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Abstract

Complicated designs (eg. partially questionnaire design), which are often used in epi-
demiologic studies to reduce the cost of data collection while at the same time improving
data quality, generate data with nonmonotone missing patterns. This thesis focuses on sta-
tistical inference for regression models with nonmonotone missing covariate data under
some designs that generate nonmonotone missing data in covariates. Proposed methods
in this scenario often depend on additional assumptions about covariates, for example, the
covariates need to be categorical or follow a particular semiparametric joint distribution.
This thesis describes a generalized unified estimation method for regression models with
covariates missing in nonmonotone patterns which use a sequence of working regression
models to extract information from incomplete observations. It can deal with both contin-
uous and categorical variables. We consider both cross-sectional and longitudinal studies.
The asymptotic theory and variance estimator for the generalized unified estimator are pro-
vided. Simulation studies in different settings are used to examine the proposed method.
Finally we applied the generalized unified approach to the two real examples. One is a

cross-sectional study, and the other is a longitudinal study.
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Chapter 1

INTRODUCTION

Missing data frequently occur in epidemiological studies and clinical trials. For exam-
ple, in epidemiological studies, two-phase sampling designs are used to reduce the cost of
data collection. In this design, “cheaper” variables are measured for individuals selected in
a phase I sample, then other variables including “expensive” or hard to measure variables,
are measured for individuals selected into a subsample, a phase II sample. In clinical trials,
missing data occur whenever one or more intended measurements are not taken, lost, or
otherwise unavailable. Robins et al. (1994) called this case as “missing by happenstance”.

A naive method for missing data problems is the complete-case analysis. It discards
incomplete observations. If the mechanism leading to the missingness is relevant to the
response process, the complete-case analysis may produce biased results.

Little and Rubin (2002) defined three missing data mechanisms as (i) missing complete
at random (MCAR) if the missing data process does not depend on any data (observed or

unobserved); (i1) missing at random (MAR) if the missing data process does not depend on



the unobserved data given the observed data; and (iii) not missing at random (NMAR) if
the missing data process depends on the unobserved data given the observed data.

The missing-data pattern is another important concept. Little and Rubin (2002) men-
tioned that “We found it useful to distinguish the missing-data pattern, which describes
which values are observed in the data matrix and which values are missing”. Many meth-
ods described for missing data problems can only deal with simple monotone missingness
patterns. When data are missing in arbitrary nonmonotone patterns many methods cannot
be applied directly or require intensive computation.

This research focuses on regression models with covariates missing in arbitrary non-

monotone patterns. It deals with the MCAR data and the MAR data separately.

1.1 Literature Review

In epidemiologic studies, complex sampling designs are often used to reduce the cost of
data collection while at the same time improving data quality. Complex sampling designs
generate data with large proportion of missing values and different missing patterns. Two-
phase sampling designs in Zhao and lipsitz (1992), for example, produce data with a simple
monotone missing pattern, where the variables measured in phase I have no missing values,
and the variables measured in phase II are missing for the subjects selected in the phase I
sample but not selected in the phase II subsample. In general, the phase I sample is large
whereas the phase II sample is relatively small. In addition, multiphase sampling designs

in Holcroft et al. (1997) generate data with general monotone missing patterns, where the



subjects selected in the current phase are observed in the previous phases but may not be
observed in the future phases. Wacholder et al. (1994) proposed a partial questionnaire
design (PQD) for lengthy questionnaires or other burdensome data-collection processes,
where subsets of variables are measured for different, but overlapping, groups of subjects
to reduce the cost of data collection while at the same time increasing participation and
improving data quality. A PQD generates data with nonmonotone missing patterns.

Most of the estimation methods proposed for regression models with data missing by
design depend on the assumption of monotone missing patterns (Little and Rubin 2002 ;
Zhao and lipsitz 1992; Holcroft et al. 1997; Zhao et al. 2009). However, in regression
models it is common that the covariate data are missing in nonmonotone patterns either
by design or happenstance. In general estimation methods for monotone missing covari-
ate data may be computationally complex or have difficulties to deal with nonmonotone
missing patterns. The double robust estimating equations in Lipsitz and Zhao (1999) and
Van der Laan and Robins (2003) may have closed form expressions for monotone miss-
ing covariate data but will be difficult to obtain for nonmonotone missing patterns. The
semiparametric efficient inference developed by Robins et al. (1994) for semmiparametric
regression models and by Robins et al. (1995) for parametric regression models is com-
putationally complex and may be difficult to implement for nonmonotone missing patterns
especially for continuous response.

Methods for the analysis of nonmonotone missing data are limited and often require

additional assumptions. For example, the maximum likelihood method in Ibrahim et al.



(1990) requires the covariates to be categorical. The consistency of the semiparametric
estimator in Chen (2004) for general nonmonotone missing covariates data depends on
the correctness of the parametric odds-ratio model. The conditional model in Lipsitz and
Ibrahim (1996) depends on parametric assumptions for the joint distribution of the covari-
ates. The three techniques for a PQD described in Chatterjee and Li (2010), including the
mean score method, the pseudo-likelihood method, and the full maximum likelihood, are
extensions of Reilly and Pepe (1995), Scott and Wild (1998) and Zhao et al. (2009) to a
PQD. These methods are based on nonparametic models for the joint distributions of the
covariates and auxiliary variables and therefore require certain covariates to be categorical.

The purpose of this research is to develop easily implemented estimation methods for
dealing regression models with nonmonotone missing data that obtained from complex
designs, which will fill a needed gap in statistical analysis with missing data.

This thesis describes estimation methods for regression models with covariates missing
in nonmonotone patterns under a PQD or other designs that generate nonmonotone miss-
ing data in covariates. Instead of modeling the distribution of the covariates we propose
using a sequence of working regression models to extract information from the incomplete
observations. This approach can be easily implemented to deal with both continuous and
categorical variables. The initial idea was proposed in Chen and Chen (2000) for two-
phase sampling designs based on simple random samples, where the variables observed in
phase I are MCAR. In a PQD, the subjects are randomly selected into different, but over-

lapping, groups, and then different subsets of variables are measured for different groups.



In general, there is information available for all the subjects in the study, and the random
selections of subjects into different groups often depend on this fully observed information.
If this is the case, then the data are MAR. Motivating examples include (i) a study of occu-
pational risk factors for adult onset asthma using a PQD in Houseman and Milton (2006)
and (ii) a case-control study investigating the association of polychlorinated biphenyls with
the risk of non-Hodgkin lymphoma (Colt et al. 2005; Deroos et al. 2005). In the latter
study, two measurements of polychlorinated biphenyls, one based on home dust samples
and the other based on blood plasma levels, were obtained for two distinct but overlapping

groups of participants.

1.2 Organization of the Thesis

Chapter 2 describes a generalized unified estimation method for regression models with
nonmonotone missing covariates in cross-sectional study. It considers both the MCAR case
and the MAR case. It derives the asymptotic theory and variance estimator for the unified
generalized estimator in each case. Numerical studies are implemented to examine the
finite sample performance of the proposed method.

Chapter 3 extends the generalized unified estimation method for marginal model with
nonmonotone missing covariates in longitudinal data analysis. It derives the asymptotic
theory and variance estimator for the unified estimator for MCAR data and MAR data re-
spectively. Numerical studies are used to examine the performance of the proposed method

in several different settings.



Chapter 4 uses real-data examples in a cross-sectional study and a longitudinal study to
illustrate the methods.

Chapter 5 gives a summary and a discussion of future work.



Chapter 2

Generalized Unified Estimation Method

Let Y be a response variable, X denote a vector of covariates, and f(X; 3) represent
the conditional mean of Y given X, where (3 is a vector of parameters. For convenience
we consider estimating the § parameter in the mean function f(X; ), but the procedures
readily extend to estimation of the full distribution of Y given X.

According to the finite set of missingness patterns in the observed data we reorder the
covariates in X as X = (X7, ,X0)" such that each Xy, k = 1,--- ¢, is a vector
of covariates with the same missingness pattern, where ¢ is the total number of distinct
patterns. We define indicator variables Ry as R, = 1 if X} is observed and 0 otherwise
fork =1,---,¢qoand Ry = 1if Ry = --- = R, = 1 and 0 otherwise. Let N be the
total number of individuals in the sample. For i = 1,--- | N we define the probabilities of

observation to be
Tk = pr(le = 1|Y;7 Xz) for k = 1a g, and 0 = pr(RiO - 1|}/;7X1)7

where m;; > ;. Throughout we suppose that the selection probabilities are specified



values, and that m;p > C > 0 with probability 1. If R, £ = 1,---, ¢, can be ordered
such that (1) > R > -+ > R(g) then the missingness pattern is monotone, otherwise
the pattern is nonmonotone. In a PQD, the response variable Y and sometimes certain
covariates, without loss of generality say X, are available for all the subjects in the study
(Chatterjee and Li 2010). Using our notation, we consider that in the PQD the variables
are divided into ¢ subsets, (Y, XT)T (X}),k = 2,---,q, where data on (Y,XT)T are
fully observed. Then according to the selection probabilities ;. the subjects in the study
are selected into (overlapping) groups, G, k = 2,--- ,q, based on the fully observed
variables (Y, X;). That is, the selection probabilities 7, and ;o depend on Y and X only
through (Y, X;). Here R;; = 1 indicates the ith subject is selected into the group Gy, and
ik = pr(Rix = 1|Y;, X41), mio = pr(Riy = 1]Y;, X;1), and the missing covariate data are
MAR. In some studies, the missing data probabilities are constants and can be denoted as
Tk, and 7. In this case, the subjects are completely randomly selected into groups and this
does not depend on (Y, X ), so the missing data are MCAR.

Let Vo = {i : Rpp = 1} and V, = {i : Ry = 1}, k = 1,--- ¢ be the index set
of complete observations and the index set of completely observed X, respectively, and
let n, n; be the corresponding number of observations in each set. We see that n < ny
and we require n > 0. To be complete we denote the complement of V; as V. We as-
sume that (Y;, X%, - - ,X;f';, Ri, -+ ,Ri), i € 1,--- N, are independent and identically
distributed.

Next we describe a generalized unified extimation method for MCAR data and MAR



data separately.

2.1 MCAR Data

For k = 1,--- ,q, let the parametric function f(Xy; %) denote the conditional mean
of Y given X, where -, is a vector of parameters. We call f(Xy;7%), & = 1,--- , ¢, the
working regression models or surrogate models and v = (77, - - - ,vqT)T a vector of sur-
rogate parameters. For convenience we denote the model of interest f(X; ) as fo(Xo; 5)
with X, = X.

Assume that B and 4, k = 1,--- , g, solve the system of estimating equations for 5 and

Y given in (2.1) and (2.2) respectively:

Z Sio(ﬁ) = ZWO(Xz‘o){Yi - fo(Xio; 5)} =0, (2.1)
A% 1€Vp

D Suln) = D> WX {Yi = fi(Xas )} =0, fork=1,--+,q,  (2.2)
i€Vp 1eVp

where wo(X;0) and w,(X;;), using notation similar to that in Chen and Chen (2000),
are vectors corresponding to known functions of X;y and X;;. As a special case, S;o(5)
and S;x(yx) could be score functions based on some set of distributions. For example,
in the case of linear and logistic regression models we could use least squares estimating
equations and logistic regression estimating equations respectively. We denote S;(0) =
(8%(8),Sig(7))" with 6 = (8%,7")" and Siq(7) = (831 (71), -+, S5 (7)) "

Following Chen and Chen (2000) and Foutz (1977) under regularity conditions we can
show that (i) 6 = (67,47)7, with 4 = (57,---, 47)7, is consistent for some vector
0* = (87, ~*T)T; and (i) n'/2(9 — 6*) is asymptotically normal with mean 0 and variance

9



D=1CDT-! with D = E{9S;(6*)/06} and C = E{S;(6*)ST(6*)}.

We rewrite D as diag(Dy, D;) with

Do = E{0Si(5")/08}

and
Dy = E{0Sio(7")/07}

We partition the matrix C' as

Coo Co
C - )
COT1 Ci
where
Coo = E{Sw(87)S5(5")},
Cor = E{SiO(ﬁ*)SzTQ(’Y*)}v
and

Ci = E{Sz‘Q(V*)SzTQ(W*)}-
According to multivariate normal distribution theory, the conditional distribution of

n'/2(5 — 3*), given n*/2(§ —4*), is asymptotic normal with mean n'/2 D5 Co; C11' Dy (%

~*), which suggests that the CC estimator B may be improved by using
B=p—Dy'CnCii" Di(5 — ), 2.3)

where

Do =n ! Z{aSiO(B)/aﬁ}a

i€Vp

10



Cop=n"" Z{SiO(ﬁA)SzTQﬁ/)}a

i€V
Ciy=n" Z{SiQ@)SiTQ@)}a
%
Dy =n""Y {8Si(7)/07},
i€V
andy = (3{,---,7])". Here, 7 is an estimate of y; based on the observations in V, that

is, Yk solves

Z Sik(Mk) = Z Wi (X ){Y: — fe(Xirs; ve)} = 0,

1€V 1€V

which allows all the observations in V}, to be used in the estimation. We call 3 an improved
complete-case (ICC) estimator. We expect that the ICC estimator produces efficiency gains
when B and 4 are highly correlated and the sizes of the V},’s are much larger than the size
of Vj.

Under the regularity conditions, 3 is consistent for 5%, which is the true value of 3 in
the model fo(Xo; ) when fy(Xo; 3) is correctly specified. The consistency for 5* does

not depend on the correctness of the working regression models fj(Xx;vx). In addition

n'/2(B — B*) is asymptotic normal with mean 0 and variance given by
Dy'CooDi ™ — Dy ' Cor(I — C'Cont) O CL DS, (2.4)

where C,,, is C; with its khth element ¢y, replaced by ¢y, = (Tomgn/Tems)Crp and
men = pr(Ry = Ry, = 1) for k,h = 1,--- ,q. The first term in (2.4) is the variance of
n'/2(3 — %), and the second term represents the improvement of the ICC estimator over

the CC estimator. The asymptotic variance in (2.4) can be estimated by

Dy Coo D~ = D' Cou(I = C Coun) Oy C DF 2,

11



where

Cop =n"" Z{SZO(B)S;‘FO(B)}

1€Vp

and C’ml has khth element ¢, = (nngs/nEns)Crn and nygy, is the total number of obser-
vations with R, = R;;, = 1 for k,h = 1,--- ,q. A proof and references are given in the
Appendix B.

We know that a regular CC analysis for any regression model provides consistent es-
timates as long as the missing data probability does not depend on the response vari-
able, given the covariates in the model. Therefore, the above method can also be ap-
plied in the special MAR case where the missingness does not depend on Y, that is,
mie = pr(Rg. = 1|1X;1) and 70 = pr(R; = 1|X;1). In this special MAR case, to ob-
tain a consistent 3 we need to add the fully observed X; as covariates in each working
regression model so that both 4 and 7 can be consistent for v*. We note that the unified
estimator of Chen and Chen (2000) is a special case of the generalized unified estimator 3

when the covariates follow a simple monotone missing pattern.

2.2 MAR Data with Known Missing Data Probability

In a PQD, it is common that the missingness depends on both the response Y and the
fully observed covariates X;. In this case the ICC estimator will be biased. In this section
we extend the generalized unified method of Section 2.1 to deal with general MAR data
using inverse probability weighted estimation equations (Horvitz and Thompson 1952).

Assume that (3, 4, = (3L, - - - Ar) s and Ao = (3, - -+, 72,)" solve the system of

12



weighted estimation equations given in (2.5), (2.6), and (2.7) respectively:

N
R;
> =280 = 0, (2.5)
i=1 0
N
Z Rloszk(’}/k) = 07 for k = 17 4, (26)
i=1 0
N
R;
> Salm) = 0, fork =1, q. 2.7)
i=1 "

‘We note that Bﬁ and 7, are computed based on the complete observations in V{, while 7, is
computed based on the larger data sets Vi, k = 1, - - | q. Following a similar development
to that in Section 2.1, under regularity conditions we obtain the following results:

(i) NY/2(B3, — 8*) given N'/2(4, — ~*) is asymptotic normal with mean
N1/2D610w010;111D1 (3= =),

where
Cror = E[(Rio/m5)Sio(6)Sio ()]
and
Crnt = E|(Rio/750)Siq(77)Sig(7)]-
(i1) 5* can be consistently estimated by

~

Br = fr — DA CrorCol Dat (Ar — ). (2.8)
where

N
Dyo=N"1 Z(Rio/ﬂio)asio(&)/aﬁj
i=1

N
Cror = N1 " (Rio/750)Si0(5x)S10 (5x),

=1

13



N
Cont = N1 (Rio/76)Siq(3)S10 (%),
=1
and

N
Dy = N7 " (Roi/m0:)0S i) /0.

=1

The consistency of /3, does not depend on the correctness of the working regression models.
We call 3, an improved weighted complete-case (IWCC) estimator.

(iii) N'/2(j3; — B*) is asymptotic normal with mean 0; its variance can be estimated by

D;oléwooﬁzo_l - Dwo [ wOlC 11{( w1l — 7r22 + sz + O7T12)C7r111 w01 — 02}

(2.9)
- éwo2é;111éz01]bf517
where
N A A~
Croo= N1 Z(Rio/ﬁo)sm(ﬁw)s%(ﬁﬂ%
i=1
A N
Croz = N7! Z SmQ(%)SZZQ(%),
i=1
A N
Criz = N7 " (Rio/70:)Siq(r)Skio(3=),
i—1
and
N ~
Croz = N 7! Z(ROi/Wio)Sio(ﬁw)SZiQ(%)
i=1
with

Srio(7) = (Ri/m1)Sh (1), -+, (Rig/mig) ST (7a))" -

2.3 MAR Data with Estimated Missing Data Probability

In practice, the true missing data probabilities are often unknown when data are MAR.
Even if the missing probability is known, the estimation efficiency of the IWCC can be

14



further improved by using estimated missing data probabilities 7;; instead of the true known
missing data probabilities (Robins et al. 1994; Lawless et al. 1999; Chatterjee and Breslow
2003; Breslow et al. 2009).

Let Zf\il H,ir(ax) be an estimating function for the selection probability m;y, k =
0,---,q, which can be correctly specified when data are missing by design. Here «y,
k=0,---,q, are vectors of parameters. We denote the estimated selection probabilities as
Tk = Wik(dk)~

Let Bﬁ—, A#, and 7z denote the corresponding estimators using estimated selection prob-

abilities. Following Robins et al. (1994) we define

Res{A(3,0), Bi(@)} = A8, 0) — B0 08RO ay )

and
Res{ A5, B} = ) — {5 32 240Dy s 52 OBy
and denote

Resq(f.00) = Res{ =0 80(3). Hoo(on) )

Resa(y.on) = Res{—8i0(3). Huo(on)}

Resa(,00) = Res{(= ST eoo = eST0)T. Huolao))

Resio(B,a0) = Res{%&o(ﬁ),ﬁmg(ao)}a

Resa(3.00) = Resl—05,0(1). Hoolou)}

Resa(raq) = Res{(— st . — 5 §00)". Hagloal)



where ag = (af,--- ,a] )" and Hrig(ag) = (Hf(on), - HE ()"

miq

The IWCC using the estimated selection probabilities 7;;’s can be written as

B 671’ fr[)lcwmcf?lllDﬁ'l (ﬁ/fr - f?ﬁ); (210)
where
N
DfrO - Z zO/TrzO 8810(571’)/867
.
Cron = N7') " Resoi(Bz, do) Rest; (9%, o),
i=1
N
Con = N7') Resu(§s, ao) Rest; (42, o),
i=1
and

N
N7 “(Rio/#i0)0Siq(32) /0.
=1
The asymptotic variance of 3; can be given by

Dy CirooDE 7t — E_ [Cr01Cai {(Cri1 — Craz + Chiy + Ci12)Citi Choy — Cron}

- fr020f?111égm]Dg_la
2.11)

where
Cioo = E[Resio(", ag) Resgo (B, ap),
Cior = E[Resio (8", ag) Resjy (8%, )],
Cro2 = E[Resi (8%, of) Resh (8", ap)],
Cint = E[Res (87, ag)Resy (87, ),

16



Ci12 = E[Resi (67, aé)ResiTZ(B*, 0429)],
Cioe = E[Res; (07, aa)Res;g(ﬂ*, 0422)]'
The asymptotic variance in (2.11) be estimated by

D;&éﬁoobgal - D [ WOIC 11{( w1l — 7r22 + Cﬂz + C7r12)C7r11sz CA'7¥r102}

A A—1 AT T-1
- fr02Cfr110ﬁ01]D

70
(2.12)
where
N
Croo = N1 Resio(Bz, Go) Resl(fz, o),
i=1
N
Cana = N1 Respp(Yx, Gig) Resly (42, 4q),
i=1
N
Criz = N7' " Resii (9#, do) Respy (47, 6q),
i=1
and

N
Cagg = N7 Z éeSio(/@ﬁ—, &O)Resg(%, ag).
i=1

A proof and references are provided in the Appendix B. As in Section 2.1, we see that
the first term in (2.9) or (2.12) is an estimate of the asymptotic variance of N 1/ Q(B,T — %)
or N'/2( B — *), and the second term represents the improvement of the IWCC estimator
over the weighted CC estimator using know or estimated ;;’s.

We note that in many studies auxiliary variables are used to increase estimation effi-
ciency (Robins et al.1994; Reilly and Pepe 1995). Both the ICC and the IWCC can deal

with the case where auxiliary covariates X are observed. In this case we reorder (X7, X”)T

17



as (X{,---,X])7, and the same procedure can be applied to compute an ICC or INCC

estimate of /3.

2.4 Simulation Studies

In this section we use simulation studies to examine the finite sample performance of the
ICC and IWCC estimators. We consider a linear regression model Y = S+ 81 X1+ 82 Xo+
[3X3 + € and a logistic regression model logit{ P(Y = 1|X1, X5, X3)} = G0 + 51 X1 +
B2 Xo + P3X3, where X, is generated from the exponential distribution with mean 1, and
X1, X3 and e are generated independently from the standard normal distribution. Following
aPQD, we assume that {Y, X } are fully observed but both X5 and X3 have missing values,
and we consider both the MCAR and MAR cases. We assume that each subject is selected
into group G5 and G3 with probability ;5 and 7;5 respectively. Then values of X5 and
X3 are observed for the subjects in GG and G5 respectively. In the MCAR case 72 = 7o
and m;3 = m3. For the MAR case we let the selection probabilities depend on the fully
observed response Y and covariates X; such that logit{m;s} = o + o1 Xi1 + a2Y; and
logit{mis} = az0 + 31 Xi1 + az2Yi.

We set the sample size N = 1000 and for each setting we generate 1000 data sets. We
let 5* = (0.1,1,1,1)7 in the linear model and 5* = (—1.2,1,1,1)7 in the logit model.
For the MCAR case we set my = 73 = 0.50. For the MAR case we let (ag, a1, i)’ =
(30, 31, as2)T = (0.2,0.2,0.2)T. Here the number of distinct missing patterns ¢ = 3.

The number of observations in set Vj, V;, 7 = 1,2, 3 is approximately 250, 1000, 500

18



Table 2.1 Simulation Result

Linear Model 3 = (0.1,1,1,1)

Logit Model 8 = (—1.2,1,1,1)1

Bo B o Bs Bo b Do Bs
(1) MCAR:
ICC estimation
Bias -0.002  0.0*5* —0.01  0.003 -0.022  0.019 0.021 0.029
s.d. 0.079 0.054  0.058  0.057 0.198 0.132 0.175 0.157
s.e.c 0.077 0.054  0.056  0.057 0.192 0.133 0.168 0.154
MSE 0.006 0.003  0.003 0.003 0.040 0.018 0.031 0.025
95%CP  95.0% 94.8% 943% 94.8% 94.0% 95.4% 94.1% 94.3%
ARE? 1269 1361 1.180 1.183 1.620 2205 1.481 1.496
CC estimation
Bias -0.004 —0.0%4 —0.037  0.003 -0.037 0.027 0.029 0.037
s.d. 0.089 0.063 0.063  0.062 0.252 0.196 0.213 0.192
MSE 0.008 0.004 0.004 0.004 0.065 0.039 0.046 0.038
(2) MAR:
IWCC estimation using estimated 7;;’s
Bias -0.005 -0.004 0.04 —0.0%7 -0.031 0.014 0.026 0.016
s.d. 0.072 0.051 0.047  0.052 0.170 0.121 0.157 0.139
s.e. 0.067 0.048 0.046  0.051 0.171 0.121 0.153 0.137
MSE 0.005 0.003  0.002  0.003 0.030 0.015 0.025 0.020
95%CP 932% 92.6% 943% 94.2% 95.7% 95.4% 95.3% 94.7%
ARE 1494 1526 1.272  1.331 1.690 1.749 1404 1.426
IWCC estimation using known 7;’s
Bias -0.003 -0.004 0.05%6  0.0"8 -0.032  0.014 0.028 0.016
s.d. 0.074 0.052 0.048 0.054 0.180 0.122 0.158 0.140
s.e. 0.070 0.048  0.047  0.052 0.179 0.122 0.156 0.139
MSE 0.005 0.003  0.002 0.003 0.033 0.015 0.026 0.020
95%CP 94.0% 923% 943% 94.1% 95.6% 95.5% 94.6% 94.8%
ARE 1414 1468 1.219  1.235 1.507 1.720 1386 1.406
Weighted CC estimation using known 7j;’s
Bias 0.001  -0.005  0.0°3  -0.002 -0.040 0.014 0.036 0.022
s.d. 0.088 0.063  0.053  0.060 0.221 0.160 0.186 0.166
MSE 0.008 0.004 0.003 0.004 0.050 0.026 0.036 0.028

@0.0%5 = 0.00005.
bs.d. is the empirical standard deviation.
¢s.e. is the simulation mean of the asymptotic standard errors.

IARE = (s.d.(8)/s.d.(B))2 .
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and 500 respectively in the MCAR case, 370, 1000, 600 and 600 respectively in the linear
model and 330, 1000, 570 and 570 in the logit model in the MAR case. We use linear
regression models and logistic regression models as the working regression models for the
linear regression model and the logistic regression model respectively. Logistic regression
models are used to estimate the selection probabilities in the MCAR case.

We let Xy = (X1, Xo, X3)7. The model fy(Xy; 3) is of interest. We note that in the
logistic regression case, if fy(Xo; ) is “correct” then logistic models for Y given X7, for
Y given X5, and for Y given X3 are misspecified, but still useful for increasing efficiency.

The simulation results for the ICC and IWCC estimates together with the CC and
weighted CC estimates are listed in Table 2.1. We see that (i) the biases of the ICC and
IWCC estimates are small; (i1) the means of the standard errors (s.e.) based on the asymp-
totic variance estimator are close to the empirical standard deviations (s.d.); (iii) the esti-
mated 95% coverage probabilities are close to the nominal level; and (iv) comparing to the
(weighted) CC analysis both the ICC and IWCC estimates have smaller mean square er-
rors (MSE) and empirical standard deviations; (v) comparing to the IWCC estimates using
known selection probability the corresponding IWCC estimates using estimated selection

probability are slightly more efficient.
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Chapter 3

Generalized Unified Approach to Longitudinal

Data Analysis

3.1 A Brief Review of Generalized Estimating Equation

Longitudinal data frequently occurs in medical and social studies. In longitudinal study
measurements from the same individuals are taken repeatedly through time. A primary
goal of longitudinal data analysis lies in characterizing the change in responses over time
as well as factors that influence the change.

In the past a few decades, statistical methods for the analysis of longitudinal data have
been developed tremendously. One of the popular methods is the generalized estimating
equations (GEE) approach proposed by Liang and Zeger (1986). The GEE approach does
not require a complete probability model of the response vector, and it only needs the first
two moments of the response vector. Liang and Zeger (1986) showed that the consistency

of the estimates for regression parameters only depends on the correctness of the mean
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model, but does not depend on the correctness of the “working” correlation structure of the
response vector.

Missing data is a common problem in the longitudinal studies. Andrea et al. (1998)
described the maximum likelihood method for non-ignorable and nonmonotone missing
data problems, but it encounters a difficult numerical problem; Chen et al. (2008) provided
a careful investigation of likelihood methods for missing response and covariate data via
the EM algorithm. Alternatively, when data are MCAR, GEE approach yields consistent
estimates for the regression parameters (Liang and Zeger 1986). When data are MAR,
Robins et al. (1994), Robins et al. (1995) and Schaarfstein et al. (1999) proposed methods
to improve the efficiency of the inverse probability weighted generalized estimating equa-
tions (IPWGEE). The idea is that adding a zero mean function to the estimating equation
to maintain unbiasness, and at the same time to extract the remainder information from the

incomplete observations to improve estimation efficiency.

3.2 Notation

Let Y; = (yi1, ", %, " ,vis)" be a response vector of subject i at time points
t = (t1,to, - ,t;)" and z;; = (Tij1, -, Tijk, -, Tijp)’ be the p X 1 covariates vec-
tor recorded for subject ¢ at the jth time point, j = 1,--- ., J, ¢ = 1,--- /M. Let X,
be the J x p matrix (21, -+ ,;7)7. Here 4, j and k is the index of subject, observation
and covariate respectively. Let pu;; = E(y;;|X:), and p; = (pir, -+ fajo -+ 5 pig) " . Sup-

pose that the mean structure of y;; depends on the covariate vector of subject 7 at time j,
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ie., E(yi;|Xi) = E(yij|ri;) (Pepe and Anderson 1994 and Robins et al. 1999), we are

interested in estimating parameter (3 in the generalized linear regression models
N=zLp i=1.....J
g(lulj>_xij67j_ ’ ’ ¢y

where ¢(.) is a monotone differentiable link function.

Let us briefly review the generalized estimating equation and its application to regres-
sion analysis. To simplify the introduction, we consider a regression model without missing
values. We suppose that Bf is the solution to the generalized estimating equation in (Liang

and Zeger 1986)

Ul (3) = Z Ul =o, (3.1)
where the summation is over all M independent subjects and

Uf(i) = Dz'TVi_l(Yz' - Mi)-

Here the super-script f denotes the full data, D; = Ju; /0, and V; is the covariance matrix
for the response Y;. In actual implementation, a working covariance matrix is used to

replace V;, which is often decomposed as

Vi = a(¢) Al Ri(p) A}

1 )

where a(.) is a known function, ¢ is a scaled parameter, A; is a J x J diagonal matrix with
elements v;; = Var(y;;), Ri(p) is a J x J working correlation matrix that is fully specified

up to a vector of parameters p.
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Under mild regularity conditions, the estimate B ’ from the generalized estimating equa-
tion (3.1) converges to its true value S* in probability. Moreover, by the Central Limit

Theory, M'/%( B — [3*) has an asymptotic normal distribution with mean 0 and covariance
[E{oU] (87 /083 E(U (57U (5) [E{oU]T (67) /0631,

which can be consistently estimated by

MY (UL (3N 081 (Y UL EULT (BN {oul" (3 /081

Here we consider the missing covariate problem, and we assume that the response vec-

tor is fully observed. According to the missingness in the observed data set we reorder the

covariates in x;; as ;; = (xl(;)T, e ,xg?)T, e ,IE?)T)T such that each ng), k=1,---,q,

is a vector of covariates with the same missingness pattern, where ¢ is the total number of

(k)

distinct missingness patterns. We define r;;” as an indicator variable and rg»f) = 1if a:l(f)

is observed and 0 otherwise for k = 1,--- , ¢, and rgj) = 1if rg) == 72‘(;]) = 1 and

(0)

0 otherwise. In fact r;;° = 1 indicates z;; is fully observed. For convenience we denote

(0)

;i = ;. For each i, we specify XZ-(k) = (xz(-f), c 2l ,xg;))T. We assume that Xi(k)

X 7ij7

has n; fully observed xl(]k) We remove all the unobserved elements and obtain observed

covariates matrix )N(i(k) = (xglf), e ,ng), e ,a;ﬁﬁ)k)T and the corresponding response vari-
able ffi(k) = (Y1, Yin,,)" . Furthermore, we denote }i(k) = (gjﬂg), e ,gjgfzk)T and
o (k ~(k ~(k

X0 =@y, mm)"

Fork=0,---,¢,5=1,---,J,and¢ = 1,--- , M, we define the missing data proba-
bilities as
WZ(J]»C) = Pr(rgf) =11Y;, X5).
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Under the MCAR missing mechanism, the missing data probability does not depend on

any observed or unobserved data, that is WZ(JI?) = P(rg?) =11Y, X;) = P(rg?) = 1). Under

the MAR missing mechanism, The missing data probability depends on the observed data,
for example, WEJI-C) = P(rg?) =11Y, X;) = P(Tg-f) = 1|Y,~,Xi(k)).
Let Sy and Sg, K = 1,--- ,q, denote the index set of the complete observed xg)) and

(k)

z;;, k =1,--- q respectively, Let my, be the corresponding number of subjects in each
index set. We see that my < my, and we require mg > C' > 0.

To give a clear description to the notation, we will give a simple example which will
be used through the whole section. Suppose that there are two subjects in the study, each

subject has four observations and there are three covariates in the data example. The data

is as follows.

Yin (@] [Tz] [Tus|

Y12 X121 T122 T123

Yis [Tiz] [Zis2] |Tiss]

Y14  T141 X142 T143

ya
Ya2 X221 T223

Y23 X231 T232 233

Yaa Tau2

The data elements with a box are missing value. In this example z;;; and z;;3 have the

(l)_(

same missingness pattern. We let z;; = (Tij1, x;;3) and xg) = x;j2. We note that there

are ¢ = 2 distinct missingness patterns in the covariates. We reorder the covariates by the
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missing pattern. The data set will be

Y ]1‘111\ ]%13\ ]%12\

Y12 T121 T123

Y13 ]95131\ ]%33\ ]96132\

Y14 T141 2143 X142

Ya2  T221 X223

Y23 X231 X233 T232

We denote the index set of complete observations as Sy. The observations in the S, are
(3”/(0)’ X(O)) _ Y14 T1a1 T142 T143 _ m jg(i)
0)

Y23 X231 X232 T233 Y23 Loz

We denote the index set of complete observed xijl) and xg) as S and S, respectively.

~ &)
Y12 Ti21 123 Y12 Tyg
~ o =)
. ~ ~ Y14 T141 T143 Y14 Ty
The observation in S; and S, are (Y1), X)) = —
Y22 X221 Too3 Yoo 9292)
~ =)
Y23 L2311 T233 Y23  Tog
and
~ o ~(2)
Y14 T142 Y14 Tqy
~ ~ Yo1 X212 Ya1 yzg? ‘
(Y, X®) = = , respectively.
- (2
Y23 T232 Yo3 :cég)
~ o ~(2)
Y24  T242 Y24 Toy
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3.3 MCAR Data

The generalized estimating equation will generate consistent estimator when the miss-
ing mechanism is MCAR, so we can apply the generalized estimating equation directly for
each dataset Sy, k=0, --- ,q

Fori=1,--- ,M,j5=1,---,Jand k =1,---,q, we define /1, :E(ym |x ) We

consider the generalized linear regression models
~(k .
9 (ijn) = (%(j))T%] =1, ng,

where g (.) is a monotone differentiable link function, and -y is a vector of regression pa-
rameters. For convenience we denote the model of interest g(.) as go(s), that is go(uij0) =
90 (E(gfj)]:Ef ))) = (:ig)))Tﬁ. Here [ is the parameter vector of interest and 4, k =
1,---,q, are the vectors of surrogate parameters.

Let po = (ﬂno, Tty g0yttt 7Hz’moo)T and i, = (Milk, sy Migky >,Uin¢0k)T, k =
1, ,q.

Assume that B and 7,7 = 1,--- , ¢, solve the generalized estimating equations for /3

and ; given in (3.2) and (3.3) respectively.

> Un(B Z DY V' — 1) = 0 (3.2)

IS

> Ui(n) ZD VO — i), k=1 ¢ (33)

1€So

where Dy = Opi0/08, D = Opir/ Ok, and Vjg is the covariance matrix for the response
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171.(’“). It is well known that B is consistent for §* which is the true parameter value that
would be computed if the data from the whole cohort were available, provided that some
regularity conditions hold. Similarly, under some regularity conditions, 7 is consistent for
. We call gk(f(i(k), ) = g(ugf)) surrogate models and call v = (77 ,--- , 7, )" a vector
of surrogate parameters. We denote U;(0) = (U(5), Uj(7))" with 6 = (67,4")" and
Uie(7) = (U (), Uiy (7)™

Under the regularity conditions in Appendix A, we can show that (i) § = (67,47)7,
with 4 = (3],---,40)", is consistent for 6* = (5*7,~*")" and (ii) my/*(0 — 67) is
asymptotically normal with mean 0 and variance I'~'XT ! with ' = E{9U;(6*)/00} and
5 — B{U(0") U7 (0")}.

We rewrite I" as diag(Lop, I'11) withT'og = E{0U;o(5*)/08} and I'y; = E{0U;q(v*)/0v}.

. . Yoo o1 _
We partition the matrix X as with o9 = E{Uio(6*)Uj6(6*)},
X0 Xn

Yo1 = E{Uin(B*)UH(v*)}, and X1y = E{Uiq(v*)U;5(7*)}. According to the multivariate

normal distribution theory, the conditional distribution of m_/* (3 — 8*) given my/*(5 —~*)
is asymptotic normal with mean
/211 -1 A *
my " Tog Xo1 Xy T (5 — %), (3.4)
which suggests that the CC estimator B may be improved by using
B=p-ToZuSiTul —9), (3.5)
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where

Log =mg' > {0Us(5)/08},

i€So

S = myt S UalBULH)),
IS

Su=me' Y U@},
i1€Sp

P =mg" ) {0Uig(7)/07},
i€Sp

andy = (3{,---,7,)". Here 7 is an estimator based on observations in Sy, that is ,

solves

Zﬁik(% ZD Vie (Y, i _ﬂik)a

1€S

where D;;, = Ofii /07vks Vir is the covariance matrix for the response Y( ) and il =

(Witks "+ s Mijks*** s Mingk) " Which allows all the observations in Sy to be used in the

estimation.

In our simple example, let g, (u) = pu, the estimating equations for 8, 4 and 7 are as

follows.

Us(B) = Z Uio(B)

= (35591))‘/161 (y14 - ,u140> + (x;%))‘/Zal <y23 — ,u130> ) (36)
mo
Ul(%) = ZUz‘l(%)
i=1
= (@)Vig! (y14 - u141> + (25 )Vig! (y23 - m) , 3.7)
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U2(72)

and

= Y Un(m)
i=1
- (Iﬁ))vl—l (%4 - M142> + (x%))‘/{l (y23 - #132) ) (3.8)
Z Usn(m)

Y12 — M121 Y22 — M221
1 1 _ 1 1 _
(x§2)a :c§4))V111 + (xéQ)v :cg?,))le , 3.9
Y14 — H141 Y23 — H231
mo B
> Ualn)
i=1
Y21 — HM212

2 — 2 2 2 _
(SL'§4))‘/1 ! (y14 — [L142) + (mgl)a 1'53), ;Cg4))‘/221 Yo3 — H232 | (310)

Y24 — H242

where equations (3.6), (3.7) and (3.8) are based on index set .S, equations (3.9) and (3.10)

are based on index set S; and S5 respectively.

We call 3 an improved complete-case (ICC) estimator. We expect that the ICC esti-

mator produces efficiency gains when B and 4 are highly correlated and the sizes of the

observations in Si’s are much larger than the size of the observations in 5.

It can be shown that under regularity conditions (i) /3 is consistent for 5* and the con-

sistency of /3 does not depend on the correctness of the sequence of parametric working
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models, and (ii) mé/ 2(5 — [3*) is asymptotic normal with mean 0 and variance
Va?”(m(l)/QB) =T Zool'00 — Lo Tor (1 — 511 %,11) 211 56, T (.11

where ¥, , is X1, with its khth element oy, replaced by ok, = (1m0 « Mkn) /(M0 « ) Tk,
and my,y, is the number of observations in the intersection of Sy and Sy, fork,h =1,--- ,q.
The first term in (3.11) is the asymptotic variance of mé/ 2(3 — (*), and the second term
represents the improvement of the ICC estimator over the CC estimator. The asymptotic

variance in (3.11) can be estimated by

A

Fgolioofaol - IA1(701201(I - Zillipll)iﬂliglf‘aola
where g9 = mg* Z{UZ()(B)UE(;(B)} and 3, is 32y, with its khth element 6y, replaced

eV
by (mo . mkh)/(mk . mh)frkh for k‘, h = 1, e q.

3.4 MAR Data with Known Missing Probability

The consistency of the GEE method requires that the missing mechanism is MCAR.
When the missing mechanism is MAR, we can use the weighted generalized estimating
equations in Robins et al. (1995) to obtain a consistent estimator for 5. Chen et al. (2010)
and Chen and Zhou (2011) used a new weight matrix and element-wise product to incorpo-
rate general working correlation matrices in longitudinal data analysis with missing covari-
ates. Next we will explain how to extend the ICC approach to MAR data using weighted
GEE:s.

For the data in Sy, we consider the weighted generalized estimating equations given in
(3.12), (3.13) and obtain the Bm A respectively.
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M M
> Unio(B) =Y Do Zio(Yi = pimio) = 0, (3.12)
=1

i=1

M
> Urin(w) ZDmeZO(Y frir) =0, fork =1,--- q. (3.13)
=1 =1

For the data Si, k = 1,--- , q, we consider the weighted generalized estimating equations

given in (3.14) and obtain the 7.

M M
Y Uniklw) = Y DrZin(Yi = praie) = 0, fork =1,--- ,q, (3.14)

i=1 =1

where Do = Optrio /0B, Drki = Opinir/ OV, and Zyy, = a(¢)_1Ai_1/2 [V;_l L Aik]Ai_l/Q

with
1(r=1) 1 =1rP=1 I =1,0=1)
=4 ) N
(<§)_”<k> 1 16® -1 T ()
A | R = T
1= el =1rp) =) 16 =1)
i ) )
and

) = PO = 1,0 = 13, %)

fork=0,1,--- ,gqand j,l = 1,--- ,J. Here A;y and A, are the weight matrix for Sy and

S respectively.

2

In our example, the weighted generalized estimating equation for 5 is > Urio(5),
=1

where
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000 0

000 0
0 0 0 0 _
Ur0(B) = ( $g1) ) xgz) ) xgz) ,x(14))¢>[V1 e ] )
000 0
000 % Y14 — H140
U5
and
00 0 0
00 0 0
0 0 0 0 _
UTFQO(B) = ( xél) ) :LéZ) ,.Z'(23)7 xé4) )CI)[‘/Q ! b ]
0 0 ﬁ 0 Y23 — H130
2

00 00

Here [o] is element-wise multiplication.

2 2
The weighted generalized estimating equations for v; and v are > U1 (71), Y. Uriz(72),
i=1 i=1

2

2 2
Urir(m) and > Upia(72), where
=1 =1

000 0
o] [Lo][,o] 0 0000

Uﬂ’11<71) = (1.11 s L12 || T13 |y T1g )q)[‘/lil. ] )
000 0
000 ﬁ Y14 — H141
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U7r21(71)

Un12(72)

Ura22 (72)

an(%)

(2 |25 ] 288 |28 ot e

(2 LoD |23 L 2ot e
o) |28 ] o ) Doyt e
) 2y L2l [V e

34

wo|’_‘
£

3
o~

e}

N~
w o

Y21 — 211

Y22 — H221

Y23 — H131

Y24 — H241

Y11 — H112

Y12 — H122

Y13 — M132

Y14 — H142

Y21 — H212

Y22 — U222

Y23 — H132

Yoa — H242

Y11 — M1l
Yi2 — 21
Y14 — H141




0.0 0 0
_ 0 % % 0 Y22 — H221
Unni(n) = (o3 |t o oy D[V e | ™2 ] ,
0 W(%) ﬁ 0 Y23 — H231
232 23
0.0 0 0
000 0
000 0
= 2 2 2 2 _
Uri2(72) = (3351) ) ng) ) 3353) a$g4))q)[vl e ] )
000 0
000 ﬁ Y14 — H142
14
~& 0 (%) % Yo1 — H212

3
[Sha
=N

N

T213  T214

. ® [@] 0 a1, 0 0 0 0

UnQQ(’YQ) = (95221 | Lo |y Tag s Loy

1 1 1

) 0 @) ©) Yo3 — 232
Ta31 Ta3 234

1 1 1
- 0 & & You — [242
Ta41 To43  T24

2 2
We see that > Uii(71) and > Uria(72) are based on the observations in Sy, and

i=1 i=1
2 2
Urir(71) and > Uria(72) are based on observations in S; and S, respectively.
=1 i=1

We note that Bw and 7, are computed based on observations in Sy, while 7, is computed
based on the larger data sets Sy, k = 1,--- ,q. Following a procedure similar to that in
Section 3.2, under regularity conditions we obtain the following results:

(i) MY2(B, — %) given M*/2(4, — ~*) is asymptotic normal with mean

ML e 27T 11 (B — "), where
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Zro1 = BlUrio(B)Uniq(v)]s Zrit = EUriq(v)Uig(v)] With Urig () = (Urin(71), -+ Unig(74))"

(i1) 8 can be consistently estimated by
ﬁﬂ‘ = B - f;&oiﬂmiilllf\ﬂll(ﬂ/ﬂ - '_Yﬂ'); (315)

where
~ M A~
Lpoo= M1 Z OUi0(5r) /0B,
i=1

M
Seor =M Z Urio(Br)Uzio(3)
i=1

~

M
erll = M_l Z UﬂiQ(:}/ﬂ')Ug;Q(;Yﬂ')?

=1

M
f\7r11 = Mil Z aUmQ(fAyﬂ')/aﬁy

i=1
The consistency of 3, does not depend on the correctness of the working regression
models. We call 3, an improved weighted complete-case (IWCC) estimator.

(iii) M'/?(3, — j*) is asymptotically normal with mean 0 and variance

Faolzwooraol - Faol{zwmz;lll[(zrrm - Z7r22 + 277;12)2;11127{’01 - ETTrOQ]"'
(3.16)
(Ewm - 2n02)2;1112Z01}F5017

where

Yrig = E[UMQ(W*)Ug‘Q(V*)]a
27;22 = E[UWZO<7*>U£O<7*>]7
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with
Um@(’y) = (Uml(’h), T >Umk(’7k)a T >Um‘q(’Yq))T-

The asymptotic variance (3.16) can be estimated by

SR I T TS S R - ST (=1 ST T
FWOOZWOOFWOO - FWOO{EWOIEWII[(ZWIQ - 27"22 + Z7r12>z71'11271'01 - Z7r02]—|_

(Zro1 = Sr02) St 2001 H 'm0

where
A M A~
Lpoo =M1 Z OUi0(5r)/ 0B,
i=1

M
IA-‘ﬂ'll = M_l Z aUﬂ'ZQ(’?ﬂ')/a/}S

i=1

M
Yoo = M1 Z Umo(ﬁw)Uz@‘o(ﬁw),
i=1

M
Z71'01 = Mil Z Uﬂio(/Bﬂ)UTZ;Q(:Yﬂ)7

i=1

M
zA]7r02 = Mil Z Um’O(Bﬂ)UZiQ (’771')7
i=1

~

M
27r11 - M_l Z UWZQ(’?W)UTIF;Q(’?W)J
=1

M
271'12 - M_l Z UWZQ(’?W)UZQ(WW)J

=1

M
271'22 - M_l Z UmQ (WW)UTTF;Q (’7#)

1=1

(3.17)

As in Section 3.2, we see that the first term in (3.17) is an estimate of the asymptotic

variance of M/%( B, — B *), and the second term represents the improvement of the IWCC

estimator over the weighted CC estimator.
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3.5 MAR Data with Estimated Missing Probability

It is well known that the estimation efficiency of the inverse probability weighted es-
timates can be further improved by using estimated selection probabilities 7;; instead of
the known selection probabilities (Robins et al. 1994; Lawless et al. 1999; Chatterjee and
Breslow 2003; Breslow et al. 2009). In practice, MAR data often occurs with unknown
missing probabilities where the selection probabilities must be estimated in the weighted
estimating equations. Robins et al. (1995) developed a class of inverse probability weighted
generalized estimating equations (IPWGEE), which can yield consistent estimators when
data are MAR. The weights are obtained from models for the missing data process, and
these models must be correctly specified for the resulting estimators to be consistent.

Modeling the missing data process can be very difficult in practice. To illustrate how

to use the unified approach in missing by happenstance case, we only consider a simple

(k)

ij

and rglk) are independent for 5, = 1,--- | J,

missing data process. Suppose now that r
k=0,1,---,q, and W,ff) depends on the fully observed variables which may include our
variables in the regression model and other auxiliary variables and the dependence is spec-
ified up to a known probability function indexed by a finite number of unknown parameters
Q.

One can estimate (5*7, v*7)T by (51,40)7 with 4 = (3L, - - - , AE,)T using the weighted
estimating equations (3.18) and (3.19), while constructing another estimating equations

(3.20) for on rg-)) to estimate the nuisance parameters «v.
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M

Z 7r20 ZDMO AzOY ,umO) = 07 (318)

i=1

M:

Usik (%) ZDMZZO(Y pr) = 0, fork=1,---,q,  (3.19

i=1 =1
M

> Hilag) = 0, (3.20)

i=1

where Do = Ofinio/ 0B, Drri = 3Mmk/37k, 0 = Oé(qﬁ)_lAfl/Q[Vfl . Aio]Afl/Z with

I('rif):l) I(r;y 0y T'(O) 1) L I(r 1 )=1 r(0> 1)
~ (0 0 0
Wfl) “1(1% “51?]
19 =1,=1) 1(r9=1) Iy =19 =1
~ 0 ~ (0 ~ (0
AiO — “1(2; 7r1(2) Wgz‘)f
1(r9=1) I =1rin=1) 1(r9=1
0 0 0
o L 77
Let Uzig(v,0) = (Uly, -+, Ulby, -+, UL,)T. Following the procedure similar to

that in Section 3.2, we can show that the conditional distribution of M/ 2(37} — [B*) given

M'?(%; — ~4*) is asymptotic normal with mean
M'PTo S S T (v — ),

where

Sr01 = E{Res(Uzio(8*, o), Hio(of)) Res™ (Ui (7", o), Hio(0))},
and

Sr1 = E{Res(Uzig(7*, 05), Hio(ag))Res” (Urio(v*, ), Hio(or)) }-
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It suggests that the weighted CC estimator B;r may be improved by using

Br = B — TrgoSaor Zah Den (9 — 35), (3.21)
where
F7r00 =M~ Z 8U.mO )/85
=1
ZJ7r01 =M~ ZR&S mO(B ) ( ))Res (UfriQ(Baé‘O)a HiO(&O))v
=1
Se =M~ ZRSS Uziq(B, o), Hio(6)) Res™ (Ui (83, o), Hio(6o)),
Doy =M™ ZaUﬁiQ(Ba &) /0.
i—1
We note that 7; = (7, -+ ,74,)" is estimated using the weighted estimating equations
(3.22) and (3.23).
M M
> Uninlw) =D DEgZin(Ys = pirin) = 0, fork=1,---,q,  (3.22)
=1 =1
N
> Hilaw) = 0 fork=1.-.q  (3.23)
=1

where Dpi = Oftmin/ 0V Zir = (@) ATV [V o Ay ] A2 with

eP=)  1eP=1eP=n) I =1 =1)
wy w0 )
P=1P=n 1=y e =10 =)
Ay = w51 iy oy
Iry)=1)  Iry=lry)=1) I =1
o w5 wly



Letag = (af,--,al)T, 4g = (67,---,aI)7, and 3} | Hi(cy) be a system of esti-
mating functions for a.

We see that 75, is estimated based on observations in S, which allows all the informa-
tion in S}, to be used to increase the estimation efficiency. We call 3; an improved weighted
complete-case (IWCC) estimator using estimated 7.

Under some regularity conditions, we can obtain that M'/?(3; — 3*) is asymptotic

normal with mean 0 and variance given by

Too Za00Ll o0 — Too {Zr01 5511 [(Br12 — Saoe + Tho) a1 Zaor — Saoa)+
(3.24)
(Zro1 — Br02) X11 2001 00 »

where

Y00 = E{Res(Uzio(8", o), Hio(of)) Res” (Urio (8%, o), Hio ()},
Y02 = E{Res(Uzio(8*, o), Hio(a)) Res” (Urio(V", ), Hig(ay))},
Yae = E{Res(Uqi(v", of), Hio(og)) Res” (Urio(7", agy), Hig(ag))},

Sio2 = E{Res(Uniq(v", ag), Hig(ah))Res” (Unig(v*, o), Hig(a))}

with ﬁﬁ-i@(’y, OéQ) = (UT UT

il » Y iq

)T, and Hig(aq) = (Hjj(on), -, Hig(ag))".
The asymptotic variance in (3.24) can be estimated by

IA17jr()10ifrOOf‘;olo - f;olo{iﬁmi;lll[(ifrw - i3fr22 + ZA3£12>i3;1112£01 - i?Toz]WL (3 25)

~ ~

(Zro1 — Saoo) S BT IR,
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where

For the IPWGEE, to obtain a consistent estimator we need to “correct* models for the
missing data process and also need “correct” models for the response process given the
covariates, but we do not need to model the distribution of the missing covariates. If the

missing data process models are misspecified, both the /3 and B;T can be biased.

3.6 Simulation Studies

In this section we use simulation studies to examine the finite sample performance of

the ICC and the IWCC estimators. We consider the linear regression model,
Yij = Mij + €5 = Bo + 01 % Tij1 + P2 * ija + €
and logistic regression model,
logit(pij) = logit(Pr(yi;; = 1|xi;)) = Bo + 1 * Tij1 + Pa * Tij2,

where x;;, and x;;5 are time-dependent continuous covariates. We consider two correlation
structures (i) exchangeable and (ii) Ar(1) with parameter p = 0.3. We let J = 3, f* =

42



Table 3.1 Linear Regression Model

MCAR MAR 7 MAR 7

Bo B1 B2 Bro Br1 B2 B0 Bx1 B2

Exchangeable Correlation p = 0.3

ICC or IWCC estimation

Bias 0.001 0.033  0.002 -0.003 -0.002 -0.001 -0.007 —0.032 0.0%8
s.d. 0.043 0.045 0.045 0.054 0.045 0.044 0.060  0.042 0.046
s.e. 0.046 0.044 0.044 0.057 0.044 0.044 0.074  0.045 0.045
MSE 0.002 0.002  0.002 0.003  0.002  0.002 0.004  0.002  0.002
95%CP  95.6% 952% 94.8% 95.8% 94.4% 97.0% 97.8%  95.0% 93.8%
ARE 1.519 1.284 1.235 1449  1.138  1.291 1.480 1474 1.328

CC or weighted CC estimation

Bias 0.002 0.002 0.0%3 0.034  -0.005 —0.032 0.003  -0.002 -0.002
s.d. 0.053 0.051  0.050 0.065 0.048 0.050 0.073  0.051 0.053
MSE 0.003 0.003  0.003 0.004  0.002 0.002 0.005  0.003  0.003
Ar(1) p=10.3

ICC or IWCC estimation

Bias -0.002 -0.001 -0.001 —0.0%6  0.005 0.002 —0.0°0 —0.0°6 -0.002
s.d. 0.043 0.043  0.045 0.041 0.041 0.041 0.042  0.042 0.042
s.e. 0.041 0.043 0.044 0.040 0.041 0.041 0.043  0.041 0.042
MSE 0.002 0.002  0.002 0.002  0.002 0.002 0.002  0.002  0.002
95%CP 944% 954% 93.2% 93.4% 942% 94.6% 96.2% 94.0% 94.2%
ARE 1.462 1299 1.186 1.563 1205 1.259 1.361 1252  1.252

CC or weighted CC estimation

Bias -0.004 -0.001 —0.0%5 0.002  0.003  0.001 0.006  -0.005 -0.004
s.d. 0.052 0.049 0.049 0.050 0.045 0.046 0.049 0.047  0.047
MSE 0.003 0.002  0.002 0.002  0.002  0.002 0.002 0.002  0.002

20.032 = 0.0002.
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Table 3.2 Logistic Regression Model

MCAR MAR 7 MAR 7

Bo B1 B2 Br0 Br1 Br2 B0 Br1 B2

Exchangeable Correlation p = 0.3

ICC or IWCC estimation

Bias -0.002 -0.002 -0.003 0.003 -0.013 0.005 0.005 -0.005 0.001
s.d. 0.140 0417 0.363 0.096 0.121 0.096 0.088 0.118 0.095
s.e. 0.139 0.424 0.373 0.096 0.125 0.093 0.091 0.120 0.091

MSE 0.020 0.173 0.131 0.009 0.015 0.009 0.008 0.014  0.009
95%CP  95.8% 96.2% 96.0% 95.8% 97.4% 94.8% 96.4% 96.2% 94.8%
ARE 2050 1.014 1.154 2219 1537 1.668 1.768 1.638  1.596

CC or weighted CC estimation

Bias -0.002 0.002 -0.012 0.005 -0.011 0.001 0.005 -0.005 —0.0%6
s.d. 0.199 0.420 0.390 0.143  0.150 0.124 0.117 0.151  0.120
MSE 0.039 0.176  0.152 0.020 0.023 0.015 0.014 0.023 0.014

ar(1) p = 0.3
ICC or IWCC estimation

Bias -0.011  0.008 -0.003 -0.016  0.003  0.006 -0.012  0.033  0.001
s.d. 0.098 0.134 0.095 0.099 0.119 0.094 0.102  0.121  0.087
s.e. 0.105 0.133  0.096 0.106  0.124  0.092 0.109 0.122  0.089
MSE 0.010 0.018 0.009 0.010 0.014 0.009 0.011 0.015  0.008
95%CP  95.8% 95.0% 95.8% 95.8% 95.8% 94.2% 96.4% 95.8% 95.6%
ARE 2,129  1.572 1.844 3.197 2.089 2.583 2.681 2.116  2.165

CC or weighted CC estimation
Bias -0.008 0.014 -0.012 -0.024  0.006  0.007 -0.010 0.002  0.005

s.d. 0.143  0.168 0.129 0.177 0.172  0.135 0.167 0.176  0.128
MSE 0.020 0.028 0.017 0.032 0.029 0.018 0.028 0.031 0.017

20.0%6 = 0.00006.
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(0.5,1.0,1.0)7 in the linear regression model, and 3* = (—0.7,0.1,0.1)T in the logistic
regression model. The data generation procedures are provided in the Appendix D.
For the missing covariates process, we assume that y;; are fully observed and z;;, and

x;j2 are missing independently. We consider both the MCAR and the MAR cases. We

assume that x;;; and x;;o are observed with probability ﬂfjl ) and ng) respectively. In the

(2)

MCAR case we let wfjl ) — m; and T = Ta. For the MAR case, we let observed prob-

ability depend on the fully observed response y;;, and we consider two settings: (i) we
let (ﬂfjl ), ijz )) = (M1y1,may1) if Y > 0 (in the linear regression model) or Y = 1 (in the

logistic regression model) and (ﬂfjl )»771'(]2 )) = (7140, Tayo) otherwise. (ii) we let the ob-

(1))

served probabilities depend on the response Y such that logit(ﬂm = o1 + a11Y;; and

logit(ﬂgf)) = Q2 + Q12Yij-

We set the sample size m = 500 and for each setting we generate 500 data sets. For
the MCAR case we set m; = w2 = 0.50, for the MAR case we let (71,1, Toy1, T1y0, T2y0) =
(0.5,0.5,0.4,0.4) and (a1, @11) = (a2, 12) = (0.2,0.2); Here the number of distinct
missing patterns ¢ = 2. We use linear regression models and logistic regression models as
surrogate models for the linear model and the logistic model respectively.

The simulation results for the ICC and the IWCC estimates together with the CC and
the weighted CC estimates are given in Table 3.1 and Table 3.2 respectively. We see that
(1) the biases of the ICC and the IWCC estimates are small; (ii) the means of the standard

errors (s.e) calculated based on the asymptotic variance estimator are close to the empirical

standard deviations (s.d.); (iii) the estimated 95% coverage probabilities are close to the
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nominal level; and (iv) compared to the (weighted) CC analysis both the ICC and the IWCC

estimates have smaller mean square errors (MSE) and empirical standard deviations.
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Chapter 4

Examples

In this section, we will use the generalized unified approach to analysis two real data

examples. One is a cross-sectional data, and the other one is a longitudinal data.

4.1 A Case-Control Study of Risk Factors of Hip Fractures

We consider a case-control study of risk factors of hip fractures among male veterans.
The study was carried out at the University of Illinois at Chicago College of Medicine
(Barengolts et al. 2001; Chen 2004), where a case was matched with a control on age
and race, and 25 potential risk factors in addition to age and race were recorded. One
major analysis is fitting a logistic regression model with nine potentially important risk
factors identified in preliminary exploratory analysis. There are 436 subjects in the study
and ¢ = 9 distinct missingness patterns in the covariates (each risk factor has a unique
missingness pattern). The number of observations in Vj is 237 and the overall missing

percentage is 10.81%.
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Table 4.1 Analysis of hip fracture data

Weighted CC IWCC
Variable /87} S.G.(ﬁfr) /67} 8.6.(57}) ARE”
Etoh 1.380  0.401 1.232  0.351 1.305

Smoke 0936  0.385 0.799  0.333 1.337
Dementia 2.506  0.672 2017 0539 1.554
AntiSeiz 3275 0914 3.144  0.786  1.352

LevoT4 1.875  0.734 1.539  0.657 1.248
AntiChol -1.803  0.727 -2.032  0.669 1.181
BMI -0.103  0.040 -0.093  0.034  1.384
log(HGB) -2.618 1.268 -3.429 1.134  1.250
Albumin  -0.904  0.371 -0.792  0.325 1.303

“i ARE = (s.e.(Bz)/s.e.(Bx))?

Following Chen (2004) we assume that the covariates are MAR. We estimate the miss-
ing data probabilities, 7;, j = 0,1,...,9, using logistic regression models with hip frac-
ture (the binary outcome variable), age and race as predictors. We report the results of
the weighted CC analysis and the IWCC analysis in Table 4.1. We use logistic regression
models as the working regression models in the IWCC analysis. We see that the weighted
CC estimates and the IWCC estimates are close but the IWCC estimates have relatively

smaller s.e.’s than the weighted CC estimates.

4.2 A Clinical Study of Breast Cancer

The quality of life is a question of interest in many clinical studies. A Breast Cancer
Chemotherapy Questionnaire (BCQ) has been designed for women with stage II breast
cancer. The questions selected for this questionnaire were based on common problems
and experiences of women undergoing adjutant chemotherapy. The BCQ consists of 30

questions that focus on loss of attractiveness, fatigue, physical symptoms, inconvenience,
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Fig 4.1 Plot of bcq VS. gol_time

BCQ
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emotional distress, and feelings of hope and support from others. Longitudinal data of
715 patients in NCIC Clinical Trail Group were collected to study the relationship between
BCQ and other physical variables. The following are the variables collected in this study.

id: Patient identification;

bcq: Average of 30 beq questions (from 0 to 7);

gol_time: Time (from randomization) of measurements for bcq.

surg_typ: Type of surgery for breast cancer with T=total mastectomy and P=partial

mastectomy;
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Fig 4.2 Smooth Curves
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est_recp: Estrogen receptor status which is a continuous variables with some observa-
tions missing;

node_pos: Number of positive nodes;

pth_tcls: Size of the tumor with some observations missing;

all01_co: Treatment group with E=CEF and M=CMF;

dead: Death indicator with D=dead and A=Alive;

age: Age of patients (in year);

survival: Survival or censoring time (in days);

progress: Relapse-free survival time (in days);
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Fig 4.3 Correlation Structure
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recurr: Whether patients recurred (Y=yes, N=No).

Fig 4.1 is a plot of bcq and qol_time, and lines of randomly selected four patients. In
Fig 4.2, we highlight the average changes in BCQ over time. The scatter plot in Fig 4.3
indicates that (i) the correlation is weaker for observations far away from each other; and
(i1) there is some hint that the correlation between observations at time ¢; and ¢; primarily
depends on |t; — ¢;].

We note that variables, est_recp and pth_tcls, have missing values, and they do not have

( 2

the same missingness pattern. We let ri; ) and TU) indicate the missingnesses for est_recp

(0)

and pth_tcls respectively, and let r;;” indicate both est_recp and pth_tcls missing.
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Table 4.2 Clinical study of breast cancer

intercept surg_typ estrecp node_pos pth_tcls allol_co qol_time

ICC estimates

5.055 -0.005  —0.0%2 0.004 0.037  -0.073 0.001
s.e.  0.063 0.040 0.0%2 0.005 0.031 0.039 0.0%4

V]

CC estimates

B 5.078 0.034  —0.0%2 0.006 0.021 -0.075 0.001
s.e.  0.064 0.041 0.032 0.005 0.032 0.039 0.0%4

20.032 = 0.0002.

1 .2

In order to apply our unified method, we must test which missing mechanism r;;°, 7,

and TS]) follow. We will first test the null hypothesis that the probability of the missingness
for each covariate is independent of the response variable bcq. We want to construct a
“score” variable H,; of bcq such that foreach j = 1,--- ,J, H;j(yi, -+ ,yij) is a “score”

of the responses up to that time. Following Diggle et al. (2002), we let
J j
Hij = Hij(yn, -+ yis) = D wy g, with Y wy = 1.
t=1 t=1

The choice of weights, w;s, reflects analysts” knowledge or judgment about how the past
measurement history influences missingness, Some examples are as follows.

(1) Missing influenced immediately by an abnormally high/low measurement:
Hi; = Hij(yilu T 7yij> = Yij-
(11) Missing influenced by a sustained sequence of higher/lower measurements:
1 J
Hij = Hij(yir, - 5 Yij) = ;Zyit-
t=1
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We assume
logit(ﬂgf)) = oy, + Bk * Hyj,

and we need to test the hypothesis that 5, = 0, £ = 0,1,2. The corresponding p-values
are 0.519, 0.978, and 0.721 respectively, which indicate the MCAR mechanism may be
reasonable, thus the generalize unified method for the MCAR case may be applicable.

In this study, we note that there are two covariates est_recp and pth_tcls with missing
values, and three distinct missing patterns. The number of subjects in Sy, S;,j = 1,2,3
is 620, 626, 704, and 713 respectively. We use the ICC method to estimate the regression

parameters. The model of interest is
beq,; = Bo + Bi x surg typ;; + PBa * est_recpy; + B3 * node_pos;
+04 * pthtcls;; + Bs x allol,;; + Bg * gol_time;; + €,
and some preliminary analysis indicate that an Ar(1) model may be considered.
Our surrogate models are
beqi; = Yo+yixsurgtypi;+yexkpth_tels;j+ysxnode_pos;j+vysxallol;j+vysxqol time;j+¢€;;
and
beqij = Mo + M * surgtyp;; + na x est_recp;; + 13 * node_pos;; + na * qol_time;; + €;;

respectively, and the correlation structure for each surrogate model is Ar(1).
Table 4.2 lists the results of ICC estimates and the CC estimates. We see that (i) the
ICC estimates are close to the CC estimates, and (ii) the standard errors (s.e.) of the ICC

estimators are consistently smaller than the corresponding s.e.’s of the CC estimators.

53



Chapter 5

Discussion and Future Research

The proposed generalized unified parametric methods, the ICC and the IWCC, provide
convenient estimation procedures for regression models with covariates missing in arbi-
trary nonmonotone patterns. It uses all the observed data to compute estimates which are
more efficient than the (weighted) CC analysis. It is computationally simple and does not
require an iteration procedure. When the covariates have a simple monotone missingness
pattern Chen and Chen (2000) showed that the unified estimation method can be as efficient
as the semiparametric efficient method of Robins et al. (1994). We note that the estimation
efficiency of the generalized unified estimation methods depend on the selected working
parametric regression models. Further investigations on selecting ‘optimal’ working para-
metric regression models is one of my future research topics.

A limitation of the generalized unified parametric method is that it requires MCAR
data or MAR data with known selection probabilities or with known true models for the

selection probabilities. One exception is the case where the selection probabilities only
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depend on the fully observed covariates X; but do not depend on the response variable
Y, then the proposed ICC will be consistent if we include X in each working regression
model. Extending the IWCC method to MAR data with unknown selection probabilities or
unknown true models for the selection probabilities requires constructing sufficient models
to estimate the selection probabilities. Zhao et al. (1996) gave several recommendations for
modeling the selection probabilities. For example, one can use some ‘stable’ ‘saturated’
models or consider nonparametric estimates for categorical and/or continuous variables.
The semiparametric weighted estimation with selection probabilities estimated by kernel
smoothers (Wang et al. 1997) may be considered to achieve more general applications of
the IWCC method for MAR data which is another topic in my future research.

The missingness in the longitudinal data may be caused by many factors, for example
some covariates or historical response data. Models for the missing data probability are
very complex. In the future, I will investigate how to obtain robust models for the missing
probability in longitudinal data.

I am also interested in extending the generalized unified methods to deal with other
statistical models, for example, partial linear model and Cox proportional hazard model,
with arbitrary nonmonotone missing covariate data.

R is a free software environment for statistical computing and graphics which include
many packages for statistical analysis. However, there are few packages for the missing
data problems. In the future I will develop an R package based on the proposed generalized

unified approach so that the generalized unified approach can be widely used in statistical
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analysis with missing data.
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Appendix

Appendix A: Regularity Conditions

Let & be a vector of the parameters, including the parameters of interest and nuisance
parameters, £* be the true value of £, and U; () be the estimating functions. The regularity
conditions are as follows.

(a) & exists and lies in the interior of a compact parameter space;

(b) U;(&) has zero mean only at true value £*;

(c) There is a neighborhood of £*, N;(£*), such that E{supcy, (¢«

Ui(9)I[}

U;(&)UL(€)]|} are all finite, where || M|| =

E{SngeN(;(g*) 8U1<§>/8§||} and E{SupﬁeNs(f*)

(34;m2;) /2 for any matrix M with elements m;;;

(d) var(U;(£)) is finite and positive definite, and F[0U;(&)/0¢] exists and is invertible.
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Appendix B: Asymptotic Properties

Cross-Sectional Study

For the MCAR case, following Foutz (1977) , Chen and Chen (2000) proved the con-
sistency and the asymptotic normality of 3 under the regularity conditions (a)-(d) in Ap-
pendix A. The proof can be directly extended to the generalized unified estimator by let-
ting U(0) = (S7 (5), S4(7))" and assuming the conditions (a)-(d) in Appendix A. hold for
U(o).

In the MAR case, there are two sets of estimation equations for  with different weights
(see equations (2.6) and (2.7)). We let U(0) = (Ro/m0)(Sq (8).55(7))" and U(y) =
((Ry/m)ST (m),- -+ ,(Rg/7q)SL (74))". Following Chen and Chen (2000), when U(6)
satisfies conditions (a)-(c) in Appendix A. we can obtain the consistency of Bﬂ and A,
by the uniform law of large numbers and the inverse function theory. Similarly, we can
derive that 7, is a consistent estimator for v* when U () satisfies conditions (a)-(c). Then
under conditions (c) and (d) for U(#) it can be shown that E;&C’mlégflﬁﬂ converges
uniformly to the finite matrix Dy ' Cyo1C.}} D; with probability going to 1. Therefore 3; is
consistent for 5*. Finally, by the central limit theorem and Slutsky’s theorem, ( Bﬂ, =) and
7, are asymptotically normal, and furthermore 3, is asymptotically normal. For the IWCC
using the estimated selection probabilities the asymptotic normality and consistency can

be derived similarly by combining S,o(c) with U(0) and (S%;; (o), -+, SZ,

miq

()T with
U(y).
Let V(.) and C(.,.) denote the asymptotic variance and covariance respectively. We
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note that

n2(B = %) = nRE(08w ()08 D_{Sw(8)} + 0p(1),

1€Vh

1/2(7 —)=n 1/2E’[8S”c (ve)/ 0]~ Z{Szk Vi)t +op(1),

i€Vh
and

m!* (e = 7) = PEOSw(v) /077 Y {8} + 0,(1).

1€V

Let Dy = diag{di1,--- ,dy}, Cor = (co1, Co2, ---, Coq), and

C11 Ciq
Cn =
Cq1 Cqq
We can get
V(n'?B) = Dy'Coo Dy 7,
_ 7o - To ;- -
V(n'3;) = W—kv(nm%) = W_kdkk:lckkdzk g
( 1/26 n1/2— ) Uc(n1/267n1/2;yk> _ —D COkdkk 7
T
o _ _
C(n"*3p,m' %)) = Z2C (030, m'*40) = Zditenndy)
Th Th
C(nl/Q’Y ”1/2’7 ) = ~0 Tk dkk khdhiiT'
TET
The asymptotic variance of 3 thus follows.
We note that
R. N R,
NY2(Br = 87) = NTV2E[D—28:0(87) /98] Y {2 Si0(8)} +0,(1),
(A i=1 2
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N

. . _ R; . _ R; .
NYEG, =) = NTPEDLS10(77) /03] Y {80170} + 041,
2 i=1 2
and
N
N2, —47) = N"V2E[0S00(v) /07> {Sriq(v")} + 0p(1).
i=1
We can get
V(NY23,)
R; . 1 B . . R; . _
= E[0—="8,(8")/08] " E[ =S (8")SH(8") E0==S5(5") /98] !
7050 50 7050
= D' Croo Dy,
V(N'?4,)
R; * — RZ * * RZ * —
= E[GTOS@(V )/ B[ Sig (7)) Sip (V) E[0==515 (v") /0]
i0 0 T30

= D{'Crn DT,

V(N'23,)

= E[0Sriq(v) /07 ElSriq(v") Stiq (V) E[0STiq(v") /0]
= D 'Crpo DI,
C(N'2B, NY?4,)
R;

il Sio(ﬁ*)/aﬁ]’lE[Rio Sio(ﬁ*)S%(v*)]E[a%ss%(v*)/av]*l

2

~ E[0

= Do_lcfr()lD?_la
C(NY?B,, N'3,)

— E[9

0 50(57)/08] B

T30 T30

Sio(8)S1io(Y)E[0S Lo (v*)/07] !

—1 T—1
= Do Cﬂ'OZDl 5
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C(Nl/Q’Ayﬂ-, Nl/Q,—yﬂ_)

0 5(5)/08) B[S0y )Shg (I EDS Lo (r)/0n]

— E[9

7040
—1 T—1
- -D1 C7T12D1 )

where £ [6%’(‘; Sio(7*)/0v] = E[0Sig(7*)/07] = D;. The asymptotic variance of 3, thus

follows.

We note that

N
NY2(B: = B7) ZN_1/2E[@RiO Sio(5)/08) 1) Res(ff Sio(8%), Hrio(ag)) + 0p(1),
i=1 !

50

NY2(3 = 1) =N P 022 S (1) /07 ZRes 0 6047, Haolad)) + 0,(1),
50

and

NY2(F: —~*) = N"V2E[0S 0 (v, o) /0] ZRes i0(7), Hrig(ag)) + op(1).

We can get

V(N'Y23;)

_ E[a]:’“ Sio(B*) /087!

ElRes( 2 Si(5). Han (o) Res” (2Su(3"), Hao(ap B0 55(5°)/05)
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V(N/24;)

— 0T 50(1) /07
E[Res(fm Siq(v"), Hrio(p)) Res™ ( o Siq(v"), Hrio(og Y
i0

— B0 5,(8) /08!

T30 Rio . aRio g7 (7*)/37]_1
E[RGS(RiO Sz (B*)7 Hﬁl.()(ag))ReST( ﬂ_; Sz (’Y*), HﬂiO(ao))]E[ 7.‘__10 iQ

30 !

-1 T-1

C(NY23,, NY/?7;)

10 6 0(8)/08)  E[Res(L22.8,0(8"), Houo(03)) Res™ (Smia(7*). Haioa))]

;0 750
7

— E[o

E[0Sriq(v*) /07"

-1 T-1




where F [6%’5 Sio(7%)/87] = E[0Sxiq(7*)/8v] = Dy. The asymptotic variance of 3; thus

follows.

Longitudinal Study

For the MCAR case, under the regularity conditions (a)-(c) in Appendix A, the con-
sistence of (/3’ ,”) and 7 can be obtained by Theorem 2.6 of Newey (1994). Under the
conditions (c) and (d), with probability going to 1, fgolim f);;f‘n converges uniformly to
the finite matrix Faol Y01X5 11 by Theorem 4.5 of Newey (1994). The consistency of 3
thus follows. The asymptotic normality of B , ¥ and 7 can be obtained under the conditions
(a)-(d) by the Theorem 3.4 of Newey (1994). The asymptotic normality of 5 will follow by
Slutsky’s theorem.

For the MAR case, there are two sets estimation equations for v with different weights
(see equation (3.13) and (3.14)). When (U}(8), Ulo(7))" satisfies conditions (a)-(c),
we can obtain the consistency of BAW and 4, by Theorem 2.6 of Newey (1994). Similarly,
we can drive that 7, is a consistent estimator for v* when U,,q(7) satisfies conditions
(a)-(c). Then under conditions (c) and (d) for (U%;(5), Ukip(7))" it can be shown that
f;&of]wlf];flfﬂl converges uniformly to the finite matrix FaolZﬂmE;lllFll with prob-
ability going to 1. Therefore 3, is consistent for 3*. Finally, by the central limit the-
orem and Slutsky’s theorem, Bﬂ, Y= and 7, are asymptotically normal, and furthermore
(3, is asymptotically normal. For the IWCC using the estimated selection probabilities

the asymptotic normality and consistency can be derived similarly by combining H;y(ay)
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with(UZ(8), Ulio(7))" and Hig(ar) with Usio(7)-
To derive the asymptotic variance of 3 in (3.11), we only need to consider the asymp-
totic variance and covariance between B , 7y and 7.

‘We have

my2(B — B) = my 2 E[0U(8*) /05 Z{Uzo )} + 0p(1),

me (e — ;) = mg 2 B0U(~7) /0] Z{Uim;t)} +0,(1),

i=1

and

my!* (G — i) = my, P E10U(v0) /0] > _{Ui(v)} + 0p(1).

i=1

So we can obtain
V(mg2(B)) = E[0U(5") /08 E[Un (5 US| E[0US(5*) /98],

V(mg? () = E[0U(v) /0w ElU# () U () BOUZ () /0],
V(my* (%)) = -2 B00u(0})/ 03 B0 () UL ORI BT (07) /0%,
C(mg?B,mg*4x)) = El0Uio(8") /081 EUio (8 YU () EIOURL (1) /0,
Clmg/*5,mg/*5)) = 2 E{0Uo(8°) /08 BVl 5) TR (R ELOUR (1) /0w,
Cov(my* 4, mg*4n)) = E0U (1) /0] E[Usi () Uiy i) ELOU 1, (37) /0],

~ — m * *\ T 7 * 7 *
C(my >3, my*9n)) = m—OE [0Usk (7)) 0w EUak (v Ui (YL E[OU S (vi) 0],

1/2 1/2_ mo*mkh

C(my Ak, my' ")) = E[0Ui () /0] ElUik (i) Uy (Vi) E[OU 3, (73) /0]

mpg * mp,
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In fact U;y and Uif are the same main models, and Uy, Uz, and Ul?,; are the same
surrogate models, where super-script f denotes the regression model without missing data,

SO we can obtain that
V(my'(8)) = EloU!(87) /081 EIU] (87)U{T (87) BOU]T (87) /98],

V(my/* () = BOUL(7) /0w EVL () U (| ELOULT (47) /0,
Vimy* () = 2 EOUL (/0w BUL DU GOIEIOUL (07) /074,
Cmg/*B,my*3x)) = EOU (8) /0B EIU (8 UL (VI EIOUL (770) /0,
C(my*B,mg*3r)) = %E[@UJ (8708 B[V (8 UL oV EOULT (40) /0w,

Cmy 3, mo*3n)) = _— — E[0U, () /0w EUL (UL (i)l EOUL (37) /0],

mg * mkh

C(my A, my*3n)) = E0U}(v0) 0 E[UL (i) UL (i) EOUST () /0]

mpg * mp,
since the missingness is MCAR.

Furthermore, we can obtain that

V(mg*(34)) = =2V (mg(3mi)).

my

C(my* 3, my 5 >>— < o2 Byt A

mo * Mgp

C(my Ak, my*3n)) = Clme*Ams m *4en)).-

mg * Mmp
Finally following the procedure similar to that of the MCAR case, we can derive the
variance of /3.

The proof of the asymptotic variance in (3.16) is as follows.
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‘We know

MY2(By — %) = M2 B[0Uq0 (5 )/@5]2{ Uroi(57)} + 0p(1),

MY? (3 —7*) = M2 EB[0Uriq(7")/07] Z{UmQ )} +op(1),

and

E

M2z = ") = M~ E0Uriq(v") /7] Z 7))+ 0p(1).

So we can get

V(M'2B) = E[0Uo(5) /0B E[Uroi(5) Ui (57) EIOU S (8

V(MY?3) = El0Usiq(v) /07 EUriq(Y)WUrig(v)| E[0UZ 4

p5)/08] =

7*)/0v] =T

—1
Too Srool'do

—1 T—1
11 2alyy

V(M) = E[0Uiq(r") /07 ElUsio (") Usiq(r )| El0Trio () /07] =T Seaal T ",

C(MY25, M'?3) = E[0Unrio(5")/OBIE[Unio(5) U iq(v ) E10Uig(y

C(M'V23, MY?5) = E[0Usi(8")/0B|EUsio(8*) Uiy (v E[0U 5

)/on) =T
1)/04] =

—1 T—1
00 Zro1l'yy

—1
Too Sro2l'1y

C(M1/2’A77M1/277) = E[0Unig(v")/OV]EUriq(v* )U,Z;Q(W*)]EWUZQ(’V*)/@’V] :F;112w12r{1_1>

where E[0Uriq(v")/07] = E[0Uriq(7*)/07] = T'1.
The following is the proof of the asymptotic variance in (3.24).

‘We have

M'Y?(B; = B7) = M~ E[0Us0(8") /98] Z{Res Usio(8", ), Hio(a5))} + 0p(1),

MY2(3: = ~%) = M7 2E[0Usig(v7) /07 ) _{Res(Usig(7", a5), Hio(@5))} + 0,(1)-

i=1
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and

MY (3 = ") = M 2E[0Uiq(v) /07 ) _{Res(Uniq(7", @), Hig(ag))} + 0,(1).

So we can get
V(MY23;)
= E[0Us(587) /098]
ElRes(Usio(8", a5), Holo$)) Res” (Usio 8", o), Hio(o) )| EIOUL(8") /98]
= Iy Saool 1,
V(M'?4;)
= E[0Usio(v")/07]
ElRes(Usio(v", o). Hio(a) Res” (Usia(1", ). Hio(af)| EI0ULg(17)/01]
S T OT) i
V(M'?5z)
= E[0Usi0(v") /7]
BlRes(Uni(1", ), Hig(ag) Res” (Unig(1", ), Hig (a1 E[0Uri(v) /0] ™!

-1 T—1
- Fn 27%22F11 )
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C(M'23, MY?4)

= E[0Ux(5*) /098]

E[Res(Uso(8", o), Ho(0) Res™ (Usio (", o), Hio (@) EIOU o (1) /07]
=S Yo Y

C(M'?B, M'*5)

= E[0U0(57)/98] ™"

ElRes(Usio( 8, 02), Hio(0)) Res™ (Tnio (v, ), Hig(ay) )| EIOT L (v%)/07] ™
= Do Saoel 7,

C(M?4, M'/?3)

= E[0Usiq(7")/07] ™

E[Res(Uzig(v", ag), Hio(ag)) Res” (Unig(v*, ay), Hig(ap))| E[OU Lo (v*) /07~
=T Sl

where E[0Usiq(7*)/07] = E[0Uziq(v*)/07] = T

Appendix C: Relationship to existing approaches

Robins et al. (1994) proposed a general class of estimators, which includes all regu-
lar asymptotic linear estimators. The relationship between the estimator 3, which is also
asymptotic linear, and those of Robins et al. (1994) has been discussed in Chen and Chen
(2000) for MCAR case with simple monotone missing pattern. We will consider the other
cases in our approaches.
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Adding a function with zero expectation to the estimating function, Robins et al. (1994)
maintains an unbiased estimating function. A suitable choice of this added estimation
function may improve the estimation efficiency. The serial of surrogate models in our
generalized approach takes the role of the function with zero expectations. We will show
that our generalized unified estimator corresponds to a member in Robins et al. (1994), and
it is more efficient than B using other perspective.

Recall that the estimators of Robins et al. (1994), which make essentially the same
assumptions as our proposal, are asymptotic linear with influence function of the form
Dy R(w, k), where

R(w, k) = 6S(8") /7 — (6 — )k/7

with 0 = 1 if an observation belong to complete case sample and § = 0 otherwise, 7 =
P(§ = 1|y, z) and k = k(y, x) being a function of (y, z). We note that E[(0 — 7)k/7] =0
does not depend on k.

First we consider the MCAR case with ¢ distinct missingness pattern. We have
B=p5- Dy C12C5 D (5 — ),

— B =B~ B — Dy C12Ca5' D1y (7 —7*) — (¥ — ")), and

™I

NY2(B — B*) = NY2(3 — %) = Doy C1oCoy' Dt (NV2(5 — 47) = NY2(3 — 47)),

N
N'2(3— %) = N2 Dy Z{<Ri0/7TO)SiO} + 0p(1),
=1

N
N'2(5 = 4*) = N7V2Dity “{(Rio/m0)Siq} + 0,(1)
i=1
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and

N
N'Y2(3 —4*) = N"°Dy}! Z{AiSiQ} + op(1).

i=1

So

N
N'2(8 = 8") = N™2Dgi" Y "{(Rio/m0)(Sio — BSiq) + BAiSiq} + 0,(1),
i=1

N
N'Y2(B = B7) = N"°Doi" > “{(Rio/m0)(Sio) — ((Rio/70) BSiq — BAiSiq)} + 0p(1),
i=1

where B = Cp,Cp;' = cov(Sig, Sig)var(Sig) ™! and A; = diag(Riy * I /w1, , Rig *
1,/m,). We note that E[B(R;y/m)Sig — BA;Sig] = 0 does not depending on S;¢, the
estimator 3 corresponds to a member of the class of estimators in Robins et al. (1994) by
replacing (6 — m)r/m with ((Ro/7)BSig — BA;Siq).

The estimator /3, in the MAR case with known missing probability is similar to that in

the MCAR case. We note that
B N
N'2(B. — %) = N7 Do Y {Rio(Sio — BSiq)/mio + BASiq} + 0,(1),
i=1

R;
7T'(()) Sio — (B(Rio/7i0)Siq — BAiSig)} + 0p(1),

N
NY3(Br = 5%) = N7V2Dggt Y
i=1
where B = Cr01Co); = cov(Si, Sig)var(Sig) ™" and A; = diag(Ry, * I/m), k =
1,---,q. Here E[B(R;/mi)Sig — BA;Sig] = 0 still does not depend on S;, Thus it can
be seen that the estimator 3 corresponds to a member of the class of estimators in Robins
et al. (1994) by replacing (6 — m)r /7 with ((Rj0/mi0)BSig — BA;Siq).

Finally, we consider the MAR case with estimated missing probability. We note that

Br = B — Dy ' Ca19C00 D1 (A — 1),
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Bi — B = Bz — B* — Dy ' CaaCry Di((37 — 7*) — (32 — 7)), and

NY2(B: — B*) = NY2(B; — B*) — Dy Ca12Cigy Dy (N2 (3 — v7) — NY2(3: — 7)),

where
. N R
NY2(Bs = %) =NT2Dgt - Res(Z22S0(8"), Haio(ag) + op(1),
i=1 i0
N R
N'Y2(4; = 4") =N"'2Di S~ Res(=2Siq(7"), Hrio(ap)) + 0p(1),
i=1 o
N
N'Y2(3; — %) = N"V2D1! Z Res(Sriq(v", ), HxiQ(ag)) + op(1).
i—1
So we have

N
N'2(B; — %) =N"2Dg" Y “{Res(Unio(8*, o), Srio(ap))
=1

Rio

T30

— B(Res(==Sig(7"), Smio(ag)) — Res(Sriq(v", ), Hrig(ah)))} + 0,(1),

where

B = Cov{Res(12,0(8%), Hio(0)) Res(L2S,0(+*). Hip(0))}Var— [Res( 22 Si(v"), Hoa))]

0 T30 50
Under a correctly specified parametric models for the missing data probability, we can
show that

RiO

750

E[B(Res(—>Sig(7"), Sxin(ag)) — Res(Sriq(v", ag), Hrig(ag)))] =0

does not depend on the surrogate models. Thus it can be seen that the estimator /3 corre-
sponds to a member of the class of estimations in Robins et al. (1994).
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Appendix D: Generate Correlated Random Number

In this appendix, we will introduce how to generate the correlated response y;; accord-
ing to the exchangeable correlation and the Ar(1) correlation respectively. We start with
the simple case where y;; is continuous (Peter Diggle et al. 2002), then we give the details
for the complex case where y;; is a binary variable (Preisser et al. 2002). For each case, we

will give the model first, and then provide the algorithm steps.

Continuous Variables
For the exchangeable structure, suppose that y;; follows the model
yU:,uUnLUl—I—Z”, izl,...,m, jzl,...,n,

where p;; = F(y;;), the U; are mutually independent N (0, ) random variables, the Z;; are
mutually independent N (0, 72) random variables, and U; and Z;; are independent. Then,
the covariance structure of the data y;; is p = v?/(v* + 72) and 0® = v? 4+ 72. The steps
that generate the random data x;;1, x;;2 and y;; such that the correlation structure between
vy, 1s exchangeable are as follows.

(1) generate x;;; and x;;o such that z;;; follows N (0.1% 7, 1) and X ;> follows N (0.01 *

(2) generate U; such that U; follows N(0,v2), i = 1, ..., m;

(3) generate Z;; such that Z;; follows N (0, ™),i=1,...,mj=1,...n;

(4) generate p;; such that j;; = By + B1 * Tij1 + Pax xijo, 0 =1,....m, 7 =1,...,m;
(5) generate y;; such that y;; = p;; +U; + Zy5,0=1,...,m,j =1,....n.
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For exponential structure, suppose that y;; satisfies the model
Yij = Hij + VI/’LJ7Z - 1a "'7maj = ]-7 ey T,

where W;; = p* W;;_1 + Z;; and the Z;; are mutually independent N (0, 02 x (1 — p?))
random variables. Then v;; = Cov(Y};, Yix) = o? pl=*l The steps that generate the random
data x;;1, 752 and y;; such that the correlation structure between y;; is Ar(1) are as follows.

(1) generate z;;; and x;;» such that z;;; follows N (0.1 j, 1) and x;;, follows N (0.01 *

(2) generate Z;; such that Z;; follows N (0,02 x (1 — p?)),i = 1,...,m,j =1, ..., n;
(3) generate W;; such that W;; = px Wi,y + Z;5, i =1,...,m,j =1,...,n;
(4) generate p;; such that ji;; = By + B1 * Tij1 + Pox e, i =1,...,m,j =1,...,n;

(5) generate y;; such that y;; = p;; + Wi, =1,...,m,7=1,...,n.

Binary Variables

Suppose we wish to simulate Y;,7 = 1,...,m , a J-vector of Bernoulli variates with
mean vector 7; and covariance matrix V;. For j = 2, ..., J, define Z;; = (y;1, ..., yij—l)T, i =
E(Z;)),Gi; = Cov(Z;;), and s;; = Cov(Z;5,y:;). Note that G;; and s;; are determined
from V;. For a given (m;, V;), a (j — 1) vector b;; is defined as b;; = Gi_jlsij(j =2,..,J).

The conditional probability is defined by

j—1
vij = Vij(2i5: ™3, Vi) = Pyij| Zij = 2i5) = mi5 + bg;'(zij — Wij) = Tij + Zbijk(yikz — i)
k=1

The simulation algorithm proceeds as follows. First, simulate y;; as Bernoulli random

variable with mean 7;;, then for j = 2, ..., n, simulate y;; as Bernoulli random variable with
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conditional mean v;;. It then follows that £(Y;) = 7; and for 1 < j < n, Cov(Z;;, y;j) =
Cov(Z;;, bZ}Zij) = G,;b;; = s;;. The vector Y; thus obtained has the required mean, 7,

and covariance V.

For the exchangeable structure, we have

P 7sz(1 —Wij) 1
b’i' — N 2
" <1 + (= 2)p <7Tik(1 — Wzk))
and
j—1
Vij = Tij + Zbijk(yik — k), (J =2, ..., J).
k=1

For the Ar(1) structure, we have

1
2 .

mij (1 — m) )
Tij—1(1 = mij-1)

Vij = Tij + p(Yij—1 — Tij—1)(

The steps that generate the random data x;;1, x;52 and y;; such that the correlation
structure between y;; is exchangeable are as follows.

(1) generate x;;; and z;;o such that z;;; = (j + N(0,1))/(n — 1) and ;5 = (j +

N(0,1)) % (j + N(0,1))/(n—1)*i=1,...m,j=1,...,m;

(2) generate 7;; such that 7;; = exp(f1 * 251 + P2 * ij2) /(1 + exp(By * zij1 + P2 * Tij2));

TG4 1—71'1' i 1
(3) generate b;;; and v;; such that b;;;, = (1+(JP—2)p)<miE1—mi)))2 and v;; = m; +
j—1
> bijr (Vi — mik);
k=1
(4) generate y;; according to the conditional probability v;;;
(5) repeat step 3 and 4 to generate y;; iteratively.

The steps that generate the random data x;;;, x;;2 and y;; such that the correlation

structure between y;; is Ar(1) are as follows.
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(1) generate x;;; and x;jo such that z;;; = (j + N(0,1))/(n — 1) and z;50 = (j +
N, 1) *(j+N(0,1))/(n—1)2?i=1,..m,j=1,..,m;

(2) generate 7;; such that m;; = exp(fy * 451 + Pa * Tyij2) /(1 + exp(fr * z4j1 + P2 * T4j2));

i (1—ij) )

1
E-
Tij—1(1=mij—-1)

Y

(3) generate v;; such that v;; = m;; + p(yij—1 — mij—1)(
(4) generate y;; according to the conditional probability v;;;

(5) repeat steps 3 and 4 to generate y;; iteratively.
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