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Abstract

A pattern is a concatenation of variable symbols and constant symbols. The

language of a pattern is the set of strings generated by replacing the variables of

the pattern with all possible strings. Patterns and pattern languages, introduced by

Angluin, have attracted much attention in the past 35 years.

In this thesis, we study learning the class of erasing pattern languages within

three models of learning: classic teaching, recursive teaching, and query learning

with shortest additional information. In the first model, a teacher chooses helpful

examples to help the learner in the process of learning. We measure the complexity

of a pattern language in this model by the teaching dimension parameter. In the

second model, the teacher and learner cooperate to minimize the number of examples

needed for learning the target and the complexity measure for this model is called

recursive teaching dimension. In the last model, the learner requests information

about the target language. We consider the number of queries asked by an optimal

learner for identifying the target as the measure of complexity.

We investigate the learnability of various classes of erasing pattern languages

like one-variable, regular, constant-free, non-cross, and arbitrary erasing pattern lan-

guages. Our results show that teaching is very inefficient in the sense that the teaching

dimension is unbounded. Also, we found that while in some cases recursive teaching

is much more efficient than teaching, in other cases, the classes of erasing pattern

languages are not learnable with recursive teaching. For learning classes of erasing

pattern languages with queries, we found that giving the shortest string as an initial
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example improves the process of learning for some classes of erasing pattern languages

like one-variable pattern languages, while for the classes of patterns which contain

only constant-free patterns it does not help at all.
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Chapter 1

Introduction

A pattern is a string of constant and variable symbols. The (erasing) language of

a pattern is the set of all strings generated by replacing the variables of the pattern

with strings.1 For example, consider the pattern

π = ATGx1CAAx2AAA

over the alphabet Σ = {A, T,G,C} which represents the Nucleic Acid bases of a DNA.

x1 and x2 represent the variables and the strings ATG, CAA, and AAA represent a

string of constants. The language of π corresponds to the set of all DNA sequences

which start with the sequence ATG, end with the sequence AAA, and contain the

sequence CAA somewhere in between. Let us slightly modify π by using the same

variable twice, i.e., consider π′ = ATGx1CAAx1AAA. The language of the pattern

π′ is a subset of that of π, and it contains only strings of the form ATGwCAAwAAA

where w is a string over Σ. In other words, a pattern generates strings by substituting

strings for its variables, where each occurrence of a single variable must be replaced

by the same string.

As another example, consider the following pattern

1The term “erasing” is used to distinguish this type of pattern languages from the so-called non-
erasing ones, in which it is not allowed to erase a variable, i.e., to substitute it with the empty string.
When using the term “pattern languages”, we refer to erasing pattern languages.
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Author: Angluin x1; Title: Learning patterns x2;Year: 1992

over the alphabet Σ = {a, . . . , z, A, . . . , Z, 0, 1, . . . , 9, ; , :}. The strings generated by

this pattern start with “Author: Angluin ” followed by any empty or non-empty

string, followed by the string “;Title: Learning patterns ”, followed by another arbi-

trary string, and end with “;Year: 1992”. This pattern can be used for entries in a

bibliography entry system. The language of this pattern corresponds to the set of all

bibliography entries which were published in 1992, were authored by Angluin (and

possibly others) and whose title equals or starts with the words “Learning patterns”.

In this thesis, we investigate the learnability of erasing pattern languages with

minimal information. The motivation for this field of study is twofold. On the one

hand, due to their simple and intuitive definition, their interesting properties from a

formal language theory point of view and their numerous applications in text mining

[53] and molecular biology [13, 14, 15, 69, 71, 72], patterns and pattern languages

(which take an orthogonal position in the Chomsky hierarchy [34, 59]), and learning

them have become an object of study for researchers in the last two decades [48, 52].

On the other hand, learning from minimal information can be of interest from a

practical point of view, as sometimes in real world problems the access to information

is limited [76].

Here, we consider two settings for learning: learning from a helpful teacher and

learning by queries. From a theoretical perspective, both of these settings are intrigu-

ing, because they cover different aspects of human learning behavior.

The first setting is similar to a classroom scenario, where a helpful teacher presents

information to the students in a way that it helps them learn the concepts [18]. In

our formal study, we adopt two models of teaching that have been proposed in the

computational learning theory literature, namely the classical model of teaching as

introduced by Goldman and Kearns [27] and the more recent model of recursive

teaching [75]. The number of examples a teacher needs to present is reflected in the
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corresponding two complexity parameters called teaching dimension and recursive

teaching dimension.

In the second setting, for learning a concept, the learner actively seeks information

rather than passively receiving information. One of the most common methods of

learning for children is learning by asking questions which is similar to the setting

studied here.

However, the interest in these settings is not limited to theoretical aspects. These

models can be used in real world applications. Currently, in most cases, randomly

chosen examples are used for adjusting the weights of edges in neural networks, but

using a set of examples which were carefully chosen by a teacher can make a huge

difference in the training time of the network [28]. As another example, consider

a robot which explores an unknown environment for finding an object of interest

[18]. The robot performs an action and receives a response for that action from the

environment. Then based on the responses received so far, the robot decides on the

next action. The procedure continues until the robot finds the object of interest. This

situation is very similar to the second setting mentioned above.

Here, we study one of the variations of learning with queries, called query learning

with additional information. In this model, before the start of the query-answer pro-

cedure, the learner receives one piece of information about the target (one example).

A new and interesting research avenue concerns the properties of this initial example

and the way it affects the process of learning. The final goal is to find a property

for initial examples that accelerates the process of learning. In other words, we want

to find a feature such that choosing initial examples with that special feature helps

the learning algorithm learn the target language with a smallest possible number of

queries. In this study, we considered the length of the initial example, especially the

question of whether providing the shortest string contained in the target language

helps the process of learning or not.
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1.1 Approach and Contributions

This thesis focuses on the learnability of classes of erasing pattern languages, in-

troduced by Shinohara [68], in three models of learning: teaching, recursive teaching,

and query learning with shortest initial example.

In the first part, we determine the teaching dimension and recursive teaching

dimension of subclasses of erasing pattern languages over alphabets of various sizes.

We prove that in most cases there is no bound on the number of examples needed for

teaching a class of pattern languages to the learner. Also, we found out that while, in

comparison to the teaching model, recursive teaching improves the process of learning

for some subclasses of erasing pattern languages, it cannot be applied for learning all

of them. For learning some classes of erasing pattern languages in this model, there

is no upper bound for the number of examples needed and there are some classes in

which this model of learning is not even applicable.

In the second part, we investigate how giving the shortest string in the target

language instead of an arbitrary string, in the model of query learning with additional

information, affects the process of learning. We found that for some cases giving the

shortest initial example accelerates the process of learning greatly and for some cases

it does not speed up learning. For some classes of erasing pattern languages, the

shortest string contained in the target language can be the worst choice as an initial

example. Consider the class of patterns which do not have any constant. The shortest

string for all patterns in this class is the empty string. Therefore, giving the shortest

string does not give any information about the target to the learner. However, if

instead of the shortest string, a different string was given to the learner, it might give

the learner some information about the target.
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1.2 Outline

Chapter 2 presents some background and definitions on pattern languages. In

this chapter, we define the subclasses of erasing pattern languages discussed in later

chapters. Also, we present a summary of the literature regarding four prominent

learning models and briefly mention some of the results obtained so far about learning

pattern languages in these models.

In Chapter 3, we address the problem of learning erasing pattern languages within

the two aforementioned teaching models. We show that in the teaching model, for

learning all classes of erasing pattern languages that we studied, except regular erasing

pattern languages, there is no upper bound on the number of examples needed. For

learning in the recursive teaching model, we prove that some classes like non-constant

one-variable or constant-free one-variable pattern languages are learnable with two

examples and one example, respectively. However, some classes like one-variable or

arbitrary pattern languages are not learnable with this model of learning. We also

show that while these results hold for the classes mentioned above regardless of the

alphabet size, for some classes like constant-free non-cross, non-cross, or constant-free

pattern languages, the alphabet size affects the process of learning. Some problems

on the exact number of examples needed for learning some classes of regular pattern

languages in the teaching and recursive teaching models remain open.

In Chapter 4, we investigate the effects of giving the shortest string as initial ex-

ample on the process of learning classes of erasing pattern languages with queries.

We show that for some cases like learning one-variable pattern languages with equiv-

alence and superset queries, providing the shortest strings substantially improves the

process of learning, while for other cases like learning classes of one-variable, constant-

free non-cross, constant-free one-variable pattern languages with subset queries (or

with membership queries), giving the shortest strings does not accelerate the learning

process.
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In Chapter 5, we present a summary of the results obtained in this thesis and

some open problems in this field of study.
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Chapter 2

Preliminaries and Background

In this chapter, some basic notions used in this thesis as well as some related

background are presented.

2.1 Patterns and Pattern Languages

In this section, we define the concept of patterns and pattern languages, but before

that we need to define some basic notions.

From now on, we denote the set of all natural numbers by N. We assume a finite

or countably infinite set Σ, called the alphabet, is given, and its elements are called

letters [2]. The free monoid over Σ is denoted by Σ∗. We refer to the elements of

Σ∗ as strings. Σ+ denotes the set of all possible non-empty strings over Σ. The

empty string is denoted by ε. Given two strings w, v ∈ Σ∗, we denote by wv the

concatenation of w and v. We use the same notation when one or both of v and w

are letters from Σ.

The variable set denoted by X = {x1, x2, x3, ...} is a countably infinite set of

variable symbols, which is disjoint from the alphabet. A language over an alphabet

Σ is a set of strings over Σ.

Definition 2.1. [2] A sequence of symbols π ∈ (Σ ∪ X )+ is called a pattern. When

the underlying alphabet Σ is clear from the context, we denote by Π the set of all
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patterns over Σ.

For example, let Σ = {a, b} be the alphabet, then π = x1abx1ax2 is a pattern.

Definition 2.2. A substitution is a morphism σ : (Σ ∪ X )+ → Σ∗ that preserves the

constants. In other words, σ(a) = a, for all a ∈ Σ.

In the previous example, using the substitution σ, where σ(a) = a, σ(b) = b,

σ(x1) = ba, and σ(x2) = b we can generate the string s = baabbaab. In other words,

by substituting the variables of the pattern π with strings ′ba′ and ′b′, we can generate

the string s. Note that all the occurrences of one variable are substituted with the

same string.

Definition 2.3. The language of a pattern π, denoted by L(π), is the set of strings

generated when applying any substitution, i.e. the set {σ(π) | σ is a substitution }.

When the underlying alphabet Σ is clear from the context, LΠ denotes the set of all

pattern languages.

In the literature, this type of pattern language is called erasing pattern language

[68], in contrast to the non-erasing pattern languages, introduced by Angluin [2], in

which substitutions σ always map to Σ+ instead of Σ∗. That means, in a non-erasing

pattern language, a variable cannot be erased from the pattern, while this is allowed

in the notion of pattern language studied in this thesis.

The non-erasing language of the pattern π = x1abx1ax2 is the set LNε(π) =

{aabaaa, babbaa, aabaaaa, . . .}. The erasing language of this pattern is Lε(π) =

{aba, aabaaa, aabaa, babba, abaa, abab, babbaaa, . . .}.

The complement of a pattern language L(π), denoted by L(π), is defined as L(π) =

{s|s ∈ Σ∗ and s /∈ L(π)}.

Definition 2.4. Let Σ be an arbitrary alphabet,

1. A pattern π is called constant-free if π ∈ X+, i.e., if π contains no letters from

Σ [42]. CFΠ denotes the set of all constant-free patterns.
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2. Regular patterns are patterns with no repeated variable. Every variable appears

in such a pattern at most once [68]. The set of all regular patterns is denoted

by RΠ.

3. A pattern is said to be one-variable if it contains at most one variable. The vari-

able (if any) might occur several times [2]. The set of all one-variable patterns

is denoted by Π1.

4. A pattern π is called non-cross if for each variable x in π, no variable other

than x occurs between the leftmost occurrence and the rightmost occurrence of

the variable x. In these patterns, variables do not appear out-of-order [67]. The

set of all non-cross patterns is denoted by NCΠ.

5. A pattern π is called constant-free non-cross if it is both constant-free and non-

cross, i.e., if it is of the form π = xe11 x
e2
2 . . . xenn where x1, x2 . . . , xn are variables

and e1, e2, . . . , en ∈ N are indices [42]. The set of all constant-free non-cross

patterns is denoted by CFNCΠ.

6. A pattern is called non-constant if it has at least one variable. The set of all

non-constant patterns is denoted by NΠ. Note that NΠ = (Σ ∪ X )+ \ Σ+.

Let Σ = {a, b} be the alphabet. The pattern x1x2x1x2 is constant-free, but it

is neither regular nor non-cross. The pattern π = ax1bx2abx3 is a regular pattern

as each variable occurs at most once. x4
1 is an example of a one-variable pattern.

Note that this pattern is a constant-free pattern, as well. Examples of one-variable

patterns that are not constant-free are x1aabx
2
1 and ab. The pattern x1ax

2
1bax

3
2 is

a non-cross pattern and the pattern x3
1x

3
2 is a constant-free non-cross pattern. x1 is

a simple example of a non-constant pattern. Note that strings in Σ+ are the only

patterns that are not non-constant.
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2.2 Learning Pattern Languages

Within this thesis, learning pattern languages means to distinguish any pattern

language L in a given class L of pattern languages from all others in L, using some

given (incomplete) information about L. This information can be in the form of

examples or in the form of queries. Also, here we consider three types of identification:

Exact identification, probabilistic exact identification, and probabilistic approximate

identification.

A method of identification is considered to exactly identify a target language L∗,

if, as its final guess, it outputs a hypothesis L where L = L∗ [5].

For probabilistic approximate identification, two parameters should be set: The

accuracy parameter ε, and the confidence parameter δ. A method of identification

is considered to be probably approximately correct for a target language L∗, if after

receiving some information, it always halts and outputs a language L whose error is

smaller than ε with a probability of at least 1− δ1 [5].

2.2.1 Gold’s Model of Identification in the Limit

The model of identification in the limit was introduced by Mark Gold [26] in

1967. In this model, time is a discrete variable. A positive example is an element

in the target language and a negative example is an element outside of the target

language. In each time step, the learning algorithm (also called the learner) receives

an example and it has to present a hypothesis about the target language which is

consistent with the examples received so far. There are two models of presenting

this information to the learner: Learning from text and learning from informant. A

text for a language L is a sequence of strings s1, s2, s3, . . . belonging to L such that

1Here one assumes a probability distribution D over the set of all strings. The error ε is the
probability mass of the strings in which hypothesis and target differ. The probability of outputting
a certain hypothesis is the probability of a corresponding sample set of input examples (labeled
strings) being sampled from D.
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every string si ∈ L occurs at least once in the text. At each time t, one of these

strings is presented to the learner. An informant for a language presents the learner

with a string at each time t and tells the learner whether the string belongs to the

language or not. Each string in Σ∗ occurs at least once in the informant. Learning

proceeds in infinitely many steps, and if the hypotheses of the learner converge to

a hypothesis (after a time step, the learner outputs the same hypothesis each time)

and it describes the target language correctly, then we say that the target language

is learned. A class of languages is learnable in the limit if there exists a learning

algorithm in such a way that for each language in the class, there exists a finite

number of time steps after which the hypotheses of the learning algorithm converge

to a hypothesis which describes the right language. Many studies have been done on

the learnability of different classes of languages using informant, i.e., using positive

and negative examples [2, 3, 68, 43, 38, 41].

In [26], it has been shown that any class of languages, containing all finite lan-

guages and at least one infinite language, is not learnable in the limit from text, i.e.,

from positive data. This result was taken as a reason for concluding that learning in

the limit from positive data is a weak method for learning and is not of much theoret-

ical interest [3], until in 1980, it was proven by Angluin that the class of non-erasing

pattern languages is learnable in the limit from positive data [1, 3]. Since then, a

large number of studies on learning from positive data have been conducted, see, e.g.,

[41] for a survey.

The same result does not hold for the class of erasing pattern languages. The

decidability of the equivalence problem2 for this class of pattern languages is still open

and the inclusion problem3 for this class is undecidable [35, 54, 64]. Therefore, the

learnability of the subclasses of erasing pattern languages for which the equivalence

2The equivalence problem is to decide, given two patterns π1 and π2, whether or not L(π1) =
L(π2).

3The inclusion problem is to decide, given two patterns π1 and π2, whether or not L(π1) ⊆ L(π2).
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problem is decidable is of much interest to researchers. Shinohara proved that the

class of regular erasing pattern languages is learnable from positive data [67, 68]. In

1989, Wright stated that the class of erasing pattern languages containing at most m

distinct variables is learnable in the limit from positive data [74]. Mitchell generalized

the result presented by Shinohara [67, 68] by showing that the class of quasi-regular4

erasing pattern languages is learnable from positive data. Also, he stated that the

class of erasing pattern languages over a singular or infinite alphabet is learnable in

the limit from positive data [50]. Reidenbach proved that the class of constant-free

erasing pattern languages over an alphabet of size 2 is not learnable from positive

data and as a result, the same holds for the class of all erasing pattern languages over

an alphabet of size 2 [55, 57]. Also, he showed that the class of constant-free erasing

pattern languages over an alphabet of size other than 2 is learnable [58]. However, this

result does not hold for the whole class of erasing pattern languages as Reidenbach

proved that the class of erasing pattern languages is not learnable over an alphabet of

size 3 and 4 [56]. He also pointed out that the class of constant-free non-cross erasing

pattern languages over a finite alphabet of size greater than 1 is learnable in the limit

from positive data [55, 57].

Because of the importance of efficient algorithms for application purposes, the

efficiency of learning pattern languages in the limit was investigated. Angluin [3]

presented some conditions for learning pattern languages efficiently. Based on these

conditions, unless P=NP, the class of pattern languages is not learnable in polynomial

time from positive data because of the NP-completeness of the membership problem5

[69]. However, she proved that the class of one-variable non-erasing pattern languages

is learnable in polynomial time from positive data [3]. In 1982, Shinohara showed that

the classes of regular non-erasing pattern languages and non-cross non-erasing pattern

languages are also polynomial-time learnable in the limit from positive data [67]. The

4A pattern is called quasi-regular if each variable occurs exactly m times, for some m ∈ N.
5The membership problem is to decide, given a pattern π and a string s, whether or not s ∈ L(π).
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statement holds for the regular erasing case as well, as the class of regular erasing

pattern languages is learnable in polynomial time from positive data, as well [67, 68].

2.2.2 Teaching Dimension and Recursive Teaching Dimen-

sion

Teaching is a model of learning by examples. The idea of teacher-directed learning

was first introduced by Goldman et al. in 1989 [29]. In their model of learning a help-

ful teacher chooses the examples. This model is in contrast with other models where

the learner actively requests information or is given some randomly or adversarily

chosen data. Later, a formal model of teaching was devised independently by Gold-

man and Kearns [27], Shinohara and Miyano [66], and Anthony et al. [12]. Goldman

and Kearns proposed a complexity measure for concepts called Teaching Dimension.

Let Σ be the alphabet. Let L be a class of languages and let L ⊆ Σ∗ be a language

in L.

Definition 2.5. A labeled example is a pair (s, l) where s ∈ Σ∗ and l ∈ {+,−}. A

pair (s,+) is called a positive example and a pair (s,−) is called negative example,

for all s ∈ Σ∗.

Let Σ = {a}, then (a,+) is a positive example and (a3,−) is a negative example.

Definition 2.6. [75] A sample is a set of labeled examples. In other words, a set

S ⊆ Σ∗ × {+,−} is called a sample.

Definition 2.7. [75] Let Σ be the alphabet, L ⊆ Σ∗ a language, and S ⊆ Σ∗×{+,−}

a sample. L is consistent with S, if s ∈ L, for all (s,+) ∈ S and s /∈ L, for all

(s,−) ∈ S.

For example, let Σ = {a, b}, then L = {a, b} is consistent with sample S =

{(a,+), (a2,−)}.
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Definition 2.8. [75] The sample S ⊆ Σ∗ × {+,−} is a teaching set for language L

with respect to L, if L is the only language in L which is consistent with S.

Definition 2.9. [75] The teaching dimension of a language L with respect to L is:

TD(L,L) = min{|S||S is a teaching set for L with respect to L}.

The teaching dimension of the class L is TD(L) = sup{TD(L,L)|L ∈ L}.

Example 2.1. Let L be the target class, where L is the class of all singletons and

the empty set. Table 2.1 shows the languages in this class. For teaching any singleton

language, it would be enough to present one positive example to the learner. Therefore,

for teaching L1, the set TS = {(a,+)} would be a teaching set with respect to L and

TD(L1,L) = 1. However, there is no string in language L0, so this language cannot

be taught with positive examples.

For teaching this language the learner needs to receive one negative example for

each singleton language in the class, because otherwise for every finite set S of negative

examples, there exists a language Li, where Li 6= L0 and Li is consistent with S.

Therefore, TD(L0,L) =∞. As a result it is obtained TD(L) = max{1,∞} =∞.

Languages a b c . . .

L0 = {} − − − − . . .

L1 = {a} + − − − . . .

L2 = {b} − + − − . . .

L3 = {c} − − + − . . .
... . . . . . . . . . . . .

Table 2.1: Class of all singletons and empty set

Different variations of teaching models were developed by researchers. In 1992,

Jackson and Tomkins studied the model of teacher-learner pairs. In this model the
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teacher only teaches one particular learner and chooses the examples in a way that

helps the learner most [32]. Freivalds et al. proposed a model of learning from

good examples. In this model, the teacher chooses the examples that best show

the characteristics of the target [22]. The development of such models resulted in

researchers considering the problem of collusion – encoding the target in the examples

in an “unfair” way. There exists no standard definition of collusion that the research

community has agreed on, so instead the researchers often present a definition for valid

teacher/learner pair [76]. Various methods have been suggested for avoiding collusion

(also called coding tricks) like: giving incompatible hypothesis spaces to teacher and

learner [10, 11], the learner should be able to output the correct hypothesis even in

the case that the teacher is substituted with an adversarial one [28], or requiring the

teacher to teach all consistent learners [32].

Salzberg et al. considered a model of learning with helpful teachers where the

teacher presents the smallest example set under which any learner that uses the

nearest-neighbor algorithm learns the target [65]. They have not considered the prob-

lem of collusion. Lange and Wiehagen showed that the class of all non-erasing pattern

languages is learnable with polynomially many good examples [40]. For avoiding col-

lusion, they propose that the learner should be able to learn the target, even when it

is presented with an arbitrary superset of the set of examples chosen by the teacher.

However, they did not present any proof that this approach prevents collusion [28].

Balbach introduced a model of teaching where the hypothesis chosen by the learner

is both consistent with the examples received so far and of minimal complexity [16, 18].

The teacher is aware of this behavior of the learner and can choose the example

accordingly, so the learner learns the target with fewer examples [17]. In [18], the

learner assumes that the teacher does not give unnecessary examples. Therefore, as

the learner knows the teaching dimension of all languages in the class, the learner

chooses its hypothesis from all languages which are both consistent with the sample
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given by the teacher and have a teaching dimension which is at least as large as the

size of the sample [17].

Using the idea introduced in [18], Zilles et al. proposed two new models of coop-

erative learning called subset teaching and recursive teaching. In these models, the

teacher and learner both assume that the other is cooperating to reduce the number

of examples needed. In the subset teaching model, the learner knows the smallest

teaching set for all languages in the class and chooses a hypothesis which not only is

consistent with the sample given by the teacher, but also has a smallest teaching set

which is a superset of the given sample [17, 75]. For proving that no collusion occurs

in this model of learning, in [76] the authors proposed a new notion of collusion.

The idea for recursive teaching is to set an order on the languages in the class

based on the teaching complexity where teaching complexity is determined by the size

of the smallest teaching set. After a language which has lower teaching complexity is

chosen, it is eliminated from the class. Therefore, each language is taught with respect

to the languages with equal or greater teaching complexity [75]. The cooperation of

the teacher and learner in this model is compatible with the definition of teaching

and learning without collusion proposed by Goldman and Mathias [28]. Therefore,

no coding tricks happen in this model [76].

Definition 2.10. (Based on [75]) Let Σ be the alphabet. A teaching sequence for a

class L of languages is a sequence S = ((L1, d1), (L2, d2), . . .) such that

1. The language families Li form a partition of L.

2. For all i, di = sup{TD(L,LΠ\
⋃

1≤j<i

Lj) | L ∈ Li} <∞.

The order of S, denoted by ord(S), is defined by sup{di|i ∈ N}.

Definition 2.11. (Based on [75]) The recursive teaching dimension of a class of

languages L is defined by
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RTD(L) = min{ord(p)|p is a teaching sequence for L}.

Note that, unlike the teaching dimension, the recursive teaching dimension is only

defined for the class of languages, and not for a language in the class.

Example 2.2. Consider the class introduced in Example 2.1. We define the teaching

sequence S on the policy to teach the singleton languages before the empty set. For

teaching a singleton language L, one example w ∈ L would be enough as L is the

only language in L which is consistent with (w,+) with respect to L. Therefore,

for any singleton language L ∈ L, the teaching dimension of L with respect to L is

TD(L,L) = 1.

For teaching the language L0, all the singleton languages have been eliminated from

the underlying class, so the teacher can teach L0 using the empty set. Therefore, the

teaching dimension of L0 with respect to S is TD(L0, S) = 0. As a result the recursive

teaching dimension of L is RTD(L) = sup{1, 0} = 1.

Example 2.3. Let Σ = {a} be the alphabet and let LΠ = {L(x), L(x2), L(x3), . . . }

(the class of constant-free one-variable erasing pattern languages over Σ) be the target

class. We define the teaching sequence based on the length of the patterns, starting

from the shorter ones. Table 2.2 shows the languages in this class.

Languages ε a a2 . . .

L(x) + + + + . . .

L(x2) + − + ± . . .

L(x3) + − − ± . . .
... . . . . . . . . . . . .

Table 2.2: Class of constant-free one-variable erasing pattern languages over Σ

The teaching sequence and the corresponding teaching set of each language with

respect to the sequence proceeds as follows:
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• Patterns of length one: L(x), TS = {(a,+)}.

• Patterns of length two: L(x2), TS = {(a2,+)}.

• Patterns of length three: L(x3), TS = {(a3,+)}.

• Patterns of length four: L(x4), TS = {(a4,+)}.

• . . .

Note that in the original teaching model the set TS = {(a2,+)} could not be a

teaching set for the language L(x2), because the language L(x) is consistent with it, as

well. However, in the recursive teaching model it can be a teaching set because L(x2)

is taught with respect to patterns of greater or equal length. As all pattern languages

in the class need only one example to be taught, RTD(LΠ) = 1.

In 2014, Mazadi et al. studied learning the class of non-erasing pattern languages

over alphabets of various sizes in the teaching and recursive teaching models. They

proved that the teaching dimension for the classes of arbitrary non-erasing pattern

languages and one-variable non-erasing pattern languages is infinite, independent of

the alphabet size. For the class of regular non-erasing pattern languages, they proved

that the teaching dimension for the case of alphabets of size one and infinity is three

and five, respectively. For the class of regular non-erasing pattern languages over an

alphabet Σ, where 2 ≤ |Σ| ≤ 7 they presented a lower bound of five for the teaching

dimension, while for the case 8 ≤ |Σ| <∞, they showed that the teaching dimension

is either five or six [49].

Furthermore, they showed that the recursive teaching dimension of the classes of

one-variable non-erasing pattern languages and regular non-erasing pattern languages

is two, independent of the alphabet size. For the class of arbitrary non-erasing pattern

languages, they proved that when the underlying alphabet is of size one or infinity,

the recursive teaching dimension is infinite and two, respectively. For the recursive
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teaching dimension of this class over alphabets of other sizes, they presented a lower

bound of two [49].

In 2015, Gao et al. investigated the problem of learning linear sets in the teaching

and recursive teaching models. They showed that the class of all constant-free non-

cross erasing pattern languages over an alphabet of size one has an infinite recursive

teaching dimension [25]. Later, Gao et al. presented some examples of infinite classes

of languages where the recursive teaching model was inadequate. They introduced a

new model of teaching called preference-based teaching, where the teacher and learner

agree on a preference relation, which is a strict partial order, on the languages in the

class. The sample given by the teacher only needs to distinguish the target language

from other languages over which the target is not preferred [24].

In this thesis, we investigate the learning of erasing pattern languages in the

original model of teaching and in the recursive teaching model.

2.2.3 Probably Approximately Correct Learning

The Probably Approximately Correct (PAC) model is a learning model in which

the learner returns, in polynomial time, an output which with high probability ap-

proximates the target. This model was introduced by Valiant [73] in 1984.

Let H be the hypothesis space of patterns and C the target class of patterns. The

accuracy of the learning algorithm is determined by an accuracy parameter denoted

by ε and the possibility of the learning algorithm reaching this level of accuracy is

determined by a confidence parameter denoted by δ. The symmetric difference of

two patterns π1 and π2 is the set [L(π1) − L(π2)] ∪ [L(π2) − L(π1)]. In other words,

the symmetric difference of two patterns is the set of all strings which belong to the

language of one of the patterns, but do not belong to the language of both patterns.

Definition 2.12. The target class C is PAC learnable by H, if there is a learning

algorithm A such that for every distribution D on Σ∗, for every 0 < ε, δ < 1, and for
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each π ∈ C, after receiving m independently randomly generated examples, A outputs

the hypothesis h ∈ H with probability at least 1− δ, where m is polynomial in |π|, |Σ|,

1/δ, and 1/ε, and error(h) ≤ ε for the error function

error(h) =
∑

x∈ π∆h

D(x)

where π∆h denotes the symmetric difference of π and h [73, 30].

For a class of pattern languages to be PAC learnable, the learning algorithm should

learn all patterns in the class with all possible distributions on the instance space Σ∗.

In 1989, Kearns and Pitt presented a polynomial-time algorithm which, under

certain assumptions, learns the class of k-variable erasing pattern languages for any

fixed k [36]. These assumptions concern the distribution used for the positive exam-

ples which was restricted to the product distribution and length of the substitution

strings for the variables which was bounded by an a priori determined value. This

second assumption results in all target languages being finite.

Mitchell et al. proved that the class of one-variable pattern languages has infinite

VC-dimension. As a result it can be concluded that this class of pattern languages is

not PAC learnable [20]. In 1998, Reischuk and Zeugmann presented a stochastic finite

learner with high confidence which learns this class of pattern languages [60, 61].

Stochastic finite learning with high confidence is a model of probably exactly cor-

rect learning. In this model the learning algorithm stops after polynomially many time

steps and outputs a hypothesis which with high probability is the target language.

This model, unlike PAC learning, is not completely independent of the distribution

over the instance space and in that sense is weaker than PAC learning. However, in

this model the learner receives only positive examples and the accuracy of its hypoth-

esis is measured with respect to all instances in the instance space, so from that point

of view, it is stronger than PAC learning [60, 61].

The stochastically finite learner presented by Reischuk and Zeugmann learns the
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class of one-variable pattern languages from positive data and for a large class of

natural distributions. Their learning algorithm runs in time linear in the length of

the target pattern and while it learns iteratively, by giving a confidence bound and

some information about the distributions, the number of iterations of the algorithm

can be calculated in a way that within the confidence bound, the hypothesis outputted

by the learning algorithm is perfectly correct [60, 61].

In 1998, Rossmanith and Zeugmann presented a stochastic finite learner for the

class of k-variable pattern languages by analyzing the iterative learner in the limit

suggested by Lange and Wiehagen [40]. Unlike the algorithm presented by Kearns and

Pitt, the running time of this stochastic finite learner depends singly exponentially on

k. Also, if some natural bound for the distribution is given as input to the learning

algorithm, it can learn the class of k-variable pattern languages for a large class of

distributions. Furthermore, as in the case of the stochastic finite learner suggested by

Reischuk and Zeugmann, the number of iterations of the algorithm can be calculated

[62, 63, 19].

2.2.4 Query Model

The query model is a model of learning where the information about the concept to

be learned is in form of answers to queries e.g., a query of the type “does the string w

belong to the target language?”, which is called a membership query. This model was

first introduced in 1981 by Angluin who proved that, given a representative sample,

regular sets are polynomially learnable using membership queries [4]. In this model,

unlike Gold’s model of learning in the limit, the process of learning halts after finitely

many steps after which the learner outputs its one and only hypothesis. Therefore,

query learning is also called ‘one-shot’ learning [39]. This difference between Gold’s

model of learning and query learning has attracted the attention of researchers [37,

21, 70, 9, 43]. However, in recent years some studies have been done on the similarities

21



in the characteristics of these two models and in some studies, combinations of these

models have been suggested [43, 45, 44, 33].

Let LΠ be a class of pattern languages and let L(π) ∈ L be the unknown language

which needs to be identified. Then L(π) is called the target language and LΠ is called

the target class or hypothesis space.

In this model, the query learner is a learning algorithm that asks queries of a

specified kind and, based on the replies to the previous queries, either generates

another query or halts and outputs its one and only hypothesis [39]. This hypothesis

should be from the hypothesis space.

The answers to the queries are provided by a truthful oracle. After asking a

finite number of queries, the query learner should output its hypothesis which should

correctly describe the target language [7]. A string given as input of the query is called

the input string. If the input is a set of strings then it is called the input language.

In Angluin’s model of learning by queries, the input language should belong to the

target class of languages [7].

The query learner can only ask queries of specified types. Membership query,

equivalence query, subset query, superset query, disjointness query, and exhaustive-

ness query are types of queries introduced by Angluin [5, 7].

Definition 2.13. [5] A membership query is a query of the form “Is w ∈ L∗?” for a

specific w ∈ Σ∗, i.e., the input is a string w. The oracle responds with ‘yes’ if w ∈ L∗

and ‘no’, otherwise.

For example, let Σ = {a, b} and let the target language be L(ax1). If the query

learner queries the string ′ba′, then the oracle’s answer will be ‘no’, because ba /∈

L(ax1) and if the query learner queries the string ′abb′ then the oracle answers ‘yes’

as abb ∈ L(ax1).

Definition 2.14. [5] An equivalence query is a query of the form “Is L = L∗?” for

a specific L ∈ L, i.e., the input is a language L from the hypothesis space. The oracle
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responds with ‘yes’ if L = L∗ and ‘no’, otherwise. In addition, the answer ‘no’ is

accompanied by a counterexample, i.e., a string w in the symmetric difference of L

and L∗. For a restricted equivalence query, no counterexample is provided.

Now as an example, let Σ = {a, b} and let the target language be L(abx1a) and

the input language for an equivalence query given by a query learner be L(ax1a).

The oracle answers this query negatively and returns any string in the symmetric

difference of L(ax1a) and L(abx1a), such as, e.g., the string ′aaa′.

Definition 2.15. [5] A subset query is a query of the form “Is L ⊆ L∗?” for a

specific L ∈ L, i.e., the input is a language L from the hypothesis space. The oracle

responds with ‘yes’ if L ⊆ L∗ and ‘no’, otherwise. In addition, the answer ‘no’ is

accompanied by a counterexample, i.e., a string w ∈ L \ L∗. For a restricted subset

query, no counterexample is provided.

For example, let Σ = {a, b} and let the target language be L(ax1a). If the query

learner gives L(abx1a) as input then the oracle’s answer to the query whether L(abx1a)

is a subset of the language L(ax1a), is ‘yes’.

Definition 2.16. [5] A superset query is a query of the form “Is L ⊇ L∗?” for a

specific L ∈ L, i.e., the input is a language L from the hypothesis space. The oracle

responds with ‘yes’ if L ⊇ L∗ and ‘no’, otherwise. In addition, the answer ‘no’ is

accompanied by a counterexample, i.e., a string w ∈ L∗ \L. For a restricted superset

query, no counterexample is provided.

If, in contrary to the example on subset queries, the target language is L(abx1a)

and the query learner’s input is L(ax1a), then the answer to this superset query is

‘yes’.

Definition 2.17. [5] A disjointness query is a query of the form “Is L ∩ L∗ = ∅?”

for a specific L ∈ L, i.e., the input is a language L from the hypothesis space. The
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oracle responds with ‘yes’ if L ∩ L∗ = ∅ and ‘no’, otherwise. In addition, the answer

‘no’ is accompanied by a counterexample, i.e., a string w ∈ L∗ ∩ L. For a restricted

disjointness query, no counterexample is provided.

For example, let Σ = {a, b} and let the target language be L(ax1a). If the query

learner gives L(bx1a) as input then the oracle’s answer to the query whether L(ax1a)

is disjoint from the language L(bx1a), is ‘yes’.

Definition 2.18. [7] An exhaustiveness query is a query of the form “Is L∪L∗ = Σ∗?”

for a specific L ∈ L, i.e., the input is a language L from the hypothesis space. The

oracle responds with ‘yes’ if L∪L∗ = Σ∗ and ‘no’, otherwise. In addition, the answer

‘no’ is accompanied by a counterexample, i.e., a string w ∈ Σ∗ \ (L∗ ∪ L). For a

restricted exhaustiveness query, no counterexample is provided.

For example, let Σ = {a, b} and let the target language be L(ax1a). If the query

learner gives L(bx1b) as input to an exhaustiveness query then the oracle’s answer is

‘no’ and a string like ′ab′ is returned as counterexample.

Definition 2.19. A class L of languages is polynomially learnable with queries of

a specified type if there is a query learner that learns any language L∗ in L using a

number of queries (of the specified type) that is bounded by a polynomial in the size

of the representation of L∗.

The representation of a target language is the shortest pattern which generates

it. For the sake of comparability of our results, we use the length of the pattern

as reference even when there is a smaller representation of languages for a specific

subclass of patterns. Therefore, in learning pattern languages with queries, the size

of the representation of the target language is always considered to be the length of

the shortest pattern generating it.

In 1986 Angluin showed that the class of all non-erasing pattern languages is

polynomially learnable using restricted superset queries. Also, she showed that the
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class of all non-erasing pattern languages is not polynomially learnable using mem-

bership, equivalence, and subset queries. She presented some results for the class

of regular non-erasing pattern languages. The class of regular non-erasing pattern

languages is polynomially learnable using membership and equivalence queries, while

it is not polynomially learnable using membership, restricted equivalence, and subset

queries [5, 7]. In [6], she presented an algorithm for learning the class of regular

non-erasing pattern languages with polynomially many membership and equivalence

queries. In 1990, she showed that the class of regular non-erasing pattern languages

is not polynomially learnable from equivalence queries [8].

Ibarra and Jiang presented new results for learning non-erasing pattern languages

with equivalence queries. The class of all non-erasing pattern languages is polyno-

mially learnable using equivalence queries, if the oracle always provides the shortest

counterexample, while the class of regular non-erasing pattern languages is not poly-

nomially learnable using equivalence queries, if the oracle always provides the shortest

counterexample [31].

In 1987, Marron and Ko introduced a new variation of query learning, called

query learning with additional information or query learning with initial examples.

In this model of learning which is a combination of Gold’s model of learning with

examples and Angluin’s model of learning by queries, before any query is asked, the

query learner is provided with some positive examples [47]. The rest of the process is

like learning with queries. In [47], Marron and Ko discussed some conditions for the

examples provided for the learner, so that the class of pattern languages with exactly

k variables (for any fixed k > 1) becomes learnable using a finite number of queries.

In 1988, Marron considered the case where the learner is provided with only one

example. He proved that the class of one-variable non-erasing pattern languages is

polynomially learnable using a single initial example and membership queries, if the

initial example is not generated by substituting the variables of the target pattern with
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a substring of the pattern. Also, he presented an algorithm with conditions on the

initial example for learning the class of non-erasing pattern languages generated by a

pattern with exactly two variables using one single example and membership queries.

Then he extended his algorithm to the case of patterns with exactly k variables (for

any fixed k > 2) [46].

Matsumoto and Shinohara showed in [48] that the class of all patterns in which

each variable occurs at most m times is learnable using a single initial example and

membership queries. Further, they showed that this class is not learnable with mem-

bership and equivalence queries, if no initial example is provided.

In this thesis, we propose the model of query learning with shortest example and

study the learnability of classes of (erasing) pattern languages in this model. Learning

with shortest example and queries is a model of learning where the initial example

provided to the query learner is always the shortest string in the target language.

Erlebach et al. investigated the problem of learning one-variable erasing pattern

languages with queries. They showed that this class of pattern languages is polyno-

mially learnable using superset queries [20]. In 2000, Nessel and Lange looked into

the problem of learning some subclasses of erasing pattern languages and in general

the class of all erasing pattern languages. They showed that the class of all erasing

pattern languages is not learnable using membership queries, while it is learnable us-

ing restricted equivalence queries. In addition, they proved that this class of pattern

languages is not polynomially learnable using membership, equivalence, and subset

queries, even if an initial example is given to the query learner before the start of the

learning process. Similar results were obtained for the class of regular erasing pattern

languages. This class is not polynomially learnable using equivalence, membership

and subset queries, either [51, 52].

Furthermore, they proved that the class of one-variable erasing pattern languages

is not learnable using an initial example and restricted superset queries and as a result
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the class of all erasing pattern languages is also not learnable using an initial exam-

ple and restricted superset queries. The class of regular erasing pattern languages is

learnable using membership queries, and polynomially learnable using an initial ex-

ample and membership queries [51, 52]. These results show how giving one example

can accelerate the process of learning by queries. Also, it was proven in [51, 52] that

the class of regular erasing pattern languages is learnable with polynomially many

restricted superset queries.

In 2002, Lange et al. presented another variation of learning with queries. In this

model, called learning with extra (extended) queries, the query learner is permitted

to choose the input of its query from outside of the target class (hypothesis space).

Using this model, they proved that the class of one-variable erasing pattern languages

is learnable from extra restricted superset queries [39].

In [42], Lange and Zilles presented some results for learning erasing pattern lan-

guages from standard queries (Angluin’s queries). Based on the results from [7, 48, 51]

they concluded that the classes of constant-free one-variable, constant-free k-variable,

k-variable, and non-cross erasing pattern languages are not learnable using restricted

superset queries, so they concluded that the class of all erasing pattern languages is

not learnable using this type of queries. Other results obtained from [7, 48, 51] were

that the class of all regular erasing pattern languages is learnable using membership

queries. This class of pattern languages is polynomially learnable using restricted

superset queries [42].

Also, they proved that the classes of one-variable, constant-free k-variable, k-

variable, and non-cross erasing pattern languages are not learnable using restricted

subset queries and as a result the class of all erasing pattern languages is not learnable

using this type of queries, either. The class of regular erasing pattern languages is

learnable using restricted subset queries, while the class of constant-free one-variable

erasing pattern languages is polynomially learnable using restricted subset queries.
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Further, they showed that the classes of one-variable, constant-free k-variable, k-

variable, and non-cross erasing pattern languages are not learnable using member-

ship queries, while the class of constant-free one-variable erasing pattern languages is

polynomially learnable using this type of queries [42].

Moreover, Lange and Zilles discussed some results for learning erasing pattern

languages using extra restricted subset and superset queries. They showed that the

classes of one-variable, k-variable, constant-free k-variable, and non-cross erasing pat-

tern languages are not learnable using extra restricted subset queries. Therefore,

the class of all erasing pattern languages is not learnable using this type of queries.

However, the classes of all regular and constant-free one-variable erasing pattern lan-

guages are learnable using extra restricted subset queries which is a direct result

from learning with standard queries. The classes of one-variable, constant-free one-

variable, 2-variable, constant-free 2-variable, and non-cross erasing pattern languages

are polynomially learnable using extra restricted superset queries and also the class

of regular erasing pattern languages is learnable using this type of queries [42].

While, in the context of learning pattern languages, the results from learning with

extra restricted subset queries are similar to the results from learning with standard

queries, the results from learning with extra restricted superset queries show the

power of learning with extra queries over learning with standard queries.

2.3 Notation

Throughout this thesis, | . | denotes the size of a set and in case of a string, it

denotes the length of the string. For all a ∈ Σ, a0 = ε. Let π ∈ Π be a pattern. π(ε)

denotes the string generated by substituting all the variables of π with the empty

string, i.e., the shortest string in L(π).

Let π ∈ Π be a pattern and |π| = m. Then the symbol in the jth place in α

(at position j) is denoted by π[j] for all 1 ≤ j ≤ m. Furthermore, the subpattern
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of pattern π between position i and j (starting at i and ending at j) is denoted by

π[i : j]. If i < j, then π[i : j] is equal to π[i] . . . π[j], if i = j, it is equal to π[i], and

if i > j, it is equal to ε. For example, let α = ax1bax2abbb. π[1] = π[4] = π[6] = a

and π[3 : 8] = π[3] . . . π[8] = bax2abb, but π[4 : 1] = ε. The subpattern of pattern

π between position i and the last position in π (starting at i and ending at the last

position of π) is denoted by π[i :]. In the previous example, π[4 :] = π[4] . . . π[9] =

ax2abbb.

The set of all erasing pattern languages over an alphabet of size z is denoted by Πz.

For example, Π1 represents the set of all erasing pattern languages over an alphabet

of size one. Since classes of pattern languages over two different alphabets of the

same size are isomorphic under alphabet re-indexing, we assume one fixed alphabet

for each alphabet size, so that this notation is well-defined.
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Chapter 3

Teaching Dimension and Recursive

Teaching Dimension

In this chapter we discuss the teaching dimension (TD) and the recursive teaching

dimension (RTD) of the class of erasing pattern languages. The problem of decid-

ability of the equivalence of two erasing pattern languages in general is still open, so

our results mainly focus on the value of these two parameters in some subclasses of

erasing pattern languages in which equivalence of languages is known to be decidable.

In each section of this chapter, the teaching dimension and recursive teaching

dimension of some classes of erasing pattern languages over a variety of alphabets are

discussed. The values of these parameters for classes of one-variable erasing pattern

languages, regular erasing pattern languages, non-cross erasing pattern languages,

and arbitrary erasing pattern languages are presented respectively in Sections 3.2,

3.3, 3.4, and 3.5 of this chapter. In Section 3.6 we present a summary of the results

discussed in the chapter.

In the following section, some lower bounds on TD and RTD of different classes

of pattern languages are presented.
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3.1 Some Lower Bounds on TD and RTD

In this section, some propositions and lemmas are presented which give some

useful results used in the subsequent sections. The idea of the propositions and their

proofs was taken from Mazadi et al. [49] where similar results were presented for the

class of non-erasing pattern languages.

The following proposition states the necessary number of positive examples in

a teaching set of a singleton language in a class containing all singleton languages.

This result helps later on to determine a lower bound for the TD of classes of pattern

languages.

Proposition 3.1. Let Σ be any alphabet, and let Π be any set of patterns containing

all constant patterns and let w ∈ Σ+ ⊆ Π. Then every finite teaching set for L(w) =

{w} w.r.t. L(Π) contains the labeled example (w,+).

Proof. There are infinitely many strings in Σ+, so Π contains infinitely many constant

patterns. For any finite set TS of labeled examples containing only negative examples,

there exists a constant pattern w′ ∈ Σ+−TS which is consistent with TS. Therefore,

for teaching L(w) at least one positive example is needed and since L(w) = {w},

(w,+) is the only positive example available. So every finite teaching set for L(w)

w.r.t. L(Π) contains the labeled example (w,+).

The next proposition gives a lower bound on the number of positive examples for

non-constant patterns.

Proposition 3.2. Let Σ be any alphabet, and let Π be any set of patterns contain-

ing all constant patterns and at least one non-constant pattern π, L(π) 6= L(x1).

Then every teaching set for L(π) w.r.t. L(Π) contains at least two positively labeled

examples.

Proof. For teaching L(π) a positive example like (w,+) is not sufficient, because one
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positive example is not enough for distinguishing between the constant pattern w and

the pattern π, no matter how many negative examples are provided.

While the previous propositions discussed lower bounds on the number of positive

examples in teaching sets of various pattern languages, the next proposition presents

a lower bound for the number of negative examples.

Proposition 3.3. Let Σ be any alphabet, and let Π be any set of patterns containing

x1, and let π ∈ Π be a pattern such that L(π) 6= L(x1) = Σ∗. Then every teaching set

for L(π) w.r.t. L(Π) contains at least one negatively labeled example.

Proof. For any set TS of labeled examples containing only positive examples consis-

tent with L(π), TS cannot be a teaching set for L(π) because it is also consistent

with L(x1). Therefore, at least one negative example is needed for teaching L(π).

In the following lemmas we discuss a lower bound for the RTD of some classes of

pattern languages. In the next lemma any class of patterns containing all constant

patterns, the pattern x1, and at least another constant-free pattern not equivalent to

x1, generates a class of languages with RTD at least 2.

Lemma 3.1. Let Σ be any alphabet and let Π be an arbitrary set of patterns containing

all constant patterns, the pattern x1, and at least another constant-free pattern not

equivalent to x1. Then, we have

RTD(Π) ≥ 2.

Proof. It suffices to show that no language in this class has a teaching dimension of

one. For reaching this goal an arbitrary set of size one of examples is considered and

reasons are given as to why it cannot be a teaching set for any language in LΠ:

• Let w ∈ Σ∗ and TS = {(w,+)}. If w ∈ Σ+, then TS cannot be a teaching set

as both w and x1 are consistent with it. If w = ε, TS still cannot be a teaching
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set because two non-equivalent constant-free patterns in Π are consistent with

it.

• Let w ∈ Σ∗ and TS = {(w,−)}. Then TS is consistent with at least two

patterns w′ and w′′, where w, w′, w′′ ∈ Σ∗ are pairwise distinct.

Therefore, in either case, TS cannot be a teaching set for a language in LΠ and it

can be concluded that 2 is a lower bound on the recursive teaching dimension of this

class of pattern languages.

The following lemma gives a lower bound for the RTD of the classes of non-

constant one-variable pattern languages over an alphabet of any size z, denoted by

NΠz
1.

Lemma 3.2. RTD(NΠz
1) ≥ 2 for all z ∈ N ∪ {∞}.

Proof. It suffices to show that no language in this class has a teaching dimension of

one. For reaching this goal an arbitrary set of size one of examples is considered and

reasons are given as to why it cannot be a teaching set for any language in the class

of non-constant one-variable pattern languages over an alphabet of size z:

• Assume TS = {(w,+)} where w ∈ Σ∗. It is easy to see that if |w| ≥ 1, both

patterns x1 and wx1 are consistent with TS. In case of w = ε, for all m ≥ 1,

the pattern xm is consistent with TS.

• Assume TS = {(w,−)} where w ∈ Σ∗. It is easy to see that every pattern

containing strictly more than |w| constants is consistent with TS.

Therefore, in either case, TS cannot be a teaching set for a language in LNΠz
1,

for arbitrary z ∈ N ∪ {∞}, and it can be concluded that 2 is a lower bound on the

recursive teaching dimension of this class of pattern languages.
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3.2 One-variable Pattern Languages

In this section we discuss the teaching dimension and recursive teaching dimension

of one-variable erasing pattern languages. It is shown that the teaching dimension

of this class of pattern languages over all alphabets is infinite and that no recursive

teaching sequence for this class of erasing pattern languages exists. Also, we show that

if the constant patterns are removed from the class of one-variable pattern languages

over an alphabet of size one, then this class of pattern languages has an RTD of 2.

The following theorem presents the teaching dimension of classes of constant-free

one-variable and one-variable erasing pattern languages. The idea and proof idea of

this theorem was taken from Mazadi et al. [49] where similar results were presented

for the class of non-erasing pattern languages.

Theorem 3.1. For all z ∈ N ∪ {∞}, TD(Πz
1) = TD(CFΠz

1) =∞.

Proof. Let p0, . . . , pm be m+ 1 distinct prime numbers. Define

P0 =
m∏
i=0

pi

and

Pi = P0/pi, for 1 ≤ i ≤ m.

Based on the numbers P0, P1, ..., Pm define languages L0, L1, . . . , Lm in such a way

that Li = L(xPi), where 0 ≤ i ≤ m. One obtains

For every i, j where 1 ≤ i < j ≤ m : L0 = Li ∩ Lj (3.1)

as P0 is calculated from multiplication of all the given prime numbers while the

numbers Pi, for 1 ≤ i ≤ m, are a multiplication of all given prime numbers except the

ith prime number. Therefore, P0 is a multiple of every Pi, 1 ≤ i ≤ m and the strings

generated by xP0 can be generated by the other patterns xPi i.e., L0 ⊆ Li ∩Lj. Also,

34



the lengths of strings in Li are multiples of p0p1 · · · pi−1pi+1 · · · pm and the lengths

of strings in Lj are multiples of p0p1 · · · pj−1pj+1 · · · pm, so the lengths of strings in

Li ∩ Lj are multiples of p0p1 · · · pm. Therefore, Li ∩ Lj ⊆ L0.

From Condition (3.1) two points can be concluded for teaching the language L0.

First, every positive example taken from L0 will be useless, because all the strings in

L0 are in all other languages, as well. Also, every negative example taken from the

complement of L0 will eliminate only one candidate language, because every string

not in L0 can only belong to one of the other languages. Otherwise, if one string in

L0 belonged to more than one language, then it will be in the intersection of every

pair of those languages, and as a result it will be in L0 which is a contradiction.

Therefore, for teaching L0, a teaching set of size m is needed where each member

of the teaching set is a negative example which belongs to one of the languages

L1, . . . , Lm. The teaching dimension of L0 is m and as m can be arbitrarily high, the

teaching dimension of CFΠz
1 is infinite.

As the presented languages are constant-free, the statement of the theorem follows.

Therefore, there is no upper bound on the number of examples needed for teaching

pattern languages in these two classes of pattern languages. It has been shown by

Gao [23] that for the class of one-variable pattern languages over an alphabet of size

one, no recursive teaching sequence exists. The following theorem was taken from

Gao [23], after just minor modification. In [23] the theorem was only presented for

Π1
1, while here we present a generalized result for Πz

1, where z ∈ N ∪∞.

Theorem 3.2. There is no recursive teaching sequence for Πz
1, where z ∈ N ∪∞.

Proof. Let a ∈ Σ. The idea is to show that any finite teaching set for the constant

pattern language L(a) is consistent with an infinite class Π of patterns, and then show

that Π cannot be recursively taught in finitely many stages.
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Suppose S = ((L0, d0), (L1, d1), ...) were a teaching sequence for the class Π of

erasing patterns over Σ. Let L(a) ∈ Li and let T be a recursive teaching set for L(a)

with respect to S, where |T | = di. Now choose d+ i+ 1 distinct primes

p1 < p2 < ... < pd+i+1

such that d = max{dj | 0 ≤ j ≤ i} and p1 is strictly greater than all the lengths

of the strings in T . Define a pattern π such that L(π) = L(axP ), where P is the

product of the members of any nonempty subset of N0 = {p1, p2, ..., pd+i+1}. All

positive examples in T can be generated by π using the substitution σ(x) = ε. Also,

as P is strictly greater than all the lengths of the strings in T , π cannot generate any

negative example in T .

This implies, in particular, that L(axp1p2...pd+i+1) must occur before Li in S. Since

Condition 3.1 holds for the language L(axp1p2...pd+i+1), the teaching dimension of this

language with respect to the class of languages L(axP ), where P is the product of

the members of a (d+ i)-subset of N0, is at least d+ i+ 1. Therefore, there exists a

(d+ i)-subset N1 of N0 such that L(axP1) occurs before L(axp1p2...pd+i+1) in S, where

P1 is the product of the members of N1.

We can apply the same argument to L(axP1). By applying this argument repeat-

edly we obtain that for some (d + 1)-subset N ′ of N0, L(axP
′
) ∈ L0, where P ′ is the

product of the members of N ′. But the teaching dimension of L(axP
′
) with respect

to Π is at least d+1, and as d+1 > d0, this contradicts the hypothesis that L(a) ∈ Li

with a recursive teaching set of size d.

However, if the constant patterns are removed from the class of one-variable pat-

tern languages, then the RTD of NΠz
1, the class of non-constant one-variable pattern

languages, is 2. Theorem 3.3 addresses the case of unary alphabets, while all other

alphabets are covered by Theorem 3.4.
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Theorem 3.3. RTD(NΠ1
1) = 2.

Proof. Let Σ = {a}. By Lemma 3.2, 2 is a lower bound on RTD(NΠ1
1). It now

suffices to present a recursive teaching sequence for LNΠ1
1 in which every language

can be taught with a teaching set of size 2.

First note that all patterns in this class can be normalized to a form like anxk

where n ≥ 0 and k ≥ 1. We design the recursive teaching sequence S based on the

rule that shorter patterns are taught first and among patterns of the same length,

patterns with fewer constants are taught earlier in the sequence. Thus, a pattern π

of length n with m constants (amxn−m) is taught w.r.t. patterns of length exceeding

n and w.r.t. patterns of length n with at least m constants. In other words, the

sequence proceeds as follows:

• Patterns of length one: {x1}

– Patterns with no constants: x1

• Patterns of length two: {x1x1, ax1, . . .}

– Patterns with no constants: x1x1

– Patterns with one constant: ax1, x1a

• ....

Claim 3.3.1. Let π = amxn−m1 . The set TS = {(am,+), (an,+)} forms a valid

teaching set for L(π) w.r.t. S.

Proof. Assume π′ ∈ NΠ1
1 is a pattern consistent with TS which has not been taught

before π in the sequence. Based on the sequence it can be concluded that π′ is of

length at least n. From consistency of π′ with (an,+) and since π′ contains a variable,

we can deduce that π′ is of length exactly n, so based on the sequence π′ has at least

m constants. The fact that π′ generates the string am shows that π′ has exactly m

constants. Therefore, π′ = π. [� Claim 3.3.1]
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Thus, RTD(NΠ1
1) ≤ 2 and the proof is complete.

Theorem 3.4. RTD(NΠz
1) = 2 where z ≥ 2.

Proof. By Lemma 3.2, 2 is a lower bound on RTD(NΠz
1), where z ≥ 2. It now suffices

to present a recursive teaching sequence for LNΠz
1, z ≥ 2, in which every language

can be taught with a teaching set of size 2.

Note that z ≥ 2. Therefore, Σ contains at least two distinct letters, say a and b.

We design the recursive teaching sequence S based on the rule that shorter patterns

are taught first and among patterns of the same length, patterns with fewer constants

are taught earlier in the sequence. Thus, a pattern π of length n with m constants is

taught w.r.t. patterns of length exceeding n and w.r.t. patterns of length n with at

least m constants. In other words, the sequence proceeds as follows:

• Patterns of length one: {x1}

– Patterns with no constants: x1

• Patterns of length two: {x1x1, ax1, bx1, . . .}

– Patterns with no constants: x1x1

– Patterns with one constant: ax1, x1a, bx1, x1b, . . .

• ....

Claim 3.4.1. Let π ∈ NΠz
1, where z ≥ 2, have length n and contain exactly m

constants. Then TS = {(π[x ← a],+), (π[x ← b],+)} forms a valid teaching set for

L(π) w.r.t. S. Here, π[x ← σ],for σ ∈ Σ,denotes the string resulting from π when

each occurrence of the variable is replaced by σ.

Proof. Assume π′ ∈ Πz
1 such that π′ is of length at least n and if it is of length n,

it has at least m constants and also π′ is consistent with TS. Note that π[x ← a]
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and π[x← b] are strings in a form like w1aw2aw3...wkawk+1 and w1bw2bw3...wkbwk+1

respectively, where k = n −m and for every i, 1 ≤ i ≤ k, wi ∈ Σ∗. Also, note that

both of these strings are of length n. We will show that π′ = π.

From the length of the members of TS it can be concluded that π′ is of length

exactly n, so based on the sequence it has at least m constants. As the members of TS

disagree in n−m positions, it can be concluded that π′ has exactly m constants. By

comparing the two members of TS the exact positions of occurrences of the variable

are determined and they agree with those in π. Therefore, the set TS forms a valid

teaching set for L(π) w.r.t. S. [� Claim 3.4.1]

Thus, 2 is an upper bound on RTD(NΠz
1), where z ≥ 2, and the proof is complete.

Theorem 3.5. TD(NΠz
1) =∞ where z ∈ N ∪ {∞}.

Proof. All the patterns considered in the proof of Theorem 3.1 are non-constant, so

we can conclude TD(NΠz
1) =∞.

3.3 Regular Pattern Languages

In this section, we study the two complexity parameters for the class of regular

erasing pattern languages.

We show that the teaching dimension of regular pattern languages over an alpha-

bet of size one is 3 and the teaching dimension of regular pattern languages over an

alphabet of size greater than one is at least 5. The recursive teaching dimension of

this class of pattern languages over alphabets of sizes one and at least three is 2, while

this problem for this class of pattern languages over alphabets of size two is still open.

In the following a definition of normalized patterns is presented which is used later

on in this section.
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Definition 3.1. A pattern π ∈ RΠ is called normalized (w.r.t. RΠ) if its k′ distinct

variables are named x1, x2, . . . , xk′ (or simply x if k′ = 1) in order of occurrence, and

if there is at least one constant between each pair of variables.

Note that each regular erasing pattern language is generated by some such nor-

malized pattern. Without loss of generality, we assume that all patterns discussed

in this section are normalized. In the following theorem, we discuss the teaching

dimension of regular pattern languages over an alphabet of size one.

Theorem 3.6. TD(RΠ1) = 3.

Proof. According to Proposition 3.2, any teaching set of any non-constant pattern

language L(π), where L(π) 6= L(x), contains at least two positive examples. Based

on Proposition 3.3, every pattern containing a variable x has at least one negative

example in its teaching set. Therefore, a non-constant pattern π containing a variable,

where L(π) 6= L(x), has at least 3 labeled examples in its teaching set and has a

teaching dimension of at least 3. Thus, TD(RΠ1) ≥ 3.

To upper-bound the teaching dimension, first note that all patterns generate the

same language as either an or an−1x for some n ≥ 1 and they should be taught with

respect to all patterns in RΠ1.

Claim 3.6.1. The set TS = {(an,+), (an+1,−), (an−1,−)} forms a valid teaching set

for the pattern language L(an) w.r.t. LRΠ1.

Proof. Assume a normalized pattern π ∈ RΠ1 is consistent with TS. We show that

π = an. From consistency of π with (an−1,−) and (an,+), we can conclude that π

has exactly n constants and from consistency of π with (an,+) and (an+1,−), we can

conclude that π does not have any variables. Thus, π = an and the set TS is a valid

teaching set for the pattern language L(an) w.r.t. LRΠ1. [� Claim 3.6.1]

Claim 3.6.2. The set TS = {(an−1,+), (an,+), (an−2,−)} forms a valid teaching set

for the pattern language L(an−1x) w.r.t. LRΠ1 where n ≥ 2.
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Proof. Assume π ∈ RΠ1 is normalized and consistent with TS. We show that π =

an−1x. From consistency of π with (an−2,−) and (an−1,+), we can conclude that π

has exactly n−1 constants. From consistency of π with (an−1,+) and (an,+), we can

conclude that π has one variable. Therefore, π = an−1x, and TS is a valid teaching

set for the pattern language L(an−1x) w.r.t. LRΠ1. [� Claim 3.6.2]

Claim 3.6.3. The set TS = {(ε,+)} forms a valid teaching set for the pattern

language L(x) w.r.t. LRΠ1.

Proof. The only normalized constant-free regular pattern is x. Therefore, the set TS

is a valid teaching set for L(x) w.r.t. LRΠ1. [� Claim 3.6.3]

Thus, TD(RΠ1) ≤ 3 and the proof is complete.

Before discussing the teaching dimension of regular erasing pattern languages

over an alphabet of size at least 2, we need to present some results about the patterns

in this class. The following lemma presents some patterns satisfying Condition (3.1)

from page 34. This lemma and its proof are taken from [49], after minor modification.

In [49] a very similar result was proven for the class of regular non-erasing pattern

languages.

Lemma 3.3. Let z = |Σ| ≥ 2 and n ≥ 3. Let c2, . . . , cn−1 ∈ Σ+, c1, cn ∈ Σ∗ and let

a, a′ ∈ Σ be two distinct letters. Fix an arbitrary index i ∈ {2, . . . , n− 1}, pick a new

variable y and consider the following patterns:

π0 = a c1x1c2x2 · · · ci−1xi−1 a
′ cixici+1xi+1 · · · cn−1xn−1 a cn

π1 = y c1x1c2x2 · · · ci−1xi−1 a
′ cixici+1xi+1 · · · cn−1xn−1 a cn

π2 = a c1x1c2x2 · · · ci−1xi−1 y cixici+1xi+1 · · · cn−1xn−1 a cn

π3 = a c1x1c2x2 · · · ci−1xi−1 a
′ cixici+1xi+1 · · · cn−1xn−1 y cn

Then the languages Li = L(πi), for i = 0, 1, 2, 3, satisfy Condition (3.1) from page

34.
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Proof. We need to show that L(πi)∩L(πj) = L(π0), for every 1 ≤ i, j ≤ 3. It is easy

to see that L0 ⊂ Li for i = 1, 2, 3 as pattern π0 can be generated by substituting the

variable y in patterns π1, π2, and π3 with letters a, a′, and a, respectively. Therefore,

L(πi) ∩ L(πj) ⊇ L(π0).

Now all that remains is to show that L(πi) ∩ L(πj) ⊆ L(π0). We only prove

L(π1) ∩ L(π2) ⊆ L(π0); the other cases can be proved in a similar way. Let w be a

string where w ∈ L(π1)∩L(π2). From w ∈ L(π2) we can conclude that w has a form

of w = ac1w
′ where w′ ∈ Σ∗. w also belongs to L(π1), so there exists a substitution

string s ∈ Σ+ for the variable y in π1 in such a way that sc1 has a prefix of ac1. So

there is some c1 ∈ Σ∗ with sc1 = ac1c
′ where c′ is also a prefix of w′. Thus w′ matches

c′1x1c2x2...ci−1xi−1 a
′ cixici+1xi+1...cn−1xn−1 a cn

which implies that the string w matches the pattern π0. Therefore, L(πi) ∩ L(πj) ⊆

L(π0) and the proof is complete.

There are at least two variables in the pattern π0 from the previous lemma which

are separated by at least one constant symbol, as we assumed the patterns are nor-

malized. Also, as π0 has constant symbols at its beginning and end, we can conclude

the following result from Lemma 3.3.

Corollary 3.7. Let z = |Σ| ≥ 2, n ≥ 3, and let π be as defined in Lemma 3.3. Then

TD(π,RΠz) ≥ 5.

Proof. Recall that the four patterns π, π1, π2, and π3 from Lemma 3.3 satisfy Condi-

tion (3.1). According to Proposition 3.2, there are at least two positive examples in

the teaching set of L(π) w.r.t. RΠz and from Condition (3.1), it can be concluded that

there are at least three negative examples in the teaching set of π w.r.t. {π, π1, π2, π3}.

Therefore, 5 is a lower bound on TD(π,RΠz) and the proof is complete.
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Now we can give a lower bound for the teaching dimension of the class of regular

erasing pattern languages.

Theorem 3.8. For all 2 ≤ z ≤ ∞, it holds that TD(RΠz) ≥ 5.

Proof. Immediate from Corollary 3.7.

The following theorems concern recursive teaching of the class of regular erasing

pattern languages. The next theorem addresses the recursive teaching dimension of

regular erasing pattern languages over an alphabet of size one.

Theorem 3.9. RTD(RΠ1) = 2.

Proof. By Lemma 3.1, 2 is a lower bound on RTD(RΠ1). It now suffices to present

a recursive teaching sequence for RΠ1 in which every language can be taught with a

teaching set of size at most 2.

Let Σ = {a}. We present a sequence S = (L1,L2, . . .) in which for all i, Li is

non-empty,
⋃
i

Li = RΠ1, and

sup{di|i ∈ N0, di = sup{TD(L,RΠ1\
⋃

0≤j<i

Lj) | L ∈ Li}} = 2.

We define S based on the policy to teach patterns with fewer constants first.

Therefore, patterns with n constants should be taught w.r.t. patterns with at least n

constants. Every regular pattern with n constants and k variables, k ≥ 1, generates

the same language as anx. Thus we need to consider only patterns of the form an

and anx (in case of n = 0 just the pattern x).

Claim 3.9.1. TS = {(ε,+)} forms a valid teaching set for L(x) w.r.t. S.

Proof. The only normalized constant-free regular pattern is x. Therefore, the set TS

is a valid teaching set for L(x) w.r.t. S. [� Claim 3.9.1]
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Claim 3.9.2. TS = {(an,+), (an+1,−)} forms a valid teaching set for L(an) w.r.t.

S where n ≥ 1.

Proof. Let π ∈ RΠ1 be a pattern consistent with TS which has not been taught

earlier in the sequence than an. According to the policy π should have at least n

constants. The fact that π is consistent with (an,+) shows that it has exactly n

constants. From consistency of π with (an+1,−), we can conclude that π does not

have any variable. Therefore, it is obvious that π = an. [� Claim 3.9.2]

Claim 3.9.3. TS = {(an,+), (an+1,+)} forms a valid teaching set for L(anx) w.r.t.

S where n ≥ 1.

Proof. Let π ∈ RΠ1 be a pattern consistent with TS which has not been taught

before anx. According to the policy π should have at least n constants. The fact that

π is consistent with (an,+) shows that it has exactly n constants. By consistency of

π with TS (two positive examples with length difference of one) π has one variable.

Therefore, it is obvious that π = anx. [� Claim 3.9.3]

This completes the proof.

While the RTD of the class of regular pattern languages over an alphabet of size

two is still an open problem, the RTD for the case of an alphabet of size at least

three is 2, as shown in the following theorem.

Theorem 3.10. RTD(RΠz) = 2 where z ≥ 3.

Proof. By Lemma 3.1, 2 is a lower bound on RTD(RΠ3). It now suffices to present

a recursive teaching sequence for RΠ3 in which every language can be taught with a

teaching set of size 2.

We present a sequence S = (L1,L2, . . .) in which for all i, Li is non-empty,
⋃
i

Li =
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RΠ3, and

sup{di|i ∈ N0, di = sup{TD(L,RΠ3\
⋃

0≤j<i

Lj) | L ∈ Li}} = 2.

Let Σ = {a, b, c}. We design the recursive teaching sequence S, according to the

policy that patterns with fewer constants are taught first and among patterns with

the same number of constants, patterns with more variables are taught earlier in the

sequence. Thus, a pattern π with n constants and k ≤ n+ 1 variables is taught w.r.t.

the patterns with more than n constants and w.r.t. patterns with n constants and at

most k variables. In other words, the sequence proceeds as follows:

• Patterns with no constants: {x1}

• Patterns with one constant: {a, b, c, ax1, bx1, . . .}

– Patterns with two variables: x1ax2, x1bx2

– Patterns with one variable: ax1, bx1, cx1, . . .

– Patterns with no variable: a, b, c

• Patterns with two constants: {aa, ab, . . . , aax1, ax1a, x1aa, . . .

– Patterns with three variables: x1ax2ax3, x1bx2bx3, . . .

– ...

• ...

Claim 3.10.1. TS = {(ε,+)} forms a valid teaching set for L(x) w.r.t. S.

Proof. The only constant-free regular pattern is x. Therefore, the set TS is a valid

teaching set for L(x) w.r.t. S. [� Claim 3.10.1]
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Let π be a pattern with n constants and k ≤ n + 1 variables. We define two

strings w1 and w2 based on the pattern π. w1 is a string generated by substituting

all variables in π with the empty string and w2 is a string generated by substituting

all variables in π with different letters than those surrounding the variable, e.g., for

generating w2, the variable x1 in a pattern of form c1x1c2x2 . . . cnxncn+1 is substituted

with a letter c such that c1 6= c 6= c2. Such letters always exist as there are at least 3

distinct letters in Σ.

Claim 3.10.2. TS = {(w1,+), (w2,+)} forms a valid teaching set for L(π) w.r.t. S.

Proof. If π is written in a form like

B1x1B2 · · ·Bn−1xn−1Bn

where for all 1 ≤ i ≤ n, Bi are blocks of constants over Σ and B2, . . . , Bn−1 are

non-empty, then the two strings w1 and w2 will have forms like

B1B2 · · ·Bn−1Bn and B1c1B2 · · ·Bn−1cn−1Bn,

respectively. In case of w2, for all 1 ≤ i ≤ n − 1, ci is a constant different from the

last letter of Bi and the first letter of Bi+1. Note that |w1| = n and |w2| = n+ k.

Now, assume π′ ∈ RΠ3 such that π′ is consistent with TS and it has not been

taught before π. We show that π′ = π.

According to the policy, π′ has at least n constants. From consistency of π′ with

(w1,+) we can conclude that π′ has exactly n constants. Therefore, based on the

policy π′ has at most k variables. Let σ be a substitution that maps π′ to w2. σ

maps the first occurrence of B1 in π′ either to the first occurrence of B1 in w2, or to a

substring in w2 which starts two positions after the start position of first occurrence of

B1 in w2. In the latter case, σ maps the first occurrences of B2 after B1 in π′ to at least

two positions to the right of the first occurrences of B2 after B1 in w2. The argument
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can be repeated for all Bi, 2 ≤ i ≤ n (2 ≤ i ≤ n − 1, in case of Bn = ε). Therefore,

the first occurrence of Bi after Bi−1 in π′ is mapped to at least two positions to the

right of the first occurrences of Bi after Bi−1 in w2, which implies |σ(π′)| > |w|. This

is a contradiction to our assumption that σ maps π′ to w2. Therefore, σ maps the

first occurrence of B1 in π′ to the first occurrence of B1 in w2. This argument can be

repeated for all Bi, 2 ≤ i ≤ n, so σ maps the first occurrence of Bi after Bi−1 in π′

to the first occurrence of Bi after Bi−1 in π′ which is only possible if π = π′.

So π can be identified by two positive examples (w1,+) and (w2,+) and thus TS

is a valid teaching set for π w.r.t. S. [� Claim 3.10.2]

Claim 3.10.3. The set TS = {(w,+)} forms a valid teaching set for the constant

pattern w w.r.t. S.

Proof. Assume π′ ∈ RΠ3 where π′ is consistent with TS and it has not been taught

before the constant pattern w. Note that |w| = n. We show that π′ = w.

According to the policy, π′ has at least n constants. From consistency of π′ with

w, it can be concluded that π′ has exactly n constants, so based on the policy π′ has

no variables and thus π′ = w as it is consistent with TS. Therefore, TS forms a valid

teaching set for the constant pattern w w.r.t. S. Thus, we obtain RTD(RΠ3) ≤ 2

and the proof is complete. [� Claim 3.10.3]

3.4 Non-cross and Constant-free Non-cross Pattern

Languages

In this section, we address the TD and RTD of the classes of non-cross and

constant-free non-cross erasing pattern languages denoted by NCΠz and CFNCΠz,

respectively. First, we discuss the teaching dimension of these classes of pattern
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languages, and then we provide the reader with the results regarding the RTD of

these classes of pattern languages.

The following theorem shows that the teaching dimension of both NCΠz and

CFNCΠz is infinite, for any z.

Theorem 3.11. TD(NCΠz) = TD(CFNCΠz) =∞ where z ∈ N ∪ {∞}.

Proof. Immediate from Theorem 3.1.

In the following, we show that no recursive teaching sequence for the class of

constant-free non-cross erasing pattern languages over an alphabet of size at least

two exists.

We use the result from the following lemma to prove the statement of Theorem

3.13.

Lemma 3.4. Let |Σ| ≥ 2. If n1 < n2 < · · · < nk < nk+1, then the pattern

xn1
1 x

n2
2 · · · x

nk
k x

nk+1

k+1 generates a different language than the pattern xn1
1 x

n2
2 · · ·x

nk
k .

Proof. There are at least two distinct letters in the alphabet, say a and b. The

language generated by pattern xn1
1 x

n2
2 · · ·x

nk
k x

nk+1

k+1 contains strings like an1bn2 · · · cnk+1

where c = a if k+1 is odd and c = b if k+1 is even. Such strings cannot be generated

by xn1
1 x

n2
2 · · ·x

nk
k . The statement of the lemma follows.

Theorem 3.12. There is no recursive teaching sequence for CFNCΠz, where z ≥ 2.

Proof. The idea is to show that no recursive teaching sequence for this class of erasing

pattern languages has a starting point. Let z = |Σ| ≥ 2, so there are at least two

distinct letters in the alphabet, say a and b. Assume that S = ((L0, d0), (L1, d1), . . .)

is a teaching sequence for NCΠz, where z ≥ 2. Let L0 = L(x2
1) ∈ Li0 and let T0 be

a smallest teaching set of L0 w.r.t. S. Let n0 ≥ n where n = max{|wi||wi ∈ T0} and

n0 > 2. Define L1 = L(x2
1x

n0
2 ). Based on Lemma 3.4, L(x2

1x
n0
2 ) generates a different
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language than L(x2
1), but the pattern L(x2

1x
n0
2 ) is consistent with T0, so for T0 to be

a teaching set for L0, L1 should be taught earlier in the sequence.

Let L1 ∈ Li1 where i1 < i0. This step can be repeated for L1, so if T1 is a teaching

set for L1 w.r.t. S and n1 ≥ m where m = max{|wi||wi ∈ T1} and n1 > n0, then a

language L2 = L(x2
1x

n0
2 x

n1
3 ) can be defined which generates a different language than

L(x2
1x

n0
2 ) and is consistent with T1. Clearly L2 should be taught earlier than L1 in

S, so L2 belongs to a class of languages like Li2 such that i2 < i1. By repeating this

process we find a sequence like . . . ,Li2 ,Li1 ,Li0 in such a way that i0 > i1 > i2 > · · · .

However, this sequence is an infinite sequence with no starting point and thus, no

recursive teaching sequence for this class of pattern languages exists.

Theorem 3.13. There is no recursive teaching sequence for NCΠz, where z ≥ 2.

Proof. Immediate from Theorem 3.12.

It has been shown by Gao [25] that the class of constant-free non-cross erasing

pattern languages over an alphabet of size one has an infinite recursive teaching

dimension.

Theorem 3.14. [25] RTD(CFNCΠ1) = RTD(NCΠ1) = RTD(CFΠ1) =∞.

3.5 Arbitrary and Constant-Free Pattern Languages

This section addresses the TD and RTD of the classes of arbitrary and constant-

free erasing pattern languages.

In the next theorem it will be shown that the teaching dimension of the class of

all erasing pattern languages and the class of constant-free erasing pattern languages

is infinite, independent of the alphabet size.

Theorem 3.15. For all z ∈ N ∪ {∞} and all k ≥ 1, TD(Πz) = TD(CFΠz) =∞.

Proof. Immediate from Theorem 3.1.
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In the following theorem, it is shown that there is no recursive teaching sequence

for the class of all erasing pattern languages.

Theorem 3.16. There is no recursive teaching sequence for Πz, where z ∈ N ∪∞.

Proof. Immediate from Theorem 3.2.

The next theorem presents similar results for the class of constant-free erasing

pattern languages over alphabets of size at least 2.

Theorem 3.17. There is no recursive teaching sequence for CFΠz, where z ≥ 2.

Proof. Immediate from Theorem 3.13.

In the following theorem, we present the RTD of the class of constant-free one-

variable erasing pattern languages and show that it equals one. Note that this class

is rather simple – it contains only the languages generated by patterns of the form xi

for some i ∈ N.

Theorem 3.18. RTD(CFΠz
1) = 1 where z ∈ N ∪ {∞}.

Proof. It is enough to show that 1 is an upper bound on RTD, as the lower bound

cannot be less than one.

We design the recursive teaching sequence S based on the rule that patterns with

fewer occurrences of variables are taught first. Thus a pattern π with n occurrences

of the variable is taught w.r.t. patterns with at least n occurrences of the variable.

Claim 3.18.1. The set TS = {(an,+)} forms a valid teaching set for π w.r.t. S.

Proof. Assume π′ ∈ CFΠz
1 where π′ is a pattern with at least n occurrences of the

variable which consistent with TS. We show that π′ = π.

From consistency of π′ with TS we can conclude that π′ should have at most

n occurrences of variables, because otherwise it could not generate the string an.

Therefore, π′ has exactly n variables and π′ = π. So it can be concluded that TS is

a valid teaching set for π w.r.t. S. [� Claim 3.18.1]
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Therefore, 1 is an upper bound on RTD and the proof is complete.

3.6 Summary

In this section, we summarize the results found in the previous sections. These

results are shown in Table 3.1.

Class |Σ| = 1 |Σ| = 2 3 ≤ |Σ| ≤ ∞

Non-constant One-variable Patterns
TD =∞

RTD = 2

TD =∞

RTD = 2

TD =∞

RTD = 2

One-variable Patterns
TD =∞

No−RTS

TD =∞

No−RTS

TD =∞

No−RTS

Regular Patterns
TD = 3

RTD = 2

TD ≥ 5
TD ≥ 5

RTD = 2

Constant-free Non-cross Patterns
TD =∞

RTD =∞

TD =∞

No−RTS

TD =∞

No−RTS

Non-cross Patterns
TD =∞

RTD =∞

TD =∞

No−RTS

TD =∞

No−RTS

Constant-free One-variable Patterns
TD =∞

RTD = 1

TD =∞

RTD = 1

TD =∞

RTD = 1

Constant-free Patterns
TD =∞

RTD =∞

TD =∞

No−RTS

TD =∞

No−RTS

Arbitrary Patterns
TD =∞

No−RTS

TD =∞

No−RTS

TD =∞

No−RTS

Table 3.1: An overview of the teaching dimension and the recursive teaching dimension of the class
of erasing pattern languages and some of its subclasses over alphabets of various sizes

The term No− RTS in Table 3.1 means that no recursive teaching sequence for
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that class of pattern languages exists. In the table, the result for RTD of the class

RΠ2 is blank, as this problem is still open.
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Chapter 4

Query Learning

In this chapter, we discuss the learnability of erasing pattern languages in the

query model with shortest additional information. The focus of this chapter is mainly

on the learnability of subclasses of erasing pattern languages, as the decidability of

the problem of whether two arbitrary erasing pattern languages generate the same

language is still open.

In each of the Sections 4.1, 4.2, 4.3, the learnability of one of the subclasses of

erasing pattern languages in this model of learning is discussed. In Section 4.4 we

present a summary of the results discussed in this chapter.

4.1 One-Variable Pattern Languages

In this section, we address the problem of learning the class of one-variable erasing

pattern languages using the shortest initial example and various types of queries.

The following theorems address the case of restricted equivalence queries.

Theorem 4.1. The class of all one-variable erasing pattern languages over an al-

phabet of size one is linearly learnable with shortest initial example and restricted

equivalence queries.

Proof. Let Σ = {a} and let an be the shortest string in the target language. Every
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one-variable pattern with n constants and k variables generates the same language as

anxk, so we only consider patterns in this form. The query learner finds the number

of occurrences of the variable, using the procedure below. In this procedure, starting

m from zero, the query learner queries patterns with n constants and m variables.

1. Set m = 0.

2. Give the pattern anxm as input for a restricted equivalence query. In case of a

positive answer stop and output the pattern anxm. In case of a negative answer

go to 3.

3. Increase m = m+ 1 and go to 2.

If the target pattern is π′ = anxk
′
, then the number of restricted equivalence

queries needed to identify π′ equals k′+1. Therefore, this class of pattern languages is

linearly learnable using the shortest initial example and restricted equivalence queries.

In the previous theorem, giving the shortest string as initial example is vital,

because when using an arbitrarily chosen string as initial example, quadratically many

restricted equivalence queries are needed for learning the class of one-variable erasing

pattern languages over an alphabet of size one. This is because there are Θ(n2) many

potential target patterns of length ≤ n.

Next, we discuss the learnability of the class of one-variable erasing pattern lan-

guages over an alphabet of size one with superset queries. In the following theorem,

we show that Π1
1 is polynomially learnable using the shortest initial example and

superset queries.

Theorem 4.2. The class of all one-variable erasing pattern languages over an alpha-

bet of size one is learnable with shortest initial example and superset queries.
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Proof. Suppose the initial example provided is an, i.e., the target pattern has the

form anxk, k ≥ 0. First the query learner asks a query for an. If the answer is ‘yes’, it

will output an. If the answer is ‘no’, a counterexample of the form an+i is provided.

This implies that the target pattern must be of the form anxk, 0 < k ≤ i. Second,

the learner ask queries for anx, anx2, . . . , anxi. Finally, it outputs anxk where k ≤ i

is largest such that a positive answer was received or anxi. It is easy to see that this

learner learns each target pattern with superset queries.

For Theorem 4.2, receiving a counterexample is vital. If the query learner doesn’t

receive any counterexample, then it cannot learn all patterns in Π1
1, as is shown in

the following theorem.

Theorem 4.3. The class of all one-variable erasing pattern languages is not learn-

able with shortest initial example and restricted superset queries, independent of the

alphabet size.

Proof. Assume that the target pattern is π = x, and the learner is provided with the

initial example ε. Now all queries, except for queries for L(x), will be answered ‘no’.

Suppose the queried patterns are π1, π2, . . . , πk. Let m = max{|πi||1 ≤ i ≤ k}. Then

any pattern of the form xp, where p > m is a prime number, is consistent with the

information presented to the learner thus far. Hence Π1 is not learnable with shortest

initial example and restricted superset queries.

While this class of pattern languages is not learnable with the shortest initial

example and restricted superset queries, we show that if, in addition to the restricted

superset queries, the query learner is allowed to ask a few restricted equivalence

queries, then this class of pattern languages is polynomially learnable. The number of

restricted equivalence queries is linear in the number of prime factors of the number of

variables. Note that the number of restricted equivalence queries needed for learning a

pattern in the proof of Theorem 4.1 is linear in the number of variables of the pattern.
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For example, let the target pattern be π = anxp
k1
1 p

k2
2 ···p

kn
n , for some n ∈ N and for some

prime numbers p1, p2, . . . pn. The number of restricted equivalence queries needed

for learning π in the proof of Theorem 4.1 is pk11 p
k2
2 · · · pknn + 1, but the procedure of

Theorem 4.4 needs only k1 +k2 + · · ·+kn+2 restricted equivalence queries. Therefore,

for learning a pattern like anxP , where P is a large prime number, the procedure

in Theorem 4.1 needs P + 1 restricted equivalence queries, while the procedure in

Theorem 4.4 needs m restricted superset queries and three restricted equivalence

queries, where P is the mth prime number.

Theorem 4.4. The class of all one-variable pattern languages over an alphabet of

size one is learnable using the shortest initial example, polynomially many restricted

superset queries, and logarithmically many restricted equivalence queries.

Proof. Assume Σ = {a}. Let π be the target pattern and let π(ε) = an be the

shortest initial example. Based on the shortest initial example, we can conclude that

π′ has exactly n constants. The query learner finds the number of occurrences of

the variable, using the procedure below. The idea behind this procedure is to find

the number of variables by finding its prime factors. The latter is done by asking

restricted superset queries.

1. Give the pattern an as input for a restricted equivalence query. In case of a

positive answer stop and output the pattern an. In case of a negative answer

go to 2.

2. Set m = 1 and P = 2 where m will denote the number of variables of the

pattern so far in the process and P will always denote a prime number.

3. Give the pattern anxm as input for a restricted equivalence query. In case of a

positive answer stop and output the pattern anxm. In case of a negative answer

go to 4.
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4. Ask a restricted superset query for the pattern anxm·P . In case of a negative

answer go to 5 and in case of a positive answer, set m = m · P and go to 3.

5. Increase P to the next larger prime number and go to 4.

Let the target pattern π = anxk and k = pα1
1 p

α2
2 · · · p

αl
l for some l ∈ N, where

the pis are distinct prime numbers and αi ∈ N, for all 1 ≤ i ≤ l. In the worst case,

the number of restricted equivalence queries and restricted superset queries needed

to identify π does not exceed c and P · α, respectively, where c = α1 + α2 + · · ·+ αl,

P = max{p1, p2, . . . , pl} and α = max{α1, α2, . . . , αl}. Therefore, this class of pattern

languages is learnable using the shortest initial example, polynomially many restricted

superset queries, and logarithmically many restricted equivalence queries.

Example 4.1. Consider the one-variable pattern a7x10. The shortest string a7 is

given to the query learner. The procedure in the Theorem 4.4 proceeds as follows:

• Step 1: The query learner gives the constant pattern a7 as input for a restricted

equivalence query. The oracle answers this query negatively.

• Step 2: The query learner sets m = 1 and P = 2.

• Step 3: The query learner gives the pattern a7x as input for a restricted equiva-

lence query. The oracle answers this query negatively, so the query learner goes

to step 4.

• Step 4: The query learner gives the pattern a7x2 as input for a restricted superset

query. The oracle answers this query positively, so the query learner sets m =

m · P = 2 and goes to step 3.

• Step 3: The query learner gives the pattern a7x2 as input for a restricted equiva-

lence query. The oracle answers this query negatively, so the query learner goes

to step 4.
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• Step 4: The query learner gives the pattern a7x4 as input for a restricted superset

query. The oracle answers this query negatively, so the query learner goes to

step 5.

• Step 5: The query learner sets P = 3 and goes to step 4.

• Step 4: The query learner gives the pattern a7x6 as input for a restricted superset

query. The oracle answers this query negatively, so the query learner goes to

step 5.

• Step 5: The query learner sets P = 5 and goes to step 4.

• Step 4: The query learner gives the pattern a7x10 as input for a restricted su-

perset query. The oracle answers this query positively, so the query learner sets

m = m · P = 10 and goes to step 3.

• Step 3: The query learner gives the pattern a7x10 as input for a restricted equiv-

alence query. The oracle answers this query positively, so the query learner

stops and outputs the pattern a7x10.

Therefore, the query learner learns this pattern by asking four restricted equiva-

lence queries and four restricted superset queries.

Next, we present similar results for the case that the alphabet is of size at least

three. We will use the following lemma to show that polynomially many extra superset

queries are enough for learning the class of one-variable pattern languages.

Lemma 4.1. Let π ∈ Πz
1, z ≥ 3. Let a1, a2, . . . , an ∈ Σ and y1, y2, . . . , yn+1 ∈ X ∗

such that π = y1a1y2a2 · · · ynanyn+1. Let j ∈ {1, 2, . . . , n+1}. Then yj = ε if and only

if L(π) ⊆ L(π′) for π′ = x1a1x2a2 · · · aj−1aj · · · xnanxn+1 (π′ = a1x2a2 · · ·xnanxn+1 in

case j = 1 and π′ = x1a1x2a2 · · ·xnan in case j = n+ 1).
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Proof. It is easy to see that if yj = ε, then L(π) ⊆ L(π′) as the pattern π can be

obtained by replacing the variables of π′ which have no matching variable in π with ε

and other variables with the variable x. So we move on to prove that if L(π) ⊆ L(π′),

then yj = ε.

Assume to the contrary that while L(π) ⊆ L(π′), yj 6= ε. In that case the pattern

π can generate a string

s = a1a2 · · · aj−1caj · · · an

where aj−1 6= c 6= aj (c 6= a1 in case of j = 1 and c 6= an in case of j = n + 1). We

can be sure that such letter c exists as we have at least 3 distinct characters in the

alphabet. Pattern π′ cannot generate the string s, so s /∈ L(π′) and s ∈ L(π) which

is a contradiction to L(π) ⊆ L(π′).

Therefore, if L(π) ⊆ L(π′), then yj = ε and the proof is complete.

Theorem 4.5. Let |Σ| ≥ 3. The class of all one-variable erasing pattern languages is

polynomially learnable using the shortest initial example, restricted equivalence, and

extra restricted superset queries.

Proof. The shortest string π(ε) in the target language L(π) is given, so it just remains

for the query learner to find the number and positions of the occurrences of the

variable. Let π(ε) = a1a2 · · · an. We know π = y1a1y2a2 · · · ynanyn+1, for yi ∈ X ∗.

The algorithm for finding the target pattern has two parts. In the first part, the

query learner finds the positions in the shortest string in which at least one variable

occurs by asking extra restricted superset queries, using the following procedure:

1. Set i = 1 and V = {}.

2. Give the pattern

π0 = x1a1x2a2 · · ·xiaiai+1xi+1 · · ·xnanxn+1
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(π0 = a1x2a2 · · ·xnanxn+1 in case i = 1 and π0 = x1a1x2a2 · · ·xnan in case

i = n+ 1) as input for an extra restricted superset query. If a negative answer

is received add i to V .

3. i = i+ 1. If i ≤ n+ 1, go to 2, otherwise stop.

Based on Lemma 4.1, yi = ε if and only if the answer to the extra restricted

superset query π′ = x1a1x2a2 · · · aj−1aj · · ·xnanxn+1 (π′ = a1x2a2 · · ·xnanxn+1 in case

of j = 1 and π′ = x1a1x2a2 · · ·xnan in case of j = n + 1) is positive. Using the

patterns which received a negative answer, we can determine the positions at which

at least one variable occurs.

The second part is to determine how many variables occur in each position we

found in the previous step. The idea for this step is to find the number of occurrences

of the variable in each position by finding the prime factors of that number. The

prime factors can easily be found by asking extra restricted superset queries for each

position and for each prime number. This step of the procedure cumulatively builds

the target pattern. It starts with a pattern π0 = x1a1x2a2 · · ·xnanxn+1 where xi ∈ X

if i ∈ V and xi = ε, otherwise. The query learner, starting from the smallest prime

number, asks an extra restricted superset query for each position in V . If a positive

answer is received, the query learner multiplies the number of variable occurrences in

that position with the prime number. After asking queries for all positions for a fixed

prime number, the query learner processes the answers received in that round and

if any positive response was received during that round, the query learner gives the

pattern created so far as input for a restricted equivalence query. This step makes

sure that we do not continue the procedure, if the target pattern is found. Also, to

keep the number of queries low, the query learner asks a restricted equivalence query

only if a positive response was received during that round.

The procedure is as follows:
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Let m be the number of positions in which at least one variable occurs. In other

words, |V | = m ≤ n+ 1.

1. Set ik1 = ik2 = · · · = ikm = 1, where k1, k2, . . . , km are the values of j for which

yj 6= ε. For all 1 ≤ q ≤ n+ 1, q /∈ {k1, k2, . . . km}, set iq = 0. Set P = 2.

2. Give the pattern β = xi11 a1x
i2
2 a2 · · · xinn anx

in+1

n+1 as input for a restricted equiv-

alence query. In case of a positive answer stop and output β. In case of a

negative answer go to 3.

3. Set j = 1.

4. If j ≤ n+ 1 go to 5, otherwise go to 7.

5. If ij = 0, set j = j + 1 and go to 4, otherwise go to 6.

6. Give the pattern β′ = xi11 a1x
i2
2 a2 · · · aj−1x

ij ·P
j aj · · · xinn anx

in+1

n+1 as input for an

extra restricted superset query. In case of a positive answer set ij = ij · P and

go to 6. In case of a negative answer, set j = j + 1 and go to 4.

7. Increase P to the next larger prime number. If the answers to all extra restricted

superset queries asked in step 6 were negative, go to 3, otherwise go to 2.

In the worst case, the number of extra restricted superset queries and restricted

equivalence queries needed to identify π does not exceed (n+1)+P ·N ·m and P ·N ,

respectively, where m is the number of positions in which blocks of variables occur in

π, P is the biggest prime factor of number of occurrences of variable in the positions,

and N is the number of repetitions of the most repeated prime factor. Thus, LΠ1

is polynomially learnable using the shortest initial example, restricted equivalence

queries, and restricted superset queries.

Note that for this algorithm to work, it is important that the query learner receives

the shortest string rather than an arbitrary string as initial example. The procedure
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of Theorem 4.5 works only with the shortest string and it is in general not possible

to efficiently obtain the shortest string from an arbitrary string using extra restricted

superset and restricted equivalence queries.

In the following, we demonstrate the procedure of Theorem 4.5 with an example.

Example 4.2. Consider the one-variable pattern x4
1a. The shortest string a is given

to the query learner. The procedure in the proof of Theorem 4.5 proceeds as follows:

Part one:

• Step 1: The query learner sets i = 1 and V = {}.

• Step 2: The query learner gives the pattern ax1 as input for an extra restricted

superset query. The oracle answers this query negatively, so the query learner

adds i to V and goes to 3.

• Step 3: i = 2. i ≤ 2, so the query learner goes to 2.

• Step 2: The query learner gives the pattern x1a as input for an extra restricted

superset query. The oracle answers this query positively, so the query learner

goes to 3.

• Step 3: i = 3. i � 2, so the query learner switches to part two.

At this point V = {1}. In part two the query learner finds how many variables

occur in this position.

Part two:

• Step 1: The query learner sets i1 = 1, i2 = 0, and P = 2.

• Step 2: The query learner gives the pattern xa as input for a restricted equiva-

lence query. The oracle answers this query negatively, so the query learner goes

to step 3.

• Step 3: The query learner sets j = 1.
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• Step 4: j ≤ 2, so the query learner goes to 5.

• Step 5: ij 6= 0, so the query learner goes to 6.

• Step 6: The query learner gives the pattern x2
1a as input for an extra restricted

superset query. The oracle answers this query positively, so the query learner

increases i1 = 2 and goes to step 6.

• Step 6: The query learner gives the pattern x4
1a as input for an extra restricted

superset query. The oracle answers this query positively, so the query learner

increases i1 = 4 and goes to step 6.

• Step 6: The query learner gives the pattern x8
1a as input for an extra restricted

superset query. The oracle answers this query negatively, so the query learner

sets j = 2 and goes to step 4.

• Step 4: j ≤ 2, so the query learner goes to 5.

• Step 5: ij = 0, so the query learner sets j = 3 and goes to 4.

• Step 4: j � 2, so the query learner goes to 7.

• Step 7: Increase P = 3. In step 6 (for P = 2) a positive response was received,

so the query learner goes to 2.

• Step 2: The query learner gives the pattern x4
1a as input for a restricted equiva-

lence query. The oracle answers this query positively, so the query learner stops

and outputs the pattern x4a.

Therefore, the query learner learns this pattern by asking two restricted equivalence

queries and five extra restricted superset queries.

In the previous theorems, we presented some results for learning one-variable pat-

tern languages over alphabets of size one and over alphabets of size at least three using
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superset queries. However, the problem of learning this class of pattern languages over

alphabets of size two using superset queries is still open.

Next, we discuss the learnability of the class of one-variable pattern languages

with membership queries and with subset queries. First, we show that the class of

one-variable pattern languages is not learnable with the shortest initial example and

subset queries.

Theorem 4.6. The class of all one-variable erasing pattern languages is not learnable

with shortest initial example and subset queries, independent of the alphabet size.

Proof. Let the constant pattern π = a1a2 · · · an be the target pattern. The shortest

string provided to the query learner is a1a2 · · · an. The answer to all subset queries

–for languages other than L(π)– is ‘no’ and a counterexample w, w 6= a1a2 · · · an, is

provided. Let C = {w1, w2, . . . , wk} be the set of counterexamples provided to the

query learner so far. The query learner cannot distinguish π from any of the patterns

a1a2 · · · anxm, which are consistent with the shortest string and counterexamples re-

ceived so far, where m > |wi|, for all 1 ≤ i ≤ k. Therefore, this class of pattern

languages is not learnable with shortest initial example and subset queries.

Theorem 4.7. The class of all one-variable erasing pattern languages is not learnable

with shortest initial example and membership queries, independent of the alphabet size.

Proof. Immediate from Theorem 4.6, since a membership query for a string w can be

simulated by a subset query for the language L(w).

However, we show that, for the case of alphabet size one, if we remove the constant

patterns from the class of one-variable pattern languages, then the class of non-

constant one-variable pattern languages is polynomially learnable using the shortest

initial example and membership queries (and therefore, also using the shortest initial

example and restricted subset queries).
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Theorem 4.8. The class of all non-constant one-variable erasing pattern languages

over an alphabet of size one is polynomially learnable with shortest initial example

and membership queries.

Proof. Let Σ = {a} and let an be the shortest string in the target language. Every

non-constant one-variable pattern with n constants and k variables generates the

same language as anxk. The query learner finds the number of occurrences of the

variable, using the following procedure:

1. Set m = 1.

2. Give the string an+m as input for a membership query. In case of a positive

answer stop and output the pattern anxm. In case of a negative answer go to 3.

3. Increase m = m+ 1 and go to 2.

The shortest string in the target language whose length is greater than n has the

same length as the target pattern. Therefore, the query learner only needs to start

from an+1 and to query all strings in increasing length until it receives its first positive

response.

If π = anxk is the target pattern, the number of membership queries needed to

identify π equals k. Therefore, this class of pattern languages is polynomially (even

linearly) learnable using the shortest initial example and membership queries.

4.2 Regular Pattern Languages

In this section, we briefly discuss learning the class of regular erasing pattern

languages using the shortest initial example and subset queries.

In the following, we quote some results from Nessel and Lange [52] for learning

regular erasing pattern languages.
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Theorem 4.9. [52, Theorems 6 and 7] Let |Σ| ≥ 2. The class of all regular erasing

pattern languages (over Σ) is polynomially learnable with additional information using

membership queries.

Theorem 4.10. [52, Theorems 8 and 9] Let |Σ| ≥ 2. The class of all regular erasing

pattern languages (over Σ) is polynomially learnable with additional information using

restricted superset queries.

As a consequence of Theorem 4.9, we obtain the following result.

Theorem 4.11. If |Σ| ≥ 2, then the class of regular erasing pattern languages over

Σ is polynomially learnable with additional information and restricted subset queries.

Proof. Immediate from Theorem 4.9, since a membership query for a string w can be

simulated by a restricted subset query for the pattern language L(w).

By Theorems 4.9, 4.10, and 4.11, the class of regular erasing pattern languages

over an alphabet of size at least 2 is polynomially learnable using the shortest ini-

tial example and membership queries, when using the shortest initial example and

restricted superset queries, as well as when using the shortest initial example and

restricted subset queries.

Note that, for alphabet size 1, learning regular erasing pattern languages becomes

rather trivial, since the class corresponds to patterns of the shape an or anx1.

4.3 Constant-Free, Non-cross, and Arbitrary Pattern Lan-

guages

This section contains results on learning some classes of pattern languages using

the shortest initial example and various types of queries. The classes of pattern

languages discussed here are: the class of non-cross pattern languages, the class

of constant-free non-cross pattern languages, the class of constant-free one-variable
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pattern languages, the class of constant-free pattern languages, and the class of all

erasing pattern languages.

Providing the shortest string to the query learner for learning the class of constant-

free non-cross pattern languages does not affect the process of learning, because the

shortest string of any language in this class is the empty string. Therefore, we discuss

the learnability of this class of pattern languages using only queries without additional

information, as any result for these cases holds for the case of learning with the

shortest string, as well.

In the following theorem, we discuss learning the class of constant-free non-cross

erasing pattern languages using subset, equivalence, and membership queries.

Theorem 4.12. The class of all constant-free non-cross erasing pattern languages is

not learnable (i) with subset queries (ii) with membership queries. These statements

are independent of the alphabet size.

Proof. Let π = xn1
1 x

n2
2 · · ·xnm

m be the target pattern, where ni ≥ 2, for all 1 ≤ i ≤ m.

For (i), let C = {w1, w2, . . . , wk} be the set of counterexamples provided to the

query learner so far. The query learner cannot identify π as all patterns π′ =

xn1
1 x

n2
2 · · ·xnm

m x
nm+1

m+1 are consistent with all responses and counterexamples received

so far, where nm+1 = nl, n ∈ N and nm+1 > |wi|, for all 1 ≤ i ≤ k.

(ii) is an immediate consequence of (i).

Therefore, this class of pattern languages is not learnable with (i) subset queries

(ii) membership queries.

The results presented in the previous theorem can be extended to the classes of

non-cross, constant-free, and all erasing pattern languages.

Theorem 4.13. The following classes are not learnable (i) with subset queries (ii)

with membership queries, independent of alphabet size.

1. The class of all non-cross erasing pattern languages.
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2. The class of all constant-free erasing pattern languages.

3. The class of all erasing pattern languages.

Proof. Immediate from the proof of Theorem 4.12.

Similar to the class of constant-free non-cross pattern languages, providing the

shortest string to the query learner for learning the class of constant-free one-variable

pattern languages does not affect the process of learning, as well. Therefore, the

results presented for learning this class of pattern languages are obtained using only

queries without additional information, as any result for these cases holds for the case

of learning with the shortest string, as well.

Theorem 4.14. The class of all constant-free one-variable erasing pattern languages

is not learnable using restricted superset queries, independent of the alphabet size.

Proof. Let the target pattern be π = x. Now all queries, except for queries for L(x),

will be answered ‘no’. Suppose the learner has queried patterns π1, π2, . . . , πk. Let

m = max{|πi||1 ≤ i ≤ k}. Then any pattern of the form xp, where p > m is a prime

number, is consistent with the information presented to the learner thus far.

The results presented in the previous theorem can be extended to the classes of

constant-free non-cross, non-cross, constant-free, and all erasing pattern languages.

Theorem 4.15. The following classes are not learnable with restricted superset

queries, independent of the alphabet size.

1. The class of all constant-free non-cross erasing pattern languages.

2. The class of all non-cross erasing pattern languages.

3. The class of all constant-free erasing pattern languages.

4. The class of all erasing pattern languages.
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Proof. Immediate from Theorem 4.14.

Theorem 4.16. The class of all constant-free one-variable erasing pattern languages

is polynomially learnable using (i) membership queries, (ii) restricted equivalence

queries, (iii) subset queries, independent of the alphabet size.

Proof. Assertions (i) and (iii) are from Lange and Zilles [42]. For proving assertion

(ii), it is enough to query all candidate patterns in the order x1, x
2
1, x

3
1, . . ..

Theorem 4.17. The class of all constant-free one-variable erasing pattern languages

is learnable using superset queries, independent of the alphabet size.

Proof. The query learner finds the number of occurrences of the variable, using the

procedure below. The idea for finding the target pattern is to find the prime factors

of the number of variables. However, the query learner needs a bound for the number

of times the procedure is repeated. In each step, the shortest counterexample received

so far determines that bound, so until at least one negative answer is received, the

query learner will repeat the procedure.

1. Set m = 2, v = 1, and c = ε.

2. Give the pattern xm as input for a superset query. In case of a positive answer

go to 5. In case of a negative answer, if the counter example received was of

length one, stop and output pattern x, otherwise set t = 1 and go to 6.

3. Set t = 1.

4. Give the pattern xt·m as input for a superset query. In case of a positive answer

go to 5. In case of a negative answer go to 6.

5. Set t = t ·m and go to 4.

6. Set v = v · t. Let c′ be the counterexample received for the negative answer. If

c′ is the shortest counterexample received so far then set c = c′.

69



7. Increase m to the next larger prime number. If m ≤ |c|, go to 3, otherwise stop

and output the pattern xv.

If the target pattern is π and c is the shortest counterexample received in the first

seven steps, then in the worst case, the number of superset queries needed to identify

π does not exceed |c|. Therefore, this class of pattern languages is learnable using

superset queries.

4.4 Summary

In this section, we summarize the majority of the results found in the previous

sections. Tables 4.1 through 4.4 show the learnability of the classes of erasing pattern

languages with shortest initial example and membership queries, with shortest initial

example and subset queries, with shortest initial example and superset queries, with

shortest initial example, equivalence queries, and superset queries, respectively. For

equivalence, subset, and superset queries, Rs and Xs before the abbreviation of the

name of the query denote the restricted and extra types of queries, respectively.

Class
Polynomially

learnable
Learnable Not learnable

Non-constant One-variable Patterns |Σ| = 1 — —

One-variable Patterns — — |Σ| ∈ N ∪ {∞}

Regular Patterns |Σ| ≥ 2 — —

Constant-free Non-cross Patterns — — |Σ| ∈ N ∪ {∞}

Non-cross Patterns — — |Σ| ∈ N ∪ {∞}

Constant-free One-variable Patterns |Σ| ∈ N ∪ {∞} — —

Constant-free Patterns — — |Σ| ∈ N ∪ {∞}

Arbitrary Patterns — — |Σ| ∈ N ∪ {∞}

Table 4.1: An overview of our results on the learnability of classes of erasing pattern languages with
shortest initial example and membership queries
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Class
Polynomially

learnable
Learnable Not learnable

Non-constant One-variable Patterns |Σ| = 1 — —

One-variable Patterns — — |Σ| ∈ N ∪ {∞}

Regular Patterns |Σ| ≥ 2 — —

Constant-free Non-cross Patterns — — |Σ| ∈ N ∪ {∞}

Non-cross Patterns — — |Σ| ∈ N ∪ {∞}

Constant-free One-variable Patterns |Σ| ∈ N ∪ {∞} — —

Constant-free Patterns — — |Σ| ∈ N ∪ {∞}

Arbitrary Patterns — — |Σ| ∈ N ∪ {∞}

Table 4.2: An overview of our results on the learnability of classes of erasing pattern languages with
shortest initial example and subset queries

Class
Polynomially

learnable
Learnable Not learnable

Non-constant One-variable

Patterns
— — —

One-variable Patterns — |Σ| = 1 |Σ| ∈ N ∪ {∞} (RSup)

Regular Patterns |Σ| ≥ 2 — —

Constant-free Non-cross

Patterns
— — |Σ| ∈ N ∪ {∞} (RSup)

Non-cross Patterns — — |Σ| ∈ N ∪ {∞} (RSup)

Constant-free One-variable

Patterns
— |Σ| = 1 |Σ| ∈ N ∪ {∞} (RSup)

Constant-free Patterns — — |Σ| ∈ N ∪ {∞} (RSup)

Arbitrary Patterns — — |Σ| ∈ N ∪ {∞} (RSup)

Table 4.3: An overview of our results on the learnability of classes of erasing pattern languages with
shortest initial example and superset queries
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Class
Polynomially

learnable
Learnable Not learnable

One-variable Patterns
|Σ| ≥ 3

(REq and XRSup)

|Σ| = 1

(REq and RSup)
—

Table 4.4: An overview of our results on the learnability of classes of erasing pattern languages with
shortest initial example, equivalence, and superset queries
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Chapter 5

Conclusion

In conclusion, we present a summary of the results obtained on the learnability of

some classes of erasing pattern languages in the three models of teaching, recursive

teaching, and query learning with shortest initial example. Furthermore, we address

some open problems on learning some of these classes in the aforementioned models.

We presented some examples in which the recursive teaching model is inadequate

for learning classes of erasing pattern languages. Also, in this thesis, we investigated

whether giving the shortest string, instead of an arbitrary string, as initial example

helps in the process of learning. To the best of our knowledge, this is the first time

that the effects which a specific property of the initial example has on the process of

learning have been investigated.

5.1 Teaching Dimension and Recursive Teaching Dimension

We proved that the class of one-variable pattern languages is not learnable in

the recursive teaching model, but if the constant patterns are removed from the class,

then for teaching patterns in the class of remaining patterns (the class of non-constant

one-variable patterns) in the recursive model, the teacher only needs two examples.

In contrast, there is no upper bound for the number of examples needed for teaching

these two classes of pattern languages in the original teaching model.
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For the class of regular pattern languages over an alphabet of size one in the

teaching model, the teacher only needs to present three examples. While we have not

determined an upper bound for the number of examples needed to teach the regular

pattern languages over alphabets of size at least two, we presented a lower bound

of five for teaching this class of pattern languages. The results obtained for learning

this class of pattern languages over alphabets of size one and size at least three in

the recursive teaching model shows improvement over the teaching model, as in the

recursive teaching model, the teacher needs to present only two examples. We did

not determine the number of examples needed in the recursive teaching model for

learning this class of pattern languages over an alphabet of size two.

There is no upper bound for the number of examples needed to learn the classes

of constant-free non-cross and non-cross pattern languages in the teaching model.

Further, there is no recursive teaching sequence for learning these classes over an

alphabet of size at least two, while a recursive teaching sequence exists for learning

these classes over an alphabet of size one. Unfortunately, it has been shown by Gao et

al. [25] that there is no upper bound for the number of examples needed for learning

these classes over an alphabet of size one in the recursive teaching model.

There are similar results for learning the classes of constant-free one-variable and

constant-free pattern languages in the teaching model. However, the recursive teach-

ing model improves the number of examples needed for learning the class of constant-

free one-variable pattern languages, as one example suffices for learning a pattern in

this class. The class of constant-free pattern languages over an alphabet of size at

least two is not learnable in the recursive teaching model, while the recursive teaching

dimension for the case that the alphabet is a singleton is infinite.

There is no upper bound for the number of examples needed for learning the class

of arbitrary pattern languages in the teaching model. Also, this class is not learnable

in the recursive teaching model.
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An overview of the results can be seen in Table 3.1 in Chapter 3.

5.2 Query Learning with Shortest Initial Example

The class of one-variable pattern languages is not learnable with shortest initial

example and subset queries, shortest initial example and membership queries, and

shortest initial example and restricted superset queries, independent of the alphabet

size. The class of one-variable pattern languages over an alphabet of size one is poly-

nomially learnable using shortest initial example and restricted equivalence queries,

while it is learnable using shortest initial example and superset queries. Also, this

class is learnable with polynomially many restricted superset queries and logarithmi-

cally many restricted equivalence queries. The class of one-variable pattern languages

over an alphabet of size at least three is polynomially learnable with restricted equiv-

alence queries and extra restricted superset queries. Therefore, in general giving the

shortest string as an initial example seems helpful in learning the class of one-variable

erasing pattern languages.

We also showed that the class of non-constant one-variable pattern languages

over an alphabet of size one is polynomially learnable with shortest initial example

and subset queries and with shortest initial example and membership queries. For

learning the class of non-constant one-variable erasing pattern languages providing

the shortest initial example is helpful.

The class of regular pattern languages over an alphabet of size at least two was

shown to be polynomially learnable using shortest initial example and membership

queries, shortest initial example and subset queries, and shortest initial example and

superset queries. Giving the shortest string as an initial example does not help, as

this class of pattern languages is learnable using an arbitrary additional information

and certain types of queries.
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The class of constant-free non-cross pattern languages is not learnable with short-

est initial example and membership, shortest initial example and subset queries, and

shortest initial example and restricted superset queries and as a result the classes

of non-cross, constant-free, and arbitrary pattern languages are not learnable with

shortest initial example and the aforementioned types of queries, either.

We also showed that the class of constant-free one-variable pattern languages

is polynomially learnable with shortest initial example and subset queries, shortest

initial example and membership queries, shortest initial example and restricted equiv-

alence queries, while it is not learnable with shortest initial example and restricted

superset queries. All these results are independent of the alphabet size. Moreover,

this class of pattern languages over an alphabet of size one is learnable with superset

queries.

For the classes of constant-free non-cross, constant-free one-variable, constant-

free, non-cross, and arbitrary erasing pattern languages, giving the shortest initial

example is not helpful.

An overview of the results can be seen in Tables 4.1, 4.2, 4.3, 4.4 in Chapter 4.

5.3 Limitations and Open Problems

The teaching model was inadequate in learning classes of erasing pattern lan-

guages, as beside the class of regular pattern languages, all other classes studied

have infinite teaching dimension. The results obtained on learning classes of eras-

ing pattern languages in the recursive teaching model show some improvement in

comparison to the teaching model, but there are some classes of pattern languages,

like one-variable pattern languages, constant-free non-cross, non-cross, and arbitrary

pattern languages which are not learnable in this model, regardless of the alphabet

size.

In this thesis, we proved that the teaching and recursive teaching models have

76



some limitations for learning some classes of erasing pattern languages, so it would

be of interest to investigate the learnability of those classes in the preference-based

teaching model introduced by Gao et al. [24], which generalizes recursive teaching.

Moreover, in Chapter 4, we showed how the length of the initial example (giving the

shortest string as an initial example) affects the process of learning. Therefore, as a

possible line of research it would be interesting to consider how other properties of

the initial example might affect the process of learning.

Furthermore, the model of learning with shortest additional information and

queries faced some limitations for learning the classes of erasing pattern languages,

as various classes of erasing pattern languages were not learnable within this model.

Therefore, while in this thesis we addressed some problems, there are still many

problems in this area to be considered for future research.

5.3.1 Open Problems for Teaching and Recursive Teaching

Open problem 5.1. What is the recursive teaching dimension of the class of regular

erasing pattern languages over an alphabet of size two?

We determined the recursive teaching dimension for the class of regular erasing

pattern languages over alphabets of size one and size at least three, but we were not

able to give a proof that this result can be extended to the class of regular erasing

pattern languages over alphabets of size two.

Open problem 5.2. What is the teaching dimension of the class of regular erasing

pattern languages over an alphabet of size at least two?

While we found a lower bound on the number of examples needed for learning this

class of pattern languages, we are interested in finding an exact value or an upper

bound for the number of examples.
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Open problem 5.3. What is the recursive teaching dimension of the class of non-

constant erasing pattern languages?

While we have investigated the learnability of some of the classes of erasing pattern

languages, there are other classes which we have not considered, such as, for example,

k-variable pattern languages for k > 1 or quasi-regular pattern languages. Studying

the learnability of these classes in the future might give a better insight into the

structure of pattern languages.

5.3.2 Open Problems for Query Learning

Open problem 5.4. Is the class of non-constant one-variable erasing pattern lan-

guages over an alphabet of size at least two learnable using shortest initial example

and queries?

We have investigated the learnability of this class of pattern languages over an

alphabet of size one using the shortest initial example and various types of queries,

but it would be of interest to consider this problem for alphabets of size greater than

one.

Open problem 5.5. Is the class of one-variable erasing pattern languages over an

alphabet of size two learnable using shortest initial example and superset queries, or

using shortest initial example and a combination of various types of queries?

While we found some positive result for learning this class of pattern languages

over alphabets of sizes other than two, all the results indicate that this class of pattern

languages over a binary alphabet is not learnable with shortest initial example and

certain types of queries.

Open problem 5.6. Are the classes of constant-free non-cross, non-cross, constant-

free, arbitrary erasing pattern languages learnable using shortest initial example and
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superset queries, or using shortest initial example and a combination of various types

of queries?

Open problem 5.7. Is the class of non-constant erasing pattern languages learnable

using shortest initial example and certain types of queries?

Open problem 5.8. Are the classes of k-variable, constant-free k-variable, or non-

cross k-variable erasing pattern languages learnable using shortest initial example and

queries? What about the class of quasi-regular erasing pattern languages?

It would be of interest to investigate the learnability of these classes in the model

of query learning with additional information introduced in this thesis.

Open problem 5.9. Are there any other variations of query learning with additional

information that improve the process of learning of classes of erasing pattern languages

more than the model considered in this thesis?

While there are still many open problems for learning classes of erasing pattern

languages in this model, the negative results received so far are disheartening, so

naturally one line of possible future research is to design other variations of the

original model which succeed where this model has failed.
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