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ABSTRACT 

Two case studies of flexible vision-based control structure are presented in this 

work. The first structure is proposed for a 2DOF (degrees-of-freedom) model helicopter. 

The second structure is proposed for a 6DOF quadrotor. The position-based vision 

control was adopted for both structures with images acquired from a single camera in an 

eye-in-hand configuration. 

The control law proposed for the 2DOF model helicopter is able to track a fast 

maneuvering object regardless of its initial position on image or its distance from the 

camera. The equations of motion of the model helicopter are presented for the 

development of joint level Linear Quadratic Regulators (LQR). Linearized image 

Jacobian relating optical flow to incremental pitch and yaw motions required to correct 

task errors is discussed. The speed and precision of the control law in tracking a target 

object are demonstrated through two sets of experiments. The first experiments have the 

object fixed to the background while the second tests have the object moved through 

physical space. In both sets of experiments, the initial position of the object on image and 

the distance between the object and the camera are varied. 

The control structure proposed for the 6DOF quadrotor has the ability to switch 

between human-in-the-loop and vision-based controls. The task of the vision-based 

control when activated by the pilot is to hover the quadrotor at user-defined pose 

(position and orientation) relative to an object of interest. An image processing algorithm 

is developed to extract five non-coplanar feature points from images of the target object 

in real-time. The image coordinates of the feature points are passed to a pose estimation 
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process based on the Pose from Orthography and Scaling with Iteration (POSIT) 

algorithm. 

The human-machine control flexibility is demonstrated by multiple switching 

between the two control modes in flight. The vision-based controller, when active, is able 

to bring the quadrotor into the neighborhood of the desired hover pose at a speed 

comparable to that of a control structure derived based on a motion capture and tracking 

system. Sources of UAV pose estimation error and constraints of the proposed control 

structure are also discussed. 
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CHAPTER 1  

INTRODUCTION 

Unmanned Aerial Vehicles (UAVs) recently draw a great deal of attention within 

the public and private sectors as a useful tool in environmental surveillance [1], law 

enforcement [2], and mitigation, prevention, and timely response to emergency situations. 

UAVs may include a wide range of aircraft, which can generally be grouped into two 

categories: fixed-wing and rotary-wing (rotorcraft). Rotorcraft; such as helicopters, are 

preferable over fixed-wing aircraft for surveillance applications because of their agility 

and ability to hover, take-off and land vertically in small and relatively rugged areas. 

UAVs can be controlled remotely by a crew miles away or by a pilot in the 

vicinity [3]. In these cases, human operators are entirely involved in the missions. In 

other cases which UAVs are autonomously controlled based on pre-programmed flight 

plans [4], human operators are involved at a minimal level. This thesis presents two case 

studies of flexible vision-based control structures, which allow during-flight interchange 

between human-in-the-loop and autonomous visual feedback controls The first structure 

is implemented on a 2DOF (degrees of freedom) model helicopter and the other is 

developed for a 6DOF quadrotor, i.e. four-rotor flyer. An overview of the two cases is 

provided in the following section. 

1.1. Problem definition 

The first case study proposes a flexible vision-based control structure for a 2DOF 

model helicopter capable of pitch and yaw motions to track a randomly moving object. 
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The proposed system is comprised of the model helicopter, a webcam attached to the 

helicopter, and a ping-pong ball that represents the target object as depicted in Figure 1.1. 

It is assumed that the ball can be seen by the camera when the vision-based 

controller is activated by the pilot; therefore, the initial location of the ball on image can 

be determined. The desired (nominal) image is one which the ball is placed at the center. 

The vision-based controller shall servo the model helicopter so that the currently acquired 

image matches the desired one regardless of the ball‟s motion, its initial position on 

image, or its distance to the camera. In other words, the controller shall be able to servo 

on a stationary target and to track it when moving. 

Position-based vision control is utilized in the first proposed flexible control 

structure. Desired incremental pitch and yaw movements are calculated using an image 

Jacobian linearized around the nominal image. These incremental movements are then 

scaled and fed to a set-point tracking algorithm based on the Linear Quadratic Regulator 

(LQR). The control structure was implemented on a real system. Error analysis was 

performed to demonstrate the precision and speed of the proposed control structure. 

The second case study proposes a flexible vision-based controller to hover a 

6DOF quadrotor at a user-specified pose (position and heading) relative to an object of 

interest. The system consists of a quadrotor with a wireless camera attached at the front, a 

target object, a ground station computer, and a joystick as illustrated in Figure 1.2. The 

target object is represented by a rectangular-shaped black paper on a white wall with a 

light emitting diode (LED) protruding from the plane of the paper on the side. 

At the beginning of each flight, the pilot is in full control of the quadrotor. It 

takes off and flies according to the pilot‟s commands provided through the joystick. 
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Figure 1.1: The proposed vision-based control system for a 2DOF model helicopter.  

(Original in color) 

 

 

Figure 1.2: The proposed vision-based control system for a 6DOF quadrotor. (Original in color) 
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Once the quadrotor is in the zone of interest, the area in which the target object can be 

seen by the onboard camera, the pilot triggers the vision-based controller at his discretion. 

The quadrotor shall then be hovered autonomously at the pre-defined pose with respect to 

the target. It is assumed that the target object is visible to the camera for the whole period 

the vision-based controller is in command. The pilot may take the control back at anytime 

to safely land the aircraft.  

Position-based vision control is also employed in the second proposed flexible 

control structure. Real-time images of the target object acquired by the camera are 

processed for image coordinates of the feature points. They are used to determine the 

current position and orientation of the quadrotor via a pose estimation algorithm called 

Pose from Orthography and Scaling with Iteration (POSIT) and inverse kinematics. 

Current and desired poses of the quadrotor are compared yielding pose error which is 

minimized by the control structure. It was implemented and evaluated against another 

control structure, derived based on a motion capture and tracking system, given the same 

task. 

1.2. Background 

Vision-based control, commonly called visual servoing, refers to an incorporation 

of visual sensory information into a feedback control system. Classification of visual 

servoing structures is summarized in this section along with an introduction to pose 

estimation techniques. 

1.2.1. Visual servoing architecture 

The goal of visual servoing is to minimize an error,     , defined by 



- 5 - 

            (1.1) 

where    and   are desired and current visual feature vector, respectively [5]. The vector 

consists of a set of features, or points of interest, that may be parameterized in image or 

in Cartesian spaces. Vision-based control systems are classified according to the 

definition of the feature vector. 

If   consists of a set of features that are available immediately in the image data; 

such as, image coordinates, the vector is defined in image space,   , and results in an 

image-based control scheme. On the other hand, if   consists of a set of 3D (three 

dimensional) parameters, the vector is defined in Cartesian space,   , hence a position-

based control scheme. One should note that the 3D parameters must be estimated from 

image measurements through pose estimation algorithms. Each of the two servoing 

schemes can be further divided into two structures depending whether the control 

structure is hierarchical [6]. 

If the vision-based control system is hierarchical, that is, it provides set points as 

input to the joint-level controller of a robot manipulator, then the system is categorized as 

a dynamic look-and-move structure. On the other hand, if the system computes the joint-

level inputs directly, it is a direct visual servo structure. 

Figure 1.3 graphically summarizes the four visual servoing structures. Eleven 

attributes of image-based and position-based servoing schemes are compared in Table 1.1. 

As mentioned above that the position-based servoing scheme requires a pose 

estimation technique to determine 3D information from image measurements, pose 

estimation is therefore a crucial component of the approach. 
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Figure 1.3: Visual servoing architecture (a) Dynamic image-based look-and-move 

(b) Image-based visual servoing (IBVS) (c) Dynamic position-based look-and-move 

(d) Position-based visual servoing (PBVS). The look-and-move structure is hierachical; that is, 

set points are provided as input to the joint-level controller. 
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Table 1.1: Comparison of 11 attributes of image-based and position-based approaches. 

Attribute 
Image-based 

approach 

Position-based 

approach 

Feature points computation time saved   

Local stability guaranteed   

Global stability guaranteed   

Target and feature points remain in camera view   

Optimal feature points movement in image   

Optimal camera movement in 3D   

Suitable when camera is far from desired location   

Pose estimation required   

Accurate camera calibration required   

3D model of target required   

Image Jacobian required   

1.2.2. Pose estimation 

Pose estimation, sometimes referred to as a Perspective- -Point (P P) problem. 

The goal is to solve for the position and orientation of a camera given its intrinsic 

parameters (e.g. focal length, principal point) and a set of   correspondences between 3D 

points and their 2D (two-dimensional) projections on image [7]. Pose estimation 

algorithms are categorized into two groups: iterative and non-iterative methods. 

 Iterative pose estimation algorithms can handle arbitrary values of   and 

achieve superior accuracy provided that they converge to a solution. Excellent 

precision of the approach comes at the price of calculation time and that an initial 

estimate is required to start the iterative process. Among iterative algorithms, Lu 

et al.‟s approach [8] has been claimed the most robust method to outliers, 

accurate, and computationally efficient. 
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 Non-iterative pose estimation algorithms are faster than iterative ones; 

although, less accurate. They do not require initial pose estimate to start. Some 

algorithms are specialized for small fixed values of   [9, 10]; some can deal with 

any value of   [7, 11]. Moreno-Noguer et al.‟s approach [7] shows comparable 

accuracy to Lu et al.‟s method, yet much faster. 

1.3. Literature survey 

The two rotorcraft platforms that appear in this work have been used extensively 

in controls research. A review of control systems implemented on 2DOF helicopters in 

the past decade is first covered in this section, followed by a review focusing on vision-

based control techniques proposed for a 6DOF quadrotor and their applications to UAV 

research. 

Two-DOF helicopters have been used as test platforms for a variety of control 

systems ranging from classical to intelligent controls. In 1997, a nonlinear Lyapunov-

based control was developed for altitude stabilization of helicopters in vertical flight [12]. 

The mathematical model of a 2DOF helicopter was formulated for the control design 

procedure. The resulting controller was claimed to guarantee semi-global stability in 

comparison to that in linear controllers. A nonlinear predictive control was proposed for 

controlling pitch and yaw movements [13]. The algorithm was based on state-space 

Generalized Predictive Control (GPC) law with a better attraction zone than that in linear 

controllers. A controller which composed of the optimal LQR and the Sliding mode was 

presented in [14]. They demonstrated optimal control performance and robustness against 

external disturbances when simulated and tested on a helicopter platform capable of pitch 

and yaw motions.  
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Recent control systems proposed for the 2DOF helicopter include an intelligent 

control based on emotional model of the human brain [15]. The control approach called 

Brain Emotional Learning Based Intelligent Controller (BELBIC) was simulated on a 

nonlinear model of a 2DOF helicopter. A study of the performance of a blindfolded 

human operator to control a 2DOF model helicopter to the zone of interest based on 

body-referenced vibro-tactile sensory information was conducted [16]; the end-of-motion 

precise maneuvers were performed by an LQR controller. From the broad range of 

controllers implemented on a 2DOF helicopter, it is interesting to note that a vision-based 

controller has not been proposed for it. 

Vision-based control of 6DOF quadrotors has received great attention in small-

scale UAV research although other methods have been proposed for controlling them; for 

example, a real-time control algorithm called differential flatness was proposed and 

simulated [17]. It incorporates both trajectory planning and path following for 

autonomous collision-free operations of a quadrotor. Also, a real-time controller based on 

Lyapunov analysis using a nested saturation algorithm was able to command a quadrotor 

to take-off, hover, and land autonomously [18]. 

Vision is an appealing alternative for autonomous control of quadrotors since 

abundant information is contained in images and they provide non-contact, non-

destructive means for surveillance and inspection. Visual feedback could be provided by 

monocular vision, a single camera system, in an eye-to-hand
1
 configuration; for example, 

a ground-based camera provides images for helicopter pose estimation by tracking the 

positions and areas of five color pads attached underneath a quadrotor helicopter [19]. It 

                                                
1 Camera is fixed in the workspace 



- 10 - 

is also possible to receive visual information from a single camera in an eye-to-hand
2
 

configuration; for example, a camera onboard a quadrotor sees a planar object consists of 

four disjointed circles from which image features were extracted [20, 21]. The features 

are used along with embedded inertial measurement unit (IMU) for the feedback to the 

nonlinear controller. Visual feedback could also be provided by multiple cameras in both 

camera configurations; for instance, a pair of onboard cameras were used as a “visual 

odometer” for helicopter position estimation [22]. Helicopter motion was sensed through 

optical flow of an object of interest. Also, a dual camera system, one ground-based pan 

and tilt camera and the other one onboard the quadrotor, were used for pose estimation 

[23]. It is noteworthy that most of the above vision-based controls were tested on a 

quadrotor because of its agility, relatively low cost, and availability in the market. 

Vision-based control of quadrotors has proved to have many interesting 

applications. A vision-based control was proposed for the operation of UAVs; such as 

hovering, stationary and moving platform landings in close proximity to other craft and 

landing platforms bearing a Moiré pattern target [24]. A set of three dark colored targets 

mounted on a white wall were employed to estimate provided quadrotor pose through an 

on-board video camera for indoor hovering [25]. A single camera was used together with 

an IMU and a Global Positioning System (GPS) to provide accurate 6DOF measurements 

for a twin-rotor helicopter to track features in outdoor urban areas, such as windows [26]. 

A wide range of image-based UAV control applications shows the growing demands of 

the field, especially in the direction of civilian surveillance applications. 

This thesis work may be thought of as two parts. The first part presents the 

development of a flexible vision-based control structure for a 2DOF helicopter. It serves 

                                                
2 Camera is mounted on a robot manipulator 
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as a stepping stone towards developing another structure for a more sophisticated 6DOF 

quadrotor presented in the second part. The control structure may optimistically save cost 

in training personnel. It is a fact that one needs time and practice to be able to completely 

control a quadrotor; and needs even more time to be able to hover it steadily. With the 

flexible control capability, one only requires adequate skills to fly a quadrotor into the 

zone of interest where a target object can be seen then let a computer take over the 

control for hovering. 

1.4. Research objectives 

The objectives of this research are categorized according to the two case studies. 

2DOF model helicopter case study 

 To propose a flexible vision-based control structure for a 2DOF model helicopter 

carrying a camera to track an object of interest (the target object). 

 For a stationary target object scenario, once the vision-based control structure is 

activated it shall servo the model helicopter such that the image of the target is 

moved from its initial position to its desired location at the image center. Once the 

desired location is reached, the control structure continues to servo the model 

helicopter to keep the target‟s image in the smallest neighborhood possible of 

desired location. 

 For a non-stationary target object scenario, once the vision-based control structure 

is activated it shall servo the model helicopter to track the moving target 

regardless of its initial position on image or its distance to the camera. The control 

structure continuously tries to bring the image of the target to the desired location 

at the image center; however, it would not be able to accomplish this goal since 
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the object is mobile. The size of the neighborhood around the desired location in 

which the object moves is evaluated to demonstrate the speed of the controller. 

 To propose a real-time image processing algorithm that can identify a region in 

image that contains the target object, represent the region as an image point, and 

determine the size of the region to estimate the depth of the object from camera. 

6DOF quadrotor case study 

 To propose a flexible vision-based control structure to hover a 6DOF quadrotor at 

a user-specified pose relative to a target object. The dimensions of the object are 

assumed to be known a priori. 

 To study the performance of a control structure developed for autonomous 

operation of the quadrotor in a lab environment based on a commercial motion 

capture and tracking system. 

 To evaluate the performance of the proposed vision-based controller against the 

motion-tracking-system-based control structure. 

 To propose a real-time image processing algorithm to identify the feature points 

of the target object. The algorithm shall also compensate for the effects of camera 

lens distortion. 

 To propose a real-time pose estimation algorithm that estimates the pose of the 

quadrotor relative to the target object from 2D image information. 

 To evaluate the accuracy of image processing and pose estimation by comparing 

the estimates to measurements from an external motion tracking system. 

  



- 13 - 

1.5. Contributions 

This thesis covers the primary research conducted by the UAV research group at 

the University of Regina. It sets the base line for future research projects. Two flexible 

vision-based control structures are proposed in two case studies: 2DOF model helicopter 

and 6DOF quadrotor. Specifically, the following goals have been accomplished. 

2DOF model helicopter case study 

 A flexible vision-based control structure is proposed for the 2DOF model 

helicopter. It is able to track a fast maneuvering object regardless of its initial 

position on image or its distance from the camera. The control law servos the 

model helicopter bringing the image of the target to the desired location at image 

center and keeps it in a small region around the desired location in the case that 

the object is stationary. The proposed control structure has been evaluated through 

experiments to have reasonable precision and speed. 

 Mathematical equations representing the model helicopter dynamics are discussed. 

A Linear Quadratic Regulator is proposed to servo joint-level task error to zero 

based on the equations of motion. 

 A real-time image processing algorithm is proposed for target object identification. 

The object is segmented from the background region by thresholding acquired 

images in HSV (Hue-Saturation-Value) color space. The centroid of the 

segmented region is calculated to represent the current location in image of the 

target. The diameter of the segmented region is also determined to estimate the 

distance of the object from the camera. 
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 A depth estimation method is proposed to estimate the distance of the target 

object from the camera. It makes use of the diameter of the segmented image 

region containing the object. The estimation is achieved through simple geometry 

- similar triangles. 

 Incremental pitch and yaw motions are provided as inputs to the joint-level LQR. 

These incremental set points are calculated by multiplying a linearized image 

Jacobian to an error-clamping gain (ECG). ECG is a scaling factor determined 

through experiments that ensures smooth transition of the model helicopter from 

its initial pose to the desired pose. It accommodates the difference between the 

sampling rate of the image acquisition device and that of the underlying controller. 

6DOF quadrotor case study 

 A flexible vision-based control structure is proposed for a 6DOF quadrotor. It 

allows the pilot to operate the quadrotor in either human-in-the-loop or vision-

based control mode. When activated, the vision-based controller hovers the 

quadrotor at user-defined pose relative to a target object. It is able to bring the 

quadrotor from arbitrary initial poses into the neighborhood of the desired hover 

pose at a speed comparable to that of a control structure derived based on a 

motion capture and tracking system given the same task. 

 Having a potential real-world application in mind, the target object has been 

chosen to resemble an actual window seen from outside of a building. It consists 

of a rectangular-shaped black paper and an LED protruding from the plane of the 

paper on the side. This combined object has five non-coplanar feature points: the 

four corners of the paper (window) and the LED, which can be detected easily by 
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the proposed image processing algorithm making it suitable for a real-time 

operation. In a scenario which one needs to survey a room but has no access to it 

from inside the building, one could attach a light close to the window there by 

converting into a target object. 

 A real-time image processing algorithm is proposed to detect five feature points 

on the target object. The four paper corners are located through a corner detection 

algorithm. The LED is detected by thresholding incoming grayscale image. 

 The image processing algorithm compensates the effect of lens distortion to 

detected feature points using hash tables consisting of undistorted image 

coordinates. The tables are constructed a priori using camera intrinsic parameters. 

The algorithm saves computation time not having to undistort the input image. 

 A real-time pose estimation method is proposed based on classicPOSIT algorithm. 

The method requires image coordinates of five non-coplanar feature points, 3D 

coordinates of the same points on the actual object, and intrinsic parameters of the 

camera. It provides 6DOF pose estimates of the quadrotor relative to the target 

object at its output. 

1.6. Thesis organization 

This thesis is organized as follows: Chapter 2 proposes a vision-based control 

structure to track a moving object using a 2DOF model helicopter. Chapter 3 presents the 

operation of a 6DOF quadrotor in an indoor laboratory. A flexible vision-based control 

structure is proposed for the quadrotor in chapter 4. A discussion on the experimental 

results can be found in chapter 5. Chapter 6 analyses sources of error and system 

limitations. Chapter 7 concludes the thesis work with possible extensions.  
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CHAPTER 2  

TRACKING OF A TARGET 

This chapter presents the development of a vision-based control structure for a 

2DOF model helicopter capable of pitch and yaw motions to track a randomly moving 

object. The equations of motion of the model helicopter will be presented for the 

development of a joint level controller. Linearized image Jacobian relating optical flow to 

incremental motions required to correct task errors will be discussed. 

The workspace setup is first introduced. The components of the proposed control 

structure are then described. The design of tests is explained, followed by an analysis and 

a discussion of the test results. 

2.1. Workspace setup 

The workspace set up depicted in Figure 2.1 consists of a 2DOF model helicopter, 

a webcam, a blue background, and an orange ping-pong ball, which was used as the 

target object for tracking. The color combination of the background and the ball was 

found to yield the best contrast required for image processing. 

The helicopter platform was placed at a distance from the background, which 

was varied throughout the experiments (more details on the design of tests can be found 

in section 2.3). The platform is capable of pitch and yaw motions, which are defined as 

vertical and horizontal rotation around the pivot point, respectively. The pitch angle is 

mechanically restricted to +/-40.5 degrees, while the yaw angle is unrestricted. The pitch 

and yaw angles are sensed in real-time through optical encoders which are in turn 

connected to a data acquisition board [27].  
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Figure 2.1: Workspace setup. A 2DOF model helicopter tracks a moving object by a flexible 

vision-based control structure. (Original in color) 
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Figure 2.2: Proposed servoing and tracking structure for the 2DOF helicopter. 

  

Ping-pong ball 

Webcam 

2DOF model 

helicopter  

Pivot point 

Yaw optical encoder 

Pitch optical encoder 

(Other side of fuselage) 

Background 



- 18 - 

A light-weight off-the-shelf webcam was attached to the helicopter body 

providing real-time images of the target object through a Universal Serial Bus (USB) 

connection. Images are acquired and processed by a computer at the rate of 10 frames per 

second (fps). It should be noted that the computer also runs the control algorithm. 

The blue background provides the best contract to the orange ball for image 

processing. Segmentation of the ball is done by thresholding in the HSV (Hue-Saturation-

Value) color space. The image processing algorithm will be addressed as a part of the 

next section. 

2.2. Proposed vision-based control structure 

The proposed vision-based control structure can be summarized as shown in 

Figure 2.2. Four main components of the structure are discussed in this section: joint-

level controller, image processing, target depth estimation, and incremental motion 

calculation. 

2.2.1. Joint-level controller 

The joint-level controller was designed using model-based LQR technique. The 

governing dynamics equations derived using Lagrangian Mechanics are:  

(2.1)                
                                                

              (2.1a) 

                
                                        

               (2.1b) 

The description of all variables in equations (2.1a)-(2.1b) can be found in Table 2.1. Sign 

convention of pitch and yaw angles are as shown in Figure 2.3. Equations (2.1a)-(2.1b) 

were written based on the following simplifying assumptions: 
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Table 2.1: Description of variables found in equations (2.1a)-(2.1b). 

Variable Description 

       Total moving mass of the helicopter 

     Distance from pitch axis of the center-of-mass along the body 

   Earth gravitational acceleration coefficient 

   Pitch angle 

   Yaw angle 

       Total moment of inertia about pitch pivot 

       Total moment of inertia about yaw pivot 

     Thrust torque constant acting on pitch axis from pitch motor 

     Thrust torque constant acting on pitch axis from yaw motor 

     Thrust torque constant acting on yaw axis from pitch motor 

     Thrust torque constant acting on yaw axis from yaw motor 

      Voltage applied to pitch motor 

      Voltage applied to yaw motor 

    Viscous rotary friction acting about pitch axis 

    Viscous rotary friction acting about yaw axis 

 

 

  

Figure 2.3: Model of the 2DOF helicopter showing sign convention for pitch and yaw angles, 

thrust forces, helicopter weight, and distance of the center of mass from pitch axis (    ). 

Courtesy of Quanser Inc.  
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 There is no vibration, 

 Rotational speed of propellers are much higher than pitch and yaw angular 

velocities,    and   , respectively. 

Equations (2.1a)-(2.1b) were linearized around the operating point   =0,   =0, 

   =0, and    =0 to give: 

(2.2)                
                                     

(2.2a) 

                
                                   

        
(2.2b) 

The State-space models of equations (2.2a)-(2.2b) are given below. The output 

               implies that all states are being measured; however, in the 

actual system only the pitch and yaw angles are measured by the optical encoders. 

Therefore, the time derivatives of the angles are calculated digitally. 

(2.3)     
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(2.3b) 

A position integrator can improve the steady-state response of the system. Therefore, 

 

        

and         
(2.4) 

are augmented to the state vector in equation (2.3b) to include an integral control, I, in the 

controller design and gives 
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The linear full-state feedback control law can be defined as 

            
(2.6) 

The optimal value of the control gain matrix,     , is derived using LQR 

technique, in which a quadratic weighted sum of the energy expenditure and deviation 

from equilibrium is minimized, with weighting matrices      and     . 

In addition to the LQR controller, the pitch angle is also regulated by a nonlinear 

feed-forward (FF) loop which compensates for the gravitational torque               

shown in equation (2.1a). The feed-forward control is 

        

              

   
 

(2.7) 

Where    is the desired pitch angle and     is the feed-forward control gain. It can be 

seen in equation (2.7) that the FF controller is configuration dependent; therefore, it has 

to be updated as the helicopter body moves. 

The control law as a combination of the feed-forward and the LQR with 

integrators that converges             to the desired values,            , can be written 

as follows:  

(2.5)     
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(2.8) 

From equations (2.7) and (2.8), it can be seen that the desired pitch and yaw 

angles (aka, desired pose) must be provided to the controller for servoing. The current 

pose of the helicopter is continuously compared to the desired pose yielding the feedback 

error. This error signal is then used to calculate proper input voltage for pitch/yaw motors 

based on equation (2.8). It is noteworthy that the desired pose of the flyer is computed 

from images taken by an onboard camera of a known object, i.e. a ball with known size. 

One should also note that the aforementioned controller was found to be robust 

enough to servo the helicopter subjected to unmodeled dynamics due to the added 

mass/inertia of the webcam mounted on the model helicopter. Specifically, attaching the 

camera changed the mass of the helicopter,      , the distance of the center-of-mass 

along the body,    , and the moment of inertia       and      . The modified feed-forward 

controller, for example, could be written as: 

        

                

   
 

(2.9) 

2.2.2. Image processing 

Image processing algorithm was developed to provide current location and the 

diameter in image,  , of the moving ping-pong ball. The ball is represented by the image 

coordinates of its centroid,  , where 

    
 
 
   

(2.10) 
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  and   are the horizontal and vertical image coordinate, respectively. The algorithm was 

implemented in MATLAB/Simulink and can be summarized as shown in Figure 2.4. 

It acquires Red-Green-Blue (RGB) images (Figure 2.5(a)) from the webcam 

attached to the helicopter. RGB images are converted to HSV color space so that 

segmentation of the ball by thresholding will not be affected by ambient lighting 

condition. As mentioned earlier, the orange color of the ball provides best contrast 

against the blue background in this color space. After segmentation, the resultant binary 

image (Figure 2.5(b)) is used to determine the pixel coordinates of the centroid and the 

diameter of the ball in image. 

As the model helicopter moves to track the ball, each acquired image in the 

incoming video stream is subjected to different lighting condition. Some spots in the 

background can be brighter than others, confusing the image processing algorithm 

causing it to mistakenly recognize the spot as the target object. The current centroid 

coordinates detected are therefore passed through a simple buffering filter to cancel 

unwanted huge jumps in the detected coordinates. It compares the current centroid 

coordinates to that of the previous sample time. If the difference is beyond a pre-defined 

threshold, the current centroid is rejected and the previous value is used. The threshold 

equals 50 pixels at the frame rate of 10 fps, which corresponds to the ball speed of 1.25 

ft/s at a distance of 25 inches. 

The filtered coordinates of the ball centroid,  , and the desired location,   , were 

marked on the original image and displayed to the user for visualization purposes (Figure 

2.5(c)). Notice that    shown in Figure 2.5(c) is the red dot in the middle of the image of 

size 320x240 pixels; therefore,    = (160,120). 
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Figure 2.4: Ping-pong ball detection - Image processing flowchart. 

 

 

 (a) (b) (c) 

Figure 2.5: Images taken from a ball (a) acquired image (b) segmented ball location 

(c) acquired image with desired and current ball location superimposed. (Original in color) 
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2.2.3. Target depth estimation 

Towards determining the desired pose from image, the depth or distance,   
 , of 

the target object from the camera projection center must be determined. The depth is 

defined in the camera coordinate frame, hence the leading superscript C. 

In order to write a relationship between the depth of the target object and image 

parameters, a pinhole perspective projection model with frontal image plane is adopted. 

Figure 2.6 shows the top view of the ball being projected onto the image. The black line 

represents the image plane. Line gh    corresponds to the image of the ball and therefore its 

length is the diameter of the ball seen in image,  . In this projection model, the fictitious 

image plane is assumed to be located at the focal length,  , from the center of projection, 

o. The focal length was determined to be 268 pixels for an image of size 320x240 pixels 

using an offline camera calibration technique [28]. ij  represents the actual diameter of the 

ping-pong ball,   . The perpendicular distance from o to ij  is defined as the depth,   
 . 

The projection of the ping-pong ball creates two similar triangles: ogh and oij. 

One can write: 

   
  

    

 
 

(2.11) 

This equation is valid as long as the ball‟s centroid remains in the vicinity of the image 

center point. 
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Figure 2.6: Ping-pong ball being projected on image plane – top view. 

 

 

 

Figure 2.7: Illustration of the scenario when the ball moves from position #1 to #2. The camera is 

attached to the model helicopter. Corresponding images of the ball is shown on the right. 
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2.2.4. Incremental motion calculation 

In a scenario which the ball is mobile, its location appearing in two consecutive 

images will be different. In order to servo the model helicopter to track the ball, the 

relationship between the change in the ball‟s position and the required incremental 

motion to compensate for that change must be determined. 

Let us assume that initially the ball is at position #1 where the centroid of its 

image lines up vertically with the center of the image, marked by the black dot in the in-

set image on the right hand side of Figure 2.7. At this position, the centroid of the ball 

(point k), the center of projection (point o), and the pivot point of the helicopter (point a) 

line up. Suppose that the ball is moved from position #1 to #2 by distance km     while 

maintaining constant elevation. The lateral distance is denoted by    and the distance 

towards the camera is denoted by    
 . On the image, the centroid of the ball‟s image is 

moved to the left resulting in horizontal pixel error,    , when compared to the desired 

horizontal image coordinate,   , that is 

           
(2.12) 

The helicopter has to change its yaw by an incremental angle,   , to realign the image of 

the ball vertically with the center of the image. With the assumption that    
 . is much 

smaller than    or 
   

 

  
  , the distance km     can be approximated by   . The relationship 

between     and    can then be derived as follows: 

Referring to similar triangles akm and okm, one can write: 

 
 

  
 

 
   

  
 

(2.13) 

Combining equations (2.11) and (2.13), 
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(2.14) 

With the assumption that km     is small, it can be approximated by a small arc. One writes: 

           
   

(2.15) 

Where   is the distance between point a and o. Combining equations (2.11), (2.14), and 

(2.15) yields 

    
      

      
 

(2.16) 

Lastly, the incremental pitch angle in equation (2.16) is scaled by an error clamp 

gain (ECG) of 0.1 to ensure a stable and smooth motion of the helicopter [29] as follows: 

    
      

      
 EC  

(2.17) 

Then, the clamped incremental angle is passed to the joint-level controller, equation (2.6), 

to adjust accordingly. The effect of ECG on the stability of the system was studied by 

Alizadeh et. al. [30]. 

The same procedure can be adopted to calculate incremental pitch movements,   , 

in case the ball changes its elevation. Simply replace    in equation (2.17) by    and 

replace     by    , vertical pixel error of the centroid of the ball image, one can write: 

    
      

      
 EC  

(2.18) 

 Where,                                                       
(2.19) 

From equations (2.17) and (2.18), one writes: 

  
  
  

          
   

   
   

(2.20) 

 Where,          

  

      
 EC  

 
  

      
 EC 

  
(2.21) 
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        is the linearized image Jacobian matrix, which is a function of the focal 

length,  , and diameter of the ball on image,  . Because   is time variant, equations (2.17) 

and (2.18) were not incorporated into the linearized state-space model by transforming 

state variables from   and   to    and   . It is more difficult to solve time-variant state-

space model than solving the time-invariant one. 

2.3. Design of tests 

In order to test the ability and speed of the control algorithm proposed in section 

2.2 to servo on a stationary target and to track it when it is mobile, the experiments were 

arranged into two parts. In the first part, the ball was attached to the background and did 

not move; in the second part, the ball was attached to a rod and was moved randomly 

through the workspace. 

To further demonstrate the ability of the proposed control law to operate 

regardless of the distance between the target and the camera, the depth of the target was 

varied in two ways. First, in each of the two sets of experiment, the helicopter platform 

was placed in two locations. At position 1, the helicopter platform was placed such that 

the camera was 25 inches from the background. At position 2, the platform was moved 

further away where the camera was approximately 36 inches from the background. 

Second, in the second part of the test which the target was non-stationary, the ball was 

moved randomly away from the background and towards the camera. 

Each of the tests was performed four times to show its repeatability. 
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2.4. Experimental results 

The results from the two sets of experiments: stationary target and moving target 

are presented in the following subsections. 

2.4.1. Stationary target 

The 2DOF model helicopter was able to servo on a stationary target from 

positions 1 and 2 per the results shown in Figure 2.8 and Figure 2.9, respectively. 

Defining radial centroid error,   , as 

        
     

 
  (2.22) 

The proposed controller is evaluated on its ability to servo the 2DOF helicopter so that    

is reduced. 

Figure 2.8(a) shows that the algorithm was able to bring the centroid of the ball 

to the center of the image regardless of the initial position when the helicopter was placed 

in position 1. The black dots in the figure mark the initial positions of the ball which was 

placed randomly before the tracking algorithm was activated. The ball tended to move 

around the desired image coordinates, ( ,  ) = (160,120), horizontally a lot more than 

vertically as the trajectory flattened out sideways in the neighborhood of the image center. 

Referring to the radial error shown in Figure 2.8(b), it can be seen that the errors 

converge to zero for all tests. The occasional increasing error was due to overcorrection. 

The image of the ball overshot the desired image coordinates. The inputs to the motors 

for all tests are shown in Figure 2.8(c)-(d), The motors were not saturated at any moment 

during the tests. 
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 (a) (b) 

   

 (c) (d) 

Figure 2.8: Stationary target servoing from position 1. Results from four tests  

(a) Ball trajectory on image (b) Centroid radial error (c) Pitch motor input (d) Yaw motor input. 

(Original in color) 
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 (a) (b) 

   

 (c) (d) 

Figure 2.9: Stationary target servoing from position 2. Results from four tests  

(a) Ball trajectory on image (b) Centroid radial error (c) Pitch motor input (d) Yaw motor input. 

(Original in color) 
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Similar behavior appears in the case that the helicopter and the camera were 

moved farther away from the ball and the background. The algorithm was still able to 

bring the image of the ball to the center of the image regardless of the initial positions as 

seen in Figure 2.9(a). The errors converged to zero, as shown in Figure 2.9(b). The 

motors were not saturated (Figure 2.9(c)-(d)). 

The common trend between the two sets of tests was that the errors converged 

within 8 seconds. The radial error fluctuates and increases at times. The size of each local 

maximum was approximately 10 pixels which was corrected by the controller within 

about 3 seconds. The source of radial error fluctuation is mainly from the horizontal 

image coordinate,  , which supports the observation stated for Figure 2.8(a) above. These 

results indicate that the vision-based controller was able to servo the helicopter locking 

the ball at the desired image coordinates. It responded to errors more quickly along the 

pitch (vertical) direction than the yaw (horizontal) direction. Moreover, they show that 

the algorithm is not affected by the increased distance between the ball and the camera. 

2.4.2. Moving target 

For this set of experiments, the proposed controller was evaluated on its ability to 

track the ball while it was moving and keep the radial centroid error small. Results of 

mobile target tracking from positions 1 and 2 are shown in Figure 2.10 and Figure 2.11, 

respectively. The trajectories of the ball within the neighborhood of the image center of 

both figures were difficult to see; therefore, these areas were magnified and shown in 

inset figures (Figure 2.10(e) and Figure 2.11(e)). 
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 (a) (b) 

   

 (c) (d) 

 

 (e) 

Figure 2.10: Mobile target tracking from position 1. Results from four tests (a) Ball trajectory on 

image (b) Centroid radial error (c) Pitch motor input (d) Yaw motor input (e) inset A. 

(Original in color)  

 

inset A 
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 (a) (b) 

   

 (c) (d) 

 

 (e) 

Figure 2.11: Mobile target tracking from position 2. Results from four tests (a) Ball trajectory on 

image (b) Centroid radial error (c) Pitch motor input (d) Yaw motor input (e) inset B. 

(Original in color)  

 

inset B 
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The trajectories of the ball in Figure 2.10(a) and Figure 2.11(a) show that control 

law was able to track the moving ball since its centroid stayed in a bounded 

neighborhood of the image center for both sets of tests. The size of the neighborhood was 

+/-40 pixels around   coordinate and +/-30 pixels around   coordinate of the image 

center. The plots of the radial error of these two experiments in Figure 2.10(b) and Figure 

2.11(b) show that the radial errors stayed below 30 pixels. The errors converged to zero 

towards the end of each test because the ball had stopped moving. 

This somewhat large error results partly from the fact that the ball was 

continuously moving and partly from the slow response of the controller. There was a 

limit to the speed of the ball, 1.25 ft/s at a distance of 25 inches, as mentioned in section 

2.2.2. If the model helicopter were a real helicopter, it could track a car traveling at 150 

km/h while flying only 69.5 meters off the ground. This limitation was considered 

reasonable. 

The results of these experiments show that the vision-based tracking law was able 

to track the moving ball, although the response may be slow, regardless of the distance 

between the ball and the camera and the initial position. 

2.5. Summary 

The proposed vision-based control law for the 2DOF model helicopter used a 

linearized image Jacobian to relate the optical flow from a single video camera to 

incremental pitch and yaw motions to track a randomly moving target. A joint level 

position-based feed-forward and LQR controller with integrator tracked the incremental 

set points and servoed the ball location error in image to zero.  
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Test results showed that the vision-based controller was able to servo the image 

of the ball to the center of the image frame regardless of its initial position. It was able to 

track a fast randomly moving object with reasonable precision and speed. Moreover, the 

performance of the system was not affected by the varying distance between the ball and 

the camera, either by moving the ball closer to the camera or by moving the helicopter 

platform and the camera further from the background. 
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CHAPTER 3  

CONTROL OF A 6DOF QUADROTOR INDOORS 

This chapter introduces two modes for controlling a quadrotor helicopter indoors: 

human-in-the-loop (HIL) and autonomous modes. Coordinate frames related to the 

motion of the quadrotor are first defined. Then, a mathematical model and control laws 

are presented for indoor autonomous operation. The lab space setup, which is the basis 

for test setups in subsequent chapters, and experimental results of the autonomous 

controller will be shown. This chapter provides crucial information that the following 

chapters build on. 

The quadrotor helicopter (see section A.2) that was used for testing the controller 

throughout the remainder of this work is capable of 3DOF translational and 3DOF 

rotational motions. A quadrotor-fixed frame, denoted by  , is defined using the right-

hand rule as shown in Figure 3.1. The  -axis points towards the back of the quadrotor. 

The translational position of the quadrotor is expressed with respect to the world (inertial) 

frame,  , by a translation vector,   
 , where: 

   
            

(3.1) 

Note that the standard notation   
  is used to denote a translation vector relating frame A 

to frame B. The quadrotor orientation is also expressed using a rotation matrix,   
 , 

with Euler angles: roll ( ), pitch ( ), and yaw ( ): 

   
    

                          

                          

           

   
(3.2) 

Where    and    denote        and       , respectively. 
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Figure 3.1: World ( ) and Quadrotor-fixed ( ) frames axes and sign convention. Rotation 

around the axes of frame   is expressed using Euler angles. The two frames are related through 

rotation matrix (   
 ) and translation vector (   

 ). 

 

Figure 3.2: Quadrotor system components for indoor operations. 

The quadrotor system comes with a four-channel USB handheld controller, a 

ground station computer, and the OptiTrack
3
 motion capture and tracking system [31] 

(see section A.4). OptiTrack system tracks the positions of Infrared (IR) reflectors in real-

time via six IR cameras that are mounted on the walls surrounding the lab space. As 

Figure 3.2 shows, the six cameras and the joystick are connected to the computer, which 

communicates positional readings from OptiTrack and joystick reference voltages to the 

quadrotor in real-time through wireless Local Area Network (IEEE 802.11). 

                                                
3 http://www.naturalpoint.com/optitrack/ 
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3.1. Mathematical models 

Mathematical models describing the dynamics of the quadrotor are explained in 

this section. Models for actuator dynamics, roll, pitch, yaw, vertical, and lateral motions 

will be presented. These models are the basis of controller design in the next section. 

The full non-linear dynamic models may be derived by using Newtonian 

mechanics [32], or by using Lagrangian mechanics [18]. The following mathematical 

models are similar to the full models but employed a few simplifying assumptions [33]: 

 Roll,  , and pitch,  , angles are decoupled 

 The Quadrotor is perfectly symmetric at its center 

 Coriolis [34] and Gyroscopic [35] effects are negligible 

 The Quadrotor operates in quasi-stationary state, a state similar to hovering; 

therefore,   and   are small 

 

 

Figure 3.3: Model of the quadrotor (top view) showing the center of gravity (c.g.), direction of 

propeller rotation, and reactive torques (  ). 

      

      

            

FRONT 

c.g. 
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Actuator dynamics 

There are four sets of motors and propellers configured in two counter-rotating 

pairs. Figure 3.3 shows the direction of rotation of each motor/propeller,   . The thrust 

generated by each propeller,   , is modeled by a first-order system: 

      

 

   
   

         
(3.3) 

where,    is a thrust coefficient,   is the actuator bandwidth,   is the Laplace variable, 

and    
 is the PWM input to motor   . A state variable to represent the actuator dynamics, 

 , is defined as: 

    
 

   
   

          
(3.4) 

As the propellers on the quadrotor are fixed-pitch type; i.e. their blade angles 

cannot be changed, the motion of the quadrotor is induced by varying the thrust each 

motor generates. Thrusts are varied by changing    
 so as to vary the speed of the 

propellers. The voltage to each motor is related to the voltages required for roll,   , for 

pitch,   , for yaw,   , and for vertical,   , motions as follows:  

 

   
          

   
          

   
          

   
          

(3.5) 

Equation (3.5) summarizes the following key operations of the quadrotor: 

 Pitch motion is induced by increasing the voltage to motor   , while reducing 

that to motor    equally, or vice versa. 
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 Roll motion, similar to pitch motion, is generated by changing the voltage to 

motors    and    proportionally. 

 Yaw motion is induced by varying the voltages to the four motors in pairs. 

Voltages to motors    and    are increased or decreased equally, while the 

voltages to motors    and    are changed by the same amount but in the 

opposite direction. 

 Vertical motion is achieved by varying the voltages to the four motors equally. 

Roll and pitch motions 

With the assumptions that roll ( ) and pitch ( ) angles are decoupled and that 

the quadrotor is symmetrical at its center, the model shown in Figure 3.4 is used to derive 

equations of roll and pitch motions. Let the distance between the center of gravity (c.g.) 

of the quadrotor and its motor/propeller assembly be   . The rotation around the c.g. is 

caused by the difference in the moments generated by thrusts    and    from motors    

and   , respectively. Therefore, 

             where,          
(3.6) 

Similarly, 

            where,          
(3.7) 

   and    are the moment of inertia for pitch and roll motions, respectively. 

To accommodate an integrator in the feedback controller design based on the LQR 

technique, two state variables    and    are further defined: 

         and          
(3.8) 
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Figure 3.4: Model of the quadrotor (side view) for deriving roll and pitch equations of motion. 

Combining equations (3.3), (3.4), (3.6), and (3.8), the state-space model for pitch 

dynamics is:  

 

 
 
 
 
  

  

   

    
 
 
 
 

 
 
 
 
 
    

  
    

  
 

     
     

 
 
 
 

 

 
  

  
  

   

 
 
 
 

    
       

(3.9) 

Similarly, the model for roll dynamics is 

 

 
 
 
 
 
  

  

   

    
 
 
 
 

 

 
 
 
 
 
    

  
    

  
 

     
     

 
 
 
 

 
 
 
 
 

  

  
   

 
 
 
  

 
 
 
 

    
       

(3.10) 

Yaw motion 

Yaw motion is caused by the difference in reactive torque that each propeller 

generates. Reactive torque,   , is defined as the torque opposing direct torque generated 

in the same direction as the rotation of propellers (see Figure 3.3). Reactive torques are 

summed at the center of the quadrotor frame; non-zero sum results in yaw motion. For 

simplification,   are assumed to be generated directly by the propellers. and is related to 

the PWM input,    
, by: 

         
  

(3.11) 

where,    is the torque coefficient. Yaw motion is modeled by the following equation: 

                   
(3.12) 

where,    is the moment of inertia for yaw motion. Combining (3.11) and (3.12) gives: 

        
    

        
c.g. 
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(3.13) 

 where                                   
    

    
    

  
(3.14) 

The yaw dynamics can be written in state-space form as follows: 

  
  

  
   

  
  

  
 

  
   

 
  

  

     
(3.15) 

Vertical motion 

The vertical motion of the quadrotor (along the   axis) results from varying the 

throttle, summation of all thrusts generated by the four propellers. Assuming each 

propeller generates equal thrust, the height dynamics can be written as: 

                          
(3.16) 

where    is the mass of the quadrotor. With the assumption that the quadrotor operates 

in quasi-stationary state, equation (3.16) is linearized and results in the following state-

space equation: 

 

 
 
 
 
  

  

   

    
 
 
 
 

 
 
 
 
 
    

  
   

  
 

     
     

 
 
 
 

 

 
  

  
  

   

 
 
 
 

    
  

 
  
 
 

  
(3.17) 

 where,                                                 
(3.18) 

Lateral motions 

Lateral motions of the quadrotor along the latitude ( ) and longitude ( ) axes are 

coupled to roll and pitch motions, respectively. The motions results from changing the 

roll and pitch angles hence redirecting components of the throttle. Assuming that the yaw 

angle is zero, the equations of motion along the   and   axes can be written as: 

                 
(3.19) 
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(3.20) 

Linearize equations (3.19) and (3.20) by assuming quasi-stationary operation gives the 

following state-space models: 

  

  

  

   

   

  

 
 
 
 
 
    

  
    

  
  

     
     

 
 
 
 

 

 
  

  
  

   

 
 
 
 

    
 

(3.21) 

 

 
 
 
 
  

  

   

    
 
 
 
 

 
 
 
 
 
    

  
   

  
  

     
     

 
 
 
 

 

 
  

  
  

   

 
 
 
 

    
 

(3.22) 

 where,                                         and          
(3.23) 

3.2. Quadrotor control modes 

The quadrotor can be controlled in two modes: human-in-the-loop and 

autonomous modes. 

3.2.1. Human-in-the-loop (HIL) mode 

Under this control mode, the operator (pilot) controls the quadrotor using a 4-

channel USB handheld controller similar to the one shown in Figure 3.5. The left joystick 

consists of two channels providing reference voltages for throttle and yaw angular 

velocity. The right joystick consists of the other two channels providing reference 

voltages for roll and pitch angles. 

Vertical motion control 

In order to change the height of the quadrotor, the operator moves the left 

joystick up-down to vary the voltages to the four motors, hence varying the throttle. The 

joystick reference voltage is converted to the required voltage for vertical motion,   , and 
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applied equally to the four motors. The further the pilot pushes the left joystick up, the 

higher the quadrotor flies. Figure 3.6 summarizes vertical motion control in HIL mode. 

 

Figure 3.5: Four-channel handheld controller operation of the quadrotor in HIL mode. 

 

Pilot moves

left joystick 

Joystick

voltage VY QuadrotorMapping
Vertical 

motion
 

Figure 3.6: Human-in-the-loop vertical ( ) motion control. 

Yaw motion control 

The pilot controls yaw motion by moving the left joystick left-right. The joystick 

reference voltage is mapped to the voltage needed for yaw,   . The voltage is applied 

equally to motors    and   , and to motors    and    but with the opposite polarity. 

The further the pilot pushes the left joystick left or right, the faster the quadrotor yaws. 

Yaw motion control can also be summarized using Figure 3.6 by replacing    with   . 

Lateral motions control 

Lateral motions are controlled by the right joystick. Moving the joystick left-

right changes the roll angle of the quadrotor inducing the motion along the   direction. 

The joystick reference voltage is mapped to the desired roll angle (  ) for the LQR-based 

roll controller to track, as shown in Figure 3.7. The control law that converges  , sensed 

by the on-board IMU, to    can be written as follows: 

Pitch 

Roll 

Throttle 

Yaw 
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(3.24) 

where    is the roll control gain matrix designed through LQR technique using the state-

space model given in equation (3.10). 

Motion along the   direction is achieved through changing the pitch angle by 

moving the joystick up-down. The control diagram is similar to the one shown in Figure 

3.7 but replace the angles   by   and replace    by   . The LQR-based pitch control law 

is defined as: 

       

 
 
 
 

    

  

 

          
 
 
 
  

(3.25) 

where    is the pitch control gain matrix designed using the model given in (3.9). 

ϕ* Quadrotor
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voltage
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Figure 3.7: Human-in-the-loop latitude ( ) motion control. 

3.2.2. Autonomous mode 

Under this mode, the quadrotor is controlled autonomously to follow user-

defined set points for all of its 6DOF motions with the help of onboard and external 

sensors. The pilot in the diagram shown in Figure 3.7 is replaced by an outer feedback 

control loop using OptiTrack system for localization. OptiTrack provides   and   

positional information of the virtual c.g. of a trackable object (refer to section A.4), 
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defined by three infrared reflectors attached to the front, left, and right ends of the 

quadrotor cross bars as shown in Figure 3.8. Quadrotor position is measured with respect 

to OptiTrack‟s coordinate frame, which was also assumed the inertial frame. The virtual 

c.g. was assumed to coincide with the actual c.g. of the quadrotor at its center. 

 

Figure 3.8: Quadrotor with IR reflectors attached to the front, left, and right ends. 

(Original in color) 

Vertical motion control 

Autonomous height control is achieved by incorporating a Proportional-Integral-

Derivative (PID) controller with sonar providing height (  position) as the feedback (see 

Figure 3.9). Sonar is mounted at the bottom of the quadrotor pointing towards the ground. 

Sonar height feedback is compared to the desired height,   , to yield the error,   : 

          
(3.26) 

Height error is related to the throttle voltage,   , by the following control law: 

       
       

          
   

   
(3.27) 

Where   
  denotes the time derivative of height error,    

 ,    
 , and    

  are autonomous 

mode height control gains. The superscript   indicates that the gains are for an 

autonomous mode controller. 

Front 

Left Right 



- 49 - 

Y*
+

-

SonarY

PID controller
VY Quadrotor

Vertical 

motionEY

 

Figure 3.9: Autonomous vertical ( ) motion control. 
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Figure 3.10: Autonomous yaw ( ) motion control. 

Yaw motion control 

The yaw is controlled autonomously using the heading feedback,  , provided by 

a magnetometer - a magnetic field sensor - onboard the quadrotor (see section A.3). The 

yaw error,   , is defined as the difference between current and the desired yaw angle,   ; 

that is: 

          
(3.28) 

The error is related to the yaw voltage,   , by a PD control law: 

         
       

   
    

(3.29) 

where   
  denotes the time derivative of the yaw error,    

  and    
  are autonomous 

mode yaw control gains. Since    is a constant,   
  can be replaced by the derivative of 

current yaw angle or yaw angular velocity,   , sensed by an onboard gyroscope (see 

Figure 3.10). 
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Lateral motions control 

Lateral motions are controlled with OptiTrack providing   and   position of the 

quadrotor in the feedback path. Because the feedback control diagrams of motions along 

the   and   axes are very similar, only the diagram for the motion along   direction is 

shown in Figure 3.11. The current position is compared to the desired values,    and   , 

defined by the pilot and yields position errors    and   : 

          
(3.30) 

          
(3.31) 

These errors are related to the desired roll and pitch angles through the control laws: 

    
   

       
          

   
 

      
     

 
(3.32) 

     
   

       
          

   
 

      
     

 
(3.33) 

where   
  and   

  are the time derivative of position errors,    
 ,    

 ,    
 ,    

 ,    
 ,    

 , 

   
 , and    

  are autonomous mode position control gains, and   is time. The desired roll 

and pitch are tracked by LQR-based controllers defined in equations (3.24) and (3.25), 

respectively. 

The control laws presented in equations (3.32) and (3.33) were modified from a 

PID controller. Figure 3.12 shows the block diagram of the transfer function in Laplace 

domain for the control law in equation (3.32). One may notice that it includes a feedback 

loop after the PID control action. This is to limit the rate of change of the output. The 

feedback loop before the output is, in time domain, the denominator of equation (3.32). 



- 51 - 

X*
+

-

OptiTrackX

Control law
Ex ϕ* Quadrotor

LQR-based

roll controller Vϕ

ϕ
+

-

IMUFilter

Roll and

X-translation

 

Figure 3.11: Autonomous latitude ( ) motion control. 
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Figure 3.12: Block diagram. Autonomous latitude controller transfer function in Laplace domain. 

3.3. Workspace setup 

The quadrotor was flown in an indoor laboratory with the setup shown in Figure 

3.13. The flight test area was covered by grey rubber floor mats for impact cushion. The 

area was observed by six OptiTrack cameras mounted on the walls for real-time tracking 

of the quadrotor position relative to the inertial (world) frame,  . The  -axis of the 

frame points towards the back of the lab, which is located to the right of Figure 3.13. 

The quadrotor is equipped with an inertial measurement unit, a magnetometer, a 

sonar mounted at its bottom (approximately 23 cm below the quadrotor center), and three 

IR reflectors (see Figure 3.8). It communicates in real-time with a computer, to which 

OptiTrack and the handheld controller are connected, through Wi-Fi to retrieve its 
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positional data and joystick commands. This setup is the basis for all tests to be presented 

in Chapter 5. 

 

Figure 3.13: Quadrotor control workspace setup. (Original in color) 

3.4. Design of tests 

The autonomous controllers explained in section 3.2.2 were tested so that its 

performance can be used as a reference for evaluating vision-based controllers that will 

be discussed in the next chapter. 

The quadrotor was commanded to take off the ground and flown with the 

joystick to a certain height with at least 50 cm clearance from the ground, then the 

autonomous control mode was activated. The controllers were executed at the rate of 200 

Hz (sampling time = 5ms). The autonomous controllers were commanded to hover the 

quadrotor at                       meter and      for approximately 20 s, then 

land. Position of the quadrotor in the lab space obtained from OptiTrack, and yaw angle 

obtained from the magnetometer were recorded. Note that the desired height,   , was 

OptiTrack cameras 
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specified relative to the sonar; therefore the actual height of the quadrotor measured at its 

center by OptiTrack would have an offset of 0.23 m from sonar height measurement. 

3.5. Experimental results 

The experimental results are shown in Figure 3.14. The trajectory of the 

quadrotor from the location at the start of autonomous control, to the desired location, 

and to the landing position at the end of the test is illustrated. The top view of the 

trajectory, seen on the  -  plane is plotted in Figure 3.14(b). The quadrotor overshot the 

desired location longitudinally by 0.4m but was brought back and remained 

approximately within 0.05 m of the desired value. The latitude controller limited the   

translational motion within 0.1 m around the    location but did not seem to reach a 

steady state value. The height controller performed very well that the error remained 

almost constant during flight at 0.05 m (Figure 3.14(c)). At   = 45.1 s the height error 

suddenly decreased because the desired height was reduced to zero to land the quadrotor. 

It landed safely at   ≈ 47 s but the height error remained at a constant value of -0.17 m 

due to the fact that the sonar could not measure distances less than 0.17 m.  

The LQR-based roll and pitch controllers performed well, keeping the 

normalized   and   errors bounded within ±5 degrees region around zero (Figure 

3.14(d)). In other words, the actual roll and pitch angles tracked the desired values well. 

The yaw, on the other hand, oscillated that the maximum error reached 20 degrees and 

did not converge to a constant value. This is because of two reasons: first, the 

magnetometer is very sensitive. A small yaw rotation of the quadrotor leads to a large 

change in the yaw angle sensed. Second, the yaw controller, equation (3.29), is a PD 

controller. It lacks an integrator that reduces the steady-state error to zero. 
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 (a) (b) 

   

 (c) (d) 

 

 (e) 

Figure 3.14: Autonomous quadrotor control results (a) Quadrotor trajectory in workspace 

(b) Quadrotor trajectory (top view) (c-d) Translational and rotational DOF errors (g) Motor inputs. 

(Original in color) 
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PWM motor inputs were set to saturate at the lower limit of 5% and at the upper 

limit of 10% duty cycle. The inputs to the four motors recorded from the experiments are 

shown in Figure 3.14(e). It illustrates that their values did not saturate. 

These experimental results were representative of indoor autonomous quadrotor 

operation. They show the performance of the six controllers that regulate 6DOF motions. 

These results would be compared to the results of the vision-based control structure 

which will be presented in the next chapter. 

3.6. Summary 

This chapter discussed two quadrotor operation modes: Human-in-the-loop (HIL) 

and autonomous modes. Inertial frame, quadrotor-attached frame, and the relationship 

between the two were defined. Six-DOF operation of the quadrotor induced by 

manipulating the speed of the four rotors was described. Dynamic equations of motions, 

from which indoor autonomous controllers were derived, have been presented. The lab 

space setup and representative evaluation results of the controllers were shown. The 

results will serve as reference for the material to be presented in the next chapters. 

Vertical motion was controlled well with height feedback provided by sonar. The 

quadrotor heading oscillated because of sensitive feedback provided by the magnetometer. 

The yaw controller also lacked an integrator to keep the angle close to the desired value. 

Lateral motions controllers performed well but relied on positional feedback from an 

external motion capture and tracking (OptiTrack) system. OptiTrack is not suitable for 

outdoor set up; therefore, the quadrotor was constrained to operate indoors only. A 

vision-based control structure that to be presented was developed to improve heading 

stability and to eliminate the dependence on Optitrack system. 
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CHAPTER 4  

FLEXIBLE VISION-BASED CONTROL STRUCTURE 

This chapter discusses an alternative control structure that allows the pilot to 

hand over his duty to a vision-based controller to hover the quadrotor using image 

feedback from a single camera. The control can be taken back by the pilot at anytime 

during the flight, as the name „flexible‟ implies. The vision-based controllers, developed 

from the autonomous controllers discussed in the previous chapter, remove the 

dependence on OptiTrack motion capture and tracking system of the quadrotor and 

improve the yaw control performance. 

The proposed flexible vision-based control structure is first explained, followed 

by a discussion on the chosen UAV pose estimation algorithm. Real-time image 

processing for pose estimation and the characteristics of the target object are then covered. 

Experimental results evaluating the accuracy of the pose estimation algorithm are shown 

before the chapter concludes. 

4.1. Flexible vision-based control structure 

From the experimental results presented in section 3.5, the yaw angle (the 

heading) of the quadrotor was the only DOF that was not well controlled. The angle 

oscillated around the desired value due to sensitivity of the magnetometer. It was also 

pointed out that the yaw controller in equation (3.29) lacked an integrator resulted in non-

zero yaw error. The performance of the controller could be improved by obtaining 

heading feedback from a different source and incorporating an integrator to it. 
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The   and   lateral motions controllers in equations (3.32) and (3.33) required 

position feedback from OptiTrack system. This was the limiting factor preventing the 

quadrotor from outdoor operation. In order to eliminate this constraint, position feedback 

must be obtained from a different source. 

This section discusses a flexible vision-based control structure which addresses 

the improvements stated above and allows easy switching between human-in-the-loop 

and vision-based autonomous control modes. The yaw and the lateral motions controllers 

were revised; while the height controller, equation (3.27), remained unchanged. 

4.1.1. Vision-based control 

The following vision-based controllers replace OptiTrack and the magnetometer 

in the feedback paths of the controllers in section 3.2.2 by a single wireless camera. The 

camera was mounted underneath a crossbar at the front of the quadrotor (see Figure 4.1). 

 

 

Figure 4.1: A camera mounted at the front of the quadrotor. (Original in color) 

  

Wireless camera 

Camera mount 

Cross bar seen 

from the front 

IR reflector 
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Yaw motion control 

The vision-based yaw controller uses real-time images from the camera to 

estimate the current yaw angle of the quadrotor by means of a UAV pose estimation 

algorithm (to be explained in the next section). The current yaw angle is estimated with 

respect to a coordinate frame attached to the target object (the object frame), which is 

seen by the camera. The estimated angle is passed through a low-pass filter before it is 

compared to the desired value yielding the yaw error,    (see Figure 4.2). More 

information on the filter is provided in section 6.1.3. The yaw error is defined as follows: 

          
(4.1) 

Note that although this error is defined in the target object coordinate frame, it is the 

same as that defined in the quadrotor-attached frame (equation (3.28)). The PID control 

law that converge yaw angle to its desired value is: 

         
       

          
   

   
(4.2) 

where    
 ,    

 , and    
  are vision-based autonomous yaw control gains. The superscript 

  indicates that the gains are for a vision-based controller. 
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Figure 4.2: Vision-based yaw ( ) motion control. 
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Lateral motions controls 

The vision-based lateral motions controllers also use the same pose estimation 

algorithm as that for the yaw controller above to provide the current position of the 

quadrotor. Latitude and longitude positions are estimated relative to the object frame and 

they are denoted by lowercase letters   and  , respectively. The estimated   and   

positions are low-pass filtered and compared to their respective desired value to 

determine position errors,    and   , as shown in Figure 4.3. Because the feedback 

control diagrams of motions along the   and   axes are very similar, only the diagram for 

the motion along   direction is shown. The position errors are defined as: 

          
(4.3) 

           
(4.4) 

The errors are mapped to desired roll and pitch angles with the following control laws: 

    
   

       
          

   
 

      
     

 
(4.5) 

     
   

       
          

   
 

      
     

 
(4.6) 

where    
 ,    

 ,    
 ,    

 ,    
 ,    

 ,    
 , and    

  are vision-based position control gains. 

The desired angles are tracked with LQR-based controllers defined by equations (3.24) 

and (3.25). 

The denominators of equations (4.5) and (4.6) result from limitation of the rate 

of change of their outputs. This is done through a feedback loop before the output of the 

transfer function in Laplace domain as illustrated in Figure 3.12. 
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Figure 4.3: Vision-based latitude ( ) motion control. 

 

Figure 4.4: Control mode switching mechanism. 

4.1.2. Switching between control modes 

The flexibility in selecting the quadrotor control mode can be achieved by 

including a switch, of which the graphical representation is shown in Figure 4.4. The 

pilot manually double-clicks on the switch that toggles „Ctrl mode‟ signal between 0 and 

1, or low and high. When the signal is low, the quadrotor operates in human-in-the-loop 

mode which it can be controlled using a handheld controller. On the other hand, when the 

signal is high, the flyer operates in vision-based mode which it is hovered in the 

neighborhood of the user-defined location and yaw angle. 

4.2. UAV pose estimation 

UAV pose estimation plays a key role in the vision-based control structure 

proposed above. It provides position and yaw angle in the feedback path from images 

acquired by the camera. Many pose estimation algorithms, both iterative and non-
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iterative, have been developed [7-11, 36, 37]. An algorithm named „POSIT‟ will be 

reviewed and discussed in this section as it was the one implemented for the controllers. 

There are four types of POSIT algorithm available on DeMonthon‟s website
4
: 

classicPOSIT [38], modernPOSIT [36], POSIT for coplanar points [39], and softPOSIT 

[36]. The requirements and attributes of the four POSIT algorithms are compared in 

Table 4.1. For the purposes of this work, classicPOSIT has been chosen because of its 

simplicity. 

ClassicPOSIT is an algorithm which estimates the pose (rotation and translation) 

of an object using a single image [38]. It is composed of two stages: first, Pose from 

Orthography and Scaling (POS) determines an initial pose of the object; second, POS 

with Iteration (POSIT) refines the initial pose found in the previous stage through 

iterations and converges on a more accurate pose. The algorithm assumes that at least 

four non-coplanar feature points can be detected in the image and can be matched to the 

same points on the object. It also assumes that relative geometry between the points and 

camera intrinsic parameters are known. The algorithm gives rotation (    ) and 

translation (    ) matrices of the object coordinate frame,  , with respect to the camera 

coordinate frame,  . The origin of the object frame is assumed to be attached to one of 

the feature points on the object; while the origin of the camera frame is assumed to be 

attached to the camera center of projection. The results of classicPOSIT can be 

represented graphically as shown in Figure 4.5. 

ClassicPOSIT has been implemented for both off-line and real-time UAV pose 

estimation. For the off-line case, snapshots of the target object were saved for processing 

                                                
4 http://www.cfar.umd.edu/~daniel/Site_2/Code.html 



- 62 - 

and for pose estimation at a later stage. For the real-time case, images of the target object 

are processed for feature points right after they have been taken. UAV pose estimates are 

computed shortly after image processing. In this section, off-line UAV pose estimation is 

discussed with little detail since it is beyond the scope of this thesis. Readers are referred 

to He et. al.‟s paper [40] for more information. On-line UAV pose estimation is 

explained below. 

Table 4.1: Attribute comparion of 4 types of POSIT algorithm. 

Attributes classicPOSIT modernPOSIT POSIT for 

coplanar points 

softPOSIT 

Minimum feature points 4 4 4 4 

Works with coplanar 
feature points 

    

Model of object required     

Correspondence between 

feature points on image 
and on the object required 

    

Object frame origin must 

be attached to a  

feature point 

    

Code available in C     

Code available in 

MATLAB 
    

 

 

Figure 4.5: Rotation and translation matrices calculated by classicPOSIT relating object frame ( ) 

to camera frame ( ). 
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4.2.1. Offline UAV pose estimation 

ClassicPOSIT was implemented for off-line UAV pose estimation. Snapshots of 

the target object taken by the camera onboard the quadrotor were saved for off-line 

processing. 

One of the 17 still images taken from different UAV poses is shown in Figure 4.6. 

The target object, which was a white cardboard box, can be located on the wall. Five 

feature points marked by the red dots: four front corners and the upper left back corner 

were identified manually off-line and sorted by the user. The object frame was assumed 

to be attached to the lower left front corner, coincide with the feature point. The poses of 

the UAV were estimated via classicPOSIT and validated against pose readings from 

OptiTrack. 

Experimental results showed that error of the poses estimated from classicPOSIT 

remained within acceptable bounds compared to OptiTrack measurements [40]. This off-

line algorithm was further developed into a real-time one (discussed in the next 

subsection) with the following improvements:  

 The target object was not self-occluded. Feature points on an opaque object such 

as a cardboard box were self-occlusive. They were not all identifiable at some 

certain camera poses. In order to use classicPOSIT, all feature points must be seen 

and detected. 

 Real-time image processing. Feature points were detected and sorted 

automatically from incoming image stream by an image processing algorithm. 

 Real-time pose estimation. The pose of the camera and the UAV were calculated 

in real-time shortly after feature points had been detected. 
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Figure 4.6: A sample image used for off-line pose estimation. Feature points (red dots) were 

identified and sorted manually. ClassicPOSIT estimated the UAV pose off-line. (Original in color) 

4.2.2. Real-time UAV pose estimation 

The real-time UAV pose estimation for the vision-based controllers has three 

main components: The target object, image processing algorithm, and 6DOF pose 

estimation algorithm. These components are discussed in this section. UAV pose 

estimation results are compared to OptiTrack 6DOF readings in an experiment to 

evaluate its accuracy. 

Target object and image features 

The target object consists of a sheet of black paper and a white LED extending 

from the plane of the paper. The dimensions of the object are shown in Figure 4.7. Four 

corners of the paper and the LED form five non-coplanar feature points per the 

requirement of the POSIT algorithm. The black paper was used to resemble a window as 

seen from outside of a building, as stated for a potential application in section 1.5. The 

five feature points can be detected easily by the image processing algorithm to be 

presented below. 

Wall 

Cardboard box 

Feature points 
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The object frame,  , is defined as shown in Figure 4.7 with its origin attached to 

the LED;  -axis points to the right,  -axis points up, and  -axis points away from the 

wall. 

The target object used has two characteristics: first, it is not self-occlusive. All of 

its feature points can be seen clearly by the camera hence the pose of the quadrotor may 

be estimated from any angle as long as the object is in the camera view. Second, it 

resembles a window a real window with little modification. 

 

Figure 4.7: Target object with dimensions and object frame defined. (Original in color) 

Image processing algorithm 

The image processing algorithm summarized by the flowchart shown in Figure 

4.8 was developed in Simulink [41] and run on the ground station computer to detect the 

five feature points on the target object. The algorithm consists of four main steps: feature 

points detection, coordinates arrangement, coordinates undistortion, and filtering. The 

algorithm outputs image coordinates of the feature points and passes them to the pose 

estimation algorithm. 
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Figure 4.8: Image processing algorithm flowchart. 

 
 (a) (b) (c) 

 
 (d) (e) (f) 

 
 (g) (h) (i) 

Figure 4.9: Image processing results (a) acquired image (b) segmented LED location (c) LED 

detected (d) segmented window location (e) corners detected in image (f) detected corners of 

window before sort (g) five feature points detected after sort and undistortion (h) undistorted 

image created offline (i) five feature points detected from undistorted image. (Original in color) 
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Feature points detection 

Intensity images are acquired from the wireless camera at the rate of 30 fps 

(Figure 4.9(a)). The feature points are detected at this stage, which can be separated into 

two processes: LED detection and four window corners detection. 

LED detection 

Since the white LED is very bright, it appears as an area with high intensity. 

Segmentation is done by comparing each pixel in the original image to a threshold,      : 

                
(4.7) 

The result of segmentation, shown in Figure 4.9(b), is a binary image with a white area 

made up of pixels that satisfy the condition stated in equation (4.7). The centroid of the 

white area is then determined to represent the LED in image coordinates. This is the first 

feature point and is color coded in purple; see Figure 4.9(c). 

Four window corners detection 

Detection of the four corners is done in two steps: first, the area representing the 

window is segmented through thresholding similar to equation (4.7): 

                    
(4.8) 

where,          is the intensity threshold value for segmentation of window. The result 

is a binary image shown in Figure 4.9(d). Second, the original image is passed through a 

corner detection method with the following settings: 

 Method: Local intensity comparison (Rosen & Drummond) 

 Intensity comparison threshold: 0.1 

 Maximum angle to be considered a corner (in degrees): 135.0 

 Output: Corner location 
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 Maximum number of corners: 50 

 Maximum metric value that indicates a corner: 0.01 

 Neighborhood size (suppress region around detected corners): [7 7] 

Note that Local intensity comparison method was chosen for corner detection to achieve 

the fastest computation. Up to 50 corners may be detected as the result of the corner 

detection block; this is illustrated as the white dots in Figure 4.9(e). Unwanted corners 

were screened out with the help of the window area detected in the first step and left with 

only four actual corners of the window (Figure 4.9(f)). Notice that the four corners were 

color coded to show the user the ordering of the feature points. The correct order of 

feature points shall be as shown in Table 4.2; therefore, the feature points detected in 

Figure 4.9(f) were in the wrong order and must be rearranged. 

Table 4.2: Correct feature points order and color code. 

Feature point # Description Color code 

1 LED Purple 

2 Upper left window corner Red 

3 Lower left window corner Green 

4 Upper right window corner Blue 

5 Lower right window corner Yellow 

 

Feature points coordinate arrangement 

The detected five feature points were sorted according to their image coordinates 

to be in the order shown in Table 4.2. The correct order of feature points was crucial for 

pose estimation as required by classicPOSIT that the correspondence between feature 

points on image and on the actual object must be known. If the feature points were 

arranged in wrong order, the pose estimates will also be incorrect. 
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Feature points coordinate undistortion 

Image undistortion is a process that compensates acquired images for lens 

distortion. Straight edges appear as curves on image due to imperfection during lens 

manufacturing. Lens distortion can be modeled mathematically as follows [42]: 

Let   be a point in the camera frame with coordinates 

             
(4.9) 

Assuming offline camera calibration [28] has been performed and distortion coefficients, 

  , are known: 

                      
(4.10) 

Let    be the normalized image coordinates: 

     
  

  
   

     

     
  

(4.11) 

Define: 

   
    

    
  

(4.12) 

The normalized coordinates of the point after lens distortion has been applied,   , can be 

written as follows: 

            
       

       
      

               
     

  

      
     

           

  
(4.13) 

The sorted image coordinates of feature points from the previous step are 

distorted coordinates as they were determined from the acquired image that has not been 

compensated. If these coordinates are used directly for pose estimation, the resultant pose 

estimates are incorrect. 

A typical image undistortion process is to create a new undistorted image by 

interpolating the intensity of each pixel from the original distorted image. This is 
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computationally intense and may slow down the real-time process significantly. Instead, 

two hash tables were created to quickly determine undistorted image coordinates directly 

from the distorted image coordinates found from the previous steps. Two hash tables: one 

for horizontal image coordinate,  , the other for vertical image coordinate,  , were 

created using distortion coefficients, see equation (4.10). A small section of the tables is 

shown in Figure 4.10. 

Given a distorted image coordinates; for example,              , the first 

table (Figure 4.10(a)) is accessed for its content stored at row 47, column 39, which is the 

undistorted horizontal coordinate,  . Then, the second table (Figure 4.10(b)) is accessed 

for its content stored at the same location, which is the undistorted vertical coordinate,  . 

Therefore, undistorted image coordinates is             . 

    

 (a) (b) 

Figure 4.10: Hash tables for undistortion of image coordinates (a) horizontal coordinate,   

(b) vertical coordinate,  . 

Coordinates of the five feature points undistorted using hash tables were output 

to 6DOF pose estimation and also superimposed on the acquired (distorted) image for the 

user; see Figure 4.9(g). Notice that the points did not correspond to their actual positions 

on the image because lens distortion had been compensated. For verification, the acquired 

image (Figure 4.9(a)) was undistorted offline, of which the resultant image is shown in 

Figure 4.9(h). The feature points on this undistorted image were detected, and shown in 
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Figure 4.9(i). Comparing the feature point locations on Figure 4.9(g) to those on Figure 

4.9(i) visually, one finds that they are identical. Table 4.3 shows that the radial difference 

of each of the same point detected on the two images is less than 1.5 pixels. It suggests 

that feature points coordinate undistortion using hash tables is suitable for real-time 

process. The method is as accurate as detecting the feature points from undistorted image, 

yet faster and requires much less computational power. 

Table 4.3: Comparison of feature point locations on Figure 4.9(g), undistorted using hash tables, 

to those on Figure 4.9(i), detected directly from undistorted image. 

Feature 

point # 

Location on 

Figure 4.9(g) - (       
Location on 

Figure 4.9(i) - (       
Radial difference (pixel) 

        
         

  

1 (77,43) (77,44) 1 

2 (127,37) (127,38) 1 

3 (128,96) (128,96) 0 

4 (201,34) (202,35) 1.41 

5 (203,94) (203,95) 1 

 

Feature points coordinate filtering 

While the quadrotor moves, the onboard camera sees the target object with 

constantly changing ambient lighting condition. Feature points were mistakenly detected 

quite frequent. A simple buffering filter was used to filter out large change in image 

coordinates of each feature point from its value in the previous sample time. The filtering 

process is summarized in Figure 4.11. 

If any of the feature points moved more than 10 pixels between two consecutive 

samples, the current coordinates of that point is considered as noise and the coordinates 

of the previous sample time is used. Moreover, if the same point has been invalid for 

more than five consecutive frames, then the point is considered lost and the most recent 

coordinates is used. 
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Figure 4.11: Feature points coordinate filtering flowchart. 

6DOF pose estimation 

In order to estimate the 6DOF pose of the quadrotor, three components are 

required by classicPOSIT [38] (see Figure 4.12): arranged image coordinates of the 

feature points, 3D coordinates of the feature points, and intrinsic parameters of the 

camera. 

The image coordinates of the feature points obtained from image processing 

must be arranged in the following format: 

  

    

  
    

   
(4.14) 

where   is number of correspondences between 3D points and their 2D image projections; 

in other words,   is number of feature points. In the case of this work,    . This has 
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been done within image processing. 

Second, the relative geometry between feature points expressed in the target 

object frame must be arranged as an     matrix. These coordinates, must be listed in 

the same order as the image coordinates. In the case of the target with dimensions shown 

in Figure 4.7, this matrix can be written as follows: 

 

 
 
 
 
 

   
                         
                          
                         
                           

 
 
 
 

 meter 
(4.15) 

Third, intrinsic parameters of the camera must be determined. Specifically, the 

focal length,  , and the principal point,   , must be known. The principal point is the 

point where the optical axis intersects the image plane. During offline camera calibration 

[28], these parameters were determined for an image of size 320x240 pixels to be: 

          pixels,               
(4.16) 

Camera intrinsic 
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3D coordinates 
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Figure 4.12: 6DOF pose estimation from detected feature point locations. 

Coordinate frames transformation and inverse kinematics 

With the above three components, The relationship between the object frame and 

the camera frame is determined by classicPOSIT in the form of a rotation matrix and a 

translation vector,     and    , respectively. These two pieces of information may be 
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written as a homogeneous transformation matrix from object frame to camera frame, 

  
 , as follows: 

   
   

   
  

   
   

  
   

  
   

(4.17) 

Because the camera is attached to the quadrotor (Figure 4.1), the transformation matrix 

between the camera and the quadrotor-fixed frames,   
 

, is a known constant (more 

information provided in section C.1). One writes: 

   
   

    
             
             
    

   
(4.18) 

The relative position and yaw angle between the quadrotor and the target object can be 

calculated for feedback to the control laws proposed in equations (4.3), (4.4), and (4.6), 

as follows: 

   
     

  
  

   
  

  
  

   
  

   
   
  

   

  
   

(4.19) 

Let   
  be in the form 

   
   

         

         

         

   
(4.20) 

Two yaw angles can be calculated from 

            
    

                         
  

(4.21) 

 where                           
   

   
  and          

    

    
  

(4.22) 

 Additionally,                    
                          

                         
   

(4.23) 

Note that       is four-quadrant inverse tangent. One of the two of each attitude angle 

will be smaller than ±/2 radians, which is the reasonable value. The quadrotor should 
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never roll or pitch more than 90 degrees otherwise it would crash. In fact, the roll and 

pitch angles were set to saturate at the fly-away condition of ±45 degrees. The yaw angle 

should stay below ±90 degrees for the projection camera that was used; otherwise the 

target object would escape the camera‟s field of view. The determined yaw angle is used 

for the control law in equation (4.2). The lateral position   and   used for the control laws 

in equations (4.5) and (4.6), are obtained from: 

   
          

(4.24) 

The  ,  , and   estimates are passed as the feedback to the vision-based 

controllers through low-pass filters (refer to Figure 4.2 and Figure 4.3), which 

accommodate the difference between the sampling rate of image processing and pose 

estimation (30 Hz) and that of the controllers (200 Hz). More information on these filters 

can be found in chapter 6. 

It is noteworthy that it takes less than 30 ms from when a new image is available 

to estimate the pose of the quadrotor. New images are available at 30 frames per second 

that equates to the sampling period of 33 ms. Since acquiring new images takes longer 

than processing them, pose estimation from images taken by an onboard camera can be 

done in real-time. 

Experimental setup 

Real-time pose estimation algorithm was tested with the setup shown in Figure 

4.13 to validate its results compared to pose readings from OptiTrack system. The target 

object frame was defined to have the same orientation as the inertial frame but attached to 

the LED, which did not move. The transformation matrix of the object frame relative to 

the world frame,   
 , was a known constant (more information provided in section C.2): 



- 76 - 

 

Figure 4.13: Real-time pose estimation test setup showing all four coordinate frames. 

(Original in color) 

   
   

            
           
            
    

  
(4.25) 

In order to compare the estimated pose of the quadrotor to OptiTrack readings, the pose 

must be expressed with respect to the inertial frame. This can be calculated from: 

   
    

    
   

(4.26) 

The quadrotor was randomly placed (not flown) in 18 locations around the test 

area with different pose at each position. The 6DOF pose of the quadrotor were estimated 

150 times from 150 images acquired in real-time and read simultaneously by OptiTrack. 

Data from the two sources were compared after the experiment to evaluate the accuracy 

of pose estimation. 

Experimental results 

All 6DOF pose were estimated and recorded from the tests. However, only 

3DOF:  ,  , and  , are related to the work described in this thesis therefore only these 
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degrees-of-freedom are evaluated in this section. 

The mean values of the pose estimated along with the standard deviation (SD) 

are shown in Table 4.4 and Table 4.5, respectively. Each entry in the both tables was 

calculated from 150 samples. OptiTrack readings were used as the reference to which 

pose estimates were compared. It can be seen that the estimated values of   is the worst 

compared to   and yaw. The lowest error of estimated   value was 7.8 cm in test 17; 

while the highest error was 36.1 cm in test 18. The SD of this DOF is also quite large, 

generally greater than 3 cm and can be as large as 15 cm. High SD value indicates that 

the estimated value fluctuates even though the quadrotor and the camera were stationary. 

The mean and SD of error for   shown in Table 4.6 support this observation. Sources of 

error are discussed below. 

Table 4.4: Mean value of 3DOF estimated from vision compared to OptiTrack. 

Vision OptiTrack Vision OptiTrack Vision OptiTrack

1 14.2591 2.45 26.5317 23.65 9.2514 6.18

2 43.0232 17.46 65.0457 65.34 5.2841 -0.24

3 44.4757 33.88 2.1591 4.80 21.8415 18.41

4 -96.5212 -106.35 44.1414 34.34 -24.4879 -28.07

5 -67.8149 -76.10 73.1367 63.73 -10.0654 -13.23

6 1.5102 -6.62 -30.7496 -31.01 6.3900 3.02

7 3.4817 -8.93 54.0892 51.80 6.2461 2.87

8 -87.7912 -98.41 91.8421 81.72 -11.5829 -14.82

9 -94.3772 -108.47 93.1211 78.87 -10.8498 -14.54

10 39.4987 7.57 112.4385 109.18 1.3674 -4.77

11 22.0384 -7.79 114.9873 109.94 -5.9799 -11.67

12 -19.5124 -43.24 66.9060 60.45 -10.9822 -17.15

13 44.6673 33.59 17.1278 17.73 17.3424 15.13

14 -28.8256 -36.99 -1.9986 -4.95 -9.3502 -11.20

15 61.2164 34.25 57.7725 61.54 18.2638 11.37

16 -86.2309 -97.69 69.0614 56.66 -13.9613 -17.94

17 -91.7091 -99.57 32.9756 24.24 -17.2242 -20.03

18 21.6324 -14.51 123.7362 117.98 10.7668 4.50

Test
X (cm) Z (cm) Yaw (⁰)
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Table 4.5: Standard deviation of 3DOF estimated from vision compared to OptiTrack. 

Vision Optitrack Vision Optitrack Vision Optitrack

1 1.0060 0.0010 0.3511 0.0007 0.2562 0.0014

2 15.8091 0.0014 2.1178 0.0012 2.3130 0.0017

3 3.0482 0.0013 3.8319 0.0009 0.8439 0.0011

4 2.0852 0.0015 1.0314 0.0011 0.5683 0.0012

5 5.8156 0.0016 2.0780 0.0009 1.3341 0.0011

6 1.5017 0.0014 0.1703 0.0012 0.5728 0.0021

7 5.2479 0.0011 0.4290 0.0010 1.2824 0.0012

8 4.1441 0.0015 1.9335 0.0007 0.9123 0.0010

9 1.2467 0.0030 0.8854 0.0014 0.2592 0.0049

10 9.0607 0.0046 2.2709 0.0011 1.7751 0.0027

11 5.5611 0.0067 1.6710 0.0013 1.0973 0.0069

12 4.3397 0.0014 0.5539 0.0012 0.9673 0.0013

13 3.5994 0.0016 1.4632 0.0008 0.9592 0.0012

14 2.1597 0.0013 0.4632 0.0009 0.6324 0.0009

15 8.0223 0.0014 3.1985 0.0008 1.9195 0.0010

16 0.7739 0.0013 0.6383 0.0011 0.2138 0.0015

17 0.9564 0.0015 0.8268 0.0011 0.3118 0.0009

18 7.2199 0.0016 1.2445 0.0012 1.3624 0.0011

Test
X (cm) Z (cm) Yaw (⁰)

 

Table 4.6: Mean Error and SD of all tests for 3DOF estimated from vision and OptiTrack. 

DOF Mean SD

X (cm) 16.5993 10.9070

Z (cm) 5.7379 4.3130

Yaw (⁰) 4.1395 1.8739  

The estimated values of   and   were generally comparable to the readings from 

OptiTrack; although in a few tests the estimated   were off by 10 – 15 cm. The low 

values of mean error and SD from all tests for these two DOF shown in Table 4.6 

reinstate that the pose estimates were reliable. 

A possible source of error was feature point extraction. It was observed that 

locations of the points moved one to two pixels between two consecutive images. A 

couple of pixels could be evaluated to a large lateral distance especially when the camera 

was far from the target. Error could result from pose estimation as only one image was 
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used for each sample. It is a well-known fact that depth information is not recoverable 

from a single image. A detailed discussion on sources of error can be found in chapter 6. 

The experimental results indicated that large error was to be expected along the 

 -direction when the vision-based pose estimates were used as feedback to the controllers. 

This error should be accounted for when the desired value of   is specified. The 

quadrotor may sway side to side due to fluctuations in latitude pose feedback. 

4.3. Summary 

The flexible vision-based control structure was discussed in this chapter. It 

consisted of a yaw and two lateral motion controllers that estimated pose feedback from 

real-time images. The pose was estimated relative to the target object frame; unlike in 

chapter 3 that it was expressed in the inertial frame. The height controller and the 

underlying LQR-based roll and pitch controllers remained unchanged from the discussion 

in the previous chapter. 

Detailed information was presented on real-time image processing for pose 

estimation. Five feature points could be extracted from the target object which resembles 

a window seen from outside of buildings. The estimations of three out of six degrees of 

freedom pertinent to the vision-based controllers were evaluated against OptiTrack 

readings in an experiment. Test results showed that the estimates of   exhibited error 

about three times larger than that of  . Moreover, the estimates of   fluctuated much 

more than the estimates of   even though the quadrotor and the camera did not move. The 

yaw estimates were reliable with small variations. The quadrotor was expected to sway 

side to side more than the other direction when vision-based controllers were used for 

hovering due to low quality feedback in that degree-of-freedom. 
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CHAPTER 5  

FLEXIBLE VISION-BASED CONTROL – THE EXPERIMENTS 

The proposed flexible vision-based control structure has been implemented and 

tested. Two sets of tests were carried out to demonstrate the flexibility and the 

performance of the control structure. Test results will be discussed in this chapter. 

The first set of experiments was conducted with one target object to track in the 

workspace. The flexible nature of the proposed vision-based control structure was 

demonstrated. The controllers, when activated, were given a task to hover the quadrotor 

at a specified pose with respect to the target object. The performance of the control 

structure was evaluated against test results shown in chapter 3. 

The second set of tests was performed with two target objects in the workspace, 

one placed perpendicular to the other. This set of tests demonstrated that the control 

structure was able to work with multiple target objects that are slightly different in 

geometry. The controllers were activated to hover the quadrotor in front of one target and 

then the other in one test flight. 

5.1. Single target in workspace 

The first set of experiments was conducted with one target object in the 

workspace. The object is similar to the one shown in Figure 4.7 with slight modification: 

it is a quarter of the original size. A smaller target represents a real window at greater 

distance from the camera. It reduces the tendency of the target escaping the camera view. 

The real-time camera pose estimation algorithm covered in section 4.2.2 was used to 
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provide feedback to the vision-based controller. The following five tests were performed 

to demonstrate the features of the flexible control structure. 

In the first test, the vision-based controller was activated once during the flight. 

The human operator first flew the quadrotor in HIL mode off the ground with a handheld 

controller into a zone where it can see the target object. The pilot then handed off the 

control to the vision-based algorithm, which hovered the quadrotor at a specified pose 

relative to the target. After some time, the control was switched back to the pilot to land 

the quadrotor. 

The second test was the case which the vision-based structure was triggered 

twice during the flight. Similar to the previous test, the pilot was the first in control and 

signaled the algorithm to hover it. The pilot took back the control and a while later 

switched to vision-based mode once more. At the end of the test, the pilot regained the 

control to land the flyer. This test showed that switching between control modes could 

happen multiple times in flight. 

The last three tests used the same configuration as the first test; i.e. the vision-

based controller was activated once in flight, but the user-defined set points were changed. 

The desired lateral position,    and   , and the desired yaw angle,   , were varied while 

the vision-based structure was in control. These tests demonstrated that the desired pose 

can be reconfigured during flight. This would be useful if one wanted to modify the pose 

of the quadrotor after the vision-based controller had been activated. 

5.1.1. Experimental setup 

The experimental setup was the same as that shown in Figure 4.13, except the 

target object was a quarter of the size shown in Figure 4.7 and the location of the target 
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object frame,  , relative to the inertial frame changed slightly.  

The origin of the object frame was assumed to be attached to the LED as 

depicted in Figure 4.7. Because the size of the target object changed, the relative 

positions of the five feature points expressed in the object frame was rewritten as follows: 

 

 
 
 
 
 

   
                         
                          
                         
                          

 
 
 
 

 meter  
(5.1) 

The location and orientation of frame   in the world frame can be described by using 

OptiTrack measurement (see section C.2) as follows: 

   
   

            
           
            
    

   
(5.2) 

The Optitrack system tracked the ground truth position of the quadrotor in all tests. 

5.1.2. Experimental results 

The following test results consist of a timing diagram showing plots of two 

logical signals named „control mode‟ (Ctrl mode) and „Bad pose‟ versus time. The low 

value, 0, of „Ctrl mode‟ signal indicates the period of time during flight that the quadrotor 

was flown by the pilot. A high signal, i.e. 1, means the vision-based controller was 

activated. The „Bad pose‟ signal was plotted with an offset of -2 under „Ctrl mode‟. Its 

low value of -2 indicates no irregularities; while the high value, -1, indicates that an 

invalid pose has been estimated. „Bad pose‟ is high when one of the following occurs: 

 The target object is not in the view of the camera, 

 The acquired image is corrupted, 

 The estimated   is not in the range    m      m, 
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 The estimated   is beyond the range       m, 

 The estimated   is not in the range             , 

 One of the estimated pose is infinite or not a number, or 

 The change in either   or   estimate from the previous sample time is greater 

than 0.5 m. At the sampling period of 5 ms, this equals to quadrotor speed of  

100 m/s in either direction. 

When a bad pose is estimated, the desired roll and pitch angles are set to zero in an 

attempt to hover the quadrotor in place. Moreover, if invalid pose lasted consecutively for 

longer than three seconds, the target object was considered lost and the quadrotor would 

be forced to land autonomously. 

In addition to the timing diagram, motor inputs, errors in all 6DOF, and the 

trajectory of the quadrotor in 3D space are also shown for the period that the vision-based 

structure was in control. Since the desired height of the quadrotor was a constant in all of 

the tests, the 3D trajectory plot is clarified by its top view showing the movement of the 

quadrotor on the  -  plane. 

Single control mode switching 

In the first test, the vision-based controller was activated once between   = 18 s 

and   = 40.6 s as shown in Figure 5.1(a). Bad pose occurred very briefly 6 times in this 

period but were not long enough to force the quadrotor to land. The other five plots in 

Figure 5.1 show data collected during this time period that the vision-based structure was 

in control. It was noteworthy that a spike could be seen in the motor inputs each time a 

bad pose occurred.  
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 (a) (b) 

   

 (c) (d) 

   

 (e) (f) 

Figure 5.1: Flexible vision-based quadrotor control results – single control mode switching 

(a) timing diagram (b) motor inputs (c) quadrotor trajectory in workspace (d) quadrotor trajectory 

(top view) (e) error of translational DOF (f) error of rotational DOF. (Original in color) 
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The vision-based controller was to hover the quadrotor at                 

     m      m    m    . There was a constant error in the   estimate that must be 

compensated as discussed at the end of section 4.2; therefore, the effective desired 

location appeared at                       m      m    m    . The equivalent location 

on the inertial frame was determined to be                  -     m      m       m     

by using equations (4.26) and (5.2). 

The trajectory in Figure 5.1(c) was plotted using measurements of the quadrotor 

c.g. from OptiTrack system. Figure 5.1(c) and the  -error in Figure 5.1(e) show that the 

height was held somewhat constant around 0.6 m when the vision-based controller was 

active. One may notice that the actual height of the quadrotor (0.6 m) is not the same as 

the desired height,     (0.4 m). This is because the specified desired height was the 

distance between the sonar and the ground. The sonar was mounted 0.23 m underneath 

the actual quadrotor c.g.; therefore, the effective desired height was 0.63 m. 

The  -trajectory in Figure 5.1(e) overshot the desired location by 0.45 m but was 

brought back to remain within 0.12 m of the desired value for the latter half of the test. 

The  -trajectory seemed to oscillate around the desired value but the error was bounded 

in a +0.3 m to -0.2 m region. The yaw angle seemed well controlled that the error 

remained within a ±5 degrees boundary around the desired value (Figure 5.1(f)). 

In general, one may notice that the  ,  , and   estimated from images were very 

noisy as reflected by their rough error signals shown in Figure 5.1(e) and (f). As a result 

of the noise in   and   feedback, the desired   and   signals were also noisy, and 

resulted in noisy   and   error signals that made the quadrotor jittery. The   feedback 

however suffered less from noise compared to the   counterpart. 
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Multiple control mode switching 

In the second experiment, the vision-based controller was activated twice during 

flight. The timing diagram in Figure 5.2(a) shows that the controller was active between  

  = 20 s and   = 43.5 s, and between   = 56.1 s and  =81.3 s. The quadrotor was 

controlled in HIL mode between the two periods, which was not of interest; therefore, the 

rest of the plots show data with a blank between two sections of graph. 

The desired values were set at                       m       m    m    . After 

compensation for   estimation error, the desired location in inertial frame was 

                 -     m      m       m    . Figure 5.2(d) shows that the quadrotor 

was bounded in the neighborhood          m          m  after the initial overshoot 

along the   direction. The height was controlled reasonably well with an average error of 

less than 8 cm around the desired value. 

The same observation can be made for  ,  , and   errors as in the previous 

experiment that   error was much noisier and oscillated more with higher amplitude than 

the   error. However, the overshoot or the first peak error for   direction was about 0.1 m 

higher than that of  . The yaw error remained within a ±5 degrees region around the 

desired angle. 

The results of the first two tests demonstrate an important feature of the proposed 

vision-based structure: the flexibility for the pilot to hand off and take over the control of 

the quadrotor to and from a control algorithm. Switching between control modes can 

occur multiple times during flight. After the vision-based structure has been activated, it 

hovers the quadrotor in the neighborhood of the predefined pose relative to the target 

object. The errors in all 6DOF are bounded.  
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 (a) (b) 

   

 (c) (d) 

   

 (e) (f) 

Figure 5.2: Flexible vision-based quadrotor control results – multiple control mode switching 

(a) timing diagram (b) motor inputs (c) quadrotor trajectory in workspace (d) quadrotor trajectory 

(top view) (e) error of translational DOF (f) error of rotational DOF. (Original in color) 
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Reconfigurable set points 

The following three tests were conducted to demonstrate the ability to change the 

desired set points to the vision-based controller during flight. This would be useful if the 

pose of the quadrotor must be modified after the controller had been activated. 

The first of the three tests involved changing the desired   (  ) signal. The 

results are shown in Figure 5.3. The vision-based mode was active starting at   = 28.2 s. 

Invalid poses were estimated many times but the controllers managed to keep the 

quadrotor in the air. The desired    was varied five times between 0.4 m and 0.5 m 

within 45 seconds. The desired signal could not be varied in a wider range because the 

oscillation amplitude of the   feedback was as high as ±0.4 m around the desired value 

(see Figure 5.3(d)). The quadrotor actually oscillated ±0.4 m around the set point; the 

target object might escape the camera view if the desired signal was varied in a wider 

range. One cannot see very clearly from Figure 5.3(c) whether or not the quadrotor was 

tracking the desired signal because of oscillation in the estimated   value. 

The results of the second test are shown in Figure 5.4. The   set point (  ) was 

varied in this test. During the 37-second long period that the vision-based structure was 

active,    was varied five times through a 0.6 m range. Figure 5.4(c) shows clearly that 

the   feedback was tracking the desired signal with the size of error around the desired 

value approximately 0.3 m. The error and the noise in the feedback signal were much 

better than those of the   shown in Figure 5.3(c). 

The last test was the case which the desired yaw (  ) signal was varied five 

times within a 70-second period through a 20-degree range. The invalid yaw that were 

indicated at   =69.7 s,   =78.8 s, and at   =95.8 s of Figure 5.5(a) lasted long enough that-  
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 (a) (b) 

   

 (c) (d) 

Figure 5.3: Flexible vision-based quadrotor control results – reconfigurable   set point 

(a) timing diagram (b) motor inputs (c)    and   signals (d)   error. (Original in color) 

discontinuities were noticeable in the yaw feedback shown in Figure 5.5(c). Spikes in the 

motor inputs at these instants of time were also noticeable as the results of invalid pose 

estimates. Figure 5.5(c) shows that the yaw angle tracked the desired value well. The yaw 

error mostly remained within a ±5 degree region around zero. This complies with the 

observations made for the two experiments in single and multiple control mode switching 

subsections. 

The above three experiments showed that the desired set points   ,   , and   , 

were adjustable during flights.  
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 (a) (b) 

   

 (c) (d) 

Figure 5.4: Flexible vision-based quadrotor control results – reconfigurable   set point 

(a) timing diagram (b) motor inputs (c)    and   signals (d)   error. (Original in color) 

Comparing the results shown in section 5.1 to those presented in section 3.5, the 

proposed vision-based control structure eliminates OptiTrack system from providing 

positional feedback to the quadrotor. This removes the component restricting the 

quadrotor from outdoor operation. It also improves the control performance of the yaw 

motion by using yaw estimates from images instead of using heading feedback from the 

onboard magnetometer. The vision-based structure is competitive in terms of the speed in 

bringing the quadrotor close to the desired location and that the set points are modifiable 

during flights.  
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 (a) (b) 

   

 (c) (d) 

Figure 5.5: Flexible vision-based quadrotor control results – reconfigurable   set point 

(a) timing diagram (b) motor inputs (c)    and   signals (d)   error. (Original in color) 

The transition of the quadrotor from the initial location at the start of the vision-

based control period to the desired location is not as smooth as that of OptiTrack-based 

control. This resulted from the fact that the positional feedback from OptiTrack is more 

accurate with less noise. These qualities can be expected since OptiTrack is a well 

calibrated commercial system. The feedback from OptiTrack can be polled 

approximately 7 times as frequent as the pose estimations from images. An agile system 

like the quadrotor would be less forgiving to the large sampling time of 33 ms of the 

vision system. 
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5.2. Multiple targets in workspace 

The vision-based control structure was also tested with two targets in the 

workspace, one placed perpendicular to the other. This is to prevent the onboard camera 

from seeing both target objects at the same time. The relative geometry of feature points 

on the two targets is slightly different and is different from that of the target used in 

section 5.1. 

At the start of the test, the quadrotor was flown by the pilot into an area that it 

can see the first target, and then the vision-based controller was activated to hover the 

quadrotor at the desired pose relative to target# 1. After some time, the control was 

switched back to the pilot who flew the quadrotor into the area which the second target 

was visible. The vision-based controller was reactivated to hover the quadrotor at the 

desired pose relative to target#2. 

5.2.1. Experimental setup 

 

Figure 5.6: Experimental setup with two targets in workspace. (Original in color) 
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Two targets were placed in the test area as shown in Figure 5.6 with their 

respective object frame,    and   , oriented as illustrated. The  -axis points to the right 

of the target,  -axis points up, and  -axis points outwards. The relative locations of the 

five feature points of target object 1 can be expressed in frame    as: 

 

 
 
 
 
 

   
                         
                          
                         
                           

 
 
 
 

 meter 
(5.3) 

Defining the world frame as shown in Figure 5.6, the transformation matrix from 

frame    to frame   was written using OptiTrack measurement as follows: 

    

   

            
           
            
    

   
(5.4) 

Relative locations of feature points of target 2 were expressed in frame    as: 

 

 
 
 
 
 

   
                         
                          
                         
                           

 
 
 
 

        
(5.5) 

One writes the transformation matrix of frame    with respect to the inertial frame as: 

    

   

            
           
            
    

   
(5.6) 

The OptiTrack system tracked the position of the quadrotor throughout the 

experiment. 

5.2.2. Experimental results 

The „Ctrl mode‟ signal in the timing diagram of Figure 5.7(a) shows that the 

vision-based controller was activated twice in the experiment: the first active period 
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started from   =17.75 s to   =44.7 s, the second period started from   =59.4 s to   =84.3 s. 

In the first period, the controllers were to hover the quadrotor at 

                      m      m      m     relative to the first target. After 

compensation for   estimation error, the desired location in the inertial frame was 

                 -     m      m       m    . The performance of the controller was 

similar to the results in section 5.1 before bad poses were estimated at   = 34.9 s and 

lasted about 1.6 s. During this period, the controllers overrode the invalid pose with the 

last valid pose and tried to stabilize the quadrotor by setting    and    to zero. This 

explains why the errors of  ,  , and   became flat lines. Although the desired attitude 

angles were set to zero, the quadrotor still moved due to its body weight imbalance. This 

corresponded to the trajectory of the first period that overshot to the right in Figure 5.7(d). 

In the attempt to recover its hover position, the quadrotor moved front-left, and then back 

towards the desired location. 

In the second period, the quadrotor were to be hovered at                 

      m      m      m     relative to the second target. Notice that this was the same set 

point as that used for the first period but was measured relative to frame   . The desired 

location in inertial frame was                       m      m       m    . Notice from 

Figure 5.7(a) that invalid pose occurred briefly three times between   = 70 – 80 s but had 

no significant effect on the trajectory. Distance towards target#2 was maintained mostly 

within     m        m ; while the other direction varied wider in the range  

     m        m. 
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 (a) (b) 

   

 (c) (d) 

   

 (e) (f) 

Figure 5.7: Flexible vision-based quadrotor control results – two targets in workspace 

(a) timing diagram (b) motor inputs (c) quadrotor trajectory in workspace (d) quadrotor trajectory 

(top view) (e) error of translational DOF (f) error of rotational DOF. (Original in color)  
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5.3. Summary 

Experimental results showing the flexibility and the performance of the proposed 

vision-based control structure were presented in this chapter. The first set of experiments, 

consisting of five tests, was performed with one target in the workspace. Multiple 

activation of the vision-based controller was performed to check its robustness. The 

second experiment was done with two targets in the workspace, one being placed 

perpendicular to the other so that the quadrotor sees one target at a time. The vision-based 

algorithm was activated to hover the quadrotor using feature points from target 1 before 

the pilot took over then reactivated the algorithm after target 2 became visible. 

The performance of the vision-based yaw controller was better than the 

magnetometer-based. The yaw error remained within a ±5 degree region around the 

desired value and did not oscillate. The vision-based lateral controllers (  and  ) although 

did not perform as well as the OptiTrack-based, the speed in bringing the quadrotor in the 

vicinity of the desired location was comparable. Most importantly, the vision-based 

controller removed the component restraining the quadrotor from outdoor operation. 
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CHAPTER 6  

ERROR ANALYSIS AND SYSTEM CONSTRAINTS 

From the previous two chapters, one could see that the estimated values of 

latitude ( ), longitude ( ), and yaw ( ) have errors associated with them. The latitude 

feedback had the largest error compared to the other two. This chapter addresses sources 

of error along with system constraints.  

6.1. Error analysis 

Sources of error can be categorized into three groups: from image processing, 

from the 6DOF pose estimation algorithm, and from the law-pass filter that interfaces 

between pose estimation and controllers (see Figure 4.2 and Figure 4.3). 

6.1.1. Error from image processing 

Within the image processing algorithm discussed in section 4.2.2, errors could 

arise from two steps: feature points detection and feature points coordinate undistortion. 

Feature points detection 

Feature point extraction from an image cannot be exact. The target object 

consists of five feature points: an LED and four corners of the paper. Detection of the 

LED is done by calculating the centroid of an area in the binary image which represents 

the feature. Detection of the four paper corners is done by using a corner detection 

algorithm. Both of these methods can have inaccuracies. 



- 98 - 

 

Figure 6.1: An image of the target object acquired by the onboard camera for a test presented in 

chapter 4. A total of 150 images identical to this figure were taken during the test. 

 

Table 6.1: Image coordinates of the 5 feature points detected from 150 images identical to the 

one shown in Figure 6.1. Each detected location is accompanied by its count. 

Feature 

point # 

Detected at image 

coordinates (      
Count 

1 
(130,96) 119 

(131,96) 31 

2 
(157,65) 3 

(158,65) 147 

3 (151,141) 150 

4 

(259,69) 7 

(259,70) 141 

(258,70) 2 

5 (253,151) 150 

Figure 6.1 shows an image of the target object taken by the onboard camera from 

one of the tests in chapter 4. Because the quadrotor did not move during the experiment, 

all 150 samples collected were identical. The samples were used for feature points 

detection. The locations in image of the feature points detected are shown in Table 6.1 

along with the count. 

Ideally, the feature points should have been detected at five locations only. The 

count at each location should be 150 because 150 images were used. However, that is not 
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the case because of the stated inaccuracy of feature point detection methods. The LED 

(feature point#1) could be detected 79% at                and 21% at       

        . Feature point#4 could be located at three locations; while feature points #3 

and #5 were each detected at only one location. A total of nine locations were possible 

for the five feature points to be detected at, i.e. feature point extraction cannot be exact. A 

different combination of the feature points locations would result in a slightly different 

UAV pose estimated by vision. This type of error appeared in the test results presented in 

chapter 4 as the standard deviation of the 3DOF estimated by vision (see Table 4.5). 

Feature points coordinate undistortion 

After the feature points had been detected, their image coordinates were arranged 

per the correct order shown in Table 4.2, and then compensated for the effect of lens 

distortion (refer to section 4.2.2). This compensation process is referred to as undistortion. 

Image coordinates of feature points were undistorted via hash tables (Figure 

4.10), which were constructed using five lens distortion coefficients,   , determined 

during an off-line camera calibration [28]. The distortion coefficients were typically 

provided by the calibration algorithm with small uncertainties as follows:  

   = [-0.3911; 0.1501; 0.0023; 0.0005; 0.0000] 

         = [0.0039; 0.0046; 0.0007; 0.0004; 0.0000] 

The uncertainties embedded themselves in the hash tables constructed from   , 

then resulted in errors of undistorted feature points coordinate. The undistorted 

coordinates became a source of error in UAV pose estimates. 
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6.1.2. Error from 6DOF pose estimation 

Six-DOF pose of the quadrotor was estimated from images via the POSIT 

algorithm. As discussed by Dementhon et. al. in [38], errors of pose estimated by POSIT 

increase with the distance of the object to the camera (depth) because of pixel 

quantization and the increasing image noise. This effect in imaging process deteriorated 

when combined with feature point detection and undistortion errors described above. 

Pose estimation errors increase with the depth also because the initial pose 

estimated by assuming scaled orthographic projection (SOP), which has a larger error, 

cannot be improved through iteration process of POSIT. This is due to the fact that SOP 

becomes almost identical to perspective projection at large distance. 

6.1.3. Error from the filter linking pose estimation to the controllers 

UAV pose estimation process is linked to the controllers by three low-pass filters, 

one filter for each of  ,  , and   estimates. These filters were first introduced in Figure 

4.2 and Figure 4.3 and were briefly explained in subsection “Coordinate frames 

transformation and inverse kinematics” of section 4.2.2. 

The transfer functions of the three filters are identical and are shown in Figure 

6.2(a). The output of the filter has a gain of 1 and delay of 70 ms. They were used to 

accommodate the difference in sampling rate between UAV pose estimation (30 Hz) and 

the controllers (200 Hz). Since the controllers operate 6.67 times faster than the rate at 

which new pose estimates are available, each pose estimation value is held constant for 6 

or 7 samples by the controllers. The pose feedback appears to have a step change as a 

result of the sampling rate difference. A section of   estimates collected from one of the 

test presented in chapter 5 is shown as an example in Figure 6.2(b); the solid and the 
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dotted lines are   estimates before and after filtering, respectively. A step change of pose 

feedback resulted in a step change of the errors according to equations (4.1), (4.3), and 

(4.4) because the desired values are constants. 

The proposed vision-based control laws (equations (4.2), (4.5), and (4.6)) all 

have a time derivative of error term. The derivative of a step change in the errors would 

be a very large value, like an impulse function. The low-pass filters were needed to 

smoothen the step change in pose feedback values so as to prevent actuator saturation. 

However, the filters also contributed to pose estimation error due to the delay at 

their outputs. As shown in Figure 6.2(b), there is a discrepancy between the actual and 

the filtered pose estimates. This error can be improved by increasing the numbers at the 

numerator and denominator of the transfer function, hence reducing the filter delay. 

Doing so would, however, make the quadrotor more jittery. On the other hand, the 

quadrotor would have smoother response if the numbers in the transfer function are 

decreased at the expense of adding more delay to pose estimates. 

 

 (a) (b) 

Figure 6.2: Low-pass filter (a) transfer function (b) input and output. 

  

  

    
 

Pose 

estimates 

Filtered 

estimates 
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6.2. System constraints 

The proposed visual-servoing structure is limited by the following conditions: 

feature points coordinate arrangement, image frame corruption, single target object in 

view, target object loss, and communication loss. 

6.2.1. Feature points coordinate arrangement 

An important requirement for UAV pose estimation using POSIT algorithm is 

that the feature points coordinate must be arranged in a proper order. As pointed out in 

section 4.2.2, the relative 3D geometry between feature points expressed in the target 

object frame must be listed in the same order as their image coordinates. Also, the first 

feature point in the list must be the location where the origin of the target object frame is 

attached. If the order of feature points coordinate is swapped, the pose estimates would be 

incorrect. 

6.2.2. Image frame corruption 

The ability to detect feature points on the target object is the most important 

requirement of any vision-based control scheme. The proposed control structure is no 

exception. If an acquired image is corrupted with noise, partially or entirely, some or all 

of the feature points may be mistakenly detected and results in incorrect pose estimation. 

Sample corrupted images and feature points detected from them are shown in Figure 6.3. 

The proposed vision-based control structure has incorporated two simple 

mechanisms to avert the effects of noise corrupted images. The first method is the 

buffering filter included in image processing shown in Figure 4.11. The second strategy 

is to set desired roll and pitch angles to zero while bad poses are being estimated to hover 
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the quadrotor in place as discussed in section 5.1.2. These methods may avoid the effects 

of corrupted images if it occurs temporarily. The quadrotor is forced to land if the feature 

points cannot be found and reasonable pose cannot be estimated longer than 3 seconds. 

       

 (a) (b) 

       

 (c) (d) 

Figure 6.3: Images acquired by the onboard camera corrupted with noise and corresponding 

detected feature points (a-b) partial frame corruption (c-d) complete frame corruption. 

(Original in color) 

6.2.3. Single target object in view 

Image processing algorithm implemented for feature point extraction was 

designed for only one target object in the view of the camera. The experiment in section 

5.2 shows that multiple targets may be located in the workspace; however, one target may 

be seen by the camera at a time. 
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6.2.4. Target object loss 

Losing the target object is the worst scenario that may occur to the vision-based 

controllers. The quadrotor is not able to estimate its pose if the camera cannot see the 

target. Wrong pose feedback would be provided to the controllers. 

6.2.5. Communication loss 

The Wi-Fi connection between the ground station computer and the quadrotor is 

a crucial component to its operation. Joystick commands are sent over this connection 

while the quadrotor operates in HIL mode. For OptiTrack-based autonomous control 

presented in chapter 3, the quadrotor ground truth position is retrieved from OptiTrack 

system by the computer and sent over Wi-Fi to the controllers running on the quadrotor. 

For vision-based control, image processing and pose estimation are done on the ground 

station computer, then the UAV pose estimates are sent through Wi-Fi to the on-board 

controllers. 

During a loss of communication, the last set of data successfully sent to the 

quadrotor is held. This could be unfavorable; for example, the quadrotor is commanded 

to roll at the maximum allowed 15 degrees just before communication drops. The 

quadrotor would continue to roll until communication resumes and new commands are 

received. Crashing into another object is imminent especially for indoor operations. If 

communication is lost while the vision-based controllers are active, pose estimates are 

not updated until the connection resumes. 
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6.3. Summary 

Errors and limitations of system operation were discussed. The accuracy of 

camera/quadrotor pose estimation depends on the accuracy of image feature points 

detection, where quality of acquired image plays an important role. This can change with 

the distance between the camera and the target object and also the image noise due to 

poor lighting conditions. The accuracy of the pose estimation also depends on the 

accuracy of feature points coordinate undistortion and the delay of the low-pass filters 

that were used to accommodate the sampling rate difference between UAV pose 

estimation and the controllers 

The constraints of the proposed flexible vision-based control structure are: the 

order of feature point image coordinates must correspond to that of their relative 

geometry in the target object frame; wireless video transmission noise must not corrupt 

the part of the image that has the target object; one and only one target must be in the 

view of the onboard camera; and Wi-Fi connection between the ground station computer 

and the quadrotor must not drop longer than one second. 

  



- 106 - 

CHAPTER 7  

CONCLUSIONS AND FUTURE WORK 

Two case studies of flexible vision-based control were presented. The first case 

was implemented on a 2DOF model helicopter while the second case was implemented 

on a 6DOF quadrotor. 

A vision-based control law was proposed for the 2DOF model helicopter to track 

a fast randomly moving object. It utilized a linearized image Jacobian, which related the 

optical flow from a single USB video camera in an eye-in-hand configuration to 

incremental pitch and yaw motions of the camera. An LQR controller then tracked the 

desired incremental motions and servoed the task error to zero. The vision-based control 

law was able to track a moving ping-pong ball with reasonable precision and speed, or 

servo right in front of it if it was not moving. Experimental results showed that the 

performance of the system was neither affected by the initial position of the ball on image 

nor the distance between the ball and the camera. 

The flexible vision-based control structure proposed for the 6DOF quadrotor 

smoothly integrated human and machine control capabilities of a UAV. Human-in-the-

loop control was achieved by means of a handheld controller. Vision-based autonomous 

control when activated by the pilot hovered the quadrotor in front of an object of interest. 

The lateral position and yaw angle of the quadrotor relative to the target object 

were estimated from real-time images acquired by an on-board wireless video camera. A 

feedback error was calculated from the difference between the estimated pose and its 

desired value. Five feature points were extracted from images of the target object which 

resembled a window seen from outside of buildings. The image coordinates of the points, 
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after compensated for lens distortion effect using hash tables, were passed to a camera 

pose estimation algorithm called POSIT. The pose of the camera was transferred to the 

required feedback, namely lateral position (  and  ) and yaw angle of the quadrotor with 

respect to the target object, via inverse kinematic equations. Lateral motion controllers 

provided desired roll and pitch angles for the underlying LQR-based controllers to track. 

The height of the quadrotor was controlled by means of sonar height measurement. 

The performance of the quadrotor vision-based controller was evaluated against 

that of the autonomous controller designed for indoor operations. The autonomous 

controller used lateral position feedback provided by a motion capture and tracking 

system (OptiTrack) setup in the lab, heading feedback provided by the on-board 

magnetometer, and height feedback provided by sonar. Experimental results showed that 

the vision-based yaw controller outperformed that when using the magnetometer. The 

vision-based lateral controllers although not as robust and accurate as that when using the 

OptiTrack, the speed in bringing the quadrotor to the neighborhood of the desired 

location was comparable. The flexible vision-based control structure eliminated the need 

for using the OptiTrack system thus allowing for an autonomous quadrotor operation 

outdoors. 

Sources of UAV pose estimation error and system constraints were also analyzed 

and discussed. A drawback of the position-based approach taken by the proposed control 

structure in both case studies was that they have no control over the image of the target 

object in the field of view. The object may fall out of the camera‟s field of view and the 

pose of the quadrotor cannot be calculated. 
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Extensions of the proposed control structure are possible; for example, use a 

video camera with wider field of view than the current perspective camera so that the 

target object has less chance of escaping the camera view. Multiple cameras, one is 

attached to the quadrotor; the other is fixed in the workspace, may be used so that the 

quadrotor can still be controlled to find the object in the case that it is lost from the on-

board camera‟s field of view. The vision-based controllers may be redesigned to take the 

image-based approach that can control the target object to remain inside the image frame. 
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APPENDIX A  

TEST EQUIPMENTS 

A.1. 2DOF helicopter 

The vision-based structure proposed in section 2.2 was tested on a 2DOF 

helicopter platform [43] designed by Quanser Inc., shown in Figure A.1. The platform is 

a model of a typical two-rotor helicopter mounted on a fixed stand [44]. It is able to pitch 

and yaw around a pivot point with the help of two propellers driven by direct current (DC) 

motors. The front (pitch) motor, saturates at +/-24 V, and the front propeller mainly 

drives the nose of the helicopter up and down about the pitch axis; while the tail (yaw) 

motor, saturates at +/-15 V, and the tail propeller drives the helicopter side to side around 

the yaw axis. The pitch angle is mechanically limited between -40.5 and 40.5 degrees. 

However, the helicopter is able to yaw indefinitely thanks to the slip-ring mechanism 

used on the platform. The pitch and yaw angles are measured using optical encoders 

connected to the Q8 data acquisition board [27]. The software interface is Simulink [41] 

with QuaRC [45] version 2.0. 

 

 

Figure A.1: Quanser 2DOF model helicopter. Courtesy of Quanser Inc. 
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A.2. 6DOF quadrotor 

The flexible vision-based control proposed in section 4.1 was implemented on 

the Quanser Qball-X4 (Figure A.2) [46], a quadrotor helicopter enclosed in a ball-like 

protective carbon fiber cage. Its design ensures safe operation to the quadrotor and most 

improtantly to the users in indoor laboratories. The quadrotor is propelled by four motors 

[47] fitted with 10-inch propellers [48] which are configured as 2 pairs of counter-

rotating blades. 

Located at the center of the quadrotor, where the cross bars intersect, are 

Quanser‟s on-board avionics data acquisition (DAQ) card, the HiQ (see section A.3), and 

the embedded Gumstix computer [49]. The two hardware, interface with a ground station 

computer through Simulink [41] and QuaRC [45] version 2.0, measure on-board sensors 

(section A.3), calculate control outputs, and drive the motors with pulse-width-

modulation (PWM) signal. The PWM signals to the motors are bounded in software 

between 5% and 10% duty cycle. 

 

 

Figure A.2: Quanser Qball-X4. Courtesy of Quanser Inc. 
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A.3. HiQ data acquisition card 

The HiQ DAQ is a high-resolution IMU and aviaonics input/output (I/O) card, 

designed by Quanser Inc., for use with the Gumstix computer [49] to measure on-board 

sensors, calculate control outputs, and drive the four motors on the Quanser Qball-X4 

(section A.2). The card is located where the cross bars of the quadrotor intersect and 

carries the following I/O: 

 10-channel PWM outputs 

 10-channel, 12-bit, +3.3V analog inputs 

 4-channel Maxbotix sonar inputs 

 Serial GPS input 

 USB for on-board camera (up to 9 fps) 

 Input power 10-20V 

 3-axis magnetometer [50] (±6 Gauss) 

 6DOF inertial sensor [51]: 3-axis gyroscope(range scaling for ±75⁰/s, ±150⁰/s, 

and ±300⁰/s) and 3-axis accelerometer (±18 ) 

 

 

Figure A.3: HiQ data acquisition card. Courtesy of Quanser Inc. 
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A.4. Motion capture system 

The UAV lab at the University of Regina is equipped with a motion capture and 

tracking system, called OptiTrack [31] by NaturalPoint Inc.. The system consists of 6 IR 

cameras [52], which were mounted on the walls. They must be calibrated with 

NaturalPoint‟s Tracking Tools software [53] before the system can accurately track the 

motion of IR reflectors (markers) attached to any objects in the calibrated workspace. 

During calibration, the user defines the origin of the system‟s coordinates and defines a 

trackable object, if applicable. Quanser‟s QuaRC software [45] provides an interface to 

get OptiTrack positional reading in Simulink [41]. 

OptiTrack system operates in two modes: point-cloud mode and trackable mode. 

 Point-cloud mode. The system provides 3D coordinates of each of the markers 

in its view with respect to the system‟s coordinates separately. Since each marker 

is treated as a point in the workspace, its 6DOF information is unobtainable in 

this mode. 

 Trackable mode. A group of at least three reflectors attached to a physical object 

creates a trackable object in software. The system provides 6DOF pose reading of 

the object at its virtual center with respect to the system‟s coordinates. Figure A.4 

shows a trackable object created by three markers (the corner points) attached to 

the quadrotor seen in Figure 3.8 and its virtual center (the middle point). 

 

Figure A.4: Configuration of 3 IR reflectors creating a trackable object 

and its virtual center (the middle point). 
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APPENDIX B  

VALUE OF SELECTED VARIABLES 
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APPENDIX C  

CALCULATION OF TRANSFORMATION MATRICES 

C.1. Transformation between camera and quadrotor-fixed frames 

This section describes the derivation of homogeneous transformation matrix   
 

 

that relates the camera frame, C, and the quadrotor-fixed frame,  . The matrix was a 

constant as presented in equation (4.18) and it is rewritten below: 

  
 

  

    
             
             
    

  

The orientation and location of frame C relative to frame   are shown in Figure 

C.1. These two coordinate frames were defined by right-hand rule. One can see that the 

  -axis of the camera frame and the  -axis of the quadrotor-fixed frame are parallel and 

both point in the same direction, hence the element    
  

  
 is 1. The   -axis of frame C 

points down into the floor but the  -axis of frame   points up, one axis is the opposite of 

the other; therefore, the element    
  

  
 is -1. The    and   axes are the opposite of each 

other; therefore    
  

  
 is -1. 

The relative distance between the two frames are indicated by elements    
  

  
, 

    
  

  
, and    

  
  

. One may notice from Figure C.1(a) that the origin of frames C 

lines up with that of frame   along the  -axis, element    
 

 
  

 is therefore zero. The   -

   plane lies 3.810 cm underneath the  -  plane, as shown in Figure C.1(b),    
  

  
 can 

then be written as -0.3810 m. The last element,    
 

 
  

, was determined by noticing that 
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the origin of frames C lies 32.385 cm in the –   direction relative to frame  . It is 

therefore -0.323850 m. 

          

 (a) (b) 

Figure C.1: Orientation and location of camera frame, C, relative to quadrotor-fixed frame,   

 (a) top view (b) front view. (Original in color) 

 

Figure C.2: Orientation and location of object frame,  , relative to the world frame,  . 

(Original in color) 
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C.2. Transformation between object and inertial frames 

The calculation of homogeneous transformation matrix   
  that relates the 

target object frame,  , and the world frame,  , is explained in this section. The matrix 

was stated as a constant in equation (4.25) and is rewritten below: 

  
   

            
           
            
    

  

The target object frame was defined in section 4.2 to have the same orientation as 

the inertial frame but attached to the LED on the target object, as shown in Figure C.2. 

Elements    
  

  
,    

  
  

, and    
  

  
 are therefore specified as 1 to show that the 

orientation between the two frames is identical. 

The distance between the two frames was measured by using OptiTrack. This 

was done by attaching an IR reflector to the LED then let OptiTrack read its position. The 

measurement was given relative to OptiTrack system coordinates frame, which was 

defined as the world frame. OptiTrack measurement could therefore be used directly as 

elements    
  

  
,    

  
  

, and    
  

  
 of the transformation matrix. 
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