdependences, as well as multi-region and dynamic features. It is thus necessary to 

develop advanced methodologies that can address such complexities. 

 

3.1.3.2. Overview of the Study System 

The following flood management problem is used to demonstrate the applicability 

of the developed ITMP-RC model. In a watershed system, floodwater needs to be 

diverted from a river channel to three flood diversion regions during a flood season (as 

shown in Figure 3.1.2). Table 3.1.1 shows the existing and maximum diversion 

capacities for three floodplains, the capacity expansion options, as well as the related 
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economic data. According to the flood management policy, regions 1 and 2 can be 

expanded once by any of the given expansion options, but no expansion is undertaken 

for region 3 due to intensive human activities within this region. Table 3.1.2 provides 

different flow levels with given probabilities of occurrence. 

The problems under consideration include: (a) how to divert floodwater to three 

flood diversion regions in an effective way when a flood occurs; (b) how to identify 

optimal capacity expansion schemes; (c) how to achieve the minimized total system cost; 

and (d) how to formulate appropriate flood management policies. In these problems, 

inherent uncertainties increase the complexity in the decision-making process. Thus, 

ITMP-RC is considered to be a promising approach for dealing with this flood control 

problem under uncertainty. 

 

3.1.3.3. Results and Discussion 

Figure 3.1.3 presents total system costs (expressed as intervals with lower and 

upper bounds) obtained from ITMP-RC under different probabilities of occurrence. The 

total cost is composed of the regular cost for allowable diversion, the penalty for excess 

diversion, and the capital cost for capacity expansion. The lower bound of the system 

cost corresponds to advantageous conditions (e.g. when the flow level is low), while the 

upper bound of the system cost represents disadvantageous conditions (e.g. when the 

flow level is high). Results reveal that total system costs would be rising gradually with 

increased probabilities, implying a potential trade-off between economic objective and 

system safety. The expected system cost in this study would be $[2555.0, 4370.5] × 106 

due to the existence of normal random coefficients in the objective function. 
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Figure 3.1.2 Schematic diagram of flood diversion to assigned regions 
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Table 3.1.1 Existing and maximum flood diversion capacities, capacity expansion options, 

and the related economic data 

Parameter 

Flood diversion region 

i = 1 i = 2 i = 3 

Existing capacity, iR± (106 m3) [2.0, 3.0] [3.0, 4.0] [2.5, 3.5] 

Maximum diversion capacity, maxiR± (106 m3) [3.0, 4.0] [6.0, 7.0] [5.0, 6.0] 

Regular cost for allowable diversion, ( )iC ω± ($/m3) [N(80, 22), 

N(100, 22)] 

[N(90, 22), 

N(110, 22)] 

[N(100, 22), 

N(130, 22)] 

Penalty cost for excess diversion, ( )iD ω± ($/m3) [N(200, 32), 

N(250, 32] 

[N(150, 32), 

N(180, 32)] 

[N(180, 32), 

N(210, 32)] 

Capacity expansion option (106 m3):    

1iO±  (option 1) [3, 4] [5, 7] 0 

2iO±  (option 2) [4, 5] [6, 8] 0 

3iO±  (option 3) [5, 6] [7, 9] 0 

Capital cost of expansion ($/m3):    

1 ( )iE ω±  (option 1) [N(50, 22), 

N(70, 22)] 

[N(80, 22), 

N(100, 22)] 

0 

2 ( )iE ω±  (option 2) [N(60, 22), 

N(80, 22)] 

[N(90, 22), 

N(110, 22)] 

0 

3 ( )iE ω±  (option 3) [N(70, 22), 

N(90, 22)] 

[N(100, 22), 

N(120, 22)] 

0 

Note: N(μ, σ2) represents a normally distributed random variable with mean μ and standard deviation σ. 
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Table 3.1.2 Flood flows with given probabilities 

Flow level (j) Flow (qj) (106 m3) Probability (pj) (%) 

Low (j = 1) [5.5, 7.5] 10 

Low-medium (j = 2) [8.5, 11.5] 20 

Medium (j = 3) [12.5, 15.5] 40 

Medium-high (j = 4) [17.5, 21.0] 20 

High (j = 5) [23.0, 27.0] 10 
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Figure 3.1.3 Comparison of total system costs 
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Figure 3.1.4 presents the solutions of capacity expansion corresponding to the 

expected system cost for two regions under different flow levels. The results expressed 

as intervals indicate that region 1 would be expanded with an incremental capacity of 

[3.0, 4.0] × 106 m3 under a medium flow level and of [4.0, 6.0] × 106 m3 under a high 

flow level, while region 2 would be expanded with an increment of [5.0, 7.0] × 106 m3 

under medium-high and high flow levels. Expansions of regions 1 and 2 would lead to 

increased allowable flows. In comparison, the allowable flow to region 3 would not be 

increased because no expansion plan is considered. 

Figure 3.1.5 shows the flood diversion patterns for three regions under different 

flow levels. Generally, the allowable flow is predetermined according to the existing 

flood diversion capacity, the increased allowance is related to the expanded capacity, 

and the excess flow is confined by the maximum capacity. When a flooding event occurs, 

the allowable flows are first diverted to the assigned regions. If the remaining floodwater 

in the river still exceeds the flood warning level, the flow would continue to spill over 

the river banks to adjacent regions, resulting in excess flow and/or increased allowance. 

Therefore, the total diverted flow is a sum of the allowable flow, the incremental quota, 

and the probabilistic excess flow. 

As shown in Figure 3.1.5, the allowable flow to region 1 would be 2.0 × 106 m3. 

Region 1 would be expanded with an increment of [3.0, 4.0] × 106 m3 when the flow 

level is medium with a probability of 40%, and [4.0, 6.0] × 106 m3 when the flow level 

becomes high with a probability of 10%. There would be an excess flow of [0, 1.0] × 

106 m3 under the medium-high flow level with a probability of 20%, and 1.0 × 106 m3 

under the high level with a probability of 10%. For region 2, the allowable flow would 
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be 3.0 × 106 m3. The diversion capacity of region 2 would not be increased unless the 

flow level is medium-high or high. Thus, there would be much more surplus flows 

diverted to region 2 compared with those to region 1. This is because the capital cost of 

expansion for region 2 is higher than that for region 1, and region 2 has the lower penalty 

cost for excess diversion. For region 3, the allowable flow would be 2.5 × 106 m3. There 

would be zero increase in the allowable flow to region 3 since no expansion plan is 

considered for this region. The excess flows diverted to region 3 would be [0, 1.0] × 106 

m3 under low-medium and medium flow levels, [2.0, 2.5] × 106 m3 under the medium-

high level, and 2.5 × 106 m3 under the high level. In the case of flooding events, the 

excess flow should firstly be diverted to region 2, secondly to region 3, and lastly to 

region 1. This is because region 2 is subject to the largest expansion capacity and the 

lowest penalty for excess diversion. In comparison, region 1 is confined by the highest 

penalty for excess diversion, resulting in the smallest proportion of excess flows being 

diverted to region 1. 

Variations in allowable levels of flood diversion reflect different flood 

management policies, which plays a critical role in flood mitigation planning. The 

proposed ITMP-RC model is thus capable of establishing a relationship between flood 

management policies, diversion schemes, and economic implications. Solutions of the 

ITMP-RC model under different scenarios of allowable levels of flood diversion can be 

obtained by letting iW ±

 (expressed as intervals) have different deterministic values (as 

shown in Table 3.1.3). If all iW ±

 reach their lower bounds ( iW ± = iW − , i = 1, 2, 3), such 

an optimistic policy would cause high penalties when the amounts of allowable flood 
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diversion are exceeded under high flow conditions. Conversely, if all iW ±

 reach their 

upper bounds ( iW ± = iW + , i = 1, 2, 3), such a conservative policy would result in a waste 

of resources under low flow conditions but, at the same time, a low risk of system failure 

when the allowances are violated due to a large amount of floodwater. If all iW ±

 reach 

their mid-values [ iW ± = ( ) / 2i iW W− ++ , i = 1, 2, 3], such a scenario represents a neutral 

policy. From the economic point of view, the conservative policy would bring the lowest 

total system cost of $[2555.0, 4370.5] × 106 in this case. Contrarily, the optimistic policy 

would lead to the highest total system cost of $[2739.0, 4636.5] × 106. The results 

indicate that flood management policies (i.e. allowable levels of flood diversion) are 

directly related to economic efficiency. To avoid the problem of over- or under-

estimation for the amounts of allowable flood diversion at the first stage, each iW ±

 in 

this study was considered as a decision variable rather than a deterministic value, 

providing more effective policies to mitigate penalties due to the violation of amounts 

of allowable diversion and to reduce waste of diversion capacity under low flow 

conditions. The optimized amounts of allowable flood diversion ( optiW ) for regions 1, 2, 

and 3 would thus be 2.0, 3.0, and 2.5 × 106 m3, respectively. The results imply that the 

conservative policy when all iW ±

 reach their upper bounds would be optimal to 

achieve the lowest system cost in this case. Consequently, policy analysis is crucial for 

flood diversion planning in an uncertain and complex environment. 
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Figure 3.1.4 Solutions of capacity expansion for two regions under different flow levels 
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Note: L, LM, M, MH, and H represent low, low-medium, medium, medium-high, and high flow levels, 
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Figure 3.1.5 Flood diversion patterns for three regions under different flow levels 
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Table 3.1.3 Solutions of the ITMP-RC model under different policy scenarios 

Flow level Probability 
(%) 

Region 

Flood diversion scheme (106 m3) 
Scenario 1  Scenario 2  Scenario 3 

iW +  optijT ±  optijS ±  optijA±  
 

iW −  optijT ±  optijS ±  optijA±  
 mid

iW  optijT ±  optijS ±  optijA±  

Low 10 1 2.0 0 0 2.0  1.0 0 0 1.0  1.5 0 0 1.5 

Low 10 2 3.0 0 0 3.0  2.0 0 [1.0, 3.0] [3.0, 5.0]  2.5 0 [0, 1.5] [2.5, 4.0] 

Low 10 3 2.5 0 0 2.5  1.5 0 0 1.5  2.0 0 0 2.0 

Low-medium 20 1 2.0 0 0 2.0  1.0 0 0 1.0  1.5 0 0 1.5 

Low-medium 20 2 3.0 0 [1.0, 3.0] [4.0, 6.0]  2.0 0 4.0 6.0  2.5 0 [2.5, 3.5] [5.0, 6.0] 

Low-medium 20 3 2.5 0 [0, 1.0] [2.5, 3.5]  1.5 0 [0, 3.0] [1.5, 4.5]  2.0 0 [0, 2.0] [2.0, 4.0] 

Medium 40 1 2.0 [3.0, 4.0] 0 [5.0, 6.0]  1.0 [3.0, 4.0] 0 [4.0, 5.0]  1.5 [3.0, 4.0] 0 [4.5, 5.5] 

Medium 40 2 3.0 0 [2.0, 3.0] [5.0, 6.0]  2.0 0 4.0 6.0  2.5 0 3.5 6.0 

Medium 40 3 2.5 0 [0, 1.0] [2.5, 3.5]  1.5 0 [1.0, 3.0] [2.5, 4.5]  2.0 0 [0, 2.0] [2.0, 4.0] 

Medium-high 20 1 2.0 0 [0, 1.0] [2.0, 3.0]  1.0 0 [0.5, 2.0] [1.5, 3.0]  1.5 0 [0, 1.5] [1.5, 3.0] 

Medium-high 20 2 3.0 [5.0, 7.0] 3.0 [11.0, 13.0]  2.0 [5.0, 7.0] 4.0 [11.0, 13.0]  2.5 [5.0, 7.0] 3.5 [11.0, 13.0] 

Medium-high 20 3 2.5 0 [2.0, 2.5] [4.5, 5.0]  1.5 0 3.5 5.0  2.0 0 3.0 5.0 

High 10 1 2.0 [4.0, 6.0] 1.0 [7.0, 9.0]  1.0 [4.0, 6.0] 2.0 [7.0, 9.0]  1.5 [4.0, 6.0] 1.5 [7.0, 9.0] 

High 10 2 3.0 [5.0, 7.0] 3.0 [11.0, 13.0]  2.0 [5.0, 7.0] 4.0 [11.0, 13.0]  2.5 [5.0, 7.0] 3.5 [11.0, 13.0] 

High 10 3 2.5 0 2.5 5.0  1.5 0 3.5 5.0  2.0 0 3.0 5.0 

Total system cost optf ±  = $[2555.0, 4370.5] × 106  
optf ±  = $[2739.0, 4636.5] × 106  

optf ±  = $[2632.5, 4503.5] × 106 
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The flood management problem was also solved through an ITSP method by 

simplifying the random boundaries of intervals into their expected values (Huang and 

Loucks, 2000). The results obtained from ITSP are the same to those from ITMP-RC 

with a probability of 50%. It is indicated that ITMP-RC is capable of providing a variety 

of alternatives under different probabilities of occurrence due to the random feature on 

the coefficients of the objective function, while ITSP is only able to generate one set of 

solutions without any probabilistic information that commonly exist in practical 

applications. Thus, ITMP-RC improves upon ITSP by addressing probabilistic 

uncertainties in the coefficients of the objective function as well as in the resulting 

solutions. Compared with ITSP, ITMP-RC also has advantages of addressing two layers 

of uncertain information. One is interval parameters, and the other is random boundaries 

of intervals, enhancing the capability of addressing dual uncertainties in optimization 

problems. 

Generally, the proposed ITMP-RC model has the following contributions: (a) 

ITMP-RC can handle dual uncertainties expressed as random boundary intervals that 

exist in the coefficients of the objective function, addressing complex parameter 

uncertainties; (b) ITMP-RC is capable of providing a variety of alternatives under 

different probabilities of occurrence, which is meaningful for facilitating an in-depth 

analysis of trade-offs between economic efficiency and the associated risk; (c) ITMP-

RC is effective in establishing a relationship between flood management policies, 

economic implications and system safety, as well as in conducting a policy analysis by 

generating a number of decision alternatives under different policy scenarios; and (d) 

59 

 



ITMP-RC can address the dynamic complexity through capacity expansion planning for 

flood diversion within a multi-region, multi-flood-level, and multi-option context. 

The ITMP-RC model was solved based on normal distribution assumptions that all 

random variables were independent, and normally distributed with known means and 

variances. Future studies would be undertaken to take into account non-Gaussian 

random variables that exist in the objective function. Moreover, ITMP-RC has 

difficulties in addressing decision-making problems with multiple objectives or 

nonlinear complexity. Thus, one potential extension of this research is to integrate 

ITMP-RC with other techniques such as multi-objective programming and nonlinear 

programming to enhance its applicability to practical situations. 

The ITMP-RC model was applied to a hypothetical case study of flood diversion 

planning with the objective of cost minimization. However, the real-world flood 

mitigation programs are inherently complex, which take into account social, 

environmental, and local economic impacts. To solve a practical problem, a 

comprehensive flood impact assessment should thus be conducted to make a sound 

flood mitigation plan. Decision making often involves incommensurable and conflicting 

objectives, especially when social, environmental, and economic factors are considered. 

Furthermore, the planning of flood management systems has to deal with a broad 

diversity of stakeholders with different perceptions to the flood hazard, complicating 

the decision-making process. Multicriteria group decision making is thus necessary to 

address the incommensurability among objectives and to facilitate stakeholders’ 

participation for collaborative flood mitigation planning.  
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In fact, flood diversion is one of many options for mitigating the potential impacts 

of flooding. Different approaches to flood mitigation can be used to solve a real-world 

problem, such as changes in existing reservoir operations, dry dams, wetland storage, 

land management, relocation, and river restoration. However, a single optimization 

model is unable to take into account all possible options that can be used to reduce 

effects from future flood events. An integrated decision support system is thus desired 

to incorporate a variety of flood mitigation options and associated complexities within 

a general framework, enhancing the effectiveness, efficiency, and transparency of group 

decision making in a multiple criteria environment. 

 

3.1.4. Summary 

In this study, an ITMP-RC model was developed for addressing intervals with 

random boundaries that exist in the coefficients of the objective function. The stochastic 

objective could be transformed into deterministic equivalent function in a 

straightforward manner. 

The performance of ITMP-RC was analyzed and compared with the ITSP model 

through a case study of flood diversion planning under uncertainty. The results indicated 

that total system costs would be rising gradually with increased probabilities of 

occurrence, implying a trade-off between economic objective and system safety. A 

number of decision alternatives were obtained under different policy scenarios, which 

could help decision makers to formulate appropriate flood management policies 

according to practical situations. ITMP-RC improved upon ITSP through tackling 

probabilistic uncertainties in the coefficients of the objective function (i.e. regular costs 
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for allowable diversion, penalty costs for excess diversion, and capital costs of 

expansion), as well as in the resulting solutions. This study was a first attempt to the 

flood control problem. ITMP-RC would be applicable to various optimization problems 

under uncertainty. 

 

3.2. An Inexact Probabilistic-Possibilistic Optimization Framework for Flood 

Management in a Hybrid Uncertain Environment 

 

3.2.1. Background 

Flooding is the most costly natural catastrophe in Canada, which is typically caused 

by heavy rainfall, rapid melting of a thick snow pack and ice jams. In June 2013, massive 

rainfall brought catastrophic flooding across Alberta located in western Canada, 

affecting tens of thousands of families throughout the region, resulting in the loss of four 

lives, and displacing over 100,000 people from their homes (Alberta WaterSMART, 

2013). It is estimated that the total damage will exceed $5 billion, which is the most 

expensive disaster in Canadian history (Gandia, 2013).  

Over the past two decades, a variety of optimization methods have been applied to 

flood management (Needham et al., 2000; Olsen et al., 2000; Braga and Barbosa, 2001; 

Labadie, 2004; Wei and Hsu, 2008; Ding and Wang, 2012). These methods were useful 

for generating optimal flood mitigation schemes and reducing the risk of flood damage. 

In flood management systems, however, uncertainty is unavoidable for a variety of 

reasons, such as randomness from natural variability of the observed phenomenon, 

incomplete information, insufficient knowledge, and diversity in subjective judgments. 
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Thus, decisions have to be made in the face of an uncertain future. As a result, 

conventional optimization methods would fail in describing the inherent uncertainty 

appropriately. 

In the past decade, a number of optimization methods were proposed for coping 

with uncertainties in different ways (Marques et al., 2005; Qin et al., 2007; Chang, 2010; 

Chen et al., 2010; Luhandjula and Joubert, 2010; Dentcheva and Martinez, 2012; Pilla 

et al., 2012; Wang et al., 2012b; Housh et al., 2013; Ang et al., 2014). Among these 

methods, two-stage stochastic programming (TSP) is recognized as a powerful tool for 

dealing with random variables (Birge and Louveaux, 1988; Miller and Ruszczyński, 

2011; Dentcheva and Martinez, 2012). In a typical TSP, decisions are made at the first 

stage in the face of random uncertainties. Once uncertainties are realized, the second-

stage decisions or recourse actions are allowed to optimize the objective function. Such 

a method is suitable for addressing the flood management problem. For example, 

decision makers need to determine an allowable flood diversion level according to the 

existing capacity of the floodplain before the flood season, and then they may want to 

carry out a corrective action when a flood occurs. TSP is useful for making decisions in 

a two-stage fashion; however, TSP requires specifications of probability distributions 

of the underlying uncertainties, resulting in difficulties when the sample size is too small 

to obtain the distributional information in practical problems. Thus, inexact two-stage 

stochastic programming (ITSP) was proposed for addressing interval uncertainties 

without the requirement of known distribution functions (Huang and Loucks, 2000). 

ITSP is able to simply describe uncertain information in the format of intervals with 
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lower and upper bounds. Nevertheless, ITSP can hardly deal with ambiguity and 

vagueness of human judgments in the decision-making process. 

Subjective judgments from the knowledge of experts are often involved in 

optimization problems, and they are influential in reaching a decision. Fuzzy 

mathematical programming is an effective method for treating imprecision and 

vagueness of subjective estimates. Possibilistic programming is one of the fuzzy 

mathematical programming methods. It can be used to quantify imprecision by means 

of fuzzy sets that represent the continuous possibility distributions for ambiguous 

parameters (Pishvaee and Torabi, 2010; Vercher and Bermudez, 2013; Gupta and 

Mehlawat, 2014). In flood management problems, the related economic data such as 

regular costs of flood diversion and capital costs of floodplain expansions are often 

highly uncertain, and can be estimated based on both subjective judgments and objective 

evaluations. Thus, fuzziness and randomness may need to be taken into account 

simultaneously for expressing these uncertain data that commonly act as the coefficients 

of the objective function in a cost minimization model. For example, a single parameter 

can be described as a fuzzy set; meanwhile, a number of fuzzy sets can be obtained from 

a group of decision makers or stakeholders with different subjective estimates for this 

particular parameter, leading to a fuzzy random phenomenon. From such a point of view, 

it is important to realize the simultaneous consideration of fuzziness and randomness in 

the coefficients of the objective function (Inuiguchi and Ramı́k, 2000; Katagiri et al., 

2008; Hasuike and Ishii, 2009; Sakawa and Matsui, 2012). When multiple uncertainties 

exist in the forms of probability distributions, intervals, and possibility distributions as 

well as their combinations, optimization models that address uncertainty in a single 
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format would neglect a lot of valuable information in the decision-making process, 

resulting in unreliable solutions. 

Therefore, the objective of this study is to develop an inexact probabilistic-

possibilistic programming with fuzzy random coefficients (IPP-FRC) model for flood 

management in a hybrid uncertain environment. A case study on flood management will 

be used to demonstrate the applicability of IPP-FRC. The performance of IPP-FRC will 

then be analyzed and compared with a possibility-based fractile model. 

 

3.2.2. Model Development 

3.2.2.1. Inexact Two-Stage Mixed-Integer Programming 

Consider a watershed system wherein floodwater can be diverted from a river 

channel to multiple water diversion regions in a flood season. The river has a limited 

water conveyance capacity and may overflow when a flood occurs. According to the 

local flood management policy, a flood warning level of the river should be determined 

and several projected flood diversion regions are assigned. If the water level in the river 

exceeds the warning level, water will be diverted to adjacent floodplains. 

A flood management system should contain a specification of allowable levels of 

flood diversions and a sound decision scheme for utilizing limited flood diversion 

capacities. Developing effective policies for diverting flood under limited diversion 

capacities is critical for minimizing flooding to densely populated communities and 

industries located in the lower reach. Thus, an allowable flood diversion level can be 

predetermined according to the existing diversion capacity of each floodplain. If this 

allowance is not exceeded, a regular cost would be applied to flood diversion; otherwise, 
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it would result in a surplus flood diversion along with economic penalties and/or 

expansion costs. Penalties can be expressed in terms of raised operating costs for flood 

diversion and/or destruction of land-based infrastructure. Expansions of floodplains can 

help increase the allowable flood diversion capacities and thus reduce the penalties. The 

total amount of flood diversion is the sum of the allowable flood diversion level, the 

incremental quota, and the probabilistic excess flow. Consequently, it is desired to 

identify sound decision schemes for flood diversion and capacity expansion with both 

minimized total cost and maximized system safety. 

In this problem, a first-stage decision on the amounts of allowable flood diversion 

must be made in the face of uncertain flood flows. When a flood occurs, a second-stage 

decision can be taken to compensate for adverse effects as a result of the first-stage 

decision. The problem under consideration can thus be formulated as a two-stage mixed-

integer programming model with the following objective function: 

( )
1 1 1 1

Min = 
u u v w

i i j i ij i ij im im ijm
i i j m

f C W p C T D S E O y
= = = =

 + + +  
∑ ∑∑ ∑      (3.2.1a) 

The objective of this problem is to minimize the total system cost subject to several 

constraints related to flood diversion capacity, floodplain management, and capacity 

expansion. These constraints are shown as 

,    i iW R i≤ ∀                (3.2.1b) 

max ,    ,i ij iW S R i j+ ≤ ∀              (3.2.1c) 

1
,    ,

w

ij im ijm
m

T O y i j
=

≤ ∀∑              (3.2.1d) 
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+ + ≤ + ∀∑ ∑ ∑∑        (3.2.1e) 

1
( ) ,    

u

i ij ij j
i

W S T q j
=

+ + ≥ ∀∑             (3.2.1f) 

0,    iW i≥ ∀                 (3.2.1g) 

0,    ,ijS i j≥ ∀                (3.2.1h) 

0,    ,ijT i j≥ ∀                (3.2.1i) 

1,  if capacity expansion is undertaken
,    , ,

0,  if otherwise 


= ∀


ijmy i j m       (3.2.1j) 

1
1,    ,

w

ijm
m

y i j
=

≤ ∀∑                (3.2.1k) 

where f is total system cost ($); i is flood diversion region, i = 1, 2, …, u; j is level of 

flood flow, j = 1, 2, …, v; m is expansion option of diversion capacity, m = 1, 2, …, w; 

Wi is amount of allowable flood diversion to region i (m3); Tij is amount of increased 

allowance to region i when its diversion capacity is expanded under flood flow qj with 

probability pj (m3); Sij is amount of excess flood to region i when allowable diversion 

level is exceeded under flood flow qj with probability pj (m3); yijm is binary decision 

variable for region i with capacity expansion option m under flow level j; Ci is regular 

cost per m3 of allowable flood diversion to region i ($/m3); Di is penalty per m3 of excess 

flood diversion to region i ($/m3); Eim is capital cost of capacity expansion for region i 

with option m ($/m3); pj is probability of flood flow occurring with level j; qj is amount 

of random flood flow to be diverted (m3); Ri is existing diversion capacity of region i 
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(m3); Rimax is maximum diversion capacity of region i (m3); Oim is expanded capacity of 

option m for region i (m3). 

Model (3.2.1) is able to tackle the right-hand-side random parameters in the flood 

flow constraints and address the flood control problem in a two-stage fashion. However, 

uncertainties may exist in other parameters such as existing diversion capacities, 

maximum diversion capacities, and the related economic data. In consideration of the 

limited sample size, all parameters can be easily expressed as intervals with lower and 

upper bounds. Thus, an inexact two-stage mixed-integer programming model can be 

formulated as 

( )
1 1 1 1

Min = 
u u v w

i i j i ij i ij im im ijm
i i j m

f C W p C T D S E O y± ± ± ± ± ± ± ± ±

= = = =

 + + +  
∑ ∑∑ ∑     (3.2.2a) 

subject to: 

,    i iW R i± ±≤ ∀                (3.2.2b) 

max ,    ,i ij iW S R i j± ± ±+ ≤ ∀              (3.2.2c) 

1
,    ,

w

ij im ijm
m

T O y i j± ±

=

≤ ∀∑              (3.2.2d) 

max
1 1 1 1

( ) ,    
u u u w

i ij ij i im ijm
i i i m

W S T R O y j± ± ± ± ±

= = = =

+ + ≤ + ∀∑ ∑ ∑∑        (3.2.2e) 

1
( ) ,    

u

i ij ij j
i

W S T q j± ± ± ±

=

+ + ≥ ∀∑             (3.2.2f) 

0,    iW i± ≥ ∀                 (3.2.2g) 

0,    ,ijS i j± ≥ ∀                (3.2.2h) 
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0,    ,ijT i j± ≥ ∀                (3.2.2i) 

1,  if capacity expansion is undertaken
,    , ,

0,  if otherwise 


= ∀


ijmy i j m       (3.2.2j) 

1
1,    ,

w

ijm
m

y i j
=

≤ ∀∑                (3.2.2k) 

where “±” denotes an interval number which is a set of real numbers defined by [a‒, a+] 

= [x | a‒ ≤ x ≤ a+] (Huang et al., 1992).  

Acquisition of the economic data such as benefits and costs is crucial for 

optimization problems. Probabilistic and ambiguous information may exist 

simultaneously when collecting the economic data. Fuzzy random variables can thus be 

introduced to address randomness and fuzziness at the same time. 

 

3.2.2.2. Probabilistic-Possibilistic Programming with Fuzzy Random Coefficients 

Firstly, let us consider the following linear programming problem involving fuzzy 

random coefficients in the objective function: 

1
Min ( )

n

j j
j

f c xω
=

=∑                 (3.2.3a) 

subject to: 

1
,    1, 2,...

n

ij j i
j

a x b i m
=

≤ =∑              (3.2.3b) 

0,    1, 2,...jx j n≥ =               (3.2.3c) 

where f denotes the objective function; ( )jc ω  denotes the coefficient of the objective 

function that is expressed as an n-dimensional fuzzy random vector; xj is an n-
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dimensional decision vector; aij is an m×n matrix; bi is an m-dimensional parameter 

vector. In this study, each coefficient ( )jc ω  was given as a triangular fuzzy number 

characterized by the following membership function: 

( )

( )
max 1 ,0 ,    if ( ),

( )
( )

max 1 ,0 ,    otherwise.
j

j
j

j

C
j

j

d
d

dω

ω γ
γ ω

α
µ γ

γ ω
β

  −
− ≤     = 

 − −   
 

        (3.2.4) 

where αj > 0 and βj > 0 denote the left and right spreads of a fuzzy number, respectively. 

When αj = βj, the fuzzy number is a symmetric triangular fuzzy number (Sakawa and 

Matsui, 2013). dj(ω) represents the centre of a fuzzy number, and is assumed to be a 

Gaussian random vector with expected value μj and standard deviation σj. Since each 

coefficient ( )jc ω  is a fuzzy number, the objective function can also be expressed as a 

fuzzy number characterized by the following membership function: 

1

1

1

1

( )

1

1

( )
max 1 ,0 ,    if ( ) ,

( )
( )

max 1 ,0 ,    otherwise.

n

j j
j

n

j j n
j

j jn
j

j j
j

nC x

j j
j
n

j j
j

d x
d x

x

d x

x

ω

ω ϕ
ϕ ω

α

µ ϕ
ϕ ω

β

=

=

=

=

=

=

  −  
  − ≤
  
  
  = 

 ∑  − 
 −
 
   

∑
∑

∑

∑

∑


   (3.2.5) 

In the case that decision makers consider minimizing the total system cost, they often 

set a goal for the expected objective function value. Obviously, decision makers will be 

totally satisfied if the expected total cost is less than the goal. In real-world decision-
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making problems, the goal is often vague and flexible, and can be quantified by the 

following fuzzy membership function: 

1

0
1 0

0 1

0

1,             if ,

( ) ,    if z  ,

0,             if .

G

z z
z zz z z
z z

z z

µ

 <


−= ≤ ≤ −
 >

            (3.2.6) 

where z1 and z0 represent the minimum (most satisfactory) and maximum (least 

satisfactory) total costs that decision makers wish to achieve, respectively. Their values 

can be determined based on decision makers’ subjective estimates of the goal. 

To address the fuzziness of the objective function, the concept of possibility and 

necessity measures, which plays a key role in possibility theory (Zadeh, 1978), is 

adopted to reveal the degree that the objective function fulfills the fuzzy goal. Decision 

making using the possibility measure is suitable for optimistic decision makers; instead, 

the necessity measure is appropriate when decision makers are risk-averse. The degrees 

of possibility and necessity can be respectively defined as 

( )
( )

11

( )
sup min ( ), ( )n n

C xj jj j
jj

G
C x

Pos G
ωω

µ µ
∑
==

  =  
∑   




 

             (3.2.7) 

( )
( )

11

( )
inf max 1 ( ), ( )n n

C xj jj j
jj

G
C x

Nec G
ωω

µ µ
∑
==

  = − 
∑   






          (3.2.8) 

where ( )
1

( )
n

j j
j

C x
Pos G

ω
=
∑ 

  and ( )
1

( )
n

j j
j

C x
Nec G

ω
=
∑ 

  respectively represent the degrees of 

possibility and necessity that the fuzzy goal G  is fulfilled under possibility distribution 

( )
1

( )n

C xj j
j

ω

µ
=

⋅
∑ 

 of the objective function (Katagiri et al., 2008). 
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To address both fuzziness and randomness in the coefficients of the objective 

function, the concept of possibility and necessity measures can be incorporated into the 

fractile criterion optimization model (Sakawa and Matsui, 2012), leading to a 

probabilistic-possibilistic programming with fuzzy random coefficients problem. Under 

the possibility case, model (3.2.3) can thus be reformulated as 

Max h                   (3.2.9a) 

subject to: 

( )
1

( )
Pr | n

j j
j

c x
Pos G h

ω
ω θ

=

 
 ≥ ≥ 

∑  


            (3.2.9b) 

1
,    1, 2,...

n

ij j i
j

a x b i m
=

≤ =∑
             

(3.2.9c) 

0,    1, 2,...jx j n≥ =               (3.2.9d) 

where h denotes a permissible level that the degree of possibility is greater than or equal 

to; θ represents a probability level predetermined by decision makers for the degree of 

possibility being greater than or equal to h. In model (3.2.9), since the centre of the fuzzy 

number ( )jc ω , denoted as dj(ω), is assumed to be a Gaussian random vector with 

expected value μj and standard deviation σj, the stochastic chance constraints can be 

transformed as 

1 0 0
1 1 1 1

2 2

1 1

( ) (1 ) ( )
Pr

( ) ( )

n n n n

j j j j j j j j
j j j j

n n

j j j j
j j

d x x h x z z h z x

x x

ω µ α µ
θ

σ σ

= = = =

= =

 
− − + − + − 

 ≤ ≥ 
 
  

∑ ∑ ∑ ∑

∑ ∑
   (3.2.10) 
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Since 2

1 1 1
( ) ( )

n n n

j j j j j j
j j j

d x x xω µ σ
= = =

 
− 

 
∑ ∑ ∑  is a standard normal random 

variable with mean 0 and variance 1, the above inequality can be equivalently 

transformed as 

1 0 0
1 1

2

1

(1 ) ( )

( )

n n

j j j j
j j

n

j j
j

h x z z h z x

x

α µ
Φ θ

σ

= =

=

 
− + − + − 

  ≥ 
 
  

∑ ∑

∑
       (3.2.11) 

where Φ(﹒) is the cumulative distribution function of a standard normal random 

variable. Thus, we have 

θ = Φ(Φ-1(θ))                (3.2.12) 

where Φ-1(﹒) is the inverse function of Φ(﹒). As Φ(﹒) is a monotonically increasing 

function, we have 

1 2
0

1 1

1 0
1

( ) ( ) ( )
n n

j j j j j
j j

n

j j
j

x x z
h

x z z

α µ Φ θ σ

α

−

= =

=

− − +
≥

− +

∑ ∑

∑
        (3.2.13) 

Thus, model (3.2.9) can be transformed into the following problem: 

Max h                   (3.2.14a) 

subject to: 

1 2
0

1 1

1 0
1

( ) ( ) ( )
n n

j j j j j
j j

n

j j
j

x x z
h

x z z

α µ Φ θ σ

α

−

= =

=

− − +
≥

− +

∑ ∑

∑
        (3.2.14b) 

73 

 



1
,    1, 2,...

n

ij j i
j

a x b i m
=

≤ =∑
             

(3.2.14c)

0,    1, 2,...jx j n≥ =               (3.2.14d) 

Since 1 2
0 1 0

1 1 1
( ) ( ) ( )

n n n

j j j j j j j
j j j

h x x z x z zα µ Φ θ σ α−

= = =

   
= − − + − +       
∑ ∑ ∑

 
holds 

if h is maximum, model (3.2.14) can be equivalently rewritten as 

1 2
0

1 1

1 0
1

( ) ( ) ( )
Max 

n n

j j j j j
j j

n

j j
j

x x z
f

x z z

α µ Φ θ σ

α

−

= =

=

− − +
=

− +

∑ ∑

∑
       (3.2.15a) 

subject to: 

1
,    1, 2,...

n

ij j i
j

a x b i m
=

≤ =∑
             

(3.2.15b)

0,    1, 2,...jx j n≥ =               (3.2.15c) 

When the necessity measure is used, model (3.2.3) can be reformulated as 

Max h                   (3.2.16a) 

subject to: 

( )
1

( )
Pr | n

j j
j

c x
Nec G h

ω
ω θ

=

 
 ≥ ≥ 

∑  


            (3.2.16b) 

1
,    1, 2,...

n

ij j i
j

a x b i m
=

≤ =∑
             

(3.2.16c) 

0,    1, 2,...jx j n≥ =               (3.2.16d) 

Similar to the possibility case, model (3.2.16) can be equivalently transformed as 
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1 2
0

1 1

1 0
1

( ) ( )
Max 

n n

j j j j
j j

n

j j
j

x x z
f

x z z

µ Φ θ σ

β

−

= =

=

− − +
=

− +

∑ ∑

∑
        (3.2.17a) 

subject to: 

1
,    1, 2,...

n

ij j i
j

a x b i m
=

≤ =∑
             

(3.2.17b)

0,    1, 2,...jx j n≥ =               (3.2.17c) 

The probabilistic-possibilistic programming model is capable of tackling fuzzy 

random coefficients in the objective function. A number of decision alternatives can be 

obtained with degrees of possibility and necessity under different probabilities of 

occurrence. Nevertheless, the probabilistic-possibilistic programming model is 

incapable of dealing with uncertainties in model constraints or the resulting solutions, 

which poses a major obstacle to practical applications. 

 

3.2.2.3. Inexact Probabilistic-Possibilistic Programming with Fuzzy Random 

Coefficients 

In real-world problems, a variety of uncertainties such as intervals and fuzzy 

random variables often exist in the objective function, constraints, and the resulting 

solutions. Optimization techniques that address uncertainty in a single format are not 

satisfactory enough to adequately reflect all uncertain information in the decision-

making process. Such a simplification may result in unreliable and misleading solutions. 

Moreover, certain parameters may be highly uncertain, such as the related economic 

data in flood management problems. They can be expressed as intervals with imprecise 
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boundaries. In other words, it may be difficult to acquire deterministic values for the 

lower and upper bounds of an interval; instead, the two bounds of an interval can be 

given with fuzziness and randomness due to the estimates from a number of decision 

makers or stakeholders. The concept of intervals with fuzzy random boundaries is thus 

proposed to address such multiple uncertainties (as shown in Figure 3.2.1). By 

incorporating inexact two-stage mixed-integer programming, probabilistic-possibilistic 

programming with fuzzy random coefficients, and the concept of intervals with fuzzy 

random boundaries within a general framework, an IPP-FRC model can be formulated 

as 

( )
1 1 1 1

Min  = ( ) ( ) ( ) ( )
u u v w

i i j i ij i ij im im ijm
i i j m

f C W p C T D S E O yω ω ω ω± ± ± ± ± ± ± ± ± ±

= = = =

 + + +  
∑ ∑∑ ∑    (3.2.18)

 

subject to a number of constraints which are as the same as those in model (3.2.2). 

( )iC ω± , ( )iD ω± , and ( )imE ω±  are intervals with fuzzy random boundaries. 

 

3.2.2.4. Solution Algorithm 

To solve the IPP-FRC model, a robust two-step method can be used to convert the 

inexact programming problem into two submodels that correspond to upper and lower 

bounds of the objective function value (Fan and Huang, 2012). Since the first-stage 

decision variables ( iW ± ) in model (3.2.18) are considered as intervals, it is difficult to 

determine whether its lower bound ( iW − ) or upper bound ( iW + ) corresponds to the lower 

bound of the total system cost. Therefore, an optimized set of iW ±  will be identified by 

having zi being decision variables, which is useful for achieving a minimized total cost. 

76 

 



Accordingly, let i i i iW W W z−= + ∆ , where i i iW W W+ −∆ = − , and zi (0 ≤ zi ≤ 1) are 

decision variables used for identifying the optimized set of iW ± . Since the objective is 

to minimize the total system cost, the submodel corresponding to the upper bound of the 

objective function value should be first formulated as 

( )
1 1 1 1

Min  = ( )( ) ( ) ( ) ( )
u u v w

u
i i i i j i ij i ij im im ijm

i i j m
f C W W z p C T D S E O yω ω ω ω+ + − + + + + + +

= = = =

 +∆ + + +  
∑ ∑∑ ∑   

                  
(3.2.19a) 

subject to: 

0 ,    i i i iW W z R i− −≤ + ∆ ≤ ∀             (3.2.19b) 

max ,    ,i i i ij iW W z S R i j− + −+ ∆ + ≤ ∀            (3.2.19c) 

1
,    ,

w
u

ij im ijm
m

T O y i j+ +

=

≤ ∀∑              (3.2.19d) 

max
1 1 1 1

( ) ,    
u u u w

u
i i i ij ij i im ijm

i i i m
W W z S T R O y j− + + − +

= = = =

+ ∆ + + ≤ + ∀∑ ∑ ∑∑      (3.2.19e) 

1
( ) ,    

u

i i i ij ij j
i

W W z S T q j− + + +

=

+ ∆ + + ≥ ∀∑           (3.2.19f) 

0,    ,ijS i j+ ≥ ∀                (3.2.19g) 

0,    ,ijT i j+ ≥ ∀                (3.2.19h) 

0 1,    iz i≤ ≤ ∀                (3.2.19i) 

1,  if capacity expansion is undertaken
,    , ,

0,  if otherwise 


= ∀


u
ijmy i j m       (3.2.19j) 

1
1,    ,

w
u
ijm

m
y i j

=

≤ ∀∑                (3.2.19k) 
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Figure 3.2.1 Interval with fuzzy random boundaries 
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where ijT + , ijS + , and iz  are continuous decision variables, and u
ijmy  are binary 

decision variables for the upper-bound model. Their solutions can be obtained through 

solving submodel (3.2.19). Then, the optimized set of the first-stage decision variables 

( iW ± ) can be determined by calculating opt opti i i iW W W z−= + ∆ . Based on the solutions of 

submodel (3.2.19), the submodel corresponding to the lower bound of the objective 

function value can be formulated as 

( )opt
1 1 1 1

Min  = ( )( ) ( ) ( ) ( )
u u v w

l
i i i i j i ij i ij im im ijm

i i j m
f C W W z p C T D S E O yω ω ω ω− − − − − − − − −

= = = =

 +∆ + + +  
∑ ∑∑ ∑   

                  
(3.2.20a) 

subject to: 

opt ,    i i i iW W z R i− ++ ∆ ≤ ∀             (3.2.20b) 

opt max ,    ,i i i ij iW W z S R i j− − ++ ∆ + ≤ ∀            (3.2.20c) 

1
,    ,

w
l

ij im ijm
m

T O y i j− −

=

≤ ∀∑              (3.2.20d) 

opt max
1 1 1 1

( ) ,    
u u u w

l
i i i ij ij i im ijm

i i i m
W W z S T R O y j− − − + −

= = = =

+ ∆ + + ≤ + ∀∑ ∑ ∑∑      (3.2.20e) 

opt
1

( ) ,    
u

i i i ij ij j
i

W W z S T q j− − − −

=

+ ∆ + + ≥ ∀∑           (3.2.20f) 

opt 0,    ,ij ijS S i j+ −≥ ≥ ∀              (3.2.20g) 

opt 0,    ,ij ijT T i j+ −≥ ≥ ∀              (3.2.20h) 

1,  if capacity expansion is undertaken
,    , ,

0,  if otherwise 


= ∀


l
ijmy i j m       (3.2.20i) 
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1
1,    ,

w
l
ijm

m
y i j

=

≤ ∀∑                (3.2.20j) 

where ijT − , ijS −  are continuous decision variables, and l
ijmy  are binary decision 

variables for the lower-bound model. Their solutions can be obtained through solving 

submodel (3.2.20). By integrating the solutions of submodels (3.2.19) and (3.2.20), 

interval solutions can be obtained as 

opt opt opt[ , ],    ,ij ij ijT T T i j± − += ∀             (3.2.21a) 

opt opt opt[ , ],    ,ij ij ijS S S i j± − += ∀             (3.2.21b) 

opt opt opt[ , ]f f f± − +=               (3.2.21c) 

The optimal flood diversion schemes would then be 

opt opt opt opt ,    ,ij i ij ijA W T S i j± ± ± ±= + + ∀           (3.2.22) 

where optijA±  denotes the total diverted flow which is a sum of the allowable flow, the 

incremental quota, and the probabilistic excess flow.  

The framework of the IPP-FRC model is presented in Figure 3.2.2. The detailed 

solution procedure of IPP-FRC can be summarized as follows. 

Step 1: Formulate the IPP-FRC model. 

Step 2: Acquire model parameters in the forms of intervals, probability distributions, 

possibility distributions, and intervals with fuzzy random boundaries. 

Step 3: Reformulate the IPP-FRC model by introducing i i i iW W W z−= + ∆ , where 

i i iW W W+ −∆ = −  and zi ∈ [0,1]. 

Step 4: Transform the IPP-FRC model into two submodels by using the robust two-step
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Figure 3.2.2 Framework of the IPP-FRC model 
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algorithm. 

Step 5: Solve each submodel through transforming the corresponding objective function 

with fuzzy random coefficients into the deterministic equivalent function. 

Step 6: Combine solutions from two submodels and final solutions can be obtained as

opt opt opt[ , ]f f f± − += , opt opt opt[ , ]ij ij ijT T T± − += , and opt opt opt[ , ]ij ij ijS S S± − += . 

 

3.2.3. Case Study  

3.2.3.1. Statement of Problems  

A flood management system is composed of multiple interconnected components 

related to various socioeconomic and environmental concerns. For instance, a flood 

management system may involve several flood diversion regions for flood mitigation. 

These regions are interrelated to each other. Any changes (e.g. floodplain expansions) 

in one region would bring a series of consequences to the others, resulting in variations 

in economic costs. Such interrelationships lead to a variety of complexities, such as 

uncertainties in economic and technical data, dynamic variations in system components, 

randomness in flood flows, and policy implications in flood management. These 

complexities can become further intensified not only by potential interactions among 

uncertainties but also through their economic effects. 

In flood management systems, inherent uncertainties exist due to unavailability of 

system information, modeling inaccuracy, randomness of natural processes, and 

diversity in subjective judgments. Thus, rough estimations of the related parameters 

have to be made in the decision-making process. A large portion of available 

information can be qualitative, such as implicit knowledge from decision makers or 
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stakeholders. Such complexities often exist in factors related to socio-economic 

conditions, flood characteristics and geographical conditions. They have to be addressed 

through stochastic, fuzzy and interval-analysis methods. A typical example is capital 

costs of expansion in floodplains. This uncertainty can be expressed as an interval, 

indicating that its true value is between the lower and upper bounds of a given range. 

However, in some cases, even the lower and upper bounds can hardly be known with 

certainty; instead, they may be given as subjective judgments from a large number of 

decision makers or stakeholders, which can be expressed as fuzzy random variables. 

This leads to multiple uncertainties (i.e. intervals with fuzzy random boundaries) as 

shown in Figure 3.2.1. 

Generally, flood management systems are subject to effects of extensive 

complexities, particularly in terms of the existence of multiple uncertainties and their 

interdependences, as well as multi-region and dynamic features. It is thus essential to 

develop advanced methodologies for dealing with such complexities. 

 

3.2.3.2. Overview of the Study System 

In a watershed system, floodwater needs to be diverted from a river channel to three 

flood diversion regions during a flood season. Table 3.2.1 shows the existing and 

maximum diversion capacities for three floodplains, the capacity expansion options, as 

well as the related economic data. According to the flood management policy, regions 

1 and 2 can be expanded once by any of the given expansion options, but no expansion 

is undertaken for region 3 due to intensive human activities within this region. Table 

3.2.2 presents different flow levels with given probabilities of occurrence. 
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Table 3.2.1 Diversion capacities of floodplains, capacity expansion options, and the related 

economic data 

Parameter 
Flood diversion region 

i = 1 i = 2 i = 3 

Existing capacity, iR± (106 m3) [3.0, 4.0] [4.0, 5.0] [3.5, 4.5] 

Maximum diversion capacity, maxiR± (106 m3) [4.0, 5.0] [7.0, 8.0] [6.0, 7.0] 

Regular cost for allowable diversion, ( )iC ω± ($/m3) [( 80 , 6, 6), 

(100 , 6, 6)]a 

[( 90 , 6, 6), 

(110 , 6, 6)] 

[(100 , 6, 6), 

(130 , 6, 6)] 

Penalty cost for excess diversion, ( )iD ω± ($/m3) [( 200 , 9, 9), 

( 250 , 9, 9)] 

[(150 , 9, 9), 

(180 , 9, 9)] 

[(180 , 9, 9), 

( 210 , 9, 9)] 

Capacity expansion option (106 m3):    

1iO±  (option 1) [3, 4] [5, 7] 0 

2iO±  (option 2) [4, 5] [6, 8] 0 

3iO±  (option 3) [5, 6] [7, 9] 0 

Capital cost of expansion ($/m3):    

1 ( )iE ω±  (option 1) [( 50 , 6, 6), 

( 70 , 6, 6)] 

[( 80 , 6, 6), 

(100 , 6, 6)] 

0 

2 ( )iE ω±  (option 2) [( 60 , 6, 6), 

( 80 , 6, 6)] 

[( 90 , 6, 6), 

(110 , 6, 6)] 

0 

3 ( )iE ω±  (option 3) [( 70 , 6, 6), 

( 90 , 6, 6)] 

[(100 , 6, 6), 

(120 , 6, 6)] 

0 

a random variable δ ~ N(δ , 2σ ), where 2σ
 
=

 
0.1, indicating that a random variable follows a normal 

distribution with an expected value of δ  and a standard deviation of σ . For example, δ
 
= 80

 
~ 

N(80, 0.1), where δ  = 80 and 2σ
 
= 0.1. 
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Table 3.2.2 Flood flows with given probabilities 

Flow level (j) Flow (qj) (106 m3) Probability (pj) (%) 

Low (j = 1) [5.5, 7.5] 10 

Low-medium (j = 2) [8.5, 11.5] 20 

Medium (j = 3) [12.5, 15.5] 40 

Medium-high (j = 4) [17.5, 21.0] 20 

High (j = 5) [23.0, 27.0] 10 
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The problems under consideration include: (a) how to divert floodwater to three 

flood diversion regions in an effective way when a flood occurs; (b) how to identify 

optimal capacity expansion schemes; (c) how to achieve the minimized total system cost; 

and (d) how to formulate the appropriate flood management policy. A variety of 

uncertainties exist in these problems, increasing the complexity in the decision-making 

process. IPP-FRC is thus considered to be a promising approach for dealing with this 

flood management problem. 

 

3.2.3.3. Result Analysis 

To address randomness and fuzziness in the coefficients of the objective function, 

the cost minimization problem in this study was transformed into a maximization 

problem with the concept of possibility and necessity measures. Due to the vagueness 

in human judgments, it was assumed that decision makers had a fuzzy goal for each 

objective function, and they preferred to maximize the degrees of possibility and 

necessity that each objective function value fulfilled the corresponding fuzzy goal. Thus, 

the goals for lower and upper bounds of the objective function were respectively 

quantified by means of a fuzzy set whose membership function was shown as 

1,                     if 2000,
2100( ) ,       if 2000 2100,

100
0,                   if 2100.

G

z
zz z

z

µ −

<
 −= ≤ ≤


>

         (3.2.23a) 

1,                    if 3400,
3500( ) ,      if 3400 3500,

100
0,                  if 3500. 

G

z
zz z

z

µ +

<
 −= ≤ ≤


>



         

(3.2.23b) 
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Due to the randomness involved in the objective function, the concept of possibility and 

necessity measures was incorporated into the fractile criterion optimization model. It 

was assumed that the probability for the resulting degrees of possibility and necessity 

was greater than or equal to a predefined level. Figure 3.2.3 presents a comparison of 

degrees of possibility and necessity with different probabilities of occurrence. It is 

revealed that the degrees of possibility and necessity would be obtained with lower and 

upper bounds. This is because intervals with fuzzy random boundaries exist in the 

coefficients of the objective function. These coefficients represent the regular costs for 

allowable diversion, penalty costs for excess diversion, and capital costs of expansion. 

The results indicate that the degrees of possibility and necessity would be decreasing 

with increasing probability levels, implying a potential trade-off between fulfillment of 

objectives and associated risks. The degree of necessity would be much lower than the 

degree of possibility. This is because decision making using the possibility measure 

would be suitable for optimistic decision makers; contrarily, decision making using the 

necessity measure would be appropriate for risk-averse decision makers. Thus, decision 

makers are able to choose either possibility or necessity measure based on their risk 

preferences in practical situations. 

Figure 3.2.4 shows the solutions of capacity expansion for two regions under 

different flow levels. The results were obtained in the form of intervals using the 

expected values of fuzzy random variables. It is indicated that region 1 would be 

expanded with an increment of [3.0, 4.0] × 106 m3 under medium-high and high flow 

levels, while region 2 would be expanded with an incremental capacity of [5.0, 7.0] × 

106 m3 under the high flow level. Expansions of regions 1 and 2 would lead to increased 
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allowable flows. In comparison, the allowable flow to region 3 would not be increased 

because no expansion plan is considered. Figure 3.2.5 presents the flood diversion 

patterns for three regions under different flow levels. Generally, the allowable flow is 

determined according to the existing flood diversion capacity, the increased allowance 

is related to the expanded capacity, and the excess flow is confined by the maximum 

capacity. When a flooding event occurs, the allowable flows would be first diverted to 

the assigned regions. If the remaining floodwater in the river still exceeds the flood 

warning level, the flow would continue to spill over the river banks to adjacent regions, 

resulting in excess flow and/or increased allowance. Thus, the total diverted flow is a 

sum of the allowable flow, the incremental quota, and the probabilistic excess flow. 

As shown in Figure 3.2.5, the allowable flow to region 1 would be 3.0 × 106 m3. 

Region 1 would be expanded with an incremental capacity of [3.0, 4.0] × 106 m3 under 

medium-high and high flow levels. There would be an excess flow of [0, 1.0] × 106 m3 

when the flow level is medium-high with a probability of 20%. For region 2, the 

allowable flow would be 4.0 × 106 m3. Region 2 would not be expanded unless the flow 

level is high with a probability of 10%. There would thus be much more surplus flows 

diverted to region 2 compared with those to region 1. This is because the capital cost of 

expansion for region 2 is higher than that for region 1, and region 2 has the lower penalty 

cost for excess diversion. For region 3, the allowable flow would be 3.5 × 106 m3. There 

would be zero increase in the allowable flow to region 3 since no expansion plan is 

considered for this region. The excess flows diverted to region 3 would be [0, 2.0] × 106 

m3 under the medium flow level, [1.0, 2.5] × 106 m3 under the medium-high level, and 

[1.5, 2.5] × 106 m3 under the high flow level. In the case of flooding events, the excess  
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Figure 3.2.3 Comparison of degrees of possibility and necessity with different probabilities 
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Figure 3.2.4 Solutions of capacity expansion for two regions under different flow levels 
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Figure 3.2.5 Flood diversion patterns for three regions under different flow levels 
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flow should firstly be diverted to region 2, secondly to region 3, and lastly to region 1. 

This is because region 2 is subject to the largest expansion capacity and the lowest 

penalty for excess diversion. In comparison, region 1 is confined by the highest penalty 

for excess diversion, resulting in the smallest proportion of excess flows being diverted 

to region 1. 

The expected total system cost would be $[2085.0, 3441.5] × 106 due to the 

existence of intervals with fuzzy random boundaries. It is composed of the regular cost 

for allowable diversion, the penalty for excess diversion, and the capital cost for capacity 

expansion. The lower and upper bounds of the total cost represent advantageous and 

disadvantageous conditions, respectively. 

Variations in allowable levels of flood diversion reflect different flood 

management policies, which plays an important role in flood mitigation planning. The 

proposed IPP-FRC model is capable of establishing a relationship among flood 

management policies, diversion schemes, and economic implications. Solutions of the 

IPP-FRC model under different scenarios of allowable levels of flood diversion can be 

obtained by letting iW ±

 (expressed as intervals) have different deterministic values. If 

all iW ±

 reach their lower bounds, such an optimistic policy would cause high penalties 

when the amounts of allowable flood diversion are exceeded under high flow conditions. 

Conversely, if all iW ±

 reach their upper bounds, such a conservative policy would 

result in a waste of resources under low flow conditions but, at the same time, a low risk 

of system failure when the allowances are violated due to a large amount of flood water. 

If all iW ±

 reach their mid-values, it represents a neutral policy. 
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Figure 3.2.6 presents a comparison of total system costs under different policy 

scenarios. From the economic point of view, the conservative policy under scenario 2 

would bring the lowest total system cost of $[2085.0, 3441.5] × 106. Contrarily, the 

optimistic policy under scenario 1 would lead to the highest total system cost of 

$[2190.0, 3649.5] × 106. The results indicate that flood management policies are directly 

related to economic efficiency. To avoid the problem of over- or under-estimation for 

the amounts of allowable flood diversion at the first stage, the amount of allowable flood 

diversion was considered as a decision variable rather than a deterministic value in this 

study. The optimized amounts of allowable flood diversion ( optiW ) for regions 1, 2, and 

3 would thus be 3.0, 4.0, and 3.5 × 106 m3, respectively. The results imply that the 

conservative policy when all iW ±

 reach their upper bounds would be optimal to 

achieve the lowest system cost in this case. Consequently, policy analysis is crucial for 

flood diversion planning in an uncertain and complex environment. 

 

3.2.4. Discussion 

The flood management problem was also solved through a possibility-based 

fractile model (Sakawa and Matsui, 2012). The fuzzy goal for the objective function 

was quantified by a fuzzy set with the following membership function: 

1,                     if 2700,
2800( ) ,       if 2700 2800,

100
0,                   if 2800.
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         (3.2.24) 
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Figure 3.2.7 presents the degrees of possibility and necessity obtained from the 

possibility-based fractile model. It is revealed that the deterministic degrees of 

possibility and necessity would be obtained under different probabilities without 

reflecting the fluctuations in model parameters and the resulting solutions. This is 

because the possibility-based fractile model is only able to address uncertainty in the 

coefficients of the objective function based on an assumption that all the other 

parameters are deterministic. In comparison, the proposed IPP-FRC model is capable of 

generating the inexact degrees of possibility and necessity due to intervals existing in 

the objective function and constraints, addressing multiple uncertainties in the flood 

management problem. Figure 3.2.8 shows the flood diversion patterns obtained from 

the possibility-based fractile model. The results indicate that one set of deterministic 

solutions would be obtained. In comparison, IPP-FRC is able to generate solutions in 

the form of intervals, and a variety of decision alternatives can thus be obtained through 

adjusting the values of continuous variables within their lower and upper bounds, 

promoting diversity of solutions. Consequently, IPP-FRC improves upon the 

possibility-based fractile model by not only taking into account interval uncertainties 

that exist in the objective function and constraints as well as the resulting solutions, but 

also reflecting two layers of uncertain information (i.e. intervals with fuzzy random 

boundaries) in one single coefficient of the objective function. Generally, the proposed 

IPP-FRC approach has the following contributions: (a) IPP-FRC tackles multiple 

uncertainties in the forms of intervals, probability distributions, and possibility 

distributions as well as their combinations; (b) IPP-FRC addresses the complexity in 

terms of intervals with fuzzy random boundaries; (c) IPP-FRC is capable of generating  
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Figure 3.2.6 Comparison of total system costs under different scenarios of allowable levels 

of flood diversion 
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Figure 3.2.7 Degrees of possibility and necessity obtained from the possibility-based 

fractile model 
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Figure 3.2.8 Flood diversion patterns obtained from the possibility-based fractile model 
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inexact degrees of possibility and necessity under different probabilities of occurrence; 

(d) IPP-FRC provides the possibility and necessity measures that are suitable for risk-

seeking and risk-averse decision making, respectively; (e) IPP-FRC is capable of 

conducting a policy analysis by generating a number of decision alternatives under 

different policy scenarios; and (f) IPP-FRC addresses the dynamic complexity through 

capacity expansion planning for flood diversion within a multi-region, multi-flood-level, 

and multi-option context. 

The simplest triangular fuzzy sets were used in this study to reflect the fuzziness 

in lower and upper bounds of intervals. Nonlinear membership functions may also be 

used for dealing with real-world problems that involve finer information. However, our 

proposed methodology would become much more complicated with nonlinear 

membership functions when dealing simultaneously with random variables. Thus, one 

potential extension of this research is to integrate IPP-FRC with other techniques to 

enhance its applicability to practical situations. 

 

3.2.5. Summary 

In this study, an IPP-FRC model was developed for not only addressing multiple 

uncertainties in the forms of intervals, probability distributions and possibility 

distributions, but also reflecting highly uncertain information (i.e. intervals with fuzzy 

random boundaries) in one single coefficient of the objective function. IPP-FRC took 

advantage of the concept of possibility and necessity measures to represent risk-seeking 

and risk-averse decision making, respectively. It was useful for decision makers to adopt 
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either possibility or necessity measure based on their risk preferences in practical 

problems. 

The performance of IPP-FRC was analyzed and compared with the possibility-

based fractile model through a case study of flood diversion planning under uncertainty. 

The results indicated that the inexact degrees of possibility and necessity were obtained 

under different probabilities of occurrence. They were decreasing with increasing 

probability levels, implying a potential trade-off between fulfillment of objectives and 

associated risks. A number of decision alternatives were obtained under different policy 

scenarios, which were helpful for decision makers to formulate the appropriate flood 

management policy. IPP-FRC improved upon the possibility-based fractile model 

through addressing interval uncertainties in the objective function and constraints as 

well as the resulting solutions. 
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CHAPTER 4 FACTORIAL PROBABILISTIC OPTIMIZATION FOR 

WATER RESOURCES SYSTEMS ANALYSIS 

 

In this chapter, four factorial probabilistic optimization methods are proposed, 

including a risk-based factorial probabilistic inference method, a multi-level Taguchi-

factorial two-stage stochastic programming method, a risk-based mixed-level factorial-

stochastic programming method, and a multi-level factorial-vertex fuzzy-stochastic 

programming method. These methods are capable not only of characterizing parameter 

uncertainties and their correlations in a comprehensive and systematic manner, but also 

of revealing statistically significant parametric interactions as well as their linear and 

curvature effects on model outputs. Findings obtained through these methods are useful 

for decision makers to identify a short list of the most influential parameters and their 

interactions, achieving a reduction of uncertainty in model outputs. To demonstrate their 

applicability, the proposed methods will be applied to case studies of water resources 

systems planning. 

 

4.1. Risk-Based Factorial Probabilistic Inference for Optimization of Flood 

Control Systems with Correlated Uncertainties 

 

4.1.1. Background 

Due to recent accelerations in population growth, economic development, as well 

as changes in climate and land use patterns, there have been increasing risks and 

vulnerability to flood hazards worldwide. Since floods can cause severe property 
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damage and loss of life, effective measures need to be taken to mitigate damages when 

a flood occurs. Optimization techniques are recognized as a powerful tool for identifying 

sound flood mitigation schemes and reducing the risk of flood damage (Windsor, 1981; 

Wasimi and Kitanidis, 1983; Unver and Mays, 1990; Needham et al., 2000; Olsen et al., 

2000; Wei and Hsu, 2008; Ding and Wang, 2012; Karamouz and Nazif, 2013; 

Woodward et al., 2014). Due to the inherent variability and unpredictability 

(randomness) of flood control systems, however, many model parameters cannot be 

exactly identified; they are often modelled as random variables. It is thus necessary to 

advance optimization methods that are capable of addressing random variables. 

In the past decade, a number of optimization methods were proposed for coping 

with random uncertainties in water resources problems (Pallottino et al., 2005; Bravo 

and Gonzalez, 2009; Chung et al., 2009; Gaivoronski et al., 2012; Housh et al., 2013; 

Wang and Huang, 2013c; Wang and Huang, 2015). Two-stage stochastic programming 

(TSP) is a classic optimization method for tackling random uncertainties with known 

probability information. Under the assumption of probability distributions, decision 

makers seek to minimize the expected cost over a two-stage planning period (Ang et al., 

2014). Chance-constrained programming (CCP) is another alternative for solving 

optimization problems that involve random uncertainties and supporting risk-based 

decision making. In CCP, one or more sets of constraints are allowed to be violated with 

a specified probability since a solution that satisfies all possible outcomes can be 

prohibitively expensive (Charnes and Cooper, 1959). For the planning of flood control 

systems, allowing certain constraints to be violated with a low probability can be a 

reasonable and practical strategy for providing an in-depth analysis of trade-offs 
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between economic outcomes and associated risks. Thus, an integration of TSP and CCP 

is necessary to support flood control planning and operations studies by taking into 

account randomness in different ways. 

In flood control problems, the related economic data commonly act as the 

coefficients of the objective function in a cost minimization model, such as regular costs 

of flood diversion and capital costs of floodplain expansion. They are often given as 

probability distributions obtained from the estimates of a group of decision makers or 

stakeholders. It is thus indispensable to take into account randomness in the coefficients 

of the objective function. The fractile criterion optimization model or Kataoka’s model 

can be introduced to deal with random coefficients by using statistical features (Kataoka, 

1963; Geoffrion, 1967). In fact, the probabilistic objective function interacts with 

chance constraints in the decision process, and their correlations may have significant 

effects on the model output. To conduct a systematic analysis of random uncertainties, 

it is also desired to explore potential interactions between probabilistic objective 

function and constraints. 

Therefore, the objective of this study is to develop a risk-based factorial 

probabilistic inference (RFPI) method for addressing stochastic objective function and 

constraints as well as their interactions in a systematic manner. Statistical significance 

for each of the linear, nonlinear, and interaction effects of risk parameters involved in 

stochastic programming will be uncovered through performing a multi-level factorial 

experiment. The proposed methodology will be applied to a case study of flood control 

to demonstrate its validity and applicability. The RFPI method will also be compared 

with the fractile criterion optimization model and the CCP method, respectively. 
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4.1.2. Methodology 

4.1.2.1. Two-Stage Stochastic Programming with Chance Constraints 

In a TSP model, two types of decision variables can be distinguished: first-stage 

and second-stage variables. The first-stage decisions are made in the face of random 

uncertainties. Once the random event occurs, the second-stage decisions or recourse 

actions can be taken in case of infeasibility caused by the first-stage decisions. A typical 

TSP model can be formulated as 

Min f = CTX + E[Q(X, ω)]             (4.1.1a) 

subject to: 

AX ≤ B                  (4.1.1b) 

X ≥ 0                   (4.1.1c) 

with  

Q(X, ω) = min D(ω)TY                 (4.1.1d) 

subject to: 

T(ω)X + W(ω)Y ≤ H(ω)                (4.1.1e) 

Y ≥ 0                   (4.1.1f) 

where C ∈ 1nR , X ∈ 1nR  (a vector of first-stage decision variables), A ∈ 1 1m nR × , B 

∈ 1mR , D ∈ 2nR , Y ∈ 2nR  (a vector of second-stage decision variables), T ∈ 2 1m nR × , 

W ∈ 2 2m nR × , H ∈ 2mR , ω is a random vector, and ω (D, T, W, H) contains the data of 

the second-stage problem. Letting the random vector ω take a finite number of possible 

realizations ω1, …, ωk with respective probability of occurrence p1, …, pk, k 1p =∑ , 

the above TSP problem can be written as a deterministic equivalent linear program: 
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1
Min 

m
T T

k
k

f C X p D Y
=

= +∑                       (4.1.2a) 

subject to: 

AX ≤ B        (4.1.2b)
 

,    1, 2,...,  kTX WY k mω+ ≤ =            (4.1.2c) 

X ≥ 0                 (4.1.2d) 

Y ≥ 0                 (4.1.2e) 

TSP reflects the dynamic nature of decision problems through constructing a set of 

scenarios that represent the realizations of random variables. As an alternative method 

of stochastic optimization, CCP is an effective and efficient technique for dealing with 

probabilistic constraints. This method was first introduced by Charnes and Cooper 

(1959). The main feature of CCP is that certain constraints are allowed to be violated 

with a specified probability and the resulting solutions ensure the probability of 

complying with constraints. CCP can thus be used to quantify the relationship between 

the value of objective function and the risk of constraint violation. A typical CCP model 

can be formulated as 

Min f = CTX                         (4.1.3a) 

subject to:  

{ }Pr | ( ) ( ) 1 ,A X bω ω ω α≤ ≥ −             (4.1.3b) 

0.X ≥                  (4.1.3c) 

where X is a vector of decision variables; A(ω) and b(ω) are matrices with random 

elements defined on a probability space Ω, ω ∈ Ω (Charnes et al., 1971); α is a prescribed 

level of probability, α ∈ [0,1], imposing a condition that the corresponding constraint is 
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satisfied with at least a probability of 1 - α. Equation (4.1.3b) is able to become linear 

when the left-hand-side coefficients become deterministic [i.e. A(ω) → A] and the right-

hand-side parameters are random: 

( )( ) ,    1, 2,...,i
i iA X b i nαω≤ =             (4.1.4) 

where ( ) 1( ) ( )i
i i ib Fαω α−= , given the cumulative distribution function of bi and the 

probability of violating constraint i. To incorporate TSP and CCP within a general 

framework, a TSP model with chance constraints can be formulated as 

1
Min 

m
T T

k
k

f C X p D Y
=

= +∑                       (4.1.5a) 

subject to: 

( )( ) ,    1, 2,...,i
i iA X b i nαω≤ =         (4.1.5b)

 
,    1, 2,...,  kTX WY k mω+ ≤ =            (4.1.5c) 

X ≥ 0                 (4.1.5d) 

Y ≥ 0                 (4.1.5e) 

 

4.1.2.2. Fractile Criterion Optimization 

The fractile criterion optimization model or Kataoka’s model, first introduced by 

Kataoka (1963), is capable of addressing the stochastic objective function based on a 

concept of aspiration levels. It is useful for establishing a relationship between the 

aspiration level of the stochastic objective and the minimum probability of reaching the 

aspiration level given by decision makers based on their risk preferences. Firstly, let us 
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consider the following stochastic programming problem that involves random 

coefficients in the objective function: 

Min ( )  Tf c Xω=                (4.1.6a) 

subject to: 

AX ≤ B                 (4.1.6b) 

X ≥ 0                 (4.1.6c) 

where c(ω) is a random vector that represents the coefficients of the objective function. 

Since model (4.1.6) contains random coefficients, it can hardly be solved through 

solution methods for ordinary mathematical programming problems. The fractile 

criterion or Kataoka’s criterion can thus be applied to transform the stochastic objective 

into its deterministic equivalent function (Kataoka, 1963). 

The criterion consists of setting a probability for the stochastic objective, and 

minimizing the value (aspiration level) that the objective function can reach with, at 

least, the given probability (Muñoz and Ruiz, 2009). By using the fractile criterion to 

address the stochastic objective, model (4.1.6) can be rewritten as 

Min h                   (4.1.7a) 

subject to: 

{ }Pr ( )  Tc X hω β≤ ≥              (4.1.7b) 

AX ≤ B    
             

(4.1.7c) 

X ≥ 0                 (4.1.7d) 

where h denotes the aspiration level of the stochastic objective function; β denotes the 

probability level given by decision makers. In model (4.1.7), it is assumed that c(ω) is 
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a Gaussian random vector with mean μ and covariance matrix V = vpq = (Cov[cp(ω), 

cq(ω)]), p = q = 1, 2, … , n. Under such hypotheses, the stochastic chance constraints 

can be transformed as 

( )Pr
T T

c X X h X
X VX X VX

ω µ µ β
 − −

≤ ≥ 
             

(4.1.8) 

Since ( )( ) Tc X X X VXω µ−  is a standard normal random variable with mean 

0 and variance 1, the above inequality can be equivalently transformed as 

T

h X
X VX
µΦ β

 −
≥ 

 
              (4.1.9) 

where Φ(﹒) is the cumulative distribution function of a standard normal random 

variable. Thus, we have: 

β = Φ(Φ-1(β))                (4.1.10) 

where Φ-1(﹒) is the inverse function of Φ(﹒). As Φ(﹒) is a monotonically increasing 

function, we have: 

1( ) Th X X VXµ Φ β−≥ +             (4.1.11) 

Thus, model (4.1.7) can be transformed into the following problem: 

Min h                   (4.1.12a) 

subject to: 

1( )   Th X X VXµ Φ β−≥ +             (4.1.12b) 

AX ≤ B                 (4.1.12c)
 

X ≥ 0                 (4.1.12d)
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Since 1( ) Th X X VXµ Φ β−≥ +
 
holds if h is minimal, model (4.1.12) can be 

equivalently rewritten as
 

1Min ( )   Tf X X VXµ Φ β−= +            (4.1.13a) 

subject to: 

AX ≤ B                 (4.1.13b)
 

X ≥ 0                 (4.1.13c)
 

 

4.1.2.3. Multivariate Factorial Inference 

The multivariate factorial inference is a powerful tool for examining the effects of 

factors with each having discrete values (or levels) and the effects of interactions among 

factors on a response variable. In a factorial experiment, all combinations of the levels 

of factors are taken into account through a factorial design. For instance, if there are a 

levels of factor A and b levels of factor B, a factorial experiment contains ab 

combinations. The effects model for such a factorial experiment can be expressed as 

1, 2,...
( )    1, 2,...

1, 2,...
ijk i j ij ijk

i a
y j b

k n
µ τ β τβ ε

=
= + + + + =
 =

          (4.1.14) 

where μ is the overall mean effect, τi is the effect of the ith level of factor A, βi is the 

effect of the jth level of factor B, (τβ)ij is the effect of the interaction between factors A 

and B, and εijk is the random error component (Montgomery, 2000). To test the statistical 

significance of each of the factors as well as their interactions, F statistic can be used as 
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1

( 1)
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A
EE
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MS aF SSMS

ab n

−= =

−

               (4.1.15) 

1

( 1)

B
B

B
EE

SS
MS bF SSMS

ab n

−= =

−

               (4.1.16) 

( 1)( 1)

( 1)

AB

AB
AB

EE

SS
MS a bF SSMS

ab n

− −= =

−

             (4.1.17) 

where MSA, MSB, MSAB, and MSE are the mean squares for factors A, B, and their 

interaction, as well as the error component, respectively. Each of the mean squares can 

be obtained through the corresponding sum of squares divided by its degrees of freedom 

(Montgomery, 2000). SSA, SSB, SSAB, and SSE are the sum of squares for factors A, B, 

and their interaction, as well as the error component, respectively; SST represents the 

total sum of squares. They can be calculated by 

2
2 ...
..

1

1 a

A i
i

ySS y
bn abn=

= −∑               (4.1.18) 

2
2 ...
. .

1

1 b

B j
j

ySS y
an abn=

= −∑                (4.1.19) 

2
2 ...
.

1 1

1 a b

AB ij A B
i j

ySS y SS SS
n abn= =

= − − −∑∑             (4.1.20) 

2
2 ...

1 1 1

a b n

T ijk
i j k

ySS y
abn= = =

= −∑∑∑               (4.1.21) 

E T AB A BSS SS SS SS SS= − − −
   

            (4.1.22) 
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where yi.., y.j., and yij. denote the total of all observations under the ith level of factor A, 

the jth level of factor B, and the ijth interaction between A and B, respectively; y… 

denotes the grand total of all observations. These statistics are collected in analysis of 

variance that signifies a decomposition of the variance into contributing components. It 

is useful in testing differences between two or more means by analyzing variances from 

multiple sources. 

Unlike the regular two-level factorial design, the multi-level factorial design is 

capable of studying the effects of independent variables (factors) with multiple levels 

on a dependent variable (response). It is particularly useful when there is a curvilinear 

relationship between the design factors and the response variable. The multi-level 

factorial design that consists of k factors with each having s (s > 2) levels has a sample 

size of sk. The most important case of the multi-level factorial design is the 3k factorial 

design that involves k factors with each at three levels. The three levels of factors are 

represented as low, medium, and high; they are often denoted by –1, 0, and +1, 

respectively. In the 3k system of designs, there are 3k treatment combinations with 3k – 

1 degrees of freedom between them. If there are n replicates, there will be n3k – 1 total 

degrees of freedom and 3k (n – 1) degrees of freedom for error. These treatment 

combinations allow sums of squares to be computed for k main effects with each having 

two degrees of freedom; ( )2
k  two-factor interactions with each having four degrees of 

freedom; … ; and one k-factor interaction with 2k degrees of freedom (Montgomery, 

2000). The sums of squares for main effects and interactions can be calculated using the 

standard methods for factorial designs. Each main effect can be represented by a linear 
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and a quadratic component, each with a single degree of freedom. Any h-factor 

interaction can be partitioned into 2h-1 orthogonal two-degrees-of-freedom components 

(Wu and Hamada, 2009). For example, the three-factor interaction ABC can be 

subdivided into four orthogonal two-degrees-of-freedom components, denoted by ABC, 

ABC2, AB2C, and AB2C2. These components are useful in constructing complex designs. 

 

4.1.2.4. Risk-Based Factorial Probabilistic Inference 

To address probabilistic objective function and constraints as well as their 

interactions, an RFPI method is proposed through merging the strengths of two-stage 

stochastic programming with chance constraints, fractile criterion optimization 

technique, and multivariate factorial inference method. The risk-based probabilistic 

optimization model can be formulated as 

Min h                  (4.1.23a) 

subject to: 

1
Pr ( ) ( )

m

k
k

c X p d Y hω ω β
=

 + ≤ ≥ 
 

∑                     (4.1.23b) 

{ }Pr ( ) 1 ,    1, 2,...,i i iA X b i nω α≤ ≥ − =         (4.1.23c)
 

,    1, 2,...,  kTX WY k mω+ ≤ =            (4.1.23d) 

X ≥ 0                 (4.1.23e) 

Y ≥ 0                 (4.1.23f) 

where c(ω), d(ω), and b(ω) are Gaussian random vectors defined on a probability space 

Ω, ω ∈ Ω; α and β denote the levels of probability for violating the constraints and for 

satisfying the objective function, respectively. The levels of α and β are determined by 
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decision makers based on their preferences towards risks related to the objective 

function and constraints. Thus, α and β are chosen as the investigated factors with each 

having discrete levels (three levels in this study). The three-level factorial experiment 

can then be conducted to explore the statistical significance for each of these factors and 

their interactions, as well as to quantify their contributions to the variability of the model 

output.         

A framework of the proposed RFPI method is provided in Figure 4.1.1. The steps 

that involved in the implementation of the proposed methodology can be summarized 

as follows: (1) formulation of the risk-based probabilistic optimization model; (2) 

acquisition of model parameters expressed as normally distributed random variables; (3) 

linearization of the probabilistic optimization model; (4) specification of design factors 

with each having discrete levels of interest; (5) construction of the multi-level factorial 

design; (6) execution of the factorial experiment through running the probabilistic 

optimization model; (7) generation of experimental results; (8) analysis of statistical 

significance for each of the investigated factors and their correlations; (9) detection of 

dominant factors and potential interactions between factors; and (10) identification of 

desired decision schemes. 

 

4.1.3. Case Study 

4.1.3.1. Complexities of Flood Control Systems 

A flood control system is composed of multiple interconnected components related 

to various socioeconomic and environmental concerns. For instance, a flood control 

system may involve several flood diversion regions for flood mitigation. These regions 
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Figure 4.1.1 Framework of the proposed methodology 
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are interrelated to each other. Any changes (e.g. floodplain expansions) in one region 

would result in a series of consequences to the others. Such interrelationships may lead 

to various complexities such as uncertainties in parameters and parameter relations, as 

well as multi-region, multi-flood-level, and multi-option features. 

 Deterministic information about model parameters is often unavailable in practice. 

Thus rough estimates have to be made by decision makers or stakeholders. In a flood 

control system, inherent uncertainties exist in various factors related to socio-economic 

conditions, flood characteristics, and geographical conditions. They have to be 

addressed through uncertainty analysis methods. A typical example is capital costs of 

expansion in floodplains. Their values can hardly be known with certainty, and are often 

expressed as probability distributions generated from a large sample of expansion costs. 

This necessitates advanced methodologies for dealing with random uncertainties. 

The complexities are further intensified due to potential interactions among 

multiple uncertainties. For instance, a number of uncertain parameters can be described 

in the format of probability distributions. These random parameters are correlated with 

each other, and their interactions may have significant effects on system performance. 

A flood control system should also be able to reflect potential interactions between 

various system objectives and constraints related to flood mitigation costs, flood 

diversion capacities, and capacity expansion options. It is thus essential to analyze 

interactive uncertainties, and to reveal valuable information hidden beneath these 

interactions. 

In general, a flood control system is subject to effects of extensive complexities, 

particularly in terms of the existence of various uncertainties and their interdependences, 
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as well as multi-region and dynamic features. It is thus indispensable to develop 

advanced methodologies for addressing such complexities. 

 

4.1.3.2. Problem Description 

The following flood control problem will be used to demonstrate the validity and 

applicability of the proposed methodology. Consider a watershed system wherein 

floodwater needs to be diverted from a river channel to three flood diversion regions 

during a flood season. The river has a limited water conveyance capacity and may 

overflow when a flood occurs. According to the local flood management policy, a flood 

warning level of the river should be determined and several projected flood diversion 

regions should be assigned. If the water level in the river exceeds the warning level, 

water will be diverted to adjacent floodplains. 

A flood control system should contain a specification of allowable levels of flood 

diversions and a sound decision scheme for utilizing flood diversion capacities. 

Developing effective policies for diverting flood under limited diversion capacities is 

critical for minimizing flooding to densely populated communities and industries 

located in the lower reach. Thus, an allowable flood diversion level can be 

predetermined according to the existing diversion capacity of each floodplain. If this 

allowance is not exceeded, a regular cost would be applied to flood diversion; otherwise, 

it would result in a surplus flood diversion along with economic penalties and/or 

expansion costs. Penalties can be expressed in terms of raised operating costs for flood 

diversion and/or destruction of land-based infrastructure. Expansions of floodplains 

help to increase the allowable flood diversion capacities and thus reduce the penalties. 
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The total amount of flood diversion is the sum of the allowable flood diversion level, 

the incremental quota, and the probabilistic excess flow. Consequently, it is desired to 

identify sound decision schemes for flood diversion and capacity expansion with 

minimized total cost and maximized system safety. 

Table 4.1.1 shows the existing diversion capacities, the capacity expansion options, 

and the related economic data for three floodplains. According to the flood management 

policy, regions 1 and 2 can be expanded once by any of the given expansion options, but 

no expansion is undertaken for region 3 due to intensive human activities within this 

region. Tables 4.1.2 and 4.1.3 present the maximum diversion capacities for three 

floodplains under different risk levels and the flow levels with different probabilities of 

occurrence, respectively. To address random uncertainties and their interactions, the 

proposed methodology is considered to be an effective means for dealing with the 

stochastic optimization problem.   

 

4.1.3.3. Model Formulation 

The flood control problem under consideration can be formulated as the following 

risk-based probabilistic optimization model: 

Min h                 (4.1.24a) 

subject to: 

( )
1 1 1 1

Pr ( ) ( ) ( ) ( )
u u v w

i i j i ij i ij im im ijm
i i j m

C W p C T D S E O y hω ω ω ω β
= = = =

  + + + ≤ ≥    
∑ ∑∑ ∑  

(Chance constraint for satisfaction of objective function)      (4.1.24b) 

,    i iW R i≤ ∀                (4.1.24c) 
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(Existing diversion capacity constraints) 

{ }maxPr ( ) 1 ,    ,i ij i iW S R i jω α+ ≤ ≥ − ∀           (4.1.24d) 

(Chance constraints for maximum diversion capacity) 

1
,    ,

w

ij im ijm
m

T O y i j
=

≤ ∀∑              (4.1.24e) 

(Expanded diversion capacity constraints) 

max
1 1 1 1

Pr ( ) ( ) 1 ,    
u u w u

i ij ij im ijm i i
i i m i

W S T O y R jω α
= = = =

 + + − ≤ ≥ − ∀ 
 
∑ ∑∑ ∑    (4.1.24f) 

(Chance constraints for total diversion capacity) 

1
( ) ,    

u

i ij ij j
i

W S T q j
=

+ + ≥ ∀∑             (4.1.24g) 

(Flood flow constraints) 

0,    iW i≥ ∀                 (4.1.24h) 

0,    ,ijS i j≥ ∀                (4.1.24i) 

0,    ,ijT i j≥ ∀                (4.1.24j) 

(Non-negativity constraints) 

1,  if capacity expansion is undertaken
,    , ,

0,  if otherwise 


= ∀


ijmy i j m       (4.1.24k) 

(Binary constraints for capacity expansion) 

1
1,    ,

w

ijm
m

y i j
=

≤ ∀∑                (4.1.24l) 

(Diversion capacity of region i can be expanded only once with option m under flow 

level j) 
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Table 4.1.1 Existing flood diversion capacities, capacity expansion options, and the related 

economic data 

Parameter 

Flood diversion region 

i = 1 i = 2 i = 3 

Existing capacity, Ri (106 m3) 3.5 4.5 4.0 

Regular cost for allowable diversion, Ci(ω) ($/m3) N(90, 22) N(100, 22) N(115, 22) 

Penalty cost for excess diversion, Di(ω) ($/m3) N(225, 32) N(165, 32) N(195, 32) 

Capacity expansion option (106 m3):    

Oi1 (option 1) 3.5 6 0 

Oi2 (option 2) 4.5 7 0 

Oi3 (option 3) 5.5 8 0 

Capital cost of expansion ($/m3):    

Ei1(ω) (option 1) N(60, 22) N(90, 22) 0 

Ei2(ω) (option 2) N(70, 22) N(100, 22) 0 

Ei3(ω) (option 3) N(80, 22) N(110, 22) 0 

Note: N(μ, σ2) represents a normally distributed random variable with mean μ and standard deviation σ. 
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Table 4.1.2 Maximum flood diversion capacities under different risk levels 

Region  
Maximum capacity,  

Rimax(ω) (106m3) 

Risk level 

α = 0.01 α = 0.05 α = 0.10 

Region 1 (i = 1) N(4.5, 0.22) 4.03 4.17 4.24 

Region 2 (i = 2) N(7.5, 0.22) 7.03 7.17 7.24 

Region 3 (i = 3) N(6.5, 0.22) 6.03 6.17 6.24 
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Table 4.1.3 Stream flows with different probabilities of occurrence 

Flow level Flow, qj (106 m3) Probability, pj (%) 

Low (j = 1) 6.5 10 

Low-medium (j = 2) 10.0 20 

Medium (j = 3) 14.0 40 

Medium-high (j = 4) 19.5 20 

High (j = 5) 25.0 10 
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where f is total system cost ($); i is flood diversion region, i = 1, 2, …, u; j is level of 

flood flow, j = 1, 2, …, v; m is expansion option of diversion capacity, m = 1, 2, …, w; 

Wi is amount of allowable flood diversion to region i (m3); Tij is amount of increased 

allowance to region i when its diversion capacity is expanded under flood flow qj with 

probability pj (m3); Sij is amount of excess flood to region i when allowable diversion 

level is exceeded under flood flow qj with probability pj (m3); yijm is binary decision 

variable for region i with capacity expansion option m under flow level j; Ci is regular 

cost per m3 of allowable flood diversion to region i ($/m3); Di is penalty per m3 of excess 

flood diversion to region i ($/m3); Eim is capital cost of capacity expansion for region i 

with option m ($/m3); pj is probability of flood flow occurring with level j; qj is amount 

of random flood flow to be diverted (m3); Ri is existing diversion capacity of region i 

(m3); Rimax is existing maximum diversion capacity of region i (m3); Oim is expanded 

capacity of option m for region i (m3). 

 

4.1.3.4. Result Analysis 

In the optimization model for the planning of flood control systems, randomness 

exists in both the objective function and model constraints. To address such a 

complexity, the stochastic objective function and constraints can be transformed into 

their respective deterministic equivalents with probabilistic information assuming that 

random variables follow normal distributions. Thus, a number of decision alternatives 

can be obtained under different probabilities that the objective function is satisfied and 

that the maximum flood diversion capacity constraints are violated. This implies that 

the objective function and constraints do not have to be fully satisfied; instead, they are 
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allowed to be violated to some extent in order to identify a desired compromise between 

total system costs and associated risks. From the economic point of view, Table 4.1.4 

shows optimal solutions with minimized total cost of $2817.87 × 106 when the objective 

function is satisfied with a probability of 0.90 and the maximum flood diversion capacity 

constraints for regions 1 to 3 are violated with probabilities of 0.01, 0.10, and 0.10, 

respectively. The total system cost consists of the regular cost for allowable diversion, 

the penalty for excess diversion, and the capital cost for capacity expansion. 

In flood control systems, floodplains can be expanded to convey and store excess 

floodwater after reaching its maximum capacity. The planning of capacity expansion 

can lead to a significant reduction in economic losses caused by severe floods. Figure 

4.1.2 presents the solutions of capacity expansion in order to obtain the minimized total 

cost. The results indicate that region 1 would be expanded with an incremental capacity 

of 3.50 × 106 m3 under medium-high and high flow levels, respectively. Region 2 would 

be expanded with an increment of 6.00 × 106 m3 under a high flow level. Expansions of 

regions 1 and 2 would lead to an increased flood conveyance capacity. In comparison, 

the capacity of flood diversion in region 3 would not be increased because no expansion 

plan is considered. 

Figure 4.1.3 shows the flood diversion patterns for three regions under different 

flow levels. Generally, the allowable flow is predetermined according to the existing 

flood diversion capacity, the increased allowance is related to the expanded capacity, 

and the excess flow is confined by the maximum capacity. When a flood event occurs, 

the allowable flows would be first diverted to the assigned regions. If the remaining 

floodwater in the river still exceeds the flood warning level, the flood flow would 
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continue to spill over the river banks to adjacent regions, leading to excess flows and/or 

increased allowance. Therefore, the total diverted flow is a sum of the allowable flow, 

the incremental quota, and the probabilistic excess flow. 

As shown in Figure 4.1.3, the allowable flow diverted to region 1 would be 2.50 × 

106 m3. Region 1 would be expanded with an increment of 3.50 × 106 m3 under medium-

high and high flow levels. There would be an excess flow of 0.02 × 106 m3 when the 

flow level is medium-high with a probability of 20%. For region 2, the allowable flow 

would be 3.50 × 106 m3. Region 2 would be expanded with an increased capacity of 6.00 

× 106 m3 only when the flow level is high with a probability of 10%. Thus, there would 

be much more surplus flows diverted to region 2 compared with those to region 1. This 

is because the capital cost of expansion for region 2 is higher than that for region 1; 

meanwhile, region 2 has the lower penalty cost for excess diversion. For region 3, the 

allowable flow would be 3.00 × 106 m3. No expansion would be carried out for this 

region. The excess flows diverted to region 3 would be 1.26 × 106 m3 under the medium 

flow level, 3.24 × 106 m3 under the medium-high flow level, and 2.76 × 106 m3 under 

the high flow level. Generally, in the case of flood events, the excess flow would firstly 

be diverted to region 2, secondly to region 3, and lastly to region 1. This is because 

region 2 is subject to the largest expansion capacity and the lowest penalty for excess 

flow diversion. In comparison, region 1 is confined by the highest penalty for excess 

diversion, resulting in the smallest proportion of excess flows being diverted to region 

1. 

To explore latent interactions between the probabilistic objective function and 

constraints, a multi-level factorial experiment was also conducted to derive statistical 
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Table 4.1.4 Optimal solutions obtained from the probabilistic optimization model 

Flow level Probability 
(%) 

Region 

Flood diversion scheme (106 m3) 

optiW  optijT  optijS  optijA  

Low 10 1 2.50 0 0 2.50 

Low 10 2 3.50 0 0 3.50 

Low 10 3 3.00 0 0 3.00 

Low-medium 20 1 2.50 0 0 2.50 

Low-medium 20 2 3.50 0 1.00 4.50 

Low-medium 20 3 3.00 0 0 3.00 

Medium 40 1 2.50 0 0 2.50 

Medium 40 2 3.50 0 3.74 7.24 

Medium 40 3 3.00 0 1.26 4.26 

Medium-high 20 1 2.50 3.50 0.02 6.02 

Medium-high 20 2 3.50 0 3.74 7.24 

Medium-high 20 3 3.00 0 3.24 6.24 

High 10 1 2.50 3.50 0 6.00 

High 10 2 3.50 6.00 3.74 13.24 

High 10 3 3.00 0 2.76 5.76 

optf  $2817.87 × 106    
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Figure 4.1.2 Solution of capacity expansion for two regions under different flow levels 
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Figure 4.1.3 Flood diversion patterns for three regions under different flow levels 
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estimates of the most sensitive parameters and their interactions, providing quantitative 

information on the degree of complexity of the model input–output relationships. Table 

4.1.5 shows the investigated factors with each at three levels; they are β, α1, α2, and α3 

from the probabilistic optimization model for flood control. These factors represent 

different probabilities of occurrence, implying various risk levels of violating the 

objective function and constraints. To perform the factorial experiment, they were 

denoted as A–D, respectively. The 34 factorial experiment was thus conducted to assess 

the contributions of input parameters to the variability of the model output, which 

required 81 experimental runs. 

Figure 4.1.4 presents the Pareto chart of standardized effects. The Pareto chart is a 

powerful tool for visualizing the main and joint effects of all factors on the model 

response. The rank is displayed by bars in the descending order, and factors that extend 

beyond the red line on the Pareto chart have statistically significant effects on the model 

output. The linear and quadratic main effects of factors A, C, and D as well as the A×C 

and A×D interaction effects are thus statistically significant in this case, while the others 

have little influence on the response. Linear main effects represent the difference 

between the low and high levels for the respective factor, and quadratic main effects 

represent the difference between the respective medium level and the average of the low 

and high levels. The effect estimate for the interaction between two factors can be 

interpreted as half the difference between the linear effect of one factor at the low and 

high levels of the other factor. Among all factors, factor A has the largest contribution 

to the output variability. This is because factor A represents the probability that the 

objective function is satisfied, which is directly related to the model output. Any change 
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in the probability of satisfying the objective function would cause a considerable 

variation in the total system cost. The most significant interaction is between A and C, 

implying that the A×C interaction has a dramatic effect on the model response. 

Figure 4.1.5(a) presents the main effects plot for the four factors. It helps to 

visualize the effects of the factors on the response and to compare the relative magnitude 

of the effects. This plot reveals that the response mean does not change depending on 

the levels of factor B because the line is horizontal (parallel to the x-axis), indicating 

that the constraint-violation risk for region 1 has little effect on the total system cost. 

Factor A has the largest main effect on the total system cost that would increase from 

$2820.61 × 106 to $2831.58 × 106 and then to $2852.16 × 106 across low, medium, and 

high levels of factor A, implying that there would be a potential trade-off between the 

total system cost and the objective-violation risk. In comparison, factors C and D have 

relatively small contributions to the variability of the total system cost. 

Figure 4.1.5(b) shows the fitted response surface with contour plot for the A×C 

interaction, which uncovers a second-order (quadratic) effect on the total system cost. 

This 3D surface reveals a strong upward bend toward the upper-right corner, indicating 

that the total system cost rises while simultaneously increasing the probability of 

satisfying the objective function and reducing the risk levels of constraint violation for 

region 2. The contour plot under the fitted response represents, in two dimensions, the 

functional relationship between the total system cost and the A×C interaction. It shows 

that the total system cost declines when moving from the upper right to the lower left 

corner of the plot, suggesting that the minimized total cost would be obtained with a low 
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Table 4.1.5 Investigated factors with each having three probability levels 

Symbol Factor 

 Probability 
 

 Low (-1) Medium (0) High (+1) 

β Probability that the objective function is satisfied  0.90 0.95 0.99 

α1 Probability that the maximum flood diversion 

capacity constraint for region 1 is violated 

 0.01 0.05 0.10 

α2 Probability that the maximum flood diversion 

capacity constraint for region 2 is violated 

 0.01 0.05 0.10 

α3 Probability that the maximum flood diversion 

capacity constraint for region 3 is violated 

 0.01 0.05 0.10 
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.0005816

.0042794

.0073715

.0081423

.0081423

.9420224

9.691229

21.47195

-31.4974

-120.232
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-965.611

4021.625

p=.05
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.9420224

9.691229

 

Note: A denotes probability that the objective function is satisfied; B, C, and D represent probabilities that 

the maximum flood diversion capacity constraints are violated for regions 1, 2, and 3, respectively; (L) 

and (Q) indicate linear and quadratic effects, respectively. 

 

Figure 4.1.4 Pareto chart of standardized effects 
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Figure 4.1.5 (a) Main effects plot (b) Fitted response surface 
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probability level of objective satisfaction and a high risk level of constraint violation for 

region 2. 

 

4.1.4. Discussion 

The flood control problem was also solved through the well-known fractile 

criterion optimization model (Kataoka, 1963) and the CCP method (Charnes and Cooper, 

1959), respectively. The fractile criterion optimization model or Kataoka’s model is able 

to deal with the probabilistic objective function that needs to be satisfied with a given 

probability. Figure 4.1.6(a) presents a comparison of total system costs under different 

probabilities that the objective function is satisfied. The results indicate that the total 

systems costs would rise from $2828.33 to $2859.04 × 106 when the probability values 

increase from 0.90 to 0.99, implying a potential trade-off between the economic 

objective and the associated risk level.  

The CCP method can be used to tackle stochastic constraints with a prescribed 

level of risk tolerance in the decision-making process. Figure 4.1.6(b) shows the total 

system costs under different risk levels of violating the constraints related to the 

maximum flood diversion capacity. As the risk of constraint violation rises, the total 

costs would correspondingly decrease. The minimum system cost of $2958.98 × 106 

would thus be obtained with a maximum risk level of 0.10. 

When dealing with probabilistic uncertainties, the fractile criterion optimization 

model and the CCP method take into account the risks related to the objective function 

and constraints, respectively. In many practical problems, however, probabilistic 

objective function and constraints often coexist within an optimization framework, and 
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they are correlated with each other. It is thus necessary to consider the risks associated 

with the objective function and constraints simultaneously, as well as to reveal the 

potential interactions between these risks and their contributions to the variability of the 

model output. Figure 4.1.6(c) presents a comparison of total system costs under different 

risk levels of violating both the objective function and the maximum flood diversion 

capacity constraints. The results reveal that the total system cost would decrease with a 

gradually increasing risk level, and the minimum total cost of $2817.87 × 106 would be 

obtained under the probability of 0.10. According to the factorial analysis, factor B that 

represents the constraint-violation risk for region 1 has little influence on the total 

system cost. Thus, the minimized total cost is insensitive to the variation in the 

probability of violating the maximum flood diversion capacity constraint for region 1. 

In this study, the proposed methodology is capable of addressing probabilistic 

objective function, constraints, and their interactions simultaneously. It provides a 

number of decision alternatives under different risk levels prescribed by decision makers 

based on their preferences. For example, decision makers may be risk averse or risk 

prone depending on practical situations. Moreover, tests for statistical significance can 

be conducted to uncover interactions between the probabilistic objective function and 

constraints as well as their effects on the resulting solutions. The interaction detection 

is helpful for decision makers to explore valuable information hidden beneath the 

interrelationships of main components in an optimization framework, facilitating an 

informed decision making. Dynamic complexities can also be addressed through a two-

stage decision process and through capacity expansion planning for flood diversion 

within a multi-region, multi-flood-level, and multi-option context. 
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Figure 4.1.6 Comparison of total system costs under different probability of (a) satisfying 

the objective function (b) violating maximum flood diversion capacity constraints (c) 

violating both the objective function and maximum capacity constraints 
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The proposal methodology is based on an assumption that all random variables are 

independent, and normally distributed with known means and variances. However, non-

Gaussian random variables may exist in real-world problems. Future studies would thus 

be undertaken to transform the stochastic objective and constraints into the deterministic 

equivalence when random variables follow non-normal distributions. Besides, the 

factorial design used in this study has only a single replicate without the consideration 

of “noise”. To tackle the unreplicated factorial experiment with no “noise” or variability, 

the internal estimate of error can be achieved by pooling high-order interactions based 

on an assumption associated with the following sparsity-of-effects principle: a system 

is often dominated by main effects and two-factor interactions, and interactions 

involving three or more factors are rare and can thus be neglected (Montgomery, 2000). 

 

4.1.5. Summary 

In this study, an RFPI method has been proposed to address probabilistic objective 

function and constraints as well as their interactions in a systematic manner. To tackle 

random uncertainties, risks associated with the objective function and constraints were 

taken into account in the decision-making process. Statistical significance for each of 

the linear, nonlinear, and interaction effects of risk parameters was uncovered through 

performing a multi-level factorial experiment. 

The proposed methodology was applied to a case study of flood control to 

demonstrate its validity and applicability. A variety of decision alternatives were 

obtained under different combinations of risk levels of violating the objective function 

and constraints, facilitating an in-depth analysis of trade-offs between economic 
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outcomes and associated risks. These alternatives were helpful for decision makers to 

identify a desired flood control scheme based on their risk preferences. Multivariate 

inference was conducted by carrying out the factorial experiment. The results revealed 

the importance of risk parameters, and quantified their linear, quadratic, and interaction 

effects on the total system cost. The statistical analysis was useful for exploring valuable 

information hidden beneath multi-level interactions between risk parameters. 

Compared with the fractile criterion optimization model and the CCP method, the 

RFPI method had advantages of allowing for the simultaneous consideration of 

probabilistic objective function and constraints within an optimization framework, as 

well as of exploring parametric interactions and their contributions to the variability of 

the total system cost. Moreover, dynamic complexities were also addressed through a 

two-stage decision process as well as through capacity expansion planning for flood 

diversion within a multi-region, multi-flood-level, and multi-option context. The 

proposed methodology is not restricted to the flood control problem considered in this 

study. It is also applicable to other stochastic optimization problems. 

 

4.2. A Multi-Level Taguchi-Factorial Two-Stage Stochastic Programming 

Approach to Characterizing Correlated Uncertainties in Water Resources 

Planning  

 

4.2.1. Background 

The world has been turning its attention to the increasingly critical issue of water 

scarcity. According to the United Nations, approximately 700 million people in 43 
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countries are suffering from water scarcity, and it is projected that 1.8 billion people will 

be living in countries or regions with absolute water scarcity by 2025 (UN-Water, 2006). 

The limited availability of water leads to a growing competition for water use among 

municipality, industry and agriculture in many countries. As rapid population growth 

and economic development, the competition for limited water supplies will intensify, 

resulting in tensions and conflicts among water users. Therefore, wise decisions are 

desired to make best use of limited water resources. Optimization techniques have 

played an important role in helping decision makers allocate and manage water 

resources in an effective and efficient way. However, a variety of uncertainties exist in 

water resources management systems and their latent interactions may further intensify 

the complexity in the decision-making process. As a result, deterministic optimization 

methods would become infeasible when a variety of uncertainties exist in system 

components. 

Over the past few years, a number of optimization methods have been proposed for 

dealing with uncertainties in water resources management (Qin et al., 2007; Li et al., 

2008; Bravo and Gonzalez, 2009; Chung et al., 2009; Teegavarapu, 2010; Wang and 

Huang, 2011; Abdelaziz, 2012; Gaivoronski et al., 2012; Wang and Huang, 2012). 

Among these methods, two-stage stochastic programming (TSP) has the ability to deal 

with random uncertainties with known probability distributions. In a TSP model, two 

groups of decision variables can be distinguished. The first-stage decision must be made 

prior to the realization of random variables, and then the second-stage decision can be 

determined after a random event takes place. The recourse action in the second stage is 

effective in minimizing the risk of infeasibility as a result of the first-stage decision. TSP 
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can thus be used to tackle uncertain information presented as probability distributions 

and make decisions in a two-stage fashion. However, TSP has difficulties in dealing 

with uncertainties when the sample size is too small to generate distribution functions. 

Even if such distributions are available, addressing them in large-scale optimization 

models can be challenging. 

Interval-parameter linear programming (ILP) is efficient in addressing uncertain 

information expressed as interval numbers with known lower and upper bounds but 

unknown distribution functions (Huang et al., 1992). Moreover, ILP can reflect interval 

information in the coefficients of the objective function and constraints, as well as in the 

solutions of the objective function value and decision variables, which is helpful for 

decision makers to interpret and adjust decision schemes according to practical 

situations. Consequently, an integration of TSP and ILP is desired to enhance the 

capability of addressing uncertainties in different formats (Huang and Loucks, 2000). 

The aforementioned optimization methods mainly focus on addressing parameter 

uncertainties that exist in various forms such as intervals, fuzzy sets and probability 

distributions. However, they can hardly reveal the potential interactions among model 

parameters. It is thus necessary to explore the correlated parameters and their 

contributions to the variability of the model output. Factorial designs have been widely 

used to study the interaction effects of two or more factors on a response variable (Lewis 

and Dean, 2001; Lin et al., 2008; Qin et al., 2008; Mabilia et al., 2010; Onsekizoglu et 

al., 2010; Wang and Huang, 2013a; Wang et al., 2013a; Zhou et al., 2013). All these 

studies used the most popular two-level factorial design which assumed that the 

response was linear over the range of factor levels. However, many real-world problems 

138 

 



involve the nonlinear relationships between the factors and the response. The two-level 

factorial experiment cannot address the nonlinear complexity. Thus, the multi-level 

factorial design is proposed to detect the curvature in the response function (Box and 

Behnken, 1960; Xu et al., 2004; Wu and Hamada, 2009). As the number of factors 

increases, however, the multi-level factorial design would become infeasible from a time 

and resource viewpoint due to a large number of experimental runs required. 

To reduce the number of experiments to a practical level when there are many 

factors to be studied, factor screening is necessary to identify a few factors that have 

significant effects on the response and remove those insignificant ones at the early stage 

of the factorial experiment. The concept of Taguchi’s orthogonal arrays is an effective 

and efficient means of identifying the importance of factors through performing only a 

small subset of the experimental runs (Adenso-Díaz and Laguna, 2006). Nevertheless, 

it can hardly provide information on how these factors interact. As a result, Taguchi’s 

orthogonal arrays can be employed to screen out the important factors from a large 

number of potential factors in a computationally efficient way, and then the multi-level 

factorial design can be used to analyze the interactions among those important factors. 

Combining the Taguchi’s orthogonal arrays with the multi-level factorial design is thus 

a sound strategy to study the interactions for a large number of factors at multiple levels. 

The objective of this study is to develop a multi-level Taguchi-factorial two-stage 

stochastic programming (MTTSP) approach through incorporating ILP, TSP, Taguchi’s 

orthogonal arrays, and the multi-level factorial design within a general framework. 

MTTSP is capable of analyzing parameter uncertainties and their interactions in a 
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comprehensive and systematic manner. A water resources management problem will be 

used to demonstrate the applicability of the proposed approach. 

 

4.2.2. Methodology 

4.2.2.1. Interval-Parameter Two-Stage Stochastic Programming 

Consider a problem wherein a water manager is responsible for allocating water to 

multiple users, with the objective of maximizing the total net benefit through identifying 

optimal water allocation schemes. As these users need to know how much water they 

can expect so as to make sound plans for their activities and investments, a prescribed 

amount of water is promised to each user according to local water management policies. 

If the promised water is delivered, it will bring net benefits to the local economy; 

otherwise, the users will have to obtain water from other sources or curtail their 

expansion plans, resulting in economic penalties (Maqsood et al., 2005). 

In this problem, a first-stage decision on the water allocation targets must be made 

before unknown seasonal flows are realized. When the uncertainty of seasonal flows is 

uncovered, a second-stage recourse decision can be taken to compensate for any adverse 

effects resulting from the first-stage decision. This problem under consideration can thus 

be formulated as a TSP model: 

1 1
Max  [ ]

m m

i i i iQ
i i

f NBT E C S
= =

= −∑ ∑                 (4.2.1a) 

subject to: 

1
( ) ,  

m

i iQ
i

T S Q
=

− ≤∑               (4.2.1b) 
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max ,    ,  iQ i iS T T i≤ ≤ ∀              (4.2.1c) 

0,    .iQS i≥ ∀                (4.2.1d) 

where f  is total net benefit ($); iNB  is net benefit to user i per m3 of water allocated 

($/m3); iT  (first-stage decision variable) is water allocation target promised to user i 

(m3); [ ]E ⋅  is expected value of a random variable; iC  is loss to user i per m3 of water 

not delivered, i iC NB>  ($/m3); iQS  (second-stage decision variable) is shortage of 

water to user i when the seasonal flow is Q (m3); Q (random variable) is total amount of 

the seasonal flow (m3); maxiT  is maximum allowable allocation amount for user i (m3); 

m is number of water users; i is index of water users, i = 1, 2, 3, with i = 1 for the 

municipality, i = 2 for the industrial sector, and i = 3 for the agricultural sector. 

To solve the above problem through linear programming, the distribution of Q must 

be approximated by a set of discrete values (i.e. random seasonal flow can be discretized 

into three interval numbers representing low, medium and high flows with each having 

a probability of occurrence). Letting Q take values jq  with probabilities jp  (j = 1, 

2, …, n), we have: 

1 1 1
 [ ]  ( )

m m n

i iQ i j ij
i i j

E C S C p S
= = =

=∑ ∑ ∑            (4.2.2) 

Thus, model (4.2.1) can be reformulated as 

1 1 1
Max 

m m n

i i j i ij
i i j

f NBT p C S
= = =

= −∑ ∑∑                     (4.2.3a) 

subject to: 
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1
( ) ,    ,  

m

i ij j
i

T S q j
=

− ≤ ∀∑              (4.2.3b) 

max ,    , ,  ij i iS T T i j≤ ≤ ∀              (4.2.3c) 

0,    , .ijS i j≥ ∀                (4.2.3d) 

where Sij denotes the amount by which the water allocation target is not met when the 

seasonal flow is qj with probability pj. 

Model (4.2.3) is effective in tackling uncertainty in water availability (qj) presented 

as probability distributions. However, uncertainties may also exist in other parameters 

such as net benefits (NBi), penalties (Ci), and water allocation targets (Ti). It is difficult 

to generate probability distributions for these parameters with small sample sizes in 

practice. ILP can thus be integrated within the TSP framework to reflect uncertainties 

of NBi, Ci, and Ti into the optimization process. This leads to an interval-parameter two-

stage stochastic programming (ITSP) model as follows:   

1 1 1
Max 

m m n

i i j i ij
i i j

f NB T p C S± ± ± ± ±

= = =

= −∑ ∑∑                    (4.2.4a) 

subject to: 

1
( ) ,    ,

m

i ij j
i

T S q j± ± ±

=

− ≤ ∀∑              (4.2.4b) 

max ,    , ,ij i iS T T i j± ±≤ ≤ ∀              (4.2.4c) 

0,    , .ijS i j± ≥ ∀                (4.2.4d) 

where iNB± , iT ± , iC± , ijS ± , and jq±

 are interval parameters/variables. 
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4.2.2.2. Robust Two-Step Method 

To solve model (4.2.4), a robust two-step method can be used to convert the 

interval-parameter linear programming problem into two submodels that correspond to 

the lower and upper bounds of the objective function value (Fan and Huang, 2012). In 

model (4.2.4), since target values ( iT ± ) are considered as intervals, it is difficult to 

determine whether their lower bounds or upper bounds correspond to the upper bound 

of the total net benefit (Huang and Loucks, 2000). Therefore, an optimized set of target 

values can be identified in order to achieve a maximized total net benefit. Accordingly, 

let i i i iT T T y−= + ∆ , where i i iT T T+ −∆ = − , and iy  ( 0 1iy≤ ≤ ) are decision variables 

that are used for identifying the optimal target values. By introducing decision variables 

( iy ), model (4.2.4) can be reformulated to 

1 1 1
Max ( )

m m n

i i i i j i ij
i i j

f NB T T y p C S± ± − ± ±

= = =

= + ∆ −∑ ∑∑                  (4.2.5a) 

subject to: 

1
( ) ,    ,

m

i i i ij j
i

T T y S q j− ± ±

=

+ ∆ − ≤ ∀∑             (4.2.5b) 

max ,    , ,ij i i i iS T T y T i j± −≤ + ∆ ≤ ∀            (4.2.5c) 

0,    , ,ijS i j± ≥ ∀                (4.2.5d) 

0 1,    .iy i≤ ≤ ∀                (4.2.5e) 

Since the objective is to maximize the total net benefit in model (4.2.5), the 

submodel corresponding to the lower bound of the objective function value can be first 

formulated as follows: 
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1 1 1
Max ( )

m m n

i i i i j i ij
i i j

f NB T T y p C S− − − + +

= = =

= + ∆ −∑ ∑∑                 (4.2.6a) 

subject to: 

1
( ) ,    ,

m

i i i ij j
i

T T y S q j− + −

=

+ ∆ − ≤ ∀∑            (4.2.6b) 

max ,    , ,ij i i i iS T T y T i j+ −≤ + ∆ ≤ ∀            (4.2.6c) 

0,    , ,ijS i j+ ≥ ∀                (4.2.6d) 

0 1,    .iy i≤ ≤ ∀                (4.2.6e) 

where ijS +  and iy  are decision variables, and their solutions of optijS +  and optiy  can 

be obtained through solving submodel (4.2.6). The optimal water allocation targets can 

then be determined by calculating opt opti i i iT T T y−= + ∆ . Based on the solutions of 

submodel (4.2.6), the submodel corresponding to the upper bound of the objective 

function value can be formulated as follows: 

opt
1 1 1

Max ( )
m m n

i i i i j i ij
i i j

f NB T T y p C S+ + − − −

= = =

= + ∆ −∑ ∑∑                  (4.2.7a) 

subject to: 

opt
1

( ) ,    ,
m

i i i ij j
i

T T y S q j− − +

=

+ ∆ − ≤ ∀∑           (4.2.7b) 

opt ,    , ,ij i i iS T T y i j− −≤ + ∆ ∀             (4.2.7c) 

opt ,    , .ij ijS S i j− +≤ ∀               (4.2.7d) 

0,    , .ijS i j− ≥ ∀                (4.2.7e) 
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where ijS −  are decision variables, and the solutions of optijS −  can be generated through 

solving submodel (4.2.7). Model (4.2.5) attempts to obtain the lower and upper bounds 

on the maximum total net benefit, opt opt opt[ ,  ]f f f± − += . Submodel (4.2.6) obtains the lower 

bound and submodel (4.2.7) provides the upper bound based on the solutions of 

submodel (4.2.6). Therefore, the value of optf +  is dependent on the value of optf − . By 

combining the solutions from two submodels, the final solutions of model (4.2.5) under 

the optimal water allocation targets can thus be obtained as 

opt opt opt[ ,  ],      ,  ,ij ij ijS S S i j± − += ∀              (4.2.8a) 

opt opt opt[ ,  ]f f f± − +=                (4.2.8b) 

where optijS +  and optf −  are the solutions of submodel (4.2.6), and optijS −  and optf +  are 

the solutions of submodel (4.2.7). Thus, the optimal water allocation schemes are 

opt opt opt ,     ,  .ij i ijA T S i j± ± ±= − ∀              (4.2.9) 

To facilitate informed decision making in water resources management, sensitivity 

analysis is an indispensable tool to investigate the importance of uncertainties in model 

parameters. Conventional sensitivity analysis examines the effects of changes in a single 

parameter over its range while assuming no changes in all the other parameters. Such a 

one-parameter-at-a-time strategy only reveals the individual impacts of parameters on 

the model response, but it has trouble detecting their latent interaction effects. Therefore, 

sensitivity analysis using statistical methods is desired for conducting a comprehensive 

investigation of the importance of model parameters affecting system performance. 
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4.2.2.3. Multi-Level Taguchi-Factorial Analysis 

The multi-level factorial design is a powerful statistical technique to study the 

effects of several independent variables (factors) with multiple levels on a dependent 

variable (response). As an extension of the most common two-level factorial design, the 

multi-level factorial design is particularly useful when there is a curvilinear relationship 

between design factors and the response. 

The most important case of the multi-level factorial design is the 3k factorial design 

which consists of k factors with each at three levels. The three levels of factors are 

represented as low, medium, and high; they are often denoted by -1, 0, and +1, 

respectively. In the 3k system of designs, there are 3k treatment combinations with 3k – 

1 degrees of freedom. These treatment combinations allow sums of squares to be 

computed for k main effects with each having two degrees of freedom; ( )2
k  two-factor 

interactions with each having four degrees of freedom; … ; and one k-factor interaction 

with 2k degrees of freedom. In general, an h-factor interaction has 2h degrees of freedom. 

Furthermore, any h-factor interaction can be partitioned into 2h-1 orthogonal two-

degrees-of-freedom components (Montgomery, 2000). For example, the three-factor 

interaction ABC can be subdivided into four orthogonal two-degrees-of-freedom 

components, denoted by ABC, ABC2, AB2C, and AB2C2, respectively. These 

components are useful in constructing complex designs. Since the number of 

experimental runs increases exponentially with the number of factors, the 3k factorial 

design is too expensive to implement when there are a large number of factors under 

consideration. 
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Therefore, factor screening is necessary to identify a short list of important factors 

affecting the response when there is a long list of possibly influential factors to be 

investigated. Such a screening process generally tests only a fraction of the experimental 

runs of a full factorial design, leading to a considerable reduction in the computational 

effort. Taguchi’s orthogonal arrays are highly fractional orthogonal designs proposed 

by Taguchi (1987), which can help study the effects of factors on the response mean and 

variations in a fast and economic way. These designs can be used to determine the main 

effects of factors by using only a few experimental runs instead of having to test all 

possible combinations of the levels of factors in the factorial design (Taguchi, 1986). 

Such a statistical technique allows for the maximum number of main effects to be 

estimated in an orthogonal manner with a minimum number of experiments, resulting 

in a significant saving in the experimental time and resources. Nevertheless, the main 

limitation of the Taguchi method is the difficulty in detecting the potential interactions 

among factors due to its underlying assumption that the interaction effects are 

unimportant and can be ignored. Thus, the concept of Taguchi’s orthogonal arrays can 

be employed to identify important factors with an economic run size, and then the multi-

level factorial design involving those important factors can be used to study their 

interactions. Such a sequential strategy of experimental designs can help ease the 

computational burden when there are many factors to be studied. 

Figure 4.2.1 provides an outline of the proposed methodology that incorporates ILP, 

TSP, Taguchi's orthogonal arrays, and the multi-level factorial design within a general 

framework. These methods can be classified into two categories: optimization 

techniques and statistical experimental designs. The optimization techniques can be 
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used to conduct uncertainty analysis and policy analysis; the statistical experimental 

designs can be employed for factor screening and interaction detection. Such an 

integrated approach is capable of addressing parameter uncertainties and their 

interactions in a systematic manner. 

 

4.2.3. Case Study 

4.2.3.1. Statement of Problems 

Uncertainty is inherent in water resources planning and management; it arises from 

a variety of sources, such as inadequate information, incomplete knowledge of 

parameter values, incorrect assumptions, and hydrologic variability (e.g. precipitation, 

stream flow, water quality). Decisions have to be made in the face of an uncertain future, 

complicating the decision-making process. Thus, water resources planning has always 

required an implicit handling of uncertainty. Over the past few decades, a number of 

optimization methods have been developed for addressing uncertainties in water 

resources management. These methods are effective in tackling parameter uncertainties 

that exist in the objective function and constraints; however, they cannot reflect the 

potential interactions among parameters and their effects on system performance. In fact, 

model parameters do not exist independently; instead, they are correlated with each 

other, intensifying the complexity in the decision-making process. It is thus necessary 

to perform a comprehensive analysis of parameter uncertainties and their interactions 

for supporting water resources management in an uncertain and complex environment. 
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Figure 4.2.1 Outline of the proposed methodology 
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4.2.3.2. Overview of the Study System 

The following case will be used to demonstrate the applicability of the proposed 

approach. A water manager is responsible for allocating water from an unregulated 

reservoir to three users: municipality, industry, and agriculture (as shown in Figure 

4.2.2). The problem under consideration is how to effectively allocate limited water to 

multiple users in order to achieve a maximized total net benefit. Table 4.2.1 provides 

maximum allowable water allocations and prescribed water allocation targets, as well 

as the related economic data acquired from governmental reports and public surveys. 

The seasonal flows and the associated probabilities are shown in Table 4.2.2. 

 

4.2.3.3. Result Analysis 

Interval solutions could be first obtained through the ITSP model. As shown in 

Figure 4.2.3, the optimal water allocation schemes would be obtained in the format of 

intervals with the lower and upper bounds. These interval solutions stem from 

uncertainty in input parameters. Water scarcity would occur if the amount of available 

water is insufficient to satisfy the promised water allocation targets, resulting in an 

increasing competition among municipality, industry and agriculture for the limited 

water supply. Thus, the identification of appropriate water allocation targets plays a key 

role in the decision-making process. The optimal water allocation targets to three water 

users could be obtained by calculating opt opti i i iT T T y−= + ∆ . The solutions of optiT  

indicate that the optimal water allocation targets would be 3.5 × 106 m3 for the municipal 

use, 3.2 × 106 m3 for the industrial use, and 4.7 × 106 m3 for the agricultural use, 

respectively. These prescribed targets would help achieve an optimal total net benefit of 
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Figure 4.2.2 Schematic diagram of water allocation system 
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Table 4.2.1 Water allocation targets (106 m3) and the related economic data ($/m3) 

Parameter 

User 
  

Municipal  
(i = 1) 

Industrial  
(i = 2) 

Agricultural  
(i = 3) 

Maximum allowable allocation ( maxiT ) 8 8 8 

Water allocation target ( iT ± ) [2.7, 3.7] [3.2, 5.2] [4.7, 7.7] 

Net benefit when water demand is satisfied ( iNB± ) [90, 110] [45, 55] [28, 32] 

Reduction of net benefit when demand is not delivered ( iC± ) [220, 280] [60, 90] [50, 70] 
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Table 4.2.2 Seasonal flows (106 m3) and associated probabilities 

Flow level Seasonal flow ( jq± ) Probability ( jp ) 

Low flow (j = 1) [3.5, 4.5] 20% 

Medium flow (j = 2) [8.0, 12.0] 60% 

High flow (j = 3) [15.0, 19.0] 20% 
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Figure 4.2.3 Water allocation patterns under low (L), medium (M), and high (H) flows 
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$[324.4, 638.0] × 106. The water shortage would be the difference between the water 

allocation target and the actual water allocation (i.e. water shortage = promised target – 

water allocation) under a given stream flow condition with a probability of occurrence. 

Thus, the results reveal that there would be a water shortage [2.2, 3.2] × 106 m3 for the 

industrial sector when the stream flow is low with a probability of 20% and a water 

shortage of [0, 3.4] × 106 m3 for the agriculture sector when the stream flow is medium 

with a probability of 60%. Consequently, the water allocation would firstly be 

guaranteed for the municipal use, secondly for the industrial use, and lastly for the 

agricultural use when the water scarcity occurs. This is because the municipal water use 

could bring the highest profit when its water demand is satisfied; contrarily, it would be 

subject to the highest penalty if the promised water is not delivered. 

In real-world problems, policy making is crucial to the sustainable water resources 

systems planning. In this study, variations in water allocation targets correspond to 

different water resources management policies. The ITSP framework is capable of 

establishing an effective linkage between the water allocation policies and the associated 

economic implications. Solutions under various policy scenarios could thus be obtained 

by letting the water allocation targets have different deterministic values. As shown in 

Table 4.2.3, iT ±

 = iT −  (i = 1, 2, 3) implies that the water allocation targets (given as 

intervals) for the municipality, industrial sector, and agricultural sector reach their lower 

bounds. Such a conservative policy would generate both less water shortage and less 

water allocation, but a higher risk of wasting available water resources. Contrarily, iT ±

 

= iT +

 (i = 1, 2, 3) implies that the water allocation targets reach their upper bounds. 
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Despite such an optimistic policy would lead to more water allocation, it would face a 

higher risk of system failure when the promised water is not delivered due to the 

inadequate water supply. iT ±

 = mid
iT  (i = 1, 2, 3) implies that the water allocation 

targets reach their mid-values, and it represents a neutral water allocation policy. From 

the economic point of view, the optimistic policy would bring the highest total net 

benefit of $671.6 × 106 under advantageous conditions (e.g. when the stream flow is 

high), but at the same time the lowest total net benefit of $175.6 × 106 under demanding 

conditions (e.g. when the stream flow is low). Conversely, the conservative policy would 

generate the lowest upper-bound total net benefit of $559.6 × 106 and the highest lower-

bound total net benefit of $300.4 × 106, indicating a relatively low system risk. As water 

allocation policies are directly associated with economic benefits and system risks, it is 

indispensable to perform the policy analysis for supporting water resources management 

under uncertainty. 

To address parameter uncertainties in a thorough manner, the potential interactions 

among uncertain parameters and their effects on system performance should also be 

analyzed. Table 4.2.4 shows all uncertain parameters in the ITSP model; they are chosen 

as the factors of interest. To carry out the factorial experiment, these factors are denoted 

as A, B, C, D, E, F, G, H, and J, respectively. As all factors are present at three levels, 

such a three-level factorial design with nine factors would require 19,683 experimental 

runs, resulting in a tremendous computational effort. At the initial stage of the factorial 

experiment, an efficient screening procedure is thus necessary to identify a subset of 

the factors that have a significant effect on the model response and eliminate those 

unimportant factors from further analysis. A full factorial experiment can then be
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Table 4.2.3 Solutions (106 m3) under different scenarios of water allocation targets 

 

i iT T± −=   
i iT T± +=   (mid)

i iT T± =  

i = 1 i = 2 i = 3  i = 1 i = 2 i = 3  i = 1 i = 2 i = 3 

Target ( iT ) 2.7 3.2 4.7  3.7 5.2 7.7  3.2 4.2 6.2 

Shortage ( ijS ± ):            

j = 1 0 [1.4, 2.4] 4.7  [0, 0.2] [4.4, 5.2] 7.7  0 [2.9, 3.9] 6.2 

j = 2 0 0 [0, 2.6]  0 [0, 0.9] [4.6, 7.7]  0 0 [1.6, 5.6] 

j = 3 0 0 0  0 0 [0, 1.6]  0 0 0 

Allocation ( ijA± ):            

j = 1 2.7 [0.8, 1.8] 0  [3.5, 3.7] [0, 0.8] 0  3.2 [0.3, 1.3] 0 

j = 2 2.7 3.2 [2.1, 4.7]  3.7 [4.3, 5.2] [0, 3.1]  3.2 4.2 [0.6, 4.6] 

j = 3 2.7 3.2 4.7  3.7 5.2 [6.1, 7.7]  3.2 4.2 6.2 

Total net benefit f ± = $[300.4, 559.6] × 106  f ± = $[175.6, 671.6] × 106  f ± = $[258.4, 636.6] × 106 
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Table 4.2.4 Investigated factors at three levels 

Symbol Factor 

 Level 
 

 Low (-1) Medium (0) High (+1) 

A Net benefit to municipal user per m3 of 

water allocated ($/m3) 

 90 100 110 

B Net benefit to industrial user per m3 of 

water allocated ($/m3) 

 45 50 55 

C Net benefit to agricultural user per m3 

of water allocated ($/m3) 

 28 30 32 

D Loss to municipal user per m3 of water 

not delivered ($/m3) 

 220 250 280 

E Loss to industrial user per m3 of water 

not delivered ($/m3) 

 60 75 90 

F Loss to agricultural user per m3 of 

water not delivered ($/m3) 

 50 60 70 

G Amount of low flow (106 m3)  3.5 4.0 4.5 

H Amount of medium flow (106 m3)  8 10 12 

J Amount of high flow (106 m3)  15 17 19 
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performed on the smaller subset of factors. Such a sequential strategy can help achieve 

remarkable savings of the computational resources. 

The concept of Taguchi's orthogonal arrays is thus proposed as an effective and 

efficient method for investigating the main effects of the nine factors at three levels. 

Table 4.2.5 provides the Taguchi's L27 (39) orthogonal array used for the three-level 

factorial experiment, as well as the corresponding optimization results. Such an 

orthogonal array design only requires 27 experimental runs for estimating the main 

effects of the nine factors. Results indicate that variations of these factors would cause 

a noticeable difference in total net benefits. It is thus necessary to examine their effects 

and analyze those dominant factors as well as their interactions. 

Figure 4.2.4 presents the main effects plot for the nine factors at three levels, which 

is helpful in visualizing the magnitudes of main effects of factors. In the main effects 

plot, the points are the means of total net benefits at the various levels of each factor, 

with a reference line drawn at the grand mean of total net benefits. This plot reveals that 

factor H has the greatest magnitude of the main effect upon the total net benefit. The 

total net benefit would increase from $443.7 to $516.7 × 106 and then from $516.7 to 

$588.5 × 106, if the amount of the medium flow varies from its low level of 8 to its mid-

level of 10 × 106 m3 and then from its mid-level of 10 to its high level of 12 × 106 m3, 

respectively. This is because the medium flow has the highest probability of occurrence 

(60%); any change in the amount for the medium flow would cause a considerable 

variation in the total net benefit. Contrarily, factor J with a near-zero slope has the 

smallest contribution to the variability of the total net benefit, since no water shortage 

would occur and the water demands of all users would be always satisfied when the 
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Table 4.2.5 Taguchi's L27 (39) orthogonal array and corresponding optimization results 

Run 
Factor Total net 

benefit ($106) A B C D E F G H J 

1 -1 -1 -1 -1 -1 -1 -1 -1 -1 409.7 

2 -1 -1 -1 -1 0 0 0 0 0 451.1 

3 -1 -1 -1 -1 +1 +1 +1 +1 +1 510.4 

4 -1 0 0 0 -1 -1 -1 0 0 506.6 

5 -1 0 0 0 0 0 0 +1 +1 548.1 

6 -1 0 0 0 +1 +1 +1 -1 -1 373.8 

7 -1 +1 +1 +1 -1 -1 -1 +1 +1 600.8 

8 -1 +1 +1 +1 0 0 0 -1 -1 434.3 

9 -1 +1 +1 +1 +1 +1 +1 0 0 483.2 

10 0 -1 0 +1 -1 0 +1 -1 0 440.2 

11 0 -1 0 +1 0 +1 -1 0 +1 462.8 

12 0 -1 0 +1 +1 -1 0 +1 -1 566.6 

13 0 0 +1 -1 -1 0 +1 0 +1 541.6 

14 0 0 +1 -1 0 +1 -1 +1 -1 571.8 

15 0 0 +1 -1 +1 -1 0 -1 0 475.4 

16 0 +1 -1 0 -1 0 +1 +1 -1 620.8 

17 0 +1 -1 0 0 +1 -1 -1 0 402.6 

18 0 +1 -1 0 +1 -1 0 0 +1 544.4 

19 +1 -1 +1 0 -1 +1 0 -1 +1 469.4 

20 +1 -1 +1 0 0 -1 +1 0 -1 570.4 

21 +1 -1 +1 0 +1 0 -1 +1 0 588.2 

22 +1 0 -1 +1 -1 +1 0 0 -1 545.0 

23 +1 0 -1 +1 0 -1 +1 +1 0 637.6 

24 +1 0 -1 +1 +1 0 -1 -1 +1 443.8 

25 +1 +1 0 -1 -1 +1 0 +1 0 652.4 

26 +1 +1 0 -1 0 -1 +1 -1 +1 544.0 

27 +1 +1 0 -1 +1 0 -1 0 -1 545.6 
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Figure 4.2.4 Main effects plot 
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stream flow is high. 

As shown in Table 4.2.6, the effects of factors are estimated based on the means of 

total net benefits. Results indicate that factor H has the largest delta value of $144.8 × 

106 in means of total net benefits (delta value is calculated as the difference between 

maximum and minimum means of total net benefits), implying that factor H has the 

most significant effect on the model response. Contrarily, factor J has the smallest delta 

value of $3.1 × 106 in means of total net benefits and thus it has little influence on the 

response. The significance of all factors affecting the economic objective is determined 

according to the delta values. As a result, factors A, B, C, E, F, G, and H are identified 

as the dominant factors, while factors D and J are unimportant factors and thus removed 

from further factorial experiments. 

Based on the results of the Taguchi’s orthogonal array experiment, a factorial 

experiment involving those important factors was performed to analyze their interaction 

effects on system performance. Such a three-level factorial design with seven factors 

requires 2,187 experimental runs for estimating the joint effects of factors. The half-

normal plot is a graphical technique used to help distinguish between important and 

unimportant effects of factors; it is particularly useful for analyzing the unreplicated 

factorial experiments. Figure 4.2.5 presents the half-normal plot of effects, which is a 

plot of the absolute values of effect estimates against their cumulative normal 

probabilities. Effects that lie along the straight line are deemed to be insignificant, 

whereas prominent effects lie away from the line. Accordingly, the important effects 

that emerge from this analysis are the main effects of factors H, A, F, B, E, G, and C, as 

well as the interaction effects of factors F and H, E and F, B and F, and B and E.  
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The interaction plot for factors F and H at three levels is presented in Figure 4.2.6. 

This plot shows the total net benefit versus the amount of the medium flow for each of 

the three different agricultural costs. It reveals that the change in the total net benefit 

differs across the three levels of factor H depending on the level of factor F, implying 

that an interaction between these factors occurs and their effects are dependent upon 

each other. The highest total net benefit of $600.7 × 106 would be obtained when factor 

F is at its low level and factor H is at its high level. Figure 4.2.7 presents the interactions 

plot matrix for factors E, F, and H at three levels, in which each pair of factors provides 

two panels. This plot reveals that the three lines of factor F would decline as factor E 

varies across its low, medium, and high levels, whereas the dashed line representing the 

high level of factor F decreases faster than the other two, implying an interaction 

between this pair of factors. Although all the three lines of factor E would go up at 

different rates when factor H increases across its low, medium, and high levels, their 

interaction does not seem as strong as it does for factors E and F. 

 

4.2.4. Discussion 

In this study, the water allocation problem was also solved using the factorial two-

stage stochastic programming (FTSP) method proposed by Zhou and Huang (2011). 

Table 4.2.7 shows the effects of significant factors and their interactions identified 

through FTSP. Results reveal that there are more significant two-factor interactions (e.g. 

factors A and C and factors E and H) identified by using FTSP compared to using the 

MTTSP approach. For example, the results of FTSP indicate that the interaction 

between the loss to industrial user per m3 of water not delivered and the amount of 
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medium flow has a significant contribution to the variability of the total net benefit, 

while such an interaction has little effect on the economic objective in the light of the 

results of MTTSP. This is because FTSP used a 29-3 fractional factorial design in which 

two-factor interaction effects might be confounded with other two-factor interactions, 

resulting in difficulty in separating two-factor interactions from one another. In 

comparison, MTTSP used a full factorial design that allowed a clear estimation of all 

two-factor interactions, avoiding the misleading information. Moreover, the Taguchi's 

orthogonal array used in MTTSP is a highly fractional orthogonal design that can 

identify the main effects of factors by using only a small number of experimental runs 

(27 runs in this study), leading to a remarkable saving in the experimental time and 

resources. 

Besides, FTSP used the most popular two-level factorial design. Figure 4.2.8 

presents the interaction plot matrix for factors E, F, and H at two levels. This plot reveals 

that the model response is linear over the range of the factor levels. However, the 

nonlinear relationships between the factors and the response inherently exist in many 

practical applications. The two-level factorial experiment can hardly reveal the 

nonlinear effects. In comparison, MTTSP is able to detect the curvature in the response 

function (see Figure 4.2.7). 

MTTSP is capable not only of incorporating uncertainties presented in the formats 

of intervals and probability distributions into the optimization process and reflecting 

them in the resulting solutions, but also of establishing an effective linkage between the 

prescribed water allocation policies and associated economic implications, providing an 

in-depth policy analysis. On the other hand, MTTSP employed the Taguchi’ orthogonal 
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Table 4.2.6 Response table for means of total net benefits ($106) 

Level 

Factor 
        

A B C D E F G H J 

1 479.8 496.5 507.3 522.4 531.8 539.5 503.5 443.7 515.3 

2 514.0 516.0 515.6 513.8 513.6 512.6 520.7 516.7 515.3 

3 555.2 536.5 526.1 512.7 503.5 496.8 524.7 588.5 518.4 

Delta (Max-Min) 75.4 39.9 18.9 9.7 28.3 42.7 21.1 144.8 3.1 

Rank 2 4 7 8 5 3 6 1 9 

      Note: Factors in bold are identified as the significant factors. 
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Figure 4.2.5 Half-normal plot of effects 
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Figure 4.2.6 Interaction plot for factors F and H at three levels 
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Figure 4.2.7 Interaction plot matrix for factors E, F, and H at three levels 
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Table 4.2.7 Effects of significant factors and their interactions 

Factor Standardized effect Sum of squares Contribution (%) 

A 73.87 87320.25 17.92 

B 43.70 30555.04 6.27 

C 18.83 5670.09 1.16 

E -30.20 14592.64 3.00 

F -40.50 26244.00 5.39 

G 22.27 7938.81 1.63 

H 139.00 309100.00 63.46 

AC 4.90 384.16 0.079 

BE -4.87 380.25 0.078 

BF -3.37 182.25 0.037 

EF -4.52 327.61 0.067 

EH 4.17 278.89 0.057 

FH 15.72 3956.41 0.81 
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Figure 4.2.8 Interaction plot matrix for factors E, F, and H at two levels 

 

  

F: Agricultural cost 

H: Medium flow 

E: Industrial cost ($/m3) 

To
ta

l n
et

 b
en

ef
it 

($
10

6 )
 

E: Industrial cost 

H: Medium flow (106 m3) 

F: Agricultural cost ($/m3) 

170 

 



array as a screening technique to identify important factors with an economic number 

of experimental runs, and then performed a full factorial experiment involving those 

important factors to investigate their potential interactions. Such a sequential strategy of 

experimental designs is useful for analyzing the interactions for a large number of 

factors of interest in a computationally efficient manner. Moreover, the multi-level 

factorial design used in MTTSP is capable of detecting the curvature in the factor-

response relationship, while it is impossible to reflect such a nonlinear effect with the 

two-level factorial design due to its assumption of linearity over the range of factor 

levels. MTTSP is thus helpful for decision makers to identify the dominant factors and 

their latent interactions in the decision-making process, as well as to make sound 

decisions of water allocation under compound and interactive uncertainties. 

 

4.2.5. Summary  

An MTTSP approach was proposed for characterization of parameter uncertainties 

and their interactions. MTTSP incorporated ILP, TSP, Taguchi's orthogonal arrays, and 

the multi-level factorial design within a general framework. Such an integrated approach 

is capable of performing uncertainty analysis, policy analysis, factor screening, and 

interaction detection in a systematic and computational efficient manner. 

A water resources management problem was used to demonstrate the applicability 

of the proposed method. Interval solutions were generated for the objective function and 

decision variables so that decision makers could identify desired water allocation 

schemes with maximized total net benefits. A variety of decision alternatives were also 

generated under different scenarios of water allocation targets, which could help 
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decision makers to formulate appropriate water resources management policies 

according to practical situations. The results obtained from the Taguchi's orthogonal 

array experiment are helpful in identifying the significant factors affecting the means of 

total net benefits. Then the findings from the factorial experiment reveal the potential 

interactions among those important factors at three levels and their curvature effects on 

the model response, as well as the valuable information hidden beneath their 

interrelationships. 

This study is a first attempt to support water resources management by using the 

MTTSP approach. This approach would also be applicable to other environmental 

management problems in the presence of correlated parameters. The two-stage 

stochastic program used in this study was solved based on approximating the underlying 

probability distribution by a discrete set of representative scenarios, and decisions were 

then made in two stages. Such a two-stage decision procedure is thus incapable of 

dealing with large-scale optimization problems that often involve a multi-stage decision 

process. Therefore, one potential extension of this research is to develop a multi-stage 

stochastic program for tackling large-scale dynamic decision problems. Nevertheless, 

the computational complexity for solving the stochastic program would be getting worse 

with an increasing number of stages in combination with a large number of possible 

random outcomes at each stage. It is thus necessary to integrate multi-stage stochastic 

programming with other optimization techniques such as Benders Decomposition for 

solving large-scale stochastic optimization problems in a computationally efficient 

manner. 
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4.3. An Integrated Approach for Water Resources Decision Making Under 

Interactive and Compound Uncertainties 

 

4.3.1. Background 

Due to population growth and economic development, water demands for 

municipal, industrial, and agricultural uses have been rising in recent years. However, 

surface water and groundwater pollution are deteriorating, and fresh water supplies are 

going to run out. Water scarcity is thus becoming a critical issue in many countries. 

Conflict can arise from different water users competing for a limited water supply 

(Wang et al., 2008). To achieve sustainable development, wise decisions are desired to 

make best use of limited water resources. 

Optimization techniques have played an important role in helping decision makers 

allocate and manage water resources in an effective and efficient way. For example, 

Wang et al. (2008) introduced a cooperative water allocation model (CWAM) for 

pursuing fair and efficient water resources allocation among competing users while 

taking into account hydrologic, economic and environmental interrelationships; CWAM 

was applied to a large-scale water allocation problem in the South Saskatchewan River 

Basin located in southern Alberta, Canada. Almiñana et al. (2010) presented 

optimization algorithms implemented in a decision support system that provided 

dynamic scheduling of the daily water irrigation for a given land area by taking into 

account the irrigation network topology, the water volume technical conditions and the 

logistical operation. Yang et al. (2012) combined a decentralized optimization method 

with a multiple agent system for solving a water allocation problem considering both 
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human and natural water demands in the Yellow River Basin, China. De Corte and 

Sörensen (2013) conducted a thorough review of existing methods for the optimization 

of water distribution networks. In water management systems, however, the inherent 

uncertainty exists due to unavailability of system information, modeling inaccuracy, 

randomness of natural processes, and diversity in subjective judgments. Thus, decisions 

have to be made in the face of an uncertain and risky future. These complexities can 

become further intensified by latent interactions among various uncertainties and their 

resulting effects on system performance. 

Over the past two decades, a number of optimization methods have been proposed 

for addressing uncertainties in water resources management (Escudero, 2000; Li et al., 

2006; Qin et al., 2007; Bravo and Gonzalez, 2009; Teegavarapu, 2010; Wang et al., 

2014b). For example, Chung et al. (2009) applied a robust optimization approach in a 

water supply system to minimize the total system cost; this approach could address 

parameter uncertainty without excessively affecting the system. Guo et al. (2010) 

developed a fuzzy stochastic two-stage programming approach for supporting water 

resources management under multiple uncertainties with both fuzzy and random 

characteristics. Gaivoronski et al. (2012) proposed a quantitative approach for cost/risk 

balanced planning of water resources systems under uncertainty; this approach 

incorporated risk management approaches into a multi-stage stochastic optimization 

model that tackled uncertainty being described by scenario trees. Among these methods, 

two-stage stochastic programming (TSP) has been recognized as a powerful tool that 

can be used to deal with random variables and make decisions in a two-stage fashion 

(Miller and Ruszczyński, 2011; Dentcheva and Martinez, 2012). For example, a water 
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manager promises water allocation to water users before the rain season (first-stage 

decision), and may want to take corrective actions after the rain season (second-stage 

decision). Chance-constrained programming (CCP) is another alternative for tackling 

random variables and supporting risk-based decision making (Poojari and Varghese, 

2008). It can be used to provide a trade-off analysis between the economic objective and 

the system risk. However, both TSP and CCP can tackle uncertain information only 

presented as probability distributions; they are incapable of addressing uncertainties in 

other formats, resulting in difficulties when the available data is insufficient to generate 

distribution functions in practice. In comparison, interval-parameter linear 

programming (ILP) is effective in dealing with uncertain information expressed as 

interval numbers with known lower and upper bounds but unknown distribution 

functions (Huang et al., 1992). It can reflect interval information in model parameters 

and resulting solutions, which is helpful for decision makers to interpret and adjust 

decision schemes according to practical situations. Consequently, an integration of TSP, 

CCP, and ILP is desired to support water resources management under multiple 

uncertainties and risks. 

On the other hand, uncertainty and risk do not exist independently in water 

resources systems; instead, they are correlated with each other. It is thus necessary to 

analyze the potential interactions between uncertainty and risk as well as their impacts 

on system performance. Factorial designs are recognized as a powerful technique to 

study the combined effects of two or more factors on a response variable (Lewis and 

Dean, 2001; Qin et al., 2008; Onsekizoglu et al., 2010; Wei et al., 2013). In this study, 

a mixed-level factorial design will be introduced to explore the correlations among 
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factors at different levels and to detect the curvature in the response function. To reduce 

the number of experiments to a practical level when there are many factors to be taken 

into account in the factorial design, the concept of Taguchi’s orthogonal arrays will be 

used in the first place to perform factor screening in a computationally efficient way. 

Combining the Taguchi’s orthogonal arrays with the mixed-level factorial design is a 

sound strategy to examine interactions for a large number of factors with different 

number of levels. 

Therefore, the objective of this study is to propose an integrated approach through 

combing the strengths of ILP, TSP, CCP, Taguchi’s orthogonal arrays, and mixed-level 

factorial designs. A water resources management problem will be used to demonstrate 

the applicability of the proposed methodology. 

 

4.3.2. Methodology 

4.3.2.1. Interval-Parameter Stochastic Programming 

Consider a problem wherein a water manager allocates water to multiple users, 

with the objective of maximizing the total net benefit through identifying optimal water 

allocation schemes. As these users need to know how much water they can expect so as 

to make appropriate decisions on their activities and investments, a prescribed amount 

of water is promised to each user according to local water management policies. If the 

promised water is delivered, it will bring net benefits to the local economy; otherwise, 

the users will have to obtain water from other sources or curtail their expansion plans, 

resulting in economic penalties (Maqsood et al., 2005). This problem can thus be 

formulated as a TSP model: 
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where f  is total net benefit ($); iNB  is net benefit to user i per m3 of water allocated 

($/m3); iT  is allocation target for water that is promised to user i (m3); [ ]E ⋅  is 

expected value of a random variable; iC  is loss to user i per m3 of water not delivered, 

i iC NB>  ($/m3); iQS  is shortage of water to user i when the seasonal flow is Q (m3); Q 

is total amount of seasonal flow (m3); maxiT  is maximum allowable allocation amount 

for user i (m3); m is number of water users; i is index of water user, i = 1, 2, 3, with i = 

1 for the municipality, i = 2 for the industrial user, and i = 3 for the agricultural sector. 

To solve the above problem through linear programming, the distribution of Q can 

be approximated by a set of discrete values (Huang and Loucks, 2000). Letting Q take 

values jq  with probabilities jp  (j = 1, 2, ..., n), we have: 

1 1 1
 [ ]  ( )

m m n

i iQ i j ij
i i j

E C S C p S
= = =

=∑ ∑ ∑            (4.3.2) 

Thus, model (4.3.1) can be reformulated as 

1 1 1
Max 

m m n

i i j i ij
i i j

f NBT p C S
= = =

= −∑ ∑∑                     (4.3.3a) 

subject to: 
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1
( ) ,    ,  

m

i ij j
i

T S q j
=

− ≤ ∀∑              (4.3.3b) 

max ,    , ,  ij i iS T T i j≤ ≤ ∀              (4.3.3c) 

0,    , .ijS i j≥ ∀                (4.3.3d) 

where ijS  denotes the amount by which the water allocation target is not met when the 

seasonal flow is jq  with probability jp .  

TSP that directly couples the cost of recourse to the objective function is 

recognized as a proper method to address decisions under risk. However, TSP is 

incapable of quantifying the relationship between the economic objective and the system 

risk. CCP can thus be introduced to perform risk analysis and provide information on 

the trade-offs among the objective function value, tolerance levels of constraints, and 

the prescribed levels of probability. A typical CCP model can be formulated as 

Max ( )C t X                         (4.3.4a) 

subject to: 

{ }Pr | ( ) ( ) 1 ,t A t X b t α≤ ≥ −              (4.3.4b) 

0.X ≥                  (4.3.4c) 

where X is a vector of decision variables, and C(t) , A(t), and b(t) are sets with random 

elements defined on a probability space T, t ∈ T (Charnes et al., 1971); α is a prescribed 

level of probability for each constraint, α ∈ [0,1], imposing a condition that the 

constraint is satisfied with at least a probability of 1 - α. The nonlinear equation (4.3.4b) 

can become the following linear equation when its left-hand-side coefficients are 

deterministic [i.e. A(t) → A] and the right-hand-side parameters are random: 
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( )( ) ,    .i
i iA X b t iα≤ ∀              (4.3.5) 

where ( ) 1( ) ( )i
i i ib t Fα α−= , given the cumulative distribution function of bi and the 

probability of violating constraint i. 

For the water allocation model, the TSP and CCP methods are effective in tackling 

right-hand-side uncertainties in the form of probability distributions. Nevertheless, they 

can hardly deal with non-probabilistic uncertainties that may exist in other model 

parameters, such as such as benefits ( iNB ), penalties ( iC ), and water allocation targets 

( iT ). ILP can thus be introduced to take into account interval uncertainties without any 

probabilistic information. An ILP model can be defined as follows: 

Max  f C X± ± ±=                                                  (4.3.6a) 

subject to: 

A X B± ± ±≤            (4.3.6b) 

0X ± ≥            (4.3.6c) 

where { }m n
A R

×± ±∈ , { } 1m
B R

×± ±∈ , { }1 n
C R

×± ±∈ , { } 1n
X R

×± ±∈ , and R denotes a set 

of interval numbers. ILP, TSP, and CCP can thus be integrated within a general 

framework to tackle multiple uncertainties that exist in the objective function and 

constraints; this leads to an interval-parameter stochastic programming (ISP) model as 

follows:     

1 1 1
Max 

m m n

i i j i ij
i i j

f NB T p C S± ± ± ± ±

= = =

= −∑ ∑∑                    (4.3.7a) 

subject to:  

1
Pr ( ) 1 ,    ,

m

i ij j j
i

T S q jα± ±

=

 − ≤ ≥ − ∀ 
 
∑          (4.3.7b) 
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max ,    , ,ij i iS T T i j± ±≤ ≤ ∀              (4.3.7c) 

0,    , .ijS i j± ≥ ∀                (4.3.7d) 

where iNB± , iT ± , iC± , and ijS ±

 are interval parameters/variables; αj is the allowable 

risk level of violating the constraint j. 

 

4.3.2.2. Robust Two-Step Method 

In model (4.3.7), target values ( iT ± ) are considered as intervals. To achieve a 

maximized total net benefit, an optimized set of target values needs to be identified by 

introducing decision variables iy  (Huang and Loucks, 2000). Therefore, let 

i i i iT T T y± −= + ∆ , where i i iT T T+ −∆ = − , and iy  ( 0 1iy≤ ≤ ) are decision variables. 

Model (4.3.7) can then be reformulated to 

1 1 1
Max ( )

m m n

i i i i j i ij
i i j

f NB T T y p C S± ± − ± ±

= = =

= + ∆ −∑ ∑∑                  (4.3.8a) 

subject to: 

1
Pr ( ) 1 ,    ,

m

i i i ij j j
i

T T y S q jα− ±

=

 + ∆ − ≤ ≥ − ∀ 
 
∑        (4.3.8b) 

max ,    , ,ij i i i iS T T y T i j± −≤ + ∆ ≤ ∀            (4.3.8c) 

0,    , ,ijS i j± ≥ ∀                (4.3.8d) 

0 1,    .iy i≤ ≤ ∀                (4.3.8e) 

To solve model (4.3.8), a robust two-step method can be used to convert the 

interval-parameter linear programming problem into two submodels (Fan and Huang, 
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2012). Since the objective is to maximize the total net benefit, the submodel 

corresponding to the lower bound of the objective function value can be first formulated 

as follows: 

1 1 1
Max ( )

m m n

i i i i j i ij
i i j

f NB T T y p C S− − − + +

= = =

= + ∆ −∑ ∑∑                  (4.3.9a) 

subject to: 

1
Pr ( ) 1 ,    ,

m

i i i ij j j
i

T T y S q jα− +

=

 + ∆ − ≤ ≥ − ∀ 
 
∑         (4.3.9b) 

max ,    , ,ij i i i iS T T y T i j+ −≤ + ∆ ≤ ∀            (4.3.9c) 

0,    , ,ijS i j+ ≥ ∀                (4.3.9d) 

0 1,    .iy i≤ ≤ ∀                (4.3.9e) 

where ijS +  and iy  are decision variables, and their solutions of optijS +  and optiy  can 

be obtained through solving submodel (4.3.9). The optimal water allocation targets can 

then be determined by calculating opt opti i i iT T T y−= + ∆ . Based on the solutions of 

submodel (4.3.9), the submodel corresponding to the upper bound of the objective 

function value can be formulated as follows: 

opt
1 1 1

Max ( )
m m n

i i i i j i ij
i i j

f NB T T y p C S+ + − − −

= = =

= + ∆ −∑ ∑∑                  (4.3.10a) 

subject to: 

opt
1

Pr ( ) 1 ,    ,
m

i i i ij j j
i

T T y S q jα− −

=

 + ∆ − ≤ ≥ − ∀ 
 
∑        (4.3.10b) 

opt ,    , ,ij i i iS T T y i j− −≤ + ∆ ∀             (4.3.10c) 
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opt ,    , .ij ijS S i j− +≤ ∀               (4.3.10d) 

0,    , .ijS i j− ≥ ∀                (4.3.10e) 

where ijS −  are decision variables, and the solutions of optijS −  can be generated through 

solving submodel (4.3.10). By combining the solutions from two submodels, the final 

solutions of model (4.3.8) can thus be obtained as 

opt opt opt[ ,  ],      ,  ,ij ij ijS S S i j± − += ∀              (4.3.11a) 

opt opt opt[ ,  ]f f f± − +=                (4.3.11b) 

where optijS +  and optf −  are the solutions of submodel (4.3.9), and optijS −  and optf +  are 

the solutions of submodel (4.3.10). Thus, the optimal water allocation schemes are 

opt opt opt ,     ,  .ij i ijA T S i j± ± ±= − ∀             (4.3.12) 

 

4.3.2.3. Mixed-Level Factorial Experiment Coupled with Taguchi Method 

The mixed-level factorial experiment is a powerful statistical technique to study 

the effects of several independent variables (factors) with different number of levels on 

a dependent variable (response). Such a factorial experiment is especially useful when 

there are both quantitative and qualitative factors of interest, and a curvilinear 

relationship exists between the design factors and the response. In a full factorial 

experiment, all possible combinations of levels of factors need to be investigated 

(Montgomery, 2000). For example, if there are a levels of factor A and b levels of factor 

B, such a mixed-level factorial experiment would contain ab treatment combinations. A 
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full factorial design is too expensive to run for many practical purposes because the 

number of experimental runs increases exponentially with the number of factors. 

When there is a long list of possibly significant factors to be investigated, factor 

screening is necessary to identify a short list of important factors, eliminating those 

unimportant ones from further analysis. Such a screening process generally tests merely 

a fraction of the experimental runs of a full factorial design, leading to a considerable 

reduction in the computational effort. Taguchi’s orthogonal arrays are highly fractional 

orthogonal designs proposed by Taguchi (1987), which are useful for studying the 

effects of factors on the response mean and variations in a fast and economic way. These 

designs can be employed to estimate the main effects of factors using only a few 

experimental runs instead of having to test all possible combinations of the levels of the 

factors in the factorial design (Taguchi, 1986). Such a statistical technique allows for 

the maximum number of main effects to be estimated in an orthogonal manner with a 

minimum number of experiments, resulting in a significant saving in the experimental 

time and resources. Thus, the concept of Taguchi’s orthogonal arrays can be employed 

to identify important factors with an economic run size. The mixed-level factorial 

experiment involving those important factors can then be conducted to explore their 

interactions. Such a sequential strategy can help ease the computational burden when 

there are many factors to be studied.  

Figure 4.3.1 provides an outline of the proposed methodology. It can be classified 

into two categories: interval-parameter stochastic programming and mixed-level 

Taguchi-factorial experiment. The proposed methodology that consists of optimization 
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techniques and statistical experimental designs is capable of conducting uncertainty 

analysis, risk assessment, and interaction detection in a systematic manner. 

 

4.3.3. Case Study 

4.3.3.1. Overview of the Study System 

A water manager is responsible for allocating water from a reservoir to three users: 

municipality, industrial sector, and agricultural sector. A predefined water allocation 

target is promised to each user for supporting their economic activities. If the promised 

water is delivered, an amount of the net benefit will be gained for each unit of water 

allocated. However, if a water shortage occurs due to the insufficient water supply, the 

users may obtain water from other sources or have to curtail their expansion plans. Thus, 

the problem under consideration is how to effectively allocate limited water to multiple 

users in order to achieve a maximized total net benefit. Table 4.3.1 provides maximum 

allowable water allocations and prescribed water-allocation targets, as well as the 

related economic data acquired from governmental reports and public surveys. Tables 

4.3.2 and 4.3.3 show seasonal flows under different levels of probability and risk, 

respectively. 

 

4.3.3.2. Result Analysis 

As shown in Table 4.3.4, most of non-zero decision variables ( optijS ± ) and the 

objective function value ( optf ± ) would be obtained in the form of interval numbers due 

to uncertain parameters. The optimal water allocation targets to three water users could 
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Figure 4.3.1 Outline of the proposed methodology 
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Table 4.3.1 Water allocation targets (106 m3) and the related economic data ($/m3) 

Parameter 

User 
  

Municipal  
(i = 1) 

Industrial  
(i = 2) 

Agricultural  
(i = 3) 

Maximum allowable allocation ( maxiT ) 8 8 8 

Water allocation target ( iT ± ) [2.7, 3.7] [3.2, 5.2] [4.7, 7.7] 

Net benefit when water demand is satisfied ( iNB± ) [90, 110] [45, 55] [28, 32] 

Reduction of net benefit when demand is not delivered ( iC± ) [220, 280] [60, 90] [50, 70] 
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Table 4.3.2 Seasonal flows (106 m3) and associated probabilities  

Flow level Seasonal flow ( jq± ) Probability ( jp ) 

Low flow (j = 1) [3.5, 4.5] 20% 

Medium flow (j = 2) [8.0, 12.0] 60% 

High flow (j = 3) [15.0, 19.0] 20% 
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Table 4.3.3 Seasonal flows (106 m3) under different risk levels  

Flow level Seasonal flow ( jq ) 

Risk level 

α = 0.01 α = 0.05 α = 0.10 

Low flow (j = 1) N(4, 0.52) 2.84 3.18 3.36 

Medium flow (j = 2) N(10, 22) 5.35 6.71 7.44 

High flow (j = 3) N(17, 22) 12.35 13.71 14.44 

      Note: N(μ, σ2) represents a normally distributed random variable with mean μ and standard 

      deviation σ. 
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Table 4.3.4 Interval solutions obtained for the objective function value and decision 

variables (106 m3) 

Decision variable Probability 
(pj) 

User 
  

i = 1 i = 2 i = 3 

Target optiT   3.5 3.2 4.7 

Shortage ( optijS ± ) under a flow level of:     

Low (j = 1) 20% 0 [2.2, 3.2] 4.7 

Medium (j = 2) 60% 0 0 [0, 3.4] 

High (j = 3) 20% 0 0 0 

Allocation ( optijA± ) under a flow level of:     

Low (j = 1) 20% 3.5 [0, 1.0] 0 

Medium (j = 2) 60% 3.5 3.2 [1.3, 4.7] 

High (j = 3) 20% 3.5 3.2 4.7 

Total net benefit optf ± = $[324.4, 638.0] × 106 
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be first obtained by calculating opt opti i i iT T T y−= + ∆ . The solutions of optiT  reveal that 

the optimal water allocation targets would be 3.5 × 106 m3 for the municipal use, 3.2 × 

106 m3 for the industrial use, and 4.7 × 106 m3 for the agricultural use, respectively. 

These optimal targets could help achieve a desired total net benefit which would be 

$[324.4, 638.0] × 106 in this case. Water scarcity would occur if available amount of 

water is insufficient to satisfy the promised water allocation targets. In such a situation, 

the actual water allocation would be the difference between the water allocation target 

and the probabilistic shortage (i.e. water allocation = promised target – water shortage) 

under a given stream flow condition with a probability of occurrence. Solutions of optijS ±  

indicate that, when the stream flow is low with a probability of 20%, there would be 

water shortage of [2.2, 3.2] and 4.7 × 106 m3 for the industrial and agricultural uses, 

respectively. When the stream flow is medium with a probability of 60%, there would 

be a water shortage of [0, 3.4] × 106 m3 for the agriculture use. Water would be fully 

allocated to three users when the stream flow is high with a probability of 20%. In the 

case of insufficient water, water allocation would firstly be guaranteed for the municipal 

use, secondly for the industrial use, and lastly for the agricultural use. This is because 

the municipal user could bring the highest benefit when its water demand is satisfied; 

meanwhile, it would be subject to the highest penalty if the promised water is not 

delivered. In comparison, the industrial and agricultural users could cause lower benefits 

and lower penalties. 

Variations in water allocation targets reflect different water resources management 

policies. It is thus necessary to build an effective linkage between water policies and the 
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associated allocation schemes as well as economic implications. Figure 4.3.2 presents 

the water allocation patterns under different scenarios of water allocation policies. 

Figure 4.3.2(a), Figure 4.3.2(b), and Figure 4.3.2(c) represent a conservative policy 

(when iT ±

 reach their lower bounds), an optimistic policy (when iT ±

 reach their 

upper bounds), and a neutral policy (when iT ±

 reach their mid-values), respectively. 

From the economic point of view, the optimistic policy would bring the highest total net 

benefit of $671.6 × 106 under advantageous conditions (e.g. when the stream flow is 

high); however, it would result in the lowest total net benefit of $175.6 × 106 under 

demanding conditions (e.g. when the stream flow is low). Contrarily, the conservative 

policy would cause the lowest upper-bound total net benefit of $559.6 × 106 and the 

highest lower-bound total net benefit of $300.4 × 106, implying a relatively low system 

risk. Water allocation policies are directly associated with economic benefits and system 

risks. Therefore, policy analysis is crucial for water resources management and planning 

under uncertainty. 

In an optimization model, constraints do not have to be fully satisfied; decision 

makers may allow certain constraints to be violated to some extent in order to achieve a 

desired objective function value. It is thus indispensable to establish a quantitative 

relationship between the constraint-violation risk and the objective function. Three risk 

levels, including 0.01, 0.05, and 0.10, were considered in this study, implying that the 

corresponding constraints would be satisfied with a probability of at least 99, 95, and 

90%, respectively. Figure 4.3.3 presents the lower- and upper-bound total net benefits 

and the associated water allocation targets under different risk levels of constraint 
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violation. Results reveal that total net benefits would increase from $[173.14, 387.56] × 

106, to $[254.86, 459.70] × 106 and then to $[294.16, 496.00] × 106 when the risk levels 

increase from 0.01 to 0.05 and then to 0.10. Thus the associated water allocation targets 

would increase correspondingly. This implies a potential trade-off between the system 

risk and the economic efficiency. Risk-averse decision makers may avoid a high risk of 

constraint violation to obtain relatively conservative water allocation schemes, resulting 

in a low total net benefit. Nevertheless, when decision makers intend to earn a high 

profit due to a tight budget, they have to tolerate a high risk in exchange for a desired 

economic benefit. It is thus essential to perform the risk analysis to support decision 

making in an uncertain environment. 

To address uncertainty and risk in a systematic manner, their interactions and the 

resulting effects on system performance should be also examined, which can help 

uncover the valuable information that may be hidden beneath their interrelationships. 

Table 4.3.5 shows all uncertain parameters in the ISP model; they are selected as the 

factors of interest. To carry out the factorial experiment, these factors are denoted as A, 

B, C, D, E, F, G, H, and J, respectively. Since factors A - F are present at two levels and 

factors G - J appear at three levels, such a mixed-level factorial design would require 

1,728 experimental runs, resulting in a considerable computational effort. At the initial 

stage of the factorial experiment, a beneficial and rapid screening procedure is thus 

desired to identify a subset of the factors that have a large influence on the model 

response. A full factorial experiment can then be performed on this smaller subset of 

factors. Such a sequential strategy can help achieve remarkable savings of the 

computational resources. 
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Figure 4.3.2 Water allocation patterns under low, medium, and high flows for different 

scenarios of water allocation targets 
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Figure 4.3.3 Total net benefits and associated water allocation targets under different risk 

levels of constraint violation 
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Table 4.3.5 Investigated factors with mixed levels 

Symbol Factor 

 Level  

 Low Medium High 

A Net benefit to municipal user per m3 of 

water allocated ($/m3) 

 90 - 110 

B Net benefit to industrial user per m3 of 

water allocated ($/m3) 

 45 - 55 

C Net benefit to agricultural user per m3 of 

water allocated ($/m3) 

 28 - 32 

D Loss to municipal user per m3 of water not 

delivered ($/m3) 

 220 - 280 

E Loss to industrial user per m3 of water not 

delivered ($/m3) 

 60 - 90 

F Loss to agricultural user per m3 of water 

not delivered ($/m3) 

 50 - 70 

G Risk level for low flow  0.01 0.05 0.1 

H Risk level for medium flow  0.01 0.05 0.1 

J Risk level for high flow  0.01 0.05 0.1 
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The concept of Taguchi's orthogonal arrays is thus proposed as an effective and 

efficient approach for investigating the main effects of factors that have different 

number of levels. The Taguchi's L36 (26×33) orthogonal array was used in this study for 

the mixed-level factorial experiment. Such a design only requires 36 experimental runs 

for estimating the main effects of nine factors. Table 4.3.6 shows the response table for 

means of total net benefits. The effects of factors are estimated based on the response 

mean. The results reveal that factor H has the most significant influence on the model 

response since it has the greatest range (i.e. delta value) of $90.1 × 106 in means of total 

net benefits (difference between maximum and minimum means of total net benefits), 

while factor D has the smallest range of $0.6 × 106 in means of total net benefits and 

thus has little effect on the response. This is because the medium flow has the highest 

probability of occurrence (60%); any change in the risk level for the medium flow 

(factor H) would cause a considerable variation in the net benefit. Contrarily, the 

municipal cost (factor D) has little influence on the total net benefit, since the water 

demand for the municipal user would be always satisfied so as to gain the highest profit 

and avoid the maximum penalty. The significance levels of factors affecting the 

economic efficiency are determined according to the delta values. Thus, factors A, B, C, 

E, F, G, and H are identified as the significant factors, while factors D and J are 

unimportant factors and then removed from further factorial experiment. 

Based on the results of the screening experiment, a full factorial experiment 

involving those significant factors was performed to reveal their interaction effects on 

system performance. Such a mixed-level factorial design (25×32) requires 288 

experimental runs for estimating the joint effects of seven factors. The half-normal plot 
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is a graphical technique used to distinguish between important and unimportant effects 

of factors; it is particularly useful for analyzing the unreplicated factorial experiments. 

Figure 4.3.4 presents the half-normal plot of effects, which is a plot of the absolute 

values of effect estimates against their cumulative normal probabilities. All effects that 

lie along the straight line are identified as insignificant effects, whereas the significant 

effects are far from the line. The important effects that emerge from this analysis are the 

main effects of factors A, F, H, E, B, C, and G, as well as the joint effects of factors E 

and F, B and E, E and H, F and H, and A and E. It reveals that the conclusions drawn 

from the Taguchi's orthogonal array design and the mixed-level factorial design would 

be different for the main effects of factors. For instance, factor H is identified as the 

most significant factor by using the Taguchi’s orthogonal array, while factor A becomes 

the most significant factor based on the factorial experiment. This is because the Taguchi 

method estimates the single effects of factors based on the response mean, while their 

effects are estimated by using the concept of contrasts in the factorial experiment. 

Nevertheless, the same subset of the significant factors is generated through both 

methods. Thus, the interactions of these factors can be analyzed through the mixed-level 

factorial experiment.  

Figure 4.3.5 presents the full interactions plot matrix for factors E at two levels 

(industrial cost), F at two levels (agricultural cost), and H at three levels (risk level for 

medium flow), in which each pair of factors provides two panels. This plot reveals that 

the two lines of factor F would decrease when factor E varies from its low level to its 

high level, but the dashed line representing the high level of factor F decreases slightly 

faster than the other, indicating an interaction between this pair of factors. The two lines 
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Table 4.3.6 Response table for means of total net benefits ($106) 

Level 
Factor  

       

A B C D E F G H J 

1 323.1 337.1 348.6 357.7 378.7 390.7 346.4 307.5 357.7 

2 392.9 379.0 367.5 358.3 337.4 325.3 359.8 368.9 356.7 

3 - - - - - - 367.9 397.6 359.6 

Delta (Max-Min) 69.8 41.9 18.9 0.6 41.3 65.4 21.6 90.1 2.9 

Rank 2 4 7 9 5 3 6 1 8 

    Note: Factors in bold are identified as the significant factors. 
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Figure 4.3.4 Half-normal plot of effects 
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         Figure 4.3.5 Full interactions plot matrix for factors E, F and H 
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of factor E would go up as factor H varies across its low, medium, and high levels, 

whereas the three lines of factor H would decline when factor E varies from its low level 

to its high level. Because the change in the total net benefit differs across the levels of 

factor H depending on the level of factor E, the two factors appear to interact. Although 

all the three lines of factor H would decrease at different rates when factor F increases 

from its low level to its high level, their interaction does not seem as strong as it does 

for factors E and H. However, the highest total net benefit of $428.19 × 106 would be 

obtained when factor F is at its low level and factor H is at its high level. 

 

4.3.4. Discussion  

Uncertainty is inherent in future-oriented water resources planning efforts, and 

decisions have to be made under uncertain and risky situations. Thus, uncertainty and 

risk need to be taken into account in water resources management. Previously, a number 

of optimization methods were developed for tackling uncertainties in water resources 

problems. These methods are effective in addressing uncertainties in different forms; 

however, they cannot reflect potential interactions of uncertainties and their impacts on 

the model response. It is thus necessary to conduct a comprehensive analysis of 

uncertainty and risk in water resources management problems.  

In this study, the proposed methodology consists of optimization methods and 

statistical experimental designs. The optimization methods are capable of addressing 

uncertainties in the forms of interval numbers and probability distributions, as well as 

reflecting risk levels of constraint violation in the decision-making process. TSP was 

used to establish an effective linkage between the prescribed policies and the associated 
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economic implications. CCP allowed certain constraints to be violated up to a specified 

probability level, which provided a trade-off analysis between the value of objective 

function and the risk of constraint violation. On the other hand, statistical experimental 

designs have the advantages of analyzing the latent interactions of uncertainty and risk 

as well as their impacts on the model response. The Taguchi’ orthogonal array design 

was used as a screening procedure to identify important factors with a limited number 

of experimental runs. Then the mixed-level factorial experiment was performed to 

examine the interactions of those important factors with different numbers of levels. 

Such a sequential strategy of experimental designs is useful in analyzing the correlations 

for a large number of factors of interest in a computationally efficient manner. Moreover, 

the mixed-level factorial design is capable of detecting the curvature in the factor-

response relationship, while it is impossible to reflect such a nonlinear effect with the 

two-level factorial design due to its assumption of linearity over the range of factor 

levels. Consequently, the proposed methodology is useful for water resources 

management under interactive and compound uncertainties. 

 

4.3.5. Summary 

In this study, an integrated approach was proposed by incorporating ILP, TSP, CCP, 

Taguchi's orthogonal arrays, and mixed-level factorial designs within a general 

framework. Such an integrated approach was capable of facilitating interval analysis, 

risk assessment, factor screening, and factorial experiment in a systematic manner. 

A water resources management problem was used to demonstrate the feasibility of 

the proposed methodology. The results indicated that interval solutions were generated 
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for the objective function and decision variables, which could help decision makers to 

identify desired water allocation schemes with maximized net benefits. A number of 

decision alternatives were also generated under different scenarios of water allocation 

targets, which were helpful for decision makers to formulate appropriate water resources 

management policies. The solutions under different risk levels of constraint violation 

reflected the relationship between total net benefits and associated risks, which was 

meaningful for supporting risk management. The results of factor screening were useful 

for identifying significant factors affecting the means of total net benefits. Then the 

findings from the factorial experiment revealed interactions among factors and their 

curvature effects on the model response, as well as the valuable information hidden 

beneath parametric interactions. 

 

4.4. A Fractional-Factorial Probabilistic-Possibilistic Optimization Framework 

for Planning Regional Water Resources Systems with Interactive Fuzzy Variables  

 

4.4.1. Background 

Global water resources are under pressure due to rapid population growth, 

intensive socio-economic development, and warming climate (Vörösmarty et al., 2000). 

Water scarcity is becoming a critical issue in many countries, since water demand is 

increasing rapidly while fresh water supplies are shrinking dramatically. Thus, conflicts 

often arise when different water users compete for a limited water supply (Wang et al., 

2008). To achieve sustainable development, wise decisions are desired to make best use 

of limited water resources. 
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Optimization techniques are recognized as a powerful tool for investigating 

economic benefits of policy decisions and for planning of water resources systems in an 

effective and efficient way. However, mathematical modeling of real-world water 

resources systems involves a variety of uncertainties due to (1) the inherent 

unpredictability of these systems, (2) simplifications in model formulation, and (3) 

uncertainties in the estimates of model parameters. The potential interactions among 

these uncertainties may further intensify the complexity in the decision process. 

Therefore, inexact optimization methods are desired to support water resources 

allocation in an uncertain and complex environment.  

Over the past few years, a number of optimization methods have been developed 

for addressing uncertainties in environmental management problems (Akter and 

Simonovic, 2005; Qin et al., 2007; Chung et al., 2009; Li and Huang, 2009; Teegavarapu, 

2010; Wang et al., 2011; Gaivoronski et al., 2012; Karamouz and Nazif, 2013; Wang 

and Huang, 2013b; Wang et al., 2014a). Among these methods, two-stage stochastic 

programming (TSP) is a powerful method for coping with random variables with known 

probability distributions; however, it can hardly reflect non-probabilistic information 

(also known as possibilistic information) in the decision-making process. In comparison, 

fuzzy set theory serves as a useful mathematical tool to facilitate the description of 

complex and ill-defined systems (Zadeh, 1978). It is capable of quantifying the 

possibilistic information without the sample size requirement. The vertex method 

proposed by Dong and Shah (1987) has been extensively used for tackling fuzzy sets 

based on the α-cut concept and interval analysis. Nevertheless, the vertex method 

assumes that the same α-cut level is applied to all fuzzy sets in the fuzzy discretization 
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process, and results can thus be obtained with a particular α-cut level. In real-world 

problems, however, decision makers may have different attitudes towards fuzzy sets, 

implying that the α-cut levels applied to different fuzzy sets may vary. Moreover, fuzzy 

sets are not independent of each other; in fact, they may interact in significant ways. It 

is thus necessary to examine the latent interactions among fuzzy sets and to reveal their 

effects on the model response. 

Factorial designs have been recognized as a straightforward means for revealing 

the interaction effects of two or more design factors on a response variable (Lewis and 

Dean, 2001; Lin et al., 2008; Mabilia et al., 2010; Zhang and Huang, 2011; Wang et al., 

2013b). When the factors of interest are uncertain and given as fuzzy sets instead of the 

standard representation of design factors with each at fixed levels, combining factorial 

designs with the vertex method is a sound strategy for not only revealing the interactions 

among fuzzy sets, but also improving the processing of fuzzy sets using various 

combinations of α-cut levels. 

Therefore, the objective of this study is to develop a multi-level factorial-vertex 

fuzzy-stochastic programming (MFFP) approach through incorporating TSP, fuzzy set 

theory, vertex analysis, and the concept of multi-level factorial designs within a general 

framework. MFFP is capable of dealing with probabilistic and possibilistic uncertainties, 

as well as revealing the interdependence of fuzzy variables. A regional water resources 

allocation problem will be used to verify the MFFP’s applicability. Finally, a quantitative 

comparison between MFFP and the vertex method will be conducted to demonstrate the 

merits of the proposed approach. 
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4.4.2. Methodology 

4.4.2.1. Fuzzy Stochastic Optimization 

In a TSP model, decision variables are divided into two groups, including first-

stage and second-stage variables. First-stage variables are decided upon prior to the 

actual realization of random variables. Once uncertain events have occurred, a recourse 

decision can then be made in the second stage. A standard TSP model can be formulated 

as 

Max f = CTX + E[Q(X, ξ)]             (4.4.1a) 

subject to: 

AX ≤ B                  (4.4.1b) 

X ≥ 0                   (4.4.1c) 

with  

Q(X, ξ) = max D(ξ)TY                 (4.4.1d) 

subject to: 

T(ξ)X + W(ξ)Y ≤ H(ξ)                (4.4.1e) 

Y ≥ 0                   (4.4.1f) 

where C ∈ 1nR , X ∈ 1nR  (first-stage decision variable vector), A ∈ 1 1m nR × , B ∈ 1mR , D ∈

2nR , Y ∈ 2nR  (second-stage decision variable vector), T ∈ 2 1m nR × , W ∈ 2 2m nR × , H ∈ 2mR , 

ξ is a random vector, and ξ (D, T, W, H) contains the data of the second-stage problem 

(Birge and Louveaux, 1988). Letting random vector ξ take a finite number of possible 

realizations ξ1, …, ξk with respective probability of occurrence p1, …, pk, k 1p =∑ , the 
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above TSP problem can be written as a deterministic equivalent linear program as 

follows: 

1
Max 

m
T T

k
k

f C X p D Y
=

= +∑                       (4.4.2a) 

subject to: 

AX ≤ B        (4.4.2b)
 

,     kTX WY kξ+ ≤ ∀              (4.4.2c) 

X ≥ 0                 (4.4.2d) 

Y ≥ 0                 (4.4.2e) 

TSP is capable of reflecting the dynamic nature of decision problems under 

uncertainty, enhancing the flexibility in the decision-making process. In TSP, random 

variables in model parameters can be represented by a set of scenarios with each 

occurring with a given probability. In real-world problems, subjective uncertainties may 

also exist and need to be taken into account in the optimization model. For instance, 

uncertain parameters can be decided upon by decision makers’ subjective estimates. 

However, TSP can barely address non-probabilistic uncertainties. 

Fuzzy set theory is an effective means of expressing decision makers’ subjective 

estimates in decision problems. A fuzzy set δ  in X is characterized by a membership 

function δµ  , where X represents a space of points (objects), with an element of X 

denoted by x (Zadeh, 1978). The ( )xδµ   represents the membership grade of x in δ : 

( ) [0,1]xδµ → , where ( )xδµ   can be viewed as the plausibility degree of δ  taking 

value x. The closer ( )xδµ   is to 1, the more likely x belongs to δ ; conversely, the 
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closer ( )xδµ   is to 0, the less likely x belongs to δ . Zadeh (1978) defined a possibility 

distribution associated with δ  as numerically equal to δµ  . According to Van Hop 

(2007), let T  be a family of triangular fuzzy sets, and can be defined as 

( ){ }, , , , 0T a b a bδ δ= = ≥                (4.4.3a) 

and 

( ) max 0,1       if ,  0,

1                                              if 0,  and/or 0,
( )

( ) max 0,1       if ,  0,

0                                            

xf x x a
a

a b
x

xg x x b
b

δ

δ

δ

δ δ

µ
δ δ

− = − ≤ > 
 

= =
=

− = − > > 
 



  otherwise.











       (4.4.3b) 

where the scalars a and b (a, b ≥ 0; a, b ∈ R) are the left and right spreads, respectively; 

fδ  represents a continuous and monotonically increasing function on the left-hand side 

of δ ; gδ  represents a continuous and monotonically decreasing function on the right-

hand side of δ . A crisp number (δ ∈ R) can thus be illustrated as a triangular fuzzy 

set ( ,0,0)δ δ= . The α-level set (α-cut) of a fuzzy set δ  is a crisp subset of elements 

that belong to δ  at least to the degree α, and can be defined as 

{ | ( ) , }x x x Xα δδ µ α= ≥ ∈              (4.4.4) 

where [0,1]α ∈ . The support of δ  is defined as 

supp( ) { | ( ) 0, }x x x Xδδ µ= > ∈            (4.4.5) 

208 

 



To address decision-making problems under randomness and fuzziness, fuzzy set 

theory can be introduced into the TSP framework. This leads to a fuzzy stochastic linear 

programming (FSLP) model as follows: 

1
Max 

m
T T

k
k

f C X p D Y
=

= +∑                         (4.4.6a) 

subject to: 

AX B≤          (4.4.6b) 

,     kTX WY kξ+ ≤ ∀               (4.4.6c) 

X ≥ 0                 (4.4.6d) 

Y ≥ 0                 (4.4.6e) 

where C , D , A , B , T , W , and ξ  are expressed as fuzzy variables. Thus, FSLP 

is capable of tackling uncertainties in the forms of random variables and fuzzy sets that 

exist in the coefficients of the objective function as well as the left- and right-hand sides 

of constraints. 

 

4.4.2.2. Vertex Method 

To solve the FSLP model, the well-known vertex method can be used for 

computing functions of fuzzy variables (Dong and Shah, 1987). By using the concept 

of α-cuts, each fuzzy variable can be converted into a group of intervals with various α 

levels. Intervals corresponding to the same α-cut level from all fuzzy variables can then 

be processed by interval analysis, resulting in an interval function associated with each 

α-cut level (Huey-Kuo et al., 1998). The interval function at each α-cut level can be 

denoted as 
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1 2( , ,..., )ny f x x xα α α α=              (4.4.7) 

where [ , ]L Ry y yα α α= , 1 1 1[ , ]x a bα α α= , 2 2 2[ , ]x a bα α α= , …, [ , ]n n nx a bα α α= . The lower 

and upper bounds of the interval function can be obtained through respectively solving 

a minimization problem and a maximization problem as follows: 

1 2min ( , ,..., )L ny f x x xα =  and 1 2max ( , ,..., )R ny f x x xα =      (4.4.8) 

where 1 1 1[ , ]x a bα α α∈ , 2 2 2[ , ]x a bα α α∈ , …, [ , ]n n nx a bα α α∈ . When the function is 

continuous, the desired value of the interval function can be obtained by 

{ }min[ ( ), ( )],max[ ( ), ( )], 1, 2,..., 2 ;    n
j i j iy f c f e f c f e j iα = = ∀    (4.4.9) 

where cj is the ordinate of jth vertex and ei is an extreme point. If no extreme point exists, 

all interval variables have at most 2n different combinations since they form an n-

dimensional rectangular with 2n vertices, and the ordinates of all vertices are actually 

the combinations of n pairs of end points of intervals. Minimum and maximum bounds 

of the 2n results can be obtained as the interval solution with a certain α-cut level. The 

final solution is accomplished by repeating the above process for all α-cut levels. 

The fuzzy vertex method is limited by its assumption that all fuzzy sets are 

discretized into intervals at the same α-cut level. However, decision makers may have 

different attitudes towards fuzzy sets in practice, implying that the α-cut levels applied 

to different fuzzy sets may vary. For example, some of fuzzy sets may be tackled with 

the α-cut level of 0.5, while the others are processed at the α-cut level of 1.0. Such a 

complexity cannot be addressed through the vertex method. Therefore, a multi-level 

factorial-vertex approach is proposed to take into account various combinations of α-

210 

 



cut levels for tackling fuzzy sets, enhancing the flexibility and applicability in the 

decision-making process. 

 

4.4.2.3. Multi-Level Factorial-Vertex Method 

Multi-level factorial design is a powerful statistical technique to study the effects 

of several independent variables (factors) with multiple levels on a dependent variable 

(response). It is particularly useful when there is a curvilinear relationship between 

design factors and the response variable. In a factorial design, an experimental run is 

performed at every combination of factor levels. The sample size is the product of the 

number of levels of factors. Specifically, the two-level factorial design has a sample size 

that is a power of two, 2k, where k is the number of factors; the multi-level factorial 

design with s > 2 has a sample size sk, where s is the number of levels for each factor.  

For example, a 3k factorial design consists of k factors with each at three levels. 

The three levels of factors can be represented as low, medium, and high; they are often 

denoted by -1, 0, and +1, respectively. In the 3k system of designs, there are 3k 

combinations with 3k – 1 degrees of freedom. If there are n replicates, there will be n3k 

– 1 total degrees of freedom and 3k (n – 1) degrees of freedom for error. These treatment 

combinations allow sums of squares to be computed for k main effects with each having 

two degrees of freedom; ( )2
k  two-factor interactions with each having four degrees of 

freedom; … ; and one k-factor interaction with 2k degrees of freedom (Montgomery, 

2000). In general, an h-factor interaction has 2h degrees of freedom. The 3k factorial 

design is too expensive to implement when there are a large number of factors to be 
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investigated, since the number of experimental runs increases exponentially with the 

number of factors. Further fractionation of the 3k factorial design is thus desirable when 

there are a large number of factors of interest.  

Generally, a 1
3

p
 
 
 

 fraction of the 3k design is constructed with k factors in 3k –p 

runs, where p < k. Such a design is called a 3k -p fractional factorial design. The procedure 

of constructing a 3k factorial design is to select p components of the highest-order 

interaction to partition the 3k design into 3p blocks with each having a 3k -p fractional 

factorial design. Any block can be selected for use (Wu and Hamada, 2009). The 3k -p 

fractional factorial design is useful in exploring the interactions among factors at three 

levels by using a fraction of the effort of a full factorial design in terms of experimental 

runs and resources. In real-world problems, however, the investigated factors may be 

given as fuzzy variables instead of the standard representation of design factors with 

each at low, medium, and high levels, resulting in the difficulty addressing such a 

complexity. It is thus desired to integrate the 3k -p fractional factorial design and the 

vertex method within a general framework, leading to a multi-level factorial-vertex 

approach. Such an approach improves upon the commonly used fuzzy vertex method 

through taking into account various combinations of α-cut levels for handling fuzzy sets 

as well as through revealing the latent interactions among fuzzy sets and their effects on 

the model response. 

Figure 4.4.1 provides a framework of the proposed methodology, which consists 

of the FSLP model and its solution algorithm. It is indicated that FSLP is developed 

through introducing fuzzy set theory into the TSP framework, and then a multi-level 
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factorial-vertex analysis is proposed to solve FSLP, leading to an MFFP approach. 

MFFP is capable not only of dealing with optimization problems under fuzziness and 

randomness, but also of detecting interactions among fuzzy sets and their nonlinear 

effects on the model outputs. 

 

4.4.3. Case Study 

4.4.3.1. Statement of Problems 

Uncertainty is inherent in water resources systems, which arises from a variety of 

sources, such as inadequate information, incomplete knowledge of parameter values, 

incorrect assumptions, and hydrologic variability (e.g. precipitation, stream flow, water 

quality). Thus, uncertainty handling is an essential requirement for water resources 

management. Over the past decades, a variety of techniques have been proposed for 

dealing with uncertainties in water resources management, among which fuzzy set 

theory is recognized as an effective tool for expressing decision makers’ subjective 

judgments in decision problems and the vertex method has been used extensively to 

compute the functions of fuzzy variables. The vertex method assumes that all fuzzy sets 

are tackled using the same α-cut level; however, decision makers may have different 

attitudes towards fuzzy sets in practical applications, and thus the α-cut levels applied 

to different fuzzy sets may vary. To improve the vertex method with unrealistic 

assumptions, the MFFP approach is proposed to tackle fuzzy sets at various 

combinations of α-cut levels, enhancing the flexibility in the fuzzy discretization process. 

Furthermore, fuzzy sets are actually correlated with each other, intensifying the 

complexity in the decision process. It is thus necessary to perform a comprehensive 
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analysis of fuzzy uncertainties and their interdependences for supporting water 

resources management in an uncertain and complex environment. 

 

4.4.3.2. Overview of the Study System 

The following case will be used to illustrate the applicability of the proposed 

method. A water manager allocates water from an unregulated reservoir to three users: 

municipality, industry, and agriculture. The objective of this problem is to maximize the 

total net benefit through identifying optimal water allocation schemes. As these users 

need to know how much water they can expect so as to make sound plans for their 

activities and investments, a prescribed amount of water is promised to each user 

according to local water management policies. The minimum and maximum water 

allocation targets to municipal, industrial and agricultural sectors are 2.7 and 3.7, 3.2 

and 5.2, as well as 4.7 and 7.7 × 106 m3, respectively. The maximum allowable water 

allocations to three users are 8.0 × 106 m3. If the promised water is delivered, it will 

bring net benefits to the local economy; otherwise, the users will have to obtain water 

from other sources or curtail their expansion plans, resulting in economic penalties 

(Maqsood et al., 2005). In this problem, the economic data and seasonal flows cannot 

be determined exactly; instead, they are decided upon by decision makers’ subjective 

estimates that can be expressed as fuzzy sets. Figure 4.4.2 presents the related economic 

data and seasonal flows in the form of fuzzy sets with triangular membership functions. 
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Figure 4.4.1 Framework of the proposed methodology 
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Figure 4.4.2 Economic data and seasonal flows expressed as fuzzy sets with triangular 

membership functions 
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4.4.3.3. Model Formulation 

In the water allocation problem, a first-stage decision on water allocation targets is 

made before uncertain seasonal flows are realized; a second-stage recourse decision can 

then be made when the uncertainty of seasonal flows is uncovered. This problem under 

consideration can thus be formulated as a TSP model. When fuzzy uncertainties exist in 

the coefficients of the objective function as well as the left- and right-hand sides of 

constraints, fuzzy set theory can be incorporated into the TSP framework, leading to a 

FSLP model as follows: 

1 1
Max [ ]

m m

i i i iQ
i i

f NBT C E S± ±

= =

= −∑ ∑                      (4.4.10a) 

subject to:  

1
( ) ,  

m

i iQ
i

T S Q±

=

− ≤∑               (4.4.10b) 

max ,    ,  iQ i iS T T i±≤ ≤ ∀              (4.4.10c) 

0,    .iQS i≥ ∀                (4.4.10d) 

where ±f  is total net benefit with a minimum value −f  and a maximum value +f  

($); 
iNB  (expressed as fuzzy sets) is net benefit to user i per m3 of water allocated 

($/m3); ±
iT  is water allocation target that is promised to user i (m3), and ±

iT  is given 

by a range with a minimum value −
iT  and a maximum value +

iT ; [ ]E ⋅  is expected 

value of a random variable; 
iC  (expressed as fuzzy sets) is loss to user i per m3 of water 

not delivered, > 
i iC NB  ($/m3); iQS  is shortage of water to user i when the seasonal 

flow is Q (m3); Q is total amount of the seasonal flow (m3); maxiT  is maximum allowable 
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allocation amount for user i (m3); m is number of water users; i is index of water users, 

i = 1, 2, 3, with i = 1 for the municipality, i = 2 for the industrial sector, and i = 3 for the 

agricultural sector. 

To solve the above problem through linear programming, the distribution of Q must 

be approximated by a set of discrete values. Letting Q take values jq  with probabilities 

jp  (j = 1, 2, ..., n), we have: 

1 1 1
 [ ]  ( )

m m n

i iQ i j ij
i i j

C E S C p S
= = =

=∑ ∑ ∑             (4.4.11) 

Since target values ( iT ± ) in model (4.4.10) are defined within a range with known 

minimum and maximum values, it is difficult to determine whether their minimum value 

( iT − ) or maximum value ( iT + ) would help achieve the maximized total net benefit (Huang 

and Loucks, 2000). Therefore, an optimized set of target values will be identified to 

achieve a maximized total net benefit. Accordingly, let i i i iT T T y± −= + ∆ , where 

i i iT T T+ −∆ = − , and iy  ( 0 1iy≤ ≤ ) are decision variables used for identifying the 

optimal target values. As mentioned above, model (4.4.10) can thus be reformulated as 

follows: 

1 1 1
Max ( )

m m n

i i i i j i ij
i i j

f NB T T y p C S± −

= = =

= + ∆ −∑ ∑∑                   (4.4.12a) 

subject to: 

1
( ) ,    ,

m

i i i ij j
i

T T y S q j−

=

+ ∆ − ≤ ∀∑               (4.4.12b) 

max ,    , ,ij i i i iS T T y T i j−≤ + ∆ ≤ ∀            (4.4.12c) 
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0,    , ,ijS i j≥ ∀                (4.4.12d) 

0 1,    .iy i≤ ≤ ∀                (4.4.12e) 

where ijS  denotes the amount by which the water allocation target is not met when the 

seasonal flow is jq  (expressed as fuzzy sets) with probability jp . 

 

4.4.3.4. Result Analysis 

In this study, each fuzzy set was discretized with two α-cut levels (0.5 and 1.0). 

Three values were thus generated for each fuzzy set with a triangular membership 

function, including minimum and maximum values under the α-cut level of 0.5 as well 

as the most possible value under the α-cut level of 1.0. These fuzzy sets can be 

considered as the design factors with each at three levels in factorial experiment. A 39 

factorial experiment can thus be conducted when there are nine fuzzy sets in the FSLP 

model. However, such a three-level factorial design with nine factors would require 

19,683 experimental runs, resulting in a tremendous computational effort. Thus, the 

concept of fractional factorial designs that consist of a chosen subset (fraction) of the 

experimental runs of a full factorial design is introduced to help achieve remarkable 

savings of computational resources. A 39-3 fractional factorial design was performed in 

this study, leading to 729 experimental runs. 

Figure 4.4.3 presents the total net benefits obtained from FSLP under different 

scenarios. These scenarios represent various combinations in the 39 - 3 fractional factorial 

experiment. The results indicate that the minimum and maximum values would be 
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$419.9 × 106 and $610.3 × 106, respectively; they would form the lower and upper 

boundaries of the optimal total net benefit (i.e. optf ± =$[419.9, 610.3] × 106). 

Figure 4.4.4 presents the water allocation schemes corresponding to the minimum 

and maximum total net benefits. In terms of the total benefit minimization scheme, the 

results reveal that, when the stream flow is low with a probability of 20%, there would 

be a water allocation of 3.5 × 106 m3 for the municipal use, and no water would be 

allocated to the industrial and agricultural sectors. When the stream flow is medium 

with a probability of 60%, there would respectively be a water allocation of 3.7, 3.2, 

and 2.1 × 106 m3 for the municipal, industrial, and agricultural uses, implying that the 

optimal water allocation targets to the municipal and industrial sectors would be 

achieved under medium flow conditions. When the stream flow is high with a 

probability of 20%, the water allocation for the agricultural use would be increased to 

4.7 × 106 m3, reaching the optimal water allocation target to the agriculture sector; there 

would be no change in the amounts of water allocated to the municipal and industrial 

sectors. In terms of the total benefit maximization scheme, the results indicate that, 

when the stream flow is low, there would respectively be a water allocation of 3.7 and 

0.8 × 106 m3 for the municipal and industrial uses, implying that only the optimal water 

allocation target to the municipal sector would be achieved under low flow conditions; 

no water would be allocated for the agricultural use. When the stream flow is medium, 

there would be a water allocation of 3.7, 5.2, and 2.1 × 106 m3 for the municipal, 

industrial, and agricultural uses, respectively. When the stream flow is high, the water 

allocation for the agricultural use would be increased to 4.7 × 106 m3. In general, the 

water allocation would firstly be guaranteed for the municipal use, secondly for the  
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Figure 4.4.3 Total net benefits under different scenarios 
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Figure 4.4.4 Water allocation schemes corresponding to minimum and maximum total net 

benefits 
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industrial use, and lastly for the agricultural use when the water scarcity occurs. This is 

because the municipal water use could bring the highest profit when its water demand 

is satisfied; contrarily, it would be subject to the highest penalty if the promised water 

is not delivered. 

In practice, policy making is crucial to water resources allocation and management. 

In this study, variations in water allocation targets imply different water management 

policies and thus lead to different total net benefits. Solutions under various policy 

scenarios could be obtained by letting the water allocation targets (expressed as interval 

numbers) have different deterministic values. Figure 4.4.5 presents the total net benefits 

obtained under different scenarios of water allocation targets. The results indicate that, 

when the water allocation targets to the municipal, industrial, and agricultural sectors 

reach their upper bounds, the highest total net benefit of $571.3 × 106 would be obtained 

under advantageous conditions (i.e. when benefit coefficients are at high levels, cost 

coefficients are at low levels, and stream flows are at high levels), but at the same time 

the lowest total net benefit of $334.7 × 106 would be generated under demanding 

conditions (e.g. when benefit coefficients are at low levels, cost coefficients are at high 

levels, and stream flows are at low levels). Such an optimistic policy would lead to 

more water allocation, while it would face a higher risk of system failure when the 

promised water is not delivered due to the inadequate water supply. Contrarily, the 

lowest upper-bound total net benefit of $526.6 × 106 and the highest lower-bound total 

net benefit of $385.3 × 106 would be obtained when the water allocation targets reach 

their lower bounds, indicating a relatively low system risk. Such a conservative policy 

would generate less water shortage and less water allocation, but a higher risk of wasting  
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Figure 4.4.5 Total net benefits under different scenarios of water allocation targets 
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available water resources. When the water allocation targets reach their mid-values, it 

represents a neutral water allocation policy and the lower and upper boundaries of the 

total net benefit would be $364.8 and $555.6 × 106, respectively. As the water allocation 

policy is directly associated with economic benefits and system failure risks, it is 

indispensable to perform policy analysis for sustainable water resources management 

under uncertainty. 

To address uncertainty thoroughly, the latent interactions among uncertain 

parameters and their effects on system performance should also be examined. Table 

4.4.1 shows all fuzzy sets in the FSLP model; they are chosen as the factors of interest. 

To carry out the factorial experiment, these factors are denoted as A, B, C, D, E, F, G, 

H, and J, respectively. Since each fuzzy set was discretized with the α-cut levels of 0.5 

and 1.0, three values were generated as low, medium, and high levels for each fuzzy set. 

Thus, a 39-3 fractional factorial experiment was conducted to investigate the correlated 

fuzzy sets and their contributions to system performance. 

Figure 4.4.6 presents the half-normal plot of effects, which is a plot of the absolute 

values of effect estimates against their cumulative normal probabilities. The half-normal 

plot is a graphical technique used to help distinguish between important and unimportant 

effects of factors; it is especially useful for analyzing the unreplicated factorial 

experiments. Effects that lie along the straight line are deemed to be insignificant, 

whereas prominent effects lie away from the line. Accordingly, the significant effects 

that emerge from this analysis are the main effects of factors H, A, F, G, B, E, C, and D, 

as well as the interaction effects of factors F and H, B and F, E and F, B and E, E and G, 

and D and G. 
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Figure 4.4.7(a) presents the main effects plot for all factors at three levels, in which 

the points are the means of total net benefits at various levels of each factor. This plot is 

useful for visualizing the magnitudes of individual effects of factors, and it reveals that 

factor H (amount of the medium flow) has the greatest magnitude of the single effect 

upon the total net benefit. The total net benefit would increase from $477.1 to $513.1 × 

106 and then from $513.1 to $549.1 × 106, if the amount of the medium flow varies from 

its low level of 9 to its mid-level of 10 × 106 m3 and then from its mid-level of 10 to its 

high level of 11 × 106 m3, respectively. This is because the medium flow has the highest 

probability of occurrence (60%); any change in the amount of the medium flow would 

cause a considerable variation in the total net benefit. Contrarily, factor J (amount of the 

high flow) with a near-zero slope has little contribution to the variability of the total net 

benefit, since no water shortage would occur and water demands of all users would be 

always satisfied when the stream flow is high.  

Figure 4.4.7(b) presents the interaction plot for factors F and H at three levels. This 

plot shows the total net benefit versus the amount of the medium flow for each of three 

different agricultural costs. It reveals that the change in the total net benefit differs across 

the three levels of factor H depending on the level of factor F, implying that an 

interaction between these factors occurs that their effects are dependent upon each other. 

The highest total net benefit of $558.2 × 106 would be obtained when factor F is at its 

low level and factor H is at its high level. 
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4.4.4. Discussion 

The FSLP model could also be solved using the vertex method, by which all fuzzy 

sets could be discretized into intervals at the same α-cut level. Thus, there were 29 

deterministic submodels to be solved for dealing with nine fuzzy sets under the α-cut 

level of 0.5, leading to 512 experimental runs. Table 4.4.2 shows the effects of the 

significant fuzzy sets and their interactions under the α-cut level of 0.5. However, fuzzy 

sets with triangular membership functions would become deterministic values under the 

α-cut level of 1.0, resulting in the difficulty analyzing their sensitivities. In comparison, 

the proposed MFFP approach is capable not only of tackling fuzzy sets at various 

combinations of α-cut levels of 0.5 and 1.0, but also of revealing their interactions as 

well as respective contributions to system performance. 

Besides, two-level factorial designs would be implemented for conducting 

sensitivity analysis of fuzzy sets through the use of the vertex method. Such a design 

assumes that the model response is linear over the range of factor levels. However, many 

real-world problems involve the nonlinear relationships between the factors and the 

response. The nonlinear effects cannot be addressed using the two-level factorial 

experiment. In comparison, the three-level factorial design used in MFFP is effective in 

detecting the curvature in the response function.  

When there are many factors to be investigated in practice, conducting the multi-

level factorial experiment would be extremely challenging due to a great number of 

required experimental runs. Thus, the concept of fractional factorial designs is 

introduced in this study to identify important factors affecting the model response in a 

computationally efficient way. 
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 Table 4.4.1 Investigated fuzzy sets under α-cut levels of 0.5 and 1 

Symbol Factor 

 Level 
 

 Low (0.5) Medium (1) High (0.5) 

A NB1: Net benefit to municipal user per 

m3 of water allocated ($/m3) 

 95 100 105 

B NB2: Net benefit to industrial user per m3 

of water allocated ($/m3) 

 47.5 50.0 52.5 

C NB3: Net benefit to agricultural user per 

m3 of water allocated ($/m3) 

 29 30 31 

D C1: Loss to municipal user per m3 of 

water not delivered ($/m3) 

 235 250 265 

E C2:Loss to industrial user per m3 of water 

not delivered ($/m3) 

 67.5 75.0 82.5 

F C3:Loss to agricultural user per m3 of 

water not delivered ($/m3) 

 55 60 65 

G q1: Amount of low flow (in 106 m3)  3.5 4.0 4.5 

H q2: Amount of medium flow (in 106 m3)  9 10 11 

J q3: Amount of high flow (in 106 m3)  16 17 18 

 

228 

 



4003002001000

98

95

90

85

80

70

60

50

40

30

20

10

0

FH

EG
EF

DG

BF
BE

H

G

F

E

D

C

B

A

 

 

Figure 4.4.6 Half-normal plot of the standardized effects  

Pe
rc

en
t 

Absolute standardized effect 

Not significant 
Significant 

Effect 

Factor 
A: NB1 

B: NB2 
C: NB3 
D: C1 
E: C2 
F: C3 
G: q1 
H: q2 
J : q3 

229 

 



10510095

540

510

480

52.550.047.5 313029

265250235

540

510

480

82.575.067.5 656055

4.54.03.5

540

510

480

11109 181716

A B C

D E F

G H J

 

11109

550

525

500

475

450

656055

550

525

500

475

450

55
60
65

9
10
11

 

 

Figure 4.4.7 (a) Main effects plot for all factors (b) Interaction plot for factors F and H 
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Table 4.4.2 Effects of the significant factors (fuzzy sets) and their interactions under the α-

cut level of 0.5 

Factor Standardized effect Sum of squares % Contribution 

A: NB1 37.00 175,200.00 16.55 

B: NB2 20.00 51,200.00 4.84 

C: NB3 9.40 11,310.08 1.07 

D: C1 -0.60 46.08 0.004 

E: C2 -10.40 13,844.48 1.31 

F: C3 -24.00 73,728.00 6.97 

G: q1 22.00 61,952.00 5.85 

H: q2 72.00 663,600.00 62.69 

BE -1.00 128.00 0.01 

BF -4.00 2048.00 0.19 

DG 0.60 46.08 0.004 

EF 2.00 512.00 0.05 

EG 1.20 184.32 0.02 

FH 6.00 4608.00 0.44 
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4.4.5. Summary  

In this study, an MFFP approach was developed for addressing random and fuzzy 

uncertainties as well as their interactions. A water resources allocation problem was used 

to illustrate the applicability of the proposed methodology. The results indicate that 

useful solutions were obtained for the optimal allocation of water resources under 

fuzziness and randomness. They could help decision makers to identify desired water 

allocation schemes with maximized total net benefits. A variety of decision alternatives 

were also generated under different scenarios of water allocation targets so that decision 

makers would be able to formulate appropriate water resources management policies. 

The findings from the factorial experiment revealed the multi-level interactions among 

the factors of interest and their contributions to the variability of the total net benefit, 

which were helpful in uncovering the valuable information hidden beneath the 

interrelationships of factors affecting system performance. 

The main limitation of the MFFP approach is its high computational requirement 

when there are a large number of fuzzy parameters involved in large-scale problems. 

For example, a 310 factorial experiment would be conducted for tackling 10 fuzzy sets 

with triangular membership functions under two α-cut levels of 0.5 and 1.0. Such a 

three-level factorial design with 10 factors would require 59,049 experimental runs, 

resulting in difficulties in the practical application of MFFP due to the tremendous 

computational cost. Therefore, one potential extension of this study is to develop more 

computational efficient algorithm for solving large-scale problems with numerous fuzzy 

variables. 
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CHAPTER 5 FACTORIAL PROBABILISTIC SIMULATION FOR 

HYDROLOGIC SYSTEMS ANALYSIS 

 

In this chapter, a factorial probabilistic collocation method is proposed for 

uncertainty quantification in hydrologic predictions. It facilitates uncertainty 

propagation in a reduced dimensional space through examining the statistical 

significance of hydrologic parameters and their interactions within the context of 

polynomial chaos. Then, a factorial possibilistic-probabilistic inference method is 

proposed for estimation of hydrologic parameters and characterization of interactive 

uncertainties. It is capable not only of inferring an optimum combination of parameter 

values and the underlying probability distributions in a fuzzy probability space, but also 

of disclosing interactions among model parameters and among hydrological metrics in 

a systematic manner. These methods will be applied to the Xiangxi River watershed to 

reveal mechanisms embedded within a number of hydrological complexities. 

 

5.1. Factorial Probabilistic Collocation for Propagation of Parameter 

Uncertainties in a Reduced Dimensional Space 

 

5.1.1. Background 

Hydrologic models make use of simple mathematical equations to conceptualize 

physical behaviors of natural systems that involve complex interactions between the 

atmospheric, land surface, and subsurface components of the water cycle (Moradkhani 

et al., 2005). Due to the spatial heterogeneity of hydrologic systems and the scarcity of 
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acquirable data, many parameters that represent hydrologic properties cannot be exactly 

identified; they are often modelled as random variables. When uncertainties exist in the 

form of random variables, effective characterization and propagation are crucial for 

robust hydrological modelling (Konda et al., 2010). 

Uncertainty propagation in various stochastic systems has been extensively studied 

over the past decade (Le Maı̂tre et al., 2004; Kunstmann and Kastens, 2006; Oladyshkin 

et al., 2011; Quintero et al., 2012; Wang et al., 2012a; Zhang and Sahinidis, 2012; Wang 

et al., 2013b; Yen et al., 2014). Monte Carlo methods and their variants (e.g. Latin 

hypercube sampling) are some of the most widely used methods for uncertainty analysis 

(He et al., 2012; Oladyshkin and Nowak, 2012). These methods rely on repeated random 

sampling to obtain numerical results expressed as probability distributions. Thus their 

accuracy depends on the number of realizations of random parameters. The brute-force 

Monte Carlo simulation is straightforward to implement; however, its main limitation is 

the requirement of a large computational power, especially for large-scale problems (Li 

and Zhang, 2007). 

As an attractive alternative, polynomial chaos expansion (PCE) techniques that 

originate from the homogeneous chaos theory proposed by Wiener (1938) represent a 

stochastic process by a spectral expansion based on Hermite orthogonal polynomials in 

terms of Gaussian random variables (Lin and Tartakovsky, 2009). For stochastic systems 

that involve physical parameters with the non-Gaussian distributions, Xiu and 

Karniadakis (2002) further developed a generalized PCE to represent various stochastic 

processes with different types of orthogonal polynomials in order to achieve the optimal 

convergence rate. PCE offers an efficient way of characterizing nonlinear effects in 
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stochastic analysis and represents the dependency of model outputs on uncertain input 

parameters by a set of high-dimensional orthogonal polynomials. This is achieved by 

projecting the model response surface onto a basis of orthogonal polynomials in the 

probabilistic parameter space (Oladyshkin et al., 2011). PCE-based methods have been 

extensively used in various fields, such as transport and flow in porous media (Ghanem, 

1998; Laloy et al., 2013; Liao and Zhang, 2013), computational fluid dynamics 

(Mathelin et al., 2005; Najm, 2009), multibody dynamic systems (Sandu et al., 2006), 

as well as environmental and biological systems (Isukapalli et al., 1998). 

In terms of the propagation of uncertainty from model parameters to outputs, PCE 

falls into two categories for the involved projection integrals: intrusive and non-intrusive 

approaches (Najm, 2009). The intrusive approaches rely on a Galerkin-projection 

reformulation of the original model equations to solve for the coefficients in the 

expansion (Ghanem and Spanos, 1991). These approaches require reformulating and 

solving a coupled system of deterministic and ordinary differential equations, which 

may become complex and cumbersome due to necessary symbolic manipulations, 

especially when there are a large number of the PCE coefficients to be determined. The 

non-intrusive approaches evaluate the coefficients in the expansion by employing 

deterministic sampling of the original model that can be treated as a black box, and 

require no manipulation of underlying partial differential equations. Thus, the non-

intrusive approaches have been receiving increasing attention. Tatang et al. (1997) 

developed a probabilistic collocation method (PCM), which was particularly useful for 

uncertainty analysis of the computationally demanding problems because PCM was 

nonintrusive and its implementation was relatively straightforward. The essence of the 
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PCM is the projection of the model response surface onto a basis of orthogonal 

polynomials. The coefficients of the polynomial expansion are obtained by using the 

model outputs at selected collocation points. However, since the number of required 

collocation points is always smaller than the number of available Gaussian quadrature 

points, it is difficult to select the appropriate collocation points to construct the 

functional approximation (Wei et al., 2008). To address the shortcoming of the standard 

collocation technique, Isukapalli et al. (1998) proposed a stochastic response surface 

method to evaluate the PCE using a regression-based method. The regression method 

facilitates better approximations of model outputs by performing a larger number of 

model simulations. However, the number of sample points used in the regression method 

must be twice the number of unknown coefficients in order to obtain robust estimates, 

resulting in an enormous computational demand. 

In recent years, the PCM and its variants have been successfully applied to various 

fields (Li et al., 2009; Fajraoui et al., 2011; Müller et al., 2011; Zheng et al., 2011). For 

example, Shi et al. (2009) took advantage of the PCM to study the nonlinear flow in 

heterogeneous unconfined aquifers. Liao and Zhang (2013) proposed a new location-

based transformed PCM for the stochastic analysis of geophysical models under 

strongly nonlinear conditions. Sun et al. (2013a) used the PCM to assess leakage 

detectability at geologic CO2 sequestration sites under parameter uncertainty. 

Nevertheless, the existing methods often suffer from issues resulting from high 

dimensionality. As the number of random variables increases, the number of available 

collocation points increases exponentially. The PCM then becomes unstable for 

evaluating the PCE with a high-dimensional parameter space. This is because the 
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response surface has to intersect all the collocation points and each of them in the model 

space can significantly affect the behavior of the orthogonal polynomial. Further, to 

ensure the robustness of the PCM, all combinations of sample points should be taken 

into account for estimating the coefficients of the PCE. However, such a collocation 

scheme may become too complicated and computationally unrealistic. Thus, an optimal 

selection criterion of collocation points is desired to obtain an accurate approximation 

of the model response surface in a computationally efficient manner. In fact, linear, 

nonlinear (i.e. second- and higher-order), and the interaction terms in the PCE have 

different contributions to the variability of the functional response. Based on the 

outcomes of statistical inference, the terms that have little effects on the outputs of the 

functional approximation can be discarded, leading to a reduced PCE only with 

significant terms left. Such a truncated expansion in orthogonal polynomials is 

necessary to ease the computational effort, especially for large-scale stochastic systems 

with a high-dimensional parameter space. 

To address the above issues, the objective of this study is twofold: (1) to propose a 

fractional factorial probabilistic collocation method for identifying a desired selection 

criterion of collocation points; and (2) to introduce a multi-level factorial 

characterization method for examining cross-level interactions among hydrologic 

parameters. The statistical significance for each of the linear, nonlinear, and interaction 

terms in the PCE will be explored through performing a multi-way analysis of variance 

(ANOVA) F-test. The proposed methodology will be applied to a real-world case to 

demonstrate its validity and applicability, as well as its capability of revealing 

mechanisms embedded within a number of hydrological complexities. The resulting 
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reduced PCE also will be compared with the standard PCE and the Monte Carlo with 

Latin hypercube sampling (MC-LHS) method. Three different sets of random 

parameters will also be used to test the robustness of the reduced PCE.  

 

5.1.2. Polynomial Chaos and Probabilistic Collocation Methods 

The PCE, introduced by Wiener (1938), is a powerful tool for characterizing 

uncertainties in model outputs through a series expansion of Hermite polynomials in 

terms of standard random variables. Consider a model ( )y f x= , where x = [x1, …, xn]T 

is a vector of random variables with certain probability distributions, and y represents 

model outputs from numerical simulations in a probabilistic space. Thus, y can be 

approximated as multivariate orthogonal polynomials. Firstly, the vector x is expressed 

as ( )x T ξ= , where T
1[ ,..., ]nξ ξ ξ=  is a vector of standard normal random variables. 

To standardize the representation of input random variables, a variety of transformations 

of inputs in terms of standard normal random variables are presented by Isukapalli 

(1999). Then the model output can be approximated by a PCE on the vectorξ , given by  

1 1 2

1 1 1 2 1 1 2 3 1

1 1 2 1 2 3

0 1 2 2 3 2 3
1 1 1 1 1

( ) ( , ) ( , , )  . . . ,
i i in n n

i i i i i i i i i i i i
i i i i i i

y a a a aξ ξ ξ ξ ξ ξ
= = = = =

= + Γ + Γ + Γ +∑ ∑∑ ∑∑∑  (5.1.1) 

where 0a  and 
1 2 ,..., di i ia  are deterministic coefficients to be estimated from a limited 

number of model simulations, and 
1

( ,..., )d i idξ ξΓ  are Hermite polynomials of order d 

in terms of standard normal random variables ξ  with zero mean and unit variance. 

The general expression of Hermite polynomials is given by 
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Equation (5.1.1) can be rewritten in a straightforward way as 

1

ˆ ( )
=

= Ψ∑
P

j j
j

y a ξ ,               (5.1.3) 

where there is a one-to-one correspondence between the functions 
1

( ,..., )d i idξ ξΓ  and 

( )j ξΨ  (Li and Zhang, 2007), and the total number of terms P can be determined by the 

dimensionality N and the degree of the PCE d as 

( )!
! !

N dP
N d
+

=                (5.1.4) 

The unknown coefficients in the PCE can be determined by the PCM that equates 

model outputs and the estimates of the corresponding PCE at a set of collocation points. 

The number of collocation points should be equal to the number of unknown coefficients 

to be estimated. The selection of collocation points follows a standard procedure (Tatang 

et al., 1997) in which points are selected from the roots of the polynomial of one degree 

higher than the order of the given PCE. The number of collocation points for an N-

dimensional PCE of order d can be determined as (d + 1)N. For example, in order to 

solve for a two-dimensional second-order PCE, that is y = a0 + a1ξ1 + a2ξ2 + a3
2

1( 1)ξ −

+ a4
2
2( 1)ξ − + a5ξ1ξ2, the roots of the third-order Hermite polynomial are 0, 3− , and 

3 . Thus the available collocation points are (0, 0), ( 3− , 0), (0, 3− ), (0, 3 ), ( 3 , 

0), ( 3 , 3 ), ( 3− , 3− ), ( 3− , 3 ), ( 3 , 3− ). However, there are only six 

unknown coefficients (a0, a1, a2, a3, a4, and a5) to be estimated for the two-dimensional 
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second-order PCE, implying that the number of available collocation points is always 

larger than the number of required collocation points. The choice of appropriate 

collocation points is thus crucial for obtaining an accurate estimate of coefficients in the 

PCE.  

To address the limitations of the standard collocation technique that selects 

collocation points randomly, Isukapalli (1999) suggested an improved collocation 

method using regression to estimate the PCE coefficients. In the regression-based 

method, the chosen number of sample points is twice the number of unknown 

coefficients to be estimated in order to capture the behavior of the model well. The 

regression-based method was found to be more robust than the standard collocation 

method and resulted in better approximations of model outputs, but a higher 

computational burden. Consequently, a fractional factorial probabilistic collocation 

method is described as follows. 

 

5.1.3. Fractional Factorial Probabilistic Collocation Method 

5.1.3.1. Multivariate Factorial Analysis of Variance 

Factorial analysis, a multivariate inference method, has been widely used in 

experimental research. This method is able to study the effects of each experimental 

factor and their interactions in an effective and efficient way. In a factorial experiment, 

all combinations of the levels of factors are investigated through a factorial design. For 

example, if there are a levels of factor A, b levels of factor B, and c levels of factor C, 

there will be a total of abcn observations in a complete experiment with n replicates. 

The effects model for such a factorial experiment can be expressed as 
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where μ is the overall mean effect, τi is the effect of the ith level of factor A, βi is the 

effect of the jth level of factor B, γk is the effect of the kth level of factor C, (τβ)ij is the 

effect of the interaction between factors A and B, (τγ)ik is the effect of the interaction 

between factors A and C, (βγ)jk is the effect of the interaction between factors B and C, 

(τβγ)ijk is the effect of the interaction between factors A, B, and C, and εijkl is the random 

error component. The treatment effects are defined as deviations from the overall mean, 

so 
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2000). To test the statistical significance for each of the factors as well as their 

interactions, the F statistic can be used as follows: 
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                       (5.1.11) 

( 1)( 1)( 1)

( 1)
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ABC
ABC

EE

SS
MS a b cF SSMS

abc n

− − −= =

−

                (5.1.12) 

where MSA, MSB, MSC, MSAB, MSAC, MSBC, MSABC, and MSE are the mean squares for 

factors A, B, C, and the A×B, A×C, B×C, A×B×C interactions, as well as the error 

component, respectively. Each of the mean squares can be obtained through the 

corresponding sum of squares divided by its degrees of freedom. SSA, SSB, SSC, SSAB, 

SSAC, SSBC, SSABC, and SSE are the sum of squares for factors A, B, C, and the A×B, A×C, 

B×C, A×B×C interactions, as well as the error component, respectively; SST represents 

the total sum of squares. They can be calculated by 

2
2 ....
...

1

1 a

A i
i

ySS y
bcn abcn=

= −∑               (5.1.13) 

2
2 ....
. ..

1

1 b

B j
j

ySS y
acn abcn=

= −∑               (5.1.14) 

2
2 ....
.. .

1

1 c

C k
k

ySS y
abn abcn=

= −∑                      (5.1.15) 
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. .

1 1

1 a c
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ySS y SS SS
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= − − −∑∑                   (5.1.17) 

2
2 ....
. .

1 1

1 b c

BC jk B C
j k

ySS y SS SS
an abcn= =

= − − −∑∑                           (5.1.18) 

2
2 ....

.
1 1 1

1 a b c

ABC ijk A B C AB AC BC
i j k

ySS y SS SS SS SS SS SS
n abcn= = =

= − − − − − − −∑∑∑       (5.1.19)    

2
2 ....

1 1 1 1

a b c n

T ijkl
i j k l

ySS y
abcn= = = =

= −∑∑∑∑               (5.1.20) 

E T A B C AB AC BC ABCSS SS SS SS SS SS SS SS SS= − − − − − − −
   

        (5.1.21)      

where yi..., y.j.., y..k., yij.., yi.k., y.jk., and yijk. denote the total of all observations under the ith 

level of factor A, the jth level of factor B, the kth level of factor C, the ijth interaction 

between factors A and B, the ikth interaction between factors A and C, the jkth 

interaction between factors B and C, and the ijkth interaction between factors A, B, and 

C, respectively; y.... denotes the grand total of all the observations. These statistics are 

collected in ANOVA that signifies a decomposition of the variance into contributing 

components. It is useful in testing differences between two or more means by analyzing 

variances from multiple sources. In practice, however, it is unwise to rely on ANOVA 

until the validity of normality assumption on the errors has been checked.  

Unlike the regular two-level factorial design, the multi-level factorial design is a 

powerful statistical technique to study the effects of several independent variables 

(factors) with multiple levels on a dependent variable (response). It is particularly useful 

when there is a curvilinear relationship between design factors and the model response. 
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In full factorial designs, an experimental run is performed at every combination of factor 

levels. The sample size is the product of the number of levels of the factors. Specifically, 

the multi-level factorial design that consists of k factors with each having s (s > 2) levels 

has a sample size sk. 

The most important case of the multi-level factorial design is the 3k factorial design 

which involves k factors at three levels. The three levels of factors are represented as 

low, medium, and high; they are often denoted by 0, 1, and 2, respectively. In the 3k 

system of designs, there are 3k treatment combinations with 3k – 1 degrees of freedom 

between them. If there are n replicates, there will be n3k – 1 total degrees of freedom 

and 3k (n – 1) degrees of freedom for error. These treatment combinations allow sums 

of squares to be computed for k main effects with each having two degrees of freedom; 

( )2
k  two-factor interactions with each having four degrees of freedom; … ; and one k-

factor interaction with 2k degrees of freedom. In general, an h-factor interaction has 2h 

degrees of freedom (Montgomery, 2000). The sums of squares for main effects and 

interactions can be calculated using the standard methods for factorial designs. Each 

main effect of quantitative factors can be represented by a linear and a quadratic 

component, each with a single degree of freedom. Any h-factor interaction can be 

partitioned into 2h-1 orthogonal two-degrees-of-freedom components (Wu and Hamada, 

2009). For example, the three-factor interaction ABC can be subdivided into four 

orthogonal two-degrees-of-freedom components, denoted by ABC, AB2C, ABC2, and 

AB2C2. Such an orthogonal partitioning of the three-factor interaction indicates that the 

only exponent allowed on the first letter of each component is 1. If the exponent on the 
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first letter is not 1, the entire expression must be squared and the exponents reduced 

modulus 3 (Montgomery, 2000). The subdivision of components is able to create a 

response surface which is useful for establishing a relationship between design factors 

and the model response. The 3k factorial design is too expensive to implement when 

there are a large number of factors to be studied. For example, a 33 design has 27 

treatment combinations, a 34 design has 81, and a 35 design has 243. The number of 

experimental runs increases exponentially with the number of factors. Further 

fractionation of the 3k factorial design is thus desirable when there are a large number 

of factors to be examined. 

Generally, a 1
3

p
 
 
 

 fraction of the 3k design can be constructed with k factors in 

3k –p experimental runs, where p < k. Such a design is called a 3k -p fractional factorial 

design (Wu and Hamada, 2009). The procedure of constructing a 3k factorial design is 

to select p components of interaction used to partition the 3k design matrix into 3p blocks. 

Each block is a 3k -p fractional factorial design, and any one of the blocks can be selected 

for use. The largest fraction of the 3k design is a one-third fraction that contains 3k –1 

runs. To construct the 3k –1 fractional factorial design, any component of the highest-

order interaction can be selected as the defining relation 32 kI AB C Kαα α= ⋅⋅⋅  which is 

used to define the blocks. First, a full three-level factorial design with k – 1 factors is 

constructed, with the 0, 1, and 2 notation. Then the additional kth factor is introduced 

by equating its levels xk to the chosen component of the highest-order interaction, 

through the relationship 

1 1 2 2 1 1k k kx x x xβ β β − −= + + ⋅⋅⋅+                (5.1.22) 
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where βi = (3 – αk) αi (mod 3) for 1 ≤ i ≤ k – 1. The component of the highest-order 

interaction is selected as the defining relation because it is able to guarantee the highest 

possible design resolution. The resolution of a fractional factorial design is defined as 

the smallest number of letters in any word in the defining relation (Montgomery, 2000). 

For example, a 33–1 design can be generated with the defining relation I = AB2C2, such 

a three-letter word represents a resolution III design. The design resolution determines 

the confounding or aliasing properties in the resulting design. In other words, the design 

resolution represents the ability to separate main effects and low-order interactions from 

one another. For example, a resolution III design is incapable of making a clear test of 

two-factor interactions since main effects are aliased with two-factor interactions and 

two-factor interactions are also aliased with each other. To obtain a clear estimate of 

main effects and two-factor interactions, a resolution V design can be used to avoid 

having them aliased. However, a higher resolution design requires more experimental 

runs. The alias of any main effect or component of interaction is produced by 

multiplication modulus 3 of the effect by I and I2 (Montgomery, 2000). For example, 

consider a 33–1 design with the defining relation I = AB2C2, the alias relationships for 

the effects of factor A and the A×B interaction can be determined as 

A = A(AB2C2) = A2B2C2 = ABC            (5.1.23) 

A = A(AB2C2)2 = A3B4C4 = BC             (5.1.24) 

AB = AB(AB2C2) = A2B3C2 = AC              (5.1.25) 

AB = AB(AB2C2)2 = A3B5C4 = BC2            (5.1.26) 

Since the main effect of factor A is aliased with the two-factor interaction B×C, this is 

a resolution III design. Such a design is useful only with the assumption of negligible 
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interactions. Thus, the 3k –p fractional factorial design of resolution V is effective and 

efficient in exploring the interactions between factors at three levels by using a fraction 

of the effort of a full factorial design. 

 

5.1.3.2. Multi-Level Factorial Characterization with Fractional Collocation Points 

In this study, a multi-level factorial characterization method is introduced to detect 

multi-level parametric interactions for uncertainty propagation in a reduced dimensional 

space. As an illustration, consider the functional approximation of a stochastic system 

with a five-dimensional second-order PCE as  

y =a0 + a1ξ1+ a2ξ2 + a3ξ3+ a4ξ4 + a5ξ5+ a6
2

1( 1)ξ − + a7
2
2( 1)ξ − + a8

2
3( 1)ξ − + a9

2
4( 1)ξ − + 

a10
2
5( 1)ξ − + a11ξ1ξ2 + a12ξ1ξ3 + a13ξ1ξ4 + a14ξ1ξ5 + a15ξ2ξ3 + a16ξ2ξ4 + a17ξ2ξ5 + a18ξ3ξ4 

+ a19ξ3ξ5 + a20ξ4ξ5                (5.1.27) 

where ξ1, ξ2, ξ3, ξ4, and ξ5 are standard normal random variables. For a second-order 

expansion, the roots of the third-order Hermite polynomial, namely 0, 3− , and 3 , 

are used as the collocation points. Thus there would be 35 combinations of collocation 

points for the five random variables in this case. In the five-dimensional second-order 

PCE, there are 21 terms including one constant term, five linear terms, five quadratic 

terms, and ten two-way interaction terms. Some of these may have little effects on model 

outputs, and can be removed from the PCE. This leads to a reduced polynomial 

approximation for the model response, achieving a considerable reduction in 

computational efforts. Thus, a 35−1 fractional factorial experiment with the resolution V 

design can be conducted to explore sensitivities of linear, quadratic and two-way 
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interaction terms in the PCE by using a fraction of all combinations of collocation points. 

A multi-way ANOVA can then be performed to reveal the statistical significance of all 

terms in the five-dimensional second-order PCE. For illustrative purposes, we assume 

that the linear terms of ξ2 and ξ4, the quadratic terms of 2
3ξ  and 2

5ξ , and the interaction 

terms of ξ2ξ5, ξ3ξ5, and ξ4ξ5 have little influence on the model output, they can thus be 

removed from the PCE, leading to a reduced PCE with significant terms as 

y =a0 + a1ξ1 + a2ξ3 + a3ξ5+ a4
2

1( 1)ξ − + a5
2
2( 1)ξ − + a6

2
4( 1)ξ − + a7ξ1ξ2 + a8ξ1ξ3 + a9ξ1ξ4 

+ a10ξ1ξ5 + a11ξ2ξ3 + a12ξ2ξ4 + a13ξ3ξ4            (5.1.28) 

In equation (5.1.28), there are only 14 terms left (the number of original terms is 21) 

and all of them have significant effects on the model output. The unknown coefficients 

of the reduced PCE can be estimated by using a three-level fractional factorial 

experiment. Once the coefficients of the reduced model are obtained, the statistical 

properties of the model output, such as probability density functions and various 

moments, can be readily calculated. 

A framework of the proposed methodology is provided in Figure 5.1.1. The steps 

that involved in the implementation of the proposed methodology can be summarized 

as follows: (1) representation of stochastic inputs in terms of a set of independent 

standard normal random variables; (2) approximation of model outputs using PCE; (3) 

generation of collocation points based on the order of Hermite polynomials; (4) 

execution of multi-level factorial experiments by using a fraction of all combinations of 

collocation points; (5) evaluation of factors and their interactions affecting model 

outputs by conducting the multi-way ANOVA (6) reduction of dimensional space of 
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polynomial functions by discarding unimportant terms; (7) realization of a reduced PCE 

with significant terms; (8) determination of the unknown coefficients in the reduced 

PCE by performing a fractional factorial experiment; (9) calculation of statistical 

properties of model outputs. 

 

5.1.4. Case Study 

5.1.4.1. Description of the Study System 

The methodology is applied to the Xiangxi River watershed (110°25′−111°06′E, 

31°04−31°34′N) based on a variety of historical data. The watershed is located in Hubei 

portion of the Three Gorges Reservoir (TGR) region, with a drainage area of 3,099 km2 

(as shown in Figure 5.1.2). The drainage area is of a sub-tropical continental monsoon 

climate with substantial temperature variations and concentrated rainfalls in summer. 

The average annual temperature is 16.6°C, and the average rainfall and runoff are 

1,015.6 mm and 40.18 m3s−1, respectively (Xiao et al., 2013). The watershed exhibits a 

considerable spatial variability of topography and land use. The land use in the study 

region can be categorized into five classes: forest, grass, urban, agriculture, and water 

body. Among them, forest is the most prevalent land cover. The Xiangxi River 

watershed is one of the most representative watersheds in the TGR region in terms of 

runoff volumes, topographic properties, and economic conditions (Han et al., 2014).  

The HYMOD conceptual watershed model was used in this study to simulate daily 

streamflows in the Xiangxi River watershed. The HYMOD model is a five-parameter 

rainfall-runoff model, which has been discussed extensively over the past decade 

(Moradkhani et al., 2005; Vrugt et al., 2009; Bulygina and Gupta, 2011; Young, 2013). 
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Figure 5.1.1 Framework of the proposed methodology 
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Figure 5.1.2 Location of the Xiangxi River watershed 
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The model consists of three quick flow reservoirs and a single slow flow reservoir. The 

fast reacting reservoirs represent the water that flows directly into the river. The slow 

reacting reservoir characterizes the water that flows through the ground and eventually 

ends up in the river. A schematic representation of HYMOD is shown in Figure 5.1.3. 

The model has two input variables: mean precipitation, P [mm/d], and potential 

evapotranspiration, ET [mm/d]. In this study, the numerical experiment was conducted 

using one year of historical data from the Xiangxi River watershed. Figure 5.1.4 presents 

daily observations of potential evapotranspiration and precipitation over a period of 365 

days. Daily meteorological and hydrological data were provided by the Meteorological 

Bureau of Xingshan County and the Hydrological Bureau of Xingshan County, 

respectively. 

The model contains five parameters: Cmax, the maximum storage capacity of the 

watershed; Vdeg, the degree of spatial variability of the soil moisture capacity within the 

watershed; β, the factor distributing the flow between the two series of reservoirs; Ts, a 

fraction of water flowing from the slow flow tank into the river; Tq, a fraction of water 

flowing between quick flow tanks. For this case study, the only source of uncertainty is 

associated with the estimates of model parameters. Table 5.1.1 lists all parameters and 

their uncertainty ranges. To explore the methods for uncertainty quantification, these 

parameters were considered to be random variables with uniform distributions. 

 

5.1.4.2. Multivariate Statistical Inference 

In this study, five hydrologic parameters, denoted as Cmax, Vdeg, β, Ts, and Tq, were 

considered random variables. A set of five-dimensional second-order PCEs in terms of 
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standard random variables were thus generated for a functional representation of 

uncertainties in model outputs. The coefficients in PCEs were unknown and were 

estimated by the PCM. To solve the second-order PCE, the roots of the third-order 

Hermite polynomial, namely 0, 3− , and 3  were selected as the collocation points. 

Thus, there were 35 combinations of collocation points for the five-dimensional case, 

and all combinations were taken into account in order to obtain more robust estimates 

of coefficients than a standard collocation method. To efficiently investigate the 

statistical significance of linear, quadratic and two-way interaction terms in the five-

dimensional second-order PCE, a 35−1 fractional factorial design with the defining 

relation I = ABCDE was first constructed by using a fraction of all combinations of 

collocation points, where the five random variables of Cmax, Vdeg, β, Ts, and Tq were 

denoted respectively as factors A, B, C, D, and E to conduct a factorial ANOVA. The 

design matrix with collocation points was shown in Table 5.1.2. This is a resolution V 

design in which no main effect or two-way interaction is aliased with any other main 

effect or two-way interaction, which is capable of making a clear test of main effects 

and two-way interactions. The fractional factorial design had a single replicate without 

the consideration of “noise”. In such an unreplicated factorial experiment, three and 

higher-way interactions were neglected and their mean squares were thus combined to 

provide an internal estimate of error in the ANOVA. This is based on the sparsity-of-

effects principle stating that a system is usually dominated by main effects and two-way 

interactions, and interactions involving three or more factors are rare and can thus be 

neglected. Detailed statistical analyses based on multivariate inference are provided in 
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Figure 5.1.3 Schematic of the HYMOD conceptual watershed model 
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Figure 5.1.4 A segment of daily hydrologic data for the Xiangxi River watershed 
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Table 5.1.1 Parameters of the HYMOD model and their uncertainty ranges 

Parameter Description Unit Minimum  Maximum 

Cmax Maximum storage capacity of watershed mm 150.00 350.00 

Vdeg Degree of spatial variability of soil moisture 

capacity 

- 0.10 2.00 

β Factor distributing flow between two series of 

reservoirs 

- 0.50 0.99 

Ts Fraction of water that flows from the slow flow 

reservoir into the river 

1/d 0.01 0.10 

Tq Fraction of water that flows between quick flow 

reservoirs 

1/d 0.20 0.70 
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Table 5.1.2 The 35-1 fractional factorial design matrix with collocation points 

Run Cmax Vdeg β Ts Tq 

1 3−  3−  3−  3−  3−  

2 3−  3−  3−  0 3  

3 3−  3−  3−  3  0 

4 3−  3−  0 3−  3  

5 3−  3−  0 0 0 

6 3−  3−  0 3  3−  

7 3−  3−  3  3−  0 

8 3−  3−  3  0 3−  

9 3−  3−  3  3  3  

10 3−  0 3−  3−  3  

11 3−  0 3−  0 0 

12 3−  0 3−  3  3−  

13 3−  0 0 3−  0 

14 3−  0 0 0 3−  

15 3−  0 0 3  3  

16 3−  0 3  3−  3−  

17 3−  0 3  0 3  

18 3−  0 3  3  0 

19 3−  3  3−  3−  0 

20 3−  3  3−  0 3−  

21 3−  3  3−  3  3  

22 3−  3  0 3−  3−  

23 3−  3  0 0 3  

24 3−  3  0 3  0 

25 3−  3  3  3−  3  

26 3−  3  3  0 0 

27 3−  3  3  3  3−  

28 0 3−  3−  3−  3  
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29 0 3−  3−  0 0 

30 0 3−  3−  3  3−  

31 0 3−  0 3−  0 

32 0 3−  0 0 3−  

33 0 3−  0 3  3  

34 0 3−  3  3−  3−  

35 0 3−  3  0 3  

36 0 3−  3  3  0 

37 0 0 3−  3−  0 

38 0 0 3−  0 3−  

39 0 0 3−  3  3  

40 0 0 0 3−  3−  

41 0 0 0 0 3  

42 0 0 0 3  0 

43 0 0 3  3−  3  

44 0 0 3  0 0 

45 0 0 3  3  3−  

46 0 3  3−  3−  3−  

47 0 3  3−  0 3  

48 0 3  3−  3  0 

49 0 3  0 3−  3  

50 0 3  0 0 0 

51 0 3  0 3  3−  

52 0 3  3  3−  0 

53 0 3  3  0 3−  

54 0 3  3  3  3  

55 3  3−  3−  3−  0 

56 3  3−  3−  0 3−  

57 3  3−  3−  3  3  

58 3  3−  0 3−  3−  

59 3  3−  0 0 3  
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60 3  3−  0 3  0 

61 3  3−  3  3−  3  

62 3  3−  3  0 0 

63 3  3−  3  3  3−  

64 3  0 3−  3−  3−  

65 3  0 3−  0 3  

66 3  0 3−  3  0 

67 3  0 0 3−  3  

68 3  0 0 0 0 

69 3  0 0 3  3−  

70 3  0 3  3−  0 

71 3  0 3  0 3−  

72 3  0 3  3  3  

73 3  3  3−  3−  3  

74 3  3  3−  0 0 

75 3  3  3−  3  3−  

76 3  3  0 3−  0 

77 3  3  0 0 3−  

78 3  3  0 3  3  

79 3  3  3  3−  3−  

80 3  3  3  0 3  

81 3  3  3  3  0 
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this study for a 10-day period starting with the 181st day of the year, since the peak 

streamflow occurs on the 181st day. 

Figure 5.1.5 presents simulation results of the 35−1 fractional factorial experiment 

for the period of 10 days under 81 scenarios. These scenarios represent different 

combinations of model parameters based on the chosen collocation points. The results 

reveal that variations of these parameters cause a remarkable difference in the generated 

streamflows for each day. It is thus necessary to examine model parameters and their 

contributions to the variability of streamflows as well as to explore their potential 

interactions. 

ANOVA is a powerful technique used to test three or more group means for 

statistical significance. It can tell how much of the variability in the response variable is 

attributable to each component of variation. Normality assumption of error terms in 

ANOVA was checked through a study of residuals. Figure 5.1.6 presents the normal 

probability plots of residuals for assessing how closely a set of residuals follows a 

normal distribution. These plots produce an approximately straight line, validating the 

assumption that residuals or error terms are normally distributed. These plots also give 

no indication of outliers. When the underlying assumptions are satisfied, ANOVA is 

reliable and can then be used in the analysis of experimental data. 

Table 5.1.3 shows the results of ANOVA for streamflow simulation at the 181st, 

182nd, and 183rd days as an example. The results for the other days can be obtained 

likewise. In the ANOVA table, the terms with P-values less than 0.05 are statistically 

significant, and vice versa when the P-value is greater than 0.05. The results indicate 

that all factors have significant linear main effects on model outputs; however, the 
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Figure 5.1.5 Simulation results for the 35−1 fractional factorial experiment 
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Figure 5.1.6 Normal probability plots  
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Table 5.1.3 Results of ANOVA for streamflow simulation 

Model  
term 

The 181st day  The 182nd day  The 183rd day  

SS DF MS F P SS DF MS F P SS DF MS F P 

A(L) 50821.3 1 50821.3 133.3857 ﹤0.001  72712.6 1 72712.6 322.025 ﹤0.001  54666.6 1 54666.6 464.415 ﹤0.001 
A(Q) 3009.2 1 3009.2 7.8980 0.006674  4210.8 1 4210.8 18.649 ﹤0.001  3100.2 1 3100.2 26.337 ﹤0.001 
B(L) 134967.3 1 134967.3 354.2359 ﹤0.001  188089.4 1 188089.4 832.997 ﹤0.001  142696.3 1 142696.3 1212.263 ﹤0.001 
B(Q) 3421.0 1 3421.0 8.9787 0.003968  4973.3 1 4973.3 22.025 ﹤0.001  3907.8 1 3907.8 33.198 ﹤0.001 
C(L) 8969.2 1 8969.2 23.5406 ﹤0.001  18881.2 1 18881.2 83.620 ﹤0.001  12627.5 1 12627.5 107.276 ﹤0.001 
C(Q) 0.0 1 0.0 0.0000 1.000000  0.0 1 0.0 0.000 1.000000  0.0 1 0.0 0.000 1.000000 
D(L) 3393.8 1 3393.8 8.9073 0.004105  3387.0 1 3387.0 15.000 ﹤0.001  2737.7 1 2737.7 23.258 ﹤0.001 
D(Q) 30.5 1 30.5 0.0800 0.778255  52.7 1 52.7 0.233 0.630809  78.3 1 78.3 0.665 0.417961 
E(L) 325217.6 1 325217.6 853.5677 ﹤0.001  356541.7 1 356541.7 1579.027 ﹤0.001  114389.6 1 114389.6 971.787 ﹤0.001 
E(Q) 38664.2 1 38664.2 101.4782 ﹤0.001  6030.6 1 6030.6 26.708 ﹤0.001  8181.6 1 8181.6 69.506 ﹤0.001 
AB 995.4 1 995.4 2.6124 0.111277  1014.7 1 1014.7 4.494 0.038167  702.2 1 702.2 5.965 0.017555 
AC 491.0 1 491.0 1.2887 0.260808  1018.4 1 1018.4 4.510 0.037825  680.6 1 680.6 5.782 0.019296 
AD 60.8 1 60.8 0.1596 0.690988  23.3 1 23.3 0.103 0.749070  28.3 1 28.3 0.240 0.625977 
AE 24752.8 1 24752.8 64.9663 ﹤0.001  25610.1 1 25610.1 113.420 ﹤0.001  8588.6 1 8588.6 72.963 ﹤0.001 
BC 1517.7 1 1517.7 3.9833 0.050498  3152.7 1 3152.7 13.962 ﹤0.001  2053.1 1 2053.1 17.442 ﹤0.001 
BD 164.1 1 164.1 0.4307 0.514168  178.7 1 178.7 0.792 0.377191  288.1 1 288.1 2.447 0.123001 
BE 46892.8 1 46892.8 123.0751 ﹤0.001  50565.5 1 50565.5 223.941 ﹤0.001  15869.2 1 15869.2 134.815 ﹤0.001 
CD 3836.7 1 3836.7 10.0698 0.002377  3729.8 1 3729.8 16.518 ﹤0.001  2539.9 1 2539.9 21.578 ﹤0.001 
CE 18327.6 1 18327.6 48.1027 ﹤0.001  20296.9 1 20296.9 89.889 ﹤0.001  6454.8 1 6454.8 54.837 ﹤0.001 
DE 17.3 1 17.3 0.0455 0.831818  17.5 1 17.5 0.077 0.781846  5.7 1 5.7 0.049 0.826080 
Error 22860.6 60 381.0    13547.9 60 225.8    7062.6 60 117.7   
Total SS 688411.0 80     774035.1 80     386658.8 80    

Note: (L) and (Q) denote linear and quadratic effects, respectively; P-values higher than 0.05 are highlighted in this table.
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quadratic effects of factors of C and D are statistically insignificant in this case. Linear 

main effects represent the difference between the low and high levels for the respective 

factor, and quadratic main effects represent the difference between the respective 

medium level and the average of the low and high levels. In terms of the two-way 

interaction effect that can be interpreted as half the difference between the linear effect 

of one factor at the low and high levels of the other factor, the results reveal that the 

A×D, B×D, and D×E interactions have minimal influence on the model response and 

can thus be removed from further analysis. 

Three Pareto charts of standardized effects are presented in Figure 5.1.7. The 

Pareto chart is a powerful tool for visualizing the individual and joint effects of all 

factors on the model output. The rank is displayed by bars in descending order, and 

factors that extend beyond the red line on the Pareto chart have statistically significant 

effects on the model response. Thus, E(L) is identified as the most significant factor for 

the 181st and 182nd days, while B(L) becomes the most significant one for the 183rd day. 

The variable (L) represents linear effects. The Pareto charts of standardized effects for 

the other days can be generated likewise. The results reveal that the fraction of water 

flowing between quick flow tanks has the strongest linear effects on the streamflow 

when the peak flow occurs due to substantial rainfall on the 181st day. Any change in 

the fraction of water flowing between quick flow tanks would cause a considerable 

variation in the generated streamflow. When heavy rainfall stops on the 183rd day, the 

direct surface runoff is no longer a dominant process, and thus the streamflow becomes 

primarily influenced by the degree of spatial variability of soil moisture capacity. In 

terms of the pairwise interactions, the interaction between B and E has the largest 
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contribution to the output variability, implying that the degree of spatial variability of 

soil moisture capacity is correlated with the fraction of water flowing between quick 

flow tanks, and their interaction has a significant impact on the generated streamflows 

for the 181st, 182nd, and 183rd days. 

In order to visualize the influence of the factors on the response and to compare the 

relative magnitude of the effects, Figure 5.1.8(a) presents the main effects plot of five 

factors at three collocation levels for the 181st day. This plot shows that the response 

changes remarkably depending on the levels of factor E with the steepest line. It reveals 

that the fraction of water flowing between quick flow tanks has the largest main effect 

on the generated streamflow with an increase from 40.96 to 72.22 and then to 196.17 

m3/s across low, medium, and high levels of factor E. In comparison, factors C and D 

have smaller contributions to streamflow variations because their lines are almost 

horizontal (parallel to the x-axis) in the main effects plot. Figure 5.1.8(b) presents the 

full interactions plot matrix with five factors at three collocation levels for the 181st day, 

in which each pair of factors provides two panels. This plot reveals that the change in 

the streamflow differs across the three levels of factor B depending on the level of factor 

E, implying that an interaction between B and E occurs and their effects are dependent 

upon each other. The highest streamflow of 282.43 m3/s would be generated when 

factors B and E are at their high levels. Although all the three lines of factor E would 

vary at different rates when factor A increases across its low, medium, and high levels, 

their interaction does not seem as strong as it does for factors B and E. 
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Figure 5.1.7 Pareto charts of standardized effects
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Figure 5.1.8 (a) Main effects plot (b) Full interactions plot matrix (for the 181st day) 
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As shown in Figure 5.1.9, the individual and joint effects of five factors for the 

182nd day appear similar to those for the 181st day. The fraction of water flowing between 

quick flow tanks still has the largest positive effect on the generated streamflow, which 

can lead to a peak streamflow of 210.89 m3/s when its level is high. However, the 

streamflow becomes more sensitive to the variation of factor B for the 182nd day, 

indicating that the effect of the degree of spatial variability of soil moisture capacity 

becomes more important one day after the peak flow. With respect to the two-way 

interactions, factors B and E still have the strongest combined influence on the 

streamflow, and the highest streamflow of 302.03 m3/s would be generated when factors 

B and E are at their high levels. 

Compared to the effects of factors for the 181st and 182nd days, there is a 

considerable difference in the effects of factors for the 183rd day. As shown in Figure 

5.1.10(a), the magnitude of the effect of factor B is larger than that of factor E, implying 

that the degree of spatial variability of soil moisture capacity becomes the most 

influential factor in predicting the streamflow two days after the peak flow. The 

interaction effects of five factors are depicted in Figure 5.1.10(b). Although the 

interaction between B and E still contributes most to the streamflow variations, the 

magnitudes of the effects of A×E, B×E, C×E and D×E interactions are different from 

those for the 181st and 182nd days when factor E increases across its low, medium, and 

high levels. The results indicate that there would be a temporal variation in the 

contributions of hydrologic factors to the daily streamflow generation. 

Since factors B and E have the most important joint influence on streamflow at all 

times, Figure 5.1.11 presents the fitted response surfaces with contour plots of the B×E 
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interaction for further analysis. These plots show a second-order (quadratic) effect on 

the streamflow, and provide a general idea of the generated streamflows at various 

settings of factors B and E. The 3D surfaces reveal a strong upward bend toward the 

upper-right corner, indicating that the streamflow rises while simultaneously increasing 

the degree of spatial variability of soil moisture capacity and the fraction of water 

flowing between quick flow tanks. The contour plots under the fitted response surfaces 

represent, in two dimensions, the functional relationships between the streamflow and 

the B×E interaction. They indicate that the streamflow increases when moving from 

lower left to upper right corner of the plots, revealing that the highest streamflow would 

be generated with high levels of the degree of spatial variability of soil moisture capacity 

and of the fraction of water flowing between quick flow tanks. 

 

5.1.4.3. Nonlinear Dimensionality Reduction of Orthogonal Polynomials 

Table 5.1.4 shows the insignificant terms which were identified based on ANOVA 

for the 10-day period starting with the 181st day. The results reveal that the terms of C2 

and DE are insignificant for all the 10 days, implying that the quadratic effect of the 

factor distributing the flow between two series of tanks as well as the interaction 

between the fraction of water flowing from the slow flow reservoir into the river and the 

fraction of water flowing between quick flow tanks are insignificant and can be ignored 

in this case. They were thus removed from the second-order PCEs, leading to a set of 

the reduced PCEs for quantifying uncertainty in stochastic streamflow simulation over 

a period of 365 days. Once the coefficients of the reduced PCEs are determined by using 

the PCM in conjunction with the fractional factorial design, the statistical properties of  
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Figure 5.1.9 (a) Main effects plot (b) Full interactions plot matrix (for the 182nd day) 
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Figure 5.1.10 (a) Main effects plot (b) Full interactions plot matrix (for the 183rd day) 
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Figure 5.1.11 Fitted response surfaces with contour plots for the B×E interaction 
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Table 5.1.4 Insignificant terms identified based on ANOVA for a period of 10 days 

Time (day) Term 

181 C2 D2 AB AC AD BC BD DE 

182 C2 D2 AD BD DE 

183 C2 D2 AD BD DE 

184 C2 D2 AB AC AD BC BD CE DE 

185 C2 D2 AB AC AD AE BC BD BE CE DE 

186 C2 D2 AB AC AD AE BC CE DE 

187 C2 D2 AB AC CE DE 

188 C2 AB AC BC DE 

189 C2 AB AC BC DE 

190 C2 E2 AC BC DE 
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the outputs, such as mean and variance, can be evaluated through the generation of a 

large number of realizations of standard random variables. 

 

5.1.4.4. Verification of Reduced PCEs 

To demonstrate validity and applicability of the reduced PCEs, their results were 

compared with those from the standard PCEs as well as those from the MC-LHS method 

(as the benchmark) with 2,000 simulation runs. The comparison of results in terms of 

mean and variance is presented in Figure 5.1.12. It can be seen that the mean values of 

daily streamflows obtained from the reduced PCEs agree well with those from the 

standard PCEs and the MC-LHS method over a period of 365 days. The variances of 

streamflows from the reduced PCEs are in a good agreement with those from the 

standard PCEs, although they have some deviations from the MC-LHS results when 

peak streamflows occur. The results verify that the reduced PCEs are good functional 

representations with uncertainty propagation in the hydrologic model in terms of 

efficiency and accuracy. 

To test the robustness of the reduced PCEs, two different sets of parameters were 

also used to conduct a comparison among the reduced PCEs, the standard PCEs, and the 

MC-LHS method. Figure 5.1.13 presents the comparison of results obtained by using a 

second set of parameters, in which the five hydrologic parameters, denoted as Cmax, Vdeg, 

β, Ts, and Tq, ranged from 150.00 to 500.00 (mm), from 5.00 to 15.00, from 0.01 to 0.99, 

from 0.01 to 0.99 (1/d), and from 0.01 to 0.99 (1/d), respectively. The given ranges of 

parameters are much larger than those of the first set of parameters. The results reveal 

that the mean values of daily streamflows obtained from the reduced PCEs, the standard 
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PCEs and the MC-LHS method have an excellent match. The variances of streamflows 

from the reduced PCEs have a closer agreement with those from the standard PCEs and 

from the MC-LHS method, compared to the streamflow variances obtained by using the 

first set of parameters. Thus, the reduced PCEs still perform well for uncertainty 

quantification by using the second set of model parameters with a large range of 

uncertainty. 

Based on ANOVA, Vdeg and Tq are identified as the two most significant parameters 

affecting the daily streamflows in this case. Thus, only the ranges of Vdeg and Tq change 

for the third set of parameters, while the others remain the same in comparison with the 

first set of parameters. Figure 5.1.14 shows the comparison of results obtained by using 

the third set of parameters, in which Cmax, Vdeg, β, Ts, and Tq range from 150.00 to 350.00 

(mm), from 5.00 to 15.00, from 0.50 to 0.99, from 0.01 to 0.10 (1/d), and from 0.01 to 

0.99 (1/d), respectively. It can be seen that the mean values of daily streamflows 

obtained from the reduced PCEs agree well with those from the standard PCEs and from 

the MC-LHS method. The variances of streamflows from the reduced PCEs are still in 

a good agreement with those from the standard PCEs, and they exhibit less deviations 

from the MC-LHS results especially when peak streamflows occur in comparison with 

those obtained by using the first and second sets of parameters. The agreement among 

different sets of model parameters is a strong indication that the reduced PCEs are robust 

and reliable for coping with uncertainties in the daily streamflow simulation. 
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Figure 5.1.12 Comparison of results obtained from PCE, reduced PCE, and MC-LHS for a 

period of 365 days 
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Figure 5.1.13 Comparison of results obtained from PCE, reduced PCE, and MC-LHS by 

using a second set of parameters 
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Figure 5.1.14 Comparison of results obtained from PCE, reduced PCE, and MC-LHS by 

using a third set of parameters 
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5.1.5. Summary  

In this study, a fractional factorial probabilistic collocation method has been 

proposed to advance a desired selection criterion of collocation points for constructing 

the PCE. Such a collocation scheme took into account a fraction of all combinations of 

collocation points based on statistical properties of fractional factorial designs, leading 

to a considerable reduction in computational efforts. It is particularly useful for large-

scale stochastic systems with a high-dimensional parameter space. 

A multi-level factorial characterization method has also been introduced to 

examine multi-level interactions among hydrologic parameters for uncertainty 

propagation in a reduced dimensional space. It was capable of quantifying the multi-

level interactions among hydrologic parameters and their contributions to the variability 

of model outputs. The statistical significance for each of the linear, quadratic, and 

interaction terms in the PCE was revealed through performing a multi-way ANOVA F-

test. Thus, the PCE became a simplified polynomial representation with only significant 

terms, dramatically reducing computational efforts. 

The proposed methodology was applied to a hydrologic model using historical data 

from the Xiangxi River watershed. All parameters in the model were random variables, 

and they were taken into account in the PCE for describing the evolution of uncertainty 

in the stochastic system. Their linear, nonlinear, and interaction effects on daily 

streamflows for a period of 365 days were analyzed quantitatively by using the multi-

way ANOVA. Findings revealed that there was a temporal variation in the contributions 

of hydrologic parameters to the daily streamflow generation; however, the interaction 

between the degree of spatial variability of soil moisture capacity and the fraction of 
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water flowing between quick flow tanks always had the most significant (positive) 

contribution to the streamflow variations, and thus the highest streamflow would be 

generated with high levels of the two correlated parameters. A set of the reduced PCEs 

were then obtained through removing insignificant terms from polynomial functions. 

The results of the reduced PCEs were compared against those from the standard PCEs 

as well as those from the MC-LHS method as the benchmark. The comparison of results 

verified that the reduced PCEs were good functional representations with uncertainty 

propagation in the hydrologic model in terms of efficiency and accuracy. Three different 

sets of model parameters were also used to evaluate the robustness of the reduced PCEs. 

The agreement among different sets of model parameters was a strong indication that 

the reduced PCEs were robust and reliable for coping with uncertainties in the daily 

streamflow simulation. 

The main limitation of PCE is its convergence rate which is optimal for normally 

distributed stochastic processes because Hermite polynomials are associated with 

Gaussian distributions. However, natural phenomena are complicated, and often cannot 

be modelled as a Gaussian stochastic process. Non-Gaussian processes, such as Gamma 

and Beta, would result in a slow convergence of the expansion, although certain 

transformations of inputs in terms of normal random variables can be used. A 

generalized PCE is thus desired to represent a broad range of stochastic problems 

according to their specific properties.  

As the number of random variables and the order of the expansion increase, 

computational complexity would increase exponentially. The proposed methodology is 

thus able to yield several orders of magnitude reduction in the computational effort 
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required to achieve the similar level of accuracy. This approach is not restricted to the 

hydrologic model considered in this study. It is also applicable to other multivariate 

dynamic stochastic systems. 

 

5.2. Factorial Possibilistic-Probabilistic Inference for Robust Estimation of 

Hydrologic Parameters and Characterization of Interactive Uncertainties 

 

5.2.1. Background 

Hydrologic models are used to represent the watershed processes that involve 

complex interactions between atmospheric, land surface, and subsurface components of 

the water cycle (Moradkhani et al., 2005). Hydrologic model parameters often represent 

physical characteristics of a watershed that are spatially heterogeneous and are difficult 

to measure in the field. Thus, parameter values need to be estimated through calibration 

against observed data.  

Due to the labor-intensive and time-consuming nature of the traditional trial-and-

error calibration, automatic calibration that takes advantage of the power of optimization 

algorithms has attracted considerable attention over the past two decades (Duan et al., 

1994; Gupta et al., 1998; Yapo et al., 1998; Madsen, 2000; Madsen, 2003; Gill et al., 

2006; Fenicia et al., 2007; Moussu et al., 2011; Kollat et al., 2012; Singh and Bárdossy, 

2012; Razavi and Tolson, 2013; Asadzadeh et al., 2014). The automatic calibration 

procedure generally consists of the choice of appropriate calibration data, an initial 

guess of parameter values, the definition of the objective function or the evaluation 

criterion, and the search algorithm used to identify the optimum set of parameter values 
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(Gupta et al., 1999). A number of studies have been conducted to evaluate the 

performance of different optimization algorithms for model calibration. For example, 

Cooper et al. (1997) evaluated the performance of the shuffled complex evolution (SCE-

UA) method, genetic algorithm (GA), and simulated annealing (SA) for calibrating the 

Tank model. Kuczera (1997) compared four search algorithms, namely SCE-UA, GA, 

and multiple random start using either simplex or quasi-Newton local searches for the 

estimation of catchment model parameters. Chen et al. (2005) compared the 

performance of the Multistart Powell and the SCE-UA methods for calibrating the Tank 

model. Zhang et al. (2009) assessed the efficacy of five evolutionary algorithms, namely 

GA, SCE-UA, particle swarm optimization, differential evolution, and artificial immune 

system for parameter estimation of the Soil and Water Assessment Tool model. Results 

obtained from the above comparison studies revealed that SCE-UA and GA could 

provide superior performance for automatic calibration of hydrologic models in terms 

of effectiveness and efficiency. When great efforts have been devoted to the 

development of automatic calibration methods that aim to find a best set of parameter 

values, uncertainty assessment of hydrologic model parameters have gained increasing 

attention. In fact, no hydrologist would rely on a single optimum combination of 

parameter values, since conceptual models make use of an empirical combination of 

mathematical equations to describe the main features of an idealized hydrologic cycle 

(Kuczera and Parent, 1998). A variety of uncertainties are involved in modeling the 

rainfall-runoff transformation, and even a slightly different assumption of the 

measurement errors of the data would give a different optimum parameter set. It is thus 

necessary to infer the parameter uncertainty resulting from calibration studies. 
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In recent years, tremendous efforts have been made in optimization and uncertainty 

analysis of hydrologic model parameters. For example, Vrugt et al. (2003) proposed a 

Shuffled Complex Evolution Metropolis algorithm that was a modified version of SCE-

UA for estimating the posterior distributions of hydrologic model parameters. Muleta 

and Nicklow (2005) used a genetic algorithm coupled with the Generalized Likelihood 

Uncertainty Estimation (GLUE) method for estimating hydrologic model parameters 

and analyzing underlying uncertainties. Juston et al. (2009) conducted a multi-objective 

calibration of a conceptural hydrologic model within the framework of an uncertainty 

analysis by using the Monte Carlo (MC)-based GLUE method. An an extension to the 

SCEM-UA algorithm, Vrugt et al. (2008) proposed a differential evolution adaptive 

Metropolis (DREAM) algorithm for efficiently estimating the posterior probability 

density functions (PDFs) of hydrologic model parameters in high-dimensional and 

complex search problems. Then Laloy and Vrugt (2012) advanced a multiple-try 

DREAM(ZS) algorithm which imporved upon DREAM by sampling from an archive of 

historical states to generate candidate points in each Markov Chain, maintaining the 

diversity of candidate points in order to converge to the target posterior distributions of 

parameter values. Sadegh and Vrugt (2014) proposed an Approximate Bayesian 

Computation coupled with the Markov Chain Monte Carlo simulation method for 

efficiently exploring the parameter space and rapidly locating posterior solutions. 

While much attention has been devoted to developing probabilistic approaches for 

parameter estimation and uncertainty assessment, relatively little attention has been 

given to the non-probabilistic approaches in hydrologic studies. The non-probabilistic 

approaches (also known as possibilistic approaches) should be taken into account 
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because much human reasoning about hydrologic systems is possibilistic rather than 

strictly probabilistic (Montanari, 2007). Combining the strengths of possibilistic and 

probabilistic approaches would allow hydrologists to benefit from different types of 

information, either possibilistic or probabilistic (Langley, 2000). Moreover, Seibert and 

McDonnell (2002) argued that the necessary dialog should occur between the 

experimentalist and the modeler to enable a more realistic process representation of 

catchment hydrology in conceptual rainfall-runoff models. The experimentalist is able 

to specify realistic parameter ranges based on his/her knowledge of catchment behaviors 

in the model calibration process. However, the qualitative knowledge from the 

experimentalist cannot be characterized by exact numbers but that can be made useful 

through soft (fuzzy) measures. It is thus necessary to incorporate possibilistic (expert) 

knowledge into the parameter adjustment procedure for enhancing the understanding of 

the nature of the calibration problem, enabling more realistic simulations of catchment 

behaviors. 

Although evolutionary algorithms show the powerful ability to search for the 

global optimum in the parameter space, their performance is sensitive to the choice of 

algorithmic parameters. Different combinations of algorithmic parameters have a 

considerable influence on the effectiveness and efficiency of evolutionary algorithms 

(Duan et al., 1994). Thus, a series of experimental studies have to be conducted to 

examine the proper values for the algorithmic parameters, resulting in an enormous 

computational demand. Moreover, few studies have been conducted to explore 

parametric interactions under multiple uncertainties and to quantify their contributions 

to the achievement of the optimum probability distributions detected by searching the 
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parameter space. Additionally, multiple hydrological metrics are of concern in many 

cases and they are often correlated to some extent. For example, the Nash-Sutcliffe 

efficiency (NSE) and the predictive accuracy of peak flows are two hydrological metrics 

that are closely correlated with each other. It is thus necessary to simultaneously 

examine inherent interactions among model parameters and potential correlations 

among model outputs. 

To address the aforementioned issues, the objective of this study is to propose a 

factorial possibilistic-probabilistic inference (FPI) framework for robust estimation of 

hydrologic model parameters and characterization of interactive uncertainties. A Monte-

Carlo-based fractional-fuzzy-factorial analysis (MFA) method will also be introduced 

to infer an optimum parameter set and its underlying probability distributions in a fuzzy 

probability space. A series of F-tests coupled with their multivariate extensions will be 

conducted to characterize potential interactions among model parameters as well as 

among model outputs in a systematic manner. The proposed methodology will be 

applied to a real-world case to reveal mechanisms embedded within a number of 

hydrological complexities. The effectiveness of the MFA method will be compared 

against the DREAM(ZS) algorithm for inferring probability distributions of hydrologic 

model parameters. 

 

5.2.2. Factorial Possibilistic-Probabilistic Inference Framework 

5.2.2.1. Fuzzy Random Representation of Model Parameters 

A typical hydrologic model can be written as 

Y = P(£, θ) + e                  (5.2.1) 
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where Y is a vector of model outputs, P(·) denotes the nonlinear hydrologic model, £ is 

a matrix of input values (e.g. precipitation and evapotranspiration), θ is a vector of 

model parameters, and e is a vector of random errors or residuals with zero mean. 

Traditional approaches usually rely on the assumptions of independent, homoscedastic, 

normally distributed model errors. However, these assumptions are clearly not met in 

practice, as hydrological model errors are almost always correlated, heteroscedastic and 

non-Gaussian, which may result in an unreliable estimation of predictive uncertainty. It 

is thus necessary to remove the unrealistic assumptions of model errors in hydrological 

applications. Moreover, systematic deviations are caused by various sources of error in 

hydrologic predictions, including measurement, model input and structural errors. To 

provide insights into predictive uncertainty, it is desired to distinguish various error 

contributions that make up model residuals (Schoups and Vrugt, 2010). 

The objective of model calibration is to identify a set of parameters that exhibit the 

best performance in reproducing the observed data while assuming that the 

mathematical structure of the model is predetermined. Hydrologic model parameters 

that describe the physical characteristics of a watershed cannot be measured directly. 

They are often given by probabilistic variables and then estimated through model 

calibration against historical data. In addition to various optimization techniques 

available for parameter estimation, expert knowledge plays a key role in increasing the 

understanding of the nature of the calibration problem, and can thus be incorporated into 

the calibration procedure.  

Fuzzy set theory is a powerful means of capturing linguistic and ambiguous 

features of human knowledge. A fuzzy set δ  defined on the universe X can be 
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characterized by a membership function mδ , where X represents a space of points 

(objects), with an element of X denoted by x (Zadeh, 1965). The ( )m xδ  represents the 

membership grade of x in δ : ( )m xδ  ∈ [0, 1], which defines the degree of the 

element x belonging to the fuzzy set δ . The closer ( )m xδ  is to 1, the more likely x 

belongs to δ ; conversely, the closer ( )m xδ  is to 0, the less likely x belongs to δ . The 

support of δ  is defined as the crisp set of all elements x in X such that ( )m xδ  > 0, and 

the core of δ  is the crisp set of all x in X such that ( )m xδ  = 1. Triangular membership 

functions have been widely used because of their simplicity. They are represented by 

three numbers: (a, b, c), where a, b, and c denote the central point, left spread, and right 

spread, respectively. Due to the intrinsic fuzziness of natural language, Zadeh (1978) 

introduced the concept of a possibility distribution as numerically equal to mδ  within 

the framework of fuzzy set theory. A fuzzy variable is associated with a possibility 

distribution in the same manner as a random variable has a probability distribution. 

When the human reasoning and the objective inference are taken into account 

simultaneously for parameter estimation, the theory of fuzzy random variables, first 

introduced by Kwakernaak (1978), can be used to deal with fuzziness and randomness. 

Randomness reveals the inherent stochastic nature of hydrologic parameters, while 

fuzziness represents imprecision or vagueness in subjective estimates. Fuzzy random 

variables can thus be interpreted as random variables with fuzzy probabilities. For 

example, the mean and standard deviation of a cumulative distribution function (CDF) 
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can be represented by fuzzy numbers instead of crisp numbers, leading to multiple 

uncertainties. As shown in Figure 5.2.1, a CDF is represented by a solid line labelled m 

= 1, which serves as the core of a triangular-shaped fuzzy set whose spreads are shown 

by the dashed lines labelled m = 0. ( )iF x  represents the fuzzy version of the CDF. For 

a given xi, a triangular membership function associated with ( )iF x  is shown on the left 

side of the figure, where { }( )im F x  denotes the membership grade; 1( )C
m iF x= , 

0 ( )L
m iF x= , and 0 ( )R

m iF x=  represent the core, left spread and right spread, respectively. 

Fuzzy numbers serve as prior (expert) knowledge in determining the parameters of a 

CDF in the sense of Bayesian approach. Such a fuzzy random representation is useful 

for characterizing the stochastic phenomenon which is disturbed by imprecision and 

vagueness in realizations (Fu and Kapelan, 2011). 

 

5.2.2.2. Monte-Carlo-Based Fractional-Fuzzy-Factorial Analysis 

To perform parameter estimation and uncertainty assessment under fuzziness and 

randomness, an MFA method is proposed to deal with fuzzy random variables. The 

fuzzy α-cut technique has been widely used for computing functions of fuzzy variables. 

The α-cut (α-level set) of a fuzzy set δ  is a crisp subset δα that contains all elements 

of the universal set X whose membership grades in δ  are greater than or equal to the 

specified value of α, and can be defined as { | ( ) , }x m x x Xα δδ α= ≥ ∈ , where α ∈ [0, 

1] (Zimmermann, 2001). A fuzzy variable can thus be discretized into a group of 

intervals with various α levels. The intervals generated from all fuzzy variables with a 
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Figure 5.2.1 Representation of a fuzzy CDF  
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particular α-cut level can then be processed by interval analysis. Following Huey-Kuo 

et al. (1998), an interval function with the α level in an k-dimensional space can be 

defined as follows: 

1 2( , ,..., )ky f x x xα α α α=              (5.2.2) 

where [ , ]L Ry y yα α α= , 1 1 1[ , ]x a bα α α= , 2 2 2[ , ]x a bα α α= , …, [ , ]k k kx a bα α α= . The 

lower and upper bounds of the interval function can be obtained through solving a 

minimization problem and a maximization problem as follows: 

1 2min ( , ,..., )L ky f x x xα α α α=  and 1 2max ( , ,..., )R ky f x x xα α α α=      (5.2.3) 

where 1 1 1[ , ]x a bα α α∈ , 2 2 2[ , ]x a bα α α∈ , …, [ , ]k k kx a bα α α∈ . When the function is 

continuous in the k-dimensional space, the value of the interval function can be obtained 

by 

{ }min[ ( ), ( )],max[ ( ), ( )], 1, 2,..., 2 ;    k
j i j iy f c f e f c f e j iα = = ∀    (5.2.4) 

where cj is the ordinate of the jth vertex and ei is an extreme point. The ordinates of all 

vertices are actually the combinations of k pairs of endpoints of intervals. If no extreme 

point exists, all interval variables have at most 2k different combinations. The minimum 

and maximum values of the 2k sets of results can be identified as the interval solution 

with a certain α-cut level.  

The conventional methods are used based on an assumption that the same α-cut 

level is imposed on all fuzzy variables, resulting in an oversimplification in the α 

discretization process. In fact, the α-cut levels are chosen subjectively, and they may 

vary while applying to different fuzzy variables. The larger the specified value of α, the 
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smaller the uncertainty. For instance, certain fuzzy sets may be tackled with the α-cut 

level of 0.5, while the others are processed with the α-cut level of 1.0. Such a complexity 

needs to be addressed when dealing with fuzzy variables. Therefore, a factorial design 

is useful for taking into account various combinations of α-cut levels applied to fuzzy 

variables, revealing the potential correlations among fuzzy variables and enhancing the 

flexibility in practical problems. 

The factorial design is a powerful statistical technique to measure response 

variables by systematically varying experimental factors with each having a discrete set 

of levels (Montgomery, 2000). In a factorial design, an experimental run is performed 

at every combination of levels of all factors. Generally, a multi-level factorial design 

has a sample size of sk, where k is the number of factors, and s (s > 2) is the number of 

levels for each factor. By integrating the concept of the factorial design with the fuzzy 

α-cut technique, various combination of α-cut levels can be taken into account while 

discretizing fuzzy sets. In this paper, we adopted the 32k factorial design that consisted 

of 2k fuzzy variables with each at three levels. This is because each of the k random 

variables is associated with a fuzzy mean and a fuzzy standard deviation, leading to 2k 

fuzzy variables; moreover, two different α-cut levels of 0.2 and 1.0 were employed 

simultaneously, which discretized the triangular-shaped fuzzy set into three 

deterministic values. Since each combination of factor levels in the 32k factorial design 

consists of means and standard deviations of the k random variables, the MC simulations 

can be conducted to generate the probability distributions of response variables. The 

minimum and maximum values in terms of means and standard deviations of probability 

distributions can then be identified as interval solutions. The MC-based fuzzy factorial 
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analysis is able not only to deal with fuzzy random variables by generating probabilistic 

model outputs in terms of mean and standard deviation with a degree of uncertainty 

(difference between maximum and minimum values), but also to examine interactions 

among fuzzy random variables as well as their effects on model outputs. Nevertheless, 

the computational effort required for conducting the 32k factorial experiment would 

increase exponentially with the number of dimensions.  

To reduce the computational effort, a 1
3

p
 
 
 

 fraction of the 32k design can be 

constructed with 2k factors in 32k –p simulation runs, where p < 2k. Such a design is 

called a 32k-p fractional factorial design. The procedure of constructing the fractional 

factorial design is to select p components of the highest-order interaction to partition the 

32k design matrix into 3p blocks. Each block is a 32k -p fractional design, and any block 

can be selected for use (Wu and Hamada, 2009). For example, to construct a 33–1 

fractional factorial design, the component of the highest-order interaction AB2C2 is 

selected as the defining relation R = AB2C2 which is used to partition three blocks. The 

32 design matrix for a three-level factorial design with two factors can be obtained with 

the notation of 0 (low level), 1 (medium level), and 2 (high level). The third factor is 

then introduced by equating its level x3 to the chosen component of the highest-order 

interaction, through the relationship 

1 1 2 2 1 1k k kx x x xβ β β − −= + + ⋅⋅⋅+               (5.2.5) 

where βi = (3 – αk) αi (mod 3) for 1 ≤ i ≤ k – 1, and αi denotes the exponent on the ith 

factor of the chosen interaction component. Since AB2C2 is selected as the component 

of the highest-order interaction in this example, α1 = 1, and α2 = α3 = 2. This implies that 
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β1 = (3 – 2) (1) (mod 3) = 1, and β2 = (3 – 2) (2) (mod 3) = 2. Equation (5.2.5) thus 

becomes x3 = x1 + 2x2. The level of the third factor can then be obtained based on the 

levels of the first two factors.  

The component of the highest-order interaction is always selected as the defining 

relation because it is able to guarantee the highest possible design resolution. The 

resolution of a fractional factorial design is defined as the smallest number of letters in 

any word in the defining relation (Montgomery, 2000). Since R = AB2C2 is the defining 

relation for the 33–1 design, such a three-letter word represents a resolution III design. 

The resolution determines the confounding or aliasing properties in the resulting design. 

In other words, the design resolution represents the ability to separate main effects and 

low-order interactions from one another. A resolution III design is unable to make a 

clear test of two-factor interactions since main effects are aliased with two-factor 

interactions and two-factor interactions are also aliased with each other. To obtain a 

clear estimate of main effects and two-factor interactions, a resolution V design can be 

used to avoid having them aliased. The alias of any main effect or interaction component 

is produced by multiplication modulus 3 of the effect by R and R2 (Montgomery, 2000). 

For the 33–1 design with the defining relation R = AB2C2, the alias relationships for the 

effects of factor A and the A×B interaction can be determined as follows: 

A = A(AB2C2) = A2B2C2 = ABC            (5.2.6) 

A = A(AB2C2)2 = A3B4C4 = BC             (5.2.7) 

AB = AB(AB2C2) = A2B3C2 = AC              (5.2.8) 

AB = AB(AB2C2)2 = A3B5C4 = BC2            (5.2.9) 
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Since the main effect of factor A is aliased with the B×C interaction, this is a resolution 

III design. Such a design is useful only with the assumption of negligible interactions. 

Therefore, an MFA method is proposed to address fuzzy random variables and explore 

their interactions in a computationally efficient way. 

To obtain the estimates of model parameters by using MFA, NSE proposed by 

Nash and Sutcliffe (1970) can be used for calibration and evaluation of the hydrologic 

model with observed data. The NSE index is defined as 

2
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             (5.2.10) 

where oQ  is the mean of observed discharges, Qo,t is the observed discharge at time t, 

and Qs,t is the simulated discharge at time t. NSE ranges from –∞ to 1. An efficiency of 

1 indicates a perfect match between simulated and observed discharges; an efficiency of 

0 implies that the model predictions are as accurate as the mean of the observed data, 

Thus, the closer NSE is to 1, the more accurate the model is. MFA explores the parameter 

space by taking into account various combinations of means and standard deviations of 

random variables in a fuzzy environment. A number of points are sampled from random 

variables for each combination, generating a cluster of the NSE coefficients. A local 

optimum with the highest NSE can be obtained within the cluster. Various clusters of 

NSE are generated based on different combinations of PDFs, and then the global 

optimum in the parameter space can be identified between clusters. Thus, MFA is able 

to estimate an optimum combination of parameter values and the underlying probability 
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distributions based on the location of the global optimum identified in a fuzzy 

probability space. 

 

5.2.2.3. Multivariate Probabilistic Inference 

MFA is capable not only of identifying the optimum probability distributions of 

model parameters with the highest NSE through exploring a fuzzy probability space, 

but also of quantifying the potential interactions among random variables as well as their 

effects on NSE by conducting a factorial analysis of variance (ANOVA). ANOVA is a 

hypothesis testing procedure that is used to examine the equality of group means or 

average responses when the factors are varied (Montgomery and Runger, 2013). The 

statistical significance is tested by using the ANOVA F-statistic, given by 

0
/ ( 1)

/ ( )
Treatments Treatments

E E

MS SS aF
MS SS N a

−
= =

−
                (5.2.11) 

where a and N denote the number of levels (treatments) of factors and the total sample 

size, respectively; MStreatments and MSE represent between-treatment mean square and 

within-treatment or error mean square, respectively; SStreatments and SSE represent the 

corresponding sum of squares. The test statistic follows an F-distribution with a – 1 and 

N – a degrees of freedom. The factorial ANOVA signifies a decomposition of the total 

variance in a response variable into its components attributable to different sources of 

variation, which is useful in characterizing interactions among factors of interests and 

in quantifying their contributions to the variability of NSE. 

The predictive accuracy of peak flows is closely correlated with NSE, since the 

higher flows generally have larger prediction errors than the lower flows (Sorooshian 
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and Arfi, 1982). It is desired to combine the predictive accuracy of peak flows and the 

resulting NSE into a single measure of the predictive power for a hydrologic model, as 

well as to test the statistical significance of random variables and their interactions 

affecting model performance. Thus, a multivariate probabilistic inference is proposed to 

account for correlations between the predictive accuracy of peak flows and NSE as well 

as to examine the single and joint effects of random variables on the predictive accuracy 

of peak flows and NSE collectively. A test of statistical significance of random variables 

can be conducted by using the Wilks' lambda statistic which is defined as follows: 

det(E)
det(H+E)

λ =                 (5.2.12) 

where det(E) represents the determinant of the error sums of squares and cross products 

matrix, and det(H+E) represents the determinant of the total sums of squares and cross 

products matrix T = H + E. The Wilks' lambda can be interpreted as the proportion of 

variance in the dependent variables that is not accounted for by the independent 

variables (Tabachnick and Fidell, 2006). Following Rao (1952), an F approximation can 

be derived based on the Wilks' lambda, expressed as  

1/

( 1),1/

1 ~
( 1)

s

v a ls ts

ls tF F
v a − −

  −Λ −
=   Λ −  

           (5.2.13) 

where 

2  ;
2

v al N a − +
= − −                (5.2.14)

2
2 2

2 2

( 1) 4 ,    if ( 1) 5 0
 ;( 1) 5

1,                              otherwise

v a v a
s v a

 − −
+ − − >= + − −




           (5.2.15) 

296 

 



 ( 1) 2  .
2

v at − −
=                  (5.2.16) 

The F approximation is distributed with v(a – 1) and ls – t degrees of freedom, where v 

and a represents the number of dependent variables and the number of treatments of 

factors, respectively. The approximate F value can be tested for revealing statistical 

significance of independent variables by using the usual tables of F at selected α 

(significance level). In addition to the Wilks' lambda, the Pillai’s trace is another 

multivariate test statistic for assessing the impacts of multiple independent variables on 

a set of collectively dependent variables, and it is defined as follows: 

( )1( )V trace H H E −= +               (5.2.17)  

where H denotes the hypothesis sum of squares and cross products, and E represents the 

error sum of squares and cross products. The Pillai’s trace indicates the percentage of 

the variance in the dependent variables explained by the model (Tabachnick and Fidell, 

2006). An F approximation associated with the Pillai’s trace can be derived as follows: 

(2 1), (2 1)
2 1 ~
2 1 g q g g r g

r g VF F
q g g V + + + +

  + +
=   + + −  

         (5.2.18) 

where 

min( , 1) ;g v a= −                 (5.2.19) 

1 1
 ;

2
v a

q
− − −

=                    (5.2.20) 

1  .
2

N a vr − − −
=                  (5.2.21) 

The F approximation is distributed with g(2q + g + 1) and g(2r + g + 1) degrees of 

freedom. Compared with the Wilks' lambda, the Pillai’s trace is a more robust statistical 
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criterion because it is less vulnerable to violations of the assumptions, such as adequate 

sample size or approximately equal cell sizes. The factorial ANOVA coupled with the 

multivariate probabilistic inference are useful for examining interactions among 

independent variables as well as among dependent variables in a systematic manner.   

The proposed FPI framework is provided in Figure 5.2.2. The steps involved in the 

implementation of FPI can be summarized as follows:  

1: Specify random variables with fuzzy mean and fuzzy standard deviation. 

2: Convert fuzzy variables into discrete values under multiple α-cut levels. 

3: Create a multi-level fractional factorial design with various combinations of means 

and standard deviations of random variables. 

4: Sample a number of points for the current combination of PDFs. 

5: Generate probabilistic streamflow time series through propagation of uncertainty in 

the hydrologic model. 

6: Obtain a cluster of NSE coefficients for realizations of random variables in current 

combination. 

7: Find local optimum for the current cluster of NSE.  

8: Check the current combination of PDFs. If it is the last combination in the factorial 

design matrix, stop; otherwise go to the next combination and then return to step 4. 

9: Infer an optimum parameter set and its underlying probability distributions by 

identifying the global optimum NSE. 

10: Perform a series of F-tests to reveal parametric interactions in a fuzzy probability 

space and their implications for variability of response variables. 
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11: Conduct multivariate probabilistic inference to explore correlations among multiple 

response variables and their joint sensitivities to changes in parameter values.     

 

5.2.3. Case Study 

5.2.3.1. Description of the Study System 

The proposed methodology is applied to the Xiangxi River watershed 

(110°25′−111°06′E, 31°04−31°34′N) which is the largest tributary of the Three Gorges 

Reservoir (TGR) in Hubei Province, China (Figure 5.2.3). The Xiangxi River watershed 

originates in the Shennongjia Nature Reserve with a mainstream length of 94 km and a 

total area of 3,099 km2. The watershed lies in the subtropical region and experiences a 

typical continental monsoon climate with substantial temperature variations in spring 

and concentrated rainfalls in summer; the weather is rainy in autumn and snowy in 

winter. Temperature and precipitation are also influenced by the mountainous 

topography of the watershed and vary significantly with altitude. The Xiangxi River 

watershed is characterized by a large difference in elevation. The highest elevation with 

up to 3,088 m can be found near the source of the watershed in the Shennongjia 

mountains; the elevation reaches down to the value as low as 67 m at the outlet of the 

watershed, where the Xiangxi River discharges into the Yangtze River.  

Exploitation and construction in the Xiangxi River watershed are constrained by 

the Chinese government in order to provide the best conservation of natural resources. 

Thus, the distribution of land use and soil types in the watershed remains relatively 

stable over time. The land use can be categorized into five classes: forest, grassland,  
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Figure 5.2.2 Flowchart of the proposed FPI framework 

 

Specify random parameter vector qi with fuzzy mean iµ  and fuzzy 

standard deviation iσ : qi ～ N( iµ , iσ ), i = 1,2,…k 
 

Run hydrologic model by propagating parameter uncertainties yd(t) = f[xd, qi(t)]: 
yd(t) = daily streamflow (m3/s), xd = daily forcing data, d = 1,2,…m 

   

t < ns2k-p 

 

Yes 
t = t + 1 

Conduct multivariate probabilistic inference: λi = |E|/|Hi+E|,  
Pillai’s trace = trace[Hi(Hi+E)-1] 

 

Perform a series of F-tests: Fi = MSi/MSE,  
Fij = MSij/MSE, i = 1,2,…k, j = 1,2,…k  

  

No 

Convert iµ and iσ into discrete values under multiple α-cut levels: 

iµ → i
αµ , iσ → i

ασ , [0,1]α ∈  

 
Create an ns2k-p fractional factorial design with various combinations of  

i
αµ and i

ασ : n = number of replicated experiments, s = number of discrete 
values, k = number of parameters, p = size of the fraction of the full factorial 

 

Sample random vector qi(t) based on current combination (t) of  

( )i t
αµ and ( )i t

ασ : qi(t) ～ N ( ( )i t
αµ , ( )i t

ασ ), t = 1,2,…ns2k-p 
 

Compute NSE(t) coefficients for realizations 
of random vector in current combination of 

( )i t
αµ and ( )i t

ασ : NSE(t) = NS{f[xd, qi(t)]} 
 

Generate daily streamflow time series in terms of mean 
µd(t) and standard deviation σd(t): 

µd(t) = mean{f[xd, qi(t)]}, σd(t) = std{f[xd, qi(t)]} 
   
   

Find local optimum NSEopt(t) for current cluster 
of NSE(t) coefficients: NSEopt(t) = max{NSE(t)} 

   
   

Infer optimum distributions (µiopt and σiopt) and an optimum parameter set qiopt by 
identifying global optimum NSEopt: NSEopt = max{NSEopt(t)} 

   
   

Calculate degrees of uncertainty: DU(µd) = max{µd(t)} 
- min{µd(t)}, DU(σd) = max{σd(t)} - min{σd(t)} 
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Figure 5.2.3 Geographical location and topographic characteristics of the Xiangxi River 

watershed 
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urban, farmland, and water body, among which forest is the most dominant land cover 

type in the watershed. Limestone soils predominate in headwater areas whereas brown 

and yellow-brown soils widely occur in lowlands (Xu et al., 2011). The Xiangxi River 

is one of the most representative watersheds in the TGR region in terms of topographic 

properties, runoff volumes, and economic conditions (Han et al., 2014).  

There are four weather stations located in the Xiangxi River watershed, including 

Zhengjiaping, Zhangguandian, Shuiyuesi and Zhaojun. Meteorological observations 

from the four weather stations were obtained from the Meteorological Bureau of 

Xingshan County, including air temperature, precipitation, sunshine duration, wind 

speed, and relative humidity. There is one hydrometric station, Xingshan, located in the 

Xiangxi River watershed. Daily streamflow records at Xingshan gauging station were 

provided by the Hydrological Bureau of Xingshan County. 

Rainfall-runoff simulations were undertaken to generate the daily streamflows in 

the Xiangxi River watershed. A total of four years of data from January 1993 to 

December 1996 were used in simulations such that the first one year was used as a spin-

up period to reduce sensitivity to state-value initialization and the remaining three years 

were used as the calibration period. To test the credibility of the calibrated model, 

another two years of data from January 1997 to December 1998 were used as an 

independent set of samples for model validation. In the conceptual rainfall-runoff model, 

runoff production is represented as a rainfall excess process, and the value of runoff 

production is determined according to a probability-distributed storage capacity model 

that is driven by rainfall and potential evapotranspiration inputs (Moore, 2007; Bulygina 

and Gupta, 2011; Young, 2013). Water storage dynamics are based on mass balance 
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principles with inflow from rainfall, losses to evaporation, drainage to groundwater 

(recharge), and production of direct runoff. The distribution function of storage capacity 

is defined as: 

deg

m
m

( ) 1 1      0
V

SF S S S
S

 
= − − ≤ ≤ 

 
             (5.2.22) 

where Sm represents the maximum storage capacity of the watershed, and Vdeg describes 

the degree of spatial variability of the storage capacity within the watershed. The above 

distribution function indicates the probability of occurrence of a specific soil moisture 

capacity, S, across the watershed. The probability-distributed storage capacity model 

partitions excess rainfall into surface storage consisting of three quick flow tanks and 

subsurface storage with a single slow flow tank through a partitioning factor, β. The 

flow from each tank is controlled by a fraction of water flowing from the slow flow tank 

into the river, Ts, and a fraction of water flowing between quick flow tanks, Tq. The 

generated streamflow is thus the addition of the outputs from quick and slow flow tanks.  

The model has two input variables: mean precipitation, P [mm/d], and potential 

evapotranspiration, ET [mm/d]. For this case study, the only source of uncertainty is 

associated with the estimates of model parameters. Thus, five parameters (Sm, Vdeg, β, 

Ts, and Tq) are taken into account, which need to be calibrated and validated through 

observed data. The parameters that characterize the hydrological processes are often 

highly uncertain since they are difficult to be measured directly in the field. The quality 

of uncertain information may not be satisfactory enough for representing hydrologic 

parameters in a single form, such as probability distributions or fuzzy sets. Thus, 

integration of the objective estimation of PDFs and the subjective judgment of fuzzy 
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sets is desired to reflect the multilayer uncertain information for the estimation of 

hydrologic parameters. As a result, the five parameters of Sm, Vdeg, β, Ts, and Tq are 

considered to be random variables with fuzzy mean and fuzzy standard deviation, and 

their values under different α-cut levels are provided in Table 5.2.1. 

 

5.2.3.2. Parameter Estimation in a Fuzzy Probability Space 

To obtain optimal parameter estimates under randomness and fuzziness, an MFA 

method within the FPI framework is first proposed to address fuzzy random variables, 

generating a number of daily streamflow time series in terms of mean and standard 

deviation with degrees of uncertainty for the Xiangxi River watershed. MFA is then able 

to infer an optimum set of parameter values and its underlying probability distributions 

with the maximum value of NSE. Since the five model parameters of Sm, Vdeg, β, Ts, and 

Tq were random with each having a fuzzy mean and a fuzzy standard deviation, there 

were ten factors to be taken into account in this case. These factors consisted of fuzzy 

means and fuzzy standard deviations of the five random variables; they were denoted 

by factors A-J for the purpose of illustration. The fuzzy sets with triangular membership 

functions were used, which could be discretized into three deterministic values under 

the α-cut levels of 0.2 and 1.0. To deal with the ten fuzzy numbers, 310 combinations of 

means and standard deviations need to be addressed, resulting in a large computational 

effort. Thus, a 3(10-5) fractional factorial design with the defining relation R = BCDEFG 

= ACDE2F2H = ABD2E2FI = ABC2EF2 = AB2C2DFJ was constructed in this study by 

using a fraction of all combinations of means and standard deviations. The defining 

relation was used to create the fractional factorial design matrix. For the 3(10-5) fractional 
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factorial experiment with one replication, 200 points were sampled in the parameter 

space for each combination of PDFs, generating a set of 486 probabilistic streamflow 

time series. Figure 5.2.4 presents daily streamflows in terms of means and standard 

deviations with maximum and minimum values, as well as the corresponding degrees 

of uncertainty over a period of three years. The degree of uncertainty is obtained by 

calculating the difference between maximum and minimum values of daily streamflows. 

The results indicate that there is a relationship between means, standard deviations, and 

degrees of uncertainty for generated daily streamflows. When the mean of streamflows 

is high, the corresponding standard deviation and the degree of uncertainty are relatively 

large. 

A cluster of 200 NSE coefficients could be obtained for each combination of PDFs 

in the 3(10-5) fractional factorial design. Thus, a total of 486 clusters of NSE coefficients 

were generated through exploring the parameter space. A local optimum is first obtained 

within each cluster, and then the global optimum in the parameter space can be identified 

between clusters. Figure 5.2.5 presents the 486 clusters of NSE coefficients, with each 

of them having 200 samples. The maximum value of NSE is 0.7412, which is obtained 

from the 173th sample within the 257th cluster. Thus, the best set of parameter values 

and the associated probability distributions can be estimated based on the location of 

the global optimum. The statistical properties of probability distributions as estimated 

in a fuzzy environment are shown in Table 5.2.2. It reveals the optimal combination of 

means and standard deviations of model parameters with different α-cut levels. The best 

parameter set in the probability space is shown as: Sm = 191.96 mm, Vdeg = 2.77, β = 

0.57, Ts = 0.05 1/d, and Tq = 0.76 1/d. Figure 5.2.6 presents a comparison between 
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Table 5.2.1 Random parameters with fuzzy mean and fuzzy standard deviation as well as the corresponding values under different α-cut levels 

 

Parameter Description Unit 

Triangular fuzzy number  α-cut level = 0.2  α-cut level = 1.0 

Mean Standard 
deviation 

 
Mean Standard 

deviation  Mean Standard 
deviation 

Sm Maximum storage capacity of 

watershed 

mm (160.00, 320.00, 

480.00) 

(0, 1.00, 

2.00) 

 (192.00, 448.00) (0.20, 1.80)  320.00 1.00 

Vdeg Degree of spatial variability of soil 

moisture capacity 

- (0.50, 2.75, 

5.00) 

(0, 0.05, 

0.10) 

 (0.95, 4.55) (0.01, 0.09)  2.75 0.05 

β Factor distributing flow to the quick 

flow reservoir 

- (0.22, 0.57, 

0.92) 

(0, 0.01, 

0.02) 

 (0.290, 0.850) (0.002, 0.018)  0.570 0.010 

Ts Fraction of water that flows from the 

slow flow reservoir into the river 

1/d (0.04, 0.22, 

0.40) 

(0, 0.005, 

0.010) 

 (0.076, 0.364) (0.001, 0.009)  0.220 0.005 

Tq Fraction of water that flows between 

quick flow reservoirs 

1/d (0.14, 0.53, 

0.82) 

(0, 0.01, 

0.02) 

 (0.218, 0.762) (0.002, 0.018)  0.530 0.010 
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Figure 5.2.4 Probabilistic streamflow time series generated through the MFA method 
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Note: The sample value at the intersection of two lines is identified as the maximum NSE coefficient. 

 

Figure 5.2.5 Evolution of NSE values of 486 different clusters derived from MFA 

Factorial combination 
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Table 5.2.2 Statistical properties of probability distributions of model parameters as 

estimated in a fuzzy environment 

Statistical property 
Parameter 

Sm (mm) Vdeg β Ts (1/d) Tq (1/d) 

Mean   192.00 (0.2) 2.75 (1.0) 0.57 (1.0) 0.076 (0.2) 0.762 (0.2) 

Standard deviation 0.20 (0.2) 0.05 (1.0) 0.002 (0.2) 0.009 (0.2) 0.002 (0.2) 

Note: The value in the parenthesis represents the fuzzy α-cut level.  
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Figure 5.2.6 Comparison between simulated and observed daily streamflow time series 

for (a) model calibration over a period of three years and for (b) model validation over 

a period of two years 
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simulated (by using the optimum parameter set) and observed daily streamflows in the 

Xiangxi River watershed for model calibration over a period of three years from January 

1994 to December 1996 and for model validation over another period of two years from 

January 1997 to December 1998. The NSE coefficients obtained for calibration and 

validation are 0.7412 and 0.5373, respectively. The results show that most of the time 

the model is able to well characterize the hydrologic behaviors; however, the peak flows 

are often not captured well by the model. It is thus necessary to explore potential 

interactions among model parameters and to reveal their influences on hydrologic 

predictions. 

 

5.2.3.3. Quantitative Characterization of Interactive Uncertainties 

Variations in the values of model parameters can cause a difference in the 

generated streamflow time series, resulting in varied NSE coefficients. In addition to 

parameter estimation, MFA is also able to explore parametric interactions and quantify 

their contributions to the variability of NSE. A multi-way ANOVA F-test was 

conducted to reveal the statistical significance of model parameters affecting NSE based 

on the results obtained from the 3(10-5) fractional factorial experiment. Normality 

assumption of error terms in ANOVA was checked through an analysis of residuals. 

Figure 5.2.7 presents a normal probability plot of residuals for assessing how closely a 

set of residuals follows a normal distribution. This plot produces an approximately 

straight line, validating the assumption that residuals or error terms are normally 

distributed. 
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The defining relation of the 3(10-5) fractional factorial design was given as R = 

BCDEFG = ACDE2F2H = ABD2E2FI = ABC2EF2 = AB2C2DFJ, which could be used to 

reveal the confounding pattern of factor effects. Since the length of the shortest word 

(ABC2EF2) in the defining relation was five, this was a resolution V design, namely 

(10 5)
V3 − . Such a fractional factorial design is capable of making a clear test of individual 

factors and two-factor interactions. Figure 5.2.8 shows the effect estimates with 95% 

confidence intervals and the associated standardized effect estimates (t-values) for 

statistically significant model parameters and pairwise interactions. I(L) is identified as 

the most significant factor affecting NSE, indicating that the mean of the random 

parameter Tq (fraction of water that flows between quick flow reservoirs) has the 

strongest linear effect on NSE. The linear effect represents the difference of NSE 

between the low and high levels of the factor. I(Q) is also one of the statistically 

significant factors. It reveals that the mean of Tq also has a large quadratic effect on NSE. 

The quadratic effect represents the difference of NSE between the medium level and the 

average of low and high levels of the factor. Any change in the mean of Tq would cause 

a considerable variation in NSE. This is because Tq reflects the residence time for water 

in the quick flow reservoirs, which plays a dominant role in predicting the high 

streamflows when heavy rainfall occurs and the accuracy of high streamflow predictions 

are closely related to NSE. As for pairwise interactions, the E×I interaction has the 

largest contribution to the variability of NSE, revealing that the mean of the random 

parameter β (factor distributing flow to the quick flow reservoir) is highly correlated 

with the mean of Tq, and their interaction has a significant impact on NSE. 
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To visualize the relative magnitude of the effects of model parameters on NSE, 

Figure 5.2.9 presents their individual effects. It can be seen that the mean of Tq has the 

largest positive effect on NSE with a significant increase across low, medium, and high 

levels of Tq (mean). This implies that increasing the mean of Tq causes the shorter 

residence time for water in the quick flow reservoirs and thus a more immediate effect 

of precipitation, leading to the larger NSE coefficient. In comparison, the standard 

deviation of Tq has significantly less contribution to the variation of NSE. The F-test 

was also conducted to quantify the linear and quadratic effects of model parameters. 

Since E (mean of β), G (mean of Ts), and I (mean of Tq) are identified as the three most 

significant factors affecting NSE, it is necessary to further explore their potential 

interactions for finding more meaningful information. As shown in Figure 5.2.10, the 

marginal means of NSE are estimated to represent the interaction patterns between 

factors E, G and I. For example, Figure 5.2.10(a) reveals a dramatic difference in the 

variation of NSE associated with the three levels of factor I over the levels of factor E, 

collapsed across the levels of factor G, implying that the E×I interaction effects on NSE 

vary depending on the levels of factor G. The maximum NSE value would be obtained 

when factors E and G are at their medium levels and factor I is at its high level. As 

shown in Figure 5.2.10(b), when the level of factor E is high, factor G has a positive 

effect on NSE at the low and medium levels of factor I, while its effect becomes negative 

when factor I is at its high level. The findings indicate that the parametric interactions 

in a fuzzy stochastic environment is complex, and the magnitude and directions of 

interaction effects may vary in different regions of the parameter space.  
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Figure 5.2.7 Normal probability plot of raw residuals 
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Figure 5.2.8 (a) Absolute values of effect estimates with 95% confidence intervals and (b) 

the associated standardized effect estimates (t-values) for statistically significant model 

parameters and pairwise interactions 
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Note: The significance level of 0.05 is used in hypothesis testing. 

 

Figure 5.2.9 Main effects of model parameters with respect to NSE 
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F-value: 619.687 
P-value: < 0.01 

Quadratic effect 
F-value: 33.681 
P-value: < 0.01 

Linear effect 
F-value: 1156.892 
P-value: < 0.01 

Quadratic effect 
F-value: 41.599 
P-value: < 0.01 

Linear effect 
F-value: 5947.498 
P-value: < 0.01 

Quadratic effect 
F-value: 394.015 
P-value: < 0.01 

Linear effect 
F-value: 26.157 
P-value: < 0.01 

Quadratic effect 
F-value: 0.242 
P-value: > 0.05 
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Figure 5.2.10 Marginal means of NSE with 95% confidence intervals for factors E [β 

(mean)], G [Ts (mean]] and I [Tq (mean)] 
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Figure 5.2.11 reveals the curvature effects on NSE for the pairwise interactions 

between the means of random parameters β, Ts, and Tq, which provides a general picture 

of the relationships between settings of correlated parameters and the resulting NSE. It 

can be seen that NSE rises while simultaneously increasing the means of β and Tq or Ts 

and Tq, indicating that the interactions between the flow partitioning factor and the 

fraction of water flowing between quick flow reservoirs as well as between the fraction 

of water flowing from the slow flow reservoir into the river and the fraction of water 

flowing between quick flow reservoirs have a positive influence on NSE. As for the 

interaction between the means of β and Ts, there is an upward trend in NSE with a 

decreasing mean of β and an increasing mean of Ts. Quantification of the relationship 

between parametric interactions and the resulting NSE is useful for efficiently exploring 

the regions of attraction in a high dimensional parameter space. 

Order-of-magnitude discrepancies often exist between simulated and observed 

streamflows since complex hydrologic systems cannot be perfectly modelled with 

mathematical equations, especially for the peak flows that are often not captured well 

by the model. It is thus necessary to examine the statistical significance of model 

parameters influencing the discrepancies between simulated and observed peak 

streamflows (i.e. predictive accuracy of peak flows). For the purpose of illustration, one 

year (1996) of data was used to conduct the analysis of discrepancies in predictive peak 

flows. Figure 5.2.12 presents the patterns of discrepancies in peak flows that occur on 

days 185 (03 July 1996), 186 (04 July 1996), 263 (19 September 1996), and 312 (07 

November 1996) under 486 combinations of parameter settings based on the 3(10-5) 

factorial design with one replication. Generally, the model overpredicts the peak flows 
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on days 185 and 186 in the summertime, while it underpredicts the peak flows on days 

263 and 312. As shown in Figure 5.2.13, the histograms of residuals indicate that the 

errors are normally distributed. Figure 5.2.14 reveals that the quadratic effects of the 

mean of the random parameter Tq, denoted by I(Q), have the most significant 

contributions to the variability of the discrepancies between simulated and observed 

peak flows that occur on days 185 and 186, while its linear effects, denoted by I(L), 

contribute most to the variability of the discrepancies in peak flows that occur on days 

263 and 312. Figure 5.2.15 shows the temporal variation in individual effects of the most 

sensitive factor I across its low, medium, and high levels. As for parameter correlations, 

Figure 5.2.16 shows the fitted surfaces of discrepancies in peak flows for the most 

significant interactions identified based on the estimated standardized effects. It can be 

seen that there is an upward trend in the discrepancies of simulated peak flows that occur 

on days 185 and 186 while simultaneously increasing or decreasing the means of Ts and 

Tq. For days 263 and 312, the discrepancies rise along with an increasing mean of β and 

a decreasing mean of Tq. These findings indicate that the dominant interaction effects 

on the predictive accuracy of peak flows vary temporally due to dynamic behaviors of 

hydrologic systems. 

 

5.2.3.4. Correlations between NSE and the Predictive Accuracy of Peak Flows 

Figure 5.2.17 presents the correlations between NSE and discrepancies in peak 

flows. The pattern of the correlation between NSE and the discrepancy on day 185 

seems to be similar to that between NSE and the discrepancy on day 186, while the 

correlations between NSE and the discrepancy on day 263 and between NSE and the 
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discrepancy on day 312 show similar patterns. In general, NSE rises while decreasing 

the discrepancies in peak flows until NSE reaches the global optimum. It can also be 

seen that there are positive correlations between the discrepancies on days 185 and 186 

as well as between the discrepancies on days 263 and 312, indicating that a strong 

positive correlation exists among discrepancies in peak flows that occur successively 

within a short period of time; such a positive correlation would be weakened over time. 

These findings verify that certain correlations exist between NSE and the predictive 

accuracy of peak flows. It is thus desired to combine the correlated dependent variables 

into a single variate, and then assess the impacts of independent variables on not only 

individual dependent variables, but also dependent variables collectively. 

To perform an overall analysis of multiple dependent measures, the multivariate 

F-tests of Wilks’ lambda and Pillai’s trace were conducted to quantify the effects of 

model parameters on the composite of NSE and discrepancies in peak flows. As shown 

in Figure 5.2.18, the most influential parameters and their interactions are identified 

according to the results of the Wilks’ lambda and the Pillai’s trace tests. The mean of Tq 

and its interaction with the mean of β have the most significant single and joint effects, 

respectively. These findings are in good agreement with those obtained through 

performing F-tests. Nevertheless, there would be a difference between the statistical 

significance of several interaction effects estimated through testing individual 

dependent variables and those from a single overall test across multiple dependent 

variables, although the multivariate F-tests identify the same set of sensitive parameters 

as separate F-tests. For example, the C×E interaction contributes more than the A×C  
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Figure 5.2.11 Fitted surfaces of NSE for pairwise interactions between factors E [β 

(mean)], G [Ts (mean]] and I [Tq (mean)] 

 

(a) The E×I Interaction 

(b) The G×I Interaction 

(c) The E×G Interaction 
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Figure 5.2.12 Patterns of discrepancies between simulated and observed peak flows under 

different combinations of parameter settings 
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Figure 5.2.13 Histograms of residuals for the chosen four days when peak flows occur 
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Figure 5.2.14 Probability plots of the eight most significant effects with respect to the 

discrepancies between simulated and observed peak flows 
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Figure 5.2.15 Temporal variation in single effects of the most sensitive factor I [Tq (mean)]
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Figure 5.2.16 Fitted surfaces of discrepancies in peak flows for the most significant 

interactions between factors E [β (mean)], G [Ts (mean]] and I [Tq (mean)] 

 

 

 

 

 

 

(a) Day 185 (b) Day 186 

(c) Day 263 (d) Day 312 

326 

 



 

Figure 5.2.17 Correlations between NSE and discrepancies in peak flows 
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Figure 5.2.18 Identification of the five most influential model parameters and pairwise 

interactions affecting the combination of NSE and discrepancies in peak flows 
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interaction to the variability of NSE according to the results of the F-test (see Figure 

5.2.8), while the effect of the A×C interaction with the Wilks’ lambda of 0.37 is more 

significant than the effect of the C×E interaction with the Wilks’ lambda of 0.46 on the 

combination of NSE and discrepancies in peak flows.   

 

5.2.4. Discussion 

The results obtained from MFA were compared against the exact posterior 

distributions of model parameters derived from the DREAM(ZS) algorithm proposed by 

Laloy and Vrugt (2012). DREAM(ZS) has been recognized as a powerful means to infer 

target probability distributions of hydrologic model parameters through running 

multiple Markov chains in parallel for an efficient high-dimensional posterior 

exploration. Simulations were conducted by using DREAM(ZS) with three different 

Markov chains, and 5,000 samples were generated in each individual chain. DREAM(ZS) 

contains a snooker updater to maximize the diversity of candidate points and generate 

jumps from past states of the different chains. The implementation of DREAM(ZS) was 

described in detail by Laloy and Vrugt (2012). Figure 5.2.19 depicts the traces of 

sampled parameter estimates in three randomly selected Markov chains, and each of the 

chains is coded with a different color. It can be seen that DREAM(ZS) converges rapidly 

to explore the target distributions of five model parameters. Probability distributions of 

model parameters derived from DREAM(ZS) and MFA are shown in Table 5.2.3. The 

results reveal that the deviations of probability distributions from MFA are much smaller 

than those of DREAM(ZS). This is because the search of parameter values by calibration 

is constrained by the specification of feasible parameter ranges based on expert 
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knowledge of catchment behaviors, leading to a reduction of parameter uncertainty. We 

argue that human reasoning should be incorporated into the automatic calibration 

process to conduct realistic simulations of catchment behaviors. MFA is able to infer 

the probability distributions of model parameters under different fuzzy α-cut levels, 

which takes into account both possibilistic (subjective) and probabilistic (objective) 

information in the calibration process. In terms of NSE, the maximum NSE values 

obtained for calibration through DREAM(ZS) and MFA are 0.7526 and 0.7412, 

respectively; for validation, they are 0.5345 and 0.5373, respectively. It can be seen that 

MFA is able to achieve similar performance to the DREAM(ZS) for parameter estimation. 

In terms of computational efficiency, DREAM(ZS) performs better than MFA, especially 

for high-dimensional sampling problems. As the number of model parameters increases, 

the computational efforts required for performing the factorial experiments in MFA 

would grow exponentially. The fractional factorial design used in this study is an 

alternative to yield several orders of magnitude reduction in the computational efforts 

without a loss of valuable information. Future studies would be undertaken to advance 

more efficient methods for solving high-dimensional and complex problems. 

The multi-uncertainty characterization used in the proposed FPI framework is 

significantly distinct from the purely classic probabilistic approaches for parameter 

estimation. There are two layers of uncertainty in the form of a PDF with fuzzy mean 

and fuzzy standard deviation. When the degree of precision in the pure probabilistic 

approach is difficult to justify for characterizing uncertainty in model parameters, the 

possibilistic approach can be used to reflect the variations in PDF parameters. The 

imprecision inherent in expert knowledge can be represented by fuzzy sets, which can 
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Figure 5.2.19 Evolution of sampled parameter estimates achieved by DREAM(ZS) with 

three Markov chains, and each of the chains is coded with a different color  
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Table 5.2.3 Comparison of probability distributions of model parameters derived from 

MFA and DREAM(ZS) 

Parameter 

MFA  DREAM(ZS) 

Mean Standard 
deviation 

 
Mean Standard 

deviation 

Sm (mm) 192.00 (0.2) 0.20 (0.2)  160.77 13.52 

Vdeg 2.75 (1.0) 0.05 (1.0)  3.21 0.45 

β 0.57 (1.0) 0.002 (0.2)  0.62 0.017 

Ts (1/d) 0.076 (0.2) 0.009 (0.2)  0.02 0.003 

Tq (1/d) 0.762 (0.2) 0.002 (0.2)  0.76 0.007 

       Note: The value in the parenthesis represents the fuzzy α-cut level. 
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capture the linguistic and ambiguous features of human knowledge. Thus, the 

simultaneous consideration of randomness and fuzziness enables the objective inference 

and the subjective judgment for a realistic detection on parameter estimation. It also 

facilitates a thorough exploration of the reasonable parameter space with the aid of the 

MFA method, generating a number of clusters of NSE coefficients. The global optimum 

with the maximum value of NSE can then be identified in an effective and efficient way. 

 MFA is also capable of quantifying parametric interactions and their contributions 

to the variabilities of NSE and discrepancies in peak flows. The statistical significance 

for each of their linear, nonlinear, and interaction effects was revealed through 

performing the multi-way ANOVA F-tests, which provides hydrologists with 

meaningful information about the regions of attraction in the parameter space. 

Nevertheless, when multiple dependent variables are evaluated through a series of 

separate F-tests, Type I error rate (probability of rejecting the null hypothesis when it 

should be accepted) rises quickly with an increase of the number of hypothesis tests. For 

example, assume that five dependent variables are evaluated by performing separate F-

tests, each time 0.05 is used as the significance level. The probability of a Type I error 

lies somewhere between 5 percent across the five separate tests if all dependent variables 

are perfectly correlated, and 23 percent (1-0.955) if all dependent variables are 

uncorrelated. Thus, the multivariate probabilistic inference should be conducted to 

provide a single overall hypothesis test when some degree of correlation is present 

among dependent variables, which is effective in controlling the inflation of the Type I 

error rate. Consequently, this study examined the correlations between NSE and 

discrepancies in peak flows. The multivariate F-tests of Wilks’ lambda and Pillai’s trace 
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were conducted to quantify the effects of model parameters on the combination of NSE 

and discrepancies in peak flows. The ANOVA F-tests coupled with the multivariate 

probabilistic inference are useful for quantitatively characterizing interactions among 

model parameters and among model outputs in a systematic manner. 

MFA was developed based on the assumption that model parameters are given by 

Gaussian random variables with mean and standard deviation being represented by 

fuzzy sets with triangular membership functions; the α-cut levels of 0.2 and 1.0 were 

used in this study to discretize the fuzzy sets. The triangular membership function is the 

simplest and commonly used shape in fuzzy systems because it is able to represent 

subjective uncertainty by giving maximum and minimum values as well as the most 

possible value in a straightforward way. Other shapes of fuzzy membership functions 

(e.g. trapezoidal, Gaussian, sigmoidal, and polynomial types) and different α-cut levels 

can also be used by MFA based on subjective judgments in real cases.   

 

5.2.5. Summary 

An FPI framework was proposed for robustly estimating model parameters and 

characterizing interactive uncertainties. To address multiple uncertainties in the form of 

fuzzy random variables, an MFA method as a component of FPI was introduced to 

generate probabilistic streamflow time series with degrees of uncertainty for the Xiangxi 

River watershed, China. Since fuzzy numbers served as prior (expert) knowledge in 

determining the parameters of a CDF in the sense of Bayesian approach, such a fuzzy 

random representation was useful for characterizing the stochastic phenomenon which 

was disturbed by imprecision and vagueness in realizations. MFA was then able to infer 
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the optimum probability distributions of model parameters in a fuzzy environment and 

an optimum combination of parameter values in a probability space.  

The effectiveness of MFA was compared against the DREAM(ZS) algorithm for 

inferring probability distributions of model parameters. The results reveal that the 

deviations of probability distributions derived from MFA are much smaller than those 

of DREAM(ZS), since the search of parameter values by calibration is constrained by the 

specification of feasible parameter ranges based on expert knowledge of catchment 

behaviors, leading to a reduction of parameter uncertainty. Human reasoning should be 

taken into account in model calibration to achieve realistic simulations of catchment 

behaviors. MFA is capable of inferring the probability distributions of model parameters 

under different fuzzy α-cut levels, which captures both possibilistic (subjective) and 

probabilistic (objective) information in the calibration process. In terms of NSE, MFA 

is able to achieve similar performance to the DREAM(ZS) for parameter estimation. A 

series of multi-way ANOVA F-tests were also conducted to reveal the statistical 

significance of parametric interactions affecting NSE and discrepancies between 

simulated and observed peak flows. The findings indicate that the parametric 

interactions affecting NSE are complex in a fuzzy stochastic environment, and the 

magnitude and directions of interaction effects vary in different regions of the parameter 

space. As for the discrepancies in peak flows, the findings reveal that the significant 

interaction effects vary temporally due to dynamic behaviors of hydrologic systems. 

Quantification of the relationships between parametric interactions and the resulting 

NSE as well as the discrepancies in peak flows is useful for efficiently exploring the 

regions of attraction in the parameter space. 
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Since there was a direct correlation between NSE and the discrepancies in peak 

flows, the multivariate F-tests of Wilks’ lambda and Pillai’s trace were also conducted 

to take into account their correlations and quantify the effects of parametric interactions 

on the combination of NSE and discrepancies in peak flows. The findings indicate that 

there would be a difference between the statistical significance of several interaction 

effects estimated through separate F-tests and those obtained from the multivariate F-

tests. The F-tests coupled with their multivariate extensions are useful for quantitatively 

characterizing interactions among model parameters and among model outputs in a 

systematic manner. The proposed FPI framework is not restricted to the hydrologic 

model considered in this study. The computational procedure for parameter estimation 

and interaction characterization is also applicable to other hydrological problems under 

multiple uncertainties.  
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CHAPTER 6 CONCLUSIONS 

 

6.1. Summary 

In this dissertation research, two probabilistic optimization models were advanced 

to deal with multiple uncertainties and dynamic complexities inherent in flood diversion 

planning. Four factorial probabilistic optimization methods were then proposed for 

water resources systems planning, which were capable of revealing statistically 

significant parametric interactions affecting model outputs. Two factorial probabilistic 

simulation methods were also proposed for uncertainty quantification in hydrologic 

prediction and parameter estimation, and these methods were applied to the Xiangxi 

River watershed in China to illustrate their applicability. A brief summary of findings 

from this dissertation research is provided as follows. 

In Chapter 3, two probabilistic optimization models were proposed for flood 

diversion planning in an uncertain environment, including an inexact two-stage mixed-

integer program with random coefficients (ITMP-RC) and an inexact probabilistic-

possibilistic program with fuzzy random coefficients (IPP-FRC). ITMP-RC was able to 

address dual uncertainties (i.e. intervals with random boundaries) in the coefficients of 

the objective function. A fractile criterion or Kataoka’s criterion coupled with a robust 

two-step method were introduced to solve the ITMP-RC model, and the resulting 

solutions associated with different probabilities of occurrence would be useful for 

performing an in-depth analysis of trade-offs between economic objectives and potential 

risks. Moreover, ITMP-RC was capable not only of tackling the dynamic complexity 

through a two-stage decision process as well as through capacity expansion planning for 
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flood diversion, but also for conducting policy analysis through generating various 

alternatives under different scenarios of flood management policies. As an extension of 

ITMP-RC, IPP-FRC was able to address both randomness and fuzziness in the 

coefficients of the objective function by incorporating the concept of possibility and 

necessity measures into a fractile criterion optimization model. Inexact degrees of 

possibility and necessity were generated under different probabilities of occurrence, 

since IPP-FRC took into account multiple uncertainties in the forms of intervals, 

probability distributions, and possibility distributions. IPP-FRC took advantage of the 

possibility and necessity measures to respectively represent risk-seeking and risk-averse 

decision making, which enabled decision makers to adopt either possibility or necessity 

measure based on their risk preferences in practical problems. 

In Chapter 4, four factorial probabilistic optimization methods were proposed for 

water resources systems planning under interactive uncertainties, including a risk-based 

factorial probabilistic inference (RFPI) method, a multi-level Taguchi-factorial two-

stage stochastic programming (MTTSP) method, a risk-based mixed-level factorial-

stochastic programming (RMFP) method, and a multi-level factorial-vertex fuzzy-

stochastic programming (MFFP) method. RFPI had the advantages of addressing the 

probabilistic objective function and constraints as well as their interactions by 

generating a variety of alternatives under different risk level combinations of violating 

the objective function and constraints, facilitating an in-depth analysis of trade-offs 

between economic outcomes and associated risks. RFPI revealed the importance of risk 

parameters involved in stochastic programming, and quantified their linear, quadratic, 

and interaction effects on the objective function value through performing a multi-level 
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factorial experiment. Furthermore, an MTTSP method was advanced to perform 

uncertainty analysis, policy analysis, factor screening, and interaction detection in a 

systematic manner. The sequential strategy of experimental designs used in MTTSP was 

helpful for examining interactions for a large number of input parameters in a 

computationally efficient way. As an extension of MTTSP, an RMFP method was 

developed by combining the strengths of interval-parameter linear programming, two-

stage stochastic programming, chance-constrained programming, Taguchi's orthogonal 

arrays, and mixed-level factorial designs. Such an integrated method improved upon 

MTTSP by generating solutions under different risk levels of constraint violation, which 

was meaningful for supporting risk management through quantifying the relationship 

between economic objectives and associated risks. To take into account both 

probabilistic and possibilistic information in the decision-making process, an MFFP 

method was then proposed for addressing random and fuzzy variables simultaneously. 

MFFP improved upon the commonly used vertex method by processing fuzzy sets at 

various combinations of α-cut levels as well as by revealing potential interactions among 

fuzzy uncertainties. 

In Chapter 5, two factorial probabilistic simulation methods were proposed, 

including a factorial probabilistic collocation (FPC) method for efficient uncertainty 

quantification in hydrologic predictions and a factorial possibilistic-probabilistic 

inference (FPI) method for robust estimation of hydrologic parameters and 

characterization of interactive uncertainties. These methods were applied to the Xiangxi 

River watershed to explore mechanisms embedded within a number of hydrological 

complexities. The proposed FPC method was capable not only of offering a new 
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selection criterion of collocation points for constructing the polynomial chaos 

expansions (PCEs) with a considerable reduction in computational efforts, but also of 

facilitating the propagation of parameter uncertainties in a reduced dimensional space 

through revealing statistical significance for each of the terms in PCEs and then 

eliminating those unimportant ones from polynomial functions. The performance of the 

reduced PCEs with only significant terms was verified through comparing their results 

against those from the standard PCEs as well as from the Monte Carlo with Latin 

hypercube sampling method as the benchmark. Furthermore, an FPI method was 

advanced to robustly estimate model parameters and explicitly characterize interactive 

uncertainties. FPI was able to infer the optimum probability distributions of model 

parameters in a fuzzy environment and the best combination of parameter values in a 

probability space. FPI took advantage of the concept of fuzzy random variables to 

simultaneously take into account probabilistic inference and human reasoning in the 

model calibration process, achieving realistic simulations of catchment behaviors. 

Moreover, the F-tests coupled with their multivariate extensions used in FPI were 

effective in characterizing interactions among model parameters and among 

hydrological metrics in a systematic manner, which were meaningful for exploring the 

complexities of hydrologic systems. The effectiveness of FPI was verified by comparing 

the resulting probability distributions of model parameters against those derived from a 

multiple-try differential evolution adaptive Metropolis algorithm.   
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6.2. Research Achievements 

In terms of optimization of water resources systems under uncertainty, two 

probabilistic optimization models, namely ITMP-RC and IPP-FRC, as well as their 

solution algorithms have been proposed for dealing with multiple uncertainties and 

dynamic complexities inherent in flood diversion planning. ITMP-RC improves upon 

previous inexact optimization models by addressing dual uncertainties (i.e. intervals 

with random boundaries) in the coefficients of the objective function, enhancing system 

robustness to various forms of uncertainties. A variety of alternatives can be generated 

through ITMP-RC under different probabilities of occurrence, which are useful for 

decision makers to perform an analysis of trade-offs between total system costs and 

associated risks in real-world problems. As an extension of ITMP-RC, IPP-FRC has 

been advanced to address fuzziness and randomness simultaneously. The possibility and 

necessity measures adopted in IPP-FRC respectively represent risk-seeking and risk-

averse decision making, which are useful for decision makers to choose an appropriate 

measure based on their risk preferences in practical situations. ITMP-RC and IPP-FRC 

can be used to address various optimization problems with multiple representations of 

uncertainty.  

In terms of optimization of water resources systems under interactive uncertainties, 

four factorial probabilistic optimization methods have been proposed, including RFPI, 

MTTSP, RMFP, and MFFP. These methods combine the strengths of optimization 

techniques and statistical experimental designs, which improve upon conventional 

inexact optimization methods not only by explicitly characterizing various uncertainties 

and their correlations but also by uncovering significant parametric interactions 
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affecting system performance through performing a multi-level factorial experiment. 

The factorial probabilistic methods can be used to facilitate informed decision making 

by revealing the importance of input parameters and risk factors involved in stochastic 

programming as well as quantifying their linear, nonlinear, and interaction effects on 

the model output. The sequential strategy of experimental designs used in the factorial 

probabilistic methods enables decision makers to carry out uncertainty analysis, policy 

analysis, risk assessment, factor screening, and interaction detection in a systematic and 

computationally efficient way, which is useful for solving high-dimensional and 

complex optimization problems. 

In terms of uncertainty quantification for hydrologic systems analysis, two factorial 

probabilistic simulation methods, namely FPC and FPI, have been proposed and applied 

to the Xiangxi River watershed to help enhance our understanding of hydrologic 

processes and explore mechanisms embedded within a number of hydrological 

complexities. FPC improves upon the well-known PCE technique by advancing a new 

selection scheme of collocation points with a considerable reduction in computational 

efforts. Moreover, FPC facilitates the propagation of parameter uncertainties in a 

reduced dimensional space, which is particularly useful for representing high-

dimensional and complex stochastic systems. In addition, FPI has been verified as a 

powerful means for uncertainty quantification in parameter estimation by performing an 

elaborate comparison with the well-known differential evolution adaptive Metropolis 

algorithm. FPI simultaneously takes into account probabilistic inference and human 

reasoning in the model calibration process, which is meaningful for achieving realistic 

simulations of catchment behaviors. 
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6.3. Recommendations for Future Research  

(1) A series of factorial probabilistic optimization methods were developed for 

addressing various uncertainties and their interactions inherent in water resources 

systems. The validity of these methods was verified by comparing their results with 

those obtained from existing inexact optimization methods. Nevertheless, real-world 

water resources problems are complex, and decision making often involves 

incommensurable and conflicting objectives, especially when social, environmental, 

and economic factors are taken into account simultaneously. Moreover, planning of 

water resources systems often involve a broad diversity of stakeholders with different 

perceptions of the same problem, complicating the decision-making process. Thus, 

future studies should be undertaken to integrate the factorial probabilistic optimization 

methods with other techniques such as multicriteria group decision making so as to 

enhance their applicability to practical problems. 

(2) The computational effort required to perform a multi-level factorial experiment 

will increase exponentially as the number of factors increase. For example, a three-level 

factorial design with 10 factors would require 59,049 experimental runs, posing a 

significant challenge to the implementation of factorial probabilistic methods due to the 

tremendous computational cost. Factor screening techniques and fractional factorial 

designs were used in this research to help achieve remarkable savings of computational 

resources. Nevertheless, more computationally efficient methods will be needed to help 

reduce the computational complexity of factorial probabilistic methods, especially for 

solving high-dimensional and large-scale problems.  
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(3) Fuzzy sets with triangular membership functions were used in this research to 

represent subjective uncertainty because they were the simplest and most commonly 

used shape in fuzzy systems. However, other shapes of fuzzy membership functions 

such as trapezoidal, Gaussian, sigmoidal, and polynomial types may be needed when 

dealing with real-world problems that involve finer information. The factorial 

probabilistic methods should thus be enhanced in future studies to tackle various shapes 

of fuzzy sets while simultaneously addressing random variables.  

(4) The Hermite polynomials were used in this research to represent stochastic 

processes with Gaussian random variables for uncertainty quantification in hydrologic 

predictions. However, hydrologic systems are complicated, and may not be modelled as 

a Gaussian stochastic process in practice. The proposed FPC method should be further 

enhanced to remove the assumption of Gaussian processes, which is meaningful for 

dealing with a broad range of stochastic problems. 
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