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ABSTRACT 

Phenomena involving interactions between liquids and solids are widely observed in 

natural and industrial applications. Interactions between different phases of fluids and 

solid structures have great importance in engineering applications such as aircraft and 

submarine designs, multiphase liquid flow analyses, aerodynamics, vehicle dynamics and 

in the fields of aeronautic, civil and mechanical engineering. The research in this 

dissertation focuses on numerical investigations of the effects of liquid-solid interactions 

on structures found in engineering systems and the nonlinear dynamic behaviors involved. 

The effects of liquid sloshing on a container mounted on a carrier are studied from 

an equivalent mechanical model of liquid sloshing in the container. The nonlinear 

mechanical model is presented and inviscid and viscous liquids are considered and 

compared for their effects on sloshing. The influence of gravitational acceleration on 3D 

nonlinear sloshing of the liquid in the carrier is studied in detail with a variety of system 

parameters.  

The motion and mobilization of multiphase fluid in porous media is analyzed, with a 

model in which oil slugs are trapped in an axisymmetric capillary tube saturated with 

water. Governing equations are derived for incompressible two-phase core-annular flow 

in the capillary model. Numerical solutions for capturing the evolution of the interface 

between oil and water are developed using a level set approach. The development of a 

water film surrounding the oil slug shows a significant effect on mobilizing the oil slug.  
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The fluttering and oscillation of a panel structure is studied to investigate fluid-

structure interactions and their effects on the structure. The interactions between fluid and 

structure are incorporated into the governing equations. A new approach based on the 

Periodicity Ratio method is developed in this study so the characteristics of a nonlinear 

system, subjected to non-periodic excitations, can be diagnosed.  

Vortex control of fluid flow over circular cylinders with detached plates are 

conducted numerically to develop a comprehensive understanding of the complex 

interactions a between fluid and structure, which is significant in aeronautic engineering. 

The uniform and linear shear intake flow are taken into consideration. The position and 

thickness of the detached plate are investigated. A thin plate separated from the cylinder 

plays an important role on the flow phenomenon in the vicinities of the cylinder and on 

the exertions applying on the cylinder subjected to the uniform and linear shear flow. 

Accuracy and reliability of the numerical calculations used in the engineering 

analyses are also investigated. The 4th-order Runge-Kutta method and a newly developed 

P-T method are studied and compared for their characteristics. Due to its inherent 

drawbacks found in the research, the Runge-Kutta method may cause information loss 

and lead to incorrect conclusions in comparison with the P-T method.  
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CHAPTER 1 INTRODUCTION 

The dynamic interfaces of multiphase fluid and the interactions between fluid and 

structure are ubiquitous both in natural environment and engineering applications, such as 

those found in enhanced oil recovery, nuclear reactor, energy regeneration, aeronautics 

and aerospace, to name but a few. Therefore, a comprehensive understanding of the 

mechanisms of interfaces and interactions, including how the interface evolves and how 

the energy is transmitted across the interface, is of great importance. However, the 

dynamic behavior of these systems involved with interfaces and interactions is extremely 

complex due to the strong nonlinearity of both fluids and structures and the intricate 

mechanism of how fluids and structures are interacted. As a result, theoretical analysis 

has not gained much progress in the last few years. Although experimental study can 

provide solid results in analyzing the effects of interfaces and interactions, its drawback is 

also obvious. Experiments cannot provide access to all observables of interest and can be 

really costly in some occasions, for example. Due to high development of computer 

science and numerical algorithms, numerical simulations have become a popular and 

attractive alternative for gaining insight into the mechanisms of interfaces and 

interactions and for generating numerical results readily available for quantitative 

analyses. 

As described in this PhD dissertation, the focuses of the present research are on the 

analyses of dynamic interfaces and interactions found in engineering applications via 

numerical approaches. According to the numerical procedures for solving dynamic 

interfaces, the numerical approach can be classified into two categories: the monolithic 



 

2 
 

approach and the portioned approach (Hou et al, 2012). The monolithic approach deals 

with the interface-involved domain in the identical mathematical framework which is 

solved simultaneously while the interface is implicitly calculated. Such approach can be 

commonly seen in solving for multiphase flows, where all the fluids of different phases 

follow the same physical laws. When the interface-involved domains obey different 

physical laws, taking fluid-structure interaction for example, the partitioned approach can 

be applied. It treats the fluid and structure as two different computational domains which 

are solved separately while the interface itself is calculated explicitly. 

In the research of this dissertation, the evolution of the interfaces of the fluids of 

different phases and interactions between the fluids and structures used in different 

engineering applications are investigated. Various physical phenomena involving 

multiphase flow and structural dynamics are studied quantitatively. As anticipated, this 

research contributes to a better understanding of the interface motion of the multiphase 

flows subjected to external excitations.  The research is also to reveal the structural 

responses to the interactions between multiphase flow and structures found in engineering 

applications. The findings and results of the research are therefore significant to the 

design and manufacturing of the engineering devices and structures involving motions of 

multiphase liquids and/or affected by the interactions between fluids and solids. 

Moreover, to assure the accuracy and reliability of the numerical investigations, a newly 

developed numerical method named P-T method is implemented in the investigation and 

compared with the widely used numerical method, the 4th-order Runge-Kutta method.  
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To systematically reach the goals of this dissertation, the structures of the 

dissertation are arranged as the following. 

1.1 Liquid sloshing in a carrier subjected to external excitations 

The phenomena of liquid sloshing in a tank exist extensively in industrial activities, 

such as liquid cargo transportation and spacecraft or rockets with liquid propellants. The 

sloshing liquid within tanks triggers forces and torques imposed on the tanks, which 

affect the motion of the liquid containers or vehicles and leads to unsafe operation and 

negative effects on their structural fatigue life. Analysis of liquid sloshing is essential and 

of great importance in engineering applications. 

Numerous research studies have been conducted by peer researchers and engineers. 

A thorough review of publications about sloshing problems prior to 1966 was provided in 

Absamson and Silverman (1966), with focuses on liquid sloshing problems in aerospace. 

Recently, a detailed review of research in liquid sloshing was reported by Ibrahim et al 

(2001). Liquid sloshing problems were generally investigated experimentally and 

numerically.  

Beyond experimental work, liquid sloshing problems were also studied on the basis 

of computational simulations and numerical analyses advanced by new developments in 

computers and computational technologies. Volume-of-fluid approach based simulations 

were carried out by Veldman et al (2007) to predict the combined liquid/solid body 

motion. The stability of numerical coupling between solid-body dynamics and liquid 

dynamics was analyzed. A numerical scheme was developed by Chen and Price (2009) to 

model the compressible two-fluid flows and simulate liquid sloshing in a partially filled 
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tank. The method proposed in this work demonstrated the method was suitable to capture 

free surface waves and to evaluate sloshing pressure loads acting on the tank walls and 

ceiling. However, even with super computers, coupling the equations of liquid and solid 

can be computationally demanding. More practical and convenient models are preferred 

for ordinary design analyses. A combined spherical pendulum and linear pendulum 

system was developed by Kana (1989) to produce the same dynamic in-line and cross-

axis reaction weight as liquid exhibiting rotary liquid slosh. Yurchenko and Alevras 

(2013) have designed an N-pendulum, which represents a special case of a physical 

pendulum. The design of the N-pendulum not only allows uncoupling of the natural 

frequency of the pendulum from its length, but also provides easy control of the 

frequency and torque. 

Dai and Wang (2013) studied liquid sloshing in a container by employing a 

simplified planar nonlinear pendulum model.  Although the study revealed the nonlinear 

sloshing behavior in a periodically excited tank, the analysis of the study was two 

dimensional. In fact, detailed study of three dimensional liquid sloshing is still not 

available in the literature. Based on the archived documents available to the author, 

reliable theoretical or numerical solutions of liquid sloshing in a three-dimensional tank 

are still lacking. There is little research literature on the effects of continuously varying 

gravity and the effects of liquid viscosity on the liquid motions in containers subjected to 

external excitations. 
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1.2 Mobilization of oil slugs in a capillary model  

Water flooding in porous media, which consists of pores in micro-scale, involves 

complex phenomena of multiphase flow. To improve the efficiency of water flooding in 

the porous media of reservoirs, it is crucial to comprehend the mechanism of mobilizing 

multiphase fluids in porous media on a theoretically and practically sound basis, which 

has not been clearly achieved. Numerous research studies about this mechanism, 

especially experimental investigations, are presented in the literature.  

Numerical simulations have proven to be an alternative means to investigate the 

fluid related phenomena, demonstrating significant advantages over experimental studies. 

Zhou et al. (2011) experimentally and numerically investigated the pressure within an 

entrapped air pocket in a filling pipeline without air release. The VOF model was 

introduced to simulate the transient flow and showed similar flow properties to 

experimental observations. Bubble motion in horizontal reducer pipelines was 

investigated by Yuan et al. (2011). A commercial CFD package,FLUENT, was employed 

to predict the development of phase distribution and velocity profiles of a three-

dimensional CFD model. Anderson et al. (2013) presented numerical modelling of free 

surface flow of real reservoirs. The authors performed three dimensional modelling of 

spilling from a reservoir with relatively complex geometry. The results showed good 

agreement with the experimental results. 

Along with the numerical approaches, mobilization of oil slugs in water saturated 

tubes is a typical two-phase flow problem considered in the field. Several numerical 

methods have been established for solving two-phase flow problems, such as the 

boundary integral (Anderson, 1985), volume of fluid (VOF) (Hirt and Nichols, 1981), 
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and level set methods (Osher and Sethian, 1988). Among them, the level set method has 

gained considerable attention in recent years. The main idea of the level set method is 

that the interface between the liquids considered is presented implicitly by a zero level set 

of a smooth and continuous function. The complex interfacial shapes, including 

topological changes, can then be easily assessed. This approach can be conveniently 

extended for solving higher dimensional problems. With the contribution of Sussman et 

al. (Sussman et al., 1994), the level set method was first developed to solve for 

incompressible two-phase flows. The motion of air bubbles in water and falling water 

drops in air was simulated with high accuracy. Another successful numerical analysis 

applying the level set method was performed by Chang et al. (1996). The authors 

numerically determined the interface as a zero level set and developed a level set 

formulation for incompressible and immiscible Navier-Stokes equations. Numerical 

analysis with a level set approach was also used to simulate two-phase oil-water flow in 

pipes (Kang, 2006), in which breaking up and merging of oil were demonstrated.  

Although great attention has been paid to liquid mobilizations in porous media and 

numerous achievements have been obtained, a clear picture of the actual mechanism of 

mobilization of the residual oil trapped in porous media has not been completely attained. 

Detailed and systematic investigations on the mechanism of mobilizing oil droplets in 

porous media are needed since mobilization of oil droplets in porous media saturated with 

water is significant to oil production via the process of water flooding. Capillary models 

have been useful in efforts to reveal the mechanism. Experimental investigations on 

mobilization of oil slugs in capillary models have been reported (Dong et al., 2009; 

Zhang and Dai, 2012). Recently, Dai and Zhang (2013) presented their findings of the 
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presence and role of a water film in mobilizing an oil slug in a capillary model and some 

effects of the water film on the motion of the oil slug.  

A comprehensive understanding of the mechanism for the liquid mobilization and flow 

in porous media is significant in engineering applications especially the applications in 

petroleum engineering. It is this mechanism that has significant effects on the efficiency of 

water flooding and EOR with pressed water and seismic waves and vibrations stimulated 

externally. In experimentally investigating the oil slug mobilizations, it is found by our 

research group that water film can be generated in between an oil slug and the solid wall of 

the porous media. The water film or water patches plays an important rule for the liquid 

mobilization and flow. However, the water film development in between the oil and solid can 

hardly be followed and measured quantitatively with the regular experimental approaches. 

Numerical investigations seem more effective and necessary in searching for and quantifying 

the water film and water film development. With the numerical investigations of the present 

research, water film is indeed found and the whole picture of the overall process of oil slug 

mobilization and motion, including the water film development and the thickness and shape 

of the water film surrounding the oil slugs, are obtained the first time. In performing the 

numerical calculations for capturing the interface between water and oil, a level set method is 

employed. This approach shows efficiency in the numerical calculations. In order to avoid the 

errors brought by the method itself, when the interface is overlapped with the physical 

boundary (the oil slug is fully attached to the tube wall), the computational domain is 

extended over the actual physical domain such that the physical boundaries become the 

interior of the computational domain. This preventes the calculations from the error 

accumulations and assures the accuracy and reliability of the simulations.  
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The findings of the research are significant to the comprehension of the mobilization and 

motion of the liquid in porous media. The research provides guidance for improving the 

water flooding process and establishing an EOR technique with seismic and vibratory 

stimulations. The EOR technique is expected to be cost effective and environmental friendly 

in comparing with the other EOR techniques used in the field. 

1.3 Oscillatory behavior of a fluttering plate 

Aeroelasticity plays an important role in the design of supersonic and hypersonic 

aircrafts. The fluttering or oscillation of panel structures of aircrafts, induced by 

aeroelasticity, threaten the fatigue life, flight quality, and even the safety of the aircrafts 

(Garrick, 1981). Due to the existence of the effects of the aerodynamic, inertial and 

elastic forces, the dynamic behaviors of the fluttering plate become extremely 

complicated especially when the speed of the external fluid flow increases. 

Earlier investigations of flutter plate were undertaken by Dowell (1966, 1967). The 

dynamic behaviors, including deflection, stress and frequency, under 2D and 3D, were 

analyzed with respect to various parameters. In the survey-type paper reported by Garrick 

and Reed (1981), an overview of an aircraft flutter in historical retrospective is presented 

by the authors. The influence of maneuvering on the nonlinear response of a fluttering 

buckled plate on an aircraft has been studied by Sipcic (1990), which suggests amplitude 

modulation as a possible new mode of transition to chaos. The flutter phenomenon in 

aeroelasticity and the mathematical analysis are given by Shubov (2006). Models of 

fluid-structure interaction with precise mathematical formulations are selected and 

analytical results are obtained to explain flutter and its treatments.  Due to the high 
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velocity of the fluids, thermal effects caused by friction have to be taken into 

consideration, which actually makes the problem more complicated. Significant work 

could be found in this area such as Dowell (1970), Li et al (2010), Xue and Mei (1993). 

In this research, the application of Periodicity-Ratio (P-R) approach proposed by Dr. 

Dai is extended such that the P-R approach can be applied properly to the nonlinear 

systems subjected to non-periodical external excitations. In the archived research works 

published in the past years, the PR approach was mainly applied to the systems subjected 

to periodical excitations. In such cases, the Poincare maps are generated as per the period 

of the periodical excitations. However, when the excitations become non-periodical or 

unpredictable, such as the fluttering plate subjected to high speed flow. The motion of 

such plate does not show any explicit period and therefore the conventional method of 

selecting the points for Poincare map could be difficult to use. In the dissertation, a new 

approach a new criterion is developed to allow the local maximum displacement to be 

identified, therefore the Poincare sections can be determined quantitatively and 

effectively. The accuracy and effectiveness of such manipulations are also investigated in 

the research and presented in the dissertation.  

1.4 Control of Vortex Shedding behind a Circular Cylinder with a 

Detached Splitter Plate 

Fluid flow over bluff bodies would trigger a classic complex phenomenon involving 

vortex formation and shedding behind bluff bodies. Once the vortex shedding happens 

behind a bluff body, drag force acting on the bluff body would increase significantly and 
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an extra oscillating force perpendicular to the direction of the upcoming flow would be 

generated and exerted on the bluff body, which would cause serious problems for 

structural safety and stability. Tacoma Narrows Bridges would be the most infamous 

victim of oscillatory interactions cause by vortex shedding. In fact, vortex shedding 

behind bluff bodies is of great concern in many engineering applications (Mohamed et al, 

2012). It is present in structural movement of high rise buildings, scour development 

around bridge piers in channel beds, vibrations of industrial components (Dai and Wang, 

2013), acoustic radiation from aircraft landing gear and other related problems. It is of 

great importance to have a comprehensive understanding of flow-induced phenomena 

and implement controls to reduce or enhance such phenomena. This would provide 

guidance for establishing a powerful and practically sound tool for improving engineering 

design and public comfort. 

A great number of experimental investigations have been conducted by peer 

researchers on vortex shedding behind bluff objects and its control by employment of 

splitter plates. Early research can be found in Roshko (1955) in which splitter plates were 

placed behind a cylinder at 𝑅𝑒 = 1.45 × 104. When the plate was attached to the back of 

the cylinder and the length of the splitter plate was five times larger than the diameter of 

the cylinder, the vortex shedding would disappear. The lift fluctuation varied linearly 

with the separation distance between the two bodies. However, the linear relationship is 

only valid when the separation distance between the back of the cylinder and the front of 

the detached plate reaches a critical value, known as critical separation distance (Gc).  

The study of the effect of splitter plates was expanded numerically due to the 

development of computational fluid dynamics. Kwon and Choi (1995) numerically 
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investigated the effects of splitter plates with various lengths attached to a circular 

cylinder at low Reynolds numbers. The critical length of the splitter plate beyond which 

the vortex shedding behind the circular cylinder disappears was found to be proportional 

to the Reynolds number. The flow modification by the splitter, as reported, was closely 

related to the size of the primary vortex and the length of the plate. Hwang et al (2003) 

numerically studied the control of flow induced forces on a circular cylinder by 

employing a detached splitter plate for laminar flow. The length of the detached plate was 

set constant, equal to the diameter of the cylinder, while the position of the detached plate 

was variable. The drag forces and lift fluctuation were significantly reduced. However, 

they sharply increased when the detached plate was placed further downstream of a 

critical position, called the optimal location. By applying dual detached splitter plates, 

one was upstream of the cylinder and the other is in the near wake region. Hwang and 

Yang (2007) numerically studied the drag reduction on a circular cylinder. The combined 

effect of the dual splitter plates resulted in significant reduction of drag on the cylinder. 

Later, Ali et al (2011, 2012) numerical simulated flow over a square cylinder with 

attached and detached plates at low Reynolds numbers, respectively.  

Although a number of investigations have been conducted for cylinders with 

downstream splitter plates, the main focus of the previous research was placed on the 

effect of the length and position of the splitter plate. The study of the influence of the flat 

plate thickness on the flow around a cylinder is still lacking, though the thickness of the 

splitter plate is a key parameter in engineering design and structural analysis. The present 

study aims to systematically investigate the joint effects of the thickness and position of a 

detached flat splitter plate on the flow over a circular cylinder and the flow induced 
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vortex shedding behind the cylinder and the detached splitter plate. It is anticipated that 

the application of the detached splitter plate may control the vortex shedding by varying 

the two parameters of the plate thickness and the separation distance between the cylinder 

and plate.  

1.5 Vortex Shedding Control of Linear Shear Flow over a Circular 

Cylinder with a Detached 

Fluid flow over bluff bodies has been an interesting topic for researchers and 

engineers in the fields of aeronautics, aerospace, civil and mechanical engineering, due to 

their wide range of application in the fields [Roshko 1955; Parkinson 1989; Schumm at al, 

1994]. Though the geometric shapes of the bluff bodies can be simple, the aerodynamic 

phenomena at the vicinity of the bluff bodies are rich and complex. Even for a thin plate, 

the fluid flow passing through the plate may cause complex aerodynamic phenomena 

(Dai and Wang, 2013); the flow over bluff bodies is usually much more complex. Vortex 

shedding is commonly seen at the back ends of bluff bodies and the vortex shedding 

significantly increases the drag force acting on the bluff bodies and triggers extra 

oscillating forces perpendicular to the direction of the upcoming flow, known as vortex-

induced vibration. For the sake of safety and reliability of engineering structures, it is of 

great importance to comprehensively understand the flow mechanism and characteristics 

of the flow over bluff bodies.  

Great contributions have been made by researchers and engineers in this field, yet 

most of them are concentrated on bluff bodies associated with uniform approach flow. In 

many engineering applications, bluff bodies are usually immersed in nonuniform 
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approach flow. Studies on the aerodynamics of bluff bodies in nonuniform flow are 

significant in aerodynamics research and industrial applications. Numerous experimental 

and numerical investigations are found in the literature. The non-uniformity of the 

approach flow was found numerically to have significant influences on the aerodynamic 

forces acting on the bluff bodies as well as vortex shedding behavior of a circular 

cylinder placed near a plane wall boundary (Bearman and Zdravkovich, 1978). A 

cylinder in a linearly varying flow was numerically studied by Tamura et al (1980). The 

time-averaged lifting force varied proportionally to a shear parameter. Experimental 

investigations were also conducted on circular cylinders in linear shear flow (Sumner and 

Akosile, 2003; Cao et al, 2007). Based on the results, the effects of shear flow on bluff 

bodies are considerably different than uniform flow.  

Most of the research work available in the literature is concentrated on the effects of 

shear parameter and the variation of aerodynamic characteristics of linear shear flow. The 

control of vortex shedding and flow at the surface of the cylinders, with an additional 

physical component, has rarely been considered, numerically or experimentally.  

Controlling the flow at the vicinity of a cylinder, by applying a thin plate, was 

studied for the case of uniform approach flow (Hwang et al, 2003; Hwang and Yang, 

2007; Ali et al, 2012). The study of the effect of splitter plates was studied numerically. 

Kwon and Choi (1995) numerically investigated the effects of splitter plates with various 

lengths attached to a circular cylinder at low Reynolds numbers. The critical length of the 

splitter plate beyond which the vortex shedding behind the circular cylinder disappears 

was found to be proportional to the Reynolds number. Flow modification by the splitter 

was closely related to the size of the primary vortex and the length of the plate. Hwang et 
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al. (2003) numerically studied the control of flow induced forces on a circular cylinder by 

employing a detached splitter plate for laminar flow. The length of the detached plate was 

constant, equal to the diameter of the cylinder, while the position of the detached plate 

was variable. The drag forces and lifting fluctuation were significantly reduced with the 

application of the plate. However, the forces were sharply increased when the detached 

plate was placed further downstream of a critical position, called the optimal location. 

Hwang and Yang (2007) numerically studied the drag reduction on a circular cylinder by 

applying dual detached splitter plates (one was upstream of the cylinder and the other was 

in the near wake region). The combined effect of the dual splitter plates was reported on 

the significant reduction of drag on the cylinder. Later, Ali et al. (2011, 2012) 

numerically investigated uniform flow over a square cylinder with attached and detached 

plates at low Reynolds numbers, respectively. The splitter plate introduced a strong 

hydrodynamic interaction to the near wake of the cylinder with the application of an 

attached splitter plate and the length of the plate significantly affected the flow structure. 

The sensitivity of the near wake structure to the downstream position of the plate with 

constant length was also investigated by varying the separation distance between the back 

of the cylinder and the front of the detached plate. The effect of the detached splitter plate 

on reducing the drag force and lifting fluctuation would almost vanish beyond a critical 

separation distance.  

Although several investigations have been conducted for cylinders with downstream 

splitter plates, the main focus of the previous research was placed on uniform flow, 

though shear flow is closer to reality and may cause highly complex aerodynamic 

phenomena.  
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The shear flow over a circular cylinder is studied numerically with application of a 

thin plate near the cylinder to control the flow and the vortex shedding of the flow. 

Various gaps between the plate and cylinder are considered. The combined effects of the 

shear parameter and the detached plate are also investigated. The lift and drag forces 

acting on the cylinder are quantified and compared with the scenario where no additional 

plate is applied. This research is expected to provide useful guidance for the design, 

analysis and manufacturing of the structures consisting of bluff components in aeronautic 

and civil engineering fields. 

1.6 Accuracy and reliability of P-T method 

The investigations on axially translating structures, such as axially translating beam 

(Tabarrok et al., 1974; Chang et al., 2010; Zhao and Wang, 2013), cable (Le-Ngoc and 

McCallion, 1999; Tang et al., 2011; Sandilo and Horssen, 2014), and plate (Luo and 

Hamidzadeh, 2004; Zhou and Wang, 2007; Ghayesh and Amabili, 2013), have been 

extensively studied in the last several decades. The axially translating structures can be 

divided into two classes depending on whether or not the dimension along the translating 

direction is variable.  

Efficiency and effectiveness of the numerical calculations are always the goals of 

numerical solutions for the continuous nonlinear dynamic systems governed by nonlinear 

differential equations. Most analyses in nonlinear dynamics depend on numerical 

simulations and calculations on computers and numerical methods for highly accurate 

and reliable numerical solutions are crucial. Nonlinear dynamic behaviours are extremely 

sensitive to the accuracy of numerical calculations, in addition to the initial conditions 
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and computational conditions. Reliability of the numerical results rely on the accuracy 

and efficiency of numerical methods. 

Numerous numerical methods are available for solving linear and nonlinear 

problems in science and engineering, such as Euler’s method, Ralston’s Method, Runge-

Kutta method, and direct Taylor series, etc. Among the numerical methods, the Runge-

Kutta method is probably the most popular numerical method for solving linear and 

nonlinear differential equations (Nakamura, 1991; Zingg, 1999; Abukhaled, 1998), and 

the method is commonly used in science and engineering fields (Zhang and Li, 2011; 

Wang et al, 2010). The Runge-Kutta method is used to solve linear and nonlinear 

differential equations in many mathematical and engineering software packages available 

in the current market. 

Many of the existing numerical methods such as the Runge-Kutta method require the 

procedures of reducing the higher order differential equation governing the dynamic 

system into first order differential equations. The first order differential equations are 

linearized and/or simplified by employing techniques such as Taylor series of limited 

terms. Determination of the solution at a point i+1 is based on the solution at point i and 

points prior to point i. Due to the procedures and maneuvers, the numerical solution 

obtained for the dynamic system is discrete and the solution is approximate. The physical 

meaning of the system is damaged in the linearization or simplification and the Taylor 

series terms can only be finite. Dai and Singh (1997a, 2003) developed a numerical 

method (P-T method) employing piecewise constant arguments and Taylor series. The P-

T method strives to maintain the physical meaning of the original governing equation by 
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linearizing the smallest terms in the governing equation. The solution generated by the P-

T method is continuous in each time interval corresponding to a continuous linear system. 

Numerical solutions of higher accuracy can be expected. Through the comparison of P-T 

method with the most popular and most commonly used 4th order Runge-Kutta method in 

numerical simulations, the P-T method is found to assure higher accuracy and reliability in 

comparing with that of the Runge-Kutta method, provided that both the numerical methods 

are set with the same accuracy order. The rational and the reasons that provide the assurance 

are studied and presented. It can be concluded from the results of this dissertation, for the 

nonlinear systems that are highly sensitive to the system parameters and initial conditions, 

employment of Runge-Kutta method may lead to incorrect results regardless the time steps 

used. This should be taken into considerations by the researchers and engineers who are 

employing Runge-Kutta method for numerical calculations.  
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CHAPTER 2 EFFECTS OF VISCOSITY AND VARYING 

GRAVITY ON LIQUID SLOSHING IN A CARRIER 

SUBJECTED TO EXTERNAL EXCITATIONS 

2.1  Introduction 

Equivalent mechanical models were widely used by the researchers in this field 

(Abramson and Silverman, 1966) as an alternate approach to studying liquid sloshing in 

containers. Spring mass damper and pendulum models are two typical mechanical models 

used for investigating liquid sloshing. The models can be conveniently applied to 

simulate liquid sloshing and to study the dynamic behaviour of sloshing in containers. 

Although the two types of models are actually equivalent in terms of mechanical 

modelling, a three-dimensional pendulum model is preferred because the natural 

frequency of the pendulum is automatically altered with changes in pivot or gravitational 

acceleration. The three-dimensional liquid sloshing in a carrier is studied with a nonlinear 

conical pendulum model and considering liquids with or without viscosity and variations 

of gravity acting on the liquids.  

2.2  Governing equations and numerical solutions  

Pendulum models are good mechanical analogies for simulating liquid sloshing in 

containers. One named the conical pendulum model was described by Abramson and 

Silverman (1966). It can be employed to study the liquid motion in a container of a 

carrier which may vary its position in space. The advantage of this model is its 
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convenience in describing liquid sloshing in a three-dimensional fashion and the 

application of external excitations on the pendulum system. The pendulum is also 

convenient for developing governing equations with Newtonian mechanics and reveals 

the fundamental behavior of the sloshing on a practically sound basis. A sketch of the 

model is shown in Fig. 2.1. 
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Figure 2.1 Conical pendulum model for rotary sloshing 
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In Fig. 2.1, there are three angles α, β and γ in the model and they completely 

determine the position and motion of the pendulum and, liquid sloshing in the carrier. 

Among the three angles in the coordinate system, as the length of the pendulum is 

assumed a constant, two of them are actually independent and the relationship among the 

angles can be expressed by the trigonometric function: 2 2 2sin sin sina b g+ =  for the 

angles defined in Fig. 2.1. 

The following assumptions and conditions are applied: 

1. The container is treated as a rigid object; 

2. The liquid in the container is incompressible and is an ideal Newtonian fluid; 

3. The sloshing amplitude is small so sina  can be approximated as 
3

6
aa -  and 

2

cos 1
2

aa » - ; 

4. The pendulum length relates to the amount of liquid in the container and the 

amount of liquid does not vary during liquid sloshing; 

5. The external excitation applied on the carrier is periodic and applied in the y-z 

plane along the y axis. 

The governing equations for the motion of the conical pendulum model can be 

expressed as (Abramson and Silverman 1966): 

2 2
3 2

2 2

1 cos
6 2

d g g d g F t
dt L L dt L

a a a ab w
æ ö÷ç ÷ç ÷ç ÷çè ø

+ - + + =    (2-1-a) 

2 2
3 2

2 2

1 0
6 2

d g g d g
dt L L dt L

b b b ba
æ ö÷ç ÷ç ÷ç ÷çè ø

+ - + + =     (2-1-b) 
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where a  and b  are the two angular variables, g represents the gravitational acceleration, 

L denotes the length of the pendulum, and F and ω designate the amplitude and frequency 

of the external excitations, respectively. the two variables are highly coupled for this 

three-dimensional system in Eq. (2-1). Theoretical solutions for this system are difficult 

to develop, if not impossible, and numerical solutions are needed. The governing 

equations are decoupled to approach a numerical solution for the system. To decouple the 

system, the second order derivative of b  is described in the following form, as per Eq. 

(2-1-b). 

3 2 2

2

1 21 6 21
2

g g g
L L L

b b b aab a b aab a b
a

æ ö÷ç= - + - - - - ÷ç ÷çè ø+
&& && & &&   (2-2) 

By plugging Eq. (5-2) into Eq. (5-1-a) and rearranging the terms, one may have: 

3 2 3 2

2 2 2 2

2

1 cos1 1 16 61 112 21 2

g g g gF t L L L L
aba w a a ab b b ba

b a b a
a

æ ö÷ç ÷ç ÷æ öç ÷÷çç ÷÷çç ÷÷÷çç ÷è ø÷ç ÷ç ÷çè ø

= - + - - - + -
+ - +

+

&&& &g

 

   ( , ; , )Fa a a b b&&@         (2-3) 

Substituting Eq. (2-3) into Eq. (2-1-b) to obtain: 

( )( )3 2
1

2

1 , ; ,1 61 2

g g FL Lb b b b a a a b b
a

æ ö÷ç ÷ç ÷÷çè ø
= - + - +

+
&& && &g ( , ; , )Fb a a b b&&@  (2-4) 

The 4th order Runge-Kutta method is to solve the differential equations. By 

applying the Runge-Kutta method, the above equations are expressed as four first order 

differential equations, with the following transformations: 
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1

2

3

4

x
x
x
x

a
a
b
b

=
=
=
=

&

&

         (2-5) 

As such, Eq. (2-3) and Eq. (2-4) may take the following forms: 

1 2 1 1 2 3 4( , , , )x x F x x x x=& @        (2-6-a) 

3 2 2
2 2 1 1 2 3 4 1 4 1 3

2 2 2
3 1 3

2
1

1 { cos 21 1 6 21 12 1 2

g g gx F t cx x x x x x x x x xL L Lx x x
x

w= - - + - - - -
+ -

+

& g

        3 2 21 3
4 3 3 1 2 4 3 2 1 3

2
1

2 }1 6 21 2

x x g g gcx x x x x x x x x xL L Lx

æ ö÷ç ÷ç ÷÷çè ø
- - + - - -

+
  (2-6-b) 

3 4 3 1 2 3 4( , , , )x x F x x x x=& @        (2-6-c) 

( )( )3 2 2
4 4 3 3 1 2 4 3 2 1 2 1 2 3 4 1 3

2
1

1 2 , , ,1 6 21 2

g g gx cx x x x x x x x x F x x x x x xL L Lx

æ ö÷ç ÷ç ÷÷çè ø
= - - + - - + -

+
& g  

   4 1 2 3 4( , , , )F x x x x@        (2-6-d) 

Eq. (2-6) can be expressed in vector form: 

( , )X f t X=
rr r&         (2-7) 

where:  

1 2 3 4( , , , )TX x x x x=
r

 

1 2 3 4( , ) ( , , , )Tf t X F F F F=
r r

 

The solutions of Eq. (2-7) can be given by:  

( )1 1 2 3 4
1
6n nX X h K K K K+ = + + + +

r r r r r r
     (2-8) 

where h  represents the time step,  and the vectors ( 1 4)iK i =
r

: can be calculated by: 
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1

2 1

3 2

4 3

( , )
1 1( , )
2 2
1 1( , )
2 2

( , )

n n

n n

n n

n n

K f t X

K f t h X hK

K f t h X hK

K f t h X hK

=

= + +

= + +

= + +

rr r

rr r r

rr r r

rr r r

 

2.3  Numerical results and discussions 

2.3.1 Evaluation of the model and numerical results  

The numerical results of the 3-D liquid sloshing represented by the pendulum model 

can be obtained by applying the aforementioned approach. The numerical results of some 

specific cases are evaluated with the model to ensure the correctness and validation of the 

approach described in the previous section, of which the physical phenomena of liquid 

sloshing are generally known. First, a case with initial conditions of 𝛼(0) =

0.01 𝑟𝑎𝑑, �̇�(0) = 0.0 𝑟𝑎𝑑/𝑠, and 𝛽(0) = 0.0 𝑟𝑎𝑑, �̇�(0) = 0.0 𝑟𝑎𝑑/𝑠  are considered. 

The motion of the pendulum should be a free oscillation when no external excitation is 

applied, i.e. F=0.0. A perfect harmonic oscillatory motion of the pendulum can be 

expected if inviscid liquid is further assumed, or there is no damping in the pendulum 

system. Numerical calculations are performed with the results plotted in Fig. 2.2 under 

the assumptions. 
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Wave diagram of α    Wave diagram of β 

 
Phase trajectory of 𝛼    Phase trajectory of 𝛽 

Figure 2. 2 Dynamic behaviors of 𝛼 and 𝛽 (L=0.5m, h=0.0314s, g=9.8m/s2, F=0.0N, 

1.0w= rad/s, a(0) = 0.01𝑟𝑎𝑑, �̇�(0) = 0.0𝑟𝑎𝑑/𝑠,𝛽(0) = 0.0𝑟𝑎𝑑, �̇�(0) = 0.0𝑟𝑎𝑑/𝑠 ) 
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As seen in Fig. 2.2, motion of the pendulum is merely in the α-plane and no motion 

is seen in the β-plane. The oscillation of the pendulum is a perfect harmonic periodic 

motion, as can be clearly seen from the wave diagram and phase trajectory. 

When the initial conditions are modified to 𝛼(0) = 0.0 𝑟𝑎𝑑, �̇�(0) = 0.0 𝑟𝑎𝑑/𝑠, and 

𝛽(0) = 0.01, �̇�(0) = 0.0, oscillation of the pendulum may only be seen in the 𝛽-plane, 

and the oscillation can only be harmonic in Fig. 2.3. 
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Wave diagram of α   Wave diagram of β 

 
Phase trajectory of α   Phase trajectory of β 

Figure 2. 3 Dynamic behaviors of 𝛼 and 𝛽 (L=0.5m, h=0.0314s, g=9.8m/s2, 1.0w= rad/s, 

F=0.0N, 𝛼(0) = 0.0𝑟𝑎𝑑, �̇�(0) = 0.0𝑟𝑎𝑑/𝑠,𝛽(0) = 0.01𝑟𝑎𝑑, �̇�(0) = 0.0𝑟𝑎𝑑/𝑠) 
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The numerical results show the response when an external excitation of amplitude 

0.01 N is applied to the first case, as illustrated in Fig. 2.4. Although there is no motion in 

the 𝛽-plane, as expected, the motion in the 𝛼-plane is quasiperiodic. This result agrees 

with Dai and Wang (2013). 
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Wave diagram of 𝛼   Wave diagram of 𝛽 

 
Phase trajectory of 𝛼   Phase trajectory of 𝛽 

 
Poincare map of 𝛼   Poincare map of 𝛽 

Figure 2. 4 Dynamic behaviors of 𝛼 and 𝛽 (L=0.5m, h=0.0314s, g=9.8m/s2, 1.0w= rad/s, 

F=0.01N, 𝛼(0) = 0.01𝑟𝑎𝑑, �̇�(0) = 0.0𝑟𝑎𝑑/𝑠,𝛽(0) = 0.0𝑟𝑎𝑑, �̇�(0) = 0.0𝑟𝑎𝑑/𝑠)  
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 The results generated with the model and associated numerical approach are 

reasonable and in good agreement with the fundamental concepts of dynamics. 

2.3.2 3D sloshing of inviscid liquid with external excitation 

The first case under consideration is the sloshing of the liquid in three dimensions. 

As described previously, the angles α and β are independent for determining the 

pendulum oscillations. With the model presented and initial displacements in the α and β 

planes, the liquid sloshing is determined in three dimensional space. The pendulum’s 

typical responses are shown in Fig. 2.5. The response is non-periodic or quasiperiodic 

with some regularity. 

The non-periodic responses in Fig. 2.4 may also occur, even if no initial 

displacement is presented in the β-plane. In Fig. 2.5, the pendulum’s responses are more 

complex with non-periodic oscillations in the α and β planes. The amplitudes of the 

oscillations vary with time. α increases while β decreases and α decreases as β increases. 

Although the oscillations show regularities in the α and β planes, they are not perfectly 

periodic. With inviscid liquids, the oscillations in the planes are quasiperiodic when the 

sloshing is stabilized for most of the parameters and conditions. 
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Wave diagram for a    Wave diagram for b  

 
Phase trajectory for a    Phase trajectory for b  

 
Poincare map of α   Poincare map of β 

Figure 2. 5 Dynamic behaviors of α and β (L=0.5m, h=0.01s, g=9.8m/s2, 1.0w = rad/s, 

F=0.01N, 𝛼(0) = 0.01𝑟𝑎𝑑, �̇�(0) = 0.0𝑟𝑎𝑑/𝑠,𝛽(0) = 0.01𝑟𝑎𝑑, �̇�(0) = 0.0𝑟𝑎𝑑/𝑠) 
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2.2.3 3D sloshing of viscous liquid 

The liquid viscosity usually plays an inconspicuous, even ignorable, role on the 

sloshing motion when the sloshing amplitude is very small. When the sloshing becomes 

large or complex, the existence of liquid viscosity has a noticeable influence on the 

overall sloshing. To demonstrate the effects of liquid viscosity on liquid motion, the 

sloshing of viscous liquid with other parameters shown in Fig. 2.5 is evaluated, with the 

results shown in Fig. 2.6. 
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Wave diagram for a     Wave diagram for b  

 
Phase trajectory for a     Phase trajectory for b  

Figure 2. 6 Dynamic behaviors of the pendulum model (L=0.5m, h=0.0314s, g=9.8m/s2, 

1.0w= rad/s, F=0.01N, C=0.01N·s/m, 𝛼(0) = 0.01𝑟𝑎𝑑, �̇�(0) = 0.0𝑟𝑎𝑑/𝑠,𝛽(0) =

0.01𝑟𝑎𝑑, �̇�(0) = 0.0𝑟𝑎𝑑/𝑠) 
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When the liquid viscosity is considered (even it is very small), the motion of b  in 

Fig. 2.6 is weakened and eventually vanishes. Motion in the a -plane eventually becomes 

perfectly periodic with a uniform amplitude when the motion is stabilized. This implies 

that liquid sloshing reduces to a 2-D liquid motion in the a -plane, for viscous liquids. 

It will be ideal to examine the responses corresponding to various parameters over a 

large range to systematically study liquid responses in the carrier. A single valued index 

named the Periodicity Ratio (PR) was introduced for diagnosing the characteristics of 

nonlinear systems (Dai and Singh 1997, Dai 2008). The PR index can be conveniently 

used as a criterion to diagnose chaotic, periodic or quasiperiodic motions of a nonlinear 

system, and more significantly, to quantify the nonlinear behavior in between chaos and 

periodicity of a dynamic system without plotting any phase diagrams or Poincare maps. 

Using the PR index, the regular-irregular region diagrams can be plotted to demonstrate 

the properties of sloshing with varying system parameters and conditions. A region 

diagram is shown in Fig. 2.7, for which the liquid viscosity is small and the ranges of 

excitation amplitude F and gravitational acceleration g are 0.0 – 10.0 and 1.8 – 9.8, 

respectively. The red triangles represent irregular motion while the green diamonds 

denote periodic motion of the liquid. The typical irregular (PR = 0) and regular (PR = 1) 

liquid motions are shown in Figs. 2.5 and 2.6, respectively. The blank areas in the 

diagram represent the non-periodic cases which are neither perfect regular nor perfect 

irregular. 
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Figure 2. 7 Region diagrams with respect to α (L=0.5m, h=0.01s, 1.0w= rad/s, 

71.0 10C -= ´ N·s/m, 𝛼(0) = 0.01𝑟𝑎𝑑, �̇�(0) = 0.0𝑟𝑎𝑑/𝑠,𝛽(0) = 0.01𝑟𝑎𝑑, �̇�(0) =

0.0𝑟𝑎𝑑/𝑠)  
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In Fig. 2.7, most responses are irregular and non-periodic, only a small area at the 

bottom of the diagram covers regular or periodic responses. When F increases, the liquid 

response are irregular. A further increase in F leads to divergence representing rotation of 

the pendulum that is out of the scope of this research. 
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Figure 2. 8 Region diagrams with respect to α (L=0.5m, h=0.01s, 1.0w= rad/s, 

21.0 10C -= ´ N·s/m, 𝛼(0) = 0.01𝑟𝑎𝑑, �̇�(0) = 0.0𝑟𝑎𝑑/𝑠,𝛽(0) = 0.01𝑟𝑎𝑑, �̇�(0) =

0.0𝑟𝑎𝑑/𝑠) 
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Liquid viscosity may have significant effects on sloshing with the given system 

parameters. When the liquid viscosity increases, the energy of the pendulum is reduced 

and its motion tends to be periodic in the α-plane. In Fig. 2.8, most areas in the regular-

irregular region diagram become regular or periodic when the viscosity is increased from 

71.0 10c -= ´  N·s/m to 
21.0 10c -= ´  N·s/m. A typical irregular response is shown in Fig. 

2.9 which shows the quasiperiodic response of the system. 
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Wave diagram     Poincare map 

Figure 2. 9 Dynamic behaviors of the pendulume model (F=1.1N, g=8.4m/s2, L=0.5m, 

h=0.01s, 1.0w = rad/s, 71.0 10C -= ´  N·s/m, 𝛼(0) = 0.01𝑟𝑎𝑑, �̇�(0) = 0.0𝑟𝑎𝑑/𝑠,𝛽(0) =

0.01𝑟𝑎𝑑, �̇�(0) = 0.0𝑟𝑎𝑑/𝑠) 
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Resonance may occur in this nonlinear system. Fig. 2.10 shows a resonant case for a 

larger viscous liquid.  When the liquid viscosity is smaller in Fig. 2.11, the amplitude of 

the sloshing becomes greater and the liquid sloshing is more complex, in comparison 

with that of Fig. 2.10. The liquid motion is shown in wave form and a Poincare map in 

Fig. 2.11. This is a more complex quasiperiodic case with two loops formed by small 

curves. 
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Figure 2. 10 The amplitude under different external frequencies with respect to α 

( 𝐿 = 0.5𝑚,𝑔 = 9.8𝑚/𝑠2,𝐹 = 0.01𝑁,𝐶 = 0.01𝑁 ∙ 𝑚/𝑠,𝑑𝑡 = 0.0314𝑠, 𝛼(0) =

0.01𝑟𝑎𝑑, �̇�(0) = 0.0𝑟𝑎𝑑/𝑠 ) 
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wave diagram (omega=4.5rad/s)                           Poincare map(omega=4.5rad/s) 

Figure 2. 11 The amplitude under different external frequencies with respect to α 

( 𝐿 = 0.5𝑚,𝑔 = 9.8𝑚/𝑠2,𝐹 = 0.01𝑁,𝐶 = 0.00001𝑁 ∙ 𝑚/𝑠, 𝑑𝑡 = 0.0314𝑠,𝛼(0) =

0.01𝑟𝑎𝑑, �̇�(0) = 0.0𝑟𝑎𝑑/𝑠 ) 
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2.2.4 Influence of gravitational acceleration  

The gravitational acceleration varies in carriers moving in space, such as missiles or 

rockets. The influence of gravitational acceleration on the carrier motion is significant. 

The analysis of the gravitational effects on the liquid motion becomes readily available 

with the model. 

Varying gravitational acceleration may cause regular or irregular sloshing of the 

liquid in a carrier, in the region diagrams of Figs. 2.7 and 2.8. The relationship between 

the sloshing amplitude and gravitational acceleration is shown in Fig. 2.12. The 

relationship is nonlinear and the amplitude may become very large when the gravity is 

small. The sloshing amplitude increases dramatically when the gravitational acceleration 

in reduced to a value of about 2 in the case shown in the figure. This implies the sloshing 

may become volatile and negatively influence the motion and safety of the carriers, when 

the carriers reach a high altitude. When the gravity is small enough, the pendulum may 

rotate with a constant speed. However, this is not the research interest of this study. 
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Figure 2. 12 The influence of gravitational acceleration on the sloshing amplitude 

(F=0.01N, C=0.01N·m/s, 1.0w= rad/s, L=0.5m, h=0.01s, 𝛼(0) = 0.01𝑟𝑎𝑑, �̇�(0) =

0.0,𝛽(0) = 0.01𝑟𝑎𝑑, �̇�(0) = 0.0) 
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Although the sloshing amplitude is noticeably affected by the gravitational 

acceleration, the effect of varying gravitational acceleration on the frequency of liquid 

sloshing is relatively small. In Fig. 2.13, the period of oscillation remains almost the same 

for the gravitational acceleration varying from 0.8 to 9.8. 
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Figure 2. 13 The influence of gravitational acceleration on the sloshing period (F=0.01N, 

C=0.01N·m/s, 1.0w = rad/s, L=0.5m, h=0.01s, 𝛼(0) = 0.01𝑟𝑎𝑑, �̇�(0) = 0.0,𝛽(0) =

0.01𝑟𝑎𝑑, �̇�(0) = 0.0) 

 

  



 

47 
 

CHAPTER 3 NUMERICAL STUDY ON MOBILIZATION 

OF OIL SLUGS IN A CAPPILARY MODEL WITH A LEVEL 

SET APPROACH 

3.1  Introduction  

Based on the current literature, there are a few points worth emphasizing. First, the 

mechanism of mobilizing an oil slug or oil droplets in pore structures has not been 

thoroughly comprehended. It is this mechanism that has significant effects on the 

efficiency of waterflooding and EOR with injected water. Also, when experimentally 

investigating the oil slug mobilizations, the motion and water film development in 

between the oil and solid can hardly be measured accurately with the regular approaches. 

A numerical investigation on the oil slug motion and mobilization provides obvious 

advantages. In this study, a numerical investigation was conducted in which the level set 

method was applied for studying the oil-water two-phase flow in a capillary model. The 

model was considered to present the pore structures of a porous medium. The tube of the 

model was first saturated with water, and an oil slug was placed in a static state within the 

tube. The oil slug was then mobilized under constant water injection. The detailed motion 

of the oil slug was continuously examined throughout the entire flow process of the 

mobilization. The focus of the research was to observe the detailed development of a 

water film surrounding the oil slug during the oil slug mobilization and the effects of the 

water film on the mobilization and motion of the oil slug. The effects of the water 
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injection rate and viscosity of the oil slugs on their mobilization were investigated. This 

research is expected to provide a better understanding of the mechanism of oil slug 

mobilization in capillary structures subjected to external water pressure. 

3.2  Governing equations 

3.2.1 General equations of motion for two-phase flow 

The governing equations of motion can be expressed for incompressible two-phase 

flow: 

0∇ ⋅ =U          (3-1-a) 

( ) ( ) ( ) ( )( ) ( ) ( ) ( )1 12p D F
t

µ φ σκ φ δ φ φ
ρ φ ρ φ ρ φ

∂ ∇
+∇ ⋅ = − + ∇ ⋅ − ∇ +

∂
U UU  (3-1-b) 

where U  is the velocity of the fluid considered, ρ  represents the fluid density, µ  is 

the fluid viscosity, p  is the fluid pressure, D  denotes the rate of the deformation tensor, 

σ  is the surface tensor, κ  is the curvature of the interface, δ  is the delta function, and F  

represents the body force, such as gravity. φ  is defined as the level set function. The level 

set function is constructed so that at any time, the dynamic interface between the fluids of 

the two phases is actually the zero level. The interface can be expressed as: 

{ }( ) , ( , ) 0t tΓ φ= ∈Ω =x x x       (3-2) 

Usually, this is defined as a signed distance function, which represents the shortest 

distance between any point within the flow field and the interface, which is written as: 
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     (3-3) 

To ensure the zero value level of function φ  represents the interface at all times, φ  

has to follow the condition as expressed as: 

0
t
φ φ∂
+ ⋅∇ =

∂
U         (3-4) 

3.2.2 Axisymmetric flow in a cylindrical coordinate system 

The oil slugs trapped in a water-saturated capillary tube were numerically 

investigated. The sketch of the numerical model is presented in Fig. 3.1. 
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Figure 3. 1 Sketch of the numerical model 
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The influence caused by gravity can be neglected due to the significant capillary 

force and the small size of the tube. The oil and water are considered immiscible and the 

two-phase liquid flow is assumed to be axisymmetric. The capillary tube is considered to 

be straight with a constant inner diameter and perfectly round and smooth surface. The 

work done in this research aims to present a preliminary study on the mechanism of water 

flooding. More aspects regarding a real pore-structure can be taken into consideration in 

the future research. However, the current research has significances to the EOR practices 

with waterflooding or pressed water similar to regular water in properties, especially for 

depleted oil wells in the filed after water flooding. Under the assumptions, a cylindrical 

coordinate system is used in Fig. 3.1. The x coordinate is along the longitudinal axis of 

the tube, θ  is the angle rotating around the x axis in a cross sectional area of the tube, and 

r is the radial coordinate from the x axis. All the terms involving θ  derivatives are set at 

zero, and only the axial and radial directions are taken into consideration. The velocity is 

defined as ( , )u v=U , where ( , , )u u x r t=  is the velocity along the axial direction and 

( , , )v v x r t=  is the velocity along the radial direction. The governing equations for 

axisymmetric flow can, be expressed as: 

( ) 0
rvu

x r r
∂∂

+ =
∂ ∂

        (3-6) 

( ) ( ) ( ) ( )2
uu ruvu p u v ur

t x r r x x x r r x r x
φρ µ µ σκ φ δ φ

 ∂ ∂   ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂   + + = − + + + +      ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂       

          (3-7-a) 

( ) ( ) ( ) ( )12 2
vu rvvv p v u v vr

t x r r r x x r r r r r r r
φρ µ µ µ σκ φ δ φ

 ∂ ∂     ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂     + + = − + + + − +          ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂         
          (3-7-b) 
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3.2.3 Non-Dimensionalization  

The non-dimensional form of the fluid equations is preferred for its convenience in 

theoretical analysis and numerical programming. For the sake of non-dimensionalization, 

the following dimensionless variables are introduced: 

X RX ′= ,  0U u U ′= ,  
0

Rt t
u

′=  

2
0refP u Pρ ′= ,  refρ ρ ρ′= ,  refµ µ µ′=  

where the prime '  represents the dimensionless variables. R  is the radius of the 

inner diameter of the tube, 0u  is the injection rate for the water injected to the tube, and 

refρ  is assigned the same value as the density of water. Substituting the dimensionless 

variables into Eq. (3-7) and dropping the superscripts: 

( ) ( ) ( ) ( )1 1 12
uu ruvu p u v ur

t x r r x Re x x r r x r We x
φµ µ κ φ δ φ

ρ
 ∂ ∂   ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂   + + = − + + + +       ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂        

         (3-8-a) 

( ) ( ) ( ) ( )1 1 1 12 2
vu rvvv p v v u vr

t x r r r Re r r r x x r r r We r
φµ µ µ κ φ δ φ

ρ
 ∂ ∂   ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂   + + = − + + + − +       ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂      

          (3-8-b) 

where 

0ref

ref

u R
Re

ρ
µ

= , 
2
0ref u R

We
ρ
σ

=  

3.2.4 Reinitialization  

After a few time steps, the function φ  will no longer be a signed distance function 

defined in Eq. (3-3) due to numerical errors. It is essential to maintain φ  as a distance 
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function during the whole process of numerical calculation due to the properties of the 

signed distance function whose gradient across the interface is neither steep nor flat. A 

technique called reinitialization, which is applied to reinitialize φ  to the signed distance 

function, is needed. Reinitialization of φ  to the signed distance function can be achieved 

by an iterative procedure proposed by Sussman et al. (1994). 

Specifically, at any time nt , 0φ  is the level set function obtained. It can be 

reconstructed as a signed distance function by iteratively solving the following initial 

value equations, which is called a reinitialization equation, until a steady state solution is 

reached. 

( )( )0 1sign
t
φ φ φ∂
= − ∇

∂
       (3-9-a) 

( ) 0,0φ φ=x         (3-9-b) 

Since the sign function is discontinuous, it will cause an unnecessary instability, so 

it is smoothed as: 

0
0 2 2

0

( )sign φ
φ

φ ε
=

+
       (3-10) 

The value of ε  in the equation controls the smoothness of the results, and ε is 

assigned a value equal to the mesh width x∆  in the numerical calculations. A second 

order Essentially Non Oscillatory (ENO) scheme is also employed to discretize and 

approximate the space derivatives in Eq. (3-9). 

3.2.5 Smoothing  

The physical properties of the different fluid phase such as density and viscosity 

change sharply across the interface since the interface is extremely thin and beside the 

http://scholar.google.ca/scholar?q=eno+essentially+non+oscillatory&hl=en&as_sdt=0&as_vis=1&oi=scholart&sa=X&ei=71oKU9SCJ8HFoAS1pYC4Ag&ved=0CCgQgQMwAA
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interface are two different immiscible fluids. Special attention should be paid to resolve 

the discontinuity of the parameters in Eq. (3-8) as well as the delta function, ( )δ φ , 

contained in the surface tension term. In order to prevent the instabilities caused by 

discontinuity, density, viscosity, and the delta function need to be smoothed at the 

interface. The following equations are applied (Kang, 2006): 

( ) (1 ) ( )Hρ φ η η φ= + −        (3-11-a) 

( ) (1 ) ( )Hµ φ γ γ φ= + −        (3-11-b) 

where oil

water

ρη
ρ

= , oil

water

µγ
µ

= . ( )H φ  is the Heaviside function, which also needs to be 

smoothed as: 

( )
0

sin /1( ) 1
2

1

Hα

φ α

πφ αφφ φ α
α π

ϕ α

< −


 = + + <  
 

 >

    (3-12) 

where α  represents the thickness of the interface, which is set as the width of the mesh 

x∆  in this work. Then, the delta function can be expressed as the derivative of ( )Hα φ , 

which is expressible as: 

( )( )
0

( ) 1 1 cos /
2

α

φ α
δ φ

πφ α φ α
α

 <
= 

+ ≥

     (3-13) 

3.3 Projection method 

Once the level set function is obtained, the velocity field of the fluid needs to be 

solved. A projection method was applied for solving the incompressible fluid flow field. 

The projection method was originally proposed by Chorin (1968) to solve incompressible 
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flow problems. The difficulty for numerically obtaining the results of incompressible 

flow lies in the fact that the velocity and pressure are implicitly coupled by the mass 

conservation law. In applying the projection method, however, only a sequence of 

decoupled equations need to be solved during each step for velocity and pressure, 

respectively. An intermediate vector field is computed and projected onto a divergence-

free field to correct the velocity field. This approach is based on the Hodge 

decomposition in which a vector field V  can be uniquely decomposed into a divergence-

free component  dV  satisfying 0dV n× =r  and the gradient of a scalar quantity f , which 

can be expressed as:  

dV V f= + Ñ         (3-14) 

At each step, an auxiliary vector *U  is computed as:  

( )
* n

nR
t

U U U- =
V

       (3-15) 

where ( )nR U  represents the right hand side of the momentum equation decoupled from 

pressure: 

( ) ( ) ( ) ( )( ) ( ) ( )1 1 12n n n D
Re We
 = −∇ ⋅ + ∇ ⋅ − ∇  

µ φ σκ φ δ φ φ
ρ φ

R U U U   (3-16) 

Then, one may have: 

( )
1 * 1n

P
t

U U
r f

+ - = - Ñ
V

       (3-17) 

where 1nU +  represents the velocity field in the next time step in numerical calculations, 

which is supposed to automatically satisfy the incompressible constraint: 

1 0nU +Ñ × =         (3-18) 
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By taking the divergence of Eq. (3-17) and substituting Eq. (3-18) to obtain: 

( )
*1 1 P

t
U

r f

æ ö÷ç ÷çÑ × = Ñ × Ñ ÷ç ÷÷çè øV
       (3-19) 

Eq. (3-19) is a Poisson equation whose solution is then added to Eq. (3-17) to 

correct the intermediate velocity vector. Typically, the projection method only requires 

the boundary condition for velocity, and no boundary conditions for pressure are 

required. Actually, specifying the pressure boundary condition will overestimate the 

system (Bell et al., 1989). The pressure intrinsically satisfies the Neumann condition, 

which reads: 

0P nÑ × =         (3-20) 

where n  denotes the unit outward normal vector to the boundary. 

3.4 Time step tD  

The determination of the time step is essential to the accuracy, reliability, and 

stability of numerical calculations. To assure stability of the numerical results and avoid 

unnecessary oscillations, restrictions must be imposed on the selection of the time step. 

First, due to the convection term in Eq. (3-8), the time step should follow the CFL 

conditions, which state that no fluid particle can evolve further than the mesh spacing. 

Therefore, 

max max

min ,c
x yt

u vW

æ ö÷ç ÷çD = ÷ç ÷÷çè ø
V V        (3-21-a) 

The effects of viscosity and surface tension have to be taken into consideration. The 

restrictions due to viscosity (Mulder et al., 1992) and surface tension (Brackbill et al., 

1992) are taken in the following forms: 
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( ) 23min
14v

Re h
t

r
mW

æ ö÷ç ÷çD = ÷ç ÷÷çè ø
       (3-21-b) 

∆𝑡𝑠 = �(𝜌𝑜𝑖𝑙+𝜌𝑤𝑎𝑡𝑒𝑟)𝑊𝑒
8𝜋

ℎ3/2      (3-21-c) 

The ultimate time step can then be obtained as the minimum value of the three 

restrictions above, which can be expressed as: 

1 1 min( , , )
2

n
c v st t t t+D = D D D       (3-21-d) 

3.5 Computational algorithm development 

As presented above, the general procedure of numerically solving for incompressible 

two-phase flow in an axisymmetric tube employing the level set method includes the 

following main steps: 

Step 1. Initialize the level set function ( ),0xφ  so the function becomes a signed 

distance function, and the density, viscosity, velocity, and pressure of the flow are 

assigned initial values that define the flow field. 

Step 2. Determine the time step per Eq. (3-20). 

Step 3. Obtain the velocity field surrounding the interface between oil and water by 

numerically solving Eq. (3-8) using the projection method. 

Step 4. Update the interface by solving Eq. (3-4). 

Step 5. Reinitialize the level set function by solving Eq. (3-9) until a steady solution 

is obtained. 

Step 6. Repeat steps 2 to 4 for the time period desired. 
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Figure 3. 2 Flow chart of level set approach 

  



 

59 
 

3.6 Numerical results and analyses  

The motion and mobilization of the oil slug trapped in a water-saturated capillary 

tube can be studied numerically by the governing equations developed with the 

aforementioned level set method. The oil slug is initially placed in a circular tube and 

saturated with water in Fig. 3.1. At this stage, the pressure drop between the two ends of 

the oil slug is zero and the shape of the oil slug is perfectly axisymmetric with two 

identical hemispherical heads at the two ends. 

The values of the physical parameters used for the simulations are listed in Table 3.1. 
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Table 3. 1 Physical parameters 

 Density(kg/m3) Viscosity(kg/ms) Surface tension (N/m) 

water 998.2 0.001003 
0.05 

oil 880 0.148 

Note: the oil selected is oil S60 and the water is standard pure water at room temperature 
20°c. 
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The numerical calculations are carried out with a Fortran program constructed by the 

authors on the basis of the algorithm described. For a reliable and accurate result, a mesh 

of 50 by 1,000 is chosen. Due to the enormous number of elements and nodal information 

needed and the calculations involved, the simulation for the mobilization of the oil slug 

may take days to complete on a PC computer (i7-2600, 16 GB RAM). An oil slug of 4 

mm in length in a 20 mm long tube, for example, under the injection rate 0.01m/s, takes 

about 10.4 days in the calculations for a single oil slug mobilization simulation. On the 

other hand, if the tube is too short, a stable process of water film formation may not be 

captured, consequently leading to unreasonable results due to the violent downstream 

flow. A tube 0.02m  in length and with a 0.001m  radius was selected. The effects of 

gravity on the oil slug mobilization can be ignored due to its very small diameter and 

relatively high ratio of length over radius. Also, effects of wettability are not considered 

due to the millimeter scale of the capillary model. The effects of wettability of the porous 

medium become significant when the dimension of the pores in the porous medium reach 

the microscale or nanoscale. The properties of microscale or nanoscale porous media may 

have considerable influences on the wettability. 

To assure the appropriateness of the meshing used, the mesh independence of the 

simulations is proven. 
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Table 3. 2 Thickness of water film under different meshing  

Mesh Normalized thickness of water film Injection rate (m/s) 

50 ×500 1.32×10-2 

0.01 100×1000 8.18×10-3 

150×1500 8.21×10-3 
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A verification of the numerical results is made to assure reliability of the numerical 

calculations with the geometric dimensions by comparing the calculated water film with a 

value found in recent literature. A normalized film thickness is used in order to match 

experimental results which may employ tubes of different diameters with simulations. 

The normalized film is dimensionless and is obtained by dividing the actual film 

thickness, obtained from the simulation, by the radius of the tube employed in the 

simulation. The experimental data obtained by Chen (1985), in which the water film 

thickness surrounding an oil slug inside a horizontal capillary tube was measured when 

the oil slug was moving at a constant speed. The comparison is shown in Fig. 3.3 

considering the variation of Ca number. In the figure, the numerical results based on the 

model are in very good agreement with the published results (Chen, 1986). The numerical 

model is verified. 
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Figure 3. 3 Ca vs. normalized film thickness. Comparison of the film thickness values 

from the simulation with that of published experimental values (Chen, 

1986)( ref refV
Ca
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3.6.1 Mobilization process of the oil slug 

The water is injected from the left inlet of the tube. Based on the numerical 

simulations, the oil slug in the tube is gradually mobilized under the pressure generated 

by the injected water. The process of mobilization is illustrated in Fig. 3.4, as per the 

numerical results. One may observe the variations of oil slug shape, the development of 

the water film and the motion of the oil slug shown in Fig. 3.4. 
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t=0.0000s 

 
t=0.1019s 

 
t=0.2013s 

 
t=0.3007s 

 
t=0.4000s 

Figure 3. 4 The evolution of the oil slug during the process of mobilization  



 

67 
 

Since the flow is axisymmetric, only half of the flow region needs to be illustrated. 

In Fig. 3.4, the shape of the oil slug changes during the process of mobilization, until the 

oil slug reaches a steady shape when the mobilization process is completed. Before the 

water is injected, the two ends of the oil slug remain a perfect hemispherical shape. Once 

the water injection is triggered from the left inlet of the tube, the right or front meniscus 

becomes slender with the water film beginning to form between the oil slug and the tube 

wall. Simultaneously, the left or back meniscus of the oil slug begins to curve following 

the direction of water injection. The water film is developed in the opposite direction of 

the water injection as the oil slug is gradually mobilized forward under the pressure 

applied via the injected water. As time proceeds, the water film is developed (i.e., the oil 

slug is completely surrounded by a water film). At this stage, both ends of the oil slug 

resume a rounded shape while the shape of the front meniscus remains slightly more 

slender than the back end. Once the water film is developed, the oil slug remains in a 

steady state, moving forward with a constant shape and speed. 

The process of the oil slug mobilization and the development of water film between 

the oil slug and the solid wall of the capillary tube have significant effects on the 

variation of the pressure difference between the two ends of the tube considered, 

according to the results from the numerical model. The pressure difference during the 

mobilization of the oil slug is shown in Fig. 3.5 with respect to time. 
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Figure 3. 5 Variation of pressure differences between the two ends of the tube model 
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After the injection of water at time zero, the pressure difference between the two 

ends of the tube begins to increase linearly. Also, at the same time, the water film starts to 

develop at the front end of the oil slug. 

In order to investigate the relationship between the pressure difference and the water 

film development and to evaluate the effects of the water film size on the pressure 

difference, the area of the oil slug in complete contact with the tube wall is determined 

during the period of oil slug mobilization. This area is calculated by S = 2πrl, where r is 

the tube’s inner radius and l is measured along the oil slug in Fig. 3.6. 
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Figure 3. 6 The length of oil slug contacting the tube wall (t=0.1019s) 
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The reduction of the contact area during the period of oil slug mobilization and the 

water film development is calculated and shown in Fig. 3.7. 
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Figure 3. 7 Variation of oil slug surface area contacting the tube wall during the oil slug 

mobilization 
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In Figs. 3.5 and 3.7, no pressure difference exists between the two ends of the oil 

slug at time zero, when no water is injected into the tube. At this moment, the contact 

area of the oil slug is at its largest and no water film exists between the oil slug and the 

tube wall. When the water is injected into the tube from the left end of the tube model, 

the front head of the oil slug gradually becomes slender and pointed while the back head 

of the oil slug becomes round and blunted. This suggests that the oil slug mobilization is 

initiated as the oil along the central axial of the oil slug starts to flow whereas the entire 

oil slug actually moves slowly. As this process continues under the pressure generated by 

the continuously injected water, the water film wedges in between the wall of the tube 

and the oil slug and continues developing and forming a larger and larger water film 

surrounding the right side of the oil slug. Finally, the oil slug is completely surrounded by 

a water film, reflecting the formation of zero contact between the oil slug and the tube 

wall at around 0.25 s in Fig. 3.7. 

Comparison of the results shown in Figs. 3.5 and 3.7, makes evident the relationship 

between the pressure difference and the water film size, during the process of oil slug 

mobilization. For the sake of clarity, the comparison is presented as follows with 

consideration of different stages of the oil slug mobilization: 

1. When water injection is initiated, the pressure difference starts to increase almost 

linearly and the water film starts to develop at the frontal end of the oil slug. As the 

back head of the oil slug is pressed to form a round, blunted shape, the contact area of 

the oil slug increases slightly, as indicated in Fig. 3.7, and the pressure difference is 

reduced in Fig. 3.5, at about t = 0.0109 s. The variation of the back head at this 

moment is shown in Fig. 3.8. The pressure difference continuously increases with the 
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water injection, almost in a linear fashion, until the increasing rate reduces 

significantly at about t = 0.06 s. The water film also increases proportionally. 
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t=0.00000     b. t=0.01019 

Figure 3. 8 Shape change of the back head of the oil slug at different time 
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2. At the time the pressure difference reaches the maximum value shown in Fig. 3.5, its 

value slightly and gradually decreases and forms a plateau between t = 0.06 s and t = 

0.18 s. According to Fig. 3.7, the water film smoothly increases and develops at a 

faster speed during this period of time as the slope of the curve in Fig. 3.7 is 

decreased in this time period. 

3.  At about 0.18 s, the pressure drops sharply, and the water film is almost completely 

formed. The water film and the oil slug shape at this moment is shown in Fig. 3.9, 

where the back end of the oil slug remains curved. The contact area of the oil slug 

also increases dramatically until the oil slug is completely covered by the water film 

at about t = 0.22 s in Fig. 3.6.  During this period of time, the pressure difference and 

water film development are unstable until t = 0.22 s where the water film is 

completely developed. 
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Figure 3. 9 Formation of the water film corresponding to the maximum pressure 

difference (t=0.2013) 
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4. In fact, the pressure difference decrease is unstable even after the water film is 

completely developed in Fig. 3.5. The pressure difference finally reaches a steady 

state at about t = 0.3 s, when the water film development is stabilized with a constant 

thickness around the entire surface of the oil slug. The instability of the pressure 

difference is, related to the thickness and shape of the water film. The variations in 

thickness of the water film at the back end of the oil slug during the period of water 

film stabilization are illustrated in Fig. 3.10. The curvature of the oil slug end may 

also affect the pressure difference for mobilizing the oil slug. Fig. 3.10 presents a 

comparison of the shapes of the back end when the water film is completely formed 

and the final steady state is obtained (not a perfect hemispherical shape at steady 

state). From knowledge of fluid dynamics, the smaller radius of curvature indicates 

there is a smaller difference in capillary pressure across the interface. This further 

contributes to the reduction of the pressure difference between the two ends of the 

tube.  
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Figure 3. 10 Variation of the water film around the back end of the oil slug 
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Figure 3. 11 Comparison of curvature of the back end of the oil slug at different times 

(dotted: t=0.3s; solid: 0.25s) 
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The existence of the water film and its effects on the mobilization of an oil slug were 

reported by Dai and Zhang (2013) through an experimental approach. The trend in 

pressure difference is shown in Fig. 3.5 and the variation of the trend discussed above is 

consistent with the observations of Dai and Zhang. 

The present numerical approach determines the quantitative availability for the 

analyses and measurements of the mobilization of the oil slug and development of water 

film, under a variety of parameters and conditions. The analyses and measurements are 

difficult or very tedious, if not impossible, to conduct if experimental approaches are 

considered. 

One may conclude from the previous discussion that the pressure difference required 

to mobilize the oil slug is greatly affected by the water film and water film development 

process. The pressure difference is reduced appreciably from its maximum value to 

steady state with the existence of a complete water film under the conditions of the 

numerical simulation. 

3.6.2 Influence of water injection rate 

In real water flooding, the water injection rate might vary based on reservoir 

conditions and production requirements. Different injection rates were, considered to 

determine their influence on the two-phase flow phenomena. The maximum pressure 

difference required for mobilizing the oil slug was calculated according to different water 

injection rates. The results are plotted in Fig. 3.12. In the figure, when the injection rate is 

low, the maximum pressure difference required is almost proportional to the injection 

rate.  When the injection rate reaches a critical value, approximately 0.015 m/s, the 
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maximum pressure rate of increase changes sharply and remains in a linear relationship 

with the injection rate. 
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Figure 3. 12 Maximum pressure difference under different injection rates 
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Based on the numerical simulations, when the injection rate is greater than this 

critical value, the oil slug starts to break instead of moving as a whole, and a water film 

will not be generated. Similar phenomenon can also be found that the oil slug would 

break when the injection rate passes a certain value (Dai and Zhang, 2013). In addition, 

some oil may adhere to the tube wall in Fig. 3.13. Fig. 3.13 illustrates a case in which the 

breaking of the oil slug is impending. The oil adhered to the wall will be separated from 

the rest of the oil in the next moment. No water film is formed before the oil slug is 

broken and the required maximum pressure difference is much higher. 
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Figure 3. 13 The oil slug shape right before breaking occurs. Injection rate: 0.15m/s (blue: 

oil; t=0.9556s) 
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As per the numerical results and the discussion above, the water film in between the 

oil slug and the tube wall significantly affects the mobilization of the oil slug and 

contributes positively to the motion of the oil slug. On the other hand, the external water 

injection affects the initiation and development of the water film. The relationships 

between the applied water injection rate and maximum pressure difference required to 

mobilize the oil slug and the water injection rate and pressure difference at the steady 

state are shown in Fig. 3.14. The maximum and steady state pressures are proportional to 

the injection rate. In the figure, the steady state pressure is less sensitive to the variation 

of the pressure difference in comparison with the maximum pressure difference. 
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Figure 3. 14 The pressure differences at its maximum values and at steady states 

corresponding to different injection rates 
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The water film thickness at the steady state was also examined, and the results are 

presented in Fig. 3.15 under different injection rates. The thickness of the water film 

increases when the injection rate is higher. However, the variation of the water film 

thickness is not linear with respect to the increase of the water injection rate. 
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Figure 3. 15 Water film thickness at steady state under different injection rates 
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3.6.3 Influence of oil slug viscosity and tube length 

The influence of viscosity was also investigated. The numerical results of the 

maximum pressure required for mobilizing the oil slug are plotted in Fig. 3.16 

corresponding to different viscosities of the oil slug. Although much of the tube is 

occupied by water in Fig. 3.16, the maximum pressure difference depends almost linearly 

on the viscosity of the oil slug. This can be further verified by increasing the tube length 

of the capillary model while the viscosity of the oil slug remains constant. The 

relationship between the maximum pressure difference and the tube length is shown in 

Fig. 3.17. In the figure, the maximum required pressure difference, measured between the 

two ends of the tube model considered, is almost proportional to the tube length. 
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Figure 3. 16 The maximum pressure difference under different viscosities 
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Figure 3. 17 The maximum pressure difference under different tube length 
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CHAPTER 4 DIAGNOSIS OF THE NONLINEAR 

OSCILLATORY BEHAVIOR OF A FLUTTERING PLATE 

WITH A PERIODICITY RATIO APPROACH 

4.1  Introduction 

This chapter develops a method to diagnose the characteristics of a plate subjected to 

nonperiodic excitations of high-velocity flow. The response of the fluttering plate is 

analyzed with varying system parameters. A regular-irregular region diagram is generated, 

by which the states of motion of the fluttering plate can be visualized and the diagram 

allows accurate and simultaneous examinations of regular and irregular responses of the 

plate. The regular-irregular region diagram is compared with a similar diagram in the 

literature. Bifurcation of the plate’s responses and the transitions from one response to the 

other are also studied. 

4.2  Governing equation for the motion of a 2D plate 

The sketch of the fluttering plate is shown in Fig. 4.1. The panel, which has simply 

supported boundaries, is a flat thin plate with infinite length in the y-direction and length 

L in the x-direction. The thickness is negligible in comparison with the other geometric 

dimensions of the plate. The panel is subjected to a supersonic flow over the outside 

surface with constant velocity 𝑈∞. Gravity is perpendicular to the plate. The plate is 

induced to vibrate along the z-direction due to the loading generated by the interaction 

between the high-velocity flow and the plate, which is dominant and of great importance. 
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Figure 4. 1 Panel Geometry 
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Some assumptions adopted are presented to obtain the governing equations of 

motion of a 2D fluttering plate: 

1. The von Karman’s large deflection plate theory is employed; 

2. The effects of in-plane load and static pressure differential are taken into 

consideration; 

3. The plate is undergoing cylindrical bending but no span-wise bending; 

4. The material of the plate is homogeneous and isotropic; 

5. The motion of the fluttering plate can be considered as two-dimensional with the 

previously listed assumptions and conditions. 

Based on the assumptions and conditions listed above, the governing equation for 

the fluttering plate can be given as (Dowell, 1966): 

( ) ( )
4 2 2

( )
4 2 2x x m
w w wD N N h p p px x t

α ρ ∞

∂ ∂ ∂− + + + − = ∆
∂ ∂ ∂

   (4-1) 

where w  is the deflection of the plate, D  the plate stiffness, mρ  and h  the density and 

thickness of the plate, p p∞−  the aerodynamic pressure where p∞  denotes the pressure at 

infinite location from the plate, xN  and ( )
xN α  the in-plane force and applied in-plane 

force, p∆  the static pressure differential across the panel. 

The in-plane force is calculated as: 

( )2

0
/ 2 /L

xN Eh L w x dxα= ∂ ∂∫       (4-2) 

where E  is the modulus of elasticity, L the panel length, and α  the spring stiffness 

parameter is presented. 

( )/KL KL Ehα = +  
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Following the assumption of quasi-steady and supersonic theory (Dowell, 1996), the 

dynamic pressure can be obtained as: 

2

2

2 2 1
1

q w M wp p x U tMβ∞

  
  

  

∂ − ∂− = +
∂ ∂−

     (4-3) 

where q  is dynamic pressure, 2 1/2( 1)Mβ = −  and M  the Mach number, U  the velocity of 

the fluid. 

Applying the non-dimensionalization as follows: 

( )1/24/ , / , /x L t D hL W w hmξ τ ρ= = =  

3 42 / , / , /mqL D L h P pL Dhλ β µ ρ ρ= = = ∆  

where L  and h  the length and thickness of the plate, D  the plate stiffness, mρ  the 

density of the plate, q  is dynamic pressure and p∆  is the static pressure differential 

across the panel. 

Substituting Eqs. (4-2)~(4-4) into (4-1), the non-dimensionalized governing 

equation can be expressed as: 

( )
1

2 2 2212
2 20

2'''' 6(1 ) ' '' '' '
1x

W M WW W d W R W W PM
µα ν ξ λ
βλ ττ

 
              

∂ − ∂− − − + + + =∫ ∂∂ −
 

           (4-5) 

where α  is the spring stiffness parameter, ν  the Poisson’s ratio and ( ) 2 /x xR N L Dα= . 

For a large Mach number, M ≫ 1, the simplified relationship can be applied which 

reads: 

22

2

2
1

M
MM

µ µ
β

 
 
 

− →
−

       (4-6) 

where µ  is the viscosity of the fluid. 
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Following the Galerkin Method (Donea, 1984), for a simply supported plate, the 

non-dimensional displacement W(ξ, τ) can be expressed by the basis functions as:  

1
( , ) ( ) sinm

m
W a mξ τ τ πξ

∞

=
= ⋅∑       (4-7) 

For the sake of clarification and simplicity in the following, Eq. (4-6) will be used. 

Substituting Eqs. (4-6) and (4-7) into Eq. (4-5), Eq. (4-5) can be rewritten as: 

4 2( ) sin 6(1 )ma m mπ πξ α ν+ − ×∑
( ) ( )

2
22 sin2r m

r m

ra a m mπ π πξ
 
 
  
∑ ∑  

( )
2

2
2sin sinm

x m
m m

d aR a m m mdπ πξ πξ
τ

+ +∑ ∑  

( )
1
2

cos sinm
m

m m

daa m m m PM d
µλ π πξ πξ
λ τ

 
     

 

+ + =∑ ∑    (4-8) 

By multiplying Eq. (4-8) by sin mπξ and integrating over the length of the panel, Eq. 

(4-8) can be reduced into a set of ordinary differential equations. 

( ) ( ) ( ) ( ) ( )4 2 2 2 2
2 2

2 2 2

16 1 {2 2 2 2 2
m

s r s x s
r m

s r s s d a sma a a R a d s m
π π π πα ν λ

τ
 
 
  

+ − + + + ×∑ ∑ −
 

1 2
2 1 ( 1)11 ( 1) }2

s m s
m

daa PM d s
µ
λ τ π

+
          

− −
− − + =     (4-9) 

Eq. (4-9) is comprised of a coupled set of ordinary, nonlinear differential equations 

with respect to time. For such a complex nonlinear system, one may have to rely on 

numerical solutions as the solutions of analytical form are very difficult to obtain if not 

impossible. The 4th order Runge-Kutta method is employed for pursing numerical 

solutions and performing numerical analysis (Ascher and Petzold, 1998). It has been 

reported in (Dowell, 1966) that to obtain accurate solutions, at least 4 modes must be 

used. When the in-plane or static pressure loading produces larger tension in the plate, 
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more modes are taken into consideration. In this paper, all the calculations are performed 

using eight modes under the range of parameters applied. The accuracy of the numerical 

solutions is demonstrated against those obtained in (Dowell, 1966), in which the exactly 

same model was applied considering the high velocity fluid flow passing a plate. The 

comparison of the numerical results obtained from this research with that from Dowell 

(1966) demonstrate a good agreement shown in Fig. 4.2 
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Figure 4. 2 The plate deflection against λ (the continuous line is obtained by the author, 

the dots by Dowell, 1966) 
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The deflection shapes under different values of Rx are presented in Fig. 4.3. The 

deflection amplitude becomes greater as Rx decreases. Also, analysis of Fig. 4.3 indicates 

the maximum deflection occurs at about ξ = 0.75ξ = 0.75.. The following calculation 

will be implemented at this point. It is obvious that there are nonlinear effects other than 

the one shown above. For Mach number of the order of one, the aerodynamic 

nonlinearities and the nonlinear structural effect of large curvature play the key role, 

while other nonlinear effects are unlikely to be of any importance (Dowell, 1966). As a 

result, the following work will mainly focus on two parameters,  Rx and λ . 
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Figure 4. 3 Panel Deflection Shape ( )/ 0.01, 200, 0.0M pµ λ= = =  
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4.3 Nonlinear behavior characterization with periodicity ratio approach 

4.3.1 Regular-irregular region diagrams corresponding to varying parameters of 

the fluttering plate  

The Periodicity Ratio approach, a criterion for distinguishing between periodic, 

quasiperiodic and chaotic response of a nonlinear system, was first introduced by Dai and 

Singh (1995) in their investigation of a Duffing system. This single valued criterion is 

based on Poincare maps for a periodic motion. The visible points demonstrating motion 

of the same period in a Poincare map will eventually overlap each other with enough time. 

However, for a chaotic or quasiperiodic motion, overlapping points range from a few to 

none in the Poincare map due to the fact they are randomly spread over the phase plane. 

From this point of view, a criterion for analyzing the dynamic behaviors can be applied to 

consider the overlapping points with the total number of points in the Poincare map. To 

do this, a parameter called the periodicity ratio is defined as: 

limn
NOP

nγ →∞=         (4-10) 

In Eq. (4-10), NOP is denoted as the total number of periodic points which are 

overlapping points and n represents the number of points forming the Poincare map. NOP 

can be obtained by the formula shown below: 

{ }1

2 1
(1) ( )

kn

kl kl
k l

NOP k P X Xζ ζ
−

= =

 
 
 

= + ⋅ +∑ ∏       (4-11) 

In the equation above, ζ(k) represents the number of points overlapping the kth 

point in the Poincare map, and ∏ is the symbol for multiplication. Xkl,Ẋkl and P(z) are 

functions expressed as 
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0 0( ) ( )klX X kT X lTτ τ= + − +       (4-12) 

0 0( ) ( )klX X kT X lTτ τ= + − +         (4-13) 

0 0
( )

1 0
if z

P z
if z





=
=

≠
      (4-14) 

As mentioned above, if the motion is purely periodic, all the points in the Poincare 

map overlap points and they periodically appear so γ  will equal one. On the other hand, 

if γ  is very small or even zero, the motion clearly belongs to quasiperiodic or chaotic 

motion. When γ  falls between 0 and 1, the motion is a mixture of periodic and non-

periodic motions. γ  can be tread as a criterion for characterizing the dynamic behaviors 

for regular and irregular motions. Its effectiveness and accuracy have been proved in Dai 

and Singh (1998) considering Duffing equation. 

The application of the Periodicity Ratio method is limited to application in dynamic 

systems of periodical external excitations. Direct employment of the Periodicity Ratio 

method to diagnose the fluttering plate, whose motion is excited by the nonperiodic 

interaction between high-velocity flow and the plate, gives inaccurate results. When the 

periodicity ratio method is applied to the specific case of the fluttering plate, the 

difficulties caused by nonperiodic excitations must be overcome, which causes difficulty 

in the construction of the Poincare map. In Donea (1984), one way to construct the 

Poincare map is introduced when the points in the Poincare map corresponding to the 

nondimensional velocity Ẇ = 0 are selected. Ẇ = 0 indicates the maximum deflection 

amplitude of the plate. The periodicity ratio method can be easily performed once a 

method to draw the Poincare map has been determined. 
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Eq. (4-11) is then modified as  

1

2 1
(1) ( )

kn

kl
k l

NOP k P Wζ ζ
−

= =

 
 
 

= + ⋅∑ ∏       (4-15) 

where  

kl k lW W W= −         (4-16) 

Wk represents the kth point on the Poincare map. kW  is taken in a Poincare section where 

the nondimensional displacement is the maximum. 

However, to obtain the numerical solution, the point corresponding to 0W =  cannot 

be calculated exactly since the numerical solution for the governing equation can only be 

discretized and the fixed time step is applied when the 4th order Runge-Kutta method is 

used. As a result, a process is required to determine the approximate maximum deflection 

points, which are presented as follows: 

Suppose the series Wn = W(tn)  are the numerical solutions, where subscript n 

represents 1, 2… ∞. The values which indicate the maximum deflection are chosen when: 

1n nW W −>  and 1n nW W +>       (4-17) 

To illustrate this clearly, a small portion of the wave diagram of the system is 

presented in Fig. 4.4. The dots in this figure represent the points selected for the Poincare 

map. The motion is periodic in Fig. 4.4. The points in this figure can be grouped into four 

sets and the points in each set have identical W values. There are only four sets of points 

visible and the others are overlapped by the four points. This should be the case no matter 

how large the time range, provided the system maintains stable periodic motion. 
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Figure 4. 4 Wave diagram and points corresponding to Poincare map 
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When analyzing the complex behavior of a nonlinear system such as the fluttering 

plate under the excitation of high speed fluid, it is convenient to have a diagram in which 

the regions illustrating regular and irregular responses of the system can be plotted with 

varying system parameters. Specifically,  the irregular responses of a nonlinear system 

can be directly visualized in reflecting the system parameters. To construct a diagram to 

show regular and irregular regions, Rx and λ  are taken into consideration as the varying 

parameters. The diagram is known as the region diagram hereafter. A region diagram is 

plotted in Fig. 4.4. Though the two system parameters are used for the diagram, the other 

system parameters can be considered if desired. 

In Fig. 4.4, the red color represents the regular region, while the blue is the irregular 

region. Other colors represent the motion between the stable and unstable motions. This 

figure provides a global picture of the properties of the plate motion. Most of the region 

of the graph consists of stable points. 
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Figure 4. 5 Region Diagram 
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The region diagram in Fig. 4.5 compares well with the results reported (Dowell, 

1966) except in two areas. As mentioned above, the periodicity ratio is determined by the 

characteristics of overlapping points, which are generally distributed into several sets of 

overlapping points. By summing up the sets’ number obtained in computing periodicity 

ratio, the regular motion can be easily distinguished as stable, simple harmonic and 

double periodical motions etc. in Fig. 4.6. 
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Figure 4. 6 Contour of the sets of overlapping points 
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Comparing the diagram in (Dowell, 1966) with Fig. 4.6, the first difference is near 

the point where Rx/π2 = −5 andλ = 350. According to (Dowell, 1966), the motion at 

this point is simple harmonic. However, based on the PR method, the number of sets is 

more than 2, which actually implies a complicated periodic motion, as illustrated by the 

wave trajectory in Fig. 4.7. The motion at this point is periodic but not simple harmonic. 
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Figure 4. 7 Wava Diagram (Rx/π2 = −5andλ = 300) 
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Another area shows differences from (Dowell, 1966) where the region is 

demonstrated as periodic but not simple harmonic. The motion in this area consists of 

complicated periodical motions, but also irregular motions according to the Periodicity-

Ratio obtained. This is the motion corresponding to Rx/π2 = −4  and λ = 200 . The 

phase trajectory is presented in Fig. 4.8. It is clear the motion is chaotic but not periodic 

or regular. 
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Figure 4. 8 Phase trajectory of chaotic motion (Rx/π2 = −4andλ = 200) 
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In fact, the patterns of motion are different from region to region. A region with one 

type of motion can be easily distinguished from the other region in which the motion is 

different with implementation of the PR approach. Four types of motion within the range 

of the parameters are considered. As illustrated in Fig. 4.9, dark blue represents flat 

motion, green represents buckled motion, yellow denotes regular oscillation and red is 

irregular oscillations. Three patterns of stable responses of the system are chosen from 

Fig. 4.9 and illustrated by the wave diagrams and phase trajectories in Figs. 4.10-4.12. 
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Figure 4. 9 Patterns of Motions 
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10-a Wave Diagram (flat)  10-b Phase Trajectory 

Figure 4. 10 Flat Motion (Rx = −1andλ = 100) 
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11-a Wave Diagram (bucked)   11-b Phase Trajectory 

Figure 4. 11 buckled and stable motion (Rx = −3andλ = 50) 
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12-a Wave Diagram (harmonic)  12-b Phase Trajectory 

Figure 4. 12 Limit Cycle Oscillation (Rx/π2 = −3andλ = 300) 
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4.3.2 Transition from regular points to irregular points 

As mentioned above, the regular and irregular region diagrams can be conveniently 

constructed by implementing the periodicity ratio method and then be applied to analyze 

the dynamic behavior of the fluttering plate. Also, the diagram can be used to capture the 

routes from regular motions to irregular motions. Irregular regions are surrounded by or 

bounded with regular region, which is observed through the regular-irregular region 

diagram. By changing either one or both of the control parameters in the system, the 

routes from regular motion to irregular motions can be identified. 

In Fig. 4.5, along a fixed horizontal line λ = 200, motions of the system vary from 

stable to simple harmonic, then to irregular. This variation of motion is illustrated in the 

bifurcation diagram of Fig. 4.13. Starting from Rx = 0, a dynamically stable and static 

motion is obtained for which the Poincare map consists of only one set of points over the 

selected time range. As the value of Rx decreases, bifurcation of the system occurs. When 

Rx/π2 reaches approximately -1.85, a periodic oscillation is observed. Irregular motion 

appears when Rx/π2 is less than -3.38. 

Similarly, the transition from irregular motion to regular motion along the vertical 

line Rx/π2 = −4  is also demonstrated in Fig. 4.5. The variation is depicted in the 

bifurcation diagram of Fig. 4.14, where the motion becomes irregular when λ  exceeds 

114 and returns to regular after λ  surpasses 225. 
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Figure 4. 13 Bifurcation Diagram λ = 200 
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Figure 4. 14 Bifurcation Diagram Rx/π2 = −4 
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CHAPTER 5 CONTROL OF VORTEX SHEDDING BEHIND 

A CIRCULAR CYLINDER WITH A DETACHED SPLITTER 

PLATE 

5.1  Introduction 

This research investigates the effects of a thin flat splitter plate on the low Reynolds 

flow over a circular cylinder. The joint effects of the position and thickness of the plate 

on the flow and the effects of the flow on the lift and drag forces acting on the cylinder 

are studied in detail. Various numerical simulations are performed for determining the 

effects of the plate which is placed horizontally in the wake region. The relationship 

between the vortex shedding frequency, non-dimensionalized as Strouhal number, and 

the position of the plate relative to the cylinder is also investigated. The detached splitter 

plate can significantly reduce the drag forces and lift fluctuations and the separation 

distance and thickness of detached plate play significant roles in the reduction. The 

critical separation distance is clearly related to the position and thickness of the plate. 

5.2  Governing equations and simulation methodology  

The computational domain along with the coordinates is presented in Fig. 5.1. The 

center of the cylinder is positioned at 𝑥 = 0 and 𝑦 = 0 with its diameter denoted as d. A 

detached splitter plate is placed horizontally downstream along the wake centerline. The 

length of the plate is initially assigned a value equal to the diameter of the cylinder. The 

separation distance, G, is measured from the back point of the cylinder to the leading 
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edge of the plate. The computational domain occupies −6𝑑 ≤ 𝑥 ≤ 16𝑑 and −5𝑑 ≤ 𝑦 ≤

5𝑑. The domain is such selected that it could prevent the outer and exit boundaries from 

affecting important flow quantities which may lead to inaccurate numerical results. The 

flow in the computational domain is induced by the horizontal free stream velocity 𝑈∞. 

The flow under consideration is a low Reynolds number flow and the flow is laminar in 

the domain. The cylinder and the plate are considered rigid bodies that would not deform 

under the flow-induced forces. 
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Figure 5. 1 Computational domain for a circular cylinder with a detached plate 
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Due to the low Reynolds number flow, the free stream velocity is relatively low and 

the fluid is considered incompressible. Furthermore, no heat conduction is taken into 

consideration. The governing equations can be expressed as: 

0
ui
xi

∂
=

∂
     ( 1, 2)i =    (5.1) 

21u upi iu ui jt x x Re x xj i j j

∂ ∂∂ ∂
+ = − +

∂ ∂ ∂ ∂ ∂
  ( , 1, 2)i j =    (5.2) 

where 𝑥𝑖 are the Cartesian coordinates, and 𝑢𝑖 are the velocity components. p represents 

the pressure, Re denotes Reynolds number based on the free stream velocity 𝑈∞  and 

diameter of the cylinder d, defined as 𝑅𝑒 = 𝜌𝑑𝑈∞/𝜇 . d and 𝜇   are the density and 

viscosity of the fluid. 

The numerical solutions of the flow field, including the pressure field, velocity field, 

are obtained by employment of the Semi-Implicit Method for Pressure-Linked Equations 

(SIMPLE) method for solving the two-dimensional incompressible Navier-Stokes 

equations, presented in Eq. (5.1) and Eq. (5.2). In order to perform the numerical 

calculations, the first order implicit scheme is used for temporal discretization. The 

convection term in the governing equations is discretized by applying the second order 

upwind scheme. A Dirichlet boundary condition is imposed at the inlet of the model, 

which is set as 𝑢1 = 𝑈∞,𝑢2 = 0. The outlet boundary of the model is treated as outflow 

boundary. All solid surfaces, including the surfaces of the cylinder and the detached plate, 
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are treated as no-slip stationary walls. The upper and lower boundaries of the 

computational domain are no-slip moving walls with the same velocity as that at the inlet.  

To approach accurate and reliable numerical results without too much computational 

cost, an appropriate mesh is necessary. In Fig. 5.1, the whole computational domain is 

divided into three sections according to the variation of the flow field. In section Ⅰ, as 

the flow in this area is relatively flat and plays a less important role, course meshes are 

assigned in Fig. 5.2. In sectionⅡ, the flow near the cylinder and plate is the main interest 

of the present research. In this section, a fine mesh is designed. In Fig. 5.2, boundary 

layers of much finer mesh are designed at the vicinities near the cylinder and the plate, so 

the responses of the flow at the areas can be accurately obtained. Section Ⅲ is known as 

the wake region, in which the vortex would shed and spread downstream. In this section, 

fine meshing is also necessary.   
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Figure 5. 2 Meshing for G=1.5d and L=1.0d. d: diameter of the cylinder 

  



 

129 
 

Under the conditions described above, the numerically determined flow phenomena 

with the model established all reach stable states eventually, in which the pattern of 

vortex shedding becomes periodic. The stabilized phenomena that are analyzed. To verify 

the accuracy and reliability of the numerical simulations performed, a few cases in 

absence of the detached plate are implemented and compared with the existing results 

available in the literature. Fig. 5.3 shows the Strouhal numbers corresponding to different 

Reynolds numbers. The calculated Strouhal numbers (St), which is defined as fDSt
U∞

= ,  

with the model established in this study is compared with that presented in Kiyoung 

Kwon and Haecheon (1995). 
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Figure 5. 3 The St-Re relation for comparing with the existing results (Kiyoung Kwon 

and Haecheon, 1995) 
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The combined effects of the separation distance and thickness of the detached plate, 

noted as h, are the main concerns. The length of the detached plate is constant for 

simplicity, which is equal to the diameter of the cylinder, L=D. Four different thicknesses, 

h=0.02D, h=0.04D, h=0.06D and h=0.08D, are investigated with different separation 

distances. All the flows are under two different Reynolds numbers, Re=150 and Re=212.  

5.3 Effects of a detached plate on the flow and exertions acting on the 

cylinder 

5.3.1 Strouhal number variation 

The Strouhal number is varies with the position and thickness of the splitter plate. 

Fig. 5.4 shows the Strouhal numbers obtained with different separation distances and 

thicknesses of the plate. The length of the plate is fixed at  𝐿 = 𝑑 for all the simulations. 
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Figure 5. 4 Variation of the Strouhal number with the position of the plate (Re=212) 
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For the case of 𝑅𝑒 = 212 and ℎ = 0.02𝑑 in Fig. 5.4, the Strouhal number decreases 

as the detached plate is moved apart from the cylinder. At the position where 𝐺/𝑑 ≈ 2.5, 

the Strouhal number reaches a local minimum or a critical point and then increases 

drastically as the plate is placed further from the cylinder. The Strouhal number remains a 

stable state and possesses a value which is more or less the same as without an applied 

plate.  

The effects of the detached splitter plate on the Strouhal number are also shown in 

Fig. 5.4. When the thickness of the plate increases from  ℎ = 0.02𝑑 to  ℎ = 0.04𝑑, as 

shown in the figure, the Strouhal number goes through the same trend as that of ℎ =

0.02𝑑 except the position where the drastic increase occurs is postponed to 𝐺/𝑑 ≈ 3.0. 

The magnitudes of Strouhal number before and after the drastic increase remain almost 

unchanged for the two thicknesses of the detached plate.  

The following can be concluded: 

1. The application of the detached splitter plate may significantly reduce the 

Strouhal number, or reduce the frequency of the vortex shedding, so long as the 

separation distance represented by G/d is below the critical value. 

2. The thickness of the detached plate does not have a significant influence on the 

minimum and maximum values of the St values. 

3. The thicker plate may extend the range of a low St value. This implies the 

separation distance can be prolonged if a thicker plate is applied, if a low St 

value flow is desired. 

5.3.2 Effects on lift and drag forces 
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The low Reynolds flow over the cylinder may generate lift and drag forces on the 

cylinder. The lift and drag forces acting on the cylinder are also affected by the 

thicknesses and separation distance of the plate, according to the results of the present 

research.  

The variation of amplitude of lift force, or transversal force in the y-direction acting 

on the cylinder, denoted as fC , is presented in Fig. 5.5. The lift force varies with time 

and eventually stabilizes to a periodic state. 
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Figure 5. 5 Variation of the lift force in Newton with respect to time (𝑅𝑒 = 212, ℎ =

0.02𝑑,𝐺/𝑑 = 2.0) 
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When the position of the detached plate varies, the amplitude of the lift force is 

varies with the change in separation distances, G. Fig. 5.6 shows the variations in lift 

force acting on the cylinder corresponding to variations in the separation distance and 

plate thickness. Interestingly, a similar jump phenomenon is obtained in Fig. 5.4.  
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Figure 5. 6 Variation of the amplitude of the lift force (Re=212) 
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Given ℎ = 0.04𝑑 in Fig. 5.6, the amplitude of the lift force monotonically decreases 

from G/d=0.0 to G/d=3.0 where the lift force reaches its minimum value. The lift force 

drastically increases with an increase in G/d, from its minimum point, and reaches its 

maximum value. Further increasing from this point, the lift force becomes relatively 

stable where its value is more or less the same as without a splitter plate.  

Fig. 5.6 also shows the variation in lift force with respect to the thickness of the plate. 

The trends in the two curves are about the same, corresponding to two different 

thicknesses. However, the critical value of G/d for the drastic change in lift force is 

brought forward to the point G/d=2.5 when of ℎ = 0.02𝑑 .  

The following conclusions can be drawn from the simulations results in Fig. 5.6:. 

1. Application of the detached splitter plate may significantly reduce the lift force, 

provided the separation distance or the G/d is below the critical value. 

2. A thicker plate does reduce the maximum lift force and the lift force stabilizes 

when the G/d value is increased beyond the critical value. However, this 

reduction is relatively small. 

3. A thicker plate may expand the range of low lift force values. This also implies 

the separation distance can be prolonged if a thicker plate is applied, if a low lift 

force acting on the cylinder is desired. 

Beyond the lift force, the cylinder is subjected to another force along the horizontal 

x-direction, the drag force. The same as the lift force, the drag force would finally reach a 

stable periodical state in Fig. 5.7 for a specific case.   
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Figure 5. 7 Variation of the drag force in Newton (𝑅𝑒 = 212,ℎ = 0.02𝑑,𝐺/𝑑 = 2.0), 

with respect to time 

  



 

140 
 

The amplitude or the maximum drag force varies with changes in the separation 

distance or the values of G/d. In Fig. 5.8, the variation in the maximum drag force shares 

a similar trend in Fig. 5.6, as the variation in lift force, with respect to the G/d, changes.  
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Figure 5. 8 Variation of the maximum drag force with respect to the change of G/d 
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The maximum drag force in Fig. 5.8 decreases with an increase in separation 

distance or the G/d value until it reaches the critical minimum value. A further increase in 

separation distance causes a suddenly drastic increase in the maximum drag force. The 

maximum drag force is reached and then stabilizes with an increase in the G/d value in 

Fig. 5.8.  

The splitter plate thickness has a similar effect on the maximum drag force as the lift 

force. The following can be concluded from the results determined in Fig. 5.8: 

1. The maximum drag force is inversely proportional to the separation distance 

regardless of the plate thickness. The relationship between the maximum drag 

force and separation distance is almost linear, when the G/d value is less than the 

critical value, at which the drag force is the minimum. The linear relationship 

corresponding to different plate thicknesses is almost the same. 

2. The application of the detached splitter plate may significantly reduce the drag 

force, provided the separation distance or the G/d is below the critical value. 

3. The maximum drag force can be reduced considerably when a thicker plate is 

applied. 

4. A thicker plate may also expand the range of low drag forces. This implies the 

separation distance can be prolonged if a thicker plate is applied, should a low 

drag force act on the cylinder. 

5.3.3 Effects on vortex shedding pattern 

The systems’ vortex shedding patterns are also affected by the application of the 

detached splitter plate, and the vortex shedding pattern is affected by the separation 

distance and thickness of the modeled splitter plate.  
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The vorticity contour map is a useful graphic tool for illustrating the vortex shedding 

pattern. To demonstrate the effect of the detached splitter plate on the vortex shedding, a 

vorticity contour map without the application of the splitter plate is generated in Fig. 5.9. 

The instantaneous contours shown in Fig. 5.9 are for the flowing fluid, with Re=212, 

around the cylinder. The length of the vortex can be as long as 3d to 4d, before the 

occurrence of the vortex shedding. The vortex is continuously shedding and creating the 

periodic lift and drag forces acting on the cylinder.  
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Figure 5. 9 Vorticity contour for a flow of Re=212 without a detached plate 
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Based on the results, when a detached plate is inserted in the flow, the plate directly 

interferes with the vortex if the separation distance is smaller than the length of vortex 

before the vortex is shed from the cylinder. The vortex generated from the cylinder 

interacts with each other further downstream and sheds from the detached plate instead of 

directly from the cylinder in Fig. 5.10. Consequently, the vortex experiences a larger time 

period to shed and the shedding frequency decreases significantly as indicated by the 

effects of the plate to the reduction of the Strouhal number. In Fig. 5.10, the fluid flow 

between the cylinder and the detached plate becomes more stable which leads to the rapid 

decrease of the forces acting on the cylinder. 
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(a) 

 

(b) 

Figure 5. 10 Time sequence of the vorticity contours with the detached plate of (𝐿 =

𝑑,𝑅𝑒 = 212,𝐺/𝑑 = 2.5,ℎ = 0.02𝑑) 
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However, there is a limit to the lift and drag force reduction and the flow 

stabilization with the application of the detached plate. When the separation distance is 

too large, or the G/d ratio increases beyond the critical value, the vortex will begin to 

shed directly from the cylinder instead of from the detached plate. The detached plate will 

merely interfere with the vortex after it has shed from the cylinder. The vortex shedding 

frequency and the fluid flow between the cylinder and the detached plate may not be 

severely affected. The Strouhal number and the lift and drag forces will remain more or 

less the same as without the slitter plate. The time sequence of the vorticity contour is 

presented in Fig. 5.11.  
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(a) 

 

(b) 

Figure 5. 11 Time sequence of the vorticity contours with the detached plate of (𝐿 =

𝑑,𝑅𝑒 = 212,𝐺/𝑑 = 3.5,ℎ = 0.02𝑑) 
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From Figs. 5.10 and 5.11, the critical separation distance plays a significant role in 

flow modification. The flow condition could be severely different once the separation 

distance passes a critical value. This critical value (G/d) is related to the separation 

distance and the thickness of the splitter plate. A thicker detached plate may postpone the 

appearance of the critical separation distance. The following figure shows the vorticity 

contours corresponding to the two cases of different plate thicknesses whereas the two 

plates are placed at the same location from the cylinder.  
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a) Instantaneous vorticity contour of 𝐿 = 𝑑,𝑅𝑒 = 212,𝐺/𝑑 = 3.0, ℎ = 0.02𝑑 

 

b) Instantaneous vorticity contour of  𝐿 = 𝑑,𝑅𝑒 = 212,𝐺/𝑑 = 3.0,ℎ = 0.04𝑑 

Figure 5. 12 Comparison of two vortex shedding cases with the splitter plates of different 

thickness 
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CHAPTER 6 VORTEX SHEDDING CONTROL OF LINEAR 

SHEAR FLOW OVER A CIRCULAR CYLINDER WITH A 

DETACHED THIN PLATE 

6.1  Introduction 

The present research investigates the effect of a thin detached plate on the 

aerodynamic characteristics of linear shear flow over a circular cylinder. The vortex 

shedding and behavior of aerodynamic forces acting on the circular cylinder are studied 

numerically with and without the application of the plate. System parameters such as the 

shear parameter, velocity gradient, upstream mean velocity, cylinder-plate system 

geometry and separation gap between the plate and the circular cylinder are all taken into 

consideration. A thin plate separated from the cylinder plays an important role in the flow 

phenomenon including the vortex shedding pattern in the vicinities of the cylinder and in 

the exertion applied on the cylinder subjected to linear shear flow. A properly applied 

thin detached plate is useful for controlling the vortex shedding and the aerodynamic 

exertion on the cylinder. The research results are significant to the design and 

aerodynamic analyses of bluff structures subjected to shear flow.  

6.2  Governing equations and numerical methodology 

The fluid flow is incompressible and the flow has a low Reynolds number, i.e., 

𝑅𝑒 < 200 . It is also assumed there is no heat conduction involved. The governing 

equations for the flow passing over a cylinder can be expressed as: 
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where 𝑥𝑖 are the Cartesian coordinates corresponding to the system shown in Fig. 6.1, 𝑢𝑖 

are the velocity components, p is the pressure, Re is the Reynolds number based on the 

free stream velocity 𝑈𝑐, and D is the diameter of the cylinder. The Reynolds number Re is 

defined as: 

𝑅𝑒 = 𝜌𝑑𝑈𝑐/𝜇         (6.3) 

where ρ and 𝜇 are the density and viscosity of the fluid, respectively. 
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Figure 6. 1 Model of a cylinder-plate system in a linear shear flow with geometries in a 

Cartesian coordinate system 
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In Fig. 6.1, 𝐺𝑢 represents the velocity gradient along the y direction. The velocity of 

the flow applied to the cylinder is defined as:  

𝑈 = 𝐺𝑢𝑦 + 𝑈𝑐         (6.4) 

where 𝑈𝑐 is a constant designating the average velocity of the approach flow, i.e., the 

velocity at y = 0. 

In Fig. 6.1, 𝐺𝑠 is the separation gap between the back surface of the cylinder and the 

front frontier of the detached plate. L in the figure represents the length of the detached 

plate. The center of the cylinder is located at 𝑥 = 0 and 𝑦 = 0 with its axis perpendicular 

to the direction of the shear flow.  

The detached plate has a thickness of h=0.02D. The plate is thin compared with the 

diameter of the cylinder. The plate is placed horizontally downstream along the centerline 

of the computational domain, which passes precisely through the center of the cylinder.  

With the two dimensional cylinder-plate system, the length of the plate is set as L=D, 

and the computational domain is selected according to the location of the detached plate 

so it prevents the inlet and outlet boundaries from affecting the core flow quantities. The 

flow in the computational domain is triggered by the linear shear approach flow shown in 

Fig. 6.1. The cylinder and the detached plate are considered rigid and the nonslip 

boundary conditions are applied on their surfaces. 

6.3 Numerical methodology 

The numerical solutions for the flow field, including the pressure and velocity fields, 

are obtained via the Semi-Implicit Method for Pressure-Linked Equations (SIMPLE) in 

solving the two dimensional incompressible Navier-Stokes equations presented in Eqs. 
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(6.1) and (6.2). In order to perform the transient numerical calculations, the first order 

implicit scheme is applied for temporal discretization. The convection term is discretized 

by using the second order upwind scheme. A Dirichlet boundary condition is applied at 

the inlet position; where 𝑢1 = 𝑈, and 𝑢2 = 0 . The outlet boundary is handled with 

utilization of a convective boundary condition (Pauley, 1990), which allows the vortices 

to smoothly pass from the outlet.  

0i iu uct x
∂ ∂

+ =
∂ ∂

     ( 1, 2)i =    (6.5) 

where c is the average exit velocity. The top and bottom boundaries are no-slip moving 

walls with the same velocity as at the inlet. The time step selected for the calculations is 

/ 0.06tU Dc∆ =  as per the suggestions made Kwon and Choi (1996), corresponding to

4CFL ≈ , which is defined as: 

yx u tu t
CFL

x y

∆∆
= +

∆ ∆
         (6.6) 

where 𝑢𝑥 and 𝑢𝑦 are the velocity magnitudes along x and y directions, respectively, ∆𝑡 is 

the time step and ∆𝑥  and ∆𝑦  represent the length interval along x and y directions, 

respectively. 

To obtain accurate and reliable numerical results without excessive computational 

cost, an appropriate mesh of the model is crucial. In Fig. 6.2, the whole computational 

domain is divided into three sections according to the variation of the flow field. The 

flow near the cylinder and plate is the focus. In this section, a fine mesh is designed. In 

Fig. 6.2, boundary layers of much finer mesh are designed at the vicinities near the 

cylinder and the plate, so the responses of the flow at the areas can be accurately 

obtained. In the wake region, the vortex would shed and spread downstream. Hence, in 
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this region, fine meshing is also necessary. Outside of the two regions, the flow is 

relatively flat and plays a less important role. Thus, coarse meshes are assigned in Fig. 

6.2. 
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Figure 6. 2 Mesh for 𝐺𝑠/𝐷 = 2.0, 𝐿 = 𝐷 (Total nodes: 79998; Total elements: 83192) 
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In Table 6.1, all of the numerical test cases considered are presented with the 

numerical simulation parameters.   
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Table 6. 1 Simulation Cases 

Test cases Re A/D B/D C/D 𝛽 
𝐺𝑠/𝐷 
0.1 100, 150  -5 21.6 5 0.05, 0.1, 0.15, 0.2 
0.2   21.7   
0.3   21.8   
0.5   22   
1.0   22.5   
1.5   23   
2.0   23.5   
2.3   23.8   
2.5   24   
2.6   24.1   
2.7   24.2   
2.8   24.3   
2.9   24.4   
3.0   24.5   
3.2   24.7   
3.5   25   
4.0   25.5   
4.5   26   
 

*A, B, and C represent the x coordinate of inlet and outlet, and y coordinate of the upper 

boundary, respectively. Re is Reynolds number and 𝛽 is the shear parameter. 
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6.4 Results and numerical analyses 

Based on the cylinder-plate model established with the conditions and parameters 

determined in the previous section, numerous numerical simulations are performed to 

investigate the dynamic behavior around the cylinder, the development and stabilization 

of the vortex shedding at the vicinity of the system, and the exertion applied on the 

cylinder. Beside the Re number, another important nondimensional number used for the 

analyses is the shear parameter, which measures the non-uniformity of the shear flow and 

is defined as: 

𝛽 = 𝐺𝑢𝐷/𝑈𝑐         (6.6) 

The analyses based on the numerical simulation results lead to the following findings: 

6.4.1 Vortex shedding in the wake flow 

The Strouhal number is an important factor when analyzing vortex and vortex 

shedding. The Strouhal number varies with the position of the splitter plate. Fig. 6.3 

shows the variation of the Strouhal number 𝑆𝑡, defined as 𝑆𝑡 = 𝑓𝐷/𝑈𝑐, with a separation 

distance corresponding to different shear parameter and different Reynolds numbers.  f in 

the expression represents the vortex shedding frequency.  
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Figure 6. 3 Variation of Strouhal number with shear separation distance (β=0.1) 
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In Fig. 6.3, for the case of 𝑅𝑒 = 150 and 𝛽 = 0.1, the Strouhal number decreases as 

the detached plate moves apart from the cylinder. At the position where 𝐺𝑠/𝐷 ≈ 1.0, the 

Strouhal number reaches a local minimum or a critical point and then increases slowly as 

the plate is placed further from the cylinder. After 𝐺𝑠/𝐷 ≈ 3.0, the Strouhal number 

remains a stable state and possesses a value which is more or less the same as without 

applying a plate.  

The application of the detached splitter plate may significantly reduce the Strouhal 

number compared with the unmodified condition in which no detached plates are 

considered and St = 0.183, or reduce the frequency of the vortex shedding, so long as the 

separation distance represented by G/d is below the critical value. 

6.4.2 Effects of shear parameter and detached plates on the variations of 

stagnation point location  

The stagnation point is critical in analyzing the fluid flow over the surface of a bluff 

body (Li, 1957). The distribution of the pressure coefficient along the cylinder surface is 

determined and plotted in Fig. 4. In the figure, the pressure coefficient is defined as: 

𝐶𝑝 = 𝑝 − 𝑝∞ 𝑞∞�                     (6.7) 

where p is the static pressure, 𝑝∞  is the freestream static pressure and 𝑞∞  is the 

freestream dynamic pressure. The distribution of the pressure coefficient along the 

cylinder surface is determined and plotted in Fig. 6.4. In the figure, the angle theta is 

measured from the negative x axis (theta equals zero) to the positive x axis (theta equals 

180 degrees), denoted in Fig. 6.1.  
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Figure 6. 4 Comparison of the pressure distributions in uniform flow and shear flow with 

and without detached plate (Re=150, 𝛽 = 0.1) 
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In Fig. 6.4, the linear shear flow varies the distribution of the relative pressure along 

the cylinder surface. The relative pressure becomes higher, compared to uniform flow, 

especially on the windward surface of the cylinder in the linear shear flow in Fig. 6.1. 

When the shear flow is considered in Fig. 6.4, the stagnation point is also moved to a 

higher position, with the shear parameter. One may also conclude from the numerical 

results shown in Fig. 6.4 that the application of a detached plate makes no noticeably 

change on the distribution of the relative pressure and value of 𝐶𝑝, nor the change of 

stagnation point position, in comparison with the case without a detached plate. 

As recognized by Cao et al (2007), the movement of the stagnation and separation 

points are deemed significant phenomena for shear flow over a circular cylinder. The 

location of the stagnation point along the surface of the cylinder corresponding to 

different shear parameters is shown in Fig. 6.5 for shear flow over a circular cylinder with 

a detached plate. The location of the stagnation point along the surface of the cylinder 

corresponds to different separation distances shown in Fig. 6.6. The flow stagnation point 

is not located at θ = 0 in the shear flow. This is different from the uniform flow. 
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Figure 6. 5 Movement of stagnation point with separation distance at Re=150 
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Figure 6. 6 Movement of stagnation point with shear parameter at Gs/D=1.0 
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Figs. 6.4, 6.5 and 6.6 show the stagnation points move to the high-velocity side in 

shear flow, and the stagnation point angle increases almost linearly with the shear 

parameter of the Reynolds numbers. The movement of the stagnation point is influenced 

more by shear parameters than the investigated Reynolds number. The employment of the 

detached plate under different separation distances has little to do with movement of the 

stagnation point.  

6.4.3 Effects of shear parameter and detached plate on the aerodynamic forces 

The aerodynamic forces, including lift and drag forces, are investigated and 

compared for the cases with and without a detached plate. In the following figure, the 

stabilized lift forces with time are demonstrated for the cases with and without 

application of the thin detached plate. 
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Figure 6. 7 Lift forces varying with time (Re=150, 𝛽 = 0.1, 𝐿 = 𝐷) for the cases with and 

without detached plate 
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In Fig. 6.7, the lift force can be drastically reduced by about 80% during the 

application of a detached plate in the flow region. This is because the vortex formation 

behind the cylinder is suppressed by the detached plate so the vortex will shed behind the 

back end of the plate instead of the cylinder. However, when the detached plate is placed 

too far away from the cylinder, as presented in Fig. 6.3, 𝐺𝑠 = 4.5𝐷, the magnitude of the 

lift force almost remains unchanged, which implies the detached plate no longer modifies 

the upstream flow. This can be understood by the vorticity contour presented below. Due 

to the shear flow, the time-average lift force will not remain zero like the uniform flow, 

because the time averaged pressure distribution on the high and low velocity sides are no 

longer symmetrical. Instead, the time averaged lift force will go toward to the lower 

velocity side. The variation of the drag force after applying the detached plate is evident. 

As demonstrated in Fig. 6.8, when the detached plate is placed at a proper position, 

𝐺𝑠 = 1.0𝐷, the drag force can be reduced by approximately 13%. Also, when the plate is 

further placed downstream from the cylinder, the magnitude of the drag force varies little 

from without the plate. 
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Figure 6. 8 Stabilization of drag forces with time (Re=150, 𝛽 = 0.1, 𝐿 = 𝐷) for the cases 

with and without detached plate 
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As seen in Figs. 6.7 and Fig. 6.8, the separation distance of the detached plate plays 

a key role in reducing the aerodynamic forces acting on the cylinder. For a thorough 

understanding of the phenomenon, the variation of the amplitude of the lift force acting 

on the cylinder with separation distance is shown in Fig. 6.9. 
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Figure 6. 9 Variation of the amplitude of the lift force corresponding to the separation 

distance (β=0.1) 
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In Fig. 6.9, the amplitude of the lift force decreases from G/D=0.0 to G/D=1.0 where 

the lift force reaches its minimum value. The lift force drastically increases with an 

increase in G/D, from its minimum point, and reaches its maximum value. Further 

increasing from this point, the lift force becomes relatively stable where its value is more 

or less the same as without a splitter plate.  

The following conclusions can be drawn from the simulation results shown in Fig. 

6.9: 

1. The application of the detached splitter plate may significantly reduce the lift 

force, provided the separation distance or G/D is within the critical value. 

2. Once the separation distance is beyond the critical value, the lift force almost 

remains constant and the reduction effects of the detached plate are tiny 

compared with the unmodified condition. 
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Figure 6. 10 Variation of the mean lift force with separation distance and shear parameter 

(Re=150) 
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The variation in mean lift force is shown in Fig. 6.10. The mean lift forces are all 

negative, which means the force is acting toward the low velocity side. The magnitude of 

the mean lift force remains almost constant with variation in separation distance. On the 

other hand, when the shear parameter varies, the mean lift force changes significantly.  

6.4.4 Effects of shear parameter and detached plate on vortex shedding pattern  

The vortex shedding and vortex shedding pattern of the systems considered are also 

affected by the application of the detached splitter plate. Fig. 6.11 shows the vortex 

shedding pattern of the system with and without the detached plate. 

In Fig. 6.11(b), where the detached plate is applied, 

• the vortex is shedding from the detached plate, instead of from the cylinder 

directly in the case of Fig. 6.11(a) where no plate it applied;  

• The vortex experiences longer time to shed, when the detached plate is applied; 

• The shedding frequency decrease significantly, when the detached plate is 

applied; 

• In Fig. 6.11(b), the fluid flow between the cylinder and the detached plate 

becomes more stable, which leads to a rapid decrease of the forces acting on the 

cylinder. 
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(a) Unmodified case 

 

(b) Gs=1.0D 

 

(c) Gs=4.5D 

Figure 6. 11 Transient vorticity contour for the cases with and without a detached plate 

(Re=150, 𝛽 = 0.1, 𝐿 = 𝐷)  
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There is, however, a limit to lift force reduction and flow stabilization with the 

application of the detached plate. When the separation distance becomes too large, 

referring to Fig. 6.11(c), the vortex will start to shed directly from the cylinder instead of 

the detached plate, and the forces acting on the cylinder turn back to the larger values as 

in the case where no detached plate is applied.  

When a detached plate is inserted in the flow, the plate directly interferes with the 

vortex if the separation distance is smaller than the length of the vortex. The vortex 

generated from the cylinder interacts with each other in the downstream and sheds from 

the detached plate instead of directly from the cylinder in Fig. 6.11. 
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CHAPTER 7 ACCURACY AND RELIABILITY OF P-T 

METHOD IN STUDYING THE RESPONSES OF NONLINEAR 

DYNAMIC SYSTEMS 

7.1  Introduction 

In this chapter, the accuracy and reliability of the numerical simulations for 

nonlinear dynamical systems are to be studied with the Runge-Kutta and P-T methods. 

The effects of the numerical methods and the numerical calculation conditions on the 

accuracy of the numerical solutions of the nonlinear dynamic systems subjected to 

external excitations are to be analyzed. To evaluate the characteristics of the numerical 

methods, the nonlinear behaviors of a carrier under the excitations of liquid sloshing and 

a vibration system with a hard spring are considered. The continuous semi-analytical 

solutions for the two dynamic systems are developed with employment of the P-T 

method. For investigating the transitions of the systems from regular motion to irregular 

motions, regions of regular and irregular motions are identified and compared with the 

two numerical methods. This research may help provide guidance for using the numerical 

methods and calculation conditions for solving nonlinear dynamic problems and avoiding 

unnecessary errors or incorrect conclusions with numerical approaches. 

7.2 Governing equations for a carrier subjected to liquid sloshing 

The phenomenon of liquid sloshing extensively exists in industries, such as those in 

liquid cargo transportations, missiles and fuel tanks of vehicles. The sloshing liquid 
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within tanks triggers forces and torques imposed on the tanks or fuel containers, which 

may cause negative effects on the carrier motion or vehicles containing liquid cargo or 

fuels and on the structure fatigue life, raising reliability and safety concerns. 

Under certain conditions, mechanical models of sloshing are preferred for their 

fewer requirements in memory and computational time, and the convenience in the 

analysis. Currently there are two kinds of mechanical models, the spring mass and 

pendulum models. The pendulum forms of the mechanical model are widely accepted for 

analogizing the liquid sloshing in a moving container because the natural frequency of the 

pendulum automatically adjusts to changes in the axial gravitational acceleration g. 

Mechanical models are available for simulating the liquid sloshing or wave motion of the 

liquid in a container. A conical pendulum (also called a spherical pendulum) reported by 

NASA (Abramson, 1966; Dodge, 2000) is selected. This mechanical model is nonlinear 

and can be used to analogize the rotary liquid sloshing in a moving axisymmetric 

container or carrier carrying liquid cargo or fuel. Berlot (1959) compared the predictions 

of the model to experimental results. The results for higher and lower frequency 

boundaries were predicted fairly well. The sketch of a conical pendulum model is shown 

in Fig. 7.1. 

  



 

180 
 

 

Figure 7. 1 Conical pendulum model for rotary sloshing 
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The conical pendulum is excited by a simple harmonic translation cosF tw  with 

amplitude F and frequency ω. In the figure, L is the length of the pendulum, and α, β and 

γ are angles measured from the pendulum to the x, y, and z axes of the coordinate system. 

In fact, the oscillation of the pendulum can be designed by only two angles as only two of 

the angles are independent by the trigonometric relationship, 2 2 2sin sin sing a b= + . 

The following assumptions and conditions are applied when developing the 

governing equations: 

1. The container is treated as a rigid object; 

2. The liquid in the container is incompressible and is an ideal Newtonian fluid; 

3. The sloshing amplitude is small so sina  can be approximated as 
3

6
aa -  and 

2

cos 1
2

aa » - ; 

4. The pendulum length relates to the amount of liquid in the container and the 

amount of liquid does not vary during liquid sloshing; 

5. The external excitation applied on the carrier is periodic and applied in the x-z 

plane along the x axis. 

Based on the assumptions and conditions listed above, the governing equations for 

the motion of the pendulum can be expressed as: 

2 2
3 2

2 2

1 cos
6 2

d g g d g F t
dt L L dt L

a a a ab w
æ ö÷ç ÷+ - + + =ç ÷ç ÷çè ø
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2 2
3 2

2 2

1 0
6 2

d g g d g
dt L L dt L

b b b ba
æ ö÷ç ÷+ - + + =ç ÷ç ÷çè ø

    (7-1-b) 

where g is the acceleration of gravity with α and β as the angles of independent variables. 
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The equations above have a solution when 0b = , which represents nonlinear planar 

motion. Under this condition, the governing equation of the pendulum can be further 

simplified for describing the oscillation of sloshing in the container. This simplification 

can be true when the liquid inside the cylindrical tanks is only subjected to lateral 

excitation. The governing equation for the pendulum can be expressed as: 

3 cos
6

g g F t
L L

a a a w+ - =&&       (7-2) 

7.2 Numerical solution developed with P-T method 

To develop the numerical solutions of the nonlinear dynamic system governed by 

Eq. (7-2), the P-T method is used. The P-T method was first introduced by Dai and Singh 

(1997b) in solving linear and nonlinear vibration problems. By introducing a piecewise 

constant argument [ ]Nt
N

, the original continuous governing equations are divided into a 

number of segments, denoted as N , and linearized on each time interval, 

( )/ 1 /i N t i N£ < + , in which a linear dynamic system is developed. In the expression, 

N is a parameter which controls the length of time interval and the accuracy of the 

calculation. The numerical solutions can be sufficiently accurate when N  becomes large 

enough,. The solutions can be continuous within the chosen time domain. In fact, as 

mathematically proved by Dai and Singh (1997a), the relationship between the original 

continuous system and the piecewise constant system can be viewed by the following 

expression: 

[ ]
lim
N

Nt
t

N® ¥
=         (7-3) 
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The solution of the piecewise constant system is theoretically identical to the original 

continuous system, when N approaches infinity. In other words, when N approaches 

infinity, the numerical solutions developed with the P-T method should be the exact 

solution of the original continuous governing equation. 

The P-T method has been applied to solve linear and nonlinear problems in Dai and 

Sigh (2003) that show the high accuracy of P-T method. Later, the P-T method was 

further developed for solving three kinds of multi-degree-of-freedom nonlinear systems 

by Dai (2006). The P-T method is selected, not only for its high accuracy from 

mathematical perspective, but also the inherent merit of P-T method for its better 

representation of the actual physical behavior of nonlinear systems. 

One of the goals of the P-T method is to establish a linear system in each of the time 

intervals.  In order to linearize the equation in each time interval, the nonlinear terms in 

Eq. (7-2) are expanded as per the Taylor series whereas the linear terms of the governing 

equation remain unchanged. With this concept, on the ith time interval 

/ ( 1) /i N t i N£ < + , the following equation is obtained based on the governing equation: 

( ) ( ) ( ), ,i i
gt t f t
L

a a a a+ =&& &       (7-4) 

where 

( ) ( )3, , cos
6 i
gf t F t t
L

a a w a= +&      (7-5) 

For the ith time interval, the local initial conditions, which are known from the 

calculations of the previous intervals, can be given by: 

i i
i d
N

a
æ ö÷ç =÷ç ÷çè ø
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a
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Expand function ( ), ,f ta a&  with a Taylor series to the desired order of accuracy on 

the ith time interval with respect to time /t i N= , so: 

( ) ( )
2 3

[ ]/ [ ]/ [ ]/ [ ]/
[ ] 1 [ ] 1 [ ] ......

2! 3!i i Nt N Nt N Nt N Nt N
g Nt Nt Ntt t f f t f t f t
L N N N

a a
æ ö æ ö æ ö÷ ÷ ÷ç ç ç¢ ¢¢ ¢¢¢+ = + - + - + - +÷ ÷ ÷ç ç ç÷ ÷ ÷ç ç çè ø è ø è ø

&&

          (7-7) 

In considering that most applications of the Runge-Kutta method in the field of 

nonlinear dynamics is 4th order, the 4th order P-T method is employed to satisfy the 

accuracy of the solution. If higher order accuracy is desired, a higher order P-T method 

approach is applicable with more terms added to the right hand side of Eq. (6-7). 

However, a longer computational time would be required should higher order accuracy be 

required. With this operation, Eq. (6-7) is completely solvable based on the existing 

theories of ordinary differential equations. The solution in the ith time interval can be 

generated using the 4th order P-T method as: 

( ) [ ] [ ]
1 0 2 0 1cos sini

Nt Nt
t B t B t A

N N
a w w

é ù é ùæ ö æ ö÷ ÷ç çê ú ê ú÷ ÷= - + - +ç ç÷ ÷ê ú ê úç ç÷ ÷ç çè ø è øê ú ê úë û ë û
 

            
[ ] [ ] [ ]2 3

2 3 4

Nt Nt Nt
A t A t A t

N N N

æ ö æ ö æ ö÷ ÷ ÷ç ç ç÷ ÷ ÷+ - + - + -ç ç ç÷ ÷ ÷ç ç ç÷ ÷ ÷ç ç çè ø è ø è ø
   (7-8) 

where  
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In the expressions above, this solution in the interval of / /i N t i N£ <  is 

continuous. In reality, the solution ( )ta  and its first order derivative ( )ta&  should be 

continuous in all the time intervals considered. With this consideration, the following 

conditions must be satisfied due to the continuity: 

1i i
i i
N N

a a -

æ ö æ ö÷ ÷ç ç=÷ ÷ç ç÷ ÷ç çè ø è ø
,  1i i

i i
N N

a a -

æ ö æ ö÷ ÷ç ç=÷ ÷ç ç÷ ÷ç çè ø è ø
& &    (7-9) 

The above conditions of continuity lead to the continuous solution of the governing 

equation over the entire time range from t0 to any time t considered. This solution is 
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approximate and complete over the time domain considered. The accuracy of the solution 

depend on the selected N value. When N approaches infinity, theoretically, the solution is 

the exact or analytical solution of the system. The solution is considered semianalytical. 

The recurrence relations for numerical calculations may also be determined. For αi+1, one 

may have: 

0 0 32 4
1 1 2 1 2 3cos sini

AA AB B A
N N N N N
w wa + = + + + + +    (7-10) 

With the solution and the recurrence relations above, numerical solutions for the 

oscillations of the pendulum can be conveniently obtained. In Fig. 7.2, the numerical 

result generated by the P-T method is plotted as a solid line with initial conditions: 

0.01a =  radians and 0.0a =&  rad/s. For comparing the results of P-T method with the 

results of the other numerical methods. The numerical results generated by the classical 

4th order Runge-Kutta method is also plotted in the figure presented as a set of selected 

points every several time steps, under the same systematic parameters and initial 

conditions. The time step for the numerical methods is 0.01 s. 
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Figure 7. 2 Comparison of the numerical results (line: p-T method; dot: RK4 method), 

time step 0.01, 0 00.01, 0.0a a= =& , g=8.0, 2.0w= , F=0.01, L=0.5 

  



 

188 
 

From Fig. 7.2, the results generated by the two numerical methods are very close and 

hard to be distinguished by the naked eye. 

The numerical results from the two 4th order approaches with a relatively large time 

step are illustrated in Fig. 7.3 to emphasize the differences between the results of the two 

numerical methods, where the starting time to reduce the effects of the initial conditions 

is 40 s. For the sake of comparison, results of the 4th order Runge-Kutta method with a 

much finer time step (0.01 second) are added to the figure. The results of 0.01 s are 

expected to be much more accurate than those obtained with 0.2 s. 
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Figure 7. 3 Comparison of numerical results generated by P-T method and Runge-Kutta 

method with different time steps, 0 00.01, 0.0a a= =& , g=8.0, 2.0w= , F=0.01, L=0.5 
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In the figure, the solution of Runge-Kutta method with a time step 0.2s is discrete 

and less accurate than the P-T method with a time step of 0.2 and the Runge-Kutta 

method with a time step of 0.01s. Again, the result of the P-T method is continuous over 

the entire time range. In Fig. 6.3, the differences of the results generated by the P-T 

method with a time step of 0.2 and the Runge-Kutta method with a time step of 0.01s are 

very hard to distinguish. Table 7.1 shows the numerical values of the results illustrated in 

Fig. 7.3. 
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Table 7. 1 Comparison of the numerical results generated by P-T and Runge-Kutta 

method 

t RK4(dt=0.2) RK4(dt=0.01) PT4(dt=0.2) 

40.0 -5.313875009482E-003 -9.033512192055E-003 -9.033635915999E-003 

40.4 -3.285332644101E-003 -1.227151574714E-003 -1.227202561091E-003 

41.0 7.162941694065E-003 8.164161337676E-003 8.164101804675E-003 

41.4 -1.072046215520E-003 -5.295793566475E-003 -5.296070008506E-003 

42.0 -3.792648136908E-003 -1.263718759737E-003 -1.263593184244E-003 

42.4 4.804033403913E-003 8.323436408112E-003 8.323791267148E-003 

43.0 -2.351984057832E-003 -6.781291792375E-003 -6.781355630181E-003 

44.0 6.671611409749E-003 9.977114458083E-003 9.977124145567E-003 

45.0 -6.036836349696E-003 -5.866400825844E-003 -5.866426617616E-003 
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From Table 7.1 and Fig. 7.3, the results of the P-T method with a time step 0.2 is 

very close to of the results from the Runge-Kutta method, with a time step 0.01s. The P-T 

method is more accurate and reliable than the Runge-Kutta method, when the same 

system parameter and calculation conditions are considered. Yet, the result of the P-T 

method is continuous and provides a smooth curve. In other words, if fixed accuracy of 

the numerical solution is required, the P-T method may save time in comparison with the 

Runge-Kutta method. 

7.3 Dynamic behavior characterization of the liquid sloshing  

It would be ideal to compare the solutions of nonlinear dynamic systems with 

various system parameters and to determine the type of motion (regular or irregular) 

based on the solutions, for each set of parameters, to evaluate the accuracy and reliability 

of P-T method with the Runge-Kutta method. This could be extremely tedious especially 

when the number of parameters and the range of parameters becomes large. It is 

convenient to have a diagram in which the regular and irregular regions can be plotted 

corresponding to different system parameters. T Periodicity Ratio index (PR) is employed 

to constructing the diagram . 

The PR method developed by Dai and Singh (1997b, 2008) has shown great 

advantage in diagnosing nonlinear behavior such as periodic, quasiperiodic and chaotic 

responses for a nonlinear system. The PR criterion is applied based on Poincare maps of 

the nonlinear system. The overlapping periodic points in the Poincare maps of the system 

are the main focus of the PR approach. For the periodic case, the visible points in a 

Poincare map demonstrating motions over the same period in a Poincare map will 

eventually overlap each other over the time domain. However, for the chaotic or 
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quasiperiodic case, overlapping points range from a few to none in the Poincare map due 

to the fact that they are spread over the phase plane. From this point of view, a criterion 

for analyzing the nonlinear dynamic behavior can be applied to compare the overlapping 

points with the total number of points in the Poincare map. To do this, an index named 

the Periodicity Ratio (PR) is defined as: 

limn
NOP

n
γ →∞=         (7-11) 

NOP denotes the total number of periodic points which are overlapping points and n 

represents the number of points forming the Poincare map. NOP can be obtained by the 

formula shown below: 

{ }
1

2 1

(1) ( )
kn

kl kl
k l

NOP k P X Xζ ζ
−

= =

 
= + ⋅ + 

 
∑ ∏       (7-12) 

( )kz  represents the number of points overlapping the kth point in the Poincare map, 

and ∏ is the symbol for multiplication. klX , klX  and ( )P z  are functions expressed as: 

0 0( ) ( )klX X kT X lTτ τ= + − +       (7-13) 

0 0( ) ( )klX X kT X lTτ τ= + − +         (7-14) 

0 0
( )

1 0
if z

P z
if z

=
=  ≠

       (7-15) 

With the criterion γ defined, if the motion is perfectly periodic, γ equals one. If γ  is 

zero, the motion is  quasiperiodic or chaotic. When γ  falls between 0 and 1, the motion is 

neither periodic nor chaotic. The dynamic behavior of a nonlinear dynamic system can be 

conveniently characterized with this single value criterion. The regions of periodic or 
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regular motion and the regions of chaotic and quasiperiodic motion or irregular motion 

can be identified, corresponding to the system parameters. 

In analyzing the complex behavior of a nonlinear system, it is practically convenient 

to have a diagram in which the regions illustrating regular and irregular responses of the 

system can be plotted with the varying system parameters. The irregular responses of a 

nonlinear system can be directly visualized in reflecting the system parameters. System 

parameters are taken into consideration as the varying parameters to construct a diagram 

showing the regular and irregular regions. The diagram is known as the region diagram 

which has been applied for diagnosing the behaviors of nonlinear system for non-

periodical external excitations in Dai and Wang (2013). 

The regions diagrams can give a convenient and whole view picture of the 

characteristics of the nonlinear systems under varying system parameters. Following this 

diagram, the designers can easily capture the properties of the system under some system 

parameters. The unwanted behaviors can be conveniently detected to be avoided or 

controlled. This may be helpful to the engineering design and practical applications. 

With the PR approach, g and w  in the governing equation Eq. (7-2) are taken as the 

varying parameters and the diagram is shown in Fig. 7.4. The data collected for the 

diagram are based on the numerical calculations of the P-T method with a time step of 

0.001s. In this diagram, 17919 (99 181)´  points are plotted in the diagram and each point 

represents a state of sloshing in the carrier. The blue squares designate irregular regions, 

while the red triangles demonstrate regular regions. The blank regions do not represent 

regular nor irregular motion with PR values in between zero and one. This figure 
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provides a global picture of the characteristics of motion for liquid sloshing in the carrier. 

No phase diagram or Poincare map needs to be plotted when the PR approach is applied. 

  



 

196 
 

 

Figure 7. 4 Regular-irregular region diagram of P-T method (time step 0.001, L=0.5, 

0 00.01, 0.0a a= =& ) 
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The state of motion can be easily identified from the region diagram corresponding 

to any set of system parameters. Take a point from a regular region in the diagram g=8.0, 

2.0w=  as an example. The wave curve of the regular motion in this case is shown in 

Fig. 7.5. The phase diagram of this state of regular motion is shown in Fig. 7.6, for the 

steady state of motion. The motion is regular (perfectly periodic). 
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Figure 7. 5 Wave curve of a regular motion at 0 00.01, 0.0a a= =& , g=8.0, 2.0w= , 

L=0.5, time step: 0.001s 
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Figure 7. 6 Phase diagram of a regular motion at 0 00.01, 0.0a a= =& , g=8.0, 2.0w= , 

L=0.5, time step: 0.001s 
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A case of irregular motion is taken at the point 7.8, 4.0g w= = . The wave curve of 

the irregular motion is shown in Fig. 7.7, and the phase diagram is shown in Fig. 7.8, for 

the steady state of motion. The motion is quasiperiodic in the phase diagram. 

  



 

201 
 

 

Figure 7. 7 Wave curve of an irregular motion at 0 00.01, 0.0a a= =& , 7.8, 4.0g w= = , 

L=0.5, time step: 0.001s 
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Figure 7. 8 Phase diagram of an irregular motion at 0 00.01, 0.0a a= =& , 7.8, 4.0g w= = , 

L=0.5, time step: 0.001s 

  



 

203 
 

The regular and irregular diagram shown in Fig. 7.4 is handy for diagnosing the 

characteristics of a dynamic system. Although the two system parameters are used for 

plotting the diagram, the other system parameters can be considered, if desired. The 

regular-irregular region diagram may become improper with inaccurate or missing 

information if the parameters of the calculation or the numerical method selected are 

different. For the sake of emphasis, Fig. 7.9 shows a regular-irregular region diagram 

plotted with the 4th order P-T method with a larger time step (0.1 s). 

  



 

204 
 

 

Figure 7. 9 Regular-irregular region diagram of P-T method. Time step 0.1s, L=0.5, 

0 00.01, 0.0a a= =&  
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Many points are missing in Fig. 7.9 in comparison with Fig. 7.4. This is mainly due 

to the accuracy reduction caused by the large time step. As a comparison, the same 

diagram is plotted by employing 4th order Runge-Kutta method of time step 0.1s in Fig. 

7.10. Comparing Fig. 7.10 with Fig. 7.9, a significant amount of information is missing in 

Fig. 7.10 in comparison with Fig. 7.4. It is also evident that the diagram in Fig. 7.9 is 

closer to that of Fig. 7.4. The results of the P-T method are more accurate and reliable 

than the Runge-Kutta method, although the time step selected is unreasonably large. 

  



 

206 
 

 

Figure 7. 10 Regular-irregular region diagram of Runge-Kutta method. Time step 0.1, 

L=0.5, 0 00.01, 0.0a a= =&  
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The CPU execution times are recorded for the Runge-Kutta and P-T numerical 

calculations. Table 7.2 shows the CPU execution times for one state of motion or a single 

point in the regular-irregular region diagram. The CPU execution time for the P-T 

method is slightly shorter. Considering 17, 919 points are calculated for the regular-

irregular region diagram, the savings in CPU execution time can be significant. 
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Table 7. 2 Comparison of CPU execution time for the Runge-Kutta and P-T methods 

Numerical method  Time step(s) Iterations CPU execution time(s) 

4th order Runge-Kutta 0.001 1,000,000 0.3900025 

4th order P-T 0.001 1,000,000 0.3576021 

Note: the 4th order P-T method runs 8.3% faster than 4th order RK method. 
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In fact, when numerically determining motion of a nonlinear system, the P-T method 

always provides closer numerical results to the actual nonlinear system, in comparison 

with the Runge-Kutta method. This is even more true when chaotic motion is considered. 

Consider a nonlinear dynamic system with a hard spring. 

7.4 Numerical simulation with P-T method for a nonlinear dynamics system 

with hard spring  

A nonlinear dynamic system governed by the following differential equation may 

lead to complex nonlinear motions including chaos. 

3 cosx cx kx A tw+ + =&& &        (7-16) 

This is a mechanical vibration system with a hard spring. In the equation, c is the 

damping coefficient, k represents the spring constant, A is the amplitude of the external 

excitation acting on the system and ω is the frequency of the excitation. 

Eq. (7-16) represents a classical mechanical vibration system belonging to the 

category of the Duffing system. The Duffing equation is an example of a dynamic system 

that exhibits rich and complex dynamic behaviors including chaotic behavior. It has been 

studied for many years, as it is representative of many nonlinear systems (Nayfeh, 1979). 

For this type of system, a remarkable jump phenomenon and other nonlinear behaviors 

can be illustrated (Brennan et al, 2008). The investigation of the Duffing system with 

fractional order can be found in Junyi et al. (2010) in which the period doubling 

bifurcation route to chaos and inverse period doubling bifurcation out of chaos are 

observed. 

In order to employ the P-T method to develop the solution for the system, the 

governing equation is rearranged in the following form: 

http://en.wikipedia.org/wiki/Chaos_theory
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( )3 cos ,x cx kx A t f x tw+ = - + =&& &      (7-17) 

In the time interval [ ] [ ]( )/ 1 /Nt N t Nt N£ < + , using the Taylor expansion with 

respect to [ ]/t Nt N= , the governing equation can be expressed as:  

[ ] [ ]
[ ]

[ ]
[ ]

[ ]
[ ]2 3

/ / / /
1 1
2 3!i i Nt N Nt N Nt N Nt N

Nt Nt Nt
x cx f f t f t f t

N N N

æ ö æ ö æ ö÷ ÷ ÷ç ç ç¢ ¢¢ ¢¢¢÷ ÷ ÷+ = + - + - + -ç ç ç÷ ÷ ÷ç ç ç÷ ÷ ÷ç ç çè ø è ø è ø
&& & (7-18) 

This is a linear system in the time interval and its complete solution can be given by: 
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          (6-19) 

with which the first derivative of the solution can be developed as: 
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where 
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and  
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With the conditions of continuity, continuous semi-analytical and numerical 

solutions can be developed for the dynamic system, through the procedures described: 

/ 31 2 4
1 1 2 2 3 4

c N
i

AA A Ax B B e
N N N N

-
+ = + + + + +     (7-21) 

/ 32 4
1 2 1 2 32 3 4c N

i
AA Ax cB e A

N N N
-

+ = - + + + +&     (7-22) 

In order to compare the results of the Runge-Kutta and P-T methods for this system 

with enough variety, the regular-irregular region diagrams developed by the Runge-Kutta 

and P-T methods are shown in Figs. 7.11 and 7.12, respectively, with employment of the 

PR approach. In the two figures, the green gradient represents the regular motion; the red 

delta denotes the irregular motion. In performing the numerical calculations, the time step 

used for the methods is 0.00314 s which is commonly used in the numerical simulations 

for nonlinear dynamic systems. 
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Figure 7. 11 Regular-irregular region diagram of the 4th order P-T method. Time step 

0.00314s, 1.0, 1.0, (0) 2.0, (0) 0.0k x xw= = = - =&  
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Figure 7. 12 Regular-irregular region diagram of the 4th order Runge-Kutta method. Time 

step 0.00314s, 1.0, 1.0, (0) 2.0, (0) 0.0k x xw= = = - =&  
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A practically small time step is used for the numerical calculations, and the two 

diagrams are identical for most of the points diagnosed in the diagrams. It is also 

recognized in the numerical calculations that all the regular regions (periodic cases) are 

exclusively identical for the methods. However, there are still some points different from 

each other. One such point is at A=8.1, C=0.15, to which the P-T method declares an 

irregular case but the results of the Runge-Kutta method ignore it. Plotting the phase and 

Poincare diagrams for this case in Figs. 7.13 and 7.14, it is clear this is a chaotic or 

irregular case. This implies the Runge-Kutta method may miss some information which 

may lead to an improper conclusion, though the time step is small and a great majority of 

the results are accurate. 
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Figure 7. 13 Phase diagram for a chaotic case at 𝑘 = 1.0,𝜔 = 1.0,𝐴 = 8.1,𝐶 = 0.15, by 

P-T method with time step 0.00314s and initial conditions (0) 2.0, (0) 0.0x x= - =&  
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Figure 7. 14 Poincare map for a chaotic case at 𝑘 = 1.0,𝜔 = 1.0, A = 8.1, C = 0.15 by 

P-T method with time step 0.00314s and initial conditions (0) 2.0, (0) 0.0x x= - =&  
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To further compare the results of the two methods, the wave curves for this case are 

plotted in Figs. 7.15 and 7.16, for the Runge-Kutta and P-T methods. In the two figures, 

the curve of the Runge-Kutta method is significantly different from the P-T method 

where a more accurate solution can be expected. The differences of the two methods 

would be even greater if the first derivatives of the solution were considered. 
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Figure 7. 15 Wave curve for a chaotic case at 𝑘 = 1.0,𝜔 = 1.0, A = 8.1, C = 0.15 by P-T 

method, at steady state, with time step 0.00314s and initial conditions 

(0) 2.0, (0) 0.0x x= - =&  
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Figure 7. 16 Wave curve for a chaotic case at 𝑘 = 1.0,𝜔 = 1.0, A = 8.1, C = 0.15 by R-

K method, at steady state, with time step 0.00314s and initial conditions 

(0) 2.0, (0) 0.0x x= - =&  
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Though smaller time steps may increase the accuracy of the Runge-Kutta results, the 

numerical method may miss some important information and lead to improper 

conclusions when comparing it with the P-T method. In fact, according to Fig. 7.16, some 

information may still be missed with the Runge-Kutta method in the cases where the time 

steps are further reduced. 
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a: time step 0.0000628s 

 

b: time step 0.0000314s 

Figure 7. 17 Wave curve for a chaotic case at 𝑘 = 1.0,𝜔 = 1.0, A = 8.1, C = 0.15 by 

Runge-Kutta method, at steady state, with initial conditions (0) 2.0, (0) 0.0x x= - =&  
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In Fig. 7.17, the time step of the Runge-Kutta method is selected 50 and 100 times 

smaller than the P-T method, respectively. The result of the Runge-Kutta method still 

represents a complex periodic motion instead of a chaotic one. From this point of view, it 

is not only a matter of accuracy of the two methods, but also the reliability of them, 

especially when they are applied to deal with systems sensitive to initial conditions and 

system parameters. 

The differences between the two methods are due to the fundamental concepts of the 

two methods. The P-T method maintains more original physics information in the 

governing equation and its solutions which are complete and continuous for each time 

interval. The results are closer to the exact solution of the dynamic system and reflect the 

actual nature of the system. 
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CHAPTER 8 CONCLUSION AND FUTURE WORK 

8.1  Conclusion 

In the study of the effects of interfaces and interactions between multiphase flow and 

solid, theoretical research has been undergoing in a slow pace since these effects involve 

in multi-physical phenomena and are strongly nonlinear and complex. In most of the 

cases, this makes the theoretical research even unapproachable. In addition, a large 

number of factors are involved in the systems and significantly large ranges of variables 

need to be considered. It can therefore be extremely expensive and tedious if 

experimental studies are expected for revealing the results and findings obtained in the 

research of this dissertation (should the experiments are practically applicable). Therefore, 

as a new “third approach” studying the whole discipline of interfaces and interactions 

between multiphase flow and solid, numerical simulation has gained great popularities 

among researchers and engineers and has been well accepted by the peer researchers, as it 

quantitatively and synergistically complements the other two approaches of pure theory 

and pure experiment. In fact, the numerical investigations and the results generated by the 

numerical approaches are the common practices and well accepted in the field for 

studying the systems considered in the research. Furthermore, instead of providing 

discrete values from experimental tests and measures, numerical investigations usually 

provide the values under the continuous variations of the system. Nevertheless, numerical 

investigation requires verifications as shown in this dissertation.  

The findings and conclusions obtained in the research works of this dissertation can 

be summarized for the engineering systems considered.  
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Carrier subjected to liquid slosh and external excitations 

Considering the sloshing of liquid, the effects of liquid viscosity and gravity on the 

three dimensional nonlinear sloshing of the liquid in a carrier subjected to periodic 

excitations are investigated. When the amplitude of the external excitation is properly low, 

the sloshing in the carrier can be either periodic or quasiperiodic. The sloshing can be 

stabilized and reduced to periodic when the liquid viscosity is large enough. Resonance 

from liquid sloshing occurs under certain conditions. The amplitude of the sloshing is 

nonlinearly increasing with the reduction in gravitational acceleration. The liquid 

sloshing can be unstable and volatile if the gravitational acceleration reaches a low value. 

However, the effect of varying gravitational acceleration on the frequency of the sloshing 

is insignificant as per the research results. The findings are significant to research on 

liquid sloshing in a carrier and the design of aerospace vehicles carrying liquid cargo or 

liquid fuel. The simplified mechanical model is a fast and convenient way to investigate 

the effects of the key parameters on the motion of liquid sloshing, yet the detailed 

information about the interfaces and the interactions are ignored.  

Oil slug mobilization and flow in a capillary model 

To perform a full investigation considering the interface and interaction of 

multiphase flow, the motion and mobilization of oil slug trapped in water-saturated 

capillary tube is studied. A numerical model with associated governing equations was 

established for quantitatively analyzing the mobilization and motion of an oil slug in an 

axisymmetric capillary model subjected to external water injections. The application of 

the level set and projection methods is effective in developing the numerical solutions. 

The phenomena found in the numerical investigations and the trend of the pressure 
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difference variations obtained during the oil slug mobilization agrees with the 

experimental results available in the literature. The approach of investigating the oil slug 

mobilization is not found in the literature. With the findings, the following conclusions 

are significant in practice and difficult to acquire from experiments. 

1. The existence of water film during the process of oil slug mobilization is evident, and 

the shape and thickness of the water film varies in the process of oil slug mobilization. 

The shape variation of the front end of the oil slug follows the sequence of 

hemispherical  slender and pointed  nearly hemispherical, whereas the back end 

of the oil slug changes the shape in the sequence of hemispherical  round blunted 

 nearly hemispherical. The water film developed in the mobilization finally 

stabilizes the motion of the oil slug subjected to the pressure generated by water 

injected. 

2. The pressure difference across the two ends of the tube is drastically affected by the 

size, shape, and thickness of the water film surrounding the oil slug during the oil 

slug mobilization, and the relationship between the pressure difference and the water 

film area surrounding the oil slug can be quantitatively described by the numerical 

model established. The water film provides positive contributions to the mobilization 

and motion stabilization of the oil slug and considerably reduces the pressure needed 

for mobilizing the oil slug. 

3. The maximum pressure difference required for mobilizing the oil slug is linearly 

proportional to the viscosity of the oil. The maximum pressure difference and 

pressure difference at steady state are proportional to the water injection rate. 

However, the oil slug may break if the water injection rate reaches a critical value. 
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4. The thickness of the water film at steady state increases with the increase in water 

injection rate. 

5. The maximum pressure difference increases with the increase in the length of the 

capillary model. 

The numerical approach presented shows high efficiency in quantitatively analyzing 

the mobilization of an oil slug in the axisymmetric capillary model. The research results 

contribute to a better understanding of the mechanism of mobilizing oil slugs and oil 

droplets in porous media in the processes of water flooding in petroleum practices. 

However, the tube model considered is rather straightforward. Complex geometries of 

porous media should be applied in future work when revealing the mobilization 

mechanism of single and multiple oil slugs in porous media. Moreover, the interaction 

between the media skeleton and fluids should also be considered in the future for 

matching the conditions in the real world. 

Fluttering plate system 

As a simplified model considering the interface and interaction between fluid and 

structure, the analysis of a fluttering plate subjected high velocity fluid flow is performed. 

The model describes a nonlinear plate system subjected to the nonlinear excitations of 

high speed fluid for diagnosis of the oscillation of the fluttering plate. In order to 

quantitatively analyze the characteristics of the complex system, a new approach based 

on the Periodicity Ratio (PR) method is introduced. Most of the studies on the nonlinear 

behavior with employment of the PR method are for the systems subjected to periodic 

excitations. The present approach constructs the Poincare maps with the maximum 

deflections of the plate. The PR values based on the Poincare sections better reflect the 
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responses of the nonlinear fluttering plate and show advantages in analyzing the behavior 

of the plate system. 

Regular and irregular responses of the fluttering plate subjected to nonperiodic 

external excitations can be efficiently studied. A regular-irregular region diagram for the 

plate system is plotted with the results. Comparing the published results in the literature, 

the experimental results and the regular-irregular region diagram of the present research 

more accurately reflect the behavior of the plate system. Some of the incorrect results in 

the previous publications are also identified. No single plot on the phase diagram and 

wave form diagrams is needed to construct the regular-irregular region diagram. 

Although the regular-irregular region diagram considers the two parameters of the system, 

the region diagrams for the other system parameters can be easily constructed with the 

same approach. 

The newly developed PR method demonstrates a great potential in analyzing the 

response subjected nonperiodic excitations. 

Vortex shedding behind a circular cylinder with control of a detached splitter plate 

To fully study the interface and interaction between fluid and structure, vortex 

shedding behind a circular cylinder and its control by employing a detached plate is 

numerically investigated. For the vortex shedding of the low Reynolds number flow 

investigated, the following conclusions can be drawn:  

1. A detached splitter plate may be used to control the vortex shedding induced by 

the flow passing through a circular cylinder, under the condition that the 

separation distance represented by the G/d ratio is less than the critical value. 
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2. The critical separation distance relates to the position of the splitter plate relative 

to the cylinder and thickness of the plate. A thicker plate may postpone the 

occurrence of the critical G/d, or expand the separation distance in which the flow 

is stable and the lift and drag forces are significantly reduced. 

3. The Strouhal number can be significantly reduced by applying the detached 

splitter plate (approximately 35% reduction under the conditions of the present 

research), provided the G/d ration is under the critical value. A thicker plate may 

contribute to expanding the separation distance range in which the Strouhal 

number may remain low.  

4. With application of the splitter plate, the lift and drag forces exerted on the 

cylinder can be significantly reduced (approximately 95% reduction under the 

conditions of the present research for lift force). The critical G/d ratio is the 

optimal point at which the lift and drag forces are the minimum and flow in 

between the cylinder and the plate remains stable.  

5. The employment of the detached plate plays a positive role in reducing the 

fluctuation of flow quantities, such as the frequency and amplitude of the forces 

acting on the cylinder. However, if the separation distance is beyond the critical 

value, take ℎ = 0.02𝑑  for example in which the critical value is 𝐺/𝑑 ≈ 2.5 at 

Re=212, the positive effect of the detached plate application can be negligible 

compared with the unmodified conditions.  

In general, the effects of the detached plate are determined by the separation distance 

and the thickness of the plate. This can be significant to the design and research when 
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considering the control of the vortex shedding induced by the fluid flow passing through 

bluff structures.  

To approach to more realistic conditions, a quantitative investigation of the effects of 

a detached thin flat plate on the vortex shedding and aerodynamic behavior near a 

cylinder in linear shear flow is conducted. A detached splitter plate applied behind the 

cylinder can be used to control the vortex and vortex shedding induced by the linear shear 

flow passing through a bluff structure. Based on the findings, the following conclusions 

can be drawn: 

• Linear shear flow does affect the vortex and vortex shedding in comparison to 

uniform flow. 

• Linear shear flow may significantly vary the distribution and magnitude of the 

forces acting on the cylinder relative to uniform flow. The time averaged lifting force on 

the cylinder is no longer zero but pointing to the lower velocity side. 

• Due to the asymmetry of linear shear flow, the critical distance (with which the 

forces on the cylinder are reduced) is reduced.   

• Linear shear flow may increase the relative pressure and change the location of 

the stagnation point relative to uniform flow. 

• The effect of the applied plate on the distribution of the relative pressure and 

location of the stagnation point on the surface of the cylinder is negligible. 

• Addition of a detached plate behind the cylinder with a proper separation distance 

between the plate and cylinder may significantly reduce the lift and drag forces acting on 

the cylinder. 

• Addition of a detached plate behind the cylinder may also change the pattern of 
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vortex shedding and reduce the shedding frequency. 

P-T method in studying nonlinear dynamic systems 

The engineering structures widely seen in practice are subjected to shear flow and 

the research findings are significant for engineering design and research of structures 

consisting of bluff bodies. 

The following can be concluded regarding the accuracy and reliability of numerical 

methods solving nonlinear dynamic systems governed by nonlinear differential equations:  

i) When applying the Runge-Kutta method to solve the second order differential 

equation of a dynamic system, the system is completely linearized and simplified into 

two first order differential equations. The linearization and simplification are inherent 

drawbacks damaging the physical meaning contained in the original equation and bring 

about negative effects on the accuracy and reliability of the numerical results; 

ii) The P-T method produces more accurate and reliable solutions in comparison 

with the Runge-Kutta method, with a slightly shorter CPU execution time. The P-T 

method remains the original physics meaning in the governing equation of dynamic 

systems. It is the original physics information maintained in the P-T method that provides 

significant positive correlation with the accuracy and reliability of the results; 

iii) The solutions of the P-T method are directly generated from the original dynamic 

system and continuous over the time domain. This further simplifies the calculations 

involved, and provides availability for further mathematical operations on the solutions 

for any time given, if desired. The solutions provided by the P-T method can be 

considered as semianalytical; 
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iv) Calculations with finer time step usually give more accurate results. However, if 

the time step selected is too small, calculation errors or accumulated errors may increase 

so the accuracy of the numerical calculations may be negatively affected. The optimal 

time step for highest accuracy is always a challenge in numerical simulations. This is 

especially true when nonlinear dynamic systems, which are very sensitive to initial 

conditions and system parameters, are considered. Since the P-T method remains the 

original physics information in the governing equation to the utmost level, the results of 

the P-T method reflect the nature of the dynamic system and close to the exact solution of 

the system. Selecting the time step in the P-T method is not as challenging as that of the 

Runge-Kutta method. 

8.2  Future Work 

The consequent research includes numerical investigations of fluid-structure 

interactions involving fluid flow over a circular cylinder with a detached hinged plate. 

This is a structure commonly seen in civil and aeronautic engineering practices and the 

fluid and structure considered are expected to be coupled. The research falls in the 

following two categories: 

1. Investigations on the nonlinear dynamics of a rigid hinged plate with varying 

Reynolds numbers, from low Reynolds number relating to periodic oscillations of the 

plate to high Reynolds numbers relating to irregular or chaotic oscillations of the plate. 

2. Investigations on the nonlinear dynamics and elastic shape deflection of a flexible 

plate with respect to stiffness and the other varying material properties of the plate. For 
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this flexible plate, the response of the plate to and various Reynolds numbers are also to 

be evaluated. 
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