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Abstract

This thesis presents several results relating to star sets and star complements of

graphs. While a method for calculating star sets and star complements involving pro-

jection matrices has been known since their introduction, a second method involving

determinants is demonstrated and shown to be equivalent to the first method. Some

of the theory for star sets and star complements is expanded to general diagonalizable

matrices, regardless of symmetry. The concept of preserving star sets between two

general matrices is introduced and shown to be an equivalence relation, and attempts

are made to classify what types of matrices can preserve the star sets of a general

matrix. Finally, we determine some results for general matrices that occur when star

set preservation overlaps with other equivalence relations.
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Chapter 1

Introduction

Since the 1950s and 1960s, researchers have been interested in relating various

properties of graphs to the eigenvalues that are associated with these graphs. This

area of mathematical study is known as spectral graph theory, named because the

eigenvalues of a graph are also called the spectrum of the graph. Many properties of

graphs have already been shown to be closely related to their eigenvalues in a wide

range of papers using a variety of different mathematical methods. For example, if

a graph has diameter d, then the adjacency matrix associated with the graph has

at least d + 1 distinct eigenvalues. If a graph is connected and regular, then the

total number of spanning trees of the graph can be expressed as a function of the

eigenvalues of the Laplacian matrix and the number of vertices in the graph. These

subjects are covered in more detail in [1] and [2]. It is clear that eigenvalues play a

significant role in our understanding of graphs.
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A particular branch of spectral graph theory that was developed more recently

is that of star sets and star complements of graphs. Star sets of graphs were first

introduced in 1993 by Cvetković, Rowlinson, and Simić [4]. At around the same

time, the concept of star complements of graphs was introduced by Ellingham [6],

although he used the term “µ-basis”. The term “star complement” was first used

in 1998 by Rowlinson [15]. Star sets and star complements were initially used in

order to study eigenspaces of graphs and to investigate the currently unsolved graph

isomorphism problem, which is the computational problem of determining whether

two finite graphs are isomorphic. Nowadays, they are usually used to explain rela-

tionships between the eigenvalues and the structure of a graph. Several more specific

applications of star sets and star complements include reconstructing graphs based

on potential star complements [4], linear programming and complex quadratic pro-

gramming on graphs [3], and classifying and proving the existence of strongly regular

graphs [14].

This thesis takes a look at star sets and star complements of graphs from a different

point of view - namely, using matrix theory. From this perspective, our main goals in

this thesis are to find alternate methods of calculating star sets and star complements,

and to extend the concept of star sets and star complements to more general matrices

associated with graphs.

After some required definitions, Chapter 2 first covers two different methods that
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can be used to calculate star sets and star complements. The first method has been

historically used since star sets and star complements were first introduced; however,

the second method was discovered in my research and will be proven in this chap-

ter, along with a way to make this particular method of calculating star sets and

star complements more efficient using star partitions. We then look at the relation-

ships between the star sets and star complements of a graph and its complement,

particularly when the graph in question is regular.

From this point on, we cover different methods of extending the concept of star

sets and star complements to more general matrices. Chapter 3 explains the concept

of preservation of star sets and star complements, and about the different character-

istics of an adjacency matrix that also need to be preserved. With this information in

mind, the first part of Chapter 4 focuses on matrices that are similar to the adjacency

matrix. We note that some work with similar matrices has been shown in [13] between

symmetric and combinatorially symmetric matrices; however, this thesis approaches

this concept from the symmetric matrix direction. From there, we look at the poten-

tial relationships between the star sets of graphs and of line graphs, particularly in

the case of regular graphs. The second half of Chapter 4 looks at matrices that are

congruent to the adjacency matrix. While we have less information to work with for

congruent matrices compared to similar matrices, we nevertheless give results where

star sets and star complements can be preserved for congruent matrices. Finally,
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Chapter 5 summarizes our conclusions and suggests potential future projects in the

same area of research.
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Chapter 2

Methods for Calculating Star Sets

2.1 Definitions

A graph G is defined by a pair of sets (V,E), where V is a set of n points and E

is a subset of the set of all unordered pairs of V . The points in V are called vertices,

and the pairs in E are the edges of our graph. Two vertices i and j in G are said

to be adjacent if they are connected by an edge; that is, {i, j} is an element of E.

The degree of a vertex v in a graph is the number of edges that are incident to v. If

all possible vertex pairs are edges in G, then G is known as a complete graph. We

denote the complete graph on n vertices by Kn.

A graph G is called bipartite if its vertex set V can be partitioned into two

subsets X and Y such that every edge of G is of the form {x, y} where x ∈ X and

y ∈ Y . Suppose that X has size m and Y has size n. If for each x in X and each y

in Y , G contains exactly one edge of the form {x, y}, then G is called a complete
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bipartite graph and is denoted by Km,n.

If G = (V,E) is a graph, then G′ is said to be a subgraph of G if G′ = (V ′, E ′) is

a graph, V ′ ⊆ V , and E ′ ⊆ E. In particular, if E ′ consists of all the edges of G with

both endpoints in V ′, then G′ is called an induced subgraph of G. If V ′ = V , then

G′ is called a spanning subgraph of G.

A path is a sequence of distinct vertices v1, v2, ..., vk such that {vi, vi+1} ∈ E

for all i = 1, ..., k − 1, and no edges are repeated. The path graph Pn is a graph

composed of a single path on n vertices. A graph G is called connected if there

exists a path between any two vertices in G and is called disconnected otherwise.

Given a graph G = (V,E) with n vertices {v1, ..., vn} and m edges {e1, ..., em},

the incidence matrix of G is a n×m matrix B whose entries are

bij =

{
0 if vi /∈ ej,
1 if vi ∈ ej.

Given a graph G on n vertices, the adjacency matrix of G is an n× n matrix AG

whose entries are

aij =

{
0 if {i, j} ∈ E,
1 if {i, j} /∈ E.

An n×n matrix A is called invertible or nonsingular if there exists an n×n matrix

B such that AB = BA = In, where In is the n×n identity matrix. If A is invertible,

then B is known as the inverse of A and is denoted A−1. If an inverse does not exist,

then A is called singular.
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Let A be an m×n matrix, and let 0 < k ≤ min {m,n}. A k×k submatrix of A is

a matrix obtained by deleting m−k rows and n−k columns from A. If S = {s1, ..., sk}

and T = {t1, ..., tk} are both sets of k indices, then the submatrix obtained from A

by taking the elements from the rows indexed by S and columns indexed by T is

denoted as A[S|T ]. The submatrix obtained from A by deleting the rows indexed by

S and columns indexed by T is denoted here as A[M\S|N\T ], where M and N are

the sets of all row and column indices of A, respectively. The submatrices A[S|T ]

and A[M\S|N\T ] are called complementary submatrices. If S = T , then the

resulting square submatrix is denoted A[S] and is known as a principal submatrix.

Suppose that A, B, C, and D are m × m, m × n, n × m, and n × n matrices,

respectively, and that D is invertible. Let

M =

(
A B
C D

)
,

so that M is an (m + n) × (m + n) matrix. Then the Schur complement of the

submatrix D in the matrix M is the m×m matrix A−BD−1C. Likewise, if A is

invertible, then the Schur complement of the submatrix A in M is the n× n matrix

D−CA−1B. An alternate expression of the Schur complement can be found in [10].

The determinant of an n×n matrix A, denoted as detA in this thesis, is a scalar

value that can be defined inductively from the elements of A as shown in [10]. Let
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N = {1, ..., n} be the set of row and column indices of A, and let i, j ∈ N . Then

n∑
j=1

(−1)i+jaij detA[N\i|N\j] =
n∑
i=1

(−1)i+jaij detA[N\i|N\j]

for all i, j ∈ N , and this common value is detA. The left-hand side is the Laplace

expansion by determinants of submatrices, or minors, along row i, and the right-

hand side is the Laplace expansion of minors along column j. For a 1 × 1 matrix,

the determinant is the value of the single entry; from there, the determinant can be

found recursively using the above equation independent of which row or column we

choose. The determinant of A is 0 if and only if no inverse exists for A.

Two vectors x and y of size n are called orthogonal to each other if their dot

product

x · y =
n∑
i=1

xiyi = 0.

Let A be an m×n matrix. The transpose of A, denoted as AT , is an n×m matrix

that can be found by writing the rows of A as the columns of AT . If A = AT , then

A is called a symmetric matrix. If AT = A−1, then A is known as an orthogonal

matrix. Alternatively, an orthogonal matrix is a matrix whose rows and columns are

pairwise orthogonal. A is called a normal matrix if AAT = ATA. If A is symmetric,

then A = AT and A is trivially normal.

The number of linearly independent columns or rows of A is called the rank of A

and is denoted rank(A). This number is the same regardless of whether we focus on

rows or columns.
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Let A be a n× n matrix, and let λ ∈ R. Then λ is called an eigenvalue of A if

there exists at least one nonzero vector x ∈ Rn such that Ax = λx, or (λI−A)x = 0,

where I is the identity matrix. This vector x is called an eigenvector of A. The

eigenspace of λ is a subspace of all possible eigenvectors that satisfy Ax = λx.

Normally, we write the eigenspace in terms of its basis, or the vectors that span

the eigenspace. If there are k vectors in a basis of the eigenspace of λ, then we say

that λ has geometric multiplicity k in A. The eigenvalues of a graph G are the

eigenvalues of its adjacency matrix AG.

The characteristic polynomial of A is a polynomial defined by

pA(λ) = det (λI − A),

where the matrix λI − A is known as a characteristic matrix of A. The charac-

teristic polynomial gives another way to calculate the eigenvalues, eigenvectors and

eigenspaces of A. The roots of this polynomial are the eigenvalues of A; the corre-

sponding eigenvectors are the nonzero solutions to the linear system (λI − A)x = 0;

and the sets of solutions to this system provide bases for the eigenspace of each eigen-

value. The number of times an eigenvalue λ appears as a root of the characteristic

polynomial is called the algebraic multiplicity of λ. In general, the algebraic and

geometric multiplicities of an eigenvalue can differ; however, it can be shown that an

eigenvalue’s geometric multiplicity can never be greater than its algebraic multiplicity.

A matrix A is diagonalizable if A can be written as a matrix product PDP−1,
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where P is an invertible matrix and D is a diagonal matrix. In fact, if A is diago-

nalizable, the invertible matrix P is actually the matrix of all eigenvectors, while D

has the eigenvalues of A along the diagonal. Also, if A is diagonalizable, then the

algebraic and geometric multiplicities are equal for every eigenvalue of A. In this

case, the “algebraic” and “geometric” terms will be dropped, and we will simply refer

to it as the multiplicity of an eigenvalue of A in this thesis. If A is normal, then it

possesses an orthonormal basis of eigenvectors (that is, all the eigenvectors of A are

orthogonal to each other and each have length one), and it automatically follows that

A is diagonalizable.

Let G be a finite graph on n vertices, let AG be its adjacency matrix, and let λ

be an eigenvalue of G of multiplicity k. Then t = n − k is called the λ-rank of G.

We note that the λ-rank of G is equivalent to the rank of the characteristic matrix

λI − AG. If 0 is an eigenvalue of G, then the 0-rank is precisely the rank of AG.

Likewise, if λ is not an eigenvalue of G, then λI − AG has full rank.

2.2 Calculating Star Sets and Star Complements

Now that we have all the necessary background information, we can properly

define star sets and star complements.

Definition 2.2.1. Let G be a finite graph on n vertices with an eigenvalue λ of

multiplicity k. A star set for λ in G is a set X of k vertices in G such that the
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induced subgraph G − X does not have λ as an eigenvalue. The induced subgraph

G−X is called a star complement for λ in G.

Star sets and star complements exist for any eigenvalue of any graph, and they

may not be unique.

The following method of calculating star sets was first shown by [4], and involves

the use of projection matrices.

Definition 2.2.2. Letting V be a subspace of Rn, a projection matrix is a square

matrix P that gives a vector projection from Rn to V if:

1. Px is in V for all x in Rn, and

2. Pz = z for all z in V .

From this definition, we can see that P is idempotent; that is, P 2 = P . While

it is not always necessary for a projection matrix to be symmetric, any symmetric

projection matrix is orthogonal and is referred to as an orthogonal projection

matrix. We note that if P is a projection matrix, then I − P is also a projection

matrix, since

(I − P )2 = I2 − IP − PI + P 2

= I − 2P + P

= I − P.

Looking back at our finite graph G on n vertices, let λ be an eigenvalue of multiplicity

k in G with corresponding eigenspace basis {x1, ..., xk}, and let Eλ = (x1 · · · xk) be

11



the n × k matrix whose columns are the eigenvectors associated with λ. Then the

corresponding n× n orthogonal projection matrix Pλ is calculated as follows:

Pλ = Eλ(E
T
λEλ)

−1ET
λ .

This equation holds regardless of whether the eigenvectors are orthogonal or not.

However, if the eigenvectors {x1, ..., xk} are orthogonal, Pλ can be written as

k∑
i=1

xix
T
i

‖xi‖2
,

where ‖xi‖ is the norm of the eigenvector xi. This projection matrix gives a vector

projection from Rn onto the eigenspace of λ. From here, there are k columns of

Pλ that act as a basis for the eigenspace of λ regardless of the presentation of the

eigenspace, and the vertices that correspond with these columns form a star set for λ.

For a real symmetric matrix, the eigenspaces are all orthogonal to each other; thus,

all of the projection matrices formed from the eigenspaces will be orthogonal to each

other. As a result, the product of any pair of these orthogonal projection matrices

will be 0, and the sum of all of these orthogonal projection matrices is the identity

matrix. At this point, we are focusing only on adjacency matrices, which are both

real and symmetric, so these results hold.

This projection matrix method of calculating star sets is very well known; however,

I have discovered an alternate method in my research. This new method is very

straightforward: we look at the
(
n
k

)
possible k × k submatrices of Eλ and take their
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determinants. A nonzero determinant signifies that the vertices corresponding to the

rows used form a star set for λ; if a determinant is zero, then the chosen vertices do

not form a star set. As it turns out, not only is this new method well-defined, but it

is in fact equivalent to the historical method. Before we can show this, we must first

prove a standard result related to the rank and principal submatrices of a symmetric

matrix.

Lemma 2.2.3. Let A be an n× n symmetric matrix with rank k. Then there exists

a k × k principal submatrix of A that also has rank k.

Proof. We first permute the columns of A so that the first k columns are linearly

independent and span the column space of A. At this point, we have that A is

permutation equivalent to the matrix(
B CT

C F

)
,

where B, C and F are k×k, (n−k)×k, and (n−k)×(n−k) submatrices, respectively.

However, CT = BX for some X, and CX = F for this X as well. It also follows

that C = (CT )T = (BX)T = XTB and F = CX = XTBX. Thus, A is permutation

equivalent to the matrix(
B BX

XTB XTBX

)
=

(
Ik
XT

)
B
(
Ik X

)
.

Now, according to [10], for any two matrices A and B of appropriate sizes,

rank(AB) ≤ min(rank(A), rank(B)).

13



Using this, we can determine that

k = rank(A) ≤ min(rank
(
Ik
XT

)
, rank(B), rank

(
Ik X

)
)

≤ rank(B) ≤ k;

so the rank of B is exactly k. Thus, we find that B is a k × k principal submatrix of

A with rank k.

Theorem 2.2.4. If λ is an eigenvalue of AG with multiplicity k, then a set of columns

{i1, ..., ik} associated with Pλ is a star set for λ if and only if

detEλ[{i1, ..., ik}|{1, ..., k}] 6= 0.

Proof. For the purpose of this proof, we assume that the eigenvectors {x1, ..., xk} of

λ are orthogonal and have norm 1, so that ET
λEλ = Ik and P = Eλ(E

T
λEλ)

−1ET
λ =

EλE
T
λ is symmetric. Suppose that {i1, ..., ik} is a star set for λ. Then the columns

{i1, ..., ik} associated with Pλ form a linearly independent set of columns. Since the

rank of Pλ is k and Pλ is symmetric, by Lemma 2.2.3, there exists a k × k principal

submatrix of Pλ with rank k. Thus, we can assume without loss of generality that

Pλ[{i1, ..., ik}] is such a submatrix. On the other hand,

Pλ[{i1, ..., ik}] = (Eλ[{i1, ..., ik}|{1, ..., k}])(Eλ[{1, ..., k}|{i1, ..., ik}]),

so we have that

0 6= detPλ[{i1, ..., ik}]⇒ detEλ[{i1, ..., ik}|{1, ..., k}] 6= 0.

The reverse implication can be proved by reversing the implications above.
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2.3 Examples Using the Determinant Method

With this new method to calculate star sets established, we will show its effec-

tiveness with some examples.

Example 2.3.1. Let G = Kn be the complete graph on n vertices. The eigenvalues

of Kn are n − 1 and −1 (multiplicity n − 1). The eigenvalue n − 1 has multiplicity

1 with eigenvector e, where e is the vector of all ones; so we need to look at all

1× 1 submatrices of En−1 = {e}. In this case, all possible submatrices have nonzero

determinants; so any single vertex is a star set for n−1. The resulting star complement

for n− 1 will be Kn−1, regardless of the vertex chosen.

We now turn to the eigenvalue −1. A basis for the eigenspace of −1 is given in

Figure A.2 in the Appendix. We now look at all (n − 1) × (n − 1) submatrices of

the resulting n × (n − 1) matrix of eigenvectors E−1. If we leave out the first row

of E−1, the resulting (n − 1) × (n − 1) submatrix is an anti-diagonal matrix with

1’s on the diagonal. This submatrix clearly has a non-zero determinant, so the set

{2, ..., n} is a star set for −1. If we leave out any other row of E−1, say row j where

1 < j ≤ n, then one of the columns in the resulting (n− 1)× (n− 1) submatrix will

be (−1, 0, ..., 0)T - specifically, the (n+ 1− j)th column. Expanding our determinant

along this column gives us the determinant of an (n−2)×(n−2) anti-diagonal matrix

with 1’s on the diagonal, multiplied by (−1)1+(n+1−j)(−1). This submatrix also has

a nonzero determinant; therefore any set of n− 1 vertices is a star set for −1 in Kn.
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The resulting star complement will be a single vertex, regardless of the set of n − 1

vertices chosen.

Example 2.3.2. Let G = Pn be the path graph on n vertices, with the vertices

labelled as in Figure A.5 in the Appendix. The eigenvalues of Pn are given by

{2 cos( kπ
n+1

), k = 1, ..., n}. Since this function is bijective for k = 1, ..., n, it follows

that all eigenvalues of Pn are simple, and so we need to look at the 1× 1 submatrices

of each eigenspace to find the associated star sets. However, just because all star

sets are single vertices does not necessarily mean that all single vertices are star sets

for all of the eigenvalues of Pn. Given λk = 2 cos( kπ
n+1

), its respective eigenvector

x(k) = (x
(k)
1 , ..., x

(k)
n )T satisfies x

(k)
j = ( 2

n+1
)1/2 sin( kjπ

n+1
), where j, k = 1, ..., n. Thus, in

order to find the star sets for λk, we need to determine when one of its eigenvector

entries x
(k)
j becomes 0. This can occur precisely when kj = m(n+1) for some m ∈ N;

so when this happens, the vertex associated with that entry cannot be a star set for

λk. As an example, for P5, we have λ3 = 2 cos(3π
6

) = 0. The star sets for 0 occur for

values of j such that 3j 6= 6m; in other words, j is a star set when it is not a multiple

of 2. Thus, vertices 1, 3, and 5 are star sets for 0, while vertices 2 and 4 are not.

The mathematical expressions for the eigenvalues and eigenvectors of Pn can be

found in [7].

This can lead to some interesting results where path graphs are concerned; for

example, when n+ 1 is prime, all single vertices are star sets for all eigenvalues in Pn.
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Example 2.3.3. Let G = Km,n be the complete bipartite graph on m + n vertices,

where m ≤ n and the vertices are labelled as in Figure A.3 in the Appendix. The

eigenvalues of Km,n are
√
mn, −

√
mn and 0 (multiplicity m + n − 2). Since

√
mn

and −
√
mn are both multiplicity 1, we start by looking at all 1× 1 submatrices of

E±√mn =

(
±
√
nem√
men

)
,

where e is the vector of all ones. Clearly, all of the 1 × 1 submatrices from both of

these bases have nonzero determinants; so any singlet is a star set for both
√
mn and

−
√
mn. The star complements will be either Km−1,n or Km,n−1, depending on which

vertex is chosen.

We now move to the eigenvalue 0. A basis for the eigenspace of 0 is given in Figure

A.4 in the Appendix. At this point, we need to look at all (m+ n− 2)× (m+ n− 2)

submatrices of the resulting (m + n) × (m + n − 2) matrix of eigenvectors E0, and

we begin by finding the submatrices of E0 that do not give star sets and eliminating

these.

Claim 2.3.4. The sets of vertices {1, ...,m} and {m+1, ...,m+n} cannot be contained

in a star set for 0 in Km,n.

Proof. Suppose that a star set for 0 contains {1, ...,m}, so that the remaining n− 2

rows are chosen from {m + 1, ...,m + n}, and suppose the (m + 1)st row of E0,

(−1, ...,−1, 0, ..., 0), is not chosen. No matter what other row is not chosen, the

resulting (m + n− 2)× (m + n− 2) submatrix will have a column of 0’s in the first
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n − 1 columns, giving a determinant of 0. Now, suppose the (m + 1)st row of E0 is

one of the rows chosen. Then two of the first n − 1 columns in our submatrix will

have the form (0, ..., 0,−1, 0, ..., 0)T . Expanding the determinant along one of these

two columns gives an (m + n − 3) × (m + n − 3) determinant; however, the other

column that had the form (0, ..., 0,−1, 0, ..., 0)T now turns into a column of 0’s, which

again gives a determinant of 0. Thus, {1, ...,m} cannot be part of any star set for 0.

A similar argument can be made for {m+ 1, ...,m+ n}.

Now that we know which submatrices of E0 cannot give star sets for 0, we can

show that all other possible submatrices of E0 give proper star sets for 0.

Theorem 2.3.5. The star sets for 0 in Km,n are composed of m − 1 of the vertices

in the set of size m, combined with n− 1 of the vertices in the set of size n.

Proof. This requires that two vertices not be chosen for our submatrix of E0 - one

from {1, ...,m} and one from {m+1, ...,m+n}; thus, we need to look at three different

cases and show that these cases all give nonzero minors.

First, suppose that the first and the (m + 1)st rows in E0 are not chosen. Then

the resulting (m + n − 2) × (m + n − 2) submatrix is an anti-diagonal matrix, with

1’s on the anti-diagonal. This submatrix has a guaranteed nonzero determinant, so

the rows that are chosen form a star set for 0.

Second, suppose that one row not chosen is one of the first or (m+ 1)st rows and

the other row not chosen is from one of {m+ 1, ...,m+ n} or {1, ...,m}, respectively.
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Then one of the columns in the resulting (m+n− 2)× (m+n− 2) submatrix will be

either (−1, 0, ..., 0)T or (0, ..., 0,−1, 0, ..., 0)T . Expanding the determinant along this

column gives the determinant of an (m+ n− 3)× (m+ n− 3) anti-diagonal matrix

with 1’s on the anti-diagonal, multiplied by a product of −1’s. Thus, this submatrix

has a guaranteed nonzero determinant and the rows that are chosen form a star set

for 0.

Finally, suppose that one row not chosen is from {2, ...,m} and the other row

not chosen is from {m + 1, ...,m + n}. Then two of the columns in the resulting

(m+ n− 2)× (m+ n− 2) submatrix will be (−1, 0, ..., 0)T and (0, ..., 0,−1, 0, ..., 0)T .

Expanding the determinant along both of these columns gives the determinant of an

(m+n−4)×(m+n−4) anti-diagonal matrix with 1’s on the anti-diagonal, multiplied

by a product of −1’s. Thus, this submatrix has a guaranteed nonzero determinant

and the rows that are chosen form a star set for 0.

The star complement that forms from any of these star sets is a single edge, which

is also K1,1.

2.4 Using Star Partitions to Reduce Determinant Method

Calculations

Admittedly, this determinant method does have some drawbacks. It can take

quite a while to compute
(
n
k

)
determinants, particularly if both n and k are very
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large. However, we do have a way to circumvent some of the calculation process that

uses the concept of a star partition.

Definition 2.4.1. Let G be a graph with distinct eigenvalues µ1, ..., µm, each with

multiplicity ki for i = 1, ...,m. Then the partition X1 ∪̇ · · · ∪̇ Xm of the vertices of

G is a star partition if Xi is a star set for µi.

In addition to this, for any real symmetric matrix, there exists at least one star

partition ([5], Theorem 7.1.3). While star partitions were initially defined in [4] with

reference to the historical method of calculating star sets, we note that if a subset of

vertices Xi is a star set for µi as per the definition, then this is equivalent to saying

that detEµi [Xi|{1, ..., ki}] 6= 0. Our next theorem shows an interesting discovery in

regards to how star partitions work.

Theorem 2.4.2. Suppose that A is an n× n real symmetric matrix with 1 < m ≤ n

distinct eigenvalues λ1, ..., λj, λj+1, ..., λm, each with multiplicity ki for i = 1, ...,m.

Let the sum of the multiplicities of λ1, ..., λj be k1 + · · · + kj = k, and assume that

their associated eigenvectors form an orthonormal basis E = (Eλ1 · · ·Eλj) (so that

ETE = Ik). Let Y1 ∪̇ · · · ∪̇ Ym be a partition of the columns of A, where |Yi| = ki.

Then Y1 ∪̇ · · · ∪̇ Yj acts as a star set for λ1, ..., λj if and only if Yj+1 ∪̇ · · · ∪̇ Ym

acts as a star set for λj+1, ..., λm.

Proof. Suppose that Y1 ∪̇ · · · ∪̇ Yj does not act as a star set for λ1, ..., λi. Then

detE[Y1 ∪̇ · · · ∪̇ Yj|{1, ..., k}] = 0. Without loss of generality, let Y1 ∪̇ · · · ∪̇ Yj =
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{1, ..., k}, E1 = E[{1, ..., k}], and E2 = E[{k + 1, ..., n}|{1, ..., k}]. We note that E1

has rank less than k. The projection matrix formed by adding the projection matrices

associated with λ1, ..., λj together is given by

P = E(ETE)−1ET = EET =

(
E1E

T
1 E1E

T
2

E2E
T
1 E2E

T
2

)
.

Now, the projection matrix formed by adding the projection matrices associated

with λj+1, ..., λm together is given by I − P . We note that both P and I − P are

positive semidefinite; that is, they are both symmetric, and all of their eigenvalues

are nonnegative. We need to show that the columns k + 1, ..., n of I − P are linearly

dependent; so suppose instead that In−k −E2E
T
2 has full rank, namely n− k. Then,

by taking the Schur complement of the upper-left block of I − P , we conclude that

Ik − E1E
T
1 = E1E

T
2 (In−k − E2E

T
2 )−1E2E

T
1 ,

which can be rearranged to give Ik = E1(Ik + ET
2 (In−k − E2E

T
2 )−1E2)E

T
1 .

Now, using [10] again, for any two matrices A and B of appropriate sizes,

rank(AB) ≤ min(rank(A), rank(B)).

In this case, k = rank(Ik) ≤ rank(E1) < k, which is a contradiction. Thus, since

I − P is positive semidefinite, it follows that the last n − k columns of I − P are

linearly dependent. Hence, Yj+1 ∪̇ · · · ∪̇ Ym does not act as a star set for λj+1, ..., λm.

The reverse implication can be proved by reversing the implications above.
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This theorem leads to some helpful insight about the matrix of all eigenvectors of

a real symmetric matrix.

Corollary 2.4.3. Suppose that A is an n×n real symmetric matrix with 1 < m ≤ n

distinct eigenvalues λ1, ..., λj, λj+1, ..., λm, each with multiplicity ki for i = 1, ...,m.

Let the sum of the multiplicities of λ1, ..., λj be k1+· · ·+kj = k. Let E = (Eλ1 · · ·Eλm)

be the matrix of all eigenvectors of A organized by eigenspace, and let X1 ∪̇ · · · ∪̇

Xm be a star partition of A. Then detE[X1 ∪̇ · · · ∪̇ Xj|{1, ..., k}] 6= 0 if and only if

detE[Xj+1 ∪̇ · · · ∪̇ Xm|{k + 1, ..., n}] 6= 0.

Proof. We note that detE[X1 ∪̇ · · · ∪̇ Xj|{1, ..., k}] 6= 0 implies that X1 ∪̇ · · ·

∪̇ Xj acts as a star set for λ1, ..., λj. By Theorem 2.4.2, we have Xj+1 ∪̇ · · · ∪̇

Xm acts as a star set for λj+1, ..., λm, which corresponds to detE[Xj+1 ∪̇ · · · ∪̇

Xm|{k + 1, ..., n}] 6= 0.

This observation means that we can figure out star sets of eigenvalues with high

multiplicities by looking at the minors of the combined eigenspaces of eigenvalues of

lower multiplicities. For example, in Kn, we already showed that all single vertices

are star sets for the eigenvalue n − 1; thus, by Theorem 2.4.2, all sets of vertices of

size n−1 are automatically star sets for its other eigenvalue, −1. Similarly, for Km,n,

we can now determine the star sets for 0, which has multiplicity m+n−2, by looking

at the 2× 2 minors of the combined eigenspaces of
√
mn and −

√
mn. We note that

two different subsets of vertices that act as star sets for two different eigenvalues may
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give a zero determinant when looking at the combined eigenspaces, as in the following

example.

Example 2.4.4. Let G be K4,4, and suppose that the vertices are labelled similarly

to Figure A.3 in the Appendix. Then {1} and {2} are star sets for both 2 and −2,

but combining the two eigenspaces and taking {1, 2} gives a zero determinant.

Likewise, two different subsets of vertices that do not act as star sets for two dif-

ferent eigenvalues may give a nonzero determinant when they are combined together.

This may be because the initial partitioning was incorrect, in which case there will

be a different partition that works properly.

Example 2.4.5. Let G be P5, and suppose that the vertices are labelled similarly to

Figure A.5 in the Appendix. As we noted in Example 2.3.2, vertex 2 is not a star set

for λ3 = 2 cos(3π
6

) = 0. For λ2 = 2 cos(2π
6

) = 1, star sets occur for values of j such

that 2j 6= 6m; in other words, j is a star set when it is not a multiple of 3. Thus, 3 is

the only vertex that is not a star set for λ2. However, if we combine the eigenspaces

of λ2 and λ3 and take {2, 3}, we get

det

(
(2
6
)1/2 sin(2(2)π

6
) (2

6
)1/2 sin(3(2)π

6
)

(2
6
)1/2 sin(2(3)π

6
) (2

6
)1/2 sin(3(3)π

6
)

)
= det

(
−1 0
0 −1

)
= 1.

This means that {2, 3} still acts as a star partition for λ2 = 1 and λ3 = 0. It follows

that vertex 2 acts as a star set for λ2 and vertex 3 acts as a star set for λ3.
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2.5 Regular Graphs and Complements

A better set of examples to illustrate the effectiveness of Theorem 2.2.4 and The-

orem 2.4.2 are the class of regular graphs. A graph G is called regular of degree k

if every vertex of G has degree k.

Let G be a graph on n vertices. Then the complement of G, here denoted by G,

is a graph on the vertices of G such that any two distinct vertices are adjacent in G

if and only if they are not adjacent in G.

An eigenvalue of a matrix is called main if it has an associated eigenvector which

is not orthogonal to the all ones vector e; that is, the eigenvector’s entries do not sum

to zero. If all eigenvectors associated with an eigenvalue are orthogonal to e, then the

eigenvalue is called non-main. We begin this section with a basic known result for

eigenvectors of complements of graphs, which is also found in [9].

Theorem 2.5.1. Let x be an eigenvector of a graph G with eigenvalue λ, and suppose

that x is orthogonal to the all ones vector e. Then x is an eigenvector of G with

eigenvalue −1− λ.

Proof. Let AG be the adjacency matrix of G. Since AG = J − I − AG, we have that

AGx = (J − I −AG)x, where J is the matrix of all ones and I is the identity matrix.

However, since x is orthogonal to e and J = eeT , it follows that Jx = 0. Thus,

AGx = (J − I − AG)x = 0x− x− λx = (−1− λ)x.
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It is clear that a portion of the eigenspace structure is preserved between a graph

and its complement. However, any eigenvectors that are not orthogonal to the all

ones vector in the original graph may change significantly in terms of structure in its

complement. While there is a method for determining what these eigenvectors look

like in the complement, as shown in [8], we have found that this method does not

have very many applications to this thesis. Instead, we offer a few useful theorems

about star sets and star complements that apply to regular graphs, beginning with

how the eigenvectors of a regular graph behave.

Theorem 2.5.2. Let G be a connected regular graph of degree k, and let G be its

complement. Let E and E be the matrices of all eigenvectors of G and G, respectively.

Then E = E; in other words, every eigenvector of G appears somewhere in G.

Proof. Since G is regular and connected, its only main eigenvalue is its degree, k. It

has multiplicity 1, and its associated eigenvector is e. All other eigenvalues of G are

non-main, so their associated eigenvectors appear in G by Theorem 2.5.1; so we only

need to focus on e. Because G is regular, G is also regular, but of degree n− k − 1.

However, this means that e is an eigenvector that is associated with the eigenvalue

n− k − 1 in G, and so we are done.

While all of the eigenvectors are shared between G and G when G is regular, the

multiplicities of the eigenvalues may change depending on whether G is connected or
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disconnected. To this end, we provide a method to tell whether the complement of a

regular graph will be connected or disconnected. While this result seems to be well

known, we will give a full proof of this result for completeness.

Lemma 2.5.3. Suppose that G is a connected regular graph of degree k on n vertices.

Then its complement G is disconnected if and only if k− n is a non-main eigenvalue

of G.

Proof. Since G is regular of degree k, we know that G is regular of degree n− k − 1.

Suppose that G is disconnected. Then the multiplicity of n − k − 1 is greater

than 1, and its eigenspace is composed of e and some number of eigenvectors that are

orthogonal to e. These orthogonal eigenvectors will thus appear in G by Theorem

2.5.1, and are associated with the eigenvalue −1−(n−k−1) = −1−n+k+1 = k−n.

Conversely, suppose that k−n is a non-main eigenvalue of G. Then the eigenvec-

tors associated with k − n in G will be associated with −1− (k − n) = n− k − 1 in

G. Since n− k − 1 already has e as an associated eigenvector in G, this means that

n− k − 1 has multiplicity greater than 1; thus, G must be disconnected.

With these theorems established, finding a relationship between the star sets and

star complements of a regular graph and its complement becomes more straightfor-

ward.

Theorem 2.5.4. Suppose that G is a connected regular graph of degree k, and that
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its complement G is also connected. Then the star sets of G and G are equal to each

other.

Proof. Using Theorem 2.5.2, we know that all eigenvectors are shared between G and

G. Since G is connected, its main eigenvalue n − k − 1 has multiplicity 1 and has e

as its associated eigenvector, similar to G’s main eigenvalue k. All other eigenvalue

multiplicities are preserved between G and G by Theorem 2.5.1. Thus, the eigenspace

structure is completely preserved between G and G, and so the star sets of G and G

are equal to each other.

Corollary 2.5.5. Suppose that G is a connected regular graph of degree k, and that

its complement G is also connected. Then the star complements of G are complements

of the star complements of G.

Proof. This follows easily from Theorem 2.5.4 and the fact that any induced subgraph

of G is the complement of the corresponding induced subgraph of G.

We now move from regular graphs with connected complements to regular graphs

with disconnected complements.

Theorem 2.5.6. Suppose that G is a connected regular graph of degree k on n ver-

tices, and that its complement G is disconnected. Then the star sets for k and k − n

in G and the star sets for n − k − 1 in G are not equal to each other; otherwise, all
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other star sets in G and G are equal to each other. Moreover, the star sets of n−k−1

in G are composed of any single vertex from each connected component of G.

Proof. From Lemma 2.5.3, we know that k − n is a non-main eigenvalue of G; so

suppose that k−n has multiplicity m in G, where m ∈ N. Because k has multiplicity

1 in G, it follows that n − k − 1 has multiplicity m + 1 in G, and so G has m + 1

connected components. Since these star sets have different sizes, it is clear that

these star sets by themselves are not equal to each other. However, because all other

eigenvalues are non-main, the rest of the star sets are automatically equal to each

other by Theorem 2.5.4.

Now, since each connected component of G is itself regular of degree n − k − 1,

n − k − 1 is an eigenvalue of each connected component with multiplicity 1. Thus,

the star sets of n − k − 1 in G are found by simply removing any one vertex from

each connected component.

Alternatively, we could calculate the star sets for n − k − 1 in G in this case by

looking at the determinants formed by the combined eigenspaces of k and k − n in

G; however, we note that the method shown in Theorem 2.5.6 is significantly simpler

to follow, especially if k − n has a high multiplicity.
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2.6 Summary

We now have an alternate equivalent method of calculating star sets for eigenval-

ues of graphs that focuses on the minors of their respective eigenspaces. We used the

concept of a star partition to show that we can figure out star sets of eigenvalues with

high multiplicities by looking at the minors of combined eigenspaces of eigenvalues

with lower multiplicities, thus reducing the amount of calculations needed. We have

also shown that the star sets and star complements of regular graphs and their com-

plements are directly related to each other, regardless of whether their complements

are connected or disconnected.

29



Chapter 3

Star Set Equivalence

3.1 Extending Star Sets to Normal Matrices

While star sets and star complements were initially defined for adjacency matrices,

we want to extend the concept of star sets to more general matrices, regardless of

whether they are symmetric or nonsymmetric. It turns out that making this extension

is very straightforward to do, at least in the case of normal matrices.

Definition 3.1.1. Let A be an n × n normal matrix with an eigenvalue λ of multi-

plicity k, and let N = {1, ..., n} be the set of all row indices of A. A star set for λ

in A is a set X of k rows in A such that the submatrix A[N\X] does not have λ as

an eigenvalue. The submatrix A[N\X] is called a star complement for λ in A.

From this definition, if A is the adjacency matrix for a graph G, then we revert

back to the conventional definition of star sets and star complements. We note that

30



if A is not diagonalizable or not normal, then it becomes more difficult to properly

determine what a star set is, as shown in the following example.

Example 3.1.2. Let A be the matrix0 1 0
0 0 1
0 0 0

 .

The only eigenvalue of A is 0. While 0 has algebraic multiplicity 3, it only has

geometric multiplicity 1, since the only nontrivial eigenvector for 0 is (α, 0, 0)T , where

α 6= 0. If we use the algebraic multiplicity for the size of a potential star set, then the

entire matrix A is a star set, and there is no star complement. If we use the geometric

multiplicity for the star set size, then the first row index has potential to be a star

set for 0, since the first entry in its nontrivial eigenvector is nonzero. Removing the

first row and column gives us the matrix

A′ =

(
0 1
0 0

)
.

However, we note that 0 is still an eigenvalue of A′; in fact, it is the only eigenvalue

of A′, with algebraic multiplicity 2 and geometric multiplicity 1. Thus, we cannot use

either of the multiplicities to determine the size of a potential star set.

Example 3.1.3. Let A be the matrix1 1 1
0 2 1
0 0 3

 .

This matrix is diagonalizable, but is not normal. The eigenvalues of A are 1, 2

and 3, and their eigenvectors are (1, 0, 0)T , (1, 1, 0)T , and (1, 1, 1)T , respectively. At
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first glance it looks like rows 1, 2 and 3 are all star sets for 3 by the determinant

method discussed in Chapter 2. However, only row 3 is actually a star set for 3; the

others are not. This situation occurs because the eigenvectors of A are no longer

orthogonal to each other. If we use the Gram-Schmidt orthonormalization method

on these eigenvectors, then we have a better chance of finding the proper star sets;

however, we need to be careful which vector we start with. For example, starting

with (1, 0, 0)T gives us the proper star sets, whereas starting with either of the other

two eigenvectors would give incorrect results.

As another interesting note, we can extend the Reconstruction Theorem, which

was first proved in [4] for adjacency matrices, to any normal matrix. The proof given

here is based on the proof of the original Reconstruction Theorem from [5].

Theorem 3.1.4. Let A be an n × n normal matrix. Let λ be an eigenvalue of

multiplicity k in A, and suppose that X is a star set corresponding to λ. If we let

B = A[X] and F = A[N\X], then A can be written in the form

A =

(
B C
D F

)
,

where λI −B = C(λI − F )−1D.

Proof. Clearly, we can simultaneously permute the rows and columns of A so that A

has the form given in the theorem. We thus have

λI − A =

(
λI −B −C
−D λI − F

)
.
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Since F does not have λ as an eigenvalue, λI−F has full rank; that is, it has rank n−k.

However, since A is normal, the geometric multiplicity and algebraic multiplicity of

λ are both equal to k; so λI −A also has rank n− k by definition. Because of this, it

follows that the columns of λI − F form a basis for the column space of −D, so that

(−D | λI − F ) also has rank n − k. From there, the rows of (−D | λI − F ) form a

basis for the row space of λI − A. Hence, there exists a k × (n − k) matrix L such

that

(λI −B | − C) = L(−D | λI − F ).

Now λI−B = −LD and −C = L(λI−F ), and the result then follows by eliminating

L.

Again, given this definition, if A is the adjacency matrix for a graph G, then since

every adjacency matrix is symmetric, C = DT and we revert back to the original

Reconstruction Theorem.

3.2 Star Set Equivalence

We also introduce the idea of matrices having star set equivalence. Given two

n× n matrices A and B, we say that B is star set equivalent to A if the star sets

of A and B are equal to each other. With just these definitions, we can already state

a helpful result.

Theorem 3.2.1. Star set equivalence is an equivalence relation.
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Proof. We need to show that star set equivalence is reflexive, symmetric and transi-

tive. First, let A be an n×n matrix. Clearly, A is star set equivalent to itself, so this

relation is reflexive.

Next, let B be an n × n matrix, and suppose that B is star set equivalent to A.

Then, since the star sets of A and B are equal to each other, we can also say that A

is star set equivalent to B, and so this relation is symmetric.

Finally, let C be an n× n matrix, and suppose that B is star set equivalent to A

and C is star set equivalent to B. Then the star sets of A and B are equal to each

other, and the star sets of B and C are equal to each other. This means that the

star sets of A and C are equal to each other, so C is star set equivalent to A as well.

Thus, this relation is transitive.

Since star set equivalence is reflexive, symmetric and transitive, it follows that it

is an equivalence relation.

Now that we know this, an important question arises: how exactly can we tell

when two different n× n matrices A and B are star set equivalent? We will partially

answer this question by focusing on two attributes of any matrix: its rank and its

eigenspaces.
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3.3 Preserving Rank and Eigenspaces

In order for star set equivalence to occur, we need to focus on preserving rank -

not only the ranks of A and B, but also the ranks of the characteristic matrices of A

and B. The following equality from [10] gives us an idea of the form that the matrix

B can take.

Theorem 3.3.1. If A and B are m × n matrices, then rank(A) = rank(B) if and

only if there exists an invertible m ×m matrix P and an invertible n × n matrix Q

such that B = PAQ.

In our case, both A and B are n×n matrices, so P and Q are also invertible n×n

matrices.

We also want to preserve as much of the eigenspaces of the matrices we are working

with as we can. While the eigenvalues of two n×n matrices A and B do not necessarily

need to be equal to each other for star set equivalence to occur, there must be a one-

to-one correspondence in the multiplicities of the eigenvalues between A and B.

For example, if A and B have exactly the same eigenspaces, then star set equiva-

lence follows immediately, as the following two examples illustrate. First, we look at

certain matrix functions.

Theorem 3.3.2. Let A be an n×n matrix and f(t) be a bijective polynomial function

on R. Then f(A) is star set equivalent to A.
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Proof. Let λ be an eigenvalue of A with associated eigenvector x, so that Ax = λx.

Suppose that f(t) = cnt
n+cn−1t

n−1+ · · ·+c1t+c0, so that f(A) = cnA
n+cn−1A

n−1+

· · ·+ c1A+ c0I. Then

f(A)x = (cnA
n + cn−1A

n−1 + · · ·+ c1A+ c0I)x

= cnA
nx+ cn−1A

n−1x+ · · ·+ c1Ax+ c0Ix

= cn(λnx) + cn−1(λ
n−1x) + · · ·+ c1(λx) + c0x

= (cnλ
n + cn−1λ

n−1 + · · ·+ c1λ+ c0)x

= f(λ)x.

Since f(t) is bijective, each λ is sent to a unique f(λ), so the eigenspaces of A and

f(A) are exactly the same. Thus, the star sets of A are equal to f(A).

This can be extended to other functions as well, provided that f(λ) is defined

for all the eigenvalues of A and that if Ax = λx, then f(A)x = f(λ)x. The first

condition obviously depends on the eigenvalues of A. For example, if we want to use

f(t) =
√
t, then all of the eigenvalues of A need to be greater than or equal to 0. The

condition that f(A)x = f(λ)x can always be satisfied if A is diagonalizable (so that

A = PDP−1 and f(A) = Pf(D)P−1) and f is a one-to-one function.

Next, we look at a result from [16] that is related to normal matrices.

Theorem 3.3.3. Let A and B be two normal n×n matrices. Then A and B have the

same set of eigenvectors if and only if they commute; that is, if and only if AB = BA.

Proof. Let xi be an eigenvector of A corresponding to eigenvalue λi, so that Axi = λixi

for i = 1, ..., n. We assume for simplicity that the eigenvalues of A are all distinct.
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Suppose that A and B commute. Then ABxi = BAxi = Bλixi = λi(Bxi), so

Bxi is an eigenvector of A corresponding to the eigenvalue λi. But the eigenvector

solutions of (A − λi)xi = 0 are unique to within a scale factor, so it follows that

Bxi = µixi for some scalar µi. However, this is just an eigenvector equation for B;

so xi is an eigenvector of B as well as an eigenvector of A. By reversing the roles of

A and B, we also have that every eigenvector of B is also an eigenvector of A; thus,

the two sets of eigenvectors are identical.

Conversely, suppose that A and B have all their eigenvectors in common, so that

xi satisfies both Axi = λixi and Bxi = µixi. Since the eigenvectors span the n-

dimensional vector space, any arbitrary vector x in the space can be written as a

unique linear combination of the eigenvectors,

x =
n∑
i=1

cixi.

Now, consider both

ABx = AB

n∑
i=1

cixi = A

n∑
i=1

ciµixi =
n∑
i=1

ciλiµixi,

and

BAx = BA
n∑
i=1

cixi = B
n∑
i=1

ciλixi =
n∑
i=1

ciµiλixi.

It follows that ABx and BAx are the same for any arbitrary vector x, and so (AB−

BA)x = 0 for all x. Thus, A and B commute.

We note that if an eigenvalue of A has multiplicity greater than one, then not all
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of its possible sets of eigenvectors will also act as a set of eigenvectors for B. However,

if it is possible to find a set of joint eigenvectors by taking linear combinations, then

the above proof is still valid and this result still holds.

We want to generalize star set equivalence much more beyond this; however, this

will require some basic definitions from linear algebra.

3.4 Star Set Equivalence Using Linear Algebra

Let V and W be vector spaces over R. A linear transformation from V into

W is a function T from V into W that preserves the operations of a vector space

- namely, addition and scalar multiplication. A linear operator on V is a linear

transformation from V to itself.

A function T from V into W is called invertible if there exists a function U from

W into V such that the composition function U ◦T is the identity function on V and

T ◦ U is the identity function on W . This inverse function is denoted by T−1. We

also note that this function T is invertible if and only if T is bijective.

We can represent these linear transfomations by matrices using the following the-

orem from [11] applied to the base field R:

Theorem 3.4.1. Let V be an n-dimensional vector space over R and W be an m-

dimensional vector space over R. Let ε be a basis for V and ε′ be a basis for W . For

each linear transformation T from V into W , there is an m×n matrix A with entries
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in R such that

[Tα]ε′ = A[α]ε

for every vector α in V , where [α]ε denotes the coordinate vector α relative to the

basis ε. Furthermore, the mapping T → A is a one-to-one correspondence between

the set of all linear transformations from V into W and the set of all m×n matrices

over R.

Because we want to preserve the eigenspaces of a matrix as much as possible, we

will be focusing on linear transformations of a space into itself. In this case, it will

be more convenient to use the same basis, so that ε = ε′. Because we want to have

this one-to-one correspondence for eigenvalues and eigenvalue multiplicities, we will

assume that these linear transformations are also invertible, and so the matrices that

represent these linear transformations are also invertible. Our goal is to look more

closely at the matrices that represent these linear transformations; however, we will

start with matrices that make small changes to an eigenspace and work our way up

from there.

An elementary matrix is a matrix that differs from the identity matrix by a

single elementary row operation. There are three categories of elementary matrices,

each corresponding to a different elementary row operation.

The first category of elementary matrices switches rows i and j of a matrix. An

elementary matrix Tij in this category has the form of the identity matrix, with rows
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i and j switched. The matrices in this category are also known as transposition

matrices. Any matrix P that can be written as a product of only transposition

matrices is known as a permutation matrix.

The second category multiplies all entries in row i of a matrix A by a nonzero

scalar a. These matrices have the form of a diagonal matrix Di(a) with 1’s on the

diagonal except for the ith diagonal entry, which is a. Clearly, any diagonal matrix

D with nonzero diagonal entries can be written as a product of these elementary

diagonal matrices.

Finally, the third category adds row j multiplied by a scalar a to row i of a matrix

A. A matrix Lij(a) has the form of the identity matrix, but with an a in the ith row

and jth column.

It can be shown fairly easily that every elementary matrix is invertible, and that

the inverse of an elementary matrix is also an elementary matrix. In particular, the

inverse of a transposition matrix is itself; the inverse of Di(a) is Di(
1
a
); and the inverse

of Lij(a) is Lij(−a). To apply a row operation to a matrix A, we simply multiply A

on the left by an appropriate elementary matrix.

For any m× n matrix A, there is a corresponding canonical form called the row-

reduced echelon form of A. This form can be attained by a not necessarily unique

sequence of elementary row operations. While many matrices have the same row-

reduced echelon form, each matrix has only one row-reduced echelon form, regardless
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of the sequence of elementary row operations that are used to attain it. According to

[10], the defining characteristics of the row-reduced echelon form of a matrix are as

follows:

1. Each nonzero row has 1 as its first nonzero entry, which is also known as a

leading 1.

2. All other entries in the column of such a leading 1 are equal to 0.

3. Any rows consisting of all zeroes occur at the bottom of the matrix.

4. The leading 1’s occur in a “stairstep” pattern, left to right; that is, a leading 1

in a lower row must occur to the right of its counterpart above it.

This sequence of elementary row operations leading to the row-reduced echelon form

of a matrix A can be expressed as a product of elementary matrices multiplying A on

the left. In fact, the next theorem from [12] shows a useful application of elementary

matrices along these same lines.

Theorem 3.4.2. Let A is an n×n matrix. Then A is invertible if and only if it can

be written as a product of elementary matrices.

Proof. Suppose that A is a product of elementary matrices. We know that every ele-

mentary matrix is invertible, so any product of elementary matrices is also invertible;

thus, A is invertible.
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Conversely, suppose that A is invertible. We can then write the row-reduced

echelon form of A as Aech = RkRk−1 · · ·R1A for certain elementary matrices Ri.

Since A and each elementary matrix Ri is invertible, their product Aech is also in-

vertible. It follows that Aech cannot have any zero rows. Since Aech is square, the

definition of row-reduced echelon form forces Aech to be the identity matrix In; thus,

RkRk−1 · · ·R1A = In. Solving for A, we find that A = R−11 R−12 · · ·R−1k . Since the

inverse of an elementary matrix is also an elementary matrix, A has been expressed

as a product of elementary matrices.

From this theorem, we can see that using an invertible linear operator on the

eigenvectors of a matrix is equivalent to multiplying the eigenvectors on the left by a

product of elementary matrices. Thus, we begin our foray into linear transformations

of eigenvectors by seeing how each category of elementary matrices affects the star

sets of a matrix A.

If we multiply the matrix E of all eigenvectors of A by a transposition matrix Tij,

then the resulting matrix product TijE switches rows i and j of E. While this may

change the row indices that are present in each star set, the total number of star sets

of A does not change. By extension, it follows that any permutation matrix P has

this effect on the star sets of A.

If we multiply the matrix E of all eigenvectors of A by the elementary matrix

Di(a), the resulting matrix product Di(a)E multiplies row i of E by a. If we look
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at any submatrix of Di(a)E that includes the ith row, the corresponding minor will

be multiplied by a compared to the original minor in E. Since this operation does

not affect whether certain minors are zero or nonzero, it follows that this category of

elementary matrices, and by extension any diagonal matrix D with nonzero diagonal

entries, maintains star set equivalence to A in this way. A more rigorous proof of this

is given later in this chapter.

The third category of elementary matrices, however, is much more difficult to work

with than the others. While in general adding a multiple of a row to another row of

a square matrix does not change its determinant, we cannot say the same for each

basis of eigenvectors, which have more rows than columns. However, the following

theorem gives us a way to circumvent this problem.

Theorem 3.4.3. Let A be an n×n matrix, let λ be an eigenvalue of A with multiplicity

k, and let Eλ be the n× k matrix of eigenvectors that are associated with λ. Suppose

that we add row j multiplied by a scalar a to row i of Eλ; in other words, we take the

matrix product Lij(a)Eλ. Let S be a set of k indices that includes i but not j, and S ′

be the same set of k indices, but with j in place of i. Then

detLij(a)Eλ[S|{1, ..., k}] = detEλ[S|{1, ..., k}]± a detEλ[S
′|{1, ..., k}],

where the sign is determined by the number of row switches needed to order the rows

of Eλ[S
′|{1, ..., k}]. Moreover, the three following constraints apply:
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1. If S is not a star set, then for S to appear in Lij(a)Eλ, either S ′ cannot be a

star set, or a is forced to be 0.

2. If S is a star set and S ′ is not a star set, then S will appear in Lij(a)Eλ no

matter which a we choose.

3. If S and S ′ are both star sets, then for S to appear in Lij(a)Eλ,

a 6= detEλ[S|{1, ..., k}]
∓ detEλ[S ′|{1, ..., k}]

,

where the sign is determined by the number of row switches needed to order the

rows of Eλ[S
′|{1, ..., k}] and multiplied by −1. Other than this value, all other

values of a can be chosen.

Proof. The expression of detLij(a)Eλ[S|{1, ..., k}] as the sum of the two determi-

nants above follows from the multi-linearity of the determinant. We note that for

detEλ[S
′|{1, ..., k}], row j is put in row i’s place, so there is a chance of the indices in

S ′ being in the wrong order; hence, the sign on this part of the equation is justified.

We now move to the three constraints.

First, suppose that S is not a star set, so that detEλ[S|{1, ..., k}] = 0. Since we

want to preserve singularity, we need

detLij(a)Eλ[S|{1, ..., k}] = ±a detEλ[S
′|{1, ..., k}] = 0.

If S ′ is not a star set, then detEλ[S
′|{1, ..., k}] = 0 and we are done; if S ′ is a star set,

then the only way that detLij(a)Eλ[S|{1, ..., k}] = 0 is if a = 0 and Lij(a)Eλ = Eλ.
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Next, suppose that S is a star set and S ′ is not a star set. Then detEλ[S
′|{1, ..., k}]

= 0, so that

detLij(a)Eλ[S|{1, ..., k}] = detEλ[S|{1, ..., k}].

Since the nonzero value of detEλ[S|{1, ..., k}] is completely unchanged in Lij(a)Eλ,

we conclude that S will appear in Lij(a)Eλ no matter what the value of a is.

Finally, suppose that S and S ′ are both star sets. In this case, we want the

determinant of Lij(a)Eλ[S|{1, ..., k}] to be nonzero. This means that

0 6= detEλ[S|{1, ..., k}]± a detEλ[S
′|{1, ..., k}].

Rearranging this equation for a gives

a 6= detEλ[S|{1, ..., k}]
∓ detEλ[S ′|{1, ..., k}]

,

as desired.

We note that for each eigenspace with n rows and k columns as in the above

theorem, there are
(
n−2
k−1

)
minors that can potentially change in value. Since this

elementary matrix affects all eigenspaces of a matrix, there will be a finite number

of values that do not work for a. Also, the choices for a can change significantly,

depending on its position in the elementary matrix and the elementary matrices that

are already affecting the eigenvectors.
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3.5 Star Set Equivalence Using Matrix Theory

We now present a different method of determining when matrices can affect

eigenspaces while still maintaining star set equivalence. This process focuses on the

minors of an n×n invertible matrix P that is multiplying eigenspaces on the left and

how they behave. To aid us in this, we look to a generalization of the Cauchy-Binet

identity:

Definition 3.5.1. Let A be an m × n matrix, B be an n × p matrix, I be a subset

of {1, ...,m} with k elements, and J be a subset of {1, ..., p} with k elements. Then

detAB[I|J ] =
∑
γ

detA[I|γ] detB[γ|J ],

where γ runs over all subsets of {1, ..., n} with k elements.

While this initially looks very cumbersome to work with, we can use it to great

effect here. Let λ be an eigenvalue of an n× n normal matrix A with multiplicity k

and Eλ be the n×k matrix of eigenvectors associated with λ. Suppose that P acts as

a linear operator, so that the transformed eigenspace is PEλ. Using the Cauchy-Binet

identity, we have

detPEλ[S|{1, ..., k}] =
∑
γ

detP [S|γ] detEλ[γ|{1, ..., k}],

where S is a fixed subset of size k, while γ runs over all subsets of {1, ..., n} of size k.

We know that γ must be a star set for λ in A in order for the minor of Eλ to have
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a nonzero determinant, so our range of sets γ can be decreased significantly. This

means that in order for a particular star set S of λ in A to appear in B, at least one

of detP [S|γ] must be nonzero, where γ is any star set of λ in A. We can rewrite this

determinant into a dot product as follows:

detPEλ[S|{1, ..., k}] =
∑
γ

detP [S|γ] detEλ[γ|{1, ..., k}]

=
〈

detP [S|γ1], ..., detP [S|γj]
〉

·
〈

detEλ[γ1|{1, ..., k}], ..., detEλ[γj|{1, ..., k}]
〉

= p · eλ,

where γ1, ..., γj are all star sets for λ in A. Thus, in order for S to be a star set for λ

in B, the vectors p and eλ cannot be orthogonal to each other.

For example, suppose that λ has multiplicity 1 and has an associated eigenvector

x. In this case, the vector p becomes a single row of P , while the vector eλ is simply

the eigenvector x. Therefore, the rows of P whose indices correspond to star sets for

λ in A cannot be orthogonal to x, and all other rows of P must be orthogonal to x.

While it initially seems like a lot of work to determine the vectors p and eλ for

eigenvalues of higher multiplicities, we can simplify some of the work by using a

generalized version of the adjoint formula, given here.

Definition 3.5.2. Let A be an n×n matrix, let N = {1, ..., n}, and let I = {i1, ..., ik}

and J = {j1, ..., jk} be subsets of N with k elements. Then

detA−1[J |I] =
± detA[N\I|N\J ]

detA
,
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where the sign is determined by calculating (−1)
∑k

m=1(jm−im).

Using this formula, we can switch from minors of size n − k in P to minors of

size k in P−1, so that the most difficult calculations will be for minors of size bn
2
c.

By moving from a single eigenspace to the matrix of all eigenvectors E, we can also

apply the adjoint formula to minors of E in a similar manner to Corollary 2.2.12. We

end this chapter with some theorems that demonstrate these methods.

Theorem 3.5.3. Let A be an n × n normal matrix, and D be a diagonal matrix of

the same size with nonzero diagonal entries. Then any matrix whose eigenspaces are

the eigenspaces of A multiplied on the left by D is star set equivalent to A.

Proof. Let λ be an eigenvalue of A with multiplicity k and Eλ be the n× k matrix of

eigenvectors that are associated with λ. Multiplying by D on the left side, the new

matrix of eigenvectors associated with λ is DEλ. Using the Cauchy-Binet identity,

we have

detDEλ[S|{1, ..., k}] =
∑
γ

detD[S|γ] detEλ[γ|{1, ..., k}],

where S and γ are both subsets of {1, ..., n} with k elements. We note that the minor

of a k×k submatrix of D is only nonzero when it is a principal submatrix; that is, the

rows and columns that are chosen are identical. This means that the only nonzero

term in our sum occurs when γ = S. We also know that γ must be a star set for

λ in A in order for its respective minor detEλ[γ|{1, ..., k}] to be nonzero. It follows
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that in order for detDEλ[S|{1, ..., k}] to be nonzero, S must be a star set of λ in A

to begin with; thus, star set equivalence is achieved.

Theorem 3.5.4. Let G = Kn be the complete graph on n vertices, let AG be its

adjacency matrix, and let P be an invertible matrix of the same size. Then any

matrix whose eigenspaces are the eigenspaces of AG multiplied on the left by P is star

set equivalent to AG if:

1. All row sums of P are nonzero.

2. All column sums of P−1 are nonzero.

Proof. We recall that the spectrum of Kn is n − 1 with multiplicity 1 and −1 with

multiplicity n − 1. For the eigenvalue n − 1, the dot product p · en−1 becomes the

dot product of the ith row of P and the all ones vector e. Since all single vertices are

star sets for n− 1, we want this dot product to always be nonzero. Thus, every row

of P cannot be orthogonal to the all ones vector; that is, every row sum of P must

be nonzero.

For the eigenvalue −1, the dot product p·e−1 involves looking at the determinants

of (n− 1)× (n− 1) submatrices; however, we can simplify these computations. Using

the adjoint formula, we let N = {1, ..., n} and note that

detP [N\{i}|N\{j}] = detP (−1)i+j(P−1)ji,
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so the vector p can be rewritten as detP (−1)i
〈
(−1)1(P−1)1i, ..., (−1)n(P−1)ni

〉
. Sim-

ilarly, the vector e−1 can be rewritten as

detE(−1)
〈
(−1)1(E−1)11, ..., (−1)n(E−1)1n

〉
,

where E and E−1 are given in the Appendix. The determinant of E is (−1)b
n−1
2
c(n).

Thus, the dot product is

p · e−1 = (detP )(−1)i
〈
(−1)1(P−1)1i, ..., (−1)n(P−1)ni

〉
· (detE)(−1)

〈
(−1)1(E−1)11, ..., (−1)n(E−1)1n

〉
= (detP )(detE)(−1)i+1

(
(E−1)11(P

−1)1i + ...+ (E−1)1n(P−1)ni
)

= (detP )(−1)b
n−1
2
c(n)(−1)i+1

( 1

n
(P−1)1i + ...+

1

n
(P−1)ni

)
= (detP )(−1)b

n−1
2
c(−1)i+1

n∑
j=1

(P−1)ji.

Since every set of size n − 1 is a star set for −1, this dot product must always be

nonzero; thus, since P was assumed to be invertible, every column sum of P−1 must

be nonzero.

3.6 Summary

We have extended the theory of star sets and star complements to normal matrices.

We also introduced the concept of star set equivalence and showed that it is an

equivalence relation. We then looked at two different methods on how to tell when

two matrices are star set equivalent, both of which were related to invertible linear

transformations of their eigenspaces. The first method focuses on the invertible matrix
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that represents the linear transformation and the elementary matrices used to form

the matrix, while the second method looks at certain minors of the matrix representing

the linear transformation and how they interacted with the eigenspaces.
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Chapter 4

Star Set Equivalence and Other

Equivalence Relations

We have already seen in Chapter 3 that in order for two n× n matrices A and B

to have the same rank, there must exist two invertible matrices P and Q such that

B = PAQ. In this chapter, we focus on particular types of equivalence relations that

give this form for the matrix B and see where star set equivalence can also hold.

4.1 Star Set Equivalence and Similar Matrices

Two n × n square matrices A and B are called similar if there exists an n × n

invertible matrix P such that B = PAP−1. If two matrices are similar, then their

eigenvalues and multiplicities are exactly the same. In other words, if Ax = λx for
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some eigenvalue λ and associated eigenvector x, then

B(Px) = (PAP−1)(Px) = PAx = P (λx) = λ(Px).

Thus, in order for two similar normal matrices to be star set equivalent, we need to

focus on each eigenspace multiplied by P and look for any restrictions that may be

needed. Since this is a linear transformation, these restrictions can be found using

either of the two methods discussed in Chapter 3.

Example 4.1.1. Let A be an n × n normal matrix and D be a diagonal matrix of

the same size with nonzero diagonal entries. Then DAD−1 is star set equivalent to

A by Theorem 3.5.3.

Example 4.1.2. Let G = Kn be the complete graph on n vertices, and let AG be its

adjacency matrix. By Theorem 3.5.4, it follows that if P is an invertible matrix such

that every row sum of P is nonzero and every column sum of P−1 is nonzero, then

the matrix product PAGP
−1 is star set equivalent to AG.

We note that a P matrix and its inverse could potentially be used the other

way around; that is, P−1AGP may be star set equivalent to A as well as PAGP
−1.

However, any restrictions on P would then apply to P−1, and vice versa.
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4.2 Star Set Equivalence and Congruent Matrices

Two n × n square matrices A and B are called congruent if there exists an

n× n invertible matrix P such that B = PAP T . Any matrix that is congruent to a

symmetric matrix will always be symmetric. However, a matrix that is congruent to

a nonsymmetric matrix may or may not be nonsymmetric, so we can no longer say

that eigenvalues are necessarily shared by A and B, or even that the multiplicities of

the eigenvalues are the same. Sylvester’s Law of Inertia tells us what can be preserved

between two congruent real symmetric matrices.

Theorem 4.2.1. Any n×n real symmetric matrix A is congruent to a matrix of the

form Is O O
O −It O
O O O

 ,

where I is the identity matrix, O is a zero matrix, and s and t are the number of

positive and negative eigenvalues of A, respectively.

From this law, we note that congruent matrices preserve rank (s+t) and signature

(s− t); however, we want to see when star set equivalence can be maintained.

Example 4.2.2. Let A be an n× n normal matrix and P be a permutation matrix

of the same size. Then the matrix product PAP T simultaneously permutes the rows

and columns of A. It turns out that the eigenspaces of this matrix product are simply
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the eigenspaces of A multiplied by P on the left, since

PAP T (Px) = PAx = P (λx) = λ(Px).

We recall from Chapter 3 that if an eigenspace is multiplied on the left by a permuta-

tion matrix, then the row indices in each star set may change, but the total number

of star sets of A are preserved.

Example 4.2.3. Let G = Km,n be the complete bipartite graph on m + n vertices,

let AG be its adjacency matrix, and let D be a diagonal matrix with nonzero diagonal

entries d1, ..., dm, dm+1, ..., dm+n. Then the matrix product DAGD
T = DAGD is star

set equivalent to AG. Since this adjacency matrix has precisely one positive and one

negative eigenvalue, and the number of positive and negative eigenvalues is preserved

by Sylvester’s Law of Inertia, this automatically gives a one-to-one correspondence

between the eigenvalues of AG and DAGD
T . In fact, it can be calculated that the

eigenvalues ±
√
mn in AG are mapped to ±(

√
d21 + · · ·+ d2m)(

√
d2m+1 + · · ·+ d2m+n)

in DAGD
T , while 0 is mapped to itself. All nonzero entries in each eigenspace are

replaced with functions of the nonzero diagonal entries. Since the functions of these

entries also give nonzero results, it follows that the placement of zero and nonzero

minors is completely unchanged. Thus, DAGD
T is star set equivalent to AG.

We now look at a result that maintains the star set equivalence of congruent

matrices, regardless of symmetry or nonsymmetry.
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Theorem 4.2.4. Let A be any square matrix, and suppose that P is an invertible

matrix of the same size such that P TP = PP T = rI for some real number r 6= 0.

Then if λ is an eigenvalue of A with associated eigenvector x, the corresponding

eigenvalue of PAP T is rλ with associated eigenvector Px.

Proof. Suppose that λ is an eigenvalue of A with associated eigenvector x, so that

Ax = λx. Then P TPAx = (rI)(Ax) = rλx; so all eigenvalues of A are multiplied

by r in P TPA, and all eigenvectors are shared between these two matrices. Next, we

note that since A, P and P T are all the same size, the characteristic polynomials of

P TPA and PAP T are identical. Thus, we find that for every eigenvalue λ of A with

associated eigenvector x,

PAP T (PAx) = PA(P TPAx) = PA(rλx) = rλ(PAx),

and since Ax = λx, we have PAP T (Px) = rλ(Px) as desired.

Thus, if we want PAP T to be star set equivalent to A when P TP has this form,

we need to look at the eigenspaces multiplied by P to determine if any restrictions are

needed. In this case, this action is again a linear transformation, so we can determine

other general restrictions on P by using either of the methods described in Chapter

3. Clearly, if r = 1, then P is an orthogonal matrix. We note that Example 4.2.2

falls into this category as well.

In previous cases in this thesis, we have been able to extend this type of result to

working with matrix functions of A; however, this is more difficult to do for congruent
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matrices when P = f(A) for some function f . This is because P T is a matrix function

of AT and not of A. If A is symmetric, then A = AT and we have no problems;

however, if A is nonsymmetric, then we have to be more careful. While it can be

shown that A and AT are similar matrices and share the same eigenvalues [10], their

respective eigenspaces can be transformed significantly when A is nonsymmetric.

Theorem 4.2.5. Let A be an n× n symmetric matrix and f(t) and g(t) = tf 2(t) be

functions such that f and g are defined for all the eigenvalues of A and g is one-to-

one. If P = f(A), then the matrix product PAP T is star set equivalent to A.

Proof. Let λ be an eigenvalue of A with associated eigenvector x, so that Ax = λx.

Then

PAP Tx = f(A)Af(AT )x

= f(A)A(f(A)x)

= f(A)A(f(λ)x)

= f(λ)f(A)(Ax)

= λf(λ)(f(A)x)

= λf 2(λ)x

= g(λ)x.

Since g(t) is one-to-one, each λ is sent to a unique g(λ), so the eigenspaces of A and

PAP T are exactly the same. Thus, PAP T is star set equivalent to A.

We note that while the function g(t) in this theorem must be one-to-one, the

function f(t) does not necessarily need to be one-to-one. For example, the function

f(t) = t2 is not one-to-one, but the function g(t) = tf 2(t) = t(t2)2 = t5 is.
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4.3 Line Graphs

A special case of similar matrices applies to a certain class of graphs called line

graphs.

Let G be a graph with n vertices and m edges. Then L(G) is called the line

graph of G. The m vertices of L(G) correspond to the edges of G, and two vertices

in L(G) are adjacent whenever the corresponding edges of G have a vertex of G in

common. Let B be the n ×m incidence matrix of G. Then the adjacency matrices

of G and L(G) are related via B as follows:

BBT = D + AG, B
TB = 2Im + AL(G),

where D is the diagonal matrix whose diagonal entries are the vertex degrees of G.

In particular, if G is a regular graph of degree k, then D = kI and the characteristic

polynomial of L(G) can be expressed in terms of the characteristic polynomial of G

as follows.

Theorem 4.3.1. If G is a regular graph of degree k, with n vertices and m (= 1
2
kn)

edges, then the following relation holds:

pL(G)(λ) = (λ+ 2)m−npG(λ− k + 2).

While this gives us a useful way to relate the eigenvalues of BBT and BTB, we can

in fact say more about these products using the following theorem from [10], which

we prove for completeness.
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Theorem 4.3.2. Let Q be an m×n matrix and R be an n×m matrix, where m ≤ n.

Then RQ has the same m eigenvalues of QR, counting multiplicity, together with an

additional n − m eigenvalues equal to 0; that is, pRQ(λ) = λn−mpQR(λ). If m = n

and at least one of Q or R is invertible, then QR and RQ are similar.

Proof. Consider the following two identities involving (m+n)×(m+n) block matrices:(
QR 0
R 0

)(
I Q
0 I

)
=

(
QR QRQ
R RQ

)
and (

I Q
0 I

)(
0 0
R RQ

)
=

(
QR QRQ
R RQ

)
.

It can be shown that the (m+ n)× (m+ n) block matrix(
I Q
0 I

)
is invertible (as all of its eigenvalues are 1), with inverse(

I −Q
0 I

)
.

We conclude that (
I −Q
0 I

)(
QR 0
R 0

)(
I Q
0 I

)
=

(
0 0
R RQ

)
;

that is, the two (m+ n)× (m+ n) matrices

C1 =

(
QR 0
R 0

)
and C2 =

(
0 0
R RQ

)
are similar. The eigenvalues of C1 are the eigenvalues of QR together with n zeroes.

The eigenvalues of C2 are the eigenvalues of BA together with m zeroes. Since C1 and

59



C2 are similar, their eigenvalues are the same, including multiplicities; so the main

assertion of the theorem follows. The final assertion follows from the observation that

QR = Q(RQ)Q−1 if Q is invertible and m = n.

From this, we can see that the eigenvalues of BBT and BTB are also related to

each other in the same way. However, we can also show a relationship between the

respective eigenspaces for the nonzero eigenvalues of these two matrix products. If

we define Q and R as in the above theorem and suppose that QRx = λx, then

RQ(Rx) = R(QRx) = R(λx) = λ(Rx).

Thus, moving back to line graphs, we can see that the eigenspaces of the nonzero

eigenvalues of BTB are simply the respective eigenspaces of BBT multiplied on the

left by BT . In the case where the original graph G is regular, we can extend this

relationship to the eigenspaces of G and the eigenspaces of the line graph L(G).

However, it is more difficult to tell if there is a proper relationship between the star

sets of BBT and BTB. While the eigenspace for 0 in BTB is difficult to find without

directly calculating it, the star sets for 0 can be found by using the star partition

method described in Theorem 2.4.2.

Example 4.3.3. The Johnson graph Jn,2 is the line graph of the complete graph

on n vertices Kn. Since Kn is regular of degree n − 1 and its adjacency matrix is

AKn = Jn − In, where J is the matrix of all ones and I is the identity matrix, it

60



follows that BBT = (n−2)In+Jn and BTB = 2Im+AL(Kn), where m = n(n−1)
2

is the

number of edges in Kn. The eigenvalues of Jn are n with multiplicity 1 and 0 with

multiplicity n− 1, so the eigenvalues of BBT are 2n− 2 with multiplicity 1 and n− 2

with multiplicity n−1. It follows that the eigenvalues of Jn,2 are (2n−2)−2 = 2n−4

with multiplicity 1, (n−2)−2 = n−4 with multiplicity n−1, and 0 with multiplicity

m − n. The eigenspaces for 2n − 4 and n − 4 in Jn,2 can be found by multiplying

the eigenspaces of n − 1 and −1 in Kn by BT on the left as follows. Suppose that

the edges e1, ..., em of Kn are labelled so that e1 is the edge between vertices 1 and 2,

e2 is the edge between vertices 1 and 3, and so on, up to em being the edge between

vertices n− 1 and n. Then BT has the form

1 1 0 · · · 0 0
1 0 1 · · · 0 0
...

...
...

...
...

1 0 0 · · · 1 0
1 0 0 · · · 0 1
0 1 1 · · · 0 0
...

...
...

...
...

0 0 0 · · · 1 1


.

Thus, the eigenvector corresponding to 2n − 4 is the vector of all ones of size n

multiplied by BT on the left, which gives a vector of all twos of size m. The m×(n−1)

matrix of eigenvectors corresponding to n− 4 is En−4 = BTE−1, where E−1 from Kn

is given in Figure A.2 in the Appendix. The upper (n − 1) × (n − 1) block of En−4

has 0’s on the anti-diagonal and −1’s everywhere else, while the rest of En−4 is the

matrix product B′TC, where B′T is the transpose of the incidence matrix of Kn−1 and
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C is an anti-diagonal matrix with 1’s on the diagonal and 0’s everywhere else. From

there, the star sets for 2n− 4 and n− 4 can be found as normal, while the star sets

for 0 can be determined by looking at the combined eigenspaces of 2n− 4 and n− 4.

4.4 Summary

We focused on the potential overlaps between star set equivalence and other equiv-

alence relations in this chapter. Both of the methods that were discussed in Chapter 3

can be used to maintain star set equivalence for all similar matrices and for a smaller

subset of congruent matrices. We also looked at line graphs of graphs and the rela-

tionships between the adjacency matrix of a graph and the adjacency matrix of its

line graph, especially when the graph is regular.
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Chapter 5

Summary and Future Considerations

This thesis was written with the intention of giving the theory of star sets and

star complements of graphs a new perspective and making extensions of this theory

to other classes of matrices besides adjacency matrices. While there are a number of

questions that have been answered in these findings, there are many more that are

still unsolved.

In Chapter 2, we introduced a second method of calculating star sets for eigen-

values of graphs that focused on zero and nonzero minors in their eigenspaces. This

method has been shown to be equivalent to the original method of calculating star

sets. In order to save some work on calculations with this determinant method, we

used the concept of a star partition to show that we can figure out star sets of eigen-

values with high multiplicities by looking at the minors of combined eigenspaces of

eigenvalues with lower multiplicities.
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We also noted in Chapter 2 that the star sets and star complements of regular

graphs and their complements are directly related to each other, regardless of whether

the complements were connected or disconnected. However, the potential relationship

between the star sets and star complements of any graph and its complement has yet

to be discovered. While there is a method described by Hagos [8] that determines the

eigenvectors of the main eigenvalues of a complement by using linear combinations of

the eigenvectors of the main eigenvalues of the original graph, this method may not

necessarily extend to star sets. This is because there is a chance of some eigenvalue

multiplicities changing when moving from a graph to its complement. In addition,

taking linear combinations of eigenvectors can easily change which minors are zero

and which minors are nonzero.

In Chapter 3, we extended the theory of star sets and star complements to normal

matrices. The concept of star set equivalence was also introduced and shown to be

an equivalence relation. At that point, we looked at examples where the eigenspaces

of two matrices were completely preserved, before moving to two different perspec-

tives on linear transformations of eigenspaces. The first perspective focused on the

elementary matrices that multiply together to create a matrix that represents a lin-

ear transformation. Meanwhile, the second perspective looked at certain minors of

the matrix representing the linear transformation and how they interacted with the

eigenspaces.
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An important question at this point is whether or not the definition of star sets

and star complements for normal matrices can be extended to any diagonalizable

matrix. When testing examples, it was noted that inaccuracies appear for upper or

lower triangular matrices as in Example 3.1.3, as well as block upper and block lower

triangular matrices; however, it is unknown if these inaccuracies appear for any other

matrix classes, or if there are inaccuracies that cannot be fixed by using the Gram-

Schmidt orthonormalization method. In addition, the concept of star set equivalence

could also have some potential applications to cryptography. By moving from one

matrix to another that is star set equivalent, we can effectively “encode” the matrix,

but keep the star sets as a hint to what the original matrix was. Whether this will

be useful or not remains to be seen.

In Chapter 4, we focused on other equivalence relations between matrices, specif-

ically similarity and congruence, and observed where star set equivalence could be

maintained in each situation. As part of our focus on similarity, we also looked at

line graphs of graphs and how the adjacency matrix of a graph and its line graph are

related to each other, especially when the graph is regular. While the connections

between the eigenvalues and eigenspaces of a regular graph and its line graph are well

known, it is more difficult to see a relationship between the star sets of these two

graphs, or even if such a relationship exists.

As a final general note, this thesis focused on matrices with real entries that also
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gave real eigenvalues, since the theory of star sets and star complements originated

with real symmetric adjacency matrices. However, there would be much benefit in

extending these results to the complex numbers, since there are more matrices that

can be considered normal and more equivalence relations that can be tested.
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Appendix A

Eigenvalues and Eigenspaces of Certain

Graph Classes

A.1 Complete Graphs

We recall that a graph G is called complete if all possible vertex pairs are edges

in G, and we denote the complete graph on n vertices by Kn.

Figure A.1: Complete graphs from 1 to 6 vertices
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The eigenvalues of Kn are n−1 with multiplicity 1 and −1 with multiplicity n−1.

The single eigenvector associated with n−1 is the all ones vector e, while the basis for

the eigenspace for −1 that we use in this thesis is given by the matrix E−1 in Figure

A.2, where each column is an eigenvector of −1. We note that these eigenvectors are

not orthogonal; however, the star sets can be determined regardless of basis, so this

does not pose a problem.

E−1 =



−1 −1 · · · −1 −1
0 0 · · · 0 1
0 0 · · · 1 0
...

...
...

...
0 1 · · · 0 0
1 0 · · · 0 0


Figure A.2: A basis for the eigenspace of −1 in Kn

Putting these two eigenspaces together gives us the matrix of eigenvectors

E =



1 −1 −1 · · · −1 −1
1 0 0 · · · 0 1
1 0 0 · · · 1 0
...

...
...

...
...

1 0 1 · · · 0 0
1 1 0 · · · 0 0


.

Since we use the determinant of E in Theorem 3.5.4, we now calculate this value.

First, using row operations, we can turn E into an n×n matrix E ′ that has the same

determinant.
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E ′ =



1 0 0 · · · 0 0
1 1 1 · · · 1 2
1 1 1 · · · 2 1
...

...
...

...
...

1 1 2 · · · 1 1
1 2 1 · · · 1 1


Thus, detE = detE ′, which is equal to the determinant of an (n−1)× (n−1) matrix

with 2’s on the anti-diagonal and 1’s everywhere else. From here, we can permute the

rows so that this smaller matrix has the form I + J , where I is the identity matrix

and J is the matrix of all ones. This operation requires bn−1
2
c permutations. Since

the determinant of a matrix is the product of its eigenvalues, and the eigenvalues of

I + J are n and 1 (multiplicity n− 1), it follows that detE = (−1)b
n−1
2
c(n).

The inverse of this matrix of eigenvectors is

E−1 =
1

n



1 1 1 · · · 1 1
−1 −1 −1 · · · −1 n− 1
−1 −1 −1 · · · n− 1 −1
...

...
...

...
...

−1 −1 n− 1 · · · −1 −1
−1 n− 1 −1 · · · −1 −1


,

and it can be shown very easily that EE−1 = I.

A.2 Complete Bipartite Graphs

We recall that G is called a complete bipartite graph if its vertex set V can

be partitioned into two subsets X and Y and for each x in X and each y in Y , G

contains exactly one edge of the form {x, y}. The complete bipartite graph is denoted
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by Km,n, where m and n are the sizes of X and Y , respectively.

Figure A.3: A general complete bipartite graph on m+ n vertices

The eigenvalues ofKm,n are±
√
mn with multiplicity 1 each and 0 with multiplicity

m+ n− 2. The eigenspaces for ±
√
mn are

E±√mn =

(
±
√
nem√
men

)
,

where e is the vector of all ones. The basis for the eigenspace of 0 that we use in

this thesis is given by the matrix E0 in Figure A.4. The upper-left block has size

m× (m− 1), while the lower-right block has size n× (n− 1).

E0 =



−1 −1 · · · −1 0 0 · · · 0
0 0 · · · 1 0 0 · · · 0
...

...
...

...
...

...
0 1 · · · 0 0 0 · · · 0
1 0 · · · 0 0 0 · · · 0
0 0 · · · 0 −1 −1 · · · −1
0 0 · · · 0 0 0 · · · 1
...

...
...

...
...

...
0 0 · · · 0 0 1 · · · 0
0 0 · · · 0 1 0 · · · 0


Figure A.4: A basis for the eigenspace of 0 in Km,n
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Putting these eigenspaces together gives us the matrix of eigenvectors

E =



√
n −

√
n −1 −1 · · · −1 0 0 · · · 0√

n −
√
n 0 0 · · · 1 0 0 · · · 0

...
...

...
...

...
...

...
...√

n −
√
n 0 1 · · · 0 0 0 · · · 0√

n −
√
n 1 0 · · · 0 0 0 · · · 0√

m
√
m 0 0 · · · 0 −1 −1 · · · −1√

m
√
m 0 0 · · · 0 0 0 · · · 1

...
...

...
...

...
...

...
...√

m
√
m 0 0 · · · 0 0 1 · · · 0√

m
√
m 0 0 · · · 0 1 0 · · · 0


.

A.3 Path Graphs

We recall that a path graph Pn is a graph composed of a single path on n vertices.

For convenience when calculating eigenvectors and star sets, we label the vertices as

in Figure A.5 below.

Figure A.5: A general path graph on n vertices

Looking at the characteristic matrix λI − APn and expanding its determinant,

it is fairly straightforward to show that its characteristic polynomial fn satisfies the

recurrence relation

fn = λfn−1 − fn−2.
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Solving for λ, the eigenvalues of Pn are given by {2 cos kπ
n+1

, k = 1, ..., n}. Given

λk = 2 cos ( kπ
n+1

), its respective eigenvector x(k) = (x
(k)
1 , ..., x

(k)
n )T satisfies

x
(k)
j = (

2

n+ 1
)1/2 sin

kjπ

n+ 1
,

where j, k = 1, ..., n. This can be confirmed by looking at the equation APnx = λx

and solving the resulting trigonometric identities. These values are also given in [7].
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