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Abstract. A reality-based algebra (RBA) is a finite-dimensional
associative algebra with involution over C whose distinguished ba-
sis B contains 1 and is closed under pseudo-inverse. An integral
RBA is one whose structure constants in its distinguished basis are
integers. If the algebra has a one-dimensional representation tak-
ing positive values on B, then we say that the RBA has a positive
degree map. These RBAs have a standard feasible trace, and the
multiplicities of the irreducible characters in the standard feasible
trace are the multiplicities of the RBA. In this article we show that
for integral RBAs with positive degree map whose multiplicities are
rational, any finite subgroup of torsion units whose elements are
all of degree 1 and have algebraic integer coefficients must have
order dividing a certain positive integer determined by the degree
map and the multiplicities. The paper concludes with a thorough
investigation of the properties of RBAs that force multiplicities to
be rational.

1. Introduction

Reality-based algebras (RBAs) were introduced by Blau in [4] to
unify treatments of various types of hypergroups that have been dis-
cussed in recent literature. Group algebras of finite groups, finite-
dimensional Hecke algebras, Brauer’s pseudogroups, Bose-Mesner al-
gebras of finite association schemes (see [19]), the fusion algebras and
Z-based algebras arising in studies of integral modular data (see [8]),
table algebras (see [1]), doubly Frobenius algebras, and Kawada’s C-
algebras are all special types of reality-based algebras.

It is natural to ask which familiar properties of groups or group
rings hold in the general setting of reality-based algebras? The authors
have recently extended several basic results concerning torsion units of
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integral group rings to torsion units of ZB where B is a standard basis
of an integral RBA with standard character; i.e. in the situation where
the multiplicity of every irreducible character of CB in the standard
feasible trace of CB is a positive integer (see [12], [13], [16], and [11]).
After reviewing background terminology and properties for RBAs in
Section 2, in Section 3 we adapt the approach of [13] to the situation
where the multiplicities are rational. We show that the order of any
torsion unit of ZB is a divisor of a positive integer determined explicitly
by the values of the degree map on B and the multiplicities of the
RBA. In Section 4, we investigate the general question of when an
RBA with positive degree map has rational multiplicities, and give
several sufficient critieria.

2. Reality-based algebras

A reality based algebra (RBA) is a pair (A,B), where A is a finite-
dimensional algebra over C with an R-linear and C-conjugate linear
involution ∗ : A→ A, and B = {b0, b1, . . . , bd} is a distinguished basis
of A that satisfies the following properties:

(i) b0 = b∗0 = 1A ∈ B;
(ii) there is a transposition ∗ of {1, . . . , d} such that (bi)

∗ = bi∗ , for
all i ∈ {1, . . . , d},

(iii) the structure constants of A with respect to the basis B are
real numbers, i.e. for all bi, bj ∈ B, we have

bibj =
∑
bk∈B

λijkbk, for some λijk ∈ R,

(iv) for all bi, bj ∈ B, λij0 6= 0 ⇐⇒ j = i∗,
(v) for all bi ∈ B, λii∗0 = λi∗i0 > 0.

If these conditions are satisfied, we say that B is an RBA-basis. The
algebra A is a C∗-algebra whose involution satisfies α∗ =

∑
i ᾱibi∗ when

α =
∑

i αibi ∈ A is written as a C-linear combination of the RBA-
basis. In particular, A is a (d + 1)-dimensional semisimple algebra.
Being a finite-dimensional C∗-algebra, any RBA (A,B) has a faithful
∗-representation, and in fact any simple component of A has a faithful
∗-representation (see [17, Theorem 11.2]).

An RBA (A,B) has a positive degree map if there is a ∗-algebra
homomorphism δ : A → C for which δ(bi) = δ(bi∗) > 0 for all bi ∈ B.
If (A,B) is an RBA with positive degree map δ, then we say that its
RBA-basis B is standard when δ(bi) = λii∗0, for all bi ∈ B. Every
RBA with positive degree map has a unique standard basis, which can
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be arranged by rescaling each basis element by δ(bi)/λii∗0. When the
RBA (A,B) admits a positive degree map δ, we define its order to be

n := δ(B+) =
d∑
i=0

δ(bi),

and its standard feasible trace to be ρ : A→ C with ρ(α) = nα0 for all
α =

∑
i αibi ∈ A. Note that ρ really is a trace function on A because

ρ(αβ) = ρ(βα) for all α, β ∈ A. Positivity of the degree map means
that A can be made into a Frobenius algebra, with nondegenerate her-
mitian form given by

〈α, β〉 = ρ(αβ∗), for all α, β ∈ A.

Being a nonsingular trace function on the finite-dimensional Frobenius
algebra A, ρ can be expressed as a linear combination of the irreducible
characters of A [14]. The coefficients mχ in this linear combination
ρ =

∑
χmχχ are the multiplicities of an RBA with positive degree

map. Higman’s character formula [14]

eχ =
mχ

n

∑
i

χ(b∗i )

δ(bi)
bi

expresses the centrally primitive idempotents of A in terms of the stan-
dard basis B. Since χ(bi∗) = χ(bi) for all bi ∈ B, we have

χ(eχ) = χ(b0) =
mχ

n

∑
i

χ(bi)χ(bi)

δ(bi)
.

χ(b0) is the degree of χ so it is always a positive integer. When the
degrees δ(bi) are all positive and real, then n is positive and real, so
the multipicity mχ is positive and real.

If (A,B) is an RBA and R is a subring of C that contains all the
structure constants relative to the basis B, then the R-span of the
basis B is an R-free R-subalgebra of A of rank d + 1, which we will
denote by RB. When (A,B) is an RBA with positive degree map and
the structure constants relative to the standard basis B are integers
(resp. rationals), then we say that (A,B) is an integral (resp. rational)
RBA with positive degree map. For an integral RBA with positive
degree map, the ring ZB is reminiscent of the integral group ring of a
finite group. Motivated by what is known about units of integral group
rings of finite groups, we ask: what are the possible orders of torsion
units of ZB when B is the standard basis of an integral RBA?
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3. Torsion units of integral RBAs with rational
multiplicities

Suppose (A,B) is an integral RBA with positive degree map for
which the multiplicities are rational. (This is the same as the “standard
character” condition discussed by Blau in [4, Section 2].) Let N be the
least positive integer for which Nρ =

∑
χ(Nmχ)χ is a nonnegative

integer linear combination of the irreducible characters of A. Since
every irreducible representation of A is realized by a ∗-representation,
there is a ∗-representation Γ that affords the character Nρ. Since
Γ(b0) = Nρ(b0) = Nn, the degree of Γ is Nn, where n is the order of
the RBA.

Lemma 1. Let (A,B) be an RBA with positive degree map that has
rational multiplicities. Let ρ be the standard feasible trace of A, and let
N be the least positive integer such that Nρ is a character of A. Suppose
Γ is a ∗-representation of A affording Nρ. Then {Γ(bi) : bi ∈ B} is a
linearly independent set.

Proof. Suppose
∑d

0 αjΓ(bj) = 0 where αj ∈ C. Let i ∈ {0, 1, . . . , d}.
Multiplying this equation by Γ(b∗i ) on both sides and taking the trace
gives 0 =

∑
j αjNρ(bjb

∗
i ) = αiλii∗0Nn, so αi = 0. Therefore, {Γ(bi) :

bi ∈ B} is a linearly independent set. �

The above lemma is also a consequence of the fact that the multi-
plicities of the RBA are all positive, since this implies that there are
no nonzero two-sided ideals in the kernel of Γ.

Now we turn our attention to torsion units. We begin with a lemma
that is analogous to the Berman-Higman lemma for torsion units of
integral group rings.

Lemma 2. Let (A,B) be a rational RBA with positive degree map that
has rational multiplicities. Suppose u =

∑
i uibi is a torsion unit of A

whose coefficients {ui} in the standardized RBA-basis B are algebraic
integers. If u0 6= 0, then u = δ(u)b0.

Proof. Let ρ be the standard feasible trace of (A,B), and let N be
the least positive integer for which Nρ is a character of A. Suppose
the multiplicative order of u is k. Let Γ be a ∗-representation of A
affording Nρ. By Lemma 1, Γ(u) is a matrix of finite order k, and so is
a diagonalizable matrix whose eigenvalues are k-th roots of unity. Let
ζf1k , . . . , ζ

fNn

k be the eigenvalues of Γ(u), where ζk is a fixed primitive k-

th root of unity in C. Then Nnu0 = Nρ(u) =
Nn∑
i=1

ζfik . Taking absolute
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values we get

(1) Nn|u0| = |
Nn∑
i=1

ζfik | ≤ Nn.

Therefore, |u0| ≤ 1, and when equality holds, all of the ζfik are equal to
u0.

Now let σ ∈ Gal(Q̄/Q), with Q̄ being an algebraic closure of Q.
Since the structure constants in the basis B are rational, σ induces a Q-
algebra automorphism of Q̄B that fixes B and acts by σ on coefficients.
In particular, uσ is another torsion unit of A with algebraic integer
coefficients. By the above reasoning, it follows that |(uσ)0| = |uσ0 | ≤ 1.
Therefore, u0 is an algebraic integer whose Galois conjugates all have
norm at most 1, so by a classical result of Kroenecker we can conclude
that either u0 is 0 or a root of unity. Since u0 6= 0, it follows that
|u0| = 1, so equality holds in (1).

This implies that Γ(u) = u0I = u0Γ(b0), so by Lemma 1, u = u0b0.
�

Proposition 3. Let (A,B) be an RBA with positive degree map and
rational multiplicities. Let ρ be the standard feasible trace of A, and let
N be the least positive integer such that Nρ is a character of A. Let
e =

∑
i eibi be a non-zero idempotent of A = CB.

Then Nne0 ∈ Z+ and 1 ≤ Nne0 ≤ Nn. Furthermore, e0 = 1
precisely when e = b0.

Proof. Let Γ be a ∗-representation of A affording the character Nρ. If
e =

∑
i eibi ∈ CB is a non-zero idempotent, then

rank(Γ(e)) = tr(Γ(e)) = Nρ(e) =
∑
i

eiNρ(bi) = e0Nn.

Since rank(Γ(e)) is a positive integer satisfying 1 ≤ rank(Γ(e)) ≤ Nn,
the result follows. �

Remark 4. In the special case where eχ is one of the centrally primitive
idempotents of A, and Γ is a ∗-representation affording the character
Nρ, then because the eχ for χ ∈ Irr(A) are orthogonal and sum to
1A = b0, it must be the case that the rank of Γ(eχ) is Nmχχ(b0) for
every χ ∈ Irr(A).

If (A,B) is an RBA with positive degree map, we will say that a
unit u of A is normalized when δ(u) = 1.

Lemma 5. Let (A,B) be a rational RBA with positive degree map
and rational multiplicities. Then any finite group of normalized torsion
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units having algebraic integer coefficients in the standardized RBA-basis
B is a set of C-linearly independent elements of A.

Proof. Let T be a finite group of normalized units of A whose ele-
ments have algebraic integer coefficients. Suppose T is not linearly
independent. Let α1t1 + . . . + αmtm = 0 be an expression of minimal
positive length m, where the ti are elements of T and the coefficients
α1, . . . , αm ∈ C are all nonzero. Since T is a group, we can assume
without loss of generality that t1 = b0. Since T consists of normalized
torsion units we have by Lemma 2 that (tj)0 = 0 for j = 2, . . . ,m. It
follows that

0 = (α1b0 + α2t2 + · · ·+ αmtm)0 = α1,

a contradiction. Therefore, T must be a linearly independent set. �

The main result of [13] gives a Lagrange theorem for finite subgroups
of normalized units of integral RBAs with standard character, which
says the order of the subgroup divides the order of the RBA. We now
establish a version of this theorem for rational RBAs with positive
degree map and rational multiplicities.

Theorem 6. Let (A,B) be a rational RBA with positive degree map
and rational multiplicities. Suppose (A,B) has order n and rank r. Let
ρ be the standard feasible trace of (A,B), and let N be the least positive
integer such that Nρ is a character of A.

Let T be a finite subgroup of normalized units having algebraic integer
coefficients in the standardized RBA-basis B. Then the order of T
divides Nn and is at most r.

Proof. By Lemma 5, T is a linearly independent subset of A. Since A
has dimension r, |T | ≤ r.

Let e = 1
|T |

∑
t∈T

t. Since T is a finite group, e is a nonzero idem-

potent of A. Let Γ be a ∗-representation of A affording Nρ, and let
m = rank(Γ(e)) = Nρ(e). Note that, being the rank of a nonzero
idempotent, m is a positive integer.

Also m = Nρ(e) = 1
|T |

∑
t∈T Nρ(t) = 1

|T |
∑

t∈T Nnt0. If t is an

element of T other than b0, then Lemma 2 implies t0 = 0. Therefore,
m = Nρ(e) = Nn

|T | , and we have that |T | divides Nn. �

4. Conditions for RBAs to have rational multiplicities

Let (A,B) be an RBA with positive degree map, and suppose B is
a standard basis. In this section we will determine conditions for the
multiplicities of (A,B) to be rational.
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In general, if the structure constants relative to the standard basis
B lie in a field F , then let K be the algebraic extension of F obtained
by adjoining entries of the character table of (A,B). We will refer
to K as the field of realization of the character table of A. (This
should not be confused with the splitting field of the RBA over F ,
which could be a larger field when the RBA is not commutative.) It
is easy to see that Gal(K/F ) permutes the irreducible characters of
A, since for all χ ∈ Irr(A), the fact that σ ∈ Gal(K/F ) implies that
χσ is the character of a Galois conjugate representation of A. Let
H be the subset of Gal(K/F ) whose elements are realized by column
permutations of the character table, that is, σ ∈ H if and only if there
is a permuation σ̄ of B such that for all χ ∈ Irr(A), and for all bi ∈ B,
χ(bi)

σ = χ(bσ̄i ). It is easy to see that the identity of Gal(K/F ) lies
in H, and that H is a subgroup of Gal(K/F ). In fact, H is a central
subgroup of Gal(K/F ), because

χ(bi)
τσ = (χτ (bi))

σ = χτ (bσ̄i ) = (χ(bσ̄i ))τ = χ(bi)
στ ,

for all σ ∈ H and τ ∈ Gal(K/F ). The fact that χ(bi) = χ(b∗i ) holds for
characters of RBAs implies that complex conjugation is always realized
by an element of H.

In the special case when the RBA (A,B) with positive degree map
(A,B) is commutative, it is called a C-algebra. The character table P of
a C-algebra is its first eigenmatrix, and the unique matrix Q for which
PQ = nI is its second eigenmatrix. Kawada-Delsarte duality tells us
the second eigenmatrix is the character table of the dual C-algebra
(Â, B̂) in its standard basis [2, Theorem II.5.10]. The multiplicities of
(A,B) are precisely the degrees of the dual, which are listed in the first
row of Q = nP−1. A commutative C-algebra (A,B) is self-dual when
we can permute the rows and columns of P to obtain a C-algebra iso-
morphism between A and its dual. As complex conjugation is realized
by a column permutation of the character table, this is equivalent to
the existence of permutation matrices U and V for which UQV = P .

We now gather some easy conditions that imply rational multiplici-
ties.

Theorem 7. Let (A,B) be a rational RBA with positive degree map δ
and standard basis B. Then any of the following conditions forces all
multiplicities of (A,B) to be rational.

(i) The standard feasible trace of (A,B) is a character of A.
(ii) (A,B) has a rational character table.
(iii) For every χ ∈ Irr(A), Q is the real subfield of Q(χ).
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(iv) All Galois automorphisms acting on elements of the character
table are realized by column permutations of the character table.

(v) (A,B) has only two multiplicities, 1 and t.
(vi) (A,B) is commutative and self-dual.

(vii) (A,B) is commutative with order n, and its first eigenmatrix
P has the property that the first row of P 2 is (n, 0, . . . , 0).

Proof. (i). The standard feasible trace ρ =
∑

χmχχ is a character
precisely when all of the multiplicities mχ are positive integers.

(ii) and (iii). Suppose χ ∈ Irr(A). If n is the order of (A,B), then
applying χ to the centrally primitive idempotent

eχ =
mχ

n

d∑
i=0

χ(bi∗)

δ(bi)
bi

gives

(2) χ(b0) = χ(eχ) =
mχ

n

d∑
i=0

|χ(bi)|2

δ(bi)
.

Since (A,B) is rational, all the degrees δ(bi) for bi ∈ B are rational, and

n and χ(b0) are rational. Since χ(bi) = χ(b∗i ), |χ(bi)|2 lies in Q(χ)+, the
real subfield of Q(χ). When the |χ(bi)|2 are rational for all bi, equation
(2) tells us mχ is rational. This proves (ii) and (iii).

(iv). Since the standard basis B has rational structure constants,
the values of irreducible characters of A are algebraic over Q. Let
K be the field of realization of the character table of A, and let H
be the central subgroup of Gal(K/F ) whose elements are realized by
column permutations of the character table. If σ ∈ H, then it will fix∑

i |χ(bi)|2. Since the δ(bi), n, and χ(b0) all lie in Q, by applying σ to
both sides of equation (2) we see that σ must also fix mχ. This proves
(iv).

(v). (This simple argument is due to the referee.) Let φ be the sum
of the irreducible characters of A with multiplicity 1, and θ the sum
of the irreducible characters with multiplicity t. Then n = ρ(b0) =
φ(b0) + tθ(b0) implies that t is rational.

(vi). When (A,B) is self-dual, we can initially re-order the columns
of P and columns of Q so that Q = P . The multiplicities of A are
precisely the degrees of the dual. The first row of P gives the list of
degrees of A, and the first row of Q, which corresponds to the degree
map on Â, gives the list of multiplicities of A. Both the first row of Q
and the first row of P are real, so when Q = P , it means the list of
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multiplicities is an exact match for the list of degrees. When (A,B) is
rational and self-dual, the degrees are rational. This proves (vi).

(vii). Since QP = nI and the first row of Q is the list of multplicities
m, we always have that mP = (n, 0, . . . , 0). The first row of P is the
list of degrees d, so the first row of P 2 is dP . Since P is invertible,
dP = mP implies d = m. This proves (vii). �

Remark 8. The reasoning in (iii) shows the multiplicities of the RBA
lie in the fixed field KH . In the commutative case, the column per-
mutations of the first eigenmatrix P are in one-to-one correspondence
with row permutations of the second eigenmatrix, so the structure con-
stants of (Â, B̂) will lie in KH . These structure constants are the Krein
parameters of (A,B). (That the Krein parameters are fixed by H has
been noted previously in [2] and [5, (2.14)].)

Condition (vii) is equivalent in general for the list of multiplicities
to match the list of degrees for a C-algebra. The non-symmetric com-
mutative association scheme as8-14 of [3] with order 8, rank 6, and
degrees 1, 1, 1, 1, 2, and 2 gives a non-self dual example in which the
first row of P 2 satisfies condition (vii).

An important class of commutative table algebras that satisfies con-
dition (vi) arises in studies of modular data. A (d+1)× (d+1) unitary
and symmetric matrix S is a Fourier matrix when every Si0 > 0 and
S generates integer structure constants using the Verlinde’s formula:

Nijk =
∑
`

S−1
`0 S`iS`jS`k, 0 ≤ i, j, k ≤ d.

These are the structure constants of the fusion ring associated with
S. Conformal field theorists think of this as the fusion ring generated
by the column vectors of the s-matrix under ordinary addition and
entrywise multiplication, where s is obtained from S by dividing each
row of S by its first entry Si0. It turns out that this fusion ring is the
transitional rescaling of a self-dual commutative table algebra. The
Fourier matrix S occurs in a modular datum when there exists a diag-
onal torsion matrix T for which S2 = (ST )3. This means S and T are
the images of the usual generators of the modular group SL2(Z) under
a unitary finite-dimensional group representation. Readers interested
in connections with the subject of rational conformal field theory are
referred to [8].

Corollary 9. The following families of RBAs with degree map have
rational multiplicities:

(i) Adjacency algebras of finite association schemes,
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(ii) Commutative or noncommutative t-pseudocyclic rational RBAs,
and

(iii) Commutative rational table algebras whose transitional rescal-
ing is the fusion algebra of an integral modular datum.

(iv) Self-dual standard C-algebras with square degrees whose tran-
sitional rescaling has rational structure constants.

Proof. (i). Adjacency algebras of association schemes are RBAs whose
standard feasible trace is a character.

(ii). A t-pseudocyclic RBA is by definition an RBA with positive
degree map that has only two multiplicities, 1 and t.

(iii). Let (A,B) be a commutative standard table algebra whose

transitional rescaling (A, B̃) is isomorphic as a table algebra to a fusion

ring arising from an integral modular datum. Then B̃ has integral
structure constants Nijk, and the standard table algebra (A,B) is self-
dual. However, the structure constants λijk relative to the basis B are

not necessarily rational, since λijk =

√
δ(bi)δ(bj)√
δ(bk)

Nijk, for all i, j, k.

When these structure constants are rational, Theorem 7(vi) applies.
(iv) Reasoning as in the proof of (iii) above, (A,B) will be a com-

mutative rational self-dual RBA, so it has rational multiplicities by
Theorem 7(vi). �

For RBAs with rational-valued positive degree map, it follows from
the proof of Theorem 7 that the multiplicity of any rational-valued
irreducible character is rational. In particular, if the character table
is rational, then the multiplicities are rational. This is easily seen to
include all rational RBAs of rank 2 and the noncommutative rational
RBAs of rank 5 or 6 discussed in [9] and [10]. We will give a small
example to show the multiplicities of a rank 3 RBA can be irrational.

Example 10. Let B = {b0 = 1, b1, b2} be the standard basis of a
symmetric integral table algebra whose structure constants are given
by

b2
1 = 3b0 + 2b2, b1b2 = 2b1 + b2, and b2

2 = 3b0 + b1 + b2.

Since this algebra is commutative, we can produce the character table
for (A,B) by diagonalizing the regular matrices for b1 and b2. Here it
is, with σ denoting the nontrivial element of Gal(Q(

√
2)/Q):

b0 b1 b2 mult.
δ 1 3 3 1

χ 1 −1 +
√

2 −
√

2 mχ

χσ 1 −1−
√

2
√

2 (mχ)σ
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Calculating directly using the above formulas, we find mχ = 3 + 3
4

√
2.

While this example does not have the rational multiplicity condition
we need for our results in the previous section, since it is commutative
we know by [18, Theorem 3.1] that the only torsion units of ZB are
±b0.

Example 10 is a 3-homogeneous P -polynomial integral table alge-
bra, corresponding to the intersection array [3, 2; 1, 2]. An RBA is k-
homogeneous if every degree δ(bi) is a fixed positive number k except
for δ(b0) = 1. Multiplicities of k-homogeneous P -polynomial integral
table algebras were investigated recently by Blau and Hein [6], who
described infinite families having rank 6 or more with irrational multi-
plicities.

Remark 11. Another aspect of the C-algebra theory described in [2]
is a method for calculating structure constants from the character ta-
ble. If one starts with the character table P of a C-algebra with basis
B, and calculates structure constants for the algebra spanned by the
column vectors of P under entrywise multiplication, one recovers reg-
ular matrices for the elements of B. For instance the reader can check
that when this is applied to the character table P of Example 10, one
obtains the regular matrices of the standard basis elements for this
RBA.

Example 12. The integral table algebra of rank 3 in Example 10
has irrational multiplicities, so it also has irrational Krein parameters.
From the character table Q of the dual Â, we can calculate the Krein
parameters of (A,B) directly using Remark 11.

Q = 7P−1 =

1 3 + 3
4

√
2 3− 3

4

√
2

1 −1
2

+ 3
4

√
2 −1

2
− 3

4

√
2

1 −1
2
−
√

2 −1
2

+
√

2

 .
Taking the columns of Q as basis vectors for an algebra with entrywise
product, and writing the regular matrices corresponding to each, we
obtain

b′0 = I3, b
′
1 =

0 3 + 3
4

√
2 0

1 3
4

+ 5
8

√
2 5

4
+ 1

8

√
2

0 7
4

+ 7
8

√
2 5

4
− 1

8

√
2

 , b′2 =

0 0 3− 3
4

√
2

0 5
4

+ 1
8

√
2 7

4
− 7

8

√
2

1 5
4
− 1

8

√
2 3

4
− 5

8

√
2

 .
The entries are irrational, which is to be expected because the Galois
automorphism of Gal(Q(

√
2)/Q) is not realized by a row permutation

of Q. So although (A,B) is an integral C-algebra, its dual is neither
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rational nor integral, and the structure constants relative to the stan-
dard basis of the dual are not algebraic integers. In this case they are
not positive either - note that the (3, 3) entry of b′2 is negative.

For commutative association schemes, the argument showing the
Krein parameters are nonnegative relies on two key points. First,
the centrally primitive idempotents are realized as nonnegative defi-
nite Hermitian matrices in the standard ∗-representation affording ρ,
and second, the multiplication for the dual algebra is realized by en-
trywise matrix multiplication in the standard representation (see [2,
§II.3]). When the multiplicities are rational, the centrally primitive
idempotents will be realized by nonnegative definite matrices by our
∗-representation affording our Nρ, but it may not be the case that
the multiplication in the dual algebra corresponds to entrywise matrix
multiplication for this representation.

Example 13. The rank 4 table algebra whose standard basis B =
{b0, b1, b2, b3} satisfies

b2
1 = 3b0 + b1 + b2, b2

2 = 3b0 + 2b2,
b1b2 = b1 + 2b2, b2b3 = 2b1 + b3,
b1b3 = 2b2 + b3, b2

3 = 3b0 + b1 + b2

has character table

P =


1 3 3 3
1 −2 3 −2
1 2 −1 −2
1 −1 −1 1

 .
Its multiplicities are 1, 3

2
, 5

2
, and 5, so it will have a degree 20 rep-

resentation affording 2ρ. Two of its Krein parameters, in particular
κ122 = κ212 = −1

6
and κ221 = − 5

18
, are negative. Therefore, multi-

plication for the dual algebra cannot correspond to entrywise matrix
multiplication in this representation.

It was shown by Hosseini and Rahnamai Barghi that for integral
k-homogeneous table algebras of rank 3, rationality of multiplicities
implies rationality of Krein parameters [15, Theorem 3.2]. We remark
that their proof can be applied without change to k-homogeneous rank
3 C-algebras. It is quite common for C-algebras with rational mul-
tiplicities to have irrational Krein parameters. The P -polynomial ta-
ble algebra corresponding to the Heawood graph, with incidence array
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[3, 2, 2; 1, 1, 3], is one such example. Its eigenmatrices are

P =


1 3 6 4
1 −3 6 −4

1
√

2 −1 −
√

2

1 −
√

2 −1
√

2

 and Q =


1 1 6 6

1 −1 2
√

2 −2
√

2
1 1 −1 −1

1 −1 −3
2

√
2 3

2

√
2

 ,
and one can show κ333 = 5

2
+ 1

4

√
2.

The authors would like to express their appreciation to the referee
for their helpful comments and suggestions for this article.
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