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Abstract

Based on research of various climate models and specifically of one di-

mensional energy balance models (1D EBM), a 2D EBM was created. This

model separated the planet into zones with different latitude and longitude

coordinates. Each zone’s temperature was calculated by taking into ac-

count incident/outgoing solar radiation and heat transfer between adjacent

zones. The global average temperature of the Earth could also be calcu-

lated. Other features like day/night cycles, seasons, and land/sea zones

were also included to add complexity to the model. The final 2D EBM

ended up having different temperature values than what was expected.
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1 Introduction

The climate of a region is defined as the weather conditions prevailing in an area over

a long period of time. Some of the common meteorological variables measured can include

temperature, humidity, precipitation etc. Because the climate of the Earth has such a

substantial impact on people’s lives, how a climate system changes and is affected by different

variables is a subject of greater study. One of the most comprehensive methods of studying

climate change is with a climate model.

A numerical climate model simulates the interaction of important factors in climate using

quantitative methods. In general, a climate model needs to achieve three things in order

to be a proper model: one or more relationships (equations) that relate the output to the

input, specified starting conditions, and time characteristics [1]. One of the most common

uses of climate models is to test the accuracy of the prevailing theory. By taking direct

measurements of temperature, precipitation etc., comparisons with the data from a climate

model can illustrate if the underlying theory behind the model is correct.

Most climate models are created using software that helps with the calculations. Of

course, most of these models are idealized as changes in climate can have many compli-

cated causes and effects that can not be properly calculated by simple computing. Climate

modellers also have different goals in mind when doing their modelling along with different

levels of computing power, and this has led to the creation of many different kinds of climate

models. Overall, there are four different categories of climate models.

The first type of model predicts the sea-level surface temperature by comparing the radi-

ation input and output of the Earth over a long period of time. The most prevalent example

of this model would be the Energy Balance Model (EBM). Higher dimensional EBM’s take

into account latitude/longitude zones having different input energies and therefore must also

take into account the transfer of energy between different zones.

The second type of model focuses on processes in the atmospheric layers. Examples

include Radiative-Convective (RC) models and Single Column Models (SCM). RC models

compute the temperature profile by the modelling of radiative processes with a convection

adjustment [2]. SCM’s are made up of single columns taken from a three-dimensional model
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that accounts for all the same processes minus the horizontal energy transfers [2].

The third model type includes a very broad range of models that give more complexity

to the previous models listed by adding in more variables. These types of models are gen-

erally called Earth Models of Intermediate Complexity (EMIC). It also includes Statistical

Dynamical (SD) models that deal with surface processes and dynamics in a zonally averaged

framework with a vertically resolved atmosphere [2].

The final model type incorporates the atmosphere and ocean in three dimensions, and

can also have fully coupled ocean and atmospheric circulation models. These models will

ultimately produce a three dimensional time evolution of the state of the ocean and atmo-

sphere [2]. These models are the most complex in climate modelling, and they are called

Global Circulation Models (GCM).

During the previous semester, the focus was trying to find an existing one dimensional

EBM that would give a good introduction to climate modelling. The model found was a

simple model with no complicated features that would otherwise make it difficult to explain.

For this semester, the objective was to create a climate model of our own. There are multiple

types to choose from, but because of how complex most climate models are there was only

two realistic choices: an EBM or one dimensional RC model.

Existing one dimensional RC models were studied at the beginning of the semester to see

if we could create our own. However, it was quickly determined that it would be difficult with

the limited amount of time to create anything beyond a very simple RC model. Creating an

EBM, on the other hand, would not take as much time and would therefore allow the addition

of more features like day/nights and seasons; it was decided that the objective would be to

create an EBM. This model would be more complicated than the one dimensional EMB

discussed last semester and would make fewer assumptions and approximations.

This new EBM would be two dimensional, so it would calculate the temperature at each

latitude and longitude zone along with the global mean temperature. In the next section, I

will do a quick overview of last semester’s EBM and then go over how this new EBM works

and how it is an improvement over the old model.
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2 Methodology

2.1 Review of 1D EBM

I will quickly go over how the previous 1D EBM calculated temperature values. All

EBM’s have the climate based on the global energy balance, or in other terms that over

a long period of time the radiation input and output of the Earth is balanced. Therefore,

each zone will be affected by the radiation input, outgoing radiation flux, and heat transfer

between zones. This relationship in the 1D EBM is given by equation (1). This EBM also

only calculates temperatures for latitude zones where θ is between 0◦ and 90◦ or for one

hemisphere, where θ is the polar angle.

Si(1− α(Ti)) = R ↑ (Ti) + F (Ti) (1)

Each of these factors depends on the temperature of the latitude zone given by Ti. This

model assumes that there is no storage of energy in the Earth. Looking at the radiation

input factor Si(1 − α(Ti)) indicates that it depends on the solar radiation S and surface

albedo α. The surface albedo is the reflected fraction of incident radiation that an albedo

of 1 would be perfectly reflecting. The albedo has such a large influence on input energy

because 70% of energy that drives climate systems is absorbed at the surface [1]. Surface

albedo is also related to temperature as the albedo of a surface will increase drastically if

covered with snow or ice.

The solar radiation is not the same for each zone because of the different orientation of

each zone with respect to the direction of the sun means that each zone will get a different

fraction of solar radiation. The tilt of the Earth’s axis and the different sizes of latitude

zones will also have an effect. These fractions are determined empirically [1].

This EBM accounts for snow/ice albedo by setting some critical temperature Tc where

the latitude zone changes to snow/ice. There would then be two albedo values given in a

step function. However, ice-free albedo values are also affected by a latitudinal relations

that is not a function of temperature which could be labeled b(θ). The albedo could then be

given by the following function:
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α(Ti) =

b(θ) if Ti > Tc

αice if Ti ≤ Tc

(2)

b(θ) in this equation is given by empirically determined values. Since snow/ice starts to cover

land and sea areas at different temperatures (about 273 Kelvin for snow over land areas and

260 Kelvin for ice over sea areas), the critical temperature will be the average of these two

values. This calculated average takes into account that the Earth surface has more water

than land, and so the value is set to Tc = 263 K.

The next parameter to take into account is the outgoing radiation flux. This parameter

is determined by the Stefan-Boltzmann Law [1]. This model simplifies calculations by ap-

proximating that in the Earth’s temperature range of 250-300 K Stefan-Boltzmann Law is

linear for this EBM. The outgoing flux or the amount of radiation leaving the top of each

latitude zone, R ↑ (Ti), is defined by equation (3).

R ↑ (Ti) = A+BTi (3)

A and B are empirically determined constants. The final parameter to take into account is

the heat transfer between different latitude zones, F (Ti). This can be written as a function

of the difference between latitude zone temperature and the global mean temperature T̄ :

F (Ti) = kt(Ti − T̄ ) (4)

kt is an empirically determined constant. To find T̄ requires taking a first-guess temperature

distribution of the Earth and finding the weighted average of these temperatures. The

weighting factor at each zone in this EBM is given by Tcos = Ticos(θi), and therefore the

global mean temperature is

T̄ =

∑
i Ticos(θi)∑
i cos(θi)

(5)

With all these parameters specified, I can now put equations (2),(3), and (4) into equation

(1), and with some rearranging can get equation (6).
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Ti =
Si(1− α(Ti)) + ktT̄ − A

B + kt
(6)

All of the equations given in this section were developed by Budyko [1]. The 1D EBM

computer program [1] follows the steps listed in this section to calculate the global mean

temperature and the temperature at each latitude zone. The program calculates equation (6)

for each latitude zone and then calculates the global mean temperature again. This process

is done fifty times so that the program finds temperature values that are converging. This is

done so that the program does not rely on having a very accurate first temperature distribu-

tion. The only difference in calculation is that each iteration uses the latitude temperature

distribution of the previous iteration for calculations.

This model allows the user to adjust the various empirically determined values to test

different scenarios. Using values that correspond to conditions on present day Earth, the

program calculates a global mean temperature of 288.3 K, which is quite close to the global

average temperature 287.9 K [3].

2.2 Creation of 2D EBM

The creation of the 2D EBM this semester started from the same premises as the 1D EBM

last semester. This means that over a long period of time the input and output of energy

into the Earth is balanced and that each zone temperature is affected by the radiation input,

outgoing radiation power, and heat transfer. However, unlike the previous model which

calculated radiation flux, the 2D EBM took into account the different area values of each

zone when doing calculation so the model will be calculating the relation of input and output

power instead of flux.

The main difference in between these two models comes from the fact this new model takes

into account the energy balance in longitudinal/latitude zones compared with the previous

model which only took into account latitude. This new model also takes the full latitude

axis (-90 - 90◦). This model follows the spherical coordinate system for three dimensional

space. The position of a point in this space is defined by three numbers: the radial distance

of that point from a fixed origin, its polar angle measured from a fixed zenith direction, and
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the azimuthal angle of its orthogonal projection on a reference plane that passes through

the origin and is orthogonal to the zenith, measured from a fixed reference direction on that

plane. This coordinate system is illustrated in Figure 1a. For this 2D EBM, the radial

distance is fixed to be the radius of the Earth, and polar and azimuthal angle representing

latitude and longitude respectively. A simple example of this model’s coordinate system is

illustrated in Figure 1b.

(a) Spherical Coordinate System

(b) 2D EBM Coordinate System [4]

The first goal when creating this model was to make it initially as simple as possible.

The first part to review is the incident radiation equation, which at the i’th longitude zone

and j’th latitude zone is:

Pincij = Scosθj(1− αij)Atij (7)

where αij is the albedo of the zone, and Atij (top area) is the zone area over which the

incident radiation enters. Note that there are 360 longitude zones and 180 latitude zones.

This means θj values have a range of [-90◦,90◦] and φi values have a range of [0◦,360◦].

Like in the previous model, different latitude zones will have different power values. This

is because the normal of the top area of any given latitude zone will create an angle with the

incident radiation vector, and the larger this angle is the less energy the zone will receive.

This effect is taken into account by the cosθj factor, so that zones near the equator will

receive higher amounts of solar radiation compared to the poles which is what we expect.
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The (1-αij) factor is the same as the previous model except the αij value is given by a

modified step function only reliant on the temperature of the zone with a high albedo below

263 K and progressively lower albedo values at higher temperatures. Atij is calculated using

the geometry of the coordinate system:

Atij =
(2πR)2cosθi

(360)(180)(2)
(8)

R is defined to be the average radius of the Earth. The outgoing radiation power in the 1D

EBM is determined by the Stefan Boltzmann Law. Unlike the last model, this new model

does not make a linear approximation, so the equation for outgoing power is given by:

Poutij = σT 4
ijAtij (9)

Note that in this model the initial temperature distribution is set to be 273 K at all

zones. The final factor to take into account is the heat transfer between zones. For this

model, we must also take into account the power transfer between adjacent longitudinal as

well as latitude zones. The 2D EBM also differs from the 1D EBM in that the previous

model had the flux being proportional to the difference between the zone and global mean

temperatures, while the 2D EBM has the power being proportional to the zone temperature

and adjacent zone temperature. The equation for heat transfer will have four parts for the

four adjacent zones:

Ptij = kt(Ti±1,j − Tij)AEW + kt(Ti,j±1 − Tij)ANSj
(10)

With kt = 3.81W/Km2 being the same empirically constant from the first model, AEW being

the shared area with the adjacent zones to the east and west, and ANSj
being the shared

area with the adjacent zones to the north and south. The area variables are determined by

the following formulas derived from geometry of the coordinate system:

AEW =
2πRL

(2)(180)
(11)
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ANSj
=

2πRLcos(θj ± 0.5)

360
(12)

where L is the thickness of the atmosphere. One exception is when the program is taking the

heat exchange at the maximum and minimum latitude regions. In these regions, the zones

are not the usual square-like shape but are instead triangular shaped due to the geometry

of the setup. So this means that the heat exchange to the north at the maximum latitude

and the heat exchange to the south at the minimum latitude must be zero.

With all three processes of zone power accounted for, we can then calculate the total

power that is entering/leaving the selected zone by the equation:

Ptotalij = Pincij + Ptij − Poutij (13)

This value can then be multiplied by a user imputed time value in seconds to get the

total heat added/removed from the zone. This time value can basically be considered the

step size. With the total heat, a new temperature for the selected zone can be calculated

using the specific heat formula:

Tijnew = Tij +
Qtotalij

cpmij

(14)

where cp = 1000 J
kgK

is the specific heat capacity per kilogram of air and mij is the mass of

the air in the zone. The mass is calculated with the equation:

mij = AtijLρa (15)

where ρa = 1.22 kg/m3 is the density of air at 288 K.

This process of calculating new temperatures is done for each zone, and then the same

process is repeated with the new temperature distribution. After the model creates a new

temperature distribution, the global mean temperature is then calculated by taking the

weighted average of all the zone temperatures:

T̄ =

∑
ij Tijmij∑
ij Tij

(16)
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With this model, the program does 10,000 iterations so that the global mean temperature and

zone temperatures converge. One thing to note about this process, there is no dependence on

φ. This is because with this current model we are assuming that there is no day/night cycles

while the Earth orbits around the sun and that the Earth has no axis tilt. This means at

this version of the model the temperature would only depend on θ. This model was created

using the C++ programming language.

3 Results

With the starter version of the 2D EBM completed, temperature distributions and ex-

pected global mean temperatures can now be calculated and improvements can then be made

based on the results. Because there is no φ dependence, we only need to take temperature

distributions with respect to θ. The current version of the 2D EBM gives the temperature

distribution shown by Figure 2.
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2D EBM Zone Temperature vs Angle (No Solar Correction)

Figure (2) Zone Temperature vs Latitude Zone Angle with no Solar Correction

The first thing to note about this first test is that the average global temperature is

338.209 K, which is very high compared to the expected value of 288 K. This is because this

model assumes that each zone is getting constant energy from the sun over a period of time.

This is obviously not true as this does not take into account the day/night or seasons.

The distribution of temperatures is also very large, with the lowest temperatures being
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about 117 K at the poles and 367 K at the equator. This is a very wide range of temperatures

and is not like the Earth’s temperature distribution at all. The equator temperatures can

easily be explained by the lack of day/night cycles. The poles having very low temperature

is likely from the zones from at the poles being very small because of the geometry of the

sphere and therefore these regions will get less energy than the equator regions. This along

with the θ dependence of the incident power making the incident power close to zero near

the poles would therefore make the temperatures low in the polar area.

In the previous model, the solar constant values at different latitude zones were empiri-

cally determined. Compared to this model which has the solar flux at the poles to be near

zero, the old model had the solar flux at the pole regions to be set to 1/3 to 1/2 the solar

constant. This would point to the cosθ dependence being a simplification of the solar flux

and θ relationship. Despite this flaw, we sticked with the cosθ dependence to try and avoid

using empirically determined constants.

One final problem about this model is that the temperature values seem to jump in

temperature at certain points instead of following a smooth curve as what is expected. This

jump is likely due to the albedo being defined as a step function. After a zone reaches the

step value temperature the albedo can decrease quite a bit which will therefore increase the

value of the incident power at these step value temperatures. This, finally, will then cause a

sudden increase in the temperature values of these zones.

3.1 Heat Transfer Parameters

I will now go through the various attempts to improve the heat transfer between zones

in this 2D EBM. The two biggest problems with this model at this point are that it has

a high average global temperature and the difference between the maximum and minimum

temperatures on the Earth are too large. The high average temperature is due to the fact

that the model assumes that the Earth is in constant daytime, which means the Earth is

getting more input radiation than expected. This problem was temporarily fixed by adding

a correction factor to the incident power equation, so that the equation would be:

Pincij = Scosθj(1− αij)Atij ∗ (SolarCorrection) (17)
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This solar correction is applied to account for the day/night cycle. The total energy received

from the Sun per unit time is πR2 and the surface area of the Earth is 4πR2. Naively it is

assumed that the solar correction would then be 1/4 as the ratio between these two values,

but this gives a global temperature that is too low. Different values for the solar constant

were then evaluated and eventually a solar correction of 0.6 was chosen. The results with

this correction are shown in Figure 3. Note that this solar correction is temporary and was

set to a value that would give an accurate average global temperature for ease of testing heat

parameter constants and initial temperature effects.
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Figure (3) Zone Temperature vs Latitude Zone Angle with Solar Correction

We can see from this test that this is a much more accurate model. This model gives

an average global temperature of about 290 K, which is close to the expected value. The

temperatures at the equator are also closer to what is expected. The temperatures at the

poles, however, are about 100 K, which is still very low. One way to increase the polar

temperature values would be to try and make heat transfer more efficient to allow heat from

the equator to spread out more to the poles. This would have the added affect of making

the temperature distribution shorter in range.

One way to increase heat transfer would be to increase the shared area between adjacent

zones. This I was able to do because at first an arbitrary value of 5000 m was chosen for the

atmosphere height. However, doing more research I found that the first atmospheric layer

(Troposphere) contains 75% of the Earth’s mass and 99% of the total mass of water vapour

11



and aerosols. [5]. The average height of the troposphere is about 13 km. Since the model

uses the mass of air in the zone for calculations, the atmospheric height should be increased

to 13 km to accurately reflect how high the air is in the atmosphere. This new atmospheric

height value gives a new temperature distribution in Figure 4.
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2D EBM Zone Temperature vs Angle (Increased Atmosphere Height)

Figure (4) Zone Temperature vs Latitude Zone Angle with increased atmosphere height

We can clearly see that the temperature at the poles increased by about 25 K with very

little decrease in global average temperature. These results can be further improved by

changing the heat exchange constant kt. This empirically determined constant comes from

the 1D EBM. However, that model had the heat transfer depend on the difference between the

zone and average global temperature. This model, however, had the heat transfer depend on

the difference between the zone temperature and the adjacent zone temperatures. This fact

would then mean that the kt value would likely be different. After running the model with

various values for kt, a value of kt = 115.81 W/Km2 was found to give the best temperature

distribution. The results are given in Figure 5.

Like the results from Figure 4, increasing the heat transfer constant increases the temper-

ature at the polar regions even further with little change in the global average temperature.

Another problem that increasing the heat transfer seemed to fix was making the temperature

distribution function smoother and less affected by the albedo step function parameteriza-

tion.

The albedo parameter was the final variable I focused on to see if I could improve the
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Figure (5) Zone Temperature vs Latitude Zone Angle with increased kt value

temperature distribution. As said before, the 2D EBM albedo is a step function determined

by the zone temperature, while the 1D EBM is also a step function determined by both the

critical temperature, Tc and θ values. I decided to change the albedo parameter to be what

it was in the 1D EBM to see if there would be any discernible difference in the global mean

temperature.
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2D EBM Zone Temperature vs Angle (1D EBM Albedo Parameterization)

Figure (6) Zone Temperature vs Latitude Zone Angle with 1D EBM albedo parameteriza-
tion

We can clearly see from Figure 6 that the there is no significant difference in the tem-

perature distribution or global mean temperature if using a θ dependent albedo. Therefore,

all further tests will use the 2D EBM albedo parameterization.
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3.2 Effects of Initial Temperature Distribution

Like all other EBM’s, this model needs an initial temperature values for all the zones.

For all the previous tests, all temperature zones were assumed to start at 273 K. The first

question is how the temperature distribution and global mean temperatures would change

if this initial temperature value was different. It is likely that this model would be quite

flexible already and that the initial temperature would not adversely affect results as the

large number of steps (10,000) would still make the model temperature’s convergent.

The current version of the model was then tested with different initial temperatures, and

the corresponding temperature distributions and global average temperatures are illustrated

in Figure 7.
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Figure (7) Zone Temperature vs Latitude Zone Angle at Various Initial Temperature Dis-
tributions Test 1

Figure 7 reveals even initial temperature distributions which are unlikely (0 K, 600 K)

for Earth, the final temperature distributions and global temperatures seem to be close to

what is expected. From Figure 5, we know that the global mean temperature with an initial

temperature 273 K is about 289 K. This value is very close to what is expected because of

the close initial temperature guess.

It is curious then to note that the high initial temperatures of 400 K and 600 K get final

values of about 290 K while low initial temperatures of 100 K and 0 K give final values of

282 K and 277 K. Lower initial temperature values give global mean temperatures that can
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be about 10 K off from the expected value while higher initial temperature values have only

1 K discrepancy, even though both initial temperature distributions have about the same

absolute difference in temperature from the expected value.

The most likely reason for this can be revealed from studying equations (7) and (9) closely.

We can see that the outgoing radiation equation (equation 9) has a zone temperature factor

that the radiation input relation (equation 7) does not have. This means that the outgoing

radiation value at higher temperatures can be very large, especially since it is governed by

the Stefan-Boltzmann law where the zone temperature is raised to the power of four. The

incoming radiation equation (equation 7), however, is basically constrained due to the fact

that a zone will only ever receive a heat flux that is a fraction of the solar constant.

Therefore, we can state that a zone can quickly decrease in temperature but it takes

much longer for a zone temperature to increase. For this reason, it could be reasoned

that increasing the number of steps the model takes could make lower initial temperature

distributions more accurate. I tested this prediction by running the model again with the

same initial temperatures but instead of the model running 10,000 steps it ran 30,000 steps.
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Figure (8) Zone Temperature vs Latitude Zone Angle at Various Initial Temperature Dis-
tributions Test 2

All of the temperature distributions are closer together and have global average temper-

atures within a couple of Kelvin. I can now state that increasing the number of steps does

in fact increase the accuracy of lower initial temperature distributions.
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3.3 Modelling the Day/Night Cycle

Attempts were now made to more explicitly include a day/night cycle into the 2D EBM.

Up to this point, a solar correction factor was included into the input radiation equation to

account for the day/night cycle. My first attempt to solve this problem was by changing

equation (7) to be of the form:

Pincij = SNfcosθj(1− αij)Atij (18)

with

Nf =

sin(φi + n) if 0 ≤ φi + n ≤ 180

0 if 180 < φi + n < 360

(19)

with most of the same variable except φi is the longitude angle of the zone and n is the φi

angle change. The reasoning for the sinφi factor is the same reasoning that was given for the

cosθj factor. This makes it so φ angles between 0◦ and 180◦ are during the day with most

incident radiation coming at noon or at φ = 90◦. The other set of φ angle simulate when

it’s night and therefore no incident radiation.

At this point the model simulates the Earth as a non-spinning sphere with one side

permanently facing the sun. To make the Earth rotate, I added the n factor which increases

1 degree every step. The n value should increase by small steps as increasing it by very large

steps may make certain parts of the globe receive systematically less energy than others

based on the starting position. An example trial of this current version is given in Figure 9.

The global mean temperature seems to have dropped dramatically from the previous

versions of the model. In fact, when doing the debugging for this test I noticed that incorpo-

rating a day/night cycle that changes by step seems to make the global average temperature

trend towards zero kelvin. This likely is because zones at night are radiating away too much

energy for the model to converge to a stable temperature. This mainly comes from the fact

that this model does not take into account the greenhouse effect. Because of the instability

of this current model, I decided to try another method to incorporate the day/night cycle.

The new method I used was similar to adding a solar correction constant to the incident
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Figure (9) Zone Temperature vs Latitude Zone Angle with Step Day/Night Cycle

radiation formula, but this time not choosing some arbitrary value to account for greenhouse

effects. Earlier, I had stated that the incident radiation could be multiplied by 1/4 as a ratio

between the area facing the sun and the total surface area of the Earth. However, a different

ratio can be found by taking into account the longitude dependence.

This is done by taking the average of one full day/night cycle with equation (18) with

respect to the longitude. Because only the Nf variable depends on the longitude we only

need to take the average of Nf .

〈Nf〉 =
1

2π

(∫ π

0

sinφdφ+

∫ 2π

π

0dφ

)
=

1

π
(20)

Therefore the incident radiation equation (18) changes to:

Pincij = Scosθj(1− αij)Atij/π (21)

Figure 10 has the results using this new equation.

These results give a much more realistic global average temperature than the other

day/night cycle model. The results also did not seem to tend to zero temperature. The

global mean temperature is still pretty low but that is because it is not accounting for the

greenhouse effect in the current model. At this point, I moved on to other features and I

used the model equations that created the distribution of Figure 10.
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Figure (10) Zone Temperature vs Latitude Zone Angle with Averaged Day/Night Cycle

3.4 Modelling the Seasons

Up to this point in the 2D EBM, the Earth was assumed to have no axial tilt. This would

mean there would be no seasons on the Earth. Adding the tilt of the Earth to the model will

therefore add seasons to the model as well. The Earth’s tilt varies, but on average the angle

is about 23 degrees from the plane of the orbit of the sun [6]. The Earth’s tilt remains in

the same direction but because the Earth orbits around the sun the zone normal angle with

respect to the incident direction will shift throughout the Earth’s orbit. This relationship is

very complicated to model, but a simple approximation can be done. A model of a tilted

Earth is shown below:

Figure (11) Diagram of Earth with an Axial Tilt [7]
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Figure (12) Diagram of Winter and Summer Solstices on the Earth

I can see from the two figures that as the Earth moves along its orbit the pole which

faces the sun changes. This means the zone latitude correction will not depend solely on

θ. This new factor will be based on the angle between the celestial equator plane and the

ecliptic plane which will be labeled γ. A simple approximation can be made that assumes

that angle between the celestial equator plane and the ecliptic plane γ = 23cosω, where ω

is the angle of the Earth around the Sun. The incident radiation equation will also change,

becoming:

Pincij = Scos(θj + γ)(1− αij)Atij/π (22)

At the very beginning of the model, ω will be set to zero and then be increased by a value

in degrees each step to simulate the seasons. One small change to the above equation is

that if (θj + γ) is greater than 90◦ or less than -90◦ than equation (22) should be zero. This

simulates the fact that during summer/winter some zones will be of polar regions which get

no sunlight during one of the Earth’s rotations. The step size for the angle also would likely

have an affect on the results, so two tests were done: one with the step size of 1 degree and

the other with a step size of 1/24th a degree. The number of steps for each case was chosen

to be roughly a one day and one hour step size. These two tests also chose the number of

the steps to be 8640 and 9000 for the hourly and daily step sizes respectively. This would

mean the hour step size trial would simulate one year while the daily step size trial would

simulate 25 years. The number of steps values for both cases were also chosen so that both

final temperature distributions were during the winter solstice. These two distributions are

illustrated in Figure 13.

The first point to emphasize about these two examples is that the daily step size test

does not seem to accurately portray seasons at all, as the peak of that distribution is still at
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Figure (13) Zone Temperature vs Latitude Zone Angle with Seasons

the θ = 0 value instead of θ = 23◦. The hourly step size is better with the peak being closer

to what is expected. The reason it is not at 23◦ is likely because the zone temperatures takes

time to increase and so the expected distribution may not appear right away. We can take

away from this model that the smaller the step size means the seasons are more easily seen.

However, this has the drawback of the model not simulating a long a period of time. This

is not a perfect way to model seasons, but I had many problems trying to incorporate more

advanced methods so I decided to move on to try and add on a final feature: land/sea zones.

3.5 Land/Sea Zones

Up to this point, this model assumes that each zone is a mix of land and sea with a

combined albedo value to approximate each part. Because there are so many zones on the

Earth, it would be more accurate instead to say that each zone is made up of majority

land/sea and then have corresponding albedo values for these two cases.

This model created land/sea zones by a random number generator, giving each zone a

land or sea designation. This method was weighted so that the zone had a 70% chance of

being majority sea because the Earth is 70% covered with sea water [8]. The sea begins to

freeze at 260 K, and so the albedo above this temperature would be 0.06 and below this

temperature it is 0.6. For land zones, snow starts to cover the land at 273 K, so I set the

albedo below this temperature to be 0.8 and above this temperature to be varying values
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between 0.4 and 0.25 depending on the temperature. These albedo value used were based

on the previous 1D EBM and some online sources [9]. The temperature distribution of this

is given by Figure 14. Note that because the land/sea zone designation is random, different

φ values will have different distributions. For this analysis, however, we only really need to

focus on the zone temperature vs latitude zone angle for one φ value.
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Figure (14) Zone Temperature vs Latitude Zone Angle with Land/Sea Zones

We can see near the equator regions that there is some small differences in temperature

between sea and land zones. This difference is due to the sea zones having very low albedo

when the zone temperature is higher than the critical temperature. To more clearly show

how the land/sea zones can have different temperatures, I will create a new temperature

distribution with a low heat exchange constant kt = 3.81 W/Km2 (Figure 15).

From Figure 15, we can see how the temperature of land zones is systematically lower than

the temperature of sea zones at higher temperatures. One interesting thing to note about

both the land and sea temperature distributions is that the points do not make a smooth

curve, which is different than all the other temperature distributions. This phenomenon

comes from the fact that zone temperatures would be very dependent on if the zone adjacent

to it is land or sea. For example, if a sea zone was surrounded by land zones then that sea

zone would be giving off more energy compared to if the same zone was surrounded by sea

zones. The affect would be opposite if a land zone was surrounded by sea zones, and this is

what makes the temperature distribution different than the other examples.
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Figure (15) Zone Temperature vs Latitude Zone Angle with Land/Sea Zones and Low Heat
Transfer Constant

Another fact to note is that the average global temperature in the temperature distribu-

tion of Figure 15 is 15 K higher than the temperature distribution of Figure 14. The reason

for this is because of less heat exchange between land and sea zones which allow sea zones

near the equator with the very low albedo to stay at higher temperatures and bring up the

global average temperature. This land/sea zone feature was the last feature I was able to

add to this 2D EBM. So to summarize, this 2D EBM models the temperature distribution

of the Earth by taking into account incident radiation, outgoing radiation, and heat trans-

fer between zones. This model also take into account day/night cycles, the seasons, and

land/sea regions.

4 Discussion

The current 2D EBM that takes into account day/night cycles, seasons, and land/sea

regions, which was what I was able to finish this semester. Now that I have gone over the

results from different iterations of the model, I can go into more detail about persisting

problems and general approximations that the model makes. Some of the first approxima-

tions made for this model is with some of the constants used, like the atmospheric height, air

density, and the Earth’s tilt. They actually depend on changing variables like θ, temperature

and time elapsed. However, accounting for these changes would only have small effects on
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the final results.

One interesting problem with this model was that it was much easier for the Earth to

lose energy than it was for it to gain energy, based on the results of the initial temperature

test in section 3.2. It is easier for the model to lose energy because the outgoing radiation

formulation is greatly affected by the T 4
ij factor that is absent in the incoming radiation

equation. This caused some issues in accounting explicitly for the day/night cycle test

as during the night too much energy would radiate away and the system would just tend

towards 0 K. This problem may be why the previous model studied last semester used a

linear approximation for the Stefan-Boltzmann law. This reasoning would make more sense

than the stated reason that the temperature range on Earth is small enough to be linear [1].

Another problem with the final version of the model is that the combination of day/night

cycles and seasons have only simple approximations. This is clearly seen from the day/night

cycle being only averaged. This fact also complicated the introduction of seasons, as the

final day/night equation (21) assumes that at each latitude zone the day/night cycle is split

evenly in half but with seasons this is not true. In fact there can be latitude zones at the

poles that are in complete day time for a number of steps. A further complication from

adding seasons is that the angle between the normal direction of the zones and the incident

radiation direction will change throughout a day/night cycle and will not solely depend on

φ. Another way to explain this is that the cosine term in equation (22) will change during

a step process when ω only changes after a step is complete.

All of these issues motivated me to try and make a better approximation for the day/night

and seasons. But it was a complicated problem and I was unable to make code that would

accurately fix these problems. Early attempts to fix it required trying to figure out some

complex geometric problems, and I realized I would need to define a couple new variables

that would need to be recalculated with every zone calculation.

This fact also brought to the forefront another problem, the model runtime. Because of

the number of zone calculations required in addition to the large number of steps taken, it

is no wonder that this model takes about one to two minutes to complete, which compared

to the practically instantaneous completion of the 1D EBM. So when I tried to improve the

day/night and seasons process, the addition of calculating new variable/equations for every
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zone calculation started to increase the runtime even more. This was another reason I moved

on to work on other features because testing and debugging started to slow down work too

much.

The amount of time required to run this model also can be connected to another issue:

the step size length. From the results, it seemed to be a recurring issue that having the step

size set to a large time interval caused seasons to be undetectable in the model. However,

if small time intervals were used then the assumption made in this model that there is no

storage of energy in the Earth over a long period of time would not hold. This could be

fixed by increasing the number of steps, but this increased the time for the model to finish.

Overall, the goal when collecting data was always to find a balance so that various features

could be shown and the model did not take too long to run.

The land/sea zone addition also brought with it some small problems. First is the fact

that the land and sea zones would change other variables besides albedo which were not

accounted for. There would need to be different kt values for each possible zone interactions

as land and sea would have different heat transfer coefficients. The mass calculation equation

would also need to be changed, as the mass calculation only takes into account the mass of

the air in the zone, not the sea and land mass. This would change the weighting of various

zones when calculating the global average temperature. A small feature that also could have

been added is having land zones change to glaciers at very low temperatures, changing the

albedo.

The final and most important point to discuss would be to see how accurate the final

2D EBM model compares to what is expected. The easiest comparison would be to see

how different the actual and model calculated global average temperatures are. The global

average temperature is 287.9 K, but since the final 2D EBM does not take into account

greenhouse effects, we must instead compare the model temperature to the model calculated

assuming Earth is a blackbody. The Earth’s energy temperature relation is given by the

Stefan-Boltzmann Law. Taking into account that the Earth cannot perfectly absorb all

emissions from the sun so an albedo factor of 0.3 will be added [2], the effective temperature

of the Earth is given by:
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(1− α)S

4
= σT 4

e (23)

Solving this equation gives an effective temperature of Te = 254.9 K under the assump-

tion the Earth has no atmosphere. Compare this value to the final 2D EBM model that

takes into account day/night cycles, seasons, and land/sea zones, which has a global mean

temperature of 220.940 K (from Figure 14 temperature distribution). Clearly there is a

massive discrepancy between what the model gets and what the actual value would be.

This discrepancy likely comes from the model having very low temperatures at the poles

because of the poles receiving very little incoming radiation. In fact, equation (22) to in-

cident radiation at the poles should be close to zero. This relation is likely not accurate,

however, due to the fact the incident equation is not a function of cosθ and the poles in other

models (like the 1D EBM) last semester would still get 1/3 to 1/2 of the solar constant flux.

Correcting for this in the 2D EBM would likely give a global average temperature that is

much closer to what is expected. The lack of convection currents might also be making the

global average temperature less than it should be.

A final item to note is that the temperature distribution from day/night cycles, seasons,

and land/sea zones with a low heat exchange constant (Figure 15) gives a global average

temperature of 235.982 K which is much closer to what is expected than Figure 14’s tem-

perature distribution. This comes at the cost of a very odd temperature distribution, having

adjacent sea/land tiles temperature differences being as high as 40 K. This is not at all what

should be expected, and therefore this distribution can be safely assumed to be inaccurate.

5 Conclusions

Overall, this research project on climate modelling was very illuminating. It helped

me learn how climate modelling is done in the scientific community and what the different

reasons and motivations are for creating climate models. I also learned a great deal about the

climate in general which is useful, since the study of the climate is getting more important.

This project also gave me more experience in coding, which will definitely help me throughout

my career.
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Despite not getting the expected results with the final 2D EBM, I still think the project

was worthwhile. This new model improved drastically on many of the flaws of the 1D EBM

studied last semester. This new model also took into account day/night cycles, seasons, and

land/sea zones. All of these upgrades and added features gave me a better understanding of

climate modelling and it’s usefulness.

There could still be more features/improvements added to the final model that I could

have tried to add if I had more time. One enhancment would be to improve upon the

approximations used for the day/night cycle and seasons. Another improvement would be in

making the land and sea zones not random, as the way the model assigns land and sea zones

is not accurate and could be improved. An interesting way this could have been done is by

somehow having the Earth’s geography of continents and seas be converted into a model of

land and sea zones that could then be used for the 2D EBM.

For the final 2D EBM it would have also being useful to create code that could illustrate

a temperature distribution with a globe instead of just using a temperature distribution at

one φ value. This would have helped give the results of temperature distributions more

clarity as you would be able to see the whole globe instead of just one longitude zone. This

model could also be used for other planets as well; you would just need to change some

constants along with the distribution of land/sea zones. This would be another way to test

the model, as it could try and predict what the temperature distribution and average global

temperatures on other planets would be.

I also did a quick study of other 2D EBM’s that other people have made to see what

purposes they were used for. I looked over three studies [10] [11] [12], and all of them shared

some similarities. They all had factored in seasons and land/sea zones, and they also were

trying to study the ice caps or feedback loops. However, some studies had further objectives.

One study compared the 2D EBM to GCM model to compare results and they were found

to be in general agreement [11]. Another study also looked at the possibilities of a 2D EBM

accounting for desertification and carbon dioxide warming [12]. Doing a quick overview of

some studies that dealt with 2D EBM, we can see that they are used for a variety of research

problems related to the climate, and therefore are a valuable tool.
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