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Nomenclature 

a is a constant. 

b is a constant. 

c is a constant.  

   is specific heat. 

C is concentration. 

  is diffusion. 

f is a body force. 

Gr is Grashof number. 

  is thermal conductivity. 

Le is Lewis number. 

M is magnetic field. 

Nb  is Brownian motion parameter. 

Nt  is thermophoresis parameter. 

p is pressure. 

Pr is Prandtl number. 

R is reaction rate in a chemical reaction. 

Re is Reynolds number. 

Sc is Schmidt number. 

T is temperature. 



xi 
 

vu , are velocity components. 

yx , are Cartesian coordinates. 

  is a free parameter and its value is       . 

  is a free parameter. 

  is shear in the free stream. 

  is velocity ratio parameter. 

   is density of the fluid. 

  is dynamic viscosity. 

  is kinematic viscosity. 

  is stress tensor. 



Chapter 1

Introduction

Fluid mechanics is a physical science that deals with the behavior of liquids and

gases at rest or in motion. Air and water are the two precious gifts provided to

mankind, which gives life to almost everything on this earth. So, anything that we

do is in someway related to the laws of uid mechanics. It encompasses a vast array

of practical problems ranging from ow of blood in capillaries to ow of oil in huge

pipelines and from ight of birds to supersonic ights of airplanes.

1.1 Newtonian uids

A uid is a substance that deforms continuously when acted upon by the shearing

stresses of any magnitude. The magnitude of resistance to this deformation is repre-

sented by viscosity of the uid, which relates the shear stress to the velocity gradient

through a linear relationship of the form

� = �
du

dy
(1.1)

where � denotes the dynamic viscosity coe�cient, � the stress tensor and du
dy
the

velocity gradient. This relationship is known as the Newton's law of viscosity and

most common uids, such as air and water, satisfy this linear relationship and are
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known as Newtonian uids.

The study of a Newtonian uid ow gained much attention in last few decades

because of their interesting phenomena. Assumptions such as laminar ow, incom-

pressible ow, steady ow, non-isothermal ow, free convection and forced convection

ow made an important contribution to the study of a Newtonian uid ow.

A laminar ow is identi�ed as a smooth, unchanged ow of parallel layers of the

uid. When there is a very very small density change (almost negligible) in a ow

then that ow is called an incompressible ow. When there is no e�ect of time on

uid ow then we have a steady ow. A dramatic change in temperature due to

heat transfer in a ow is called non-isothermal ow. Di�erences in density in ow

act as source of uid motion and this phenomena is called free convection ow, and

when we have uid motion due to some kind of external source then that is called

forced convection ow, the combination of free and forced convection is called mixed

convection ow.

The important part of the study of uid mechanics is to convert the physical

problems into mathematical model so that mathematical problems can be solved

using mathematical techniques. To understand physical problems, physical laws that

are the law of conservation of mass, law of conservation momentum and the law of

conservation of energy are required. Application of these laws to uid ow problem

results in partial di�erential equations, which are called continuity equation, the

equations of motion or the Navier-Stokes equations and the energy equation. These

equations, for incompressible uid ow are as follows

d�

dt
+ �r:v = 0 (1.2)

�
dv

dt
= r:� + �f (1.3)

�cp
dT

dt
= r: (k r T ) (1.4)
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If we include the idea of di�usion and convection to uid ow then we have another

equation which is

�
dC

dt
= r: (DrC) + �f (1.5)

where � is density, r is gradient, v is velocity vector, � is stress tensor, f are body

forces, cp is speci�c heat, T is temperature, k is thermal conductivity, C is the species

concentration for mass transfer and heat transfer, D is the di�usibility for mass or

heat transfer and d
dt
is the material derivative.

For a Newtonian uid ow, the stress tensor is given by � = �pI + � , where p

is pressure, I is 2 � 2 identity matrix and � is the extra stress tensor de�ned as

� = �A1, where � is dynamic viscosity and A1 is the Rivlin-Ericksen tensor. Further,

A1 = rv + (rv)t and for two-dimensional uid ow we have

rv =

0B@ @u
@x

@v
@x

@u
@y

@v
@y

1CA (1.6)

where the bar denotes the dimensional variables.

Using all of the above information, the equations of motion of a two-dimensional,

steady incompressible Newtonian uid ow are as follows

@u

@x
+
@v

@y
= 0 (1.7)

u
@u

@x
+ v

@u

@y
= �1

�

@p

@x
+ �r2

u (1.8)

u
@v

@x
+ v

@v

@y
= �1

�

@p

@y
+ �r2

v (1.9)

u
@T

@x
+ v

@T

@y
= ��r2

T (1.10)

u
@C

@x
+ v

@C

@y
= Dr2

C (1.11)

where �� = k
�cp
.
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1.2 Stagnation point ows

In uid mechanics, a stagnation point is a point on a surface of object where the

velocity becomes zero. The ow in surrounding of a stagnation point is called stag-

nation point ow. The two-dimensional ow of a uid near a stagnation point is

one of the most widely studied problems in uid dynamics. Hiemenz [1] was the

�rst one to introduce the two-dimensional stagnation ow which is also known as the

Hiemenz ow. He presented the idea that the Navier-Stokes equations governing the

ow can be transformed to an ordinary di�erential equation of third order by means

of a similarity transformation and gave an exact solution to the governing equations.

Similarity transformations help in transforming partial di�erential equations to or-

dinary di�erential equations by combining two or more independent variables into

single independent variable. Howarth [2] gave us an improved form of Hiemenz so-

lution. Goldstein [3] observed that Hiemenz solution satis�es the full Navier{Stokes

equations as well as the boundary layer equations. Boundary layer is a layer of a

uid, where the e�ects of viscosity are signi�cant and the equations governing the

boundary layer are called boundary layer equations. The axisymmetric case was

analyzed by Homann [4]. Extension of two-dimensional and axisymmetric ows to

three dimensions was given by Howarth [5] and Davey [6]. When the direction of the

ow is along axis of symmetry then that ow is called axisymmetric ow. Moreover,

Eckert [7] studied the concept of energy equation in the Hiemenz ow. Nachtsheim

and Swigert [8] observed the solution of the boundary value problem (BVP) using

numerical techniques. Later, the idea of stagnation point ow was implemented to

stretching/shrinking sheet with forced convection, mixed convection involving heat

transfer and chemical reaction.

Analyzing the behaviour of viscous ow over a stretching/shrinking sheet is mainly

important because of its practical application in engineering processes and in di�er-

4



ent industries such as glass-�bre production, paper production, wire drawing and

extraction of polymer sheet and so on (Nazer et al. [9]). A closed form solution for

steady, two dimensional stretching sheet was found by Crane [10] where the velocity

varies linearly with the distance from a �xed point. Following Crane's work many

researchers such as Gupta and Gupta [11], Acrivos [12], Wang [13, 14, 15] and Usha

and Sridharan [16] considered the case of a stretching sheet in their work. Moreover,

stagnation point ow over stretching sheet considering di�erent physical aspects was

investigated by Mahapatra and Gupta [17], Ishak et al. [18], Layek et al. [19] and

Nadeem et al. [20]. There exist also a very interesting series of papers by Liao [21, 22],

Xu and Liao [23], and Tan et al. [24] on dual solutions of boundary layer ows over

a stretching surface.

At present, the study of shrinking sheet has received much attention due its ex-

traordinary behaviour in the �eld of uid dynamics. Researchers are trying to ex-

hibit di�erent phenomena considering shrinking sheet in di�erent physical problems.

Wang [15] introduced the idea of ow developed due to the shrinking sheet when he

presented his work on the behaviour of liquid �lm on an unsteady stretching sheet.

Miklavcic and Wang [25] proved the existence and uniqueness of the solution of steady

viscous ow over a shrinking sheet. Fang and Zhang [26] obtained the exact analyt-

ical solution of thermal boundary layer over a shrinking sheet with mass transfer.

Bhattacharyya et al. [27] discussed the slip e�ects on the boundary layer stagnation

point ow and heat transfer towards a shrinking sheet. Lok et al. [28] investigated

steady ow of a viscous uid impinging at some angle of incidence on stretching sheet

and found that the free stream obliqueness is the shift of the stagnation point to-

wards the incoming ow and it depends on the inclination angle, while Stuart [29],

Tamada [30], Dorrepaal [31, 32] and Labropulu et al. [33] also contributed to oblique

stagnation point ow. A very good analysis of the oblique stagnation point ow can

be found in the book by Pozrikidis [34]. Also, Blyth and Pozrikidis [35] and Tooke
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and Blyth [36] have presented an interesting analysis of oblique stagnation point at a

plane wall. Their analysis shows that oblique ow consists of orthogonal stagnation

point ow to which is added a shear ow whose vorticity is �xed at in�nity. Study

of the oblique stagnation point ow of a viscous uid towards a stretching/shrinking

gives a di�erent perspective to the behaviour of stagnation point ow.

The di�usion of species with chemical reaction in the boundary layer ow has many

applications in water and air pollutions, �bre insulation, atmospheric ows and many

other chemical engineering problems. The di�usion of a chemical reactive species in a

laminar boundary layer ow which develops over the surface of a body was considered

by Chambre and Young [37]. After that, the e�ect of transfer of chemically reactive

species in the laminar ow over a stretching sheet was investigated by Andersson et

al. [38]. A�fy [39] presented the MHD free convective ow of viscous incompressible

uid and mass transfer over a stretching sheet with chemical reaction. Akyildiz et

al. [40] studied the solution for di�usion of chemically reactive species in a ow of

a non-Newtonian uid over a stretching sheet immersed in porous medium. Cortell

[41] explicated the motion and the mass transfer for two classes of viscoelastic uid

over a porous stretching sheet with chemically reactive species. Mansour et al. [42]

investigated the e�ects of chemical reaction and thermal strati�cation on MHD free

convective ow through a porous medium over a vertical stretching surface. Hayat

et al. [43] analyzed the mass transfer in the steady two-dimensional MHD boundary

layer ow of an upper-convected Maxwell uid past a porous shrinking sheet in the

presence of chemical reaction. Most recently, Bhattacharyya and Layek [44] discussed

the behaviour of chemically reactive solute distribution in MHD layer ow over a

permeable stretching sheet. As, the e�ect of mass transfer and chemical reaction on

boundary layer ow past a stretching sheet are carefully and thoroughly analyzed, but

the e�ect of mass transfer on the ow due to a shrinking sheet has not been studied

extensively, so Bhattacharyya [45] carry the work forward by presenting his work on
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the e�ect of di�usion of chemically reactive species on the steady two-dimensional

boundary layer ow over a shrinking/stretching sheet near stagnation point.

The combined forced and free convection ow (mixed convection ow ) is encoun-

tered in many technological and industrial applications which include solar central

receivers exposed to wind currents, electronic devices cooled by fans, nuclear reac-

tors cooled during emergency shutdown, heat exchangers placed in a low-velocity-

environment, etc. (Seshadri et al. [46]). The two-dimensional stagnation point ow

in a forced convection refers to the ow in the vicinity of a stagnation line that results

from a two-dimensional ow impinging on a surface at right angles and owing there

after symmetrically about the stagnation line. The mixed convection in stagnation

ow is important when the buoyancy forces due to the temperature di�erence be-

tween the surface and the free stream become large. Consequently, both the ow and

the thermal �elds are signi�cantly a�ected by the buoyancy forces. We mention also

that Tilley and Weidman [47] have studied the steady oblique two-uid stagnation-

point ow, while Weidman and Putkaradze [48] have considered the axisymmetric

stagnation ow of a viscous and incompressible uid obliquely impinging on a cir-

cular cylinder as an exact solution of the Navier-Stokes equations. Obliqueness of

the free stream is believed to have applications to the reattachment zone of certain

separated ows and in the problem of premixed laminar ame extinction (Amaouche

and Boukari [49]).

In recent years, study of nanouids got a lot of attention because of there im-

portance in improving the thermal conductivity of uids including oil, water, and

ethylene glycol mixture. All these uids have very low tendency of heat transfer.

Therefore, insertion of nanouids in such uids plays an important role on the heat

transfer coe�cient between the heat transfer medium and the heat transfer surface

[50]. As suggested by [51], using nano-scale particle in the base uid is an innovative

technique to improve heat transfer and nano-scale particle added uids are called as
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nanouid, which is �rstly used by Choi [51]. Futher, [52] analyzed the development

of the steady boundary layer ow, heat transfer and nano-particle fraction over a

stretching surface in a nanouid. It is observed that nanotechnology in industry has

its own advantages, since materials with sizes of nanometers posses unique physi-

cal and chemcial properties [52]. And a lot has to be done to explore more about

nanouids, that is why it's study can also be done in biological sciences, physical

sciences, electronics cooling, transportation, the enivorniment and national security

[52]. The addition of a small amount of nano-particles to conventional heat transfer

liquids increases the thermal conductivity of the uid up to approximately two times

as mentioned by Choi et al. [53]. The study of heat transfer of nanouids inside

an enclosure taking into account the solid particle dispersion was �rst examined by

Khanafer et al. [54]. Nanotechnology is considered to be one of the most emerging

new study in recent years and is going to play a major role in industries. Numerical

and experimental studies on nanouids including thermal conductivity and and con-

vective heat transfer is presented in [[55]-[59]]. A comprehensive survey of convective

transport in nanouids is given by [60]. The inuence of nanoparticles on natural con-

vection boundary-layer ow past a vertical plate, using a model in which Brownian

motion and thermophoresis are accounted for is recently examined by [61]. Moreover,

the problem of natural convection past a vertical plate, in a porous medium saturated

by a nanouids have been examined by Nield and Kuznetsov [62]. Where the model

used for the nanouid shows the e�ects of Brownian motion and thermophoesis. For

the porous medium the Darcy model has been employed.

1.3 Outline of present work

In this study the idea of laminar, incompressible, steady, non-isothermal oblique

stagnation point ow having di�erent boundaries in contact, such as stretching sheet,
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shrinking sheet and a vertical surface with heat transfer, forced convection, mixed

convection, MHD and a chemical reaction have been investigated. In Chapter 2, the

study of oblique stagnation point ow of a Newtonian uid with heat transfer and

chemical reaction towards stretching/shrinking sheet have been presented. Chapter 3

introduced the idea of mixed convection to oblique stagnation point ow on a vertical

surface. A continuous growing study of nanouids have been discussed with magneto

hydrodynamics ow in Chapter 4. Finally, conclusion to all of the present work is

given in Chapter 5.
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Chapter 2

Oblique stagnation point ow with heat transfer

and chemical reaction towards

stretching/shrinking sheet

2.1 Introduction

Oblique stagnation point ow of a Newtonian uid with heat transfer and chemical

reaction towards a stretching/shrinking sheet is investigated. The equations governing

the uid ow are transformed to a system of ordinary di�erential equations using

the inverse solution method. After transformation, the resulting system of ordinary

di�erential equations are solved numerically. Di�erent cases are considered for various

values of the parameters. It is observed that the dual solution exists for velocity and

temperature for certain values of velocity ratio parameter.

2.2 Basic equations

Consider the steady oblique stagnation point ow of a viscous uid towards a stretch-

ing/shrinking surface. Following Tooke and Blyth [36], it is assumed that u �

ue (x; y) and v � ve (y) have the form ue = ax + b
�
y � �

�
; ve = �a (y � �) where

a > 0; b > 0; � and � are dimensional constants. It is also considered that the surface
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is stretched in its own plane with the velocity uw(x) = cx; where c is a constant and

that the plate has a constant temperature Tw and constant concentration Cw, mean-

while the uniform temperature of the ambient uid is T1, where Tw > T1 (heated

plate) and the uniform concentration of the ambient uid is C1, where Cw > C1.

Furthermore, it is also assumed that the plate is impermeable and the viscous dissipa-

tion and radiation terms in the energy equation are ignored. Under these assumptions

the steady two-dimensional forced convection ow of a viscous, incompressible uid

can be written as

@u

@x
+
@v

@y
= 0 (2.1)

u
@u

@x
+ v

@u

@y
= �1

�

@p

@x
+ �r2

u (2.2)

u
@v

@x
+ v

@v

@y
= �1

�

@p

@y
+ �r2

v (2.3)

u
@T

@x
+ v

@T

@y
= ��r2

T (2.4)

u
@C

@x
+ v

@C

@y
= Dr2

C +RC (2.5)

where u and v are the velocity components along the x- and y-axes respectively, T

is the uid temperature, C is the concentration, p is the pressure, � is the density,

� is the kinematic viscosity, �� is the thermal di�usibility of the uid, D is the

di�usion coe�cient, R denote the reaction rate of the solute and r2
is the Laplacian

in cartesian coordinates (x, y). Equations (2.1) to (2.5) will be solved subject to the

following boundary conditions

v = 0; u = uw(x) = cx; T = Tw(x) = T1 + cx; at y = 0

C = Cw(x) = C1 + cx at y = 0
(2.6)

ue = ax+ b
�
y � �

�
; ve = �a (y � �) ; T = T1; as y !1

C = C1; p = pe as y !1
(2.7)
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Further, introducing the following non-dimensional variables

x = (a=�)1=2x; y = (a=�)1=2y; u = u=(a�)1=2; v = v=(a�)1=2;

p = p=(�a�); T = T�T1
Tw�T1 ; C =

C�C1
Cw�C1

(2.8)

Substituting (2.8) into equations (2.1) to (2.5), they take the following dimensionless

form

@u

@x
+
@v

@y
= 0 (2.9)

u
@u

@x
+ v

@u

@y
= �@p

@x
+r2u (2.10)

u
@v

@x
+ v

@v

@y
= �@p

@y
+r2v (2.11)

u
@T

@x
+ v

@T

@y
=

1

Pr
r2T (2.12)

u
@C

@x
+ v

@C

@y
=

1

Sc
r2C � �C (2.13)

and the boundary conditions (2.6) and (2.7) become

v = 0; u = uw(x) = "x; T = x; C = x at y = 0 (2.14)

ue = x+  (y � �) ; ve = � (y � �) ; T = 0; as y !1

C = 0; p = pe as y !1
(2.15)

where " = c=a is the constant velocity ratio parameter,  = b=a represents the shear

in the free stream, Pr is the Prandtl number, Sc
�
= �

D

�
is the Schmidt number and

�
�
= R

a

�
is the reaction rate parameter. It is worth mentioning that " > 0 corresponds

to the oblique stagnation point towards a stretching surface and " < 0 corresponds

to the oblique stagnation point towards a shrinking surface

Using equations (2.10) and (2.11), and boundary conditions (2.14) and (2.15), the
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non-dimensional pressure p = pe of the inviscid uid or far ow can be expressed as

pe = �
1

2
(x2 + y2) + (� � �)x+ �y + Const (2.16)

It is observed that when � = � the pressure �eld is independent of the shear ow.

Physical quantities of interest are the skin friction, the local heat ux and the

concentration gradient at the at pate, which can be written in non-dimensional

form as

�w =

�
@u

@y
+
@v

@x

�
y=0

(2.17)

qw = �
�
@T

@y

�
y=0

(2.18)

jw = �
�
@C

@y

�
y=0

(2.19)

Suppose solutions of equations (2.9)-(2.13) of the form

u = xF 0(y) + G0(y); v = �F (y); T = x�1(y) + �2(y);

C = x�1(y) + �2(y)
(2.20)

where the functions F (y) and G(y) are referring as the normal and tangential com-

ponents of the ow, respectively and prime denotes di�erentiation with respect to

y. Substituting (2.20) in equations (2.10)-(2.13) and eliminating the pressure p us-

ing pxy = pyx; the following ordinary di�erential equations are obtained after one

integration:

F 000 + FF 00 � F 02 + C1 = 0 (2.21)

G000 + FG00 � F 0G0 + C2 = 0 (2.22)

�001 + Pr(F�
0
1 � F 0�1) = 0 (2.23)
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�002 + Pr(F�
0
2 �G0�1) = 0 (2.24)

�001 + Sc(F�
0
1 � F 0�1)� ��1 = 0 (2.25)

�002 + Sc(F�
0
2 �G0�1)� ��2 = 0 (2.26)

where C1 and C2 are constants of integration. The boundary conditions (2.14) and

(2.15) become

F (0) = 0; F 0(0) = "; F 0(1) = 1 (2.27)

G(0) = 0; G0(0) = 0; G00(1) = 1 (2.28)

�1(0) = 1; �1(1) = 0 (2.29)

�2(0) = 0; �2(1) = 0 (2.30)

�1(0) = 1; �1(1) = 0 (2.31)

�2(0) = 0; �2(1) = 0 (2.32)

Taking the limit y !1 in equations (2.21) and (2.22) and using the in�nity boundary

conditions (2.27) and (2.28) we get C1 = 1 and C2 = ���. The asymptotic behaviors

of F (y) and G(y) are given by

F (y) � y � �; G(y) � 1

2
(y � �)2 + Const as y !1 (2.33)

where � is a constant that accounts for the boundary layer displacement and � is a

free parameter. Thus, equations (2.21) and (2.22) become

F 000 + FF 00 + 1� F 02 = 0 (2.34)

G000 + FG00 � F 0G0 = � � � (2.35)

These equations have to be solved subject to conditions (2.27) and (2.28).
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Employing (2.20), the dimensionless skin friction the dimensionless heat transfer

and the dimensionless concentration gradient from the plate, given by (2.36), (2.37)

and (2.38), can be written as

�w = xF 00(0) + G00(0) (2.36)

qw = �(x�01(0) + �02(0)) (2.37)

jw = �(x�01(0) + �02(0)) (2.38)

where the values of F 00(0) and G00(0) can be calculated from equations (2.34), (2.35),

the values of �01(0) and �
0
2(0) can be calculated from equations (2.23), (2.24) and the

values �01(0) and �
0
2(0) can be calculated from equations (2.25), (2.26) with boundary

conditions (2.27)-(2.32) for di�erent values of the involved parameters.

In particular, the dividing streamlines  = 0 and the curve u = @ =@y = 0

intersect the wall at the stagnation point where �w = 0: Therefore, the location of

the separation point xs of the boundary layer is given by

xs = �
G00(0)

F 00(0)

if equation (2.36) is used.

2.3 Results and discussion

Eq. (2.34) subject to the boundary condition (2.27) has been solved numerically for

various values of " using the matlab function bvp4c. A description of this method can

be found in [63]. To validate the accuracy of the numerical method a comparison of

the present results corresponding to the skin friction coe�cient F 00(0) is made with

the available published results of Wang [64], Bhattacharyya [45], Ishak et al. [65] and
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Lok et al. [66] in Table 2.1 and they are found to be in excellent agreement. It can

also be seen from Table 2.1 that the values of F 00(0) depends on the velocity ratio

parameter ". For " � 0 one can see that as " is increasing F 00(0) is decreasing. An

opposite phenomenon is observed when the values of " are taken to be �1 < " < 0

i.e. increasing " in the considered domain gives an increase in F 00(0). If we consider

" � �1 an interesting result is observed that we start getting dual solution where the

�rst solution is decreasing as the values of " are decreasing and the second solution

is increasing as the values of " are decreasing and this can only be observed for

�1:24657 � " � �1. And, for any " < �1:24657 there is no solution.

Having solved Eq. (2.34), Eq. (2.35) subject to the boundary condition (2.28) is

solved numerically using bvp4c for various values of � when the values of � are taken

from Labropulu et al. [33]. The values of G00(0) for various values of " and � are shown

in Table 2.2. As it can be seen from this table, there is a good agreement between the

present values and those obtained by Li et al. [67] when " = 0. Further, if we analyze

Table 2.2 carefully we �nd that for any considered value of " if � is decreasing we see

an increase in G00(0) and on the other hand, for �1 � " � 1 and for given values of �,

increase in " results in an increase of G00(0). For �1:24657 � " � �1 we obtain dual

solution where �rst solution is decreasing as the values of " are decreasing and the

second solution is also behaving in a similar way except for � = 5 for which G00(0) is

increasing. And, for any " < �1:24657 there is no solution.

In order to have a better understanding of what is being investigated, graphical

representation in the forms of �gures is given. Fig. 2.1 shows a comparison of the

present values of F 00(0) and the results obtained by Wang [64] and we can see that

both results are showing the same behaviour. Fig. 2.2 depicts the e�ect of " and

� on G00(0), where we have similar behaviour as described in Table 2.2. Moreover,

Figs. 2.3 and 2.4 shows the pro�les of F 0(y) and G00(y) for values of " in dual solution

domain i.e. �1:24657 � " � �1 and it can be seen for both F 0(y) and G00(y) that as
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" is decreasing �rst solution is decreasing and the second solution is increasing.

Eqs. (2.23) and (2.24) subject to the boundary conditions (2.29) and (2.30) have

been solved for various values of Prandtl number using bvp4c. The numerical values

of ��01(0); ��02(0) and �1(y); �2(y) are plotted in Figs. 2.5 - 2.10 respectively. In

present study Figs. 2.5 and 2.8 shows that as Prandtl number Pr is increasing the

convective heat transfer increases accordingly. And the existence of a dual solution

can also be depicted from the Figs. 2.5 and 2.8. Further, Figs. 2.6 - 2.7 and 2.9

-2.10 shows the variation of temperature �1(y) and �2(y) for Pr = 0.5 and Pr = 1.0

and various values of ". For " = �1:15 dual solution is plotted and we observed that

temperature distribution increases as Prandtl number increases. However, for " = 0

and " = 1 temperature distribution decreases as Prandtl number increases.

Finally, Eqs. (2.25) and (2.26) subject to the boundary conditions (2.31) and

(2.32) have been solved for various values of Schmidt number and reaction rate using

bvp4c. The values of the concentration gradient at the sheet i.e.
�
��01 (0) ;��

0

2 (0)
�

are presented in Figs. 2.11 - 2.14, against " for di�erent values of Schmidt number Sc

and reaction-rate parameter �. Dual nature of the concentration gradient pro�le can

be observed in the range of " as stated above. The concentration gradient increases

with increasing values of " in case of �rst solution and decreases for the second solu-

tion. Also, with increasing values of Sc the concentration gradient ��01 (0) increases

for the �rst solution and decreases for the second solution but ��02 (0) increases for

both solutions. On the other hand, with increasing values of � the concentration gra-

dient ��01 (0) increases for both solutions and ��
0

2 (0) decreases for both solutions.

The concentration pro�les (�1 (y) ; �2 (y)) for several values of " are plotted in

Figs. 2.15 - 2.16. It is noticed that the concentration pro�les (�1 (y) ; �2 (y)) increase

for increase in magnitude of " in �rst solution and they decrease for second solution.

In Figs. 2.17 - 2.20, the e�ects of Schmidt number Sc on the concentration pro�les

(�1 (y) ; �2 (y)) and concentration gradient pro�les
�
��01 (y) ;��

0

2 (y)
�
are exhibited
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respectively. The dual concentration pro�les of Fig. 2.17 demonstrate that concentra-

tion initially increases with increasing Sc and after that for large y , it decreases. The

dual concentration pro�les of Fig. 2.18 demonstrate that concentration decreases with

increasing Sc and after that for large y , it increases for �rst solution and decreases

for second solution. From Figs. 2.19 - 2.20, an interesting behaviour is noticed for

concentration gradient pro�les, concentration gradient pro�les ��01 (y) �rst decreases

up to certain negative value, after that it increases and approaches zero. In the �rst

solution, it approaches zero faster than in the second solution. Also, the magnitude of

the negative value up to which the concentration gradient pro�le drops o�, increases

with increasing Sc. However, concentration gradient pro�les ��02 (y) �rst increases

up to certain positive value, after that it decreases and approaches zero. In the �rst

solution, it approaches zero faster than in the second solution. Also, the magnitude

of the positive value up to which the concentration gradient pro�le goes o�, increases

with increasing Sc.

The reaction-rate parameter � also e�ects the concentration distribution which

can be seen in Figs. 2.21 - 2.24. It can be seen in Fig. 2.21 that concentration

decreases with increasing � and Fig. 2.22 demonstrate that concentration increases

with increasing �: From Fig. 2.23, it is observed that concentration gradient pro-

�les initially decrease and then increase with increasing �. However, in Fig. 2.24

concentration gradient pro�les initially increase and then decrease with increasing �:

The streamlines patterns for various values of " keeping the values of � and  �xed

and for various values of � keeping the values of " and  �xed are given in Figs. 2.25

-2.28. It can be observed that for � = ��, � = 0 and � = � the separation point

moves from left to right on the x-axis. However, as the values of " becomes greater

than 1 separation point abruptly changes from the negative to positive value, while

for " < 0 the separation point also moves from left to right on the x-axis.
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2.4 Conclusion

The objective of this work is to analyze the e�ects of velocity ratio parameter, free

parameter �; reaction-rate parameter �; Schmidt number Sc and the Prandtl number

Pr on oblique stagnation point ow with heat transfer and chemical reaction towards

a stretching/shrinking sheet. The governing equations are solved numerically using

bvp4c matlab function. This work presents the existence of dual solutions for the

various parameters involved and it is also noted that the �rst solution is decreasing

and the second solution is increasing. Also, in the case of chemical reaction the dual

nature of the solution can be obsereved.
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" Present study Bhattacharyya[45] Wang[64] Ishak et al. [65] Lok et al. [66]

0 1.2325 1.232588

0.1 1.1465 1.14656

0.2 1.0511 1.05113

0.5 0.7133 0.71330

1 0.0000 0.0000

2 -1.8873 -1.88731

5 -10.2647 -10.26475

-0.25 1.4022 1.4022405 1.40224 1.402241 1.402241

-0.50 1.4956 1.4956697 1.49567 1.495670 1.495670

-0.75 1.4892 1.4892981 1.48930 1.489298 1.489298

-1.00 1.3288* 1.3288169* 1.32882* 1.328817* 1.328817*

(0.0000) (0.0000000) (0.00000) (0.000000)

-1.15 1.0822* 1.0822316* 1.08223* 1.082231* 1.082233*

(0.1167) (0.1167023) (0.116702) (0.116702) (0.116702)

-1.20 0.9324* 0.9324728* 0.932474*

(0.2336) (0.2336491) (0.233650)

-1.2465 0.5842* 0.5842915* 0.55430* 0.584295* 0.584303*

(0.5542) (0.5542856) (0.554283) (0.554283)

-1.24657 0.5745* 0.5745268*

(0.5639) (0.5639987)

Table 2.1: Comparison of the values of F 00(0) for various values of ", where * represents

the �rst solution and ( ) represents the second solution.
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" �

5 � 0 -� -5

0 -4.7562 0.6079 1.4065 2.2051 7.5691

[-4.7565] [0.6077] [1.4063] [2.2049] [7.5693]

0.1 -4.7177 0.6478 1.4466 2.2454 7.6108

0.2 -4.6819 0.6875 1.4869 2.2864 7.6555

0.5 -4.5866 0.8056 1.6084 2.4111 7.8033

1 -4.4546 1.0000 1.8120 2.6241 8.0786

-0.25 -4.8680 0.5071 1.3073 2.1074 7.4825

-0.5 -5.0140 0.4041 1.2107 2.0172 7.4352

-0.75 -5.2252 0.2975 1.1196 1.9418 7.4644

-1 -5.5995* 0.1837* 1.0446* 1.9056* 7.6887*

(1) (1) (1) (1) (1)

-1.15 -6.0955* 0.1060* 1.0292* 1.9524* 8.1539*

(-14.3392) (0.0000) (2.1353) (4.2699) (18.6095)

-1.2465 -7.6596* 0.0265* 1.1707* 2.3150* 10.0010*

(-7.8073) (0.0236) (1.1894) (2.3553) (10.1860)

Table 2.2: Comparison of the values of G00(0) for various values of " and �, where

* represents the �rst solution and ( ) represents the second solution. The values of

G00(0) obtained by Li et al [34] are shown in brackets [ ].
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Figure 2.1: Comparison of F 00 (0) for various values of ".
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Figure 2.2: Variation of G00(0) for various values of � and " where � = 0:6479.

23



Figure 2.3: Variation of F 0(y) for various values of ".
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Figure 2.4: Variation of G00(y) for various values of " and � = �.
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Figure 2.5: Variation of ��01(0) for various values of " and Pr.
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Figure 2.6: Variation of �1(y) for various values of " and Pr = 0.5.
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Figure 2.7: Variation of �1(y) for various values of " and Pr = 1.
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Figure 2.8: Variation of ��02(0) for various values of ", Pr and � = �.
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Figure 2.9: Variation of �2(y) for various values of ", Pr=0.5 and � = �.
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Figure 2.10: Variation of �2(y) for various values of ", Pr=1.0 and � = �.
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Figure 2.11: Concentration gradient at the sheet ��01 (0) against several values of Sc,
� = 0 and � = �
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Figure 2.12: Concentration gradient at the sheet ��02 (0) against several values of Sc,
� = 0 and � = �
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Figure 2.13: Concentration gradient at the sheet ��01 (0) against several values of �,
Sc = 0.2 and � = �
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Figure 2.14: Concentration gradient at the sheet ��02 (0) against several values of �,
Sc = 0.2 and � = �
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Figure 2.15: Dual concentration pro�les �1 (y) for several values of ":
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Figure 2.16: Dual concentration pro�les �2 (y) for several values of ":

37



Figure 2.17: Dual concentration pro�les �1 (y) for several values of Sc.
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Figure 2.18: Dual concentration pro�les �2 (y) for several values of Sc.
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Figure 2.19: Dual concentration gradient pro�les �
0

1 (y) for several values of Sc.
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Figure 2.20: Dual concentration gradient pro�les �
0

2 (y) for several values of Sc.
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Figure 2.21: Dual concentration pro�les �1 (y) for several values of �.
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Figure 2.22: Dual concentration pro�les �2 (y) for several values of �:
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Figure 2.23: Dual concentration gradient pro�les �
0

1 (y) for several values of �:
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Figure 2.24: Dual concentration gradient pro�les �
0

2 (y) for several values of �:
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Figure 2.25: Streamlines pattern for oblique ow when " = 0:75; � = � and  = 3:
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Figure 2.26: Streamlines pattern for oblique ow when " = 0:5; � = � and  = 3:
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Figure 2.27: Streamlines pattern for oblique ow when " = �0:05; � = � and  = 3:
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Figure 2.28: Streamlines pattern for oblique ow when " = 1:5; � = � and  = 3:

49



Chapter 3

Mixed convection ow of a Newtonian uid near

the oblique stagnation point on a vertical surface

3.1 Introduction

Mixed convection ow of a Newtonian uid near the oblique stagnation point ow on

a vertical surface is analyzed. The occurrence of free convection and forced convection

in a Newtonian uid ow problem is an improtant part of the present study. And,

mixed convection will also a�ect the heat transfer process studied in present work.

The governing equations, after transformation to a system of ordinary di�erential

equations are solved numerically. Di�erent cases are considered for various values

of buoyancy parameter �. It is observed that the dual solutions exist for a certain

range of buoyancy parameter. In order to perform this study, we follow the method

suggested by Weidman and Putkaradze [48] for the forced convection axisymmetric

stagnation ow obliquely impinging on a circular cylinder.

3.2 Basic equations

Consider the steady oblique mixed convection ow close to a stagnation point on a

vertical surface in a Newtonian uid. The oblique velocity of inviscid (potential) uid
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is ve (ue; ve) and it is assumed that the temperature of the plate is Tw (x), while the

unifrom temperature of the ambient uid is T1, where Tw (x) > T1 corresponds to a

heated plate (assisting ow) and Tw (x) < T1 corresponds to a cooled plate (opposing

ow), respectively. The physical model along with the Cartesian coordinate system

O x y is shown in Fig. 3.1 where the origin O of the coordinate system is located

at the center of the plate with the positive x � axis extending along the plate in

the upward direction, while the y � axis is measured normal to the surface and is

positive in the direction from the plate to the uid. The potential velocity ve has

the components ue = ax + by and ve = �ay, where a and b are positive constants.

It is also assumed that the wall temperature Tw (x) varies linearly with x being of

the form Tw(x) = T1 + cx, where c is a positive or negative constant. Under these

assumptions, the steady two-dimensional mixed convection ow of a Newtonian uid

can be written as follows:

@u

@x
+
@v

@y
= 0 (3.1)

u
@u

@x
+ v

@u

@y
= �1

�

@p

@x
+ �r2

u+ g�
�
T � T1

�
(3.2)

u
@v

@x
+ v

@v

@y
= �1

�

@p

@y
+ �r2

v (3.3)

u
@T

@x
+ v

@T

@y
= �r2

T (3.4)

where u and v are the velocity components along the x and y axes, respectively,

T is the uid temperature, p is the pressure, � is the density, � is the kinematic

viscosity, � is the thermal di�usibility of the uid and r2
is the Laplacian in cartesian

coordinates (x, y). Equations (3.1) to (3.4) will be solved subject to the following

boundary conditions

v = 0; u = 0; T = Tw(x) = T1 + cx at y = 0

ue = ax+ by; ve = �ay; T = T1; p = pe as y !1
(3.5)
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Further, introducing the following non-dimensional variables

x = (a=�)1=2x; y = (a=�)1=2y; u = u=(a�)1=2; v = v=(a�)1=2;

p = p=(�a�); T = T�T1
Tw�T1

(3.6)

Substituting (3.6) into equations (3.1) to (3.4), they take the following dimensionless

form

@u

@x
+
@v

@y
= 0 (3.7)

u
@u

@x
+ v

@u

@y
= �@p

@x
+r2u+ �T (3.8)

u
@v

@x
+ v

@v

@y
= �@p

@y
+r2v (3.9)

u
@T

@x
+ v

@T

@y
=

1

Pr
r2T (3.10)

and the boundary conditions (3.5) become

v = 0; u = 0; T = Tw (x) = x at y = 0

ue = x+ y; ve = �y; T = 0; p = pe as y !1
(3.11)

where  = b=a represents the shear in the free stream and Pr is the Prandtl num-

ber and � is the constant mixed convection parameter (buoyancy parameter) and is

de�ned as

� =
Grx

Re2x
(3.12)

where Grx = g�
�
Tw � T1

�
x3=�2 is the local Grashof number and Re2x = (ax)x=� is

the local Reynolds number. It should be mentioned that � > 0 (heated plate) corre-

sponds to buoyancy assisting ow and � < 0 (cooled plate) corresponds to buoyancy

opposing ow, while � = 0 corresponds to forced convection ow, respectively.

Then, using equations (3.8) and (3.9), and boundary conditions (3.11) , the non-
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dimensional pressure p = pe of the inviscid uid or far ow can be expressed as

p = pe = �
1

2
(x2 + y2) + Const (3.13)

The physical quantities of interest are the skin friction and the local heat ux at the

at pate, which can be written in non-dimensional form as

�w =
�
@u
@y
+ @v

@x

�
y=0

qw = �
�
@T
@y

�
y=0

(3.14)

The boundary conditions (3.11) suggest that equations (3.7) to (3.10) have the solu-

tion of the form

u = xF 0(y) + G0(y); v = �F (y); T = x�1(y) + �2(y) (3.15)

where the functions F (y) and G(y) are referring as the normal and tangential com-

ponents of the ow, respectively and prime denotes di�erentiation with respect to

y. Substituting (3.15) in equations (3.8)-(3.10) and eliminating the pressure p using

pxy = pyx; we obtain the following ordinary di�erential equations after one integration:

F 000 + FF 00 � F 02 + ��1 + C1 = 0 (3.16)

G000 + FG00 � F 0G0 + ��2 + C2 = 0 (3.17)

�001 + Pr(F�
0
1 � F 0�1) = 0 (3.18)

�002 + Pr(F�
0
2 �G0�1) = 0 (3.19)

where C1 and C2 are constants of integration. The boundary conditions (3.11) become

F (0) = 0; F 0(0) = 0; F 0(1) = 1 (3.20)
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G(0) = 0; G0(0) = 0; G00(1) = 1 (3.20)

�1(0) = 1; �1(1) = 0 (3.20)

�2(0) = 0; �2(1) = 0 (3.20)

Taking the limit y ! 1 in equation (3.16) and using the boundary conditions

F 0(1) = 1 and �1(1) = 0 we get C1 = 1. Further from the analysis of the boundary

layer equation (3.16) it results in that F (y) behaves as

F (y) = y + A as y !1 (3.21)

where A = A (�) is a constant that accounts for the boundary layer displacement.

On the other hand, substituting (3.15) into equations (3.8) and (3.9), we obtain

�@p
@x

= x+ C2 (3.22)

�@p
@y

= F 00 + FF 0 (3.23)

Matching (3.22) for the viscous ow with the x� pressure gradient from (3.13) requires

C2 = 0. Therefore, we have to solve, for the present problem, the following equations

F 000 + FF 00 � F 02 + ��1 + 1 = 0 (3.24)

G000 + FG00 � F 0G0 + ��2 = 0 (3.25)

�001 + Pr(F�
0
1 � F 0�1) = 0 (3.26)

�002 + Pr(F�
0
2 �G0�1) = 0 (3.27)

with the boundary conditions (3.20). Then, the leading behaviour of G (y) evaluated
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from (3.22) and using the asymptotic result for F (y) given by (3.21), takes the form

G(y) � 1

2
(y + A)2 + Const (3.28)

It is worth mentioning to this end that equation (3.24) and (3.26) are identical with

those found by Ramachandran et al. [68] for the problem of steady mixed convec-

tion ow of a viscous uid near the stagnation point on a vertical surface whose

temperature varies linearly with the distance x along the plate.

Employing (3.15), the dimensionless skin friction and the dimensionless heat trans-

fer from the plate given by equation (3.14) can now be written as

�w = xF 00(0) + G00(0) (3.29)

qw = �(x�01(0) + �02(0)) (3.30)

where the values of F 00(0) and G00(0) can be calculated from equations (3.24), (3.25)

and the values of �01(0) and �
0
2(0) can be calculated from equations (3.26), (3.27) with

boundary conditions (3.20) for di�erent values of the involved parameters.

In particular, the position xs of attachment of dividing streamlines is determined

by the point zero wall shear stress, i.e. �w = 0: Therefore, the location of the separa-

tion point xs of the boundary layer is given by

xs = �
G00(0)

F 00(0)

if equation (3.29) is used.

55



3.3 Results and Discussion

The sets of nonlinear ordinary di�erential equations (3.24) - (3.27) with boundary

conditions given by (3.20) were solved by the matlab function bvp4c, a brief descrip-

tion of this function is presented in [63]. In order to testify the accuracy of the

method, equations (3.24) and (3.26) were solved subject to the boundary conditions

(3.20) and the results are given in Table 3.1 and are in excellent agreement with those

found by Ramachandran et al. [68] for n =1. As pointed out in Ramachandran et

al. [68] that all of the results are valid only in the small region around the stag-

nation line, and are not applicable outside that region. Results were examined for

both buoyancy assisting and buoyancy opposing ows in the Prandtl number range

0:7 � Pr � 100 and the values of F 00(0) and ��01(0) are given in Table 3.1. In case

of assisting ow, as the Prandtl number increases ��01(0) increases and the reverse

behaviour is seen for F 00(0), which decreases as Prandtl number increases. For buoy-

ancy opposing ow region, as the Prandtl number increases, we see an increase in

both F 00(0) and ��01(0). Having solved equation (3.24), equations (3.25) and (3.27)

were solved using boundary conditions (3.20). Table 3.2 presents the values of G00(0)

and ��02(0) for buoyancy assisting and opposing ow. In the case of assisting ow,

as the Prandtl number increases ��02(0) increases and an interesting trend is seen

for G00 (0), which initially decreases and then started increasing for large values of

Prandtl number. While, in case of buoyancy opposing ow G00(0) initially increases

and then decreases as values of Prandtl number increases and when Pr =100, it is

increasing again. However, ��02(0) shows a similar behaviour as shown in assisting

ow that it increases as Prandtl number increases. The values of Table 3.1 and Table

3.2 were calculated using the buoyancy parameter, � = 1 for various values of Prandtl

number.

In order to better understand the problem under investigation, various �gures
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were plotted. In the case of assisting ow region, computations were carried out from

� = 0 to � = 2:3 for Pr = 0.7. As the buoyancy parameter increases both F 00 (0) and

��01(0) increases as shown in Fig. 3.2 and Fig. 3.3 respectively. In buoyancy opposing

ow region, solutions don't exist when � � 2:203, and dual solutions exists when

1:9 < � < 2:203 as shown in Fig. 3.2 and Fig. 3.3 respectively. So, in the opposing

ow region, as the buoyancy parameter increases, F 00 (0) and ��01(0) decreases and

becomes equal to zero at � = 1:96 and after that point we start getting dual solutions

which gives us a reverse ow as shown in Fig. 3.2 and Fig. 3.3 and this result is in

excellent agreement with those found by Ramachandran et al. [68].

Further, in the case of assisting ow regionG00(0) decreases and��02(0) increases as

� increases as shown in Fig. 3.4 and Fig. 3.5. Moreover, in the case of opposing ow

region as buoyancy parameter increases, G00(0) initially increases and then decreases

until � = 1:96 and after that we have dual solutions where one solution is decreasing

and the other is increasing as shown in Fig. 3.4. Also, for opposing ow region, Fig.

3.5 shows the same trend as presented in Fig. 3.3.

The existence of dual solutions in mixed convection boundary layer ow was

pointed out by Hoog et al. [69] and also by Afzal et al. [70].

Fig. 3.6 and Fig. 3.7 represents F 0(y) and G00(y) in case of assisting ow, it

can be seen that F 0(y) increases and G00(y) initially decreases and then increases as

buoyancy parameter increases. Further, �1(y) and �2(y) for assisting ow are given

by Fig. 3.8 and Fig. 3.9, where we can examine that �1(y) decreases and �2(y) �rst

decreases and then increases as buoyancy parameter increases. Moreover, in case of

buoyancy opposing ow it can be seen from Figs. 3.10 - 3.13 that both F 0(y) and

G00(y) decrease as buoyancy parameter increases and �1(y) and �2(y) increase as the

value of buoyancy parameter. Further, increase in the value of buoyancy parameter

causes the ow to reverse until � = 2:203. A dual solution also shown in Figs. 3.10 -

3.13 for � = 2:0.
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In addition, Figs. 3.14 - 3.17 represents the streamline pattern for assisted and

opposed ow for a vertical wall. It is observed that for assisted ow as the value

of buoyancy parameter is increased separation point moves upward and an oppo-

site trend was seen for opposed ow where as the buoyancy parameter is increased

separation point moves downward.

3.4 Conclusion

In this chapter, the e�ects of buoyancy parameter on mixed convection oblique stag-

nation point ow on vertical surface have been examined. This work presents an

interesting phenomena that a reversed ow region is predicted in the buoyancy op-

posing ow range, in addition to a dual solution for some range of the buoyancy

parameter. And, there is no solution for the buoyancy parameter that are larger than

a speci�ed value in the buoyancy opposing ow range.
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Assisting ow Opposing ow

Pr F 00(0) ��01(0) F 00(0) ��01(0)

0.7 1.7063 0.7641 0.6917 0.6332

(1.7063) (0.7641) (0.6917) (0.6332)

7 1.5179 1.7224 0.9235 1.5469

(1.5179) (1.7224) (0.9235) (1.5403)

20 1.4485 2.4576 1.0031 2.2683

(1.4485) (2.4576) (1.0031) (2.2683)

40 1.4101 3.1011 1.0459 2.9054

(1.4101) (3.1011) (1.0459) (2.9054)

60 1.3903 3.5514 1.0677 3.3527

(1.3903) (3.5514) (1.0677) (3.3527)

80 1.3774 3.9095 1.0817 3.7089

(1.3774) (3.9095) (1.0817) (3.7089)

100 1.3682 4.2119 1.0920 4.0100

(1.3680) (4.2116) (1.0918) (4.0097)

Table 3.1: Comparison of the values of F 00(0) and ��01(0) for various values of Pr,

where ( ) represents the solution given by Ramachandran et al [52].
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Assisting ow Opposing ow

Pr G00(0) ��02(0) G00(0) ��02(0)

0.7 0.5964 0.2349 0.6081 0.1824

7 0.5742 0.4934 0.6410 0.4280

20 0.5759 0.6911 0.6411 0.6221

40 0.5788 0.8643 0.6384 0.7935

60 0.5808 0.9855 0.6359 0.9138

80 0.5822 1.0819 0.6350 1.0097

100 0.5922 1.1633 0.6433 1.0908

Table 3.2: Variation of G00(0) and ��02(0) for various values of Pr.
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Figure 3.1: Physical model and coordinate system.
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Figure 3.2: Variation of F 00 (0) for various values of buoyancy parameter � and Pr =
0.7.
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Figure 3.3: Variation of ��01 (0) for various values of buoyancy parameter � and Pr
= 0.7.
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Figure 3.4: Variation of G00 (0) for various values of buoyancy parameter � and Pr =
0.7.
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Figure 3.5: Variation of ��02 (0) for various values of buoyancy parameter � and Pr
= 0.7.
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Figure 3.6: Variation of F 0(y) for various values of buoyancy parameter � and Pr =
0.7 for for assisted ow
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Figure 3.7: Variation of G00(y) for various values of buoyancy parameter � and Pr =
0.7 for assisted ow.
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Figure 3.8: Variation of �1(y) for various values of buoyancy parameter � and Pr =
0.7 for assisted ow.
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Figure 3.9: Variation of �2(y) for various values of buoyancy parameter � and Pr =
0.7 for assisted ow.
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Figure 3.10: Variation of F 0(y) for various values of buoyancy parameter � and Pr =
0.7 for opposed ow.
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Figure 3.11: Variation of G00(y) for various values of buoyancy parameter � and Pr
= 0.7 for opposed ow.
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Figure 3.12: Variation of �1(y) for various values of buoyancy parameter � and Pr =
0.7 for opposed ow.
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Figure 3.13: Variation of �2(y) for various values of buoyancy parameter � and Pr =
0.7 for opposed ow.
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Figure 3.14: Streamlines pattern for assisted ow when � = 0:5;  = 3 and Pr = 0.7.
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Figure 3.15: Streamlines pattern for assisted ow when � = 1;  = 3 and Pr = 0.7.
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Figure 3.16: Streamlines pattern for opposed ow when � = 0:5;  = 3 and Pr =
0.7.
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Figure 3.17: Streamlines pattern for opposed ow when � = 1;  = 3 and Pr = 0.7.

77



Chapter 4

MHD stagnation point ow of a nanouid on a at

surface

4.1 Introduction

In present era, study of anything on a micro level has its own signi�cance and demand.

In uid mechanics, examining uid ow in terms of nanouid particles has gained

much attention nowadays. In this work, MHD stagnation point ow of a nanouid on

at surface have been studied. Using the method of inverse solutions, the governing

equations of nanouids are transformed into a set of ordinary di�erential equations,

which are then solved numerically.

4.2 Basic equations

The steady MHD stagnation point ow of a nanouid towards a at surface is consid-

ered. Following Kuznetsov and Nield [61] and Nield and Kuznetsov [62], it is assumed

that u � ue (x; y) and v � ve (y) have the form ue = ax; ve = �ay where a > 0. It

is also considered that the surface is a at plate with velocity uw(x) = 0; the plate

has a constant temperature Tw and nanoparticle fraction Cw, meanwhile the uniform

temperature of the ambient uid is T1, where Tw > T1 (heated plate) and the uni-

78



form nanoparticle fraction of the ambient uid is C1, where Cw > C1. The basic

steady conservation of mass, momentum, thermal energy and nanoparticles equations

of nanouids under the e�ect of constant magnetic �eld Bo can be written in Cartesian

coordiates x and y as

@u

@x
+
@v

@y
= 0 (4.1)
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where u and v are the velocity components along the x- and y-axes respectively, T

is the uid temperature, C is the nanoparticle fraction, p is the pressure, � is the

density of the uid, � is the kinematic viscosity, �� is the thermal di�usibility of

the uid, DB is the Brownian di�usion coe�cient, DT is the thermopheric di�usion

coe�cient and � = (�c)p = (�c)f is the ratio between the e�ective heat capacity of

the nanoparticle material and heat capacity of the uid where subscript p denotes

particle and subscript f denotes uid, � is the density, c is the volumetric volume

expansion coe�cient, �p is the density of the particles and r
2
is the Laplacian in

cartesian coordinates (x, y). Equations (4.1) to (4.5) will be solved subject to the

following boundary conditions

v = 0; u = 0; T = Tw; C = Cw at y = 0 (4.6)

ue = ax; ve = �ay; T = T1; (4.7)

79



C = C1; p = pe as y !1 (4.7)

Further, introducing the following non-dimensional variables

x = (a=�)1=2x; y = (a=�)1=2y; u = u=(a�)1=2; v = v=(a�)1=2;

p = p=(�a�); T = T�T1
Tw�T1 ; C =

C�C1
Cw�C1

(4.8)

Substituting (4.8) into equations (4.1) to (4.5), they take the following dimensionless

form
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and the boundary conditions (4.6) and (4.7) become

v = 0; u = 0; T = 1; C = 1 at y = 0 (4.14)

ue = x; ve = �y; T = 0; (4.15)

C = 0; p = pe as y !1 (4.15)
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where Pr, Le, Nb and Nt denote the Prandtl number, the Lewis number, the Brow-

nian motion parameter and the thermophoresis parameter, respectively. Physical

quantities of interest are the local heat ux and the nanoparticle fraction gradient at

the at pate, which can be written in non-dimensional form as

qw = �
�
@T

@y

�
y=0

(4.16)

jw = �
�
@C

@y

�
y=0

(4.17)

Suppose solutions of equations (4.9)-(4.13) of the form

u = xF 0(y); v = �F (y); T = � (y) ; C = �(y) (4.18)

where prime denotes di�erentiation with respect to y. Substituting (4.18) in equations

(4.10)-(4.13) and eliminating the pressure p using pxy = pyx; we obtain the following

ordinary di�erential equationswe obtain the following ordinary di�erential equations:

F 000 + FF 00 � F 02 + 1 +MF 0 = 0 (4.19)

1

Pr
�00 + F�0 +Nb�

0�0 +Nt�
02 = 0 (4.20)

�00 + LeF�0 +
Nt
Nb
�00 = 0 (4.21)

The boundary conditions (4.14) and (4.15) become

F (0) = 0; F 0(0) = 0; F 0(1) = 1 (4.22)

�(0) = 1; �(1) = 0 (4.23)

�(0) = 1; �(1) = 0 (4.24)
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4.3 Results and discussion

Equation (4.19) is solved subject to the boundary condition (4.22) using bvp4c for

di�erent values ofM . Table 4.1 shows a comparison of the values of F 00 (0) for di�erent

values of M between the present results and those found by Singh et al. [71]. Fig.

4.1 depicts the variation of F 00(0) for various values of M: It can be seen from Table

4.1 and Fig. 4.1 that the values of F 00 (0) decreases as M is increased. Moreover, Fig.

4.2 presents the variation of F 0(y) for various values of M . It is shown in Fig. 4.2

that F 0(y) increases as M increases.

Now, having solved equation (4.19), equations (4.20) and (4.21) are solved sub-

ject to the boundary conditions (4.23) and (4.24) using bvp4c for di�erent values

of Prandtl number, the Lewis number, the Brownian motion parameter, the ther-

mophoresis parameter and for a �xed value of M = 2: Fig. 4.3 shows the e�ect of

parameters Nt and Nb on temperature distribution. It is observed from Fig. 4.3 that

as the parameters Nt and Nb increase, the temperature increases for some chosen

values of Prandtl number and the Lewis number. Fig. 4.4 shows the e�ects of Pr

and Le numbers on �(y) for selected values of Nb and Nt. It can be seen that with

increase in Pr and Le the temperature increases. The variation of heat ux is shown

in Figs. 4.5 - 4.8. It can observed in Figs. 4.5 and 4.6 that the heat ux decrease with

the increase in Nb, Nt and Pr for some values of Le number. Similarly, it is shown

in Figs. 4.7 and 4.8 that heat ux decreases with increase in Le number for speci�ed

values of parameters and Prandtl number Pr. Also, the change in heat ux is found

to be higher for smaller values of the parameter Nb and this change decreases with

the increase in Nt.

Further, Fig. 4.9 shows the e�ect of parameter Nb on �(y). It can be observed

from Fig. 4.9 that the nanoparticle fraction function �(y) decreases for some chosen

values of Prandtl number and the Lewis number . In Fig 4.10 the e�ects of Le number
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on �(y) is shown. It is clear that �(y) decreases with increase in Le number for selected

values of parameters. Further, the variation of ��0(0) is shown in Figs. 4.11 - 4.14.

From Figs. 4.11 - 4.14, it can be seen that ��0(0) increases with increase in Nt. Also,

��0(0) increases with increase in Pr and Le for selected values of parameters and the

change is higher for smaller values of Nb.

4.4 Conclusion

The problem of MHD stagnation point ow of a nanouid on ate surface has been

investigated numerically using bvp4c. The e�ects of various parameters with the

variation of Prandtl and Lewis numbers have been observed. It is shown that the

heat ux decrease with the increase in speci�ed vlaues of parameters and nanoparticle

fraction gradient increase with the increase in selected vlaues of parameters.
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M Present study Singh et al. [71]
0 1.2325 1.232547
2 0.6731 0.673195
3 0.5635 0.563531
5 0.442988 0.442988

Table 4.1: Comparison of the values F 00(0) for various values of M .

Figure 4.1: Variation of F 00(0) for various values of M:
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Figure 4.2: Variation of F 0(y) of various values of M:
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Figure 4.3: E�ect of Nt and Nb on temperature distribution for speci�ed parameters.
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Figure 4.4: E�ect of Pr and Le on temperature distribution for selected values of Nb
and Nt.
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Figure 4.5: E�ects of Nb and Pr numbers on heat ux.
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Figure 4.6: E�ects of Nb and Pr numbers on heat ux.
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Figure 4.7: E�ects of Nb and Le numbers on heat ux.
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Figure 4.8: E�ects of Nb and Le numbers on heat ux.
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Figure 4.9: E�ect of Nb on � (y) for speci�ed parameters.
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Figure 4.10: E�ect of Le number on � (y) for selected parameters.
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Figure 4.11: E�ects of Nb and Pr numbers on ��0 (0).
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Figure 4.12: E�ects of Nb and Pr numbers on ��0 (0).
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Figure 4.13: E�ects of Nb and Le numbers on ��0 (0).
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Figure 4.14: E�ects of Nb and Le numbers on ��0 (0).

97



Chapter 5

Conclusion and future work

In this dissertation, steady two dimensional oblique stagnation point ows of a viscous

incompressible uid towards stretching/shrinking and non-stretching/non-shrinking

sheets were studied under various assumptions.

Oblique stagnation point ow of a viscous uid on a stretching/shrinking sheet

with heat transfer and chemical reaction was studied. The solutions for various values

of velocity ratio parameter ", Prandtl number Pr, Schmidt number Sc, Lewis number

Le, and free parameter � were obtained. Mixed convection (combined forced and free

convection ow) oblique stagnation point ow of a viscous uid with heat transfer

towards vertical surface has been investigated. The solutions for various values of

buoyancy parameter � and Prandtl number Pr were obtained. We also studied MHD

stagnation point ow of a nanouid. The solutions for various values of Prandtl

number Pr, Lewis number Le, Brownian motion parameter Nb and the thermophoresis

parameter Nt were obtained.

The analysis in this thesis shows that the physical problem of oblique stagnation

point ow can be transformed into a mathematical model using some basic laws of

physics. The mathematical model describing ows under consideration are in the

form of complex di�erential equations for which solutions are not easy to obtain us-

ing analytical methods. So, a numerical technique has been utilized, which gives

us satisfactory results. Moreover, introduction of di�erent phenomena such as free
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convection, forced covection, mixed convection, chemical reaction and nanoparticles

in stagnation point ow, helps us broaden the horizon of present study. Also, con-

sideration of various boundary surfaces makes this investigation a part of industrial

process, which can be useful in many ways. So, it can be concluded that this thesis

presents a new way of dealing with complicated ideas related to uid mechanics.

In future, this work can be extended to the study of unsteady ow of di�erent

non-Newtonian uids. Also, the idea of fuzzy surfaces with slip boundary conditions

can be investigated.
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