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ABSTRACT

In 1982, Pawlak proposed a theory of rough sets for data analysis. A fundamental

concept of rough sets is the approximation of a set by a pair of lower and upper

approximations or three pair-wise disjoint positive, negative and boundary regions.

In 1990, Yao et al. introduced a probabilistic version called decision-theoretic rough

sets (DTRS). Motivated by a three-way interpretation of the probabilistic positive,

negative and boundary regions, in 2012 Yao proposed a theory of three-way decisions

based on the actions of acceptance, rejection and non-commitment. The theory pro-

vides a unified framework that integrates rough sets, interval sets, approximations of

fuzzy sets, and several others.

This thesis focuses particularly on classification models based on the theory of

three-way decisions. An analysis of probabilistic two-way classifications shows that

one cannot reduce incorrect acceptance and incorrect rejection errors simultaneously.

In contrast, the probabilistic three-way classifications can obtain both low incorrect

acceptance and incorrect rejection errors at the expense of non-commitment for some

objects. A systematic study of three-way classification models may bring new insights

into classification problems.

Two classes of set-based three-way classification models are studied, namely, three-

way classification with rough sets and three-way classification for approximations of

fuzzy sets. The investigation of the first class consists of two parts. The first part

is a review of existing three-way decision models using rough sets. To integrate ex-
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isting models, the second part is a proposal of a framework of quantitative rough

sets based on subsethood measures. The Pawlak rough sets do not allow any in-

correct acceptance and incorrect rejection errors; they are a qualitative three-way

decision model. Decision-theoretic rough sets and its various extensions are studied

and categorized as different families of quantitative rough set models. In particular,

an information-theoretic rough set model is proposed to give an alternative solution

to a fundamental issue of probabilistic rough sets, that is, the interpretation and

construction of an optimal pair of thresholds.

The contribution from the investigation of the second class is a proposal of a

decision-theoretic three-way decision model of approximations of fuzzy sets. A pair

of thresholds (α, β) is used to produce a three-way approximation of a fuzzy set. An

object with membership grade greater than α-level is accepted as a member of a fuzzy

set, an object with membership grade smaller than β-level is rejected as a member of

the fuzzy set, and an object with membership grade between β- and α-level is neither

accepted nor rejected. The thesis presents a semantically meaningful and computa-

tionally efficient approach to compute an appropriate three-way approximation of a

fuzzy set, that is, an optimal pair of thresholds (α, β).
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Chapter 1

INTRODUCTION

In our daily life, there are various decisions to be made, and we continuously make

decisions, which consequently affect the lives of ourselves and those of many others.

The purpose of this thesis is to examine a special class of decision problems, namely,

classifications, under the framework of the theory of three-way decisions proposed by

Yao [160].

1.1 Classifications as a Decision Problem

Classifications can be treated as a specific type of decision-making problems. Many

authors have discussed general frameworks of a decision-making process that specifies

how to make decisions for classifications [9, 23, 31, 129]. In 1793, Condorcet [23]

proposed a three-step decision process, including clarifying the questions, forming

personal opinions and combining the opinions to a small, manageable set of general

options, and making the actual choice from these options. In the studies of modern

decision theory, John [31], Simon [129] and Brim et al. [9] divide a decision-making

process into several sequential steps. For example, Brim et al. [9] give the following

five steps:
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1. identifying the problem,

2. obtaining necessary information,

3. producing possible solutions (i.e., decision options),

4. evaluating solutions (i.e., decision/cost matrix),

5. selecting a strategy for performance.

Classifications can be illustrated as a decision-making problem under the general

decision process by using the following example.

Example 1. A doctor is making a decision of whether or not to treat a patient in

regards to a specific disease. We assume that the problem identification in Step 1

is completed. The process of obtaining necessary information in Step 2 is used in

supporting decision-making. Mintzberg, Raisinghani and Théorêt [103] suggest to use

Step 2 in a non-sequential order since human beings tend to obtain information in

different phases and stages of decision-making. The strategy of using Step 2 in a non-

sequential order offers the opportunity of making deferment of a decision in three-way

decisions (see Section 1.2 for details).

Step 3 involves searching for existing decision options and creating new ones given

the state of the patient (e.g., have the disease or do not have the disease). It finally

simplifies the decision-making problem into making a choice from a set of small,

manageable options. We assume that the set of decision options is fixed after Step

3, because it is very difficult to deal with an unfixed number of decision options.

Therefore, we can consider the doctor’s decision-making problem as a binary, two-

way decision/classification consisting of two decision options:

• treat the patient, or

• do not treat the patient.

The effect of a decision depends on the states of the patient, i.e., whether the patient

actually has the disease or not. Step 4 evaluates associated benefits, costs or risks of

2



different decision options under the states of nature. In order to determine whether

to treat the patient or not, one may construct a 2× 2 decision/cost matrix:

Has the disease Does not have the disease

Treat cost of treatment
cost of treatment, endanger

the health of the patient

Do not treat
delay the treatment and

no financial cost
recovery of the patient

Each cell represents the cost for actions with respect to the state of the patient. Step 5

uses decision strategies to decide which decision option to take according to the cost

matrix. For example, if we know that the probability of the patient having the disease

is 80% and, under this situation, we know that treating the patient will result in lower

costs than other options, then a doctor may decide to treat the patient.

The binary, two-way decision strategy may be problematic when facing incom-

plete information or uncertainties about the patient. For example, we are uncertain

about whether the patient has the disease or not, but, according to available infor-

mation, we may know that the probability of the patient having the disease is greater

than 10% and less than 70%. Should we treat the patient under such an uncertain

situation? The two-way decisions, in this situation, often put us in a dilemma. Both

options of treating and not treating the patient seem inappropriate. We still have to

make a definite (and sometimes immediate) decision because the two-way strategy

only provides two decision options, i.e., treating or not treating the patient. Binary,

two-way decisions have received many criticisms in regards to dealing with such un-

certain cases [85, 92, 158, 160]. As a result of shortcomings of two-way decisions, the

next section introduces a different decision strategy, namely, the three-way decision

strategy.
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1.2 Motivations of Three-Way Decisions

The framework of the theory of three-way decisions summarizes common princi-

ples from many fields and disciplines, such as, medical diagnosis [98], social judge-

ment [128], management [48], peer review [142], machine learning [104] and data

mining [1, 8, 123, 126]. The main idea of three-way decisions is adding a new deci-

sion option, called non-commitment. The third option defers making an immediate

decision. In this sense, we also refer to the non-commitment decision as a defer-

ment decision or indecision [61]. In doing so, it avoids making a definite decision

immediately. For example, the doctor does not have to treat or not treat a patient

immediately until he or she is sure about the state of the patient. On the other

hand, by selecting the third decision option, we have the opportunity of obtaining

and collecting further information and evidence to support accurate decisions. The

step of collecting information can be used as many times as needed during the entire

process of the decision-making [162,164].

We use Example 1 to demonstrate the three-way decision strategy and its benefits.

With respect to a disease, the ternary, three-way decisions/classifications provide

three decision options:

• treat the patient,

• do not treat the patient, or

• call for new medical tests.

Considering possible states of the patient regarding the disease, we simplify the eval-

uation step by giving the following 3× 2 decision/cost matrix:

4



Has the disease Does not have the disease

Treat cost of treatment
cost of treatment, endanger

the health of the patient

Do not treat
delay the treatment and

no financial cost
recovery, may lead to death

Medical tests
cost of medical tests, delay

cost of medical tests
the treatment and recovery

The costs of treating and not treating the patient are the same as stated in the

two-way decision cost matrix. Whenever there is uncertainty about the state of the

patient, we call for medical tests and defer the decision. Suppose the probability of

the patient having the disease is greater than 30% and less than 80%. A doctor can

delay making a definite decision by asking the patient to take additional medical tests.

The example demonstrates the case where three-way decisions show more benefit than

two-way decisions. However, it should be pointed out that three-way decisions may

not work well in all cases. It will not perform well or may fail in some cases.

1.3 Decision Strategies for Classifications

According to decision theory [59], the effect of a decision not only depends on the

background information of the decision maker but also depends on the behaviour

of other human beings and on the states that may be only partially known to the

decision maker. In Example 1, a patient has two possible states, namely, has the

disease and does not have the disease. By looking at the decision matrix, the outcome

of a decision process is determined by the combination of the options and the states.

Based on the states of nature and the decision options, we provide the categorization

of decision/classification problems in Table 1.1.

In the special case with a single-valued state of nature, we are certain about the

5



States of nature

Decisions strategies

Binary, Ternary,
m-way decisions

two-way decisions three-way decisions

Single-valued - - -

Two-valued (I) (II) (III)

Multi-valued (IV) (V) (VI)

Table 1.1: Different categories of decision problems

situation of the object and can make the decision immediately. For example, we know

that the answer to the question 2+3 is always 5 and, therefore, can immediately decide

whether a student’s answer is correct or not. If the states of nature are two-valued

or multi-valued, we face cases with uncertainty.

Choosing different sets of decision options reflects different decision strategies.

Types (I) and (IV) use binary, two-way decisions, where we either accept or reject

that an object belongs to a class. Many classification problems in machine learn-

ing [104] fall under the category of type (I). One can also use a ternary, three-way

decision strategy for classifications, where a set of three decision options is chosen.

The main results of three-way decisions [160] are summarized in the next chapter. A

typical example of type (II) is the decision-theoretic rough sets (DTRS) [157–159],

which is summarized in Section 4.3.1. Liu et al. [91] and Zhou [184] also discuss

the type (II) problem based on the DTRS model. Deng and Yao [27] propose the

information-theoretic rough sets that belong to type (II). An application of three-way

decisions to the approximations of fuzzy sets [25, 26] provides a discussion on type

(V) problems. Types (III) and (VI) use an m-way decision strategy, with m ≥ 3,

which can be considered as a more general model. Raghavan et al. [150] proposes

a multi-way decision model that belongs to type (III). Details of Raghavan et al.’s

multi-way decision model is summarized in Section 2.4. In this thesis, we only study

decision/classification problems based on the three-way decision strategy, that is,
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types (II) and (V) in Table 1.1.

1.4 Existing Three-Way Decision Models

Many existing three-way decision models belong to type (II) problem in Table 1.1.

We consider them as set-based three-way decision models since they use notions

of classical and non-classical sets, such as rough sets, fuzzy sets and interval sets.

Figure 1.1 gives a categorization of these models.

For models using rough sets, the Pawlak rough sets [110] are treated as a qual-

itative model since it does not tolerate any decision errors; many authors propose

and discuss quantitative generalizations of Pawlak rough sets. Deng and Yao [166]

propose a framework of quantitative rough sets based on subsethood measures. The

framework unifies existing rough set models and enables us to construct quantitative

rough sets based on either probabilistic or non-probabilistic measures. The Prob-

abilistic rough sets (PRS) [154, 155, 157–159] give a probabilistic generalization of

Pawlak rough sets. A decision-theoretic rough set model (DTRS) proposed by Yao

et al. [169] first introduces the commonly used definition of probabilistic rough sets

(PRS) in terms of thresholds (α, β). The main contribution of DTRS is the inter-

pretation and computation of the thresholds. Other models for solving this problem

include information-theoretic rough sets (ITRS) proposed by Deng and Yao [24, 27]

and game-theoretic rough sets (GTRS) proposed by Herbert and Yao [63]. For the

purpose of estimating conditional probability in DTRS, Yao and Zhou [172] propose

a naive Bayesian rough set (NBRS) model. There are other versions of PRS, for

example, confirmation-theoretic rough sets (CTRS) proposed by Greco, Pawlak and

Slowinski [49, 50] and further studied by Yao and Zhou [186], Bayesian rough sets

(BRS) proposed by Ślȩzak and Ziarko [133], variable precision rough sets (VPRS)

proposed by Ziarko [188] and several others. Of special note is VPRS when it is
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Three-way decision models

Rough sets Three-way approximations
of fuzzy sets

Others, e.g.,
Interval sets

Shadowed sets
(Pedrycz, W., 1998)

Decision-theoretic
three-way models3

(Deng, X.F., Yao, Y.Y., 2013;

Deng, X.F., Yao, Y.Y., 2014)

Pawlak Qualitative
rough sets

(Pawlak, Z., 1991)

Quantitative
rough sets

Quantitative
rough sets based
on subsethood2

(Yao, Y.Y., Deng, X.F., 2014)

Probabilistic
rough sets (PRS)

Non-probabilistic
rough sets

VPRS
(Ziarko, W., 1993)

DTRS
(Yao, Y.Y.,

1990)

GTRS
(Herbert, J.P.,

Yao, J.T., 2008)

ITRS1

(Deng, X.F.,

Yao, Y.Y., 2012)

NBRS
(Yao, Y.Y.,

Zhou, B., 2010)

CTRS
(Greco, S., Pawlak, Z.,

Slowinski, 2005)

BRS
(Slezak, D.,

Ziarko, W., 2008)

Estimation of the

conditional prob-

ability Pr(C|[x])

Determination of
an optimal pair of

thresholds (α, β)

Figure 1.1: A categorization of set-based three-way decision models

both probabilistic and non-probabilistic model. The model uses a measure of relative

degree of misclassification error to generate rough set three regions. It falls into the

probabilistic category because the measure is mathematically equivalent to the con-

ditional probability; it is treated as a non-probabilistic model because the measure

uses a non-probabilistic interpretation. The study of the VPRS model motivates the

research on constructing quantitative rough sets based on subsethood measures [166].

A more general model of rough sets can be constructed by using similarity or dis-

tance measures [65, 135]. Other contributions on rough set models should also be

1A contribution of this thesis, see Chapter 5
2A contribution of this thesis, see Chapter 6
3A contribution of this thesis, see Chapter 7
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mentioned. For example, Deogun, Raghavan and Sever [29, 30] studies rough set

based classification models in the field of data mining.

The shadowed sets proposed by Pedrycz [113,118] provides a three-valued approx-

imation of a fuzzy set. One can consider it as an application of three-way decisions.

Based on the shadowed sets, Deng and Yao [25,26] improve Pedercz’s objective func-

tion and propose a decision-theoretic three-way decision model for the approximation

of a fuzzy set.

Three-way decisions are a general model that is motivated by rough sets but goes

beyond rough sets. The development of the theory of three-way decisions is benefited

by exploring and examining the following aspects:

1. the motivations of using three-way decisions rather than two-way decisions,

2. the relationship between two-way and three-way decisions,

3. a semantically meaningful and computationally efficient method for making

optimal three-way decisions,

4. a general framework for quantifying set-based three-way decisions,

5. an application of three-way decisions to verify the generality of the theory that

can be used without the support of rough set theory.

This thesis investigates all these aspects and makes contributions to each of them.

1.5 Contributions of the Thesis

Contributions of the thesis are listed as follows.

Comparison and Connection between Two-Way and Three-Way Decisions

The thesis proposes probabilistic formulations of two-way and three-way decisions

based on probabilistic rough sets. A comparison of the two decision models shows
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that one cannot reduce incorrect acceptance and incorrect rejection errors simulta-

neously with a two-way decision-making model. We prove that the decrease of one

type of errors leads to an increase of the other type. Based on the results of the anal-

ysis, we re-examine the motivations and advantages of three-way decisions that can

solve the difficulty in two-way decisions. In addition, we also reveal the connections

between these two models. That is, a three-way decision model can be formulated

as a combination of two different two-way decisions, namely, one for acceptance and

non-acceptance and the other for rejection and non-rejection.

A Categorization of Set-Based Three-Way Decision Models

The thesis proposes a categorization of set-based three-way decision models. The

literature review reveals that many existing three-way decision models are set-based

(i.e., based on set theories, for example, rough sets). The theory of three-way deci-

sions proposed by Yao originates from the study of Pawlak rough sets [156]. One can

consider the Pawlak model as a qualitative three-way decision model that does not

allow decision errors. In order to solve this problem for practical applications, many

researchers give quantitative generalizations of the Pawlak model by allowing certain

degree of decision errors [27, 63, 133, 134, 169, 172, 186, 188]. Based on the general

framework of set-based three-way decisions, we give a systematic study of these spe-

cial models including their motivations, main approaches and specific characteristics.

A general understanding of the theory of three-way decisions is obtained from this

study, based on which potential research topics and directions are given. For exam-

ple, the issue of making optimal decisions is a motivation for developing appropriate

approaches to the interpretation and construction of an optimal pair of thresholds.

In addition, a summary of existing quantitative models makes it possible to study a

general framework of quantitative three-way decisions based on rough sets.
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An Information-Theoretic Rough Set Model

The thesis provides a solution, based on the well-known Shannon information en-

tropy, to a fundamental issue of set-based three-way decisions, namely, interpreting

and calculating the optimal pair of thresholds. The overall conditional entropy is used

as a measure of uncertainties of the three decision regions. The pair of thresholds

with minimum uncertainty is considered as the optimal solution. A heuristic algo-

rithm based on gradient-descent search in finding an approximate optimal solution is

suggested.

Quantitative Rough Set Models Based on Subsethood Measures

The thesis gives a systematic study of quantitative rough sets and proposes a general

model based on subsethood measures. For constructing an appropriate quantitative

rough set model, we examine several basic axioms of subsethood measures. A set

of axioms characterizes a class of subsethood measures. One can study different

classes of quantitative rough set models by using different sets of axioms. Under this

framework, we give an analysis of five commonly used classes of subsethood measures,

as well as an approach to construct equivalent subsetood measures with four regions

created by two sets.

A Three-Way Decision Model for Approximations of Fuzzy Sets

The thesis proposes a three-way decision model for approximations of fuzzy sets as

an example of solving practical problems. The model is based on shadowed sets pro-

posed by Pedrycz [89, 112, 113, 117–119]. The membership grades of a fuzzy set are

changed to 1, 0 and 0.5 by three decision actions, namely, elevating the membership

grade to 1, reducing the membership grade to 0, and either evaluating or reducing

membership grade to 0.5. By assuming that each action is associated with a certain

decision cost, we apply the decision theory to the interpretation and calculation of
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an optimal pair of thresholds in the model. Compared with the shadowed sets, we

introduce an alternative and semantically meaningful objective function for determin-

ing the optimal approximation. An analytic solution is systematically computed and

expressed in terms of two thresholds of three-way decisions. By this application, we

demonstrate and verify the generality of the theory of three-way decisions.

1.6 Overview of the Thesis

The remaining parts of the thesis are organized as follows. Chapter 2 reviews the

notions of three-way decisions and a general framework of the theory of three-way

decisions, including formal settings and a family of evaluation-based models. Chap-

ter 3 re-examines the motivations of three-way decisions based on probabilistic rough

sets by comparing binary, two-way decisions and ternary, three-way decisions. It

also analyzes the relationships between these two models by formulating a three-

way decision model as a combination of a pair of two-way decision models. Chap-

ter 4 provides a systematic study of three-way decision models using rough sets, as

well as their motivations, characteristics and contributions. Chapter 5 introduces an

information-theoretic rough set model as a special set-based quantitative three-way

decision model. Chapter 6 proposes a family of quantitative rough set models based

on subsethood measures. Chapter 7 presents a decision-theoretic three-way decision

model for approximating a fuzzy set. Chapter 8 summarizes contributions of the

thesis and discusses future work. Finally, Appendix A provides partial proofs of the-

orems and verifications of properties introduced in the thesis. Appendix B provides

a list of contributions during my studies.
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Chapter 2

A BRIEF INTRODUCTION TO

THREE-WAY DECISIONS

Ternary, three-way classifications/decisions are becoming a popular research topic

in classification, decision-making, machine learning and data mining. This chapter

introduces the basic notions of three-way decisions, defines notations and formal set-

tings used throughout the thesis, provides a problem description under the framework

of three-way decisions, and summarizes the framework of evaluation-based three-way

decision models [160].

2.1 Basic Notions of Three-Way Decisions

The theory of three-way decisions was proposed by Yao [156] in interpreting classifica-

tion rules produced by rough set approximations [109]. It is motivated by and derived

from rough set theory, but also goes beyond rough sets by summarizing common fea-

tures of many decision-making models including rough sets, fuzzy sets, interval sets,

concept learning and machine learning.
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2.1.1 Pawlak Rough Set Approximations

Pawlak rough set theory [109] provides an approach to data mining, machine learning,

concept learning and other fields. One of the contributions of Pawlak rough sets is

using a pair of crisp sets (defined by classical set theory [13, 67]), namely, lower and

upper approximations, to approximate a set. The main results of Pawlak rough set

approximations are summarized as follows.

Suppose U is a finite universe of objects and E ⊆ U×U is a binary relation defined

on U . E is reflexive (i.e., ∀x ∈ U, xEx), symmetric (i.e., ∀x, y ∈ U, xEy → yEx) and

transitive (i.e., ∀x, y, z ∈ U, xEz∧zEy → xEy). The equivalence class containing an

object x is given by [x]E = [x] = {y ∈ U | xEy}. The family of all equivalence classes

of E is U/E = {[x]E | x ∈ U}, called the quotient set induced by E. Let C ⊆ U

denote a set. The lower and upper approximations of C are respectively defined by:

apr(C) = {x ∈ U | [x] ⊆ C},

apr(C) = {x ∈ U | [x] ∩ C 6= ∅}. (2.1)

The lower approximation apr(C) contains objects that certainly belong to set C, and

the upper approximation apr(C) contains objects that possibly belong to set C.

A pair of lower and upper approximations of subset C divides objects in the

universe U into three pair-wise disjoint regions expressed by:

POS(C) = apr(C),

NEG(C) = U − apr(C),

BND(C) = apr(C)− apr(C)

= (POS(C) ∪ NEG(C))c. (2.2)

The positive region POS(C) is defined by the lower approximation, the negative region
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NEG(C) is defined by the complement of the upper approximation, and the differ-

ence between upper and lower approximations forms the boundary region BND(C).

Instead of defining three regions by the pair of lower and upper approximations, we

can directly define them as follows [166]:

POS(C) = {x ∈ U | [x] ⊆ C},

NEG(C) = {x ∈ U | [x] ⊆ Cc}

= {x ∈ U | [x] ∩ C = ∅},

BND(C) = (POS(C) ∪ NEG(C))c

= {x ∈ U | ¬([x] ⊆ Cc) ∧ ¬([x] ⊆ C)}

= {x ∈ U | [x] ∩ Cc 6= ∅ ∧ [x] ∩ C 6= ∅}. (2.3)

Through the three regions, one can define the pair of approximations by [166]:

apr(C) = POS(C),

apr(C) = POS(C) ∪ BND(C). (2.4)

In this sense, we can consider the Pawlak three regions as another form of repre-

sentation of approximations of set C. One can either use the pair of lower and

upper approximations or the three-region approximations during classifications. The

thesis prefers the latter as it maintains consistency with the form of three-way deci-

sions [160].

2.1.2 Classification Rules Learned by Approximations

A typical application of Pawlak rough sets is generating classification rules by using

approximations. Suppose class = {d1, d2, . . . dm} is a set of classes (or target concepts

to be learned). The task of a binary classification is to determine whether or not an
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Authors Two types of classification rules

Grzymala-Busse, 2000 [54]

certain decision rules possible decision rules

induced by the induced by the

lower approximation upper approximation

Pawlak, 1991 [110]

certain rules with uncertain rules with

accuracy or confidence accuracy or confidence

of the value 1 between 0 and 1

Wong & Ziarko, 1986 [146]
deterministic rules for undeterministic rules for

the positive region the boundary region

Table 2.1: Interpretations of classification rules induced by Pawlak rough sets

object in U belongs to a class di. A set of attributes {a1, a2, · · · , an} is used to describe

objects in the universe U . In many studies [35, 104], one represents an object by a

vector ~x = (va1 , va2 , · · · , van), where vai is the value of the object on the ith attribute

ai. Using notations of rough sets [110], we simply use x ∈ U to denote an object in

the universe, and a subset di ⊆ U to denote a class. The approximations of class di

introduce the following ternary classification rules:

If [x] ⊆ POS(di), then Des([x]) −→P Des(di),

If [x] ⊆ NEG(di), then Des([x]) −→N Des(di),

If [x] ⊆ BND(di), then Des([x]) −→B Des(di), (2.5)

where Des(·) is a description function [156] that may be expressed in a conjunctive

form. For example, Des(x) = (a1 = va1 ∧ a2 = va2) is a description of object x. An

equivalence class [x] has the same description as object x; that is, Des([x]) = Des(x).

For the class di, one can use the description Des(di). The definition and construction

of description of objects can be found in [156].

Many authors discuss the interpretations of classification rules induced by Pawlak

rough set approximations. Table 2.1 is a summary of three main interpretations [156].

16



Grzymala-Busse categorizes classification rules into two types, namely, certain rules

for lower approximation and possible rules for upper approximation. Pawlak [110]

uses probabilistic measures, i.e., accuracy or confidence, to categorize classification

rules. He considers a classification rule as a certain decision rule if its accuracy or

confidence is 1, and an uncertain decision rule if its accuracy or confidence is between

0 and 1. Wong and Ziarko [146] suggest two types of classification rules, namely,

deterministic rules for the positive region and indeterministic rules for the boundary

region. These interpretations may not be well suited to classification rules induced

by quantitative extensions of Pawlak rough sets [166]. For example, in probabilistic

rough sets, a positive region is defined by a threshold α, which normally represents

a certain level of uncertainty. As a result, a classification rule for the probabilistic

positive region may contain uncertainty. In this sense, we need to explore appropriate

interpretations of classification rules induced by Pawlak rough sets.

2.1.3 Yao’s Three-Way Interpretation

Yao [156] proposes the notion of “three-way decisions” to provide a semantically sound

interpretation of classification rules induced by rough set three regions. Classification

rules defined in Equation (2.5) can be explained as making the following three-way

decisions: for x ∈ U and di ⊆ U ,

acceptance: if x ∈ POS(di), then accept object x as an instance of class di with an

understanding that x only has a high probability to be an instance of di,

rejection : if x ∈ NEG(di), then reject object x as an instance of class di with an

understanding that x only has a low probability to be an instance of di,

non-commitment : if x ∈ BND(di), then neither accept nor reject x as an instance

of class di.
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Authors
Classification rules for three regions

Positive Negative Boundary

Yao, Y.Y., 2009 [156,157] acceptance rejection non-commitment

Pawlak, Wong & Ziarko, 1998 [111] “yes” “no” “do not know”

Herbert & Yao, J.T., 2009 [61] immediate decisions delayed decisions

Table 2.2: Interpreting classification rules induced by rough sets three regions

That is, when there are strong evidence and sufficient information, one makes a

definite decision of acceptance or rejection, just as in the case of binary, two-way

decisions/classifications. In the absence of sufficient information or adequate evidence,

one would rather take a more cautious action by not making a commitment. A non-

commitment option, also called a deferment decision or indecision, allows one to look

for more information or evidence in order to make a definite decision [162,164].

Table 2.2 summarizes several three-way-related interpretations of classification

rules that are produced by the rough sets three regions. For example, Pawlak, Wong

and Ziarko [111] consider making three-valued decisions for the positive, negative and

boundary regions. They give different names for each region. Herbert and Yao [61]

put the positive and negative classification rules into one category since they can be

made immediately. Classification rules for the boundary region fall into the “delayed”

category since one can delay the decision making when using this type of rule.

2.2 A Framework of Three-Way Decisions

The theory of three-way decisions is proposed by summarizing principles, techniques

and strategies explicitly and implicitly used in many fields and disciplines. It provides

a more general framework than the rough set theory. This section gives a brief sum-

mary of the framework of three-way decisions by drawing results from the paper [160],

entitled “An outline of a theory of three-way decisions.”
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A set of objects U ,
a set of criteria C

input

Three-way decisions
with evaluations

decision process

Three decision
regions, POS,

NEG and BND

output

Estimated
values

Designated

values

Figure 2.1: A process of three-way decisions

2.2.1 Notations and Formal Settings

Throughout the thesis, we describe the problem of three-way decisions in terms of

classifications. Classification is a typical example of supervised learning in machine

learning, where a set of training examples/objects with class labels/categories are

provided. Based on the training examples, a classifier can be learned to predict

whether a previously unseen object belongs to a specific class or not. Three-way

decisions can be treated as ternary classifications. The statement of the problem of

three-way decisions is described as follows.

Description of the Problem of Three-Way Decisions

“Suppose U is a finite nonempty set of objects and C is a finite set of criteria. The

task of three-way decisions is to divide, based on the set of criteria C, objects in U into

three pair-wise disjoint regions, namely, the positive, negative and boundary regions,

denoted by POS, NEG and BND, respectively” [160].

Figure 2.1 depicts the process of three-way decisions based on the problem descrip-

tion. Notations, such as, criteria, estimated values, evaluations, designated values,

definition of the three regions and output of three types of classification rules in

Figure 2.1 are explained as follows.
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Criteria and Satisfiability of Objects

For modelling three-way decisions, there is a finite nonempty set of criteria C =

{c1, c2, . . . , cm}. One may consider each ci ∈ C as a condition, an objective or a con-

straint. It is assumed that the semantic meaning of a condition (criterion) depends

on specific problems and can be given by users. For an object x ∈ U , one makes a

decision based on whether or not x satisfies the set of criteria C. It is possible to

assume that the states of satisfiability is two-valued; that is, an object either satisfies

(true) or does not satisfy (false) the set of criteria. Some applications, however, may

prefer a three-valued or multi-valued assumption for the states of satisfiability. For

example, in the field of fuzzy sets where a fuzzy membership function is used, the

multi-valued states of satisfiability are appropriate to formulate and solve problems.

It should be pointed out that the thesis makes an assumption that all objects has

the property satisfiability. In some applications, we may find that objects are unsat-

isfiable. In this case, three-way decisions can also be applied, but the interpretation

of the third decision option becomes an issue. One can not simply use the notion

“delayed decision” for the third option.

Evaluation Functions and Estimated Values

Due to various situations, such as, lacking of support information, high cost of ob-

servation and unavailability of evidence, one may not be able to obtain the precise

information on the satisfiability of an object. That is, there are uncertainties on de-

termining whether or not the object satisfies the criteria. However, it is still possible

to obtain an approximate value of the satisfiability according to partial information or

a few pieces of accessible evidence. The framework of three-way decisions uses evalu-

ations or evaluation functions to estimate the degree to which an object satisfies the

criteria [160].

With respect to criteria C, one can form a set L consisting of estimated degrees

20



of satisfiability, namely, the set of estimated values. An evaluation (or evaluation

function) can be defined as a mapping of objects in U to estimated values in set L:

v : U −→ L. (2.6)

For an object x ∈ U , the value v(x) ∈ L is the degree to which the object x satisfies

criteria C. In order to generate the three-way decision regions, a comparison of degrees

of satisfiability is required. This issue can be solved by constructing a partial order

on the set L. As a consequence, we can define an evaluation based on a partially

ordered set, namely, the poset-based evaluation. In a special case, one can construct

an evaluation based on a totally ordered set where any two elements are comparable.

Multiple evaluations can be constructed in real world applications [160].

Three-Way Decisions with Designated Values

With respect to criteria C, the framework of three-way decisions allows us to make a

decision when the satisfiability of objects is achieved to a certain extent. In human

decision-making, users often set an acceptable level of confidence for making a decision.

Correspondingly, three-way decisions introduce the notion of designated values defined

as a set of acceptable estimated values (i.e., degrees of satisfiability). Designated

values for acceptance are a set of acceptable degrees of satisfiability and designated

values for rejection are a set of acceptable degrees of non-satisfiability. The notion of

non-satisfiability can be treated as satisfiability specifically designed for the rejection

decision, i.e., an acceptable level of degree for rejection.

For an object in the universe of discourse, we can make the following three-way

decisions:

acceptance: accept that the object satisfies the criteria C, if its degree of satisfia-

bility is at or above a certain level,
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rejection : reject that the object satisfies the criteria C (i.e., dissatisfy), if its degree

of satisfiability is at or below another level,

non-commitment : neither accept nor reject that the object satisfies the criteria C

but opt for a non-commitment, if its degree of satisfiability is between the two

levels.

Based on the formal settings, basic notations and assumptions discussed in this

section, we introduce evaluation-based three-way decision models.

2.2.2 Evaluation-Based Three-Way Decision Models

In order to compare designated values with acceptable levels of degree of satisfiability

or non-satisfiability, we add a partial order when constructing the set of estimated

values.

Definition 1. Let the pair (L,�) denote a partially ordered set, called poset, where

L denotes a set of estimated values and � denotes a partial order on set L, that is,

� is:

1. reflexive, i.e., ∀a ∈ L, a � a,

2. antisymmtric, i.e., ∀a, b ∈ L, a � b ∧ b � a =⇒ a = b,

3. transitive, i.e., ∀a, b, c ∈ L, a � c ∧ c � b =⇒ a � b.

Based on the poset, we construct evaluation-based three-way decision models.

Three-Way Decisions with a Pair of Poset-Based Evaluations

Consider a general case, one can construct three-way decisions by a pair of poset-based

evaluations, one for acceptance and the other for rejection.
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Definition 2. Suppose U is a finite nonempty set, and (La,�a) and (Lr,�r) are

two posets. A pair of evaluations va : U −→ La and vr : U −→ Lr is called an

acceptance evaluation and a rejection evaluation, respectively. For an object x ∈ U ,

va(x) and vr(x) are called the acceptance evaluation value and rejection evaluation

value, respectively.

For two objects x, y ∈ U , the condition va(x) �a va(y) represents that x is less

acceptable than y. One can also interpret va(x) as the confidence that x satisfies the

criteria C; as a result, condition va(x) �a va(y) suggests that one accepts x with more

confidence than y. By constructing designated values for acceptance and rejection on

La and Lr, respectively, we define three-way decisions as follows.

Definition 3. Suppose (L+
a , L

−
a ) is a pair of nonempty subsets of La and Lr, respec-

tively, i.e., ∅ 6= L+
a ⊆ La and ∅ 6= L−r ⊆ Lr. L

+
a is the designated values for acceptance

and L−r is the designated values for rejection. The positive, negative and boundary

regions of three-way decisions are defined by:

POS(L+
a ,L
−
r )(va, vr) = {x ∈ U | va(x) ∈ L+

a ∧ ¬(vr(x) ∈ L−r )},

NEG(L+
a ,L
−
r )(va, vr) = {x ∈ U | ¬(va(x) ∈ L+

a ) ∧ vr(x) ∈ L−r },

BND(L+
a ,L
−
r )(va, vr) = (POS(L+

a ,L
−
r )(va, vr) ∪ NEG(L+

a ,L
−
r )(va, vr))

c

= {x ∈ U | (¬(va(x) ∈ L+
a ) ∧ ¬(vr(x) ∈ L−r ))

∨(va(x) ∈ L+
a ∧ vr(x) ∈ L−r )}. (2.7)

Conditions in Equation (2.7) ensure that the three regions are pair-wise dis-

joint. Figure 2.2 further describes the three-way decision-makings defined on a pair

of poset-based evaluations. The acceptance, rejection and non-commitment deci-

sion/classification rules can be derived accordingly.
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Acceptance Non-commitment Rejection

va(x)
vr(x)

va(x) ∈ L+
a ∧

¬(vr(x) ∈ L−r )

¬(va(x) ∈ L+
a )∧

vr(x) ∈ L−rotherwise

Figure 2.2: Three-way decisions with a pair of poset-based evaluations

Three-Way Decisions with One-Poset-Based Evaluations

In a special case, one can consider three-way decisions constructed by using a single

evaluation function for both acceptance and rejection. Instead of using a pair of

posets, only one poset is required to construct the evaluation function.

Definition 4. Suppose (L,�) is a poset, v : U −→ L is an evaluation function

for both acceptance and rejection, and (L+, L−) is a pair of nonempty subsets of L

(i.e., ∅ 6= L+, L− ⊆ L). L+ and L− are the designated values for acceptance and

rejection, respectively. The positive, negative and boundary regions can be defined by:

if L+ ∩ L− = ∅,

POS(L+,L−)(v) = {x ∈ U | v(x) ∈ L+},

NEG(L+,L−)(v) = {x ∈ U | v(x) ∈ L−},

BND(L+,L−)(v) = {x ∈ U | ¬(v(x) ∈ L+) ∧ ¬(v(x) ∈ L−)}. (2.8)

Since a single evaluation function for both acceptance and rejection is used, one

can consider the partial order � as �a, and � as �r. Moreover, the condition L+ ∩

L− = ∅ ensures that the three-way decision regions are pair-wise disjoint. Figure 2.3

illustrates the idea of making three-way decisions, i.e., acceptance, rejection and non-

commitment decisions.
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Acceptance Non-commitment Rejection

v(x)

v(x) ∈ L+ v(x) ∈ L−
¬(v(x) ∈ L+)∧
¬(v(x) ∈ L−)

Figure 2.3: Three-way decisions with one poset-based evaluation

Three-Way Decisions with an Evaluation Based on a Totally Ordered Set

By assuming every two elements are comparable in a poset, a more special three-way

decision model is constructed by using a single evaluation defined on a totally ordered

set. A totally ordered set can be defined as follows [124].

Definition 5. Suppose � is a total order on a set L, that is, � is:

1. reflexive, i.e., ∀a ∈ L, a � a,

2. antisymmtric, i.e., ∀a, b ∈ L, a � b ∧ b � a =⇒ a = b,

3. transitive, i.e., ∀a, b, c ∈ L, a � c ∧ c � b =⇒ a � b,

4. comparable, i.e., ∀a, b ∈ L, either a � b or b � a holds.

The set L with a total order � is called a totally ordered set and can be denoted by

the pair (L,�).

A pair of thresholds can be used to construct designated values for acceptance

and rejection. Therefore, three-way decision regions can be defined as follows.

Definition 6. Suppose (L,�) is a totally ordered set and (α, β) is a pair of thresholds

with β ≺ α (i.e., β � α ∧ ¬(α � β)). Designated values for acceptance and rejection

are given by:

L+ = {t ∈ L | t � α},

L− = {t ∈ L | t � β}. (2.9)
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Let v : U −→ L denote the acceptance-rejection evaluation function, the positive,

negative and boundary regions are defined by:

POS(α,·)(v) = {x ∈ U | v(x) ∈ L+}

= {x ∈ U | v(x) � α},

NEG(·,β)(v) = {x ∈ U | v(x) ∈ L−}

= {x ∈ U | v(x) � β},

BND(α,β)(v) = (POS(α,·)(v) ∪ NEG(·,β)(v))c

= {x ∈ U | ¬(x ∈ L+) ∧ ¬(x ∈ L−)}

= {x ∈ U | β ≺ v(x) ≺ α}, (2.10)

where we use an (·) to represent irrelevant thresholds.

The positive region depends solely on threshold α and the negative region depends

solely on threshold β, while the boundary region depends on both α and β.

2.3 Fundamental Issues of Three-Way Decisions

According to Yao [160,161], there are three fundamental issues of the theory of three-

way decisions:

• construction and interpretation of sets of values for measuring the degree of

satisfiability,

• construction and interpretation of evaluation functions,

• determination and interpretation of designated values for acceptance and des-

ignated values for rejection.

The construction of the sets of values for measuring the degree of satisfiability is a vital

part of the evaluation-based models. One constructs the evaluation functions on a set
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of estimated values (degrees of satisfiability) and makes a decision of an objects by

comparing its estimated value with a certain value representing an acceptable level of

satisfiability. In addition, different types of evaluation-based models are constructed

on the set of estimated values.

The interpretation and construction of evaluation functions remains a problem.

An evaluation function can be interpreted in terms of notions such as benefits, costs

and risks. However, an appropriate semantic meaning of it depends on specific do-

main knowledge and sometimes should be determined by users. A review of existing

approaches does not lead to the finding of a general approach or a unified framework

in constructing evaluation functions.

The determination and interpretation of designated values is vital to decision-

making since it is associated with optimal decisions. By interpreting designated values

with meaningful notions, such as, benefits, costs, risks and so on, three-way decision-

making can be considered as a task of selecting an optimal option with minimum risks,

costs or loss, or of maximum benefits. In addition, three-way decisions should reflect

human decision principles. For example, we do not make different decisions on the

same object, which leads to disjoint decision rules. As a result, appropriate conditions

should be considered in order to produce pair-wise disjoint three-way decision regions.

2.4 Raghavan et al.’s M+1 Way Decision Model

Based on the framework of three-way decisions, Raghavan et al. [150] propose a M+1

way decision model. Suppose C = {c1, c2, · · · , cM , cM+1} is a set of M+1 labels, where

each label ci (1 ≤ i ≤M) represents a decision option and the additional label cM+1

is used to represent the non-commitment decision option. The M + 1 way decision

are based on a set of M posets defined by:

{(Li,�i) | 1 ≤ i ≤M}, (2.11)

27



where Li is a set of estimated values and �i is a partial order. Let vi denote an

estimation function and L+
i ⊆ Li denote the set of designated values. Therefore, a

decision region can be defined by: if 1 ≤ i ≤M ,

ri = {x ∈ U | vi(x) ∈ L+
i }. (2.12)

The boundary region rM+1 is defined by:

rM+1 = {x ∈ U | ∀(1 ≤ i ≤M) −→ vi(x) 6∈ L+
i }. (2.13)

Raghavan et al.’s M + 1 way decision model falls into the Type (III) of decision

problems as shown in Table 1.1 of Section 1.3. Based on the model, a generalized

sequential M + 1 way decision algorithm is proposed [150].

2.5 Ali et al.’s and Baram’s Partial Classifications

The notion of partial classifications was proposed by Ali, Manganaris and Srikant [1]

in 1997 for classification using association rules. In 1998, Baram [8] further studied

the technique of partial classifications from a statistical point of view. For a point

(i.e., an object), he suggests the following classification rules:

• if the point is closely surrounded by several labeled points of the same class,

then the point can be clearly classified to the class,

• if the point is surrounded by many labeled points of different classes, it is

suggested to defer the decision-making and construct an indecision domain.

Using the first classification rule, one can either accept or reject that an object is

an instance of a class. It leads to two-way decisions that fully classifies all objects

in the universe of objects. Baram refers to the two-way strategy as full classifica-

28



tions. By adding the second rule, one can make a non-commitment decision for some

objects, i.e., they are not classified. As a consequence, objects in the universe are

partially classified. Baram refers to the strategy as partial classifications. One can

consider partial classifications as three-way decisions and the indecision regions as

the boundary region.

An important contribution of Baram’s [8] work on partial classification is the inves-

tigation of the benefit of making partial classifications. He defines a benefit function

as the difference between probabilities between correct and incorrect decisions. That

is,

B = Probability of correct decisions - Probability of incorrect decisions. (2.14)

The partial classifications (three-way decisions) can be made if the benefit is greater

than the benefit of the full classifications (two-way decisions). The condition can be

expressed by:

Bp > Bf , (2.15)

where Bf is the benefit of full classifications and Bp is the benefit of partial classifi-

cations. Baram [8] argues that the full classifications have a greater benefit than the

partial classifications when distribution functions of classes are given. In practical

applications, the distribution function is usually unknown and needs to be learned

from the data.

2.6 Summary

The theory of three-way decisions serves as a basis of the thesis. It is developed

by summarizing common techniques and strategies from many fields and disciplines.

This chapter reviewed the framework of the theory of three-way decisions and related
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studies using three-way techniques. It summarized basic notations and formal settings

used in the framework, and the family of evaluation-based three-way decision models

to be used in the thesis.
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Chapter 3

AN ANALYSIS OF THREE-WAY

DECISIONS AND THEIR

CONNECTIONS TO TWO-WAY

DECISIONS

Using rough set theory, the chapter gives the formulations of probabilistic binary,

two-way and ternary, three-way decisions, and presents a multifaceted analysis of

probabilistic three-way decisions. A result with respect to incorrect decision errors of

the two formulations proves the superiority of three-way decisions over two-way deci-

sions under uncertain cases, which motivates the research of the theory of three-way

decisions. Further studies on the connections between the two formulations provide

a new interpretation of the probabilistic three-way decisions by using a combination

of a pair of probabilistic two-way decisions.

31



3.1 An Analysis of Two-Way and Three-Way De-

cision Models

This section gives an analysis of binary, two-way decisions and ternary, three-way

decisions in a probabilistic setting.

3.1.1 Probabilistic Two-Way Decisions

Suppose U is a finite nonempty set of objects. Given a class C ⊆ U , we assume

that an object is either an instance of C, i.e., x ∈ C, or not an instance of C, i.e.,

x ∈ Cc, where Cc denotes the complement of C. Let Pr(C|[x]) denote the conditional

probability of an object in C given that the object is in equivalence class [x]. The

main task of probabilistic binary classifications is to decide, according to Pr(C|[x]),

whether an object with the description of [x] is an instance of C. This thesis does not

discuss the construction of the family of all equivalent classes U/E = {[x] | x ∈ U}

or the estimation of the required probability Pr(C|[x]). The two issues can be found

in [110,165] and [172], respectively.

With reference to the framework of three-way decisions in Chapter 2, one can

consider the conditional probability Pr(C|[x]) as an evaluation function defined on

a totally ordered set ([0, 1],≤). The unit interval [0, 1] denotes the set of estimated

values and ≤ denotes a total order. By introducing a threshold γ ∈ [0, 1], one can

construct sets of acceptable probabilities of making two-way decisions, i.e., designated

values for acceptance and rejection, respectively, as follows:

L+ = {a ∈ [0, 1] | a ≥ γ},

L− = {b ∈ [0, 1] | b < γ}. (3.1)

An object with Pr(C|[x]) ∈ L+ is accepted as an instance of C, i.e., x ∈ C; while an
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object with Pr(C|[x]) ∈ L− is rejected as an instance of C, i.e., x ∈ Cc. The results

of probabilistic two-way decisions are the approximations of set C defined by a pair

of probabilistic positive and negative regions:

POSγ(C) = {x ∈ U | Pr(C|[x]) ∈ L+}

= {x ∈ U | Pr(C|[x]) ≥ γ}

=
⋃
{[x] ∈ U/E | Pr(C|[x]) ≥ γ},

NEGγ(C) = {x ∈ U | Pr(C|[x]) ∈ L−}

= {x ∈ U | Pr(C|[x]) < γ}

=
⋃
{[x] ∈ U/E | Pr(C|[x]) < γ}. (3.2)

The two regions are disjoint, i.e., POSγ(C) ∩ NEGγ(C) = ∅, and their union is the

universe, i.e., POSγ(C) ∪ NEGγ(C) = U .

3.1.2 An Analysis of Probabilistic Two-Way Decisions

This section points out some of the shortcomings of probabilistic binary classifications

in the presence of insufficient information.

Action
States

Total
x ∈ C x ∈ Cc

Accept correct acceptance incorrect acceptance |POSγ(C)|
x ∈ POSγ(C) |POSγ(C) ∩ C| |POSγ(C) ∩ Cc|

Reject incorrect rejection correct rejection |NEGγ(C)|
x ∈ NEGγ(C) |NEGγ(C) ∩ C| |NEGγ(C) ∩ Cc|

Total |C| |Cc| |U |

Table 3.1: Probabilistic binary, two-way classifications

The quality of approximating C by a pair of sets POSγ(C) and NEGγ(C) depends

crucially on the choice of γ. One can establish connections between γ and various
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classification errors [158]. With respect to the two states of each object, i.e., x ∈ C

and x ∈ Cc, and two-way decisions, i.e., accept x ∈ C and reject x ∈ C, we can

summarize the results of a binary classification in the 2 × 2 Table 3.1, where | · |

denotes the cardinality of a set.

Two classes of measures can be designed by normalizing cells row-wise. Based on

Table 3.1, we have [158]:


Correct-Acceptance Rate : CAR(C,POSγ(C)) = |C ∩ POSγ(C)|

|POSγ(C)| ,

Incorrect-Acceptance Error : IAE(C,POSγ(C)) = |Cc ∩ POSγ(C)|
|POSγ(C)| ;

(3.3)


Correct-Rejection Rate : CRR(C,NEGγ(C)) = |Cc ∩ NEGγ(C)|

|NEGγ(C)| ,

Incorrect-Rejection Error : IRE(C,NEGγ(C)) = |C ∩ NEGγ(C)|
|NEGγ(C)| .

(3.4)

In these definitions, we assume that both POSγ(C) and NEGγ(C) are not empty.

When POSγ(C) = ∅, we define CAR(C,POSγ(C)) = 1, IAE(C,POSγ(C)) = 0 and

when NEGγ(C) = ∅ we define CRR(C,NEGγ(C)) = 1, IRE(C,NEGγ(C)) = 0.

The two measures in Equation (3.3) are for the decision of acceptance, and the two

measures in Equation (3.4) are for the decision of rejection.

The bound of classification error for the positive region is related to the threshold

γ as follows [158]:

IAE(C,POSγ(C)) =
|Cc ∩ POSγ(C)|
|POSγ(C)|

=
∑

[x]∈U/E
Pr(C|[x])≥γ

|Cc ∩ [x]|
|POSγ(C)|

=
∑

[x]∈U/E
Pr(C|[x])≥γ

|[x]|
|POSγ(C)|

|Cc ∩ [x]|
|[x]|

=
∑

[x]∈U/E
Pr(C|[x])≥γ

|[x]|
|POSγ(C)|IAE(C, [x]) ≤ 1− γ, (3.5)
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where IAE(C, [x]) denotes the incorrect-acceptance error for the equivalence class [x]:

IAE(C, [x]) =
|Cc ∩ [x]|
|[x]| = 1− Pr(C|[x]) ≤ 1− γ. (3.6)

The quantity |[x]|/|POSγ(C)| may be interpreted as the probability of an equivalence

class [x] with respect to the positive region. Therefore, IAE(C,POSγ(C)) is the

expected incorrect-acceptance error of all equivalence classes in the positive region,

which is bounded by 1 − γ. The correct-acceptance rate of the positive region can

be similarly defined. The connections between the incorrect-acceptance error and the

correct-acceptance rate are given by:

CAR(C, [x]) = 1− IAE(C, [x]) ≥ γ,

CAR(C,POSγ(C)) = 1− IAE(C,POSγ(C)) ≥ γ. (3.7)

We can interpret the measure CAR(C,POSγ(C)) as the expected value of CAR(C, [x]),

which is bounded by γ.

Similarly, the bound of classification error of the negative region is related to the

threshold γ as follows:

IRE(C,NEGγ(C)) =
|C ∩ NEGγ(C)|
|NEGγ(C)|

=
∑

[x]∈U/E
Pr(C|[x])<γ

|C ∩ [x]|
|NEGγ(C)|

=
∑

[x]∈U/E
Pr(C|[x])<γ

|[x]|
|NEGγ(C)|

|C ∩ [x]|
|[x]|

=
∑

[x]∈U/E
Pr(C|[x])<γ

|[x]|
|NEGγ(C)|IRE(C, [x]) < γ, (3.8)
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where the incorrect-rejection error IRE(C, [x]) of the equivalence class [x] is given by:

IRE(C, [x]) =
|C ∩ [x]|
|[x]| = Pr(C|[x]) < γ. (3.9)

The quantity |[x]|/|NEGγ(C)| can be interpreted as the probability of the equivalence

class [x] with respect to the negative region NEGγ(C) and, hence, IRE(C,NEGγ(C))

is interpreted as the expected value. The connections between the correct-rejection

rates and the incorrect-rejection errors are given by:

CRR(C, [x]) = 1− IRE(C, [x]) > 1− γ,

CRR(C,NEGγ(C)) = 1− IRE(C,NEGγ(C)) > 1− γ. (3.10)

The measure CRR(C,NEGγ(C)) is interpreted as the expected value of CRR(C, [x])

and is bounded by 1− γ.

According to Equations (3.5) and (3.8), the bounds of both incorrect-acceptance

error and incorrect-rejection error are expressed in terms of the threshold γ. Moreover,

as shown by the next theorem, the two types of error are monotonic with respect to

the threshold γ.

Theorem 1. The following monotonicity holds for binary, two-way classifications:

for γ1, γ2 ∈ [0, 1],

(MP1) γ1 ≥ γ2 =⇒ IAE(C,POSγ1(C)) ≤ IAE(C,POSγ2(C));

(MP2) γ1 ≥ γ2 =⇒ IRE(C,NEGγ1(C)) ≥ IRE(C,NEGγ2(C)).

Proof. For (MP1), we need to prove that IAE(C,POSγ1(C)) ≤ IAE(C,POSγ2(C))

holds when decreasing the threshold from γ1 to γ2. Compared with the positive region

defined by γ1, by definition and the implication Pr(C|[x]) ≥ γ1 =⇒ Pr(C|[x]) ≥ γ2,

the positive region defined by γ2 is enlarged, i.e., POSγ1(C) ⊆ POSγ2(C). The change

36



of the two positive regions can be expressed as:

∆ = POSγ2(C)− POSγ1(C)

= {x ∈ U | γ2 ≤ Pr(C|[x]) < γ1}

=
⋃
{[x] ∈ U/E | γ2 ≤ Pr(C|[x]) < γ1}. (3.11)

The positive region produced by γ2 can be expressed as POSγ2(C) = POSγ1(C) ∪

∆ and POSγ1 ∩ ∆ = ∅. The incorrect-acceptance error IAE(C,POSγ2(C)) can be

computed as follows:

IAE(C,POSγ2(C)) =
|Cc ∩ POSγ2(C)|
|POSγ2(C)|

=
|Cc ∩ (POSγ1(C) ∪∆)|
|POSγ1(C) ∪∆|

=
|Cc ∩ POSγ1(C)|+ |Cc ∩ ∆|

|POSγ1(C)|+ |∆| . (3.12)

We need to consider three cases: (1) γ1 = γ2, (2) γ1 > γ2 and POSγ1(C) = ∅

and, (3) γ1 > γ2 and POSγ1(C) 6= ∅. For case (1), when γ1 = γ2, the change

is the empty set, i.e., ∆ = ∅ and |∆| = 0. In this case, (MP1) trivially holds,

i.e., IAE(C,POSγ1(C)) = IAE(C,POSγ2(C)). For case (2), when POSγ1(C) = ∅,

IAE(C,POSγ1(C)) = 0 and IAE(C,POSγ2(C)) ≥ 0, (MP1) also holds. For case (3),

assuming that ∆ 6= ∅ and POSγ1(C) 6= ∅, by Equation (3.11), we have:

|Cc ∩∆|
|∆| =

|Cc ∩ {[x] ∈ U/E | γ2 ≤ Pr(C|[x]) < γ1}|
|∆|

=

∑
[x]∈U/E

γ2≤Pr(C|[x])<γ1

|Cc ∩ [x]|

|∆|

=
∑

[x]∈U/E
γ2≤Pr(C|[x])<γ1

|[x]|
|∆|
|Cc ∩ [x]|
|[x]|
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=
∑

[x]∈U/E
γ2≤Pr(C|[x])<γ1

|[x]|
|∆| Pr(C

c|[x]). (3.13)

Consequently,

1− γ1 <
|Cc ∩∆|
|∆| ≤ 1− γ2. (3.14)

According to Equation (3.5),

Pr(Cc|POSγ1(C)) =
|Cc ∩ POSγ1(C)|
|POSγ1(C)| ≤ 1− γ1. (3.15)

It follows that for |∆| 6= 0 and |POSγ1(C)| 6= 0,

|Cc ∩ POSγ1(C)|
|POSγ1(C)| <

|Cc ∩∆|
|∆| , (3.16)

which is equivalent to

(|Cc ∩∆|)(|POSγ1(C)|)− (|Cc ∩ POSγ1(C)|)(|∆|) > 0. (3.17)

Now, the difference of two errors satisfies the condition:

IAE(C,POSγ2(C))− IAE(C,POSγ1(C))

=
|Cc ∩ POSγ1(C)|+ |Cc ∩∆|

|POSγ1(C)|+ |∆| − |C
c ∩ POSγ1(C)|
|POSγ1(C)|

=
(|Cc ∩∆|)(|POSγ1(C)|)− (|Cc ∩ POSγ1(C)|)(|∆|)

(|POSγ1(C)|+ |∆|)(|POSγ1(C)|) > 0. (3.18)

That is, IAE(C,POSγ1(C)) < IAE(C,POSγ2(C)). Combined with case (1) and (2),

we have IAE(C,POSγ1(C)) ≤ IAE(C,POSγ2(C)), which implies that (MP1) holds.

Property (MP2) can be similarly proved.

According to Theorem 1, the value of threshold γ represents a trade-off between
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the two types of error. A larger value of γ may lead to a smaller incorrect-acceptance

error, but a larger incorrect-rejection error. A smaller value of γ may lead to a

smaller incorrect-rejection error, but a larger incorrect-acceptance error. Determining

the threshold γ is a fundamental problem in two-way classifications. There are two

approaches to this problem [35]. A cost-insensitive approach assumes the same cost

for both types of error and therefore focuses on minimizing the total error. The result

is a two-way decision model defined by γ = 0.5. That is, we either accept x ∈ C if

Pr(C|[x]) ≥ 0.5 or reject x ∈ C if Pr(C|[x]) < 0.5. A more general cost-sensitive

approach assumes different costs for the two types of error and focuses on minimizing

the total cost of errors. The result is a model in which γ is not necessarily 0.5. More

specifically, γ ≥ 0.5 if the cost of incorrect acceptance is larger than or equal to the

cost of incorrect rejection and γ < 0.5 if the cost of incorrect acceptance is less than

the cost of incorrect rejection.

Both cost-insensitive and cost-sensitive approaches for determining the value of

threshold γ only ensure that a decision with less error and lower cost is chosen. Due

to the fact that we must make a decision of either acceptance or rejection, we either

have an incorrect-acceptance error of 1− Pr(C|[x]) or an incorrect-rejection error of

Pr(C|[x]). We can only reduce one type of error at the expense of increasing the other.

On the other hand, when the conditional probability Pr(C|[x]) is neither too high,

i.e., not close to 1, nor too low, i.e., not close to 0, neither acceptance nor rejection

seems to be reasonable, because the level of error or cost for any of them is too high.

We may prefer to have both low levels of incorrect-acceptance error and incorrect-

rejection error. We would like to accept x ∈ C only if Pr(C|[x]) is high enough and

to reject x ∈ C only if Pr(C|[x]) is low enough. That is, we accept or reject y ∈ C

only if the piece of evidence y ∈ [x] strongly suggests y ∈ C or refutes y ∈ C. This

requires generalizations of two-way decisions by removing the requirement of making

one of the two mandatory decisions. The theory of three-way decisions [160] provides
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a natural generalization, in which a pair of thresholds is used to control, respectively,

two types of error. Whenever the evidence is not strong enough, we neither accept

nor reject but opt for non-commitment.

The choice of non-commitment can be easily explained and motivated by real

world decision-making strategies when dealing with incomplete or insufficient infor-

mation. For an object with non-commitment decision, the probability Pr(C|[x]) is

neither sufficiently high nor sufficiently low. A possible explanation is that, due to a

lack of information, the description of the object given by the equivalence class [x] is

inappropriate for making a definite decision of acceptance or rejection. In order to

make a definite decision, we need to search for more evidence or to obtain more infor-

mation. Under the light of new evidence or information, we can revise the description

of the object and, consequently, the conditional probability. By so doing, we may be

able to make a definite decision. Thus, a three-way decision may be viewed as an

intermediate step in a sequence of decisions [162,164]. As can be seen in Section 3.1.4,

under certain conditions, the option of non-commitment has a lower cost than that

of an acceptance or a rejection.

3.1.3 Probabilistic Rough Sets as Three-Way Decisions

This section examines a special model of three-way decisions known as probabilistic

rough sets [154,155].

Let C ⊆ U denote a class (i.e., a target concept) and the conditional probability

Pr(C|[x]) denote the evaluation function for both acceptance and rejection. The

unit interval [0,1] is the set of estimated values, that is, L = [0, 1]. Given a pair of

thresholds (α, β) ∈ [0, 1] × [0, 1] satisfying the condition 0 ≤ β < α ≤ 1, designated

values for acceptance and rejection are respectively defined by:

L+ = {a ∈ [0, 1] | a ≥ α},
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L− = {b ∈ [0, 1] | b ≤ β}. (3.19)

The main result of probabilistic ternary, three-way decisions [157,159] is the proba-

bilistic positive, negative and boundary regions defined by:

POS(α,·)(C) = {x ∈ U | Pr(C|[x]) ∈ L+}

= {x ∈ U | Pr(C|[x]) ≥ α}

=
⋃
{[x] ∈ U/E | Pr(C|[x]) ≥ α},

NEG(·,β)(C) = {x ∈ U | Pr(C|[x]) ∈ L−}

= {x ∈ U | Pr(C|[x]) ≤ β}

=
⋃
{[x] ∈ U/E | Pr(C|[x]) ≤ β},

BND(α,β)(C) = {x ∈ U | ¬(Pr(C|[x]) ∈ L+) ∧ ¬(Pr(C|[x]) ∈ L−)}

= {x ∈ U | β < Pr(C|[x]) < α}

=
⋃
{[x] ∈ U/E | β < Pr(C|[x]) < α}

= (POS(α,·)(C) ∪ NEG(·,β)(C))c, (3.20)

where an “·” denotes an irrelevant threshold in Equation (3.20)

The positive region is controlled by a single threshold α and the negative region

by a single threshold β. The boundary region depends on both thresholds, i.e., the

pair (α, β). The three regions are pair-wise disjoint, but they may not necessarily

form a partition of U , because some of them may be empty.

3.1.4 An Analysis of Probabilistic Three-Way Decisions

We can measure the quality of three-way decisions by adopting the same framework

used in analyzing two-way decisions. With respect to the two states of an object x,

i.e., x ∈ C or x ∈ Cc, and the three actions, i.e., accept x ∈ C, reject x ∈ C and

non-commitment, information about a three-way classification is given by the 3 × 2
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Table 3.2.

Action
States

Total
x ∈ C x ∈ Cc

Accept correct acceptance incorrect acceptance |POS(α,·)(C)|
x ∈ POS(α,·)(C) |POS(α,·)(C) ∩ C| |POS(α,·)(C) ∩ Cc|

Reject incorrect rejection correct rejection |NEG(·,β)(C)|
x ∈ NEG(·,β)(C) |NEG(·,β)(C) ∩ C| |NEG(·,β)(C) ∩ Cc|

Non-commitment
non-commitment non-commitment

x ∈ BND(α,β)(C)
of positive of negative |BND(α,β)(C)|

|BND(α,β)(C) ∩ C| |BND(α,β)(C) ∩ Cc|
Total |C| |Cc| |U |

Table 3.2: Probabilistic ternary, three-way classifications

By normalizing cells row-wise, we have three groups of measures:


Correct-Acceptance Rate : CAR(C,POS(α,·)(C)) =

|C ∩ POS(α,·)(C)|
|POS(α,·)(C)| ,

Incorrect-Acceptance Error : IAE(C,POS(α,·)(C)) =
|Cc ∩ POS(α,·)(C)|
|POS(α,·)(C)| ;

(3.21)


Correct-Rejection Rate : CRR(C,NEG(·,β)(C)) =

|Cc ∩ NEG(·,β)(C)|
|NEG(·,β)(C)| ,

Incorrect-Rejection Error : IRE(C,NEG(·,β)(C)) =
|C ∩ NEG(·,β)(C)|
|NEG(·,β)(C)| ;

(3.22)


Non-commitment

NPE(C,BND(α,β)(C)) =
|C ∩ BND(α,β)(C)|
|BND(α,β)(C)| ,of Positive Error:

Non-commitment
NNE(C,BND(α,β)(C)) =

|Cc ∩ BND(α,β)(C)|
|BND(α,β)(C)| .of Negative Error:

(3.23)

They correspond, respectively, to the acceptance decision, rejection decision and the

non-commitment decision. We define correct-acceptance rate CAR(C,POS(α,·)(C)) =

1 and incorrect-acceptance error IAE(C,POS(α,·)(C)) = 0, if POS(α,·)(C) = ∅. Similar

definitions are also used when the negative region or the boundary region is empty.

Note that the names of those measures are slightly different from those used in [158].

The new names arguably better reflect the semantic meaning of each measure.
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With the introduction of the non-commitment option, three-way decisions produce

a boundary region. In order to better characterize the quality of three-way decisions,

we need to introduce two additional measures, called commitment rate (CR) and

non-commitment rate (NCR):

CR(C, π(α,β)(C)) =
|POS(α,·)(C) ∪ NEG(·,β)(C)|

|U | ,

NCR(C, π(α,β)(C)) =
|BND(α,β)(C)|

|U | , (3.24)

where π(α,β)(C) = (POS(α,·)(C),NEG(·,β)(C),BND(α,β)(C)) denotes the three regions

induced by the pair of thresholds (α, β). The commitment rate is the ratio of number

of objects in the positive and negative regions to the number of objects in the whole

universe. The non-commitment rate is the ratio of number of objects in the boundary

region to the universe. For two-way decisions, the non-commitment rate is 0. For

three-way decisions, in many situations it may not be ideal to have a very high non-

commitment rate.

The bounds of measures for acceptance and rejection are essentially the same as

defined in Equations (3.5) to (3.10), except that the threshold γ is replaced by α and

β, respectively. That is,

IAE(C,POS(α,·)(C)) ≤ 1− α,

IRE(C,NEG(·,β)(C)) ≤ β. (3.25)

The bounds of NPE and NNE can be established as follows. Consider an equivalence

class [x], if we put it into the boundary region, the induced non-commitment-of-

positive error and non-commitment-of-negative error are defined by:

NPE(C, [x]) =
|C ∩ [x]|
|[x]| ,

43



NNE(C, [x]) =
|Cc ∩ [x]|
|[x]| . (3.26)

By the definition of boundary region, we have β < Pr(C|[x]) < α, which implies that

β < NPE(C, [x]) < α,

1− α < NNE(C, [x]) < 1− β. (3.27)

Now the errors of the boundary region can be expressed by:

NPE(C,BND(α,β)(C)) =
|C ∩ BND(α,β)(C)|
|BND(α,β)(C)|

=
∑

[x]∈U/E
β<Pr(C|[x])<α

|C ∩ [x]|
|BND(α,β)(C)|

=
∑

[x]∈U/E
β<Pr(C|[x])<α

|[x]|
|BND(α,β)(C)|NPE(C, [x]), (3.28)

NNE(C,BND(α,β)(C)) =
|Cc ∩ BND(α,β)(C)|
|BND(α,β)(C)|

=
∑

[x]∈U/E
β<Pr(C|[x])<α

|Cc ∩ [x]|
|BND(α,β)(C)|

=
∑

[x]∈U/E
β<Pr(C|[x])<α

|[x]|
|BND(α,β)(C)|NNE(C, [x]). (3.29)

We can interpret NPE(C,BND(α,β)(C)) and NNE(C,BND(α,β)(C)) as expected val-

ues of NPE(C, [x]) and NNE(C, [x]), respectively. According to the inequalities in

Equation (3.27), they are bounded by:

β < NPE(C,BND(α,β)(C)) < α,

1− α < NNE(C,BND(α,β)(C)) < 1− β. (3.30)
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That is, the bounds of errors of the boundary region can be expressed in terms of the

pair of thresholds (α, β).

The monotonicity of these measures is stated in the next theorem.

Theorem 2. Measures of three-way classifications satisfy the following monotonicity

properties: for α, α1, α2, β, β1, β2 ∈ [0, 1],

(MP3) α1 ≥ α2 =⇒ IAE(C,POS(α1,·)(C)) ≤ IAE(C,POS(α2,·)(C)),

(MP4) β1 ≥ β2 =⇒ IRE(C,NEG(·,β1)(C)) ≥ IRE(C,NEGC,(·,β2)(C));

(MP5) α1 ≥ α2 =⇒ NPE(C,BND(α1,β)(C)) ≥ NPE(C,BND(α2,β)(C)),

(MP6) β1 ≥ β2 =⇒ NNE(C,BND(α,β1)(C)) ≤ NNE(C,BND(α,β2)(C));

(MP7) α1 ≥ α2 =⇒ NCR(C, π(α1,β)(C)) ≥ NCR(C, π(α2,β)(C)),

(MP8) β1 ≥ β2 =⇒ NCR(C, π(α,β1)(C)) ≤ NCR(C, π(α,β2)(C)).

The theorem can be proved by using the same technique used in proving Theo-

rem 1. The monotonicity of the measures is expressed with respect to one threshold.

By properties (MP3) and (MP4), we may decrease IAE(C,POS(α,·)(C)) by increas-

ing α and decrease IRE(C,NEG(·,β)(C)) by decreasing β. By properties (MP5) to

(MP8), the same changes would increase both the non-commitment-of-positive error

and non-commitment-of-negative error, as well as increasing the non-commitment

rate. Therefore, both lower incorrect-acceptance error and incorrect-rejection error

in a three-way classification are obtained at the expense of a higher non-commitment

rate. Determination of a pair of thresholds (α, β) may be formulated based on a

trade-off between IAE, IRE and NCR, where NCR captures a new aspect of three-

way decisions. Chapter 5 provides an information-theoretic approach to solve this

issue.

A difficulty with three-way decisions is that one must consider costs of three

actions simultaneously. In contrast, for two-way decisions, one simply considers costs
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of two actions. In Example 1 of Chapter 1, a three-way strategy considers six types of

costs and uses a 2× 3 decision/cost matrix; while a two-way strategy only considers

four types of costs and uses a 2×2 decision/cost matrix. The two-way strategy shows

its simplicity by using a small cost matrix. It motivates a further exploration of the

connections between these two decision strategies.

3.2 Interpreting Three-Way Decisions through Two-

Way Decisions

The main objective of this section is to take advantage of the simplicity of two-way

decisions by interpreting three-way decisions as a combination of a pair of two-way

decision models [28]. To achieve this goal, we slightly modify the interpretation of a

two-way decision model. In the standard interpretation of a two-way decision model,

acceptance and rejection are dual actions. That is, failing to accept is the same as

rejecting, and vice versa. However, in our acceptance model, we have acceptance and

non-acceptance decisions. Failing to accept is non-acceptance, rather than rejection.

Similarly, in the rejection model, we have rejection and non-rejection. Failing to

rejection is non-rejection, rather than acceptance. By combining the two models

together, we have three actions of acceptance, rejection, and non-commitment, where

non-commitment is interpreted as non-acceptance and non-rejection.

3.2.1 A Two-Evaluation-Based Model

Let va : U −→ La denote the acceptance evaluation function, (A, Ā) denote the

two-way decisions for acceptance, and L+
a ⊆ La denote the designated values for

acceptance. The two decision regions of an acceptance model, i.e., the (A, Ā)-model,
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are defined by:

POSL+
a

(va) = {x ∈ U | va(x) ∈ L+
a },

NPOSL+
a

(va) = (POSL+
a

(va))
c

= {x ∈ U | va(x) 6∈ L+
a }, (3.31)

where POSL+
a

(va) and NPOSL+
a

(va) are called the acceptance and non-acceptance

regions, respectively. For an object x ∈ U , we can make two-way decisions:

(A) If va(x) ∈ L+
a , then take an acceptance action, i.e., x ∈ POSL+

a
(va);

(Ā) If va(x) 6∈ L+
a , then take a non-acceptance action, i.e., x ∈ NPOSL+

a
(va).

The acceptance rule (A) classifies objects into an acceptance region. The non-

acceptance rule (Ā) classifies objects into the non-acceptance region. The two regions

are disjoint and their union is the universe U .

Similarly, let vr : U −→ Lr denote the rejection evaluation function, (R, R̄) denote

the two-way decisions for rejection, and L−r ⊆ Lr denote the designated values for

rejection. The two-way decision regions of a rejection model, i.e., (R, R̄)-model, are

defined by:

NEGL−r
(vr) = {x ∈ U | vr(x) ∈ L−r },

NNEGL−r
(vr) = (NEGL−r

(vr))
c

= {x ∈ U | vr(x) 6∈ L−r }, (3.32)

where NEGL−r
(vr) and NNEGL−r

(vr) are called the rejection and non-rejection regions,

respectively. For an object x ∈ U , we can make two-way decisions:

(R) If vr(x) ∈ L−r , then take a rejection action, i.e., x ∈ NEGL−r
(vr);
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(A, Ā)-model
(R, R̄)-model Rejection Non-rejection

Acceptance
non-commitment

acceptance
(contradiction)

Non-acceptance rejection non-commitment

Table 3.3: Interpretation of three-way decisions based on two-way decisions

(R̄) If vr(x) 6∈ L−r , then take a non-rejection action, i.e., x ∈ NNEGL−r
(vr).

The rejection rule (R) classifies objects into the rejection region. The non-rejection

rule (R̄) classifies objects into the non-rejection region. The two regions are disjoint

and their union is the universe U .

By combining decision rules of the pair of two-way decision models for acceptance

and for rejection, we have three-way decision rules: for each object x ∈ U ,

(P) If va(x) ∈ L+
a ∧ vr(x) 6∈ L−r , then take an acceptance action,

i.e., x ∈ POS(L+
a ,L
−
r )(va, vr);

(N) If vr(x) ∈ L−r ∧ va(x) 6∈ L+
a , then take a rejection action,

i.e., x ∈ NEG(L+
a ,L
−
r )(va, vr);

(B) If (va(x) ∈ L+
a ∧ vr(x) ∈ L−r ) or (va(x) 6∈ L+

a ∧ vr(x) 6∈ L−r ),

then take a non-commitment action, i.e., x ∈ BND(L+
a ,L
−
r )(va, vr).

They in fact define the three regions, POS(L+
a ,L
−
r )(va, vr), NEG(L+

a ,L
−
r )(va, vr) and

BND(L+
a ,L
−
r )(va, vr), of three-way decisions given in Equation (2.7).

Table 3.3 shows the connections between two-way decisions and three-way de-

cisions. An acceptance decision is interpreted as a combination of acceptance and
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non-rejection, i.e.,

POS(L+
a ,L
−
r )(va, vr) = POSL+

a
(va) ∩ NNEGL−r

(vr). (3.33)

Combining rejection and non-acceptance decisions forms the rejection decision, i.e.,

NEG(L+
a ,L
−
r )(va, vr) = NEGL−r

(vr) ∩ NPOSL+
a

(va). (3.34)

Making both an acceptance and a rejection decision is a contradiction of a pair of

two-way decisions. The thesis defines the contradiction of decisions as a special type

of non-commitment decision. However, it should be pointed out that a distinguish

between a contradiction and a non-commitment may be useful in some applications.

Neither making an acceptance nor making a rejection decision (i.e., non-acceptance

and non-rejection) leads to a different type of non-commitment decision. The union

of the two sets forms the boundary region of three-way decisions:

BND(L+
a ,L
−
r )(va, vr) = (POSL+

a
(va) ∩ NEGL−r

(vr))

∪(NPOSL+
a

(va) ∩ NNEGL−r
(vr)). (3.35)

In many applications, we can avoid making a contradiction during decision-makings

by imposing the following condition:

POSL+
a

(va) ∩ NEGL−r
(vr) = ∅. (3.36)

As a result, we have BND(L+
a ,L
−
r )(va, vr) = NPOSL+

a
(va)∩NNEGL−r

(vr), and the non-

commitment decision is interpreted as neither acceptance nor rejection.
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3.2.2 Single-Evaluation-Based Model

Suppose v : U −→ L is an evaluation function defined on a totally ordered set (L,�),

where � is a total order, and let L+ ⊆ L and L− ⊆ L denote the sets of designated

values for acceptance and rejection, respectively. When we use v in the (A, Ā)-model,

we define the two regions of two-way decisions for acceptance by:

POSL+(v) = {x ∈ U | v(x) ∈ L+},

NPOSL+(v) = (POSL+(v))c

= {x ∈ U | v(x) 6∈ L+}, (3.37)

where POSL+(v) is the acceptance region and NPOSL+(v) is the non-acceptance re-

gion. Similarly, when we use v in the (R, R̄)-model, we define the two regions of

two-way decisions for rejection by:

NEGL−(v) = {x ∈ U | v(x) ∈ L−},

NNEGL−(v) = (NEGL−(v))c

= {x ∈ U | v(x) 6∈ L−}, (3.38)

where NEGL−(v) is the rejection region, and NNEGL−(v) is the non-rejection region.

As shown by Figure 3.1, combining the pair of two-way decisions forms three-way

decision regions. In order to ensure that the three-way decision regions are pair-wise

disjoint, we assume that the following property holds:

(t) L+ ∩ L− = ∅.

According to condition (t), we can define three-way decision regions using a single
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Three-way decisions AcceptanceRejection Non-
commitment

v(x) 6∈ L+ ∧ v(x) 6∈ L−

rejection
Two-way decisions for

v(x) ∈ L−
Rejection Non-rejection

Two-way decisions for
acceptance v(x) ∈ L+

AcceptanceNon-acceptance

+

Figure 3.1: Interpretation of a single-evaluation-based three-way decisions

evaluation by:

POS(L+,L−)(v) = {x ∈ U | v(x) ∈ L+},

NEG(L+,L−)(v) = {x ∈ U | v(x) ∈ L−},

BND(L+,L−)(v) = {x ∈ U | v(x) 6∈ L+ ∧ v(x) 6∈ L−}. (3.39)

That is, a single-evaluation-based three-way decision model can be interpreted based

on a pair of two-way decision models. Figure 3.2 further illustrates the idea of com-

bining a pair of two-way decisions. It should be pointed out that the sequence of using

the pair of two-way decision models does not matter. In a decision-making process,

one can either use an acceptance or a rejection model first, and use the other next.

3.3 An Illustration of Probabilistic Models

In the formulation of probabilistic three-way decisions, the threshold α is called the

acceptance threshold and β is called the rejection threshold. A crucial issue is how to

interpret and determine the pair of thresholds [27]. We present a solution by using a

pair of two-way decision models based on Bayesian decision theory [35].
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Accept Not accept,

Reject Non-commitment

Is v(x) ∈ L+?

Yes,
v(x) ∈ L+

No,
¬(v(x) ∈ L+)

is v(x) ∈ L−?

Yes
v(x) ∈ L−

No
¬(v(x) ∈ L+)∧
¬(v(x) ∈ L−)

(a) Acceptance vs. non-acceptance

Reject Not reject,

Accept Non-commitment

Is v(x) ∈ L−?

Yes,
v(x) ∈ L−

No,
¬(v(x) ∈ L−)

is v(x) ∈ L+?

Yes
v(x) ∈ L+

No
¬(v(x) ∈ L−)∧
¬(v(x) ∈ L+)

(b) Rejection vs. non-rejection

Figure 3.2: Three-way decisions as the combination of a pair of two-way decisions
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3.3.1 Calculating the Acceptance Threshold

In order to build a two-way decision model, i.e., (A, Ā)-model, we need to introduce an

acceptance threshold 0 < α ≤ 1. The two regions of probabilistic two-way decisions

for acceptance are given by:

POSα(C) = {x ∈ U | Pr(C|[x]) ≥ α},

NPOSα(C) = {x ∈ U | Pr(C|[x]) < α}. (3.40)

Based on Bayesian decision theory [35], we calculate the optimal acceptance threshold

α as follows.

Let Ω = {C,Cc} denote the set of states and ActionsA = {aA, aĀ} denote the set

of two decision actions, namely, an acceptance action aA and a non-acceptance action

aĀ. We assume each action is associated with certain cost, loss or risk. Such a loss

function is given by a 2× 2 matrix:

Action x ∈ C (Positive instance) x ∈ Cc (Negative instance)

aA λAP = λ(aA|C) λAN = λ(aA|Cc)

aĀ λĀP = λ(aĀ|C) λĀN = λ(aĀ|Cc)

Each cell represents the loss or cost of taking an action a ∈ Actions when the state

of an object is ω ∈ Ω, namely, λ(a|ω). For example, λĀP = λ(aĀ|C) represents the

risk of taking action aĀ given that x ∈ C. The conditional risks of taking actions aA

and aĀ for x ∈ U are given by:

R(aA|[x]) = λ(aA|C)Pr(C|[x]) + λ(aA|Cc)Pr(Cc|[x]),

R(aĀ|[x]) = λ(aĀ|C)Pr(C|[x]) + λ(aĀ|Cc)Pr(Cc|[x]). (3.41)

The overall risk of the acceptance and non-acceptance decisions for all objects can be
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expressed by:

R(α) = RPOS(α) +RNPOS(α),

=
∑

x∈POSα(C)

R(aA|[x]) +
∑

x∈NPOSα(C)

R(aĀ|[x]). (3.42)

By making a decision with minimum cost for each object, we obtain the minimum

overall cost. Therefore, one can use the following classification rules for each object

x ∈ U :

(A) If R(aA|[x]) ≤ R(aĀ|[x]), then taking action aA, i.e., accept x ∈ POSα(C);

(Ā) If R(aĀ|[x]) < R(aA|[x]), then taking action aĀ, i.e., do not accept, but

opt for x ∈ NPOSα(C);

Intuitively, for a positive object, the cost of making a non-acceptance decision is

greater than the cost of making an acceptance decision. Similarly, for a negative

object, the cost of making a non-acceptance decision is smaller than the cost of making

an acceptance decision. Therefore, one can assume the following two conditions,

(tc0) λAP < λĀP , λĀN < λAN .

We can insert Equation (3.41) into rule (A) and obtain the following results:

R(aA|[x]) ≤ R(aĀ|[x])

⇐⇒ λAN + (λAP − λAN)Pr(C|[x]) ≤ λĀN + (λĀP − λĀN)Pr(C|[x])

⇐⇒ [(λĀP − λAP ) + (λAN − λĀN)]Pr(C|[x]) ≥ λAN − λĀN

⇐⇒ Pr(C|[x]) ≥ λAN − λĀN
(λĀP − λAP ) + (λAN − λĀN)

= α. (3.43)
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Classification rules (A) and (Ā) can be simplified as follows:

(A′) If Pr(C|[x]) ≥ α, then taking action aA, i.e., accept x ∈ POSα(C);

(Ā′) If Pr(C|[x]) < α, then taking action aĀ, i.e., do not accept, but

opt for x ∈ NPOSα(C).

The optimal acceptance threshold α that minimizing R is:

α =
(λAN − λĀN)

(λAN − λĀN) + (λĀP − λAP )
(3.44)

It can be verified that 0 < α ≤ 1. The detailed procedure for deriving α can be found

in [158] .

3.3.2 Calculating the Rejection Threshold

In order to build a two-way decision model for rejection, i.e., (R, R̄)-model, we need

a rejection threshold 0 ≤ β < 1. The two regions of probabilistic two-way decisions

for rejection are given by:

NEGβ(C) = {x ∈ U | Pr(C|[x]) ≤ β},

NNEGβ(C) = {x ∈ U | Pr(C|[x]) > β}. (3.45)

The rejection threshold β can be computed in a similar manner to α by using Bayesian

decision theory.

Let Ω = {C,Cc} denote the set of states, and ActionsR = {aR, aR̄} denote the set

of two decision actions, namely, a rejection action aR and a non-rejection action aR̄.

A loss function is given by a 2× 2 matrix:
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Action x ∈ C (Positive instance) x ∈ Cc (Negative instance)

aR λRP = λ(aR|C) λRN = λ(aR|Cc)

aR̄ λR̄P = λ(aR̄|C) λR̄N = λ(aR̄|Cc)

The overall risk of the rejection and non-rejection decisions for all objects is expressed

by:

R′(β) =
∑

x∈NEGβ(C)

R(aR|[x]) +
∑

x∈NNEGβ(C)

R(aR̄|[x]), (3.46)

where R(aR|[x]) and R(aR̄|[x]) are conditional risks of taking actions aR and aR̄ for

x ∈ U , respectively. Using a similar idea as in (tc0), one can assume the following

conditions,

(tc0′) λR̄P < λRP , λRN < λR̄N .

Therefore, we can obtain the optimal rejection threshold β that minimizes R′:

β =
(λR̄N − λRN)

(λR̄N − λRN) + (λRP − λR̄P )

=

(
1 +

(λRP − λR̄P )

(λR̄N − λRN)

)−1

(3.47)

It can be verified that 0 ≤ β < 1.

3.3.3 Combing a Pair of Two-Way Decision Models

To build a three-way classification model, we combine a pair of two-way classifi-

cation models introduced in the two early sections. According to condition (t) of

Section 3.2.2, we require 0 ≤ β < α ≤ 1, that is,

(tc1) α > β ⇐⇒ (1 +
(λĀP − λAP )

(λAN − λĀN)
)−1 > (1 +

(λRP − λR̄P )

(λR̄N − λRN)
)−1.
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The condition ensures that the positive, negative and boundary regions are pair-wise

disjoint. It indicates that there is no contradiction between decisions of the positive

and negative regions, otherwise, the intersection between the two regions will not be

empty.

To establish a connection to the existing formulation of probabilistic three-way

classification [158], we further assume:

(tc2) λNP = λĀP = λR̄P , λNN = λĀN = λR̄N ,

where λNP and λNN denote the costs of decisions of non-commitment. That is, the

cost of non-acceptance is the same as the cost of non-rejection, and both of them

are the same as the cost of non-commitment. In this case, for three-way decisions,

we have a set of three actions. Suppose Actions = {aA, aR, aN} is the set of actions

for acceptance, rejection and non-commitment. The loss function is given by a 3× 2

matrix:

Action x ∈ C (Positive instance) x ∈ Cc (Negative instance)

aA λAP = λ(aA|C) λAN = λ(aA|Cc)

aR λRP = λ(aR|C) λRN = λ(aR|Cc)

aN λNP = λ(aN |C) λNN = λ(aN |Cc)

It can be proved that the pair of thresholds (α, β) computed from Equations (3.44)

and (3.47) in fact minimizes the overall risk of three-way classifications:

R(α, β) = RPOS(α) +RNEG(β) +RBND(α, β), (3.48)

where the risks of the three regions are defined similarly as earlier (i.e., in (A, Ā)-

model and (R, R̄)-model). In this way, we obtain three-way decisions/classifications

by combining a pair of two-way decision/classification models.
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3.4 Summary

This chapter investigated two-way and three-way decision strategies in a probabilistic

setting. An analysis of incorrect acceptance error and incorrect rejection error of

these two strategies showed a shortcoming of the two-way strategy and motivated the

benefit of the three-way strategy. That is, one can reduce the incorrect acceptance

and rejection errors of three-way decisions at the expense of increasing the non-

commitment errors. An investigation of the decision/cost matrices also showed the

difficulty of three-way decisions and the simplicity of using two-way decisions. We

explored the relationship of the two strategies by interpreting three-way decisions

as a combination of a pair of two-way decisions. A demonstration of calculating an

optimal pair of thresholds by a pair of two-way decision models was presented by

using probabilistic classifications.
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Chapter 4

THREE-WAY DECISION

MODELS USING ROUGH SETS

This chapter presents a review of a special class of three-way decision models using

rough set theory. Investigations of these models and their relationships show how

three-way decisions move from a particular qualitative model to a more general the-

ory. An understanding of the existing models helps us to find out potential research

directions of three-way decisions.

4.1 A Framework of Three-Way Decision Models

Using Rough Sets

There is growing interest in three-way decisions with rough sets [55,69,83,84,86–89,

91,93–96,102,121,149,174,185]. Figure 1.1 in Section 1.4 summarizes existing rough

set models as a special class of three-way decision models. The existing models can be

categorized into two types, namely, Pawlak qualitative models and quantitative exten-

sions. The probabilistic rough sets are an important family of extensions of Pawlak’s

model. A study of probabilistic rough sets (PRS) [157–159] justifies the motivations
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of introducing various quantitative rough set models. According to Yao [157–159],

the probabilistic rough set model has three fundamental issues:

determination of an optimal pair of thresholds (α, β): interpretation and con-

struction of an optimal pair of thresholds (α, β) in order to produce appropriate

probabilistic positive, negative and boundary regions,

estimation of the conditional probability Pr(C|[x]): establishment of practical

methods to estimate and calculate the conditional probability Pr(C|[x]),

applications of three regions: interpretations and applications of the probabilis-

tic three regions.

Many researchers have made contributions to the three issues. By using the catego-

rization in Figure 1.1, we investigate these models from the viewpoint of the theory

of three-way decisions.

4.2 Pawlak Rough Sets as a Qualitative Three-

Way Decision Model

By using notations of evaluation-based three-way decisions, one can re-formulate

Pawlak rough sets as a special three-way decision model, namely, qualitative three-

way decisions.

The Pawlak rough sets generate the positive, negative and boundary regions by

using the following two conditions:

set inclusion: [x] ⊆ C,

nonempty overlap: [x] ∩ C 6= ∅.

The two conditions are of a qualitative nature. That is, an object x ∈ U is accepted
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as an instance of class C if it satisfies the set-inclusion condition, and the objects x

is rejected as an instance of C if it does not satisfy the nonempty-overlap condition.

Let L = {0, 1} denote a set of values and ≤ denote a partial order. The acceptance

evaluation function for the set-inclusion condition and the rejection evaluation func-

tion for the nonempty-overlap condition can be respectively defined by: for x ∈ U ,

va(x) =

 1, if [x] ⊆ C,

0, if ¬([x] ⊆ C),

vr(x) =

 1, if [x] ∩ C 6= ∅,

0, if ¬([x] ∩ C 6= ∅).
(4.1)

According to the two conditions, a pair of thresholds (1, 0) is used to construct des-

ignated values for acceptance and for rejection as follows:

L+
a = {a ∈ {0, 1} | a ≥ 1} = {1},

L−r = {b ∈ {0, 1} | b ≤ 0} = {0}. (4.2)

Therefore, Pawlak rough sets can be expressed as qualitative three-way decisions by:

POS(C) = {x ∈ U | va(x) ≥ 1}

= {x ∈ U | [x] ⊆ C},

NEG(C) = {x ∈ U | vr(x) ≤ 0}

= {x ∈ U | ¬([x] ∩ C 6= ∅)},

BND(C) = {x ∈ U | vr(x) > 0 ∧ va(x) < 1}

= {x ∈ U | ¬([x] ⊆ C) ∧ ([x] ∩ C 6= ∅)}. (4.3)

The Pawlak model is treated as a qualitative three-way decision model because the
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maximum value 1 ∈ L is used as the acceptance threshold and the minimum value

0 ∈ L is used as the rejection threshold. That is, an object is accepted as an instance

of class C if the set-inclusion condition is fully satisfied; an object is rejected as an

instance of C if the nonempty-overlap condition is dissatisfied. The qualitative nature

of Pawlak rough sets restricts its developments and, as a result, motivates quantitative

generalizations.

4.3 Probabilistic Rough Set Models

There is a special class of quantitative generalizations of the Pawlak rough sets,

namely, probabilistic rough sets (PRS). By introducing a pair of thresholds (α, β),

Yao [169] proposes a general formulation of PRS, namely, the decision-theoretic rough

sets. As shown in Section 3.1.3, these quantitative models make several changes to

the Pawlak qualitative model. Firstly, the set of estimated values is expanded by

using a unit interval, that is, using L = [0, 1] instead of {0, 1}. Secondly, based on

a total order (L,≤), the conditional probability Pr(C|[x]) = va(x) = vb(x) is used

as a single evaluation function for both acceptance and rejection. Thirdly, in the

Pawlak model, one uses two extreme points 1 and 0 of [0, 1] as the acceptance and

rejection thresholds, respectively. The PRS model introduces a pair of thresholds

(α, β) with α, β ∈ [0, 1] in order to loosen the acceptance condition to the α-level and

the rejection condition to the β-level.

The remaining of the section summarizes existing PRS-based models. The fun-

damental issues of PRS [159, 169] introduced in Section 4.1 help us to explain the

motivations for introducing various PRS-based rough set models.

62



4.3.1 Models for Determining an Optimal Pair of Thresholds

The decision-theoretic rough sets provide a method of determining an optimal pair

of thresholds (α, β). Herbert and Yao [63] apply game theory to the DTRS model,

namely, the game-theoretic rough sets, to give another method for determining (α, β).

Decision-Theoretic Rough Sets

Decision-theoretic rough sets [168, 169] determine the pair of thresholds based on

Bayesian decision theory [35]. Let C ⊆ U denote the target concept, Ω = {C,Cc}

denote two states of an object x ∈ U and Action = {aP , aN , aB} the three decision ac-

tions of three-way decisions, namely, the acceptance, rejection and non-commitment.

In decision-theoretic terms, we assume that each action associates with a certain loss,

risk or cost. With respect to the three actions and the two states of an object, we

have the 3 × 2 Table 4.1, representing a loss function of three-way decisions. In the

table, λPP , λNP and λBP denote the loss of taking actions aP , aN and aB given that x

is a positive instance, i.e., x ∈ C; λPN , λNN and λBN denote the cost of taking actions

aP , aN and aB given that x is a negative instance, i.e., x ∈ Cc.

Action x ∈ C (Positive instance) x ∈ Cc (Negative instance)

aP λPP = λ(aP |C) λPN = λ(aP |Cc)

aN λNP = λ(aN |C) λNN = λ(aN |Cc)

aB λBP = λ(aB|C) λBN = λ(aB|Cc)

Table 4.1: Loss function of three-way decisions

Suppose ai ∈ Action = {aP , aN , aB} is an action and wj ∈ Ω = {C,Cc} is a state.

For an equivalence class [x], the expected loss of taking an action ai is defined by:

R(ai|[x]) =
∑
wj∈Ω

λ(ai|wj)Pr(wj|[x]), (4.4)

where λ(ai|wj) represents the loss of taking action ai given the state wj, and Pr(wj|[x])
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is the probability of the state wj given [x]. One can define the expected risk of the

three actions, respectively, by:

R(aP |[x]) = λPPPr(C|[x]) + λPNPr(C
c|[x]),

R(aN |[x]) = λNPPr(C|[x]) + λNNPr(C
c|[x])

R(aB|[x]) = λBPPr(C|[x]) + λBNPr(C
c|[x]). (4.5)

The result of three-way decisions is the probabilistic positive, negative and bound-

ary regions, expressed by:

π(α,β)(C) = {POS(α,β)(C),NEG(α,β)(C),BND(α,β)(C)}. (4.6)

The overall risk of the three regions can be computed by:

R(π(α,β)(C)) = R(POS(α,β)(C)) +R(NEG(α,β)(C)) +R(BND(α,β)(C))

=
∑

[x]⊆POS(α,·)(C)

R(aP |[x])Pr([x]) +
∑

[x]⊆NEG(·,β)(C)

R(aN |[x])Pr([x])

+
∑

[x]⊆BND(α,β)(C)

R(aB|[x])Pr([x])

=
∑

[x]∈U/E

R(a([x])|[x])Pr([x]), (4.7)

where a([x]) denotes the action for the equivalence class [x] and Pr([x]) is the prob-

ability of the equivalence class [x].

In order to minimize the overall risk, it is sufficient to choose an action that

minimizes the conditional risk in Equation (4.5). Therefore, we have the following

rules:

(P) If R(aP |[x]) ≤ R(aB|[x]) ∧R(aP |[x]) ≤ R(aN |[x]), take action aP ,

(N) If R(aN |[x]) ≤ R(aP |[x]) ∧R(aN |[x]) ≤ R(aB|[x]), take action aN ,
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(B) If R(aB|[x]) ≤ R(aP |[x]) ∧R(aB|[x]) ≤ R(aN |[x]), take action aB.

In case of a tie, some tie-breaking criteria may be used. In this thesis, we break

ties in the order of aP , aN and aB. Intuitively, for a positive object, the cost of

making a boundary decision should be greater than making an acceptance decision

but be smaller than a rejection decision. Similarly, for a negative object, the cost of

making a boundary decision should be greater than making a rejection decision but

be smaller than an acceptance decision. In addition, we assume there is no conflict

between acceptance and rejection decisions, i.e., the positive and boundary regions

are pair-wise disjoint. Therefore, we further make the following assumptions [158]:

(dc0) λPP < λBP < λNP , λNN < λBN < λPN ,

(dc1)
λNP − λBP
λBN − λNN

>
λBP − λPP
λPN − λBN

,

As a result, we can simplify the rules into:

(P) If Pr(C|[x]) ≥ α, take action aP ,

(B) If β < Pr(C|[x]) < α, take action aB,

(N) If Pr(C|[x]) ≤ β, take action aN ,

where α and β are given by:

α =
(λPN − λBN)

(λPN − λBN) + (λBP − λPP )
= (1 +

λBP − λPP
λPN − λBN

)−1,

β =
(λBN − λNN)

(λBN − λNN) + (λNP − λBP )
= (1 +

λNP − λBP
λBN − λNN

)−1 (4.8)

The pair of thresholds satisfies the condition 0 ≤ β < α ≤ 1.
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Game-Theoretic Rough Sets

Herbert and Yao [63] apply game theory to the probabilistic rough sets in order to

produce optimal three-way decision regions, i.e., finding an optimal (α, β) of PRS.

Main results of game-theoretic rough sets (GTRS) are summarized as follows.

A single game is defined by a triplet G = {O, S, F}, where “G is a game consisting

of a set of players O using strategies in S. These strategies are measured using indi-

vidual payoff functions in F” [63]. The purpose of game G is determining the optimal

pair of thresholds (α, β) of PRS through the competition of players participating the

game. Since the two thresholds α and β are related to classification measures, such

as accuracy, precision, generality and uncertainty, Herbert and Yao suggest choosing

two classification measures, each of which represents a player for the game. One can

define the set of two players by O = {φ, ϕ}. Two types of actions, namely, decreasing

α threshold and increasing β threshold, are used to produce appropriate three-way

decision regions. By assuming that the game can be completed in finite steps, a set of

strategies for the two players φ and ϕ can be defined by S = {Sφ, Sϕ}. Elements Sφ

and Sϕ consist finite steps of actions for players φ and ϕ, and are respectively defined

by:

Sφ = {a1, a2, . . . , am},

Sϕ = {a′1, a′2, . . . , a′n}, (4.9)

where ai ∈ Sφ is an action for player φ and a′j ∈ Sϕ is an action for player ϕ.

The GTRS model assumes that each action leads to certain results, namely, payoff,

which can also be interpreted as cost, risk, utility and so on. For two players φ and

ϕ, one can define the set of payoff functions by F = {pf(φ), pf(ϕ)}. Since an action

ai of player φ may affect the results of action a′j of player ϕ and vice versa, payoff
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functions φi,j ∈ pf(φ) and ϕi,j ∈ pf(ϕ) can be respectively defined by:

φi,j = φ(ai, a
′
j),

ϕi,j = ϕ(ai, a
′
j). (4.10)

According to Equation (4.9), an m× n payoff Table 4.2 is produced.

Table 4.2: Payoff table for players φ and ϕ

Sϕ for Player ϕ
Action a′1 · · · a′i · · · a′n
a1 φ1,1, ϕ1,1 · · · φ1,i, ϕ1,i · · · φ1,n, ϕ1,n
...

...
...

...
...

...
Sφ for Player φ aj φj,1, ϕj,1 · · · φj,i, ϕj,i · · · φj,n, ϕj,n

...
...

...
...

...
...

am φm,1, ϕm,1 · · · φm,i, ϕm,i · · · φm,n, ϕm,n

The optimal solution is the equilibrium in game G. Herbert and Yao define the

equilibrium as a pair (φ∗(ai, a
′
j), ϕ

∗(ai, a
′
j)) satisfying two conditions: for any k 6= i, j,

(a) φ∗(ai, a
′
j) ≥ φ(ak, a

′
j);

(b) ϕ∗(ai, a
′
j) ≥ ϕ(ai, a

′
k).

Table 4.2 illustrates the two conditions. Condition (a) ensures the largest payoff

value by taking action ai in the ith column, and condition (b) ensures the largest

payoff value by taking action a′j in the jth row. The optimal pair of thresholds (α, β)

depends on the corresponding actions of the equilibrium (φ∗(ai, a
′
j), ϕ

∗(ai, a
′
j)) .

The GTRS model transforms the process of obtaining optimal three-way decision

regions into competitions of two players in a game. It is good at finding an optimal so-

lution that makes a trade-off between two classification measures. More classification

measures may be considered by constructing a game with multiple players [2, 3, 63].
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4.3.2 A Model for Estimating the Conditional Probability

Yao and Zhou [172] propose a practical three-way decision model, namely, the Naive

Bayesian Rough Sets (NBRS), for estimating conditional probabilities of PRS. They

transform conditions of making acceptance and rejection decisions into the form of

likelihood ratios. By applying Bayesian theorem, one can re-express the conditions

of decision-makings. In PRS, the condition for making an acceptance decision can be

expressed by:

Pr(C|[x]) ≥ α

⇐⇒ log
Pr(C|[x])

Pr(Cc|[x])
≥ log

α

1− α (likelyhood ratios)

⇐⇒ log(
Pr([x]|C)Pr(C)

Pr([x])
· Pr([x])

Pr([x]|Cc)Pr(Cc)
) ≥ log

α

1− α (Bayesian theorem)

⇐⇒ log(
Pr([x]|C)

Pr([x]|Cc)
· Pr(C)

Pr(Cc)
) ≥ log

α

1− α

⇐⇒ log(
Pr([x]|C)

Pr([x]|Cc)
) ≥ (log

Pr(Cc)

Pr(C)
+ log

α

1− α) = α′, (4.11)

where the logarithm is a monotonically increasing function. Similarly, the rejection

condition in PRS can be equivalently expressed by:

Pr(C|[x]) ≤ β ⇐⇒ log(
Pr([x]|C)

Pr([x]|Cc)
) ≤ (log

Pr(Cc)

Pr(C)
+ log

β

1− β ) = β′. (4.12)

Consider now the estimation of Pr([x]|C) and Pr([x]|Cc). Suppose A is a finite non-

empty set of attributes in an information table [165]. An equivalence relation EA can

be constructed as a set of pairs of objects with the same values on all attribute a ∈ A.

As a consequence, one can construct a family of equivalence classes U/EA = {[x]EA |

x ∈ U} as introduced in Section 2.1.1. According to the rough set theory [165],

equivalence classes defined by a set A can be equivalently expressed by intersections
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of equivalence classes defined by individual attributes in A, that is,

[x]EA =
⋂
a∈A

[x]E{a} . (4.13)

By assuming that attributes in set A are independent with each other, one can re-

express the acceptance condition in Equation (4.11) by:

log
Pr([x]A|C)

Pr([x]A|Cc)
≥ α′

⇐⇒ log
Pr(

⋂
a∈A[x]a|C)

Pr(
⋂
a∈A[x]a|Cc)

≥ α′ (Equation (4.13))

⇐⇒ log
Πa∈APr([x]a|C)

Πa∈APr([x]a|Cc)
≥ α′ (naive Bayesian assumption)

⇐⇒
∑
a∈A

log
Pr([x]a|C)

Pr([x]a|Cc)
≥ α′ (4.14)

Similarly, Equation (4.12) can be approximately re-expressed by:

log(
Pr([x]|C)

Pr([x]|Cc)
) ≤ β′ ⇐⇒

∑
a∈A

log
Pr([x]a|C)

Pr([x]a|Cc)
≤ β′. (4.15)

Therefore, the probabilistic three-way decision regions are defined by:

POS(α,·)(C) = {x ∈ U |
∑
a∈A

log
Pr([x]a|C)

Pr([x]a|Cc)
≥ α′},

NEG(·,β)(C) = {x ∈ U |
∑
a∈A

log
Pr([x]a|C)

Pr([x]a|Cc)
≤ β′},

BND(α,β)(C) = {x ∈ U | β′ <
∑
a∈A

log
Pr([x]a|C)

Pr([x]a|Cc)
< α′}. (4.16)

The NBRS model transforms the estimation of the conditional probability Pr(C|[x])

into the likelihood ratio of Pr([x]|C) and Pr([x]|Cc), and the pair of thresholds (α, β)

into (α′, β′). It provides a practical approach to estimating conditional probabilities in

a PRS model. However, the approach is based on a strong independence assumption.
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The NBRS model may not be suitable for all applications since the independence

assumption only provides an approximate value.

4.3.3 Other Variations

In Figure 1.1 of Section 1.4, there are two other variations of the PRS model and the

section reviews them as follows.

Confirmation-Theoretic Rough Sets

Greco et al. [49] introduce Bayesian confirmation measures as additional evaluation

functions to probabilistic rough sets. Yao and Zhou [186] further study their ap-

proaches and introduce the family of confirmation-theoretic rough sets (CTRS) by

using a single Bayesian confirmation measure as the evaluation function.

Suppose BC([x], C) is a Bayesian confirmation measure that represents the de-

gree to which an equivalence class [x] confirms hypothesis C. Tentori et al. [137]

summarizes typical Bayesian confirmation measures as follows:

BCd([x], C) = Pr(C|[x])− Pr(C) (Eells, 1982 [36]; Jeffrey, 1992 [68]),

BCr([x], C) = log
Pr(C|[x])

Pr(C)
(Keynes, 1921 [76]; Horwich, 1982 [64]),

BCn([x], C) = Pr([x]|C)− Pr([x]|Cc) (Nozick, 1981 [108]),

BCl([x], C) = log
Pr([x]|C)

Pr([x]|Cc)
(Good, 1984 [47]),

BCk([x], C) =
Pr([x]|C)− Pr([x]|Cc)

Pr([x]|C) + Pr([x]|Cc)
(Kemeny & Oppenheim, 1952 [75]),

BCc([x], C) = Pr(C, [x])− (Pr([x]) ∗ Pr(C)) (Carnap, 1962 [14]). (4.17)

These measures evaluate the strength of an evidence in supporting hypothesis C [137]

from different perspectives. For example, measures BCd and BCr give the change

of confidence of hypothesis C before and after knowing evidence [x]; measures BCn
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and BCl use “a probabilistic contrast between confirmation and disconfirmation to

measure the strength of C as a cause of evidence [x]” [137]; BCk is equivalent to BCl

since BCk([x], C) = tanh(1
2
BCl([x], C)); by applying the Bayesian theorem, measure

BCc can be re-expressed as a magnitude of measure BCd, i.e., BCc([x], C) = Pr([x])∗

BCd([x], C). One can choose an appropriate measure in a particular application.

By introducing an additional pair of thresholds (s, t) to probabilistic rough sets,

Greco et al. [49, 50] produce the three probabilistic regions by:

PPOS(α,·,s,·) = {x ∈ U | Pr(C|[x]) ≥ α ∧BC([x], C) ≥ s},

PNEG(·,β,·,t) = {x ∈ U | Pr(C|[x]) ≤ β ∧BC([x], C) ≤ t},

PBND(α,β,s,t) = {x ∈ U | (Pr(C|[x]) > β ∨BC([x], C) > t) ∧

(Pr(C|[x]) < α ∨BC([x], C) < s)}. (4.18)

Yao and Zhou [186] modify Greco et al.’s model by using a single Bayesian confirma-

tion measure as the evaluation. Suppose (s, t) is a pair of thresholds, the three-way

decision regions are defined by:

CPOS(s,·) = {[x] ∈ U/E | BC([x], C) ≥ s},

CNEG(·,t) = {[x] ∈ U/E | BC([x], C) ≤ t},

CBND(s,t) = {[x] ∈ U/E | t < BC([x], C) < s}. (4.19)

By using a single evaluation function, CTRS model avoids the difficulties in explain-

ing the three regions of PRS since conditional probability Pr(C|[x]) and Bayesian

confirmation measure BC([x], C) have different concerns in semantics [186]. The for-

mer focuses on the confidence of hypothesis C given evidence [x]. The latter considers

confidence of hypothesis C in various aspects as introduced earlier.
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Bayesian Rough Sets

Ślȩzak and Ziarko [133] propose the Bayesian rough sets that use the conditional

probability Pr(C|[x]) as the evaluation function and a special threshold, a priori

probability Pr(C). The positive, negative and boundary regions of BRS model are

defined by:

BPOS(C) = {x ∈ U | Pr(C|[x]) > Pr(C)},

BNEG(C) = {x ∈ U | Pr(C|[x]) < Pr(C)},

BBND(C) = {x ∈ U | Pr(C|[x]) = Pr(C)}. (4.20)

Using a confirmation measure, for example, BCd introduced in Section 4.3.3, the

three-way decision regions produced by the BRS model connect with a CTRS model

as follows: if t = s = 0,

BPOS(C) = {x ∈ U | Pr(C|[x])− Pr(C) > 0}

= {x ∈ U | BCd([x], C) > 0}

=
⋃

CPOS(0,·)(C),

BNEG(C) = {x ∈ U | Pr(C|[x])− Pr(C) < 0}

= {x ∈ U | BCd([x], C) < 0}

=
⋃

CNEG(·,0)(C),

BBND(C) = {x ∈ U | Pr(C|[x])− Pr(C) = 0}

= {x ∈ U | BCd([x], C) = 0}

=
⋃

CBND(0,0)(C). (4.21)

One can also use other confirmation measures. The measure BCr introduced in

Section 4.3.3 describes a connection between the BRS and CTRS models.
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4.4 Non-Probabilistic Rough Sets

One can also use non-probabilistic estimations for generalizing Pawlak qualitative

rough sets. The variable precision rough sets (VPRS) proposed by Ziarko [188] are

an example of non-probabilistic rough set models. The following section summarizes

the main ideas of VPRS model, discusses the relationships with probabilistic rough

set models and points out the potential research directions.

4.4.1 Variable Precision Rough Sets

The variable precision rough sets [188] use a measure of relative degree of misclassifi-

cation of two sets as the evaluation for generating rough sets three regions. Suppose

A and B are two subsets of U , the measure of degree of misclassification of A with

respect to B is define by:

mc(A,B) =

 1− |A∩B||A| , |A| > 0,

0, |A| = 0.
(4.22)

It follows that

A ⊆ B ⇐⇒ mc(A,B) = 0. (4.23)

One can make a quantitative generalization of the relation, namely, the z-majority

relation, expressed by:

A ⊆z B ⇐⇒ mc(A,B) ≤ z. (4.24)

We consider A as a subset of B when the relative degree of misclassifying objects in

A as instances of B is at or lower than z-level. That is, the relative degree of correctly

classifying objects in A as instances of B is greater than (1− z)-level.

Let subset C ⊆ U denote the class and [x] ⊆ U denote an equivalence class. Using

a single threshold z, we can introduce a (z, 1− z)-symmetric definition of rough sets
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three regions as follows:

VPOSz(C) = {x ∈ U | [x] ⊆z C}

= {x ∈ U | mc([x], C) ≤ z},

VNEGz(C) = (VPOSz(C
c))c

= ({x ∈ U | mc([x], Cc) ≤ z})c

= {x ∈ U | mc([x], C) ≥ 1− z},

VBNDz(C) = (VPOSz(C) ∪ VNEGz(C))c

= {x ∈ U | z < mc([x], C) < 1− z}. (4.25)

The evaluation function for producing the rough sets three regions gives a non-

probabilistic interpretation, as well as the formulation. Therefore, we consider the

variable precision rough sets as a non-probabilistic generalization of the Pawlak model.

4.4.2 Connections with Probabilistic Rough Sets

The measure of misclassification mc(·, ·) used in variable precision rough sets can

also be transformed into a probabilistic formulation. As a result, one can establish a

connection between the VPRS and PRS models.

Suppose subset C ⊆ U is the class and [x] ⊆ U is an equivalence class. According

to Equation (4.22), we have:

mc([x], C) = 1− |[x] ∩ C|
|[x]|

= 1− Pr(C|[x]). (4.26)

The equation interprets the conditional probability Pr(C|[x]) as a measure of degree

of correct classifications. By introducing a pair of thresholds (l, u) with 0 ≤ l < u ≤ 1,

Katzberg and Ziarko [73] propose a generalized expression of rough sets three regions
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defined by:

VPOS(l,u)(C) = {x ∈ U | mc([x], C) ≤ l},

VNEG(l,u)(C) = {x ∈ U | mc([x], C) ≥ u},

VBND(l,u)(C) = {x ∈ U | l < mc([x], C) < u}. (4.27)

Let the α and β thresholds in PRS model satisfy the following conditions:

α = 1− l,

β = 1− u. (4.28)

As a result, we can establish the connections between the two models as follows:

POS(α,·)(C) = POS(1−l,·)(C)

= {x ∈ U | Pr(C|[x]) ≥ 1− l}

= {x ∈ U | mc([x], C) ≤ l}

= VPOS(l,u)(C),

NEG(·,β)(C) = POS(·,1−u)(C)

= {x ∈ U | Pr(C|[x]) ≤ 1− u}

= {x ∈ U | mc([x], C) ≥ u}

= VNEG(l,u)(C),

BND(α,β)(C) = BND(1−l,1−u)(C)

= {x ∈ U | 1− u < Pr(C|[x]) < 1− l}

= {x ∈ U | l < mc([x], C) < u}

= VBND(l,u)(C). (4.29)
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One can either treat the VPRS model as a probabilistic model or a non-probabilistic

model. On one hand, the estimation function mc([x], C) given by Ziarko is mathe-

matically equivalent to the conditional probability Pr(C|[x]). In this sense, one may

consider the VPRS model as a special variation of the PRS model. On the other

hand, the VPRS model explains the estimation function in a semantically different

way, that is, the degree of misclassification of two sets. In this sense, one considers

VPRS model as a non-probabilistic model.

4.4.3 Potential Directions Based on Set Relations

The VPRS model tries to generalize the standard set relation between two sets by

using a z-majority relation, referring to graded set inclusion. Given a class C ⊆ U and

an equivalence class [x] ⊆ U , according to Equation (4.24), the z-majority relation

satisfies the following conditions:

[x] ⊆ C ⇐⇒ mc([x], C) = 0,

[x] ∩ C = ∅ ⇐⇒ mc([x], C) = 1,

[x] ∩ C 6= ∅ ∧ ¬([x] ⊆ C)⇐⇒ 0 < mc([x], C) < 1. (4.30)

Using the measure mc([x], C), one can reformulate Pawlak rough sets three regions

by:

POS(C) = {x ∈ U | mc([x], C) ≤ 0},

NEG(C) = {x ∈ U | mc([x], C) ≥ 1},

BND(C) = {x ∈ U | 0 < mc([x], C) < 1}. (4.31)

The formulation indicates that a more general model can be studied by using graded

set inclusion measures between two sets. It motivates the research of quantitative
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rough set models in Chapter 6.

4.5 Summary

The chapter summarized a special class of three-way decision models, namely, Pawlak

rough sets and quantitative extensions. An investigation of the qualitative nature of

Pawlak model revealed the necessity of quantitative generalizations. The decision-

theoretic rough sets formulated probabilistic rough sets by using a pair of thresholds

(α, β). It also proposed a decision-theoretic approach to find an optimal pair of thresh-

olds (α, β). Following the same framework, the game-theoretic rough sets presented

an alternative solution using game theory. The naive Bayesian rough sets proposed

a practical approach to the estimation of conditional probabilities. In addition, the

CTRS, BRS and VPRS models used various estimation functions to generate three-

way decision regions. A study of existing rough set models motivated the studies of

quantitative rough set models using graded set relations.
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Chapter 5

INFORMATION-THEORETIC

ROUGH SETS

By identifying an inadequacy of two-way decisions with respect to controlling the lev-

els of various decision errors, I examine the motivations and advantages of three-way

decisions in Chapter 3. Chapter 4 points out that the interpretation and construc-

tion of an optimal pair of thresholds is a fundamental issue in three-way decisions.

This chapter presents a general framework for computing the required thresholds

of a three-way decision model as an optimization problem. Under the framework,

the chapter proposes an information-theoretic rough set (ITRS) model. A heuristic

algorithm for finding the required thresholds is discussed.

5.1 Motivations

Real world decision-making involves insufficient and uncertain information or evi-

dence. It is inevitable that one may make an incorrect decision. A model of rational

decision-makings may be formulated by making a decision with the least error, low-

est risk or highest profit. This is typically achieved by a trade-off between errors of

different decision actions. Two-way decisions and three-way decisions [160, 162] are
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examples of such trade-off based models.

In a probabilistic two-way decision/classification model [35], we express uncer-

tainty using probability and rely on a threshold to make one of the two decisions

of acceptance and rejection. We accept a hypothesis if its probability, given the

available information or evidence, is at or above a threshold, and we reject the hy-

pothesis if the probability is below the threshold. The threshold represents a trade-off

between incorrect-acceptance and incorrect-rejection errors or costs. However, the re-

quirement that one must make a definite decision of either acceptance or rejection

implies that one may not be able to reach both a low level of incorrect-acceptance

error and a low level of incorrect-rejection error. A probabilistic three-way deci-

sion/classification model, a special case of three-way decisions [160], aims at over-

coming this shortcoming. In addition to the acceptance and rejection, a third option,

called a non-commitment decision, is introduced. Given a pair of thresholds, if the

probability of a hypothesis is not high enough (i.e., below one threshold) for an accep-

tance decision nor low enough (i.e., above the other threshold) for a rejection decision,

one neither accepts nor rejects the hypothesis, but opts for a non-commitment deci-

sion. The pair of thresholds provides the bounds for both incorrect-acceptance and

incorrect-rejection errors, and controls the trade-off among the non-commitment rate,

the incorrect-acceptance error and incorrect-rejection error.

A fundamental problem of probabilistic three-way decisions is the interpretation

and computation of the pair of thresholds. Several methods for solving this problem

have been proposed and investigated in the theory of rough sets. A class of exten-

sively studied methods is based on a decision-theoretic rough set model [168, 169]

that interprets the pair of thresholds by using the Bayesian decision theory [35]. One

can obtain the thresholds by minimizing the overall risks or costs of three-way deci-

sions [72,154,155]. The DTRS model requires user inputs for the construction of cost

matrix. It motivates the study in this chapter. That is, finding the required thresh-
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olds by only using the given data. The following section proposes a model based on

measuring the uncertainty of the three regions.

5.2 Computation of Thresholds

A general framework is given for determining the required pair of thresholds in three-

way decisions. Decision-theoretic rough sets are used as an example to illustrate the

main idea.

5.2.1 A General Framework

The pair of thresholds is related to classification errors, benefits or risks of the three

regions of three-way decisions. An optimal pair of thresholds must produce three

regions with a minimum total cost or a maximum total benefit. Determining the

thresholds may be formulated as an optimization problem [160].

Consider a pair of thresholds (α, β). Let QP (α, β), QN(α, β) and QB(α, β) mea-

sure some desired quality of the induced positive, negative, and boundary regions,

respectively. Since the chapter illustrates quality as the notion of uncertainty (see

Section 5.3), this section assumes that a lower value of Q represents a more desir-

able classification. It is reasonable to require that a pair of thresholds (α, β) should

minimize the following overall quality:

Q(π(α,β)(C)) = QP (α, β) +QN(α, β) +QB(α, β). (5.1)

That is, finding a pair of thresholds can be formulated as the following optimization

problem:

arg min
(α,β)

Q(π(α,β)(C)). (5.2)

There may exist more than one pair of thresholds that minimizes the overall quality
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Q(π(α,β)(C)). When interpreting the quality of three regions as benefits or money, one

should assume that a high value of quality Q represents a more desirable classification.

In this case, obtaining the maximum value of Q becomes reasonable.

5.2.2 A Brief Review of Existing Approaches

Depending on particular formulations and interpretations of the measure Q, one may

obtain concrete three-way decision models. Many authors attempt to interpret thresh-

olds in three-way decisions by notions such as costs, risks, benefits, uncertainties and

inequalities, and propose various approaches to this problem. Based on the well-

established Bayesian decision theory, the decision-theoretic rough set model [168,169]

determines a pair of thresholds by minimizing the overall risk or cost of a ternary

classification. Given loss functions for correct and incorrect acceptance, correct and

incorrect rejection, and non-commitment, one can calculate the values of the pair of

thresholds. By imposing different sets of conditions on the cost function, one can ob-

tain many sub-classes of probabilistic models. Two examples are a symmetric model

with α + β = 1 and a majority-oriented model with 0 ≤ β < 0.5 ≤ α ≤ 1. Herbert

and Yao [62, 63] introduce game theory into probabilistic rough sets and propose a

game-theoretic rough set (GTRS) model. The problem of determining the thresholds

is formulated as a game that consists of two players competing for two properties of

a ternary classification, say, accuracy and precision. By gradually modifying various

decision costs, the GTRS model searches for a cost function that defines the thresh-

olds. Li and Zhou [85] consider a special class of functions and divide users into three

groups, namely, optimistic, pessimistic, and neutral. They examine the relationships

of different thresholds and different groups of users. Jia et al. [71, 72] investigate

the problem of learning thresholds from data by minimizing a cost function. Deng

and Yao [24] present an information-theoretic formulation. Based on Deng and Yao’s

framework, Zhang [183] interprets and obtains a pair of thresholds by minimizing the
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overall inequalities measured by the Gini index, and Azam and Yao [3] introduce a

new game-theoretic formulation for computing a pair of thresholds.

5.3 An Information-Theoretic Rough Set Model

In a majority-oriented probabilistic rough set model defined by the condition 0 ≤

β < 0.5 ≤ α < 1, the distribution of objects in the positive region is biased towards

C, and the distribution of objects in the negative region is biased towards Cc. One is

more certain about the classification of objects in the positive and negative regions

than objects in the boundary region. Therefore, uncertainty of three regions may be

served as a quality measure Q in Equation (5.1). In the Pawlak model (i.e., β = 0

and α = 1), one has full certainty with respect to the positive and negative regions.

However, uncertainty of the boundary region is not considered. By allowing some

levels of uncertainty in the probabilistic positive and negative regions, we introduce

an information-theoretic rough set model. More specifically, we determine a pair of

thresholds that minimizes the overall uncertainty of the three regions by using the

information theory [127].

5.3.1 Shannon Entropy of a Partition

Suppose π = {b1, b2, . . . , bn} is a partition of a universe U , namely, ∪ni=1bi = U and

bi ∩ bj = ∅ for i 6= j. One can associate a probability distribution:

Pπ =

( |b1|
|U | ,
|b2|
|U | , . . . ,

|bn|
|U |

)
(5.3)

with the partition π, where Pr(bi) = |bi|/|U | denotes the probability of the block bi.

With respect to Pπ, the Shannon entropy [127] is defined by:

H(π) = H(Pπ) = −
n∑
i=1

Pr(bi)logPr(bi) = −
n∑
i=1

|bi|
|U | log

|bi|
|U | . (5.4)
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The Shannon entropy may be viewed as a measure of uncertainty of a partition π.

Assume that blocks of a partition represent a set of classes. Based on the probability

distribution Pπ, one wants to predict the class of an arbitrary object. In one extreme

case, the sizes of all blocks are the same and Pπ is a uniform distribution. One is most

uncertain in predicting a class (i.e., a block) of an object; the information entropy

reaches the maximum value H(π) = log n. In another extreme case, there is only

one block, one is certain about the class of object; the entropy reaches the minimum

value 0.

5.3.2 Uncertainties of Three Probabilistic Regions

A pair of thresholds (α, β) with 0 ≤ β < 0.5 ≤ α ≤ 1 produces the following three

regions with respect to ∅ 6= C ⊆ U :

π(α,β)(C) = (POS(α,·)(C),NEG(·,β)(C),BND(α,β)(C)). (5.5)

We compute the uncertainty of πC = {C,Cc} with respect to each region by using

Shannon entropy,

H(πC |POS(α,·)(C)) = −Pr(C|POS(α,·)(C))logPr(C|POS(α,·)(C))

−Pr(Cc|POS(α,·)(C))logPr(Cc|POS(α,·)(C)),

H(πC |NEG(·,β)(C)) = −Pr(C|NEG(·,β)(C))logPr(C|NEG(·,β)(C))

−Pr(Cc|NEG(·,β)(C))logPr(Cc|NEG(·,β)(C)),

H(πC |BND(α,β)(C)) = −Pr(C|BND(α,β)(C))logPr(C|BND(α,β)(C))

−Pr(Cc|BND(α,β)(C))logPr(Cc|BND(α,β)(C)), (5.6)

where Pr(C|POS(α,·)(C)) denotes the conditional probability of an object x in C

given that the object is in the positive probabilistic region POS(α,·)(C) and so on.
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Note that 0 log 0 is defined as 0. The conditional probabilities can be estimated by:

Pr(C|POS(α,·)(C)) =
|C ∩ POS(α,·)(C)|
|POS(α,·)(C)| ,

P r(C|NEG(·,β)(C)) =
|C ∩ NEG(·,β)(C)|
|NEG(·,β)(C)| ,

P r(C|BND(α,β)(C)) =
|C ∩ BND(α,β)(C)|
|BND(α,β)(C)| . (5.7)

Conditional probabilities of Cc can be estimated as 1 minus these probabilities.

The overall uncertainty of three regions can be computed as the expected uncer-

tainty, which is called the conditional entropy of πC given π(α,β)(C), namely,

H(πC |π(α,β)(C)) = Pr(POS(α,·)(C))H(πC |POS(α,·)(C))

+Pr(NEG(·,β)(C))H(πC |NEG(·,β)(C))

+Pr(BND(α,β)(C))H(πC |BND(α,β)(C)), (5.8)

where the probabilities of the three regions are given by:

Pr(POS(α,·)(C)) =
|POS(α,·)(C)|

|U | ,

P r(NEG(·,β)(C)) =
|NEG(·,β)(C)|

|U | ,

P r(BND(α,β)(C)) =
|BND(α,β)(C)|

|U | . (5.9)

The conditional entropy takes into consideration all uncertainties in the three regions.

In some sense, it provides another motivation for introducing probabilistic rough sets.

Although Pawlak rough sets model has the minimum uncertainties of 0 for both

positive and negative regions, it may not have the minimum uncertainties for three

regions. A probabilistic model attempts to make a trade-off among uncertainties of

the three regions.
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5.3.3 Determining Thresholds by Entropy Minimization

Consider the partition πC = {C,Cc} induced by ∅ 6= C ⊆ U , its Shannon entropy is

defined by:

H(πC) = −|C||U | log
|C|
|U | −

|Cc|
|U | log

|Cc|
|U | . (5.10)

The quantity H(πC)−H(πC |π(α,β)(C)) may be viewed as a reduction of uncertainty

produced by probabilistic rough set classification. Since H(πC) is independent of the

pair of thresholds (α, β), we can minimize H(πC |π(α,β)(C)) to obtain the maximum

uncertainty reduction. Thus, the problem of finding an optimal pair of thresholds is

formulated as the following optimization problem:

arg min
(α,β)

H(πC |π(α,β)(C)). (5.11)

According to Equations (5.8) and (5.9), this is in fact a special case of the framework

introduced in Section 5.2.1. One can search the space of all possible thresholds to

obtain a pair of optimal thresholds. The formulation introduced in this chapter

is closely related to some machine learning algorithms, for example, the decision

tree construction method used in the ID3 family of classification methods [122], in

which one selects an attribute based on entropy minimization. My method selects a

pair of thresholds based on entropy minimization. One may use other measures of

uncertainty to determine the thresholds [3, 183].

5.3.4 An Illustration

The main ideas of the proposed information-theoretic rough set model can be illus-

trated by a simple example. Table 5.1 summarizes probabilistic information about

a concept C with respect to a partition consisting of 15 equivalence classes, where

Xi denotes an equivalence class. Data in the table for illustration is randomly gen-
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erated. For the convenience of computing the three probabilistic regions, we list the

X1 X2 X3 X4 X5 X6 X7 X8

Pr(Xi) 0.0177 0.1285 0.0137 0.1352 0.0580 0.0069 0.0498 0.1070

Pr(C|Xi) 1.0 1.0 1.0 1.0 0.9 0.8 0.8 0.6

X9 X10 X11 X12 X13 X14 X15

Pr(Xi) 0.1155 0.0792 0.0998 0.1299 0.0080 0.0441 0.0067

Pr(C|Xi) 0.5 0.4 0.4 0.2 0.1 0.0 0.0

Table 5.1: Probabilistic information of a concept C

equivalence classes in a decreasing order according to the conditional probabilities

Pr(C|Xi). The possible values of two thresholds α and β are given by conditional

probabilities. According to the condition 0 ≤ β < 0.5 ≤ α ≤ 1 of a majority-oriented

model, we have the following domains of α and β:

Dα = {α1, α2, α3, α4, α5} = {1, 0.9, 0.8, 0.6, 0.5},

Dβ = {β1, β2, β3, β4} = {0, 0.1, 0.2, 0.4}.

They produce 5× 4 = 20 pairs of thresholds.

For the pair of thresholds (α1, β1) = (1, 0), we have the Pawlak ternary clas-

sification. The three regions are POS(1,·)(C) =
⋃{X1, X2, X3, X4}, BND(1,0)(C) =⋃{X5, . . . , X13} and NEG(·,0)(C) =

⋃{X14, X15}. The probability of the boundary

region is:

Pr(BND(1,0)(C)) =
13∑
i=5

Pr(Xi)

= 0.058 + 0.0069 + 0.0498 + · · ·+ 0.1299 + 0.008

= 0.6541.

Similarly, we have Pr(POS(1,·)(C)) = 0.2951 and Pr(NEG(·,0)(C)) = 0.0508. For the
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positive and negative regions, we have Pr(C|POS(1,·)(C)) = 1 and Pr(C|NEG(·,0)(C)) =

0, respectively. The uncertainties of both regions are 0, that is, H(πC |POS(1,·)(C)) = 0

and H(πC |NEG(·,0)(C)) = 0. For the boundary region, the conditional probability of

C can be computed by:

Pr(C|BND(1,0)(C)) =

∑13
i=5 Pr(C|Xi)Pr(Xi)∑13

i=5 Pr(Xi)

=
0.058 ∗ 0.9 + 0.0069 ∗ 0.8 + · · ·+ 0.1299 ∗ 0.2 + 0.008 ∗ 0.1

0.058 + 0.0069 + · · ·+ 0.1299 + 0.008

= 0.4860.

The Shannon entropy of the boundary region, H(πC |BND(1,0)(C)), is given by:

H(πC |BND(1,0)(C)) = −0.4860 ∗ log0.4860− (1− 0.4860) ∗ log(1− 0.4860)

= 0.9994,

where base 2 is used. The overall uncertainties of the three probabilistic regions are

given by:

H(πC |π(1,0)(C)) = 0.2951 ∗ 0 + 0.6541 ∗ 0.9994 + 0.0508 ∗ 0

= 0.6537.

By following the same procedure one can compute uncertainties for ternary classi-

fications defined by other pairs of thresholds, for example, (α2, β2) = (0.9, 0.1) and

(α3, β3) = (0.8, 0.2). The results of the three examples are summarized in Table 5.2,

in which each cell contains the set of objects in a region and its (probability ∗ en-

tropy). It can be observed that although Pawlak positive and negative regions have

the minimum uncertainty 0, the boundary region has a larger uncertainty. In con-

trast, probabilistic positive and negative regions have larger uncertainties, but the
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(α, β) POS BND NEG H(πC |π(α,β))

(1, 0)
∪{X1, X2, X3, X4} ∪{X5, . . . , X13} ∪{X14, X15}

0.6537
0.2951 ∗ 0 0.6541 ∗ 0.9994 0.0508 ∗ 0

(0.9, 0.1)
∪{X1, . . . , X5} ∪{X6, . . . , X12} ∪{X13, X14, X15}

0.6327
0.3531 ∗ 0.1209 0.5881 ∗ 0.9929 0.0588 ∗ 0.1038

(0.8, 0.2)
∪{X1, . . . , X7} ∪{X8, . . . , X11} ∪{X12, . . . , X15}

0.6150
0.4098 ∗ 0.2506 0.4015 ∗ 0.9991 0.1887 ∗ 0.5892

Table 5.2: Uncertainties induced by three ternary classifications

boundary region has a lower uncertainty. A pair of thresholds controls the trade-off

among uncertainties of the three regions.

One can compute the corresponding conditional entropy values for all possible

pairs of thresholds and store them in a matrix form. For Table 5.1, the results are

given by the following 5× 4 matrix:



β1 = 0.0 β2 = 0.1 β3 = 0.2 β4 = 0.4

α1 = 1.0 0.6537 0.6520 0.6213 0.6228

α2 = 0.9 0.6337 0.6327 0.6115 0.6220

α3 = 0.8 0.6290 0.6286 0.6150 0.6318

α4 = 0.6 0.6756 0.6758 0.6701 0.6912

α5 = 0.5 0.7216 0.7225 0.7234 0.7465


We can find a pair of thresholds with minimum conditional entropy by searching for

the minimum value in the matrix. For this example, we have α = 0.9 and β = 0.2.

It should be noted that tie breaking rules can be added if there are more than one

minimum values.
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5.3.5 Entropy Minimization by Gradient-Descent Approaches

Gradient-descent approaches [104] provide a paradigm for learning through searching

within a hypothesis space. Generally, one can determine the optimal pair of thresh-

olds (α, β) by gradually changing the searching direction with the deepest direction

along the surface of conditional entropy H(πC |π(α,β)). A gradient-descent algorithm

requires a continuous, infinite hypothesis space and a differentiable objective func-

tion [104]. On the other hand, our hypothesis space is a finite, discrete hypothesis

space. In addition, computing the gradient of Equation (5.8) is not easy. Therefore,

we choose to have a heuristic algorithm by following the basic idea of gradient-descent

approaches [104]. We compute an approximate deepest direction along the surface of

H(πC |π(α,β)), rather than accurate value of the deepest direction obtained by differ-

entiating the objective function. Figure 5.1 gives the heuristic algorithm.

Input: A set of training examples U and the target concept C ⊆ U ;
The step-size of search step;
The domain Dα in decreasing order, and Dβ in increasing order;

Output: A pair of thresholds (αi, βj) ;
begin

Randomly initialize i, j such that αi ∈ Dα, βj ∈ Dβ ;
do

Calculate the conditional entropy H(αi, βj);
(a) if ∃αi−step ∈ Dα, then Calculate H(αi−step, βj);
(b) if ∃αi+step ∈ Dα, then Calculate H(αi+step, βj);
(c) if ∃βi−step ∈ Dβ, then Calculate H(αi, βj−step);
(d) if ∃βi+step ∈ Dβ, then Calculate H(αi, βj+step);
For each step of (a) to (d), calculate the rate of decreasing f(αi′ , βj′);
Obtain the approximate largest deceasing ∇H(αi, βj) and update αi
and βj ;

while ∇H(αi, βj) < 0;
return (αi, βj);

end

Figure 5.1: An algorithm in searching for the optimal pair of thresholds (α, β)

Recall that our hypothesis space is an m × n matrix, we can explore the entire

space from a randomly selected point, for example, the pair of thresholds (αi, βj),
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αi ∈ Dα, βj ∈ Dβ. The search has four possible directions:

(a) increasing αi to αi−step,

(b) decreasing αi to αi+step,

(c) decreasing βj to βj−step,

(d) increasing βj to βj+step,

where the quantity step is the length of the stepwise exploration. A larger value of

step explores less elements in the matrix and a smaller value explores more elements.

Normally, we take the default value step = 1. Our heuristic algorithm explores one of

the four directions that most likely reduces the conditional entropy. Suppose (α′, β′)

is a direction to be explored, the approximate rate of decrease by searching along this

direction can be computed by:

f(αi′ , βj′) =
H(αi′ , βj′)−H(αi, βj)

abs(αi′ − αi) + abs(βj′ − βj)
, (5.12)

where the function abs(·) denotes absolute value. If we only explore one direction at

a time, one of the two quantities abs(αi′−αi) and abs(βj′−βj) is 0. A negative value

of f(αi′ , βj′) shows that the movement from (αi, βj) to (αi′ , βj′) reduces the overal

conditional entropy H and a positive value increases H. The direction that produces

the approximate largest decrease of H can be computed by:

∇H(αi, βj) = min{f(αi−step, βj), f(αi+step, βj), f(αi, βj−step), f(αi, βj+step)}. (5.13)

When the value of ∇H(αi, βj) is negative, we need to keep reducing the overall

conditional entropy by continuously exploring the hypothesis space. When the value

is positive, we reach an approximate minimum value and the algorithm stops. It is

possible that we meet a local minimum, however, this could be avoided by randomly
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selecting the initial point for searching and running the algorithm multiple times.

The heuristic algorithm can be improved by dynamically adjusting the length of a

step during searching. The idea of granular computing [97, 119, 165] can be used

in searching for the solution. In the thesis, we do not verify the efficiency of the

gradient-descent approach since it has been used in many fields and applications.

The next section examines the effectiveness of the information-theoretic approach to

calculating the optimal pair of thresholds in cases where available information has

uncertainties.

5.4 Experimental Evaluations

We select several UCI (University of California, Irvine) [18] datasets to verify the

information-theoretic approach introduced earlier. Basic information of the datasets

is provided in Table 5.3. For each dataset, we have two classes to learn, namely, class

C and its complement set Cc.

Datasets Instances Attributes

Monks1 124 6

Monks2 169 6

Credit approval (Credit) 690 16

Blood transfusion service centre (Transfusion) 748 5

Congressional voting records (Voting) 435 16

Ionosphere 351 34

Table 5.3: A description of UCI datasets

During the data preprocessing, we use the popular machine learning software,

WEKA (Waikato Environment for Knowledge Analysis) [57]. It provides various

implementations of existing well-known data preprocessing algorithms. For example,

we can choose the “Replacemissingvalues” algorithm [57] to replace all the missing

values on an attribute in a dataset by a mean value of all values on the attribute.
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This algorithm works for both nominal and numeric attributes. Since the information-

theoretic rough sets only work on nominal data, we can choose the “Discretize” option,

i.e., Fayyad and Irani’s [39] MDL algorithm, to transfer continuous data into nominal

data.

Figure 5.2: Exploring information-theoretic rough sets in different granularities

A difficulty in rough sets is producing appropriate equivalence classes. One may

produce a large amount of equivalence classes, each of which has a small cardinal-

ity. For obtaining appropriate equivalence classes, this experiment manually adjusts

parameters of discretization algorithms in WEKA. On the other hand, the theory

of granular computing [119, 165] gives a hint on producing equivalence classes with

different granularities. The more attributes we use, the finer the granularity of equiva-

lence classes is [110,165]. In the thesis, we examine the information-theoretic approach

based on equivalence classes with an appropriate granularity provided by the user. As

shown in Figure 5.2, for the “Monks2 ” dataset, a user may select a subset of attributes

P = {a4, a5, a6} rather than the whole set of attributes At = {a1, a2, a3, a4, a5, a6}.
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Evaluations of attributes generated by feature selection algorithms can be provided

to users. This experiment uses Hall’s [58] Correlation-based Feature Selection (CFS)

algorithm, referring to “CfsSubsetEval” in WEKA.

Figure 5.3 shows the distribution of the dataset, as well as, the optimal pair of

thresholds learned by the information-theoretic rough sets. The x-axis represents

conditional probabilities and the y-axis represents the corresponding number of ob-

jects within the same range of conditional probabilities. Thresholds α and β with

blue dotted lines are the optimal thresholds for the class C, while thresholds α′ and

β′ with red dashed lines are the optimal thresholds for class Cc. For example, in

Figure 5.3 (d), the optimal pair of thresholds for class C = 1 is (0.5, 0.1111), while

it is (0.875, 0.4286) for class C = 0. In addition, Table 5.4 gives a summary of the

learning results in a tabular form with more details, such as the size of probabilistic

three regions and the overall conditional entropy of the three regions. It should be

pointed out that ITRS may not work well on all datasets, and in some extreme cases,

the Pawlak rough sets may have better performance, for example, datasets used in

Figure 5.3 (e) and (f).

Table 5.4 evaluates the performance of information-theoretic rough sets by mea-

sures introduced in Section 3.1.4. It summarizes the incorrect acceptance error (IAE),

the incorrect rejection error (IRE), the non-commitment for positive error (NPE), the

non-commitment for negative error (NNE), and the non-commitment rate (NCR) for

UCI datasets in Table 5.3.

The experimental result is used to verify that the information-theoretic approach

is useful in real applications. A low incorrect acceptance error and a low incorrect

rejection error give a good performance. The value of non-commitment rate depends

on specific application. It should be pointed out that the experiment does not contain

a comparison with existing approaches because a lacking of standard quality measures

for three-way classification models. Some measures of three-way decisions depends
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(a) Thresholds on Monks1 (b) Thresholds on Monks2

(c) Thresholds on Credit (d) Thresholds on Transfusion

(e) Thresholds on Voting (f) Thresholds on Ionosphere

Figure 5.3: Learning thresholds by ITRS on UCI data
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Datasets Classes Region sizes Thresholds Conditional

POS BND NEG α β entropy

(a) Monks1 1 24.19% 44.35% 31.45% 1 0.25 0.6172

0 31.45% 44.35% 24.19% 0.7500 0 0.6172

(b) Monks2 0 27.22% 51.48% 21.30% 0.7778 0.4286 0.8734

1 35.50% 37.28% 27.22% 0.5000 0.2222 0.8709

(c) Credit + 38.70% 25.22% 36.09% 0.7000 0.0833 0.4333

− 36.09% 25.22% 38.70% 0.9167 0.3000 0.4333

(d) Transfusion 1 14.30% 51.20% 34.49% 0.5000 0.1111 0.6320

0 36.63% 51.47% 11.90% 0.8750 0.4286 0.6339

(e) Voting r 35.86% 10.34% 53.79% 0.8750 0 0.1588

d 53.79% 10.34% 35.86% 1 0.1250 0.1588

(f) Ionosphere g 60.97% 7.69% 31.34% 0.9423 0 0.1417

b 31.34% 7.69% 60.97% 1 0.0577 0.1417

Table 5.4: Learning optimal thresholds on UCI Datasets
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Datasets Classes IAE IRE NPE NNE NCR
(a) Monks1 1 0 0.1282 0.4909 0.5091 0.4435

0 0.1282 0 0.5091 0.4909 0.4435

(b) Monks2 0 0.1522 0.3889 0.5977 0.4023 0.5148
1 0.4333 0.1522 0.3651 0.6349 0.3728

(c) Credit + 0.0824 0.0161 0.3333 0.6667 0.2522
− 0.0161 0.0824 0.6667 0.3333 0.2522

(d) Transfusion 1 0.3271 0.0426 0.2480 0.7520 0.5120
0 0.0474 0.2921 0.7351 0.2649 0.5147

(e) Voting r 0.0256 0 0.3556 0.6444 0.1034
d 0 0.0256 0.6444 0.3556 0.1034

(f) Ionosphere g 0.0140 0 0.5185 0.4815 0.0769
b 0 0.0140 0.4815 0.5185 0.0769

Table 5.5: Evaluations of learning by ITRS

on the real application. For example, a larger non-commitment rate may represent

that more objects are not classified or waiting for further observations. It is difficult

to judge whether a larger non-commitment rate is better or not. A discussion in

Section 8.2 further illustrates the idea. In addition, the efficiency remains a problem

when using rough sets.

5.5 Summary

The chapter proposed a general framework for computing the desired pair of thresh-

olds as an optimization problem. Within this framework, the chapter reviewed the for-

mulation of decision-theoretic rough sets and then proposed an information-theoretic

rough set model that adopts entropy minimization. The new model enabled us to

compute the thresholds from the data. Finally, the chapter introduced a heuristic

algorithm based on gradient-descent approaches to search for an optimal, or close
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to optimal, pair of thresholds. The experimental evaluations showed that three-way

decisions are a useful approach to solving real world problems.
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Chapter 6

QUANTITATIVE ROUGH SETS

BASED ON SUBSETHOOD

MEASURES

Subsethood measures, also known as set-inclusion measures, inclusion degrees, rough

inclusions, and rough-inclusion functions, are generalizations of the set-inclusion re-

lation for representing graded inclusion. This chapter proposes a framework of quan-

titative rough sets based on subsethood measures. A specific quantitative rough set

model is defined by a particular class of subsethood measures satisfying a set of

axioms. Consequently, the framework enables us to classify and unify existing gener-

alized rough set models (e.g., decision-theoretic rough sets, probabilistic rough sets,

and variable precision rough sets), to investigate limitations of existing models, and

to develop new models. Various models of quantitative rough sets are constructed

from different classes of subsethood measures. Since subsethood measures play a fun-

damental role in the proposed framework, we review existing methods and introduce

new methods for constructing and interpreting subsethood measures.
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6.1 Motivations

The classical Pawlak rough set model defines a pair of lower and upper approxima-

tions, or equivalently three pair-wise disjoint positive, negative, and boundary regions,

of a given set by using the set-inclusion relation and the set nonempty overlapping

condition [109,110]. The three regions can be interpreted as three-way decisions con-

sisting of acceptance, rejection and non-commitment [157, 158, 160]. The qualitative

formulation ensures that both positive and negative regions are error-free, namely,

there is no incorrect acceptance error, nor incorrect rejection error. Whenever there

is any doubt, a decision of non-commitment is made. Such a stringent formulation,

although making an analysis of a rough set model easier, may unnecessarily restrict its

applicability and flexibility. In many situations, we are willing to allow some degree of

errors in order to make an acceptance or a rejection decision for more objects. Several

proposals of generalized quantitative rough sets have been made by using a graded

set inclusion. They may be broadly classified into probabilistic and non-probabilistic

approaches.

Probabilistic rough set models use conditional probability to quantify the degree

of set inclusion [154, 155]. Thresholds on the probability are used to define rough

set approximations. Wong and Ziarko [145, 147, 148] and Pawlak et al. [111] initi-

ate a study of probabilistic rough sets and introduce several models such as a 0.5-

model [111, 145, 155] and a (0.5, β)-model [148]. There are two main shortcomings

with these models. One is the use of restricted pairs of thresholds, resulting in a

smaller class of probabilistic rough set models. The other is a lack of consideration

of the interpretation and computation of thresholds, leading to practical difficulties

when applying probabilistic rough sets. To overcome these shortcomings, Yao et

al. [154, 155, 168, 169] propose a more general probabilistic model, called a decision-

theoretic rough set model, by using a pair of less restricted thresholds. They use

Bayesian decision theory [35] to provide a systematic method for interpreting and

99



computing a pair of thresholds, which establishes a solid foundation of probabilistic

rough sets. Yao [158] further demonstrate that under certain conditions three-way de-

cisions of probabilistic rough sets are superior to both Pawlak rough sets and two-way

decisions.

Starting with the notion of a majority-inclusion relation, namely, a generalization

of the standard set-inclusion relation, Ziarko [188] proposes a variable precision rough

set model. In particular, he defines a majority inclusion relation by a pair of dual

thresholds on a measure of the relative degree of misclassification. Since the specific

measure used can be expressed in terms of conditional probability, the variable preci-

sion rough set model is indeed a special case of the decision-theoretic model [155]. The

non-probabilistic aspect suggested by the model is, unfortunately, not fully explored.

To obtain non-probabilistic rough set models, several authors consider other mea-

sures of set inclusion. Zhang and Leung [181, 182] introduce the notion of inclusion

degree, which has been used by others to study generalized rough sets [151, 180].

Skowron and Stepaniuk [132] interpret conditional probability as a measure of inclu-

sion vagueness and introduce the concept of vague inclusion, based on which they put

forward a notion of tolerance spaces. Polkowski and Skowron [120,131] propose rough

mereology. One of its basic notions is rough inclusion as a measure of subsethood. In

a series of papers, Gomolińska [43–46] reports a systematic study on rough-inclusion

functions and their relationships to similarity measures and distance metrics regard-

ing sets. She proposes several classes of rough-inclusion functions and studied their

properties. Some authors also investigate measures related to subsethood measures

for quantifying rule interestingness [50,51,171].

In contrast to numerous studies in fuzzy set theory on subsethood measures [5,11,

12,34,38,41,42,80,130,144,179,181], there are only a limited number of such studies

in rough set theory. Moreover, these studies mainly investigate the desired properties

of set inclusion or subsethood measures and pay little attention to the construction
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of quantitative rough set models.

In addition to insufficient attention to non-probabilistic approaches to quanti-

tative rough sets, there is still a lack of a framework for unifying and comparing

probabilistic and non-probabilistic approaches. The main objective of this chapter is

therefore to propose such a framework of quantitative rough sets, encompassing both

probabilistic and non-probabilistic models. For this purpose, we restrict our investi-

gation to a formulation of quantitative rough sets based on subsethood measures and

a study of properties of the derived rough set approximations. We consider possible

models of quantitative rough sets with respect to different classes of subsethood mea-

sures. Each class of subsethood measures is defined by a particular set of axioms that

represents a particular semantic interpretation of the notion of subsethood. From a

pure theoretical point of view, we can only establish some relationships between these

models and cannot satisfactorily state which model is more preferred or suitable. The

appropriateness of a model depends crucially on specific applications and, hence, has

to be examined in the context of applications.

6.2 A Reformulation of Pawlak Rough Sets

As introduced in Section 2.1.1, Pawlak rough set approximations, either as a pair

of lower and upper approximations or as three regions, are constructed by using the

equivalence classes as the building blocks. This section presents a slightly different

formulation of Pawlak [109,110] rough sets approximations. The new definition pro-

vides hints and a starting point for generalizing Pawlak rough sets into quantitative

rough sets.

A question arises naturally is whether we can define the pair of approximations

or the three regions uniformly by using a single relationship between two sets. The

answer is positive, as the the condition [x] ∩ C 6= ∅ is equivalent to ¬([x] ⊆ Cc). We
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can therefore define rough set approximations based on only the set-inclusion relation.

Definition 7. For a subset C ⊆ U , the lower and upper approximations of C are

defined by:

apr(C) = {x ∈ U | [x] ⊆ C},

apr(C) = {x ∈ U | ¬([x] ⊆ Cc)}, (6.1)

and the positive, negative and boundary regions of C are defined by:

POS(C) = {x ∈ U | [x] ⊆ C},

NEG(C) = {x ∈ U | [x] ⊆ Cc},

BND(C) = (POS(C) ∪ NEG(C))c

= (POS(C))c ∩ (NEG(C))c

= {x ∈ U | ¬([x] ⊆ C) ∧ ¬([x] ⊆ Cc)}. (6.2)

In the definition, we use the set-inclusion relation to define all notions, but require

a consideration of both C and its complement Cc. An advantage is that we only need

to examine set-inclusion relation when generalizing rough set approximations. Instead

of defining the boundary region directly, we define it as the complement of the union

of positive and negative regions, i.e., BND(C) = (POS(C) ∪ NEG(C))c. In terms of

three-way decisions, we only need to characterize the action of acceptance (i.e., the

positive region) and the action of rejection (i.e., the negative region), and whenever we

cannot accept nor reject, we choose non-commitment (i.e., the boundary region) [160].

Such an interpretation seems to be more consistent with an intuitive understanding

and semantics of non-commitment and boundary region, and is particularly useful

when one considers covering based rough sets [167].
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6.3 A Framework of Quantitative Rough Sets

Pawlak three regions are of a qualitative nature; both acceptance and rejection de-

cisions are made without any error. In practical applications, we rarely have such

extreme cases. One typically makes a decision of acceptance or rejection by allow-

ing certain level of errors. This calls for quantitative generalizations of the Pawlak

model. By considering a quantitative generalization of the set-inclusion relation, we

introduce a framework of quantitative rough sets.

6.3.1 A Quantitative Representation of Pawlak Rough Set

Approximations

According to Definition 7, when constructing a quantitative rough set model, we need

to address two issues: (a) introducing a generalized, graded notion of set inclusion

for quantifying the conditions [x] ⊆ C and ¬([x] ⊆ C), and (b) establishing a form

and conditions for a definition of three regions. In the rough set literature, several

names have been introduced for a graded set-inclusion relation, such as inclusion

degree [151,180,181], vague inclusion [132], rough inclusion [120], and rough-inclusion

function [43–46]. In this thesis, we choose to use “subsethood measure” for several

reasons. The notion of fuzzy subsethoods has been well studied and accepted in fuzzy

set community [5,11,12,34,38,41,42,80,130,144,179,181]. The notion of a graded set

inclusion is generally applicable to many fields other than rough sets and fuzzy sets.

On the other hand, names such as “rough inclusion” and “rough-inclusion function”

have an undesired suggestion regarding the scope of investigations. By using the

name “subsethood measure,” it becomes easier for us to study subsethoods in a wide

context by drawing results from, and applying new results to, fuzzy sets and other

theories.

A measure of subsethood is a quantitative generalization of the set-inclusion rela-
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tion ⊆. As a minimum requirement, a subsethood measure must reach the maximum

value if and only if A ⊆ B. In many situations, it is more convenient to consider a

normalized measure for which the maximum value is 1.

Definition 8. A function sh : 2U × 2U −→ [0, 1] is called a normalized measure of

subsethood if it satisfies the boundary condition, for A,B ∈ 2U ,

(BC) sh(A v B) = 1⇐⇒ A ⊆ B,

where 2U is the power set of U , v denotes a graded set-inclusion relation between two

sets and the value sh(A v B) is the degree of the inclusion.

More precisely, we should write a subsethood measure as sh(A,B) by using prefix

notation or A v B by using infix notation. We use a combination of the two, sh(A v

B), in this thesis to improve the readability.

The standard set inclusion is a normalized subsethood measure defined by:

sh(A v B) =


1, A ⊆ B,

0, otherwise.

(6.3)

The boundary condition requires that a measure of subsethood is consistent with the

set-inclusion relation. In stating the boundary condition, some authors [151,181] used

a single implication:

(BC′) A ⊆ B =⇒ sh(A v B) = 1. (6.4)

That is, sh(A v B) reaches the maximum value when A ⊆ B. It does not rule out

the possibility that sh(A v B) = 1 even though ¬(A ⊆ B). Gomolińska [44, 46]
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considers the other single implication:

(BC′′) sh(A v B) = 1 =⇒ A ⊆ B. (6.5)

In this case, from sh(A v B) = 1 we can conclude that A ⊆ B. However, even though

sh(A v B) 6= 1, we may still have A ⊆ B. None of the two single implications has the

desired property. In contrast, the double implication (BC), used by Zhang et al. [180]

and Gomolińska [43, 44], requires that sh(A v B) reaches the maximum value when

and only when A ⊆ B. With double implication, sh(A v B) = 1 truthfully reflects

the set-inclusion relation.

Considering that the Pawlak model must be a special case of a quantitative model,

we can re-express Pawlak three regions by using a subsethood measure in order to

obtain hints in constructing a quantitative model. By the boundary condition (BC),

the following equivalences can be established for all conditions used in defining rough

set approximations:

[x] ⊆ C ⇐⇒ sh([x] v C) = 1

⇐⇒ sh([x] v C) ≥ 1;

[x] ⊆ Cc ⇐⇒ sh([x] v Cc) = 1

⇐⇒ sh([x] v Cc) ≥ 1;

¬([x] ⊆ C) ⇐⇒ sh([x] v C) 6= 1

⇐⇒ sh([x] v C) < 1;

¬([x] ⊆ Cc) ⇐⇒ sh([x] v Cc) 6= 1

⇐⇒ sh([x] v Cc) < 1. (6.6)

We re-express the equality condition sh([x] v C) = 1 by an equivalent condition

sh([x] v C) ≥ 1 in order to obtain a format that can be easily used for generalizations.
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With these equivalent expressions, sh([x] v C) ≥ 1 and sh([x] v Cc) ≥ 1 can

be used to define the positive and negative regions, respectively. The results are

summarized in the following theorem that can be easily proved by using equivalents

in Equation (6.6).

Theorem 3. Suppose sh : 2U × 2U −→ [0, 1] is a normalized measure of subsethood

satisfying the boundary condition (BC), the Pawlak three regions can be equivalently

defined by:

POS(C) = {x ∈ U | sh([x] v C) ≥ 1},

NEG(C) = {x ∈ U | sh([x] v Cc) ≥ 1},

BND(C) = {x ∈ U | sh([x] v C) < 1 ∧ sh([x] v Cc) < 1}. (6.7)

Property (BC) gives the condition under which sh reaches the maximum value

1, that is, [x] ⊆ C. Theorem 3 shows that Pawlak approximations only use the

maximum value of a subsethood measure. By replacing the maximum value 1 in

equation (6.7), we can introduce a quantitative model of rough sets.

6.3.2 Rough Sets Defined by a Subsethood Measure

By using only the maximum value 1 of a measure of subsethood, there is no incorrect

acceptance error in the positive region and no incorrect rejection error in the negative

region. A quantitative rough set model allows incorrect acceptance and incorrect

rejection errors. More specifically, one may use a ∈ (0, 1] to replace 1 in the condition

sh([x] v C) ≥ 1 and r ∈ (0, 1] to replace 1 in sh([x] v Cc) ≥ 1 to define quantitative

rough set three regions, where a is called a threshold for acceptance and r a threshold

for rejection. In general, the two thresholds are not the same. That is, we assume

that the acceptance and rejection are not defined by the same level of errors.

In order to ensure that the three regions are pair-wise disjoint, the pair of thresh-
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olds (a, r) should be chosen to satisfy the following condition: for A 6= ∅,

(T) sh(A v B) ≥ a =⇒ sh(A v Bc) < r,

which is equivalent to

(T′) sh(A v Bc) ≥ r =⇒ sh(A v B) < a.

By condition (BC), we have, for A 6= ∅,

sh(A v B) ≥ 1 ⇐⇒ A ⊆ B

=⇒ ¬(A ⊆ Bc)

=⇒ sh(A v Bc) 6= 1

=⇒ sh(A v Bc) < 1. (6.8)

That is, the pair of thresholds (1, 1) satisfies the condition (T). This implies that

there exists at least one pair of thresholds satisfying (T). In general, by moving both

a and r close to 1, one would expect that (a, r) satisfies (T).

Definition 9. Suppose sh : 2U × 2U −→ [0, 1] is a measure of subsethood. For a pair

of thresholds (a, r) satisfying the following property: for all x ∈ U and ∅ 6= A ∈ 2U ,

(T) sh([x] v A) ≥ a =⇒ sh([x] v Ac) < r,

quantitative rough set three regions are defined by:

POS(a,·)(C) = {x ∈ U | sh([x] v C) ≥ a},

NEG(·,r)(C) = {x ∈ U | sh([x] v Cc) ≥ r},

BND(a,r)(C) = {x ∈ U | sh([x] v C) < a ∧ sh([x] v Cc) < r}. (6.9)
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The positive region is controlled by a single threshold a and the negative region by a

single threshold r. We use an “·” to denote an irrelevant threshold.

The next theorem states properties of three regions.

Theorem 4. The following properties hold for the quantitative three regions defined

by a measure of subsethood:

(I1) POS(1,·)(C) = POS(C),

(I2) NEG(·,1)(C) = NEG(C),

(I3) BND(1,1)(C) = BND(C);

(II1) a1 ≤ a2 =⇒ POS(a2,·)(C) ⊆ POS(a1,·)(C),

(II2) r1 ≤ r2 =⇒ NEG(·,r2)(C) ⊆ NEG(·,r1)(C),

(II3) r1 ≤ r2 ∧ a1 ≤ a2 =⇒ BND(a1,r1)(C) ⊆ BND(a2,r2)(C).

The theorem can easily be proved by using the definition of three regions. Prop-

erties (I1)-(I3) state that the quantitative three regions are reduced to the Pawlak

qualitative three regions when a = 1 and r = 1. Properties (II1)-(II3) show the

monotonicity of the three regions with respect to the thresholds.

6.3.3 Rough Sets Defined by a Monotonic Subsethood Mea-

sure

We consider two versions of monotonicity for defining a class of monotonic measures

of subsethood.

Definition 10. A measure of subsethood sh : 2U ×2U −→ [0, 1] is called a monotonic
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Figure 6.1: Monotonicity of a measure of subsethood

measure if it satisfies the following monotonic properties: for A,B,C ⊆ U ,

(M1) B ⊆ C =⇒ sh(A v B) ≤ sh(A v C),

(M2) B ⊆ C ∧ (B ∩ A = C ∩ A) =⇒ sh(C v A) ≤ sh(B v A).

As shown in Figure 6.1, the monotonicity of sh takes two different forms. Condi-

tion (M1) states that for a fixed first argument sh is monotonic with respect to set

inclusion of the second argument. That is, a given set has a lower degree of subset-

hood of a set than of its supersets. This condition can be viewed as a generalization

of the following monotonic conditions of the set-inclusion relation: for A,B,C ⊆ U ,

B ⊆ C =⇒ (A ⊆ B =⇒ A ⊆ C). (6.10)

Monotonicity (M1) is also related to the set intersection and union of A with B and
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C, respectively, that is,

B ⊆ C =⇒ (A ∩B ⊆ A ∩ C),

B ⊆ C =⇒ (A ∪B ⊆ A ∪ C). (6.11)

By the equivalence B ⊆ C ⇐⇒ Cc ⊆ Bc, monotonicity (M1) can be equivalently

expressed by:

(M1′) B ⊆ C ⇐⇒ Cc ⊆ Bc

=⇒ sh(A v Cc) ≤ sh(A v Bc). (6.12)

While condition (M1) is useful for studying the positive region, condition (M1′)

is useful for studying the negative region. In studies of measures of subsethood,

monotonicity (M1) has been used by many authors, for example, Zhang and Le-

ung [181], Gomolińska [43, 44], Young [173], Skowron and Stepaniuk [132], Skowron

and Polkowski [131], and Xu et al. [151].

Consider monotonicity (M2) as shown in Figure 6.1(b). Set B has a larger over-

lap with set A relative to its size than set C. Thus, it is reasonable to require

sh(B v A) ≥ sh(C v A). For a fixed second argument, (M2) states the mono-

tonicity of the first argument with respect to set inclusion. We further require that

B and C must have the same intersection with A. With the extra condition, the

monotonicity may be interpreted in terms of the relative degree of overlap. Our

monotonicity (M2) can be viewed as a weaker version of the following monotonicity

used by many authors, for example, Bustince et al. [11,12], Sanchez [125], Sinha and

Dougherty [130], Young [173]:

(M3) B ⊆ C =⇒ sh(C v A) ≤ sh(B v A).
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The main difference is that we add a condition B ∩A = C ∩A for the first argument.

Zhang and Leung [181] consider another monotonicity:

(M4) A ⊆ B ⊆ C =⇒ sh(C v A) ≤ sh(B v A),

which is also a weaker version of (M3). By the condition A ⊆ B ⊆ C, we have

A ∩ B = A ∩ C = A. Thus, (M4) is a special case of (M2). In other words, we use a

monotonicity (M2) that is weaker than (M4).

With different requirements on the monotonicity, one may define many classes of

monotonic subsethood measures. Several studies investigate the notion of inclusion

degree in a lattice or a poset. When the lattice is chosen to be the power set 2U ,

measures of inclusion degree are subsethood measures. We review the main results

by re-expressing properties of measures of inclusion degree in set-theoretic terms. For

defining classes of subsethood measures called measures of inclusion degree, Zhang

and Leung [181, 182] use properties (BC′) and (M4), Zhang et al. [178] and Zhang

et al. [180] use properties (BC) and (M4), and Xu et al. [151] use properties (BC′),

(M1) and (M4). Other studies define subsethood measures in 2U . Skowron and

Stepaniuk [132] introduce a class of subsethood measures called vague inclusion by

using only property (M1). Gomolińska [43,44] defines a class of subsethood measures

called rough-inclusion functions by using properties (BC) and (M1). My contributed

class of monotonic subsethood measures, defined by (BC), (M1) and (M2), is different

from these proposed classes.

For a monotonic subsethood measure, one can define three regions by using Defi-

nition 9. The next theorem states the properties of the three regions.

Theorem 5. Suppose sh : 2U × 2U −→ [0, 1] is a monotonic measure of subsethood,

that is, sh satisfies (M1) and (M2). The quantitative three regions satisfy the following
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properties:

(III1) A ⊆ B =⇒ POS(a,·)(A) ⊆ POS(a,·)(B),

(III2) A ⊆ B =⇒ NEG(·,r)(B) ⊆ NEG(·,r)(A);

(IV1) POS(a,·)(A ∩B) ⊆ POS(a,·)(A) ∩ POS(a,·)(B),

(IV2) NEG(·,r)(A ∪B) ⊆ NEG(·,r)(A) ∩ NEG(·,r)(B);

(V1) POS(a,·)(A) ∪ POS(a,·)(B) ⊆ POS(a,·)(A ∪B),

(V2) NEG(·,r)(A) ∪ NEG(·,r)(B) ⊆ NEG(·,r)(A ∩B).

Properties (III1) and (III2) consider the monotonicity of the positive and negative

regions, respectively. Properties (IV1), (IV2), (V1) and (V2) can be derived from

(III1) and (III2). Details of proof of the theorem is given in Appendix A.

6.3.4 Rough Sets Defined by an Error-Monotonic Subset-

hood Measure

Based on a measure of subsethood, the chapter generalizes Pawlak three regions by

allowing some errors in both positive and negative regions. However, for all measures

of subsethood discussed so far, we have not established an explicit, analytic relation

between degrees of subsethood and the rates of different types of errors. In order to

establish such a connection, one needs to impose further conditions on a measure of

subsethood.

Recall that Section 3.1.2 introduces the definition of incorrect acceptance error

(IAE) in Equations (3.5) and (3.6). The incorrect acceptance error of the positive

region defined in Equation (6.9) of Section 6.9 can be expressed by:

IAE(C,POS(a,·)(C)) =
∑

[x]∈U/E
sh([x]vC)≥a

|[x]|
|POS(a,·)(C)|IAE(C, [x]). (6.13)
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The condition sh([x] v C) ≥ a determines whether or not an equivalence class is in

the positive region. If one can relate sh([x] v C) with IAE(C, [x]), the threshold a can

be easily interpreted in terms of incorrect acceptance errors. It seems reasonable to

require that IAE(C, [x]) is determined by the value of sh([x] v C). More specifically,

IAE(C, [x]) is a strictly monotonic decreasing transformation of sh([x] v C), or equiv-

alently the probability Pr(C|[x]) = |C ∩ [x]|/|[x]| = 1 − IAE(C, [x]) is a monotonic

increasing transformation of sh([x] v C). That is, an equivalence class with a larger

sh value would produce a smaller rate of incorrect acceptance error. Accordingly, the

chapter introduces the notion of an error-monotonic subsethood measure.

Definition 11. A measure of subsethood sh : 2U × 2U −→ [0, 1] is called an error-

monotonic subsethood measure if it satisfies the following property: for A,B,C,D ⊆

U ,

(EM) sh(A v B) ≤ sh(C v D) ⇐⇒ IAE(B,A) ≥ IAE(D,C)

⇐⇒ |Bc ∩ A|
|A| ≥ |D

c ∩ C|
|C|

⇐⇒ |B ∩ A|
|A| ≤ |D ∩ C||C| .

With an error-monotonic subsethood measure, for a threshold a on sh([x] v C), we

can find a threshold ea on IAE(C, [x]) such that the condition sh([x] v C) ≥ a can be

equivalently defined as IAE(C, [x]) ≤ ea or equivalently Pr(C|[x]) = |C ∩ [x]|/|[x]| ≥

1− ea.

Similarly, according to Equations (3.8) and (3.9) of Section 3.1.2, the incorrect

rejection error of the negative region is defined by [158]:

IRE(C,NEG(·,r)(C)) =
∑

[x]∈U/E
sh([x]vCc)≥r

|[x]|
|NEG(·,r)(C)|IRE(C, [x]). (6.14)

A similar argument may be used to make a connection between sh and incorrect
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rejection error. More specifically, by error-monotonicity (EM), we have:

sh(A v Bc) ≤ sh(C v Dc) ⇐⇒ |B ∩ A|
|A| ≥ |D ∩ C||C|

⇐⇒ IRE(B,A) ≥ IRE(D,C). (6.15)

For a threshold r on sh([x] v Cc), we can determine a threshold er on IRE(C, [x]) such

that the condition sh([x] v Cc) ≥ r can be equivalently stated as IRE(C, [x]) ≤ er

or equivalently Pr(C|[x]) ≤ |C ∩ [x]|/|[x]|. From our discussion, it follows that the

three regions defined by an error-monotonic subsethood measure are the same as

the three regions obtained in decision-theoretic rough set models with α = 1 − ea

and β = er [155, 169]. By the error-monotonicity, the three regions have additional

properties, as shown by properties (MP1) and (MP2) in Theorem 2 of Section 3.1.4.

There are close connections between monotonicity (M1), (M2) and (EM). Consider

three subsets A,B,C ⊆ U with B ⊆ C and A 6= ∅. By the error monotonicity (EM),

we have:

B ⊆ C =⇒ |B ∩ A|
|A| ≤ |C ∩ A||A| (by set theory)

⇐⇒ sh(A v B) ≤ sh(A v C) (by (EM)). (6.16)

If A = ∅, we have sh(A v B) = sh(∅ v B) = 1 by the boundary condition. Therefore,

we can conclude that (EM) =⇒ (M1).

Consider now three sets A,B,C ⊆ U with B ⊆ C and B ∩ A = C ∩ A. Suppose

B 6= ∅. By B ⊆ C, we have C 6= ∅. According to error-monotonicity (EM), we have:

B ⊆ C ∧ (B ∩ A = C ∩ A) =⇒ |A ∩ C|
|C| ≤ |A ∩B||B| (by set theory)

⇐⇒ sh(C v A) ≤ sh(B v A) (by (EM)). (6.17)

Suppose B = ∅, we have sh(B v A) = 1, it follows that sh(C v A) ≤ sh(B v A).
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Therefore, we can conclude that (EM) =⇒ (M2). The results are summarized by the

following theorem.

Theorem 6. (EM) =⇒ (M1) ∧ (M2).

The reverse implication of Theorem 6 does not hold. This can be easily observed

from the standard set inclusion defined by equation (6.3). It satisfies both (M1) and

(M2) but does not satisfy (EM).

The conditional probability Pr(B|A) used by probabilistic rough set models [155]

is a measure of subsethood that satisfies all three types of monotonicity (M1), (M2)

and (EM). It should be emphasized that the error-monotonicity (EM) implies that

all three regions are defined only by Pr(C|[x]). That is, for a pair of thresholds (α, β)

we have:

POS(a,·)(C) = {x ∈ U | sh([x] v C) ≥ a}

= {x ∈ U | IAE(C, [x]) ≤ ea}

= {x ∈ U | |C
c ∩ [x]|
|[x]| ≤ ea}

= {x ∈ U | 1− |C ∩ [x]|
|[x]| ≤ ea}

= {x ∈ U | Pr(C|[x]) ≥ 1− ea}

= {x ∈ U | Pr(C|[x]) ≥ α}

= PPOS(α,·)(C),

NEG(·,r)(C) = {x ∈ U | sh([x] v Cc) ≥ r}

= {x ∈ U | IRE(C, [x]) ≤ er}

= {x ∈ U | |C ∩ [x]|
|[x]| ≤ er}

= {x ∈ U | Pr(C|[x]) ≤ β}

= PNEG(·,β)(C),

BND(a,r)(C) = (POS(a,·)(C) ∪ NEG(·,r)(C))c
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= (PPOS(α,·)(C) ∪ PNEG(·,β)(C))c

= {x ∈ U | β < Pr(C|[x]) < α}

= PBND(α,β)(C), (6.18)

where PPOS(α,·)(C), PNEG(·,β)(C) and PBND(α,β)(C) denote probabilistic positive,

negative and boundary regions, respectively.

6.3.5 Rough Sets Defined by a Self-Dual Subsethood Mea-

sure

Consider a special class of measures satisfying an additional condition, for A,B ∈ 2U

and A 6= ∅,

(D) sh(A v B) + sh(A v Bc) = 1.

Condition (D) may be interpreted as duality, that is, sh(A v Bc) = 1 − sh(A v B)

may be considered as the dual measure of sh(A v B). Under this condition, we have:

sh([x] v Cc) ≥ r ⇐⇒ 1− sh([x] v C) ≥ r

⇐⇒ sh([x] v C) ≤ 1− r. (6.19)

Therefore, the negative region can be expressed based on the degree of inclusion of

[x] v C. To be consistent with existing studies, we set:

α = a,

β = 1− r. (6.20)

Furthermore, a simple condition β < α implies the condition (T):

sh(A v B) ≥ a ⇐⇒ sh(A v B) ≥ α
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=⇒ sh(A v B) > β

=⇒ 1− sh(A v Bc) > β

=⇒ sh(A v Bc) < 1− β

=⇒ sh(A v Bc) < r. (6.21)

That is, we can use condition β < α to replace (T) for a self-dual subsethood measure.

With conditions (D) and (T), all three regions can be defined only by sh([x] v C)

with respect to a pair of thresholds (α, β).

Definition 12. Suppose sh : 2U × 2U −→ [0, 1] is a measure of subsethood satisfying

the boundary property (BC) and the self-dual property (D). For a pair of thresholds

(α, β) with 0 ≤ β < α ≤ 1, quantitative rough set three regions are defined by:

DPOS(α,·)(C) = {x ∈ U | sh([x] v C) ≥ α}

= POS(α,·)(C),

DNEG(·,β)(C) = {x ∈ U | sh([x] v C) ≤ β}

= NEG(·,1−β)(C),

DBND(α,β)(C) = {x ∈ U | β < sh([x] v C) < α}

= BND(α,1−β)(C), (6.22)

where DPOS(α,·)(C), DNEG(·,β)(C) and DBND(α,β)(C) denote, respectively, the posi-

tive, negative and boundary regions induced by a self-dual subsethood measure.

Decision-theoretic rough set models [154,168] use the conditional probability that

may be interpreted as a self-dual measure of subsethood. Tian et al. [138] introduced

a quantitative rough set model by using a pair of thresholds on a self-dual measure

called conditional uncertainty measure proposed by Liu [90].

The following theorem states the properties of the three regions defined by a

117



self-dual subsethood measure.

Theorem 7. Suppose sh satisfies the self-dual property, i.e., property (D) , the three

regions have the following additional properties:

(VI1) DPOS(α,·)(C) = DNEG(·,1−α)(C
c),

(VI2) DBND(α,β)(C) = DBND(1−β,1−α)(C
c),

(VI3) DNEG(·,β)(C) = DPOS(1−β,·)(C
c).

They link together the three regions of C and three regions of Cc.

6.3.6 Related Studies on Subsethood Measures

In the previous sections, we have developed a framework for studying quantitative

rough sets based on the notion of subsethood measures. By imposing different condi-

tions or axioms, several classes of measures are investigated. The notion of subsethood

measures has been extensively studied in fuzzy sets [5,11,12,34,38,40–42,74,80,130,

144, 181]. In comparison, there are only a few studies in rough sets on subsethood

measures. Section 6.4 will give a new approach on interpreting and constructing

subsethood measures.

Sanchez [125] studies the notion of the degree of set inclusions through a fuzzy

relation on 2U . In other words, v is viewed as a fuzzy relation and the value sh(A v

B) is interpreted as a membership value of A v B. He suggests that monotonicity

(M1) and the following conditions are used to characterize v:

(1) sh(A v B) = 0 for A ∩B = ∅,

(2) sh(A v B) = 1 for A ⊆ B and A 6= ∅,

(3) 0 < sh(A v B) < 1 for A ∩B 6= ∅ and ¬(A ⊆ B).
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Condition (1) seems to be reasonable. For A 6= ∅, we can derive (1) from the boundary

condition (BC) and duality (D) as follows:

A ∩B = ∅ =⇒ A ⊆ Bc

=⇒ sh(A v Bc) = 1

=⇒ sh(A v B) = 0. (6.23)

Note that the duality only holds for A 6= ∅, as we have sh(∅ v B) = sh(∅ v Bc) = 1.

Therefore, except the treatment of the empty set, our definition of a normalized

subsethood measure satisfying the boundary condition (BC), monotonicity (M1) and

duality (D) is consistent with Sanchez’s definition.

Zhang and Leung [181] study the notion of inclusion degree in a more general

framework of partially ordered sets by the fact that (2U ,⊆) is a poset. They use

boundary conditions with single implication and the monotonicity (M1). Zhang et

al. [180] modify the single implication into a double implication. Xu et al. [151]

add monotonicity (M4). Gomolińska [43, 44] studies a class of subsethood measures

by using (BC) and (M1). Our choice of the properties or axioms of subsethood

measures is based on these studies. On the other hand, we modify existing axioms

from a different intuitive understanding of measures of subsethood. For example,

our monotonicity (M2) is a weaker version of (M4). In addition, we study a family

of different classes of subsethood measures instead of a single class. By considering

subsets of the set of axioms {(BC), (M1), (M2), (M3), (M4), (EM), (D)}, we can

construct different classes of measures. For example, the set of axioms {(BC), (M1),

(D)} gives rise to a class of subsethood measures that are self-dual and monotonic

with respect to the second argument. A systematic study on these classes of measures

is an important research direction.

As a concrete example of subsethood measures, Sanchez [125] suggests the follow-
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ing measure:

shsz(A v B) =


|A∩B|
|A| , A 6= ∅,

0, A = ∅.

(6.24)

To be consistent with our measure, we define sh(A v B) = 1 when A = ∅. For

a formulation of quantitative rough sets, we always have [x] 6= ∅. Thus, Sanchez’s

different treatment of the empty set does not affect our definition of quantitative

rough sets.

The quantity |C∩[x]|/|[x]|may be interpreted as a conditional probability Pr(C|[x]).

Many studies have used conditional probability for interpreting graded subsethood in

rough sets, for example, Wong and Ziarko [145, 147, 148], Pawlak et al. [111], Yao et

al. [168, 169], and Gu et al. [56]. The conditional probability Pr(C|[x]) satisfies the

error-monotonicity (EM) and duality (D), and is therefore a suitable subsethood mea-

sure. More importantly, it leads to probabilistic approaches to rough sets [154, 155].

As a fundamental result, decision-theoretic rough set models [168,169] provide a solid

foundation and a systematic procedure for interpreting and computing thresholds

based on well established Bayesian decision theory [35].

Ziarko [188] introduces a variable precision rough set model by using the notion

of a majority-inclusion relation defined by:

A
β

⊆B ⇐⇒ c(A,B) ≤ β, (6.25)

where

c(A,B) =


1− |B∩A||A| , A 6= ∅,

0, A = ∅.

(6.26)

The measure c(A,B) is in fact the rate of incorrect-acceptance error IAE(B,A).

By generalizing the notion of graded inclusion, Skowron and Stepaniuk [132] in-
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troduce the notion of a measure of inclusion vagueness called a vague inclusion. They

only require the condition of monotonicity (M1). Polkowski and Skowron [120, 131]

introduce the notion of rough inclusion by considering several more properties and

establish a framework of rough mereology.

6.4 Interpretations and Constructions of Subset-

hood Measures

The notion of subsethood measures plays a fundamental role in formulating quantita-

tive rough sets. The axiomatic characterization discussed so far only concerns the de-

sired properties of subsethood measures without giving specific measures. Therefore,

this section turns the attention to interpretations and constructions of subsethood

measures. Two views are considered. One considers equivalent by different expres-

sions of the condition A ⊆ B and the other considers the grouping of objects based

on two sets A and B.

Although this section reviews existing subsethood measures, it makes additional

contributions in three aspects: a) we introduce a new framework for studying sub-

sethood measures under two views, b) we modify existing axioms and suggest new

axioms, and c) we examine new interpretations of subsethood measures. Once a

subsethood measure is constructed, we can build a quantitative rough set model.

6.4.1 Subsethood Measures Based on Equivalent Expressions

of Set Inclusion

The boundary condition (BC) states the consistency between qualitative and quan-

titative notions of subsethood. There exist many quantitative subsethood measures

consistent with the qualitative set-inclusion relation. We first introduce a framework
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by explaining the diversity of quantitative measures from the different equivalent ex-

pressions of the set inclusion A ⊆ B. The following list of equivalent but different

expressions of the condition A ⊆ B is considered:

(i) A ⊆ B,

(i′) Bc ⊆ Ac;

(ii) A ∩B = A,

(ii′) Ac ∪Bc = Ac;

(iii) A ∪B = B,

(iii′) Ac ∩Bc = Bc;

(iv) A ∩Bc = ∅,

(iv′) Ac ∪B = U ;

(v) A ∈ 2B.

Gomolińska [43] uses a similar framework based on expressions (i), (ii), (iii), (iv) and

(iv′), in which (iv) is equivalently defined by A − B = ∅. Although these conditions

are qualitatively equivalent, they may result in nonequivalent quantitative general-

izations. Each of them offers a distinct hint on constructing a subsethood measure.

For clarity, in the rest of the discussion we define sh(A v B) = 1 for A = ∅ and

consider only the case of A 6= ∅.

Condition (i′) relates subsethood of two sets to the subsethood of their comple-

ments [4, 10, 12, 77, 130, 173]. By the equivalence of (i) and (i′), one may impose a

condition:

(C) sh(A v B) = sh(Bc v Ac).

The value of a subsethood measure sh(A v B) may be viewed as the degree to which

all objects in U satisfy the condition A ⊆ B. The set inclusion A ⊆ B can be
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equivalently expressed as a logic condition [152]:

(L) ∀x ∈ U (x ∈ A =⇒ x ∈ B). (6.27)

Accordingly, we can interpret sh(A v B) in terms of the ratio of the number of

objects in the universe that satisfy condition (L).

Definition 13. According to the satisfiability of the logical condition (L), a measure

of subsethood is given by:

shl(A v B) =
|Ac ∪B|
|U | , (6.28)

where Ac ∪B is the set of objects satisfying the logic condition (L).

By definition, we have:

shl(B
c v Ac) =

|B ∪ Ac|
|U |

= shl(A v B). (6.29)

That is, shl satisfies condition (C).

Conditions (ii)-(iv) re-express set inclusion as set equality. An advantage of these

transformations is that we can compare the sizes of two sets in the design of a subset-

hood measure. More specifically, we can use the ratio of the sizes of the two sets in

the left-hand-side and right-hand-side of the equation and compare the ratio with the

value 1 representing the equality of two sets. In general, for any two sets A,B ⊆ U

we have A ∩ B ⊆ A ⊆ A ∪ B and A ∩ B ⊆ B ⊆ A ∪ B. To be consistent with the

normalization condition 0 ≤ sh(A v B) ≤ 1, we use the smaller set in the numerator

and the larger set in the denominator. This construction process immediately leads

to subsethood measures based on (ii) and (iii).

Definition 14. Based on conditions (ii) and (iii), two measures of subsethood are
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given by:

sh∩(A v B) =
|A ∩B|
|A| ,

sh∪(A v B) =
|B|
|A ∪B| . (6.30)

Similarly, by using conditions (ii′) and (iii′), we define two measures of subsethood as:

shc∪(A v B) =
|Ac|

|Ac ∪Bc| ,

shc∩(A v B) =
|Ac ∩Bc|
|Bc| . (6.31)

While measures sh∪ and sh∩ interpret subsethood based on the condition A ⊆

B, measures shc∪ and shc∩ interpret subsethood in terms of the equivalent condition

Bc ⊆ Ac. They in fact define each other as follows:

sh∩(A v B) = shc∩(B
c v Ac),

sh∪(A v B) = shc∪(B
c v Ac),

shc∪(A v B) = sh∪(B
c v Ac),

shc∩(A v B) = sh∩(B
c v Ac). (6.32)

These equalities are different from the equality given by property (C). While sh∩ and

shc∩ are defined based on intersection of two sets, sh∪ and shc∪ are defined based on

union of two sets. In general, none of the four measures satisfies property (C).

Conditions (iv′) and (iv) give an alternative interpretation of the measure shl

based on the equality Ac ∪B = U as follows:

shl(A v B) =
|Ac ∪B|
|U |

= 1− |A ∩B
c|

|U | , (6.33)
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where A ∩ Bc consists of objects that do not satisfy the logical condition (L). The

ratio |A ∩Bc|/|U | is expressed in terms of the two sets in the equality of (iv).

Condition (v), suggested by Bandler and Kohout [5], provides a different view for

interpreting a subsethood measure. It translates set inclusion into a set member in a

power set and can be equivalently expressed as:

(v1) ∃Y ∈ 2B(A = Y ).

Thus, instead of comparing two sets given in (i)-(iv), we compare the set A with

all subsets of B. By condition (v1), we need to find a subset of B that satisfies

the condition A = Y to the largest degree. In this case, a similarity measure or

a distance measure can be used to quantify the condition A = Y . Consider the

well-known Marczewski-Steinhans metric (simply MZ metric) [99] for measuring the

distance between two sets X, Y ⊆ U :

d(X, Y ) = 1− |X ∩ Y ||X ∪ Y | . (6.34)

The corresponding similarity of two sets is given by:

s(X, Y ) =
|X ∩ Y |
|X ∪ Y | . (6.35)

According a similarity measure s, a subsethood measure can be defined by quantifying

the condition (v1):

shs(A v B) = max
Y ∈2B

s(A, Y )

= max
Y ∈2B

|A ∩ Y |
|A ∪ Y | . (6.36)

To find the maximum value, we need to find a set Y ∈ 2B such that |A ∩ Y | is the
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largest and, at the same time, A∪Y is the smallest. For any X ∈ 2B, we have X ⊆ B,

which implies that A ∩X ⊆ A ∩B. Therefore, the following conditions hold:

A ∩X ⊆ A ∩B = A ∩ (A ∩B),

A ∪ (A ∩B) = A ⊆ A ∪X. (6.37)

That is, A ∩B ∈ 2B is a set in 2B that has the desired property. By inserting A ∩B

into equation (6.36), we have:

shs(A v B) =
|A ∩ (A ∩B)|
|A ∪ (A ∩B)|

=
|A ∩B|
|A|

= sh∩(A v B). (6.38)

With the MZ metric, we obtain another interpretation of sh∩ according to condition

(v). When other similarity measures of sets are used, one may obtain additional

subsethood measures.

The five subsethood measures shl, sh∩, sh∪, sh
c
∩, and shc∪ have been considered

in many studies. Instead of using standard sets, most existing studies consider fuzzy

sets. Our subsethood measures may be viewed as special cases of fuzzy subsethood

measures. By generalizing logic implication as a fuzzy implication, many authors

propose and examine fuzzy subsethood measures corresponding to shl, see, for ex-

ample, Bandler and Kohout [5,6], Burillo et al. [10], Bustince et al. [12], Dubois and

Prade [34], Fan et al. [38], Goguen [42], Gomolińska [43], Kosko [80, 81], Wang and

Don [140], Willmott [143], Young [173], and Zhang et al. [180]. Sanchez [125] and Go-

molińska [43] suggests sh∪ as a subsethood measure; its fuzzy counterpart is discussed

by Kosko [80] and Kuncheva [82]. Willmott [144] and Fan et al. [38] study a fuzzy

subsethood measure corresponding to sh∪. Fan et al. [38] study a fuzzy subsethood
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measure corresponding to shc∪. Fan et al. [38] and Zhang et al. [181, 182] investigate

fuzzy subsethood measures corresponding to shc∩.

6.4.2 Interpretations of Subsethood Measures through Four

Regions Induced by Two Sets

Given two subsets A,B ⊆ U , as shown in Figure 6.2, they divide U into four pair-wise

disjoint regions, A ∩ B, Ac ∩ B, A ∩ Bc and Ac ∩ Bc. Some of these regions may be

empty. Table 6.1 summaries the cardinalities of these regions. The regions A∩Bc and

Ac ∩ B can be equivalently expressed as A− B and B − A, respectively [139]. Since

the fourth region can always be written as the complement of the union of other three

regions, it is sufficient to consider only three regions. For example, Tversky [139] uses

A ∩B, Ac ∩B, and A ∩Bc in a study of similarity.

A B

A ∩ Bc A ∩B Ac ∩B

U
Ac ∩Bc

Figure 6.2: Four regions defined by two sets A and B

B Bc Total

A |A ∩B| = δ11 |A ∩Bc| = δ10 |A| = δ11 + δ10

Ac |Ac ∩B| = δ01 |Ac ∩Bc| = δ00 |Ac| = δ01 + δ00

Total |B| = δ11 + δ01 |Bc| = δ10 + δ00 |U | = δ11 + δ01 + δ10 + δ00

Table 6.1: Cardinalities of the four regions defined by two sets A and B

Based on the four regions, we can re-interpret subsethood measures introduced
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earlier. Let us first express all sets in equalities (i)-(iv) by the four regions:

A = (A ∩B) ∪ (A ∩Bc),

B = (A ∩B) ∪ (Ac ∩B),

Ac = (Ac ∩B) ∪ (Ac ∩Bc),

Bc = (A ∩Bc) ∪ (Ac ∩Bc),

Ac ∪B = (A ∩B) ∪ (Ac ∩B) ∪ (Ac ∩Bc),

A ∪B = (A ∩B) ∪ (Ac ∩B) ∪ (A ∩Bc),

Ac ∪Bc = (Ac ∩B) ∪ (A ∩Bc) ∪ (Ac ∩Bc),

U = (A ∩B) ∪ (Ac ∩B) ∪ (A ∩Bc) ∪ (Ac ∩Bc). (6.39)

According to these equations, by the fact that the four regions are pair-wise disjoint,

the subsethood measures can be computed as:

shl(A v B) =
|Ac ∪B|
|U |

=
|(A ∩B) ∪ (Ac ∩B) ∪ (Ac ∩Bc)|

|(A ∩B) ∪ (Ac ∩B) ∪ (A ∩Bc) ∪ (Ac ∩Bc)|

=
δ11 + δ01 + δ00

δ11 + δ01 + δ10 + δ00

, (6.40)

sh∩(A v B) =
|A ∩B|
|A|

=
|A ∩B|

|(A ∩B) ∪ (A ∩Bc)|

=
δ11

δ11 + δ10

, (6.41)

sh∪(A v B) =
|B|
|A ∪B|

=
|(A ∩B) ∪ (Ac ∩B)|

|(A ∩B) ∪ (Ac ∩B) ∪ (A ∩Bc)|

=
δ11 + δ01

δ11 + δ01 + δ10

, (6.42)

shc∪(A v B) =
|Ac|

|Ac ∪Bc|
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=
|(Ac ∩B) ∪ (Ac ∩Bc)|

|(Ac ∩B) ∪ (A ∩Bc) ∪ (Ac ∩Bc)|

=
δ01 + δ00

δ01 + δ10 + δ00

, (6.43)

shc∩(A v B) =
|Ac ∩Bc|
|Bc|

=
|Ac ∩Bc|

|(A ∩Bc) ∪ (Ac ∩Bc)|

=
δ00

δ10 + δ00

. (6.44)

With the new expressions, we are able to have a new understanding of a subsethood

measure. According to Figure 6.2 and equalities (i)-(v), the region A ∩ Bc plays a

crucial role in characterizing set inclusion A ⊆ B. The degree of subsethood would

increase with the decrease of A∩Bc and reach the maximum value when A∩Bc = ∅,

or precisely, with the decrease of the value of δ10. It is not surprising to find that δ10

is in the denominator of all five subsethood measures. A subsethood measure may

increase with the increase of A∩B, or precisely, with the increase of the value of δ11.

We also find out that δ11 is in the numerator of three of the five subsethood measures.

In addition, if a measure contains δ11, it (i.e., δ11) must appear in both the numerator

and denominator. The same observation also hold for δ00.

6.4.3 An Analysis of Subsethood Measures

To gain more insights into the five subsethood measures, we need to study their

common features and their properties with respect to the axioms given in Section 6.3.

Several important observations of the five subsethood measures can be made.

First, all five measures are all non-symmetric, that is, in general it may happen that

sh(A v B) 6= sh(B v A). The non-symmetry of subsethood measures meaningfully

reflects the non-symmetry of the set-inclusion relation. Second, all these measures

are expressed as a ratio of the sizes of two sets. Consequently, we have the following
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probabilistic interpretations:

shl(A v B) =
|Ac ∪B|
|U | = Pr(Ac ∪B),

sh∩(A v B) =
|B ∩ A|
|A| = Pr(B|A),

sh∪(A v B) =
|B|
|A ∪B| = Pr(B|A ∪B),

shc∪(A v B) =
|Ac|

|Ac ∪Bc| = Pr(Ac|Ac ∪Bc),

shc∩(A v B) =
|Ac ∩Bc|
|Bc| = Pr(Ac|Bc). (6.45)

Third, all measures are related to incorrect acceptance error (IAE) as follows:

IAE(B,A) =
|Bc ∩ A|
|A|

=
|U |
|A|

(
1− |A

c ∪B|
|U |

)
=
|U |
|A| (1− shl(A v B)) , (6.46)

IAE(B,A) =
|Bc ∩ A|
|A|

= 1− |B ∩ A||A|
= 1− sh∩(A v B), (6.47)

IAE(B,A) =
|Bc ∩ A|
|A|

=
|B|
|A|

( |B ∪ A|
|B| − 1

)
=
|B|
|A|

(
(sh∪(A v B))−1 − 1

)
, (6.48)

IAE(B,A) =
|Bc ∩ A|
|A|

=
|Ac ∪Bc|
|A|

(
1− |Ac|
|Ac ∪Bc|

)
=
|Ac ∪Bc|
|A| (1− shc∪(A v B)) , (6.49)
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IAE(B,A) =
|Bc ∩ A|
|A|

=
|Bc|
|A|

(
1− |A

c ∩Bc|
|Bc|

)
=
|Bc|
|A| (1− shc∩(A v B)) . (6.50)

There are two ways to apply these relationships. For a fixed threshold on a subsethood

measure, we can estimate a bound on the incorrect acceptance errors as follows:

shl(A v B) ≥ a ⇐⇒ IAE(B,A) ≤ |U ||A| (1− a),

sh∩(A v B) ≥ a ⇐⇒ IAE(B,A) ≤ 1− a,

sh∪(A v B) ≥ a ⇐⇒ IAE(B,A) ≤ |B||A|
(
a−1 − 1

)
,

shc∩(A v B) ≥ a ⇐⇒ IAE(B,A) ≤ |A
c ∪Bc|
|A| (1− a),

shc∪(A v B) ≥ a ⇐⇒ IAE(B,A) ≤ |B
c|
|A| (1− a). (6.51)

For different subsethood measures, we may in fact use different thresholds. Except

sh∩, each of other four subsethood measures induces a bound of error rate that is

related to the sizes of A and/or B. On the other hand, for a fixed threshold on error

rate ea, we can find the following thresholds on subsethood measures:

IAE(B,A) ≤ ea ⇐⇒ shl(A v B) ≥ 1− |A||U |ea,

IAE(B,A) ≤ ea ⇐⇒ sh∩(A v B) ≥ 1− ea,

IAE(B,A) ≤ ea ⇐⇒ sh∪(A v B) ≥
(

1 +
|A|
|B|ea

)−1

,

IAE(B,A) ≤ ea ⇐⇒ shc∪(A v B) ≥ 1− |A|
|Ac ∪Bc|ea,

IAE(B,A) ≤ ea ⇐⇒ shc∩(A v B) ≥ 1− |A||Bc|ea. (6.52)

In this case, except sh∩, thresholds on subsethood measures also depend on the sizes
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of A and B.

Subsethood measures shl, sh∩, sh∪, sh
c
∪ and shc∩ may satisfy properties introduced

earlier. Table 6.2 summarizes properties of the five measures, where × denotes that

a particular measure satisfies a specific property.

Subsethood
(BC) (M1) (M2) (M3) (M4) (EM) (D) (C)

measures

shl(A v B) × × × × × ×
sh∩(A v B) × × × × × ×
sh∪(A v B) × × × × ×
shc∪(A v B) × × × × ×
shc∩(A v B) × × × ×

Table 6.2: Properties of subsethood measures

6.4.4 The Class of De Baets et al.’s Subsethood Measures

De Baets et al. [4] propose a class of rational cardinality-based subsethood measures.

An insight from their investigations is the decomposition of a subsethood measure

into basic components by using the four regions discussed earlier.

The class of type R subsethood measures introduced by De Baets et al. is in the

following general ratio form:

(R) shR(A v B) =
a11δ11 + a10δ10 + a01δ01 + a00δ00

b11δ11 + b10δ10 + b01δ01 + b00δ00

,

where a11, a10, a01, a00, b11, b10, b01, b00 ∈ {0, 1} and it is assumed that the denominator

is non-zero. They also propose two additional classes of subsethood measures:

(R1) shR1(A v B) =
min{δ10, δ01}+ a11δ11 + a00δ00

b10δ10 + b01δ01 + b11δ11 + b00δ00

,

(R2) shR2(A v B) =
a10δ10 + a01δ01 + a11δ11 + a00δ00

max{δ10, δ01}+ b11δ11 + b00δ00

.
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In (R1) and (R2), instead of linear combination, one uses either the minimum or the

maximum of δ10 and δ01.

A few comments are needed for the class of type R subsethood measures. The

five subsethood measures introduced in Section 6.4.1 are, in fact, instances of the

class of type R. They can be interpreted based on set equalities that are equivalent

to A ⊆ B. On the other hand, not every combination in R may have an intuitive

interpretation and serve as a suitable measure for subsethood. For example, |A ∩

B|/|B| = (δ11)/(δ11 + δ01) may not be a good choice. To be consistent with the

intuitive interpretations of subsethood measures, it might be reasonable to consider

some combinations in type R, type R1 and type R2 subsethood measures. For this

purpose, De Baets et al. [4] consider several axioms, including a boundary condition

(BC) with only a single implication, reflexibility (RE), i.e., sh(A v A) = 1, and

complement condition (C). The reflexibility condition is a special case of the boundary

condition. Finally, one may consider coefficients that are not necessarily 0 and 1 to

derive a much larger class of measures.

The framework of De Baets et al. [4] offers a systematic method for constructing

and interpreting subsethood measures based on four components. It may be interest-

ing to investigate other classes of measures in a similar framework.

6.5 Summary

Probabilistic rough set models are a quantitative generalization of the qualitative

Pawlak rough set model, in which a conditional probability function is used as a sub-

sethood measure. By considering other subsethood measures, the chapter proposed

a more general framework of quantitative rough sets. Different quantitative rough

set models were constructed by using different classes of subsethood measures. Each

class was defined by a particular set of axioms. Several axioms were examined, in-
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cluding the boundary condition, various monotonicity, and self-dual property. The

chapter studied five concrete subsethood measures by considering the equivalent, but

different, representations of set inclusion, as well as four regions induced by two sets.

The chapter also provided a detailed analysis of these measures in terms of their

properties and relationships to the incorrect acceptance error and incorrect rejection

error.

The investigation of this chapter was limited to a theoretical study on the in-

terpretation and construction of subsethood measures and rough sets three regions

using subsethood measures. Our evaluation of different classes of subsethood mea-

sures was based on properties/axioms that must be satisfied. The meaning of these

properties was discussed and relationships to properties proposed by other researchers

were examined. An important remaining issue is the application of different classes

of quantitative rough set models. In the context of a specific application, one may

be able to investigate the appropriateness of a subsethood measure and the induced

quantitative model. Another issue is the interpretation and computation of a pair

of thresholds for defining the three regions. In the context of probabilistic rough set

models, one can determine the required thresholds by using Bayesian decision the-

ory [70,85,91,95,154,168], game theory [3, 63], or information theory [24,27]. It will

be interesting to examine whether these theories can be applied to quantitative rough

sets in general.

134



Chapter 7

DECISION-THEORETIC

THREE-WAY

APPROXIMATIONS OF FUZZY

SETS

A three-way approximation (also referred to as three-valued, or three-region approx-

imation) of a fuzzy set is constructed from a pair of thresholds (α, β) on the fuzzy

membership function. An element whose membership grade equals to or is greater

than α is put into the positive region, an element whose membership grade equals to

or is less than β is put into the negative region, and an element whose membership

grade is between β and α is put into the boundary region. A fundamental issue is

the determination and interpretation of the required pair of thresholds. In the frame-

work of shadowed sets (i.e., an example of three-way approximations of fuzzy sets),

Pedrycz provides an analytic solution to computing the thresholds by searching for a

balance of uncertainty introduced by the three regions. To gain further insights into

three-way approximations of fuzzy sets, we introduce an alternative decision-theoretic
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formulation in which the required thresholds are computed by minimizing decision

cost.

7.1 Motivations of Approximations of Fuzzy Sets

Fuzzy sets extend the classical sets by allowing graded membership values so that one

can describe a concept that has an unsharp, gradually changing boundary [176]. The

use of the unit interval [0, 1] as the set of membership grades has both advantages

and shortcomings. On the one hand, an infinite set of values provides a high degree of

flexibility and a great expressive power mathematically. One can distinguish objects

at minute details by using many levels of membership grade. On the other hand, the

infinite number of values leads to a difficulty in interpreting and understanding a fuzzy

membership function in practice. In many situations, our perception of fuzziness is

of a qualitative nature. We may be only able to distinguish objects by using a few

levels of fuzziness. A classical study of Miller [101] shows that human can only

process about seven plus or minus two units of information. More recent studies

suggest that the actual number is smaller and is around four [22]. The use of a

few grade levels has cognitive advantages. In practical applications, it may also

happen that we do not need to distinguish objects that are very similar to each other.

An approximation may be sufficient, as a very precise membership value may not

offer much more significant information. In addition, estimating and representing

uncertainty or vagueness by a numeric value are usually associated with a cost of

observation or an error of estimation. Obtaining a more precise numeric value usually

leads to a higher cost although a lower error. There is a trade-off between accuracy

and cost. Accordingly, approximating a fuzzy set by using several levels of grade is

of practical importance. An approximation of a fuzzy set by using only a few grade

values may simplify a problem and, more often than not, is practically sufficient.
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The concept of shadowed sets, proposed by Pedrycz [113,116–118], is an example

of three-way approximations of a fuzzy set. It has received much attention in recent

years in theory and applications [16, 17, 21, 37, 52, 53, 60, 66, 89, 105, 107, 112–114, 136,

141,175,187]. Intuitively, the construction of a shadowed set is based on the following

principles. If the membership grade of an element is close to 1, it would be considered

to be the same as 1 and is elevated to 1; if the membership grade is close to 0, it would

be considered to be the same as 0 and is reduced to 0; if the membership grade is

neither close to 1 nor close to 0, it would be put into a shadowed region. The elevation

and reduction operations use thresholds that provide semantically meaningful and

acceptable levels of membership grades that are close to 1 and 0, respectively.

A fundamental issue of three-way approximations of fuzzy sets is the interpretation

and determination of thresholds. In searching of the optimal thresholds, Pedrycz [113]

suggests a method by minimizing an objective function that provides a balance of

uncertainty characterized by a fuzzy set. More specifically, the objective function is

expressed as the difference between the shadowed area and the sum of the increased

and decreased areas by the elevation and reduction operations. The approach works

well computationally. On the other hand, we can improve the method from several

aspects. The minimization procedure provides an analytic solution when the thresh-

olds are related, i.e., they add up to 1. For a pair of unrelated thresholds, one may not

have an analytic solution. Pedrycz’s objective function is one of many possible ways

to interpret and compute thresholds in terms of uncertainty. It is more useful to inves-

tigate the physical meaning of various objective functions based on more operational

notions such as error rate, cost, etc.. By applying results from decision-theoretic rough

sets (DTRS) [168] and three-way decisions [157, 158, 160], this chapter solves these

difficulties by introducing a model of decision-theoretic three-way approximations of

fuzzy sets.

A basic idea of three-way decisions is to classify a set of objects into three regions,
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called the positive, negative and boundary regions, by using an evaluation function

and a pair of thresholds [160]. If we interpret the membership function of a fuzzy

set as an evaluation, we can immediately obtain a new interpretation of a three-way

approximation of a fuzzy set. For each object, one can make one of three decisions:

elevate the membership grade to 1, reduce the membership grade to 0, or change the

membership grade to a third intermediate value. The elevation of a membership grade

to 1 means that one accepts an object to be an instance of the concept represented

by a fuzzy set, as its membership grade is close to 1. The reduction of a membership

grade to 0 means that one rejects the object to be an instance of the concept, as its

membership grade is close to 0. For an object whose membership grade is neither

close to 1 nor close to 0, one would like to make a non-commitment decision by

using a third value. Each decision is associated with some errors and costs. Such a

three-way decision interpretation offers naturally a model for constructing three-way

approximations by using the notions of error and cost. One can obtain an optimal

pair of thresholds by minimizing overall error or cost of three-way approximations.

7.2 Approximations of Fuzzy Sets with Three-Way

Decisions

This section reviews basic concepts of fuzzy sets, three-way approximations of fuzzy

sets and shadowed sets within the framework of three-way decisions.

7.2.1 Three-Way Approximations of a Fuzzy Set

A fuzzy set represents a concept with an unsharp, gradually changing boundary [176].

Formally, a fuzzy set A over a universal set U is defined by a membership function:

µA : U −→ [0, 1], (7.1)
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where [0, 1] is the unit interval. The numeric value µA(x) ∈ [0, 1] is called the mem-

bership value or grade of x ∈ U in the fuzzy set A. Intuitively, an object with a full

membership grade of 1 is viewed as a typical instance of the concept, an object with

a membership grade of 0 is viewed as a non-instance of the concept, and a higher

membership grade implies that an object belongs more to the concept.

Qualitatively, one may use a pair of core and support to approximate a fuzzy

set [33, 79]:

CORE(µA) = {x ∈ U | µA(x) = 1}

= {x ∈ U | µA(x) ≥ 1},

SUPPORT(µA) = {x ∈ U | µA(x) 6= 0}

= {x ∈ U | µA(x) > 0}. (7.2)

To be consistent with three-way decisions, we can approximate a fuzzy set by three

regions, namely, the positive, negative and boundary regions:

POS(µA) = {x ∈ U | µA(x) ≥ 1}

= CORE(µA),

NEG(µA) = {x ∈ U | µA(x) ≤ 0}

= (SUPPORT(µA))c,

BND(µA) = {x ∈ U | 0 < µA(x) < 1}

= SUPPORT(µA)− CORE(µA). (7.3)

The qualitative approximation of a fuzzy set uses only the two extreme points of the

unit interval [0, 1], namely, the full membership grade 1 and the membership grade 0.

The qualitative approximation of a fuzzy set may be very restrictive. An object is

not put into the positive region even though its membership grade is almost the same
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as 1, and an object is not put into the negative region even though its membership

grade is almost the same as 0. All objects with non-full or non-zero membership

grades are put into the boundary region. To resolve this restriction, in his seminal

paper Zadeh [176] suggests the following three-valued approximations of a fuzzy set:

“... one can introduce two levels α and β (0 < α < 1, 0 < β < 1, α > β)

and agree to say that (1) ‘x belongs to A’ if fA(x) ≥ α; (2) ‘x does not

belong to A’ if fA(x) ≤ β; and (3) ‘x has an indeterminate status relative

to A’ if β < fA(x) < α. This leads to a three-valued logic (Kleene,

1952) with three truth values: T (fA(x) ≥ α), F (fA(x) ≤ β), and U

(β < fA(x) < α).”

In this quote, fA(x) : U −→ [0, 1] denotes a fuzzy set and Kleene’s book is given

by reference [78]. Quantitative approximations of a fuzzy set by a pair of thresholds

(α, β) can be viewed as a specific model of three-way decisions. The three regions are

defined respectively by:

POS(α,β)(µA) = {x ∈ U | µA(x) ≥ α},

NEG(α,β)(µA) = {x ∈ U | µA(x) ≤ β},

BND(α,β)(µA) = {x ∈ U | β < µA(x) < α}. (7.4)

Zadeh’s three cases correspond to the three regions of three-way decisions. For exam-

ple, for case (1), we accept an object to be an element of A with an understanding

that its membership grade may not be 1, but is only close to 1.

A three-way approximation of a fuzzy set can be formally defined as a three-valued
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fuzzy set TµA(x) : U −→ {n, b, p},

TµA(x) =


p, x ∈ POS(α,β)(µA),

n, x ∈ NEG(α,β)(µA),

b, x ∈ BND(α,β)(µA),

(7.5)

where p, n and b denote three membership grades corresponding to the positive,

negative and boundary regions, respectively. Following discussion from three-valued

logic [32], we consider two orderings of the three membership grades. A degree-of-

truth ordering is given by n ≺t b ≺t p, that is, n is the least membership grade, p

is the greatest membership grade, and b is an intermediate membership grade. A

degree-of-information is given by b ≺i n and b ≺i p. That is, membership grades n

and p are more informative than b. In the light of the two orderings, the choice of a

set of particular symbols is not important, as long as it preserves the two orderings.

We typically use 0 to represent n, 1
2

to represent b, and 1 to represent p. Banerjee

and Pal [7] and Chakrabarty et al. [19] consider similar approximations of a fuzzy set

by a pair of ordinary sets in the framework of rough sets.

7.2.2 Shadowed Sets

An unresolved issue with Zadeh’s proposal is that there is a lack of a theory for

interpreting and determining the required pair of thresholds. Pedrycz [113–117, 119]

proposes a framework of shadowed sets that gives one solution to this problem.

A shadowed set S on U is defined as a mapping from U to the set {0, [0, 1], 1},

that is, S : U −→ {0, [0, 1], 1}. Elements of U with membership grade 1 constitute

the core of S and elements with membership grade [0, 1] form the shadow of S. It

is possible that either the core or the shadow of a shadowed set is empty. It may be

commented that this definition of a shadowed set is not necessarily related to a fuzzy

set.
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For the application of a shadowed set as an approximation of a fuzzy set, Pedrycz [113]

suggests a constructive method. Given a pair of thresholds (α, β) with 0 ≤ β < α ≤ 1,

one can construct a shadowed set from a fuzzy set µA as follows [113]:

SµA(x) =


1, µA(x) ≥ α,

0, µA(x) ≤ β,

[0, 1], β < µA(x) < α.

(7.6)

To be consistent with Zadeh’s formulation and the theory of three-way decisions,

we use labels, notations and convention that are slightly different from ones used

by Pedrycz. In terms of three-way decisions, a shadowed set can be conveniently

interpreted as three regions: the positive region defined by membership grade 1, the

negative region defined by membership grade 0, and the boundary region defined by

membership grade [0, 1]. The boundary region is in fact the shadowed region.

µA(x)

x0

α

β

1

Elevated Area Reduced Area Shadow

Elevation operation

Reduction operation

Figure 7.1: A shadowed set approximation of a fuzzy set

An important contribution of shadowed sets is a new interpretation of approxi-

mations of a fuzzy set. The membership function of a shadowed set can be viewed

as a modification of a fuzzy membership function as depicted in Figure 7.1. For an

object x, we elevate the membership grade from µA(x) to SµA(x) = 1, if µA(x) ≥ α;
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we reduce the membership grade from µA(x) to SµA(x) = 0, if µA(x) ≤ β; we change

the membership grade from µA(x) to SµA(x) = [0, 1], if β < µA(x) < α. Another

contribution of shadowed sets is a systematic way to compute the pair of thresholds

(α, β). Pedrycz [113] introduces a method by minimizing an objective function that

characterizes the uncertainty of a shadowed set. Consider a shadowed set approxi-

mation of a fuzzy set as depicted in Figure 7.1. By comparing membership functions

of a fuzzy set and a shadowed set, we can identify three areas as shown in Figure 7.1:

the elevated area of membership values, the reduced area of membership values, and

the shadow or shadowed area. The three areas represent changes from the fuzzy set

membership function into a shadowed set membership function.

Based on the three areas, Pedrycz [113] suggests that an optimal pair of thresholds

should satisfy the following condition:

Elevated Area(α,β)(µA) + Reduced Area(α,β)(µA) = Shadow(α,β)(µA). (7.7)

That is, the area of shadow is the sum of the elevated area and the reduced area. In

practical situations, it may be difficult to find a pair of thresholds that satisfies this

condition, particularly, when U is a finite universe. Instead, Pedrycz [113] proposes

to minimize the following absolute difference:

V(α,β)(µA) = |Elevated Area(α,β)(µA) + Reduced Area(α,β)(µA)

− Shadow(α,β)(µA)|

=
∣∣∣ ∑
µA(x)≥α

(1− µA(x)) +
∑

µA(x)≤β

µA(x)

− card({x ∈ U | β < µA(x) < α})
∣∣∣, (7.8)

where card(·) denotes the cardinality of a set. For simplicity, we assume that universe

U is finite. Hence, summation is used in equation (7.8). An optimal pair of thresholds
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(α, β) can be obtained by taking the arguments that minimize the objective function

V(α,β)(µA):

arg min
(α,β)

V(α,β)(µA). (7.9)

Minimization involving two parameters may have computational difficulties. Conse-

quently, Pedrycz [113,115–117] further assumes that the pair of thresholds is related

by α+ β = 1. In this special case, the objective function (7.8) can be simplified into:

V(α,1−α)(µA) =
∣∣∣ ∑
µA(x)≥α

(1− µA(x)) +
∑

µA(x)≤1−α

µA(x)

− card({x ∈ U | 1− α < µA(x) < α})
∣∣∣. (7.10)

For many types of fuzzy membership functions, one can obtain analytic solutions of α.

That is, when the membership function µA is given, one can mathematically calculate

the formula of the optimal threshold α. For more details, see references [113–117].

7.2.3 Two Senses of the Notion of Shadowed Sets

Pedrycz’s formulation of the notion of shadowed sets consists of two main steps. The

first step is to define a shadowed set as a mapping from U to {0, [0, 1], 1}, independent

of a fuzzy set, which is equivalent to a tripartition of U . The second step is to construct

a shadowed set as an approximation of a fuzzy set. This leads to different views on the

meaning of the notion of shadowed sets. Following Zadeh’s discussions on two senses

of the notion of fuzzy logic [177], we consider two senses of the notion of shadowed

sets. In a wide sense, we interpret the notion of shadowed sets based only on the form

and interpretation of a shadowed set. That is, a shadowed set is a three-valued fuzzy

set, which can be used to approximate a fuzzy set. We focus more on the general idea

rather than the detailed formulation and particular choice of the set of three levels

of grade. In other words, an interpretation of the notion of shadowed sets in a wide

144



sense is based on the first step of Pedrycz’s formulation. This view has been used by

Cattaneo and Ciucci [15–17] for studying algebraic structure of shadowed sets and

by Deng and Yao [25] in the framework of decision-theoretic shadowed sets (DTSS).

In a narrow sense, we interpret the notion of shadowed sets according to Pedrycz’s

exact formulation, namely, the choice of the set of membership grades {0, [0, 1], 1}

and the objective function as defined by Equation (7.8). That is, an interpretation of

the notion of shadowed sets in a narrow sense is based on the both steps of Pedrycz’s

formulation.

The interpretation in the wide sense allows us to generalize shadowed sets by

considering different formulations. The interpretation in the narrow sense may un-

necessarily limit further development of shadowed sets. In this thesis, we will use

three-way approximations of fuzzy sets to denote the interpretation in the wide sense

and use shadowed sets to denote the interpretation in the narrow sense. Thus, shad-

owed sets are an example of three-way approximations of fuzzy sets.

7.3 An Error-Based Interpretation of Shadowed

Sets

This section provides a detailed analysis of Pedrycz’s objective function in terms of

errors of approximations and introduces a new objective function by the total error of

approximations. The results motivate the introduction of decision-theoretic three-way

approximations in Section 7.4.

7.3.1 An Analysis of Pedrycz’s Objective Function

In order to gain further insights into objective function (7.8), we can re-express it in

terms of the errors introduced by a shadowed set approximation. Given an object x

with membership grade µA(x), the elevation operation changes the membership grade
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from µA(x) to 1, the reduction operation changes the membership grade from µA(x)

to 0, and the errors induced by elevation and reduction are given respectively by:

Ee(µA(x)) = 1− µA(x),

Er(µA(x)) = µA(x)− 0 = µA(x). (7.11)

By considering all objects in U , the elevated area gives the total error induced by

elevation and the reduced area gives the total error induced by reduction, that is,

Ee(µA) = Elevated Area(α,β)(µA) =
∑

µA(x)≥α

(1− µA(x)),

Er(µA) = Reduced Area(α,β)(µA) =
∑

µA(x)≤β

µA(x). (7.12)

Unfortunately, the meaningfulness of the shadow is not as clear. This is perhaps

due to the fact that the unit interval [0, 1] is used, rather than a fixed value from

[0, 1]. By computing the differences between µA(x) and the maximum value 1 and

the minimum value 0 and summarizing them up, we have:

(1− µA(x)) + (µA(x)− 0) = 1. (7.13)

Thus, we can re-express the shadow in terms of errors as follows:

Es(µA) = Shadow(α,β)(µA)

=
∑

β<µA(x)<α

(1− µA(x)) +
∑

β<µA(x)<α

µA(x).

= Es↑1(µA) + Es↓0(µA). (7.14)

The two terms can be interpreted, respectively, as the total error of elevation and

reduction of membership grade of objects in the shadowed region.
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With the error-based interpretation of the three areas, we re-express the objective

function in terms of errors by:

V(α,β)(µA) = |Ee(µA) + Er(µA)− Es(µA)|

=
∣∣∣ ∑
µA(x)≥α

(1− µA(x)) +
∑

µA(x)≤β

µA(x)

−

 ∑
β<µA(x)<α

(1− µA(x)) +
∑

β<µA(x)<α

µA(x)

∣∣∣. (7.15)

Thus, the objective function is a kind of trade-off of errors produced by three re-

gions. However, the rationale for such a trade-off is not entirely clear. It is therefore

necessary to further investigate the physical meaning of the objective function.

7.3.2 Three-Way Approximations Defined by Minimizing the

Total Error

Recall that the choice of a particular symbol is not important, as long as we preserve

both degree-of-truth ordering and degree-of-information ordering. For example, Cat-

taneo and Ciucci [15, 16] use 1
2

as the membership grade instead of the unit interval

[0, 1] as suggested by Pedrycz. For the choice of the unit interval [0, 1], according to

Pedrycz [117], elements in the shadow “for which we have assigned the unite interval

are completely uncertain – we are not at position to allocate any numeric membership

grade. Therefore, we allow the usage of the unit interval which reflects uncertainty

meaning that any numeric value could be permitted here.” A question arises natu-

rally: if we do want to use a single number in the interval [0, 1] as the membership

grade of elements in the shadow, which number should we use? Given that [0, 1]

represents a state of complete uncertainty, the only number in [0, 1] for such a state

is 0.5.

The value 0.5 is the middle point of the unit interval [0, 1], representing a mem-
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bership grade of the highest uncertainty [113]. It is a semantically meaningful choice

to represent the membership grades of objects in the boundary region. By replac-

ing the unit interval [0, 1] of a shadowed set with 0.5, one can define a three-way

approximation of a fuzzy set by: if 0 ≤ β < 0.5 < α ≤ 1,

TµA(x) =


1, µA(x) ≥ α,

0, µA(x) ≤ β,

0.5, β < µA(x) < α.

(7.16)

The three-way approximation TµA has the same form and structure as a shadowed

set defined by Equation (7.6).

µA(x)

x0

α

1

β

0.5

Elevated Area Reduced Area Shadow

Elevation operation

Reduction operation

Figure 7.2: A three-way approximation of a fuzzy set

As illustrated by Figure 7.2, for elevation and reduction operations in the new

definition, the correspondences between areas and errors remain to be the same as

Pedercz’s definition (see Figure 7.1 in Section 7.2.2). However, we need to revise the

definition of the shadow and errors of the shadowed region:

Shadow(α,β)(µA)

= Es0.5(µA) = Es↓(µA) + Es↑(µA)
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=
∑

0.5≤µA(x)<α

(µA(x)− 0.5) +
∑

β<µA(x)<0.5

(0.5− µA(x)). (7.17)

The value Es↓(µA) is the total error of reducing the membership grade from µA(x)

to 0.5 for any object x with 0.5 ≤ µA(x) < α. The value Es↑(µA) is the total

error of elevating the membership grade from µA(x) to 0.5 for any object x with

β < µA(x) < 0.5.

Under the new interpretation of a shadowed set, we propose that the total error

of a three-way approximation is a semantically meaningful objective function:

E(α,β)(µA) = Ee(µA) + Er(µA) + Es0.5(µA). (7.18)

We can minimize the total errors of the three areas instead of searching for a trade-off

between different areas. In contrast to objective function (7.8), we can easily express

the total error given by Equation (7.18) as the summation of errors of all objects as

follows:

E(α,β)(µA) =
∑
x∈U

E(α,β)(µA(x)), (7.19)

where

E(α,β)(µA(x)) =



1− µA(x), µA(x) ≥ α,

µA(x)− 0.5, 0.5 ≤ µA(x) < α,

0.5− µA(x), β < µA(x) < 0.5,

µA(x)− 0, µA(x) ≤ β.

(7.20)

It follows that the total error will be minimized if the error of each individual object

is minimized. Therefore, we can search for a pair of thresholds (α, β) such that

E(α,β)(µA(x)) is minimized for every object.

To minimize the error for each object, we consider the following three actions and
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associated errors:

elevate to 1 : 1− µA(x),

reduce to 0 : µA(x)− 0,

reduce/elevate to 0.5 : |µA(x)− 0.5|.

In other words, the associated errors are the absolute differences between µA(x) and

the three values 1, 0 and 0.5, respectively. A minimized difference is obtained if µA(x)

is changed into a value that is closest to µA(x). For objects with 0.75 ≤ µA(x) ≤ 1,

1 is the closest value to µA(x). For objects with 0 ≤ µA(x) ≤ 0.25, 0 is the closest

value. For objects with 0.25 < µA(x) < 0.75, 0.5 is the closest value. Therefore, we

have α = 0.75 and β = 0.25. That is, the pair of thresholds (0.75, 0.25) minimizes

the total error.

The three-way approximation obtained by minimizing the total error is in fact

a three-valued fuzzy set that is closest to the fuzzy set according to the differences

between the membership functions of the two fuzzy sets. The three regions can also

be interpreted as three ordinary sets. From this view, three-way approximations are

an example of approximating a fuzzy set by one or more of its closest ordinary sets,

an important problem studied by many authors [19, 20,53,106,107,112].

By minimizing the total error, we obtain a specific model of three-way approxi-

mations defined by the pair of thresholds (α = 0.75, β = 0.25). This suggests that

one needs to consider other information in order to obtain more generalized models.

In the next section, we show that a consideration of different costs or risks of actions

can achieve such a goal.
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7.4 A Decision-Theoretic Formulation of Three-

Way Approximations

By considering various costs of the elevation and reduction actions, this section intro-

duces a framework of decision-theoretic three-way approximation. The formulation

uses a similar technique as used in decision-theoretic rough sets [154,155,168].

7.4.1 Cost-Sensitive Three-Way Approximations of a Fuzzy

Set

A three-way approximation of a fuzzy set uses three membership grades of 0, 0.5 and

1. For an object with a fuzzy membership grade µA(x), we take one of three actions:

(a) elevate the membership grade to 1, (b) reduce the membership grade to 0, and

(c) change the membership grade to 0.5. Case (c) can be further divided into two

subcases, namely, reduce the membership grade to 0.5 when µA(x) ≥ 0.5, and elevate

the membership grade to 0.5 when µA(x) < 0.5. Each action may incur some error.

Furthermore, we assume that the costs for different actions are not necessarily the

same. Table 7.1 summarizes information about three-way approximations of a fuzzy

set.

Action
Fuzzy set Three-way

Error Loss (Cost)
membership grade membership grade

ae µA(x) 1 1− µA(x) λe

ar µA(x) 0 µA(x)− 0 λr

as↓ µA(x) ≥ 0.5 0.5 µA(x)− 0.5 λs↓

as↑ µA(x) < 0.5 0.5 0.5− µA(x) λs↑

Table 7.1: Loss function and errors of actions

In a decision-theoretic framework, the set of actions {ae, ar, as↓, as↑} describes

four possible actions on changing the membership grade. For simplicity, we also use
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{e, r, s↓, s↑} to denote the four actions. The elevation action ae elevates the mem-

bership grade of x from µA(x) to 1, the reduction action ar reduces the membership

grade from µA(x) to 0, the reduction action as↓ reduces the membership grade from

µA(x) ≥ 0.5 to 0.5, and the elevation action as↑ elevates the membership grade from

µA(x) < 0.5 to 0.5. The fuzzy membership grade µA(x) represents the state of object

x. The three-way membership grades represent the results of various actions. The er-

rors of different actions are given in the fourth column. The losses of different actions

are given in the last column. The values of the loss function λ depend on practical

applications and can be given by a user.

Each of the four losses λe, λr, λs↓ and λs↑ provides the unit cost. The actual cost

of each action is weighted by the magnitude of its error. Let R(a|x) = λaEa(µA(x))

denote the loss for taking action a ∈ {e, r, s↓, s↑} for an object x. The losses of four

actions for the object x can be computed as follows:

R(ae|x) = λeEe(µA(x)) = (1− µA(x))λe,

R(ar|x) = λrEr(µA(x)) = (µA(x)− 0)λr = µA(x)λr,

R(as↓|x) = λs↓Es↓(µA(x)) = (µA(x)− 0.5)λs↓,

R(as↑|x) = λs↑Es↑(µA(x)) = (0.5− µA(x))λs↑. (7.21)

For each object x, only one of the four actions is taken.

In constructing a three-way approximation, suppose an action a(x) is taken for

object x. The total loss of the approximation can be computed by:

R =
∑
x∈U

R(a(x)|x)

=
∑
x∈U

λa(x)Ea(x)(µA(x)). (7.22)

An optimal approximation can be obtained by minimizing the total loss R. This can
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be easily achieved by taking an action τ(x) that minimizes the loss R(a(x)|x) for

every object. That is, τ(x) is a solution to the following minimization problem:

arg min
a(x)∈action

R(a(x)|x), (7.23)

where action = {ae, ar, as↓, as↑}. In case of a tie, one may apply a tie-breaking rule.

For an object x, according to the values µA(x), we have two groups of decision

rules for obtaining three-way approximations of a fuzzy set: for µA(x) ≥ 0.5,

(E1) If R(ae|x) ≤ R(ar|x) ∧R(ae|x) ≤ R(as↓|x),

then take action ae, i.e., TµA(x) = 1;

(R1) If R(ar|x) ≤ R(ae|x) ∧R(ar|x) ≤ R(as↓|x),

then take action ar, i.e., TµA(x) = 0;

(S1) If R(as↓|x) ≤ R(ae|x) ∧R(as↓|x) ≤ R(ar|x),

then take action as↓, i.e., TµA(x) = 0.5,

for µA(x) < 0.5,

(E2) If R(ae|x) ≤ R(ar|x) ∧R(ae|x) ≤ R(as↑|x),

then take action ae, i.e., TµA(x) = 1;

(R2) If R(ar|x) ≤ R(ae|x) ∧R(ar|x) ≤ R(as↑|x),

then take action ar, i.e., TµA(x) = 0;

(S2) If R(as↑|x) ≤ R(ae|x) ∧R(as↑|x) ≤ R(ar|x),

then take action as↑, i.e., TµA(x) = 0.5.

Tie-breaking rules can be used so that only one action is taken for each object. The

resulting three-way approximation has the minimum loss.
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7.4.2 Derivation of Three-Way Approximations

In order to obtain an analytic solution defining a three-way approximation, we con-

sider loss functions satisfying certain properties. In this study, the following assump-

tions are made:

(sc1) λe > 0, λr > 0, λs↑ ≥ 0, λs↓ ≥ 0,

(sc2) λs↓ ≤ λr,

(sc3) λs↑ ≤ λe.

The rationale of these conditions can be explained as follows. Condition (sc1) requires

that all costs are non-negative and are used for convenience. Since 0 and 1 represent

two membership grades of complete certainty in the unit interval [0, 1], a non-zero

cost is assumed for changing any membership grade in (0, 1) into 0 or 1. According

to condition (sc2), reducing a membership grade µA(x) ≥ 0.5 to 0.5 represents a

smaller adjustment than reducing it to 0. A smaller cost is associated with action

as↓. Condition (sc3) is interpreted in a similar way.

Under assumptions (sc1) to (sc3), we can simplify the decision rules. For µA(x) ≥

0.5, the two conditions in rule (E1) can be expressed as:

R(ae|x) ≤ R(ar|x) ⇐⇒ (1− µA(x))λe ≤ µA(x)λr

⇐⇒ (λe + λr)µA(x) ≥ λe

⇐⇒ µA(x) ≥ λe
λe + λr

= γ,

R(ae|x) ≤ R(as↓|x) ⇐⇒ (1− µA(x))λe ≤ (µA(x)− 0.5)λs↓

⇐⇒ (λe + λs↓)µA(x) ≥ λe + 0.5λs↓

⇐⇒ µA(x) ≥ 2λe + λs↓
2(λe + λs↓)

= α. (7.24)
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The two conditions in (R1) are expressed by:

R(ar|x) ≤ R(ae|x) ⇐⇒ µA(x) ≤ γ,

R(ar|x) ≤ R(as↓|x) ⇐⇒ µA(x)λr ≤ (µA(x)− 0.5)λs↓

⇐⇒ (λr − λs↓)µA(x) ≤ −0.5λs↓

⇐⇒ µA(x) ≤ −λs↓
2(λr − λs↓)

= γ−. (7.25)

For rule (R1), we use a stronger version of condition (sc2), namely, λr > λs↓. The

reason for not considering the special case λr = λs↓ is given as follows. The condition

R(ar|x) ≤ R(as↓|x) is equivalent to λs↓ ≤ 0. If λr = λs↓, by condition (sc1), we must

have λr = λs↓ = 0. This contradicts to the condition λr > 0. It follows that, when

λr = λs↓, the cost of ar is always greater than as↓ and rule (R1) cannot be used. In

this case, we do not need rule (R1). Instead, other rules must be used. Finally, the

two conditions in (S1) are expressed as:

R(as↓|x) ≤ R(ae|x) ⇐⇒ µA(x) ≤ α,

R(as↓|x) ≤ R(ar|x) ⇐⇒ µA(x) ≥ γ−. (7.26)

The analysis introduces three parameters, γ, α and γ−, for expressing the conditions

on the membership grades.

By assumptions (sc1) and (sc2), we have:

0 < γ < 1, 0.5 < α ≤ 1, γ− ≤ 0,

γ < α, γ− < γ.

Consequently, we can simplify conditions for the three rules as follows:

(E1) µA(x) ≥ γ ∧ µA(x) ≥ α⇐⇒ µA(x) ≥ α,
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(R1) µA(x) ≤ γ ∧ µA(x) ≤ γ− ⇐⇒ µA(x) ≤ γ−,

(S1) µA(x) ≤ α ∧ µA(x) ≥ γ− ⇐⇒ µA(x) ≤ α.

Because γ− ≤ 0 contradicts with the assumption µA(x) ≥ 0.5, it is impossible to

apply rule (R1) for reducing membership values. When µA(x) = α, we break the

tie by choosing rule (E1). The two remaining rules can be simply expressed as: for

µA(x) ≥ 0.5,

(E1) If µA(x) ≥ α, then TµA(x) = 1,

(S1) If 0.5 ≤ µA(x) < α, then TµA(x) = 0.5.

A single threshold 0.5 < α ≤ 1.0 is used to decide either elevating a membership

grade to 1 or reducing it to 0.5.

Consider now the case of µA(x) < 0.5. For rule (E2), the two conditions can be

expressed as:

R(ae|x) ≤ R(ar|x) ⇐⇒ µA(x) ≥ γ,

R(ae|x) ≤ R(as↑|x) ⇐⇒ (1− µA(x))λe ≤ (0.5− µA(x))λs↑

⇐⇒ (λe − λs↑)µA(x) ≥ λe − 0.5λs↑

⇐⇒ µA(x) ≥ λe − 0.5λs↑
λe − λs↑

= γ+. (7.27)

For a similar reason discussed earlier with respect to rule (R1), for rule (E2), we use a

stronger version of (sc3), namely, λe > λs↑. The two conditions in (R2) are expressed

as:

R(ar|x) ≤ R(ae|x) ⇐⇒ µA(x) ≤ γ,

R(ar|x) ≤ R(as↑|x) ⇐⇒ µA(x)λr ≤ (0.5− µA(x))λs↑
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⇐⇒ (λr + λs↑)µA(x) ≤ 0.5λs↑

⇐⇒ µA(x) ≤ λs↑
2(λr + λs↑)

= β. (7.28)

Finally, two conditions in (S2) are expressed by:

R(as↑|x) ≤ R(ae|x) ⇐⇒ µA(x) ≤ γ+,

R(as↑|x) ≤ R(ar|x) ⇐⇒ µA(x) ≥ β. (7.29)

The analysis introduces three parameters for expressing the conditions on the mem-

bership grades.

By assumptions (sc1) and (sc3), we have:

0 < γ < 1, 0 ≤ β < 0.5, γ+ ≥ 1,

β < γ, γ < γ+.

Consequently, we can simplify conditions for each rule as follows:

(E2) µA(x) ≥ γ ∧ µA(x) ≥ γ+ ⇐⇒ µA(x) ≥ γ+,

(R2) µA(x) ≤ γ ∧ µA(x) ≤ β ⇐⇒ µA(x) ≤ β,

(S2) µA(x) ≤ γ+ ∧ µA(x) ≥ β ⇐⇒ µA(x) ≥ β.

The condition γ+ ≥ 1 contradicts with the assumption µA(x) < 0.5; it is impossible

to apply rule (E2) for elevating. When µA(x) = β, we can break the tie by choosing

rule (R2). The two remaining rules can be simply expressed as: for µA(x) < 0.5,

(R2) If µA(x) ≤ β, then TµA(x) = 0,

(S2) If β < µA(x) < 0.5, then TµA(x) = 0.5.
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A single threshold 0 ≤ β < 0.5 is used to decide either elevating the membership to

0.5 or reducing it to 0.

By combining the two sets of rules and applying tie-breaking rules, we immediately

have a set of three rules:

(E) If µA(x) ≥ α, then TµA(x) = 1,

(R) If µA(x) ≤ β, then TµA(x) = 0,

(S) If β < µA(x) < α, then TµA(x) = 0.5,

where

α =
2λe + λs↓

2(λe + λs↓)
,

β =
λs↑

2(λr + λs↑)
, (7.30)

and 0 ≤ β < 0.5 < α ≤ 1. The results are a three-way approximation with member-

ship grades 0, 0.5 and 1. The required pair of thresholds are computed systematically

from the costs of various actions.

7.4.3 Semantics Issues

So far, our discussions on the decision-theoretic three-way approximations of fuzzy

sets have been mainly focused on the mathematical formulation by assuming that a

loss function is given. In order to increase chances of successful applications and to

prevent misuses of the model, we must investigate semantics issues. As examples,

three semantics issues are considered in this section.
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Interpretations of loss functions

A fundamental notion of the decision-theoretic model is a loss function that defines

the costs of different actions. The pair of thresholds depends crucially on the choice

of loss functions. Once a user provides a loss function, the pair of thresholds can

be computed. On the other hand, in many applications, a user may give a pair

of thresholds directly. Our formulation shows that the thresholds can in fact be

interpreted in terms of a loss function. If such an interpretation is explained to a

user, a user may provide a better estimation of the thresholds. That is, the decision-

theoretic model enables us to give an interpretation and explanation of a common

practice. We must also point out that the decision-theoretic model is only one of

the possible explanations. Shadowed sets are another explanation with a different

objective function.

In theory, we can discuss some desired properties of a loss function. For example,

conditions (sc1) to (sc3) are needed to ensure that the required thresholds of three-

way approximations are well defined. They are the conditions under which three-way

approximations are meaningful. Except for conditions such as (sc1), in theory it is

difficult to specify the meaningfulness of some properties and decide what is a good

choice of loss functions. One must consider a particular application in order to inter-

pret the meaning of loss functions. Empirical investigations of loss functions are an

important issue when applying the model of decision-theoretic three-way approxima-

tions.

Relationships to shadowed sets

As approximations of a fuzzy set µA, the three-way approximation TµA and the shad-

owed set approximation SµA have the same form. That is, their corresponding three

regions are defined through a pair of thresholds (α, β). However, their interpreta-

tions of thresholds are different. For shadowed sets, the objective function (7.8) is
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given with respect to the membership function µA. Different classes of membership

functions will produce different thresholds. The same mathematical fuzzy set (i.e.,

fuzzy membership function) would have the same three-valued approximation inde-

pendent of different applications. In contrast, the objective function (7.22) of the

decision-theoretic framework is given independent of any particular fuzzy member-

ship function. Instead, the objective function is given with respect to loss functions.

Different loss functions will produce different thresholds. Unlike the model of shad-

owed sets, in the decision-theoretic model, the same mathematical fuzzy set may

have different three-way approximations in different applications by using different

loss functions. That is, decision-theoretic three-way approximations are adaptive to

different applications.

Shadowed set approximations and decision-theoretic three-way approximations

may be viewed as two examples of a more general model of three-way approximations

of fuzzy sets. Each of them considers only one of two aspects of approximations,

namely, the structure of membership function and costs of various actions. Shadowed

set model considers only the former and decision-theoretic model considers only the

latter. In general, one may have a framework by considering both the membership

function and the loss functions [160], which may enable us to combine advantages of

shadowed set model and decision-theoretic model.

Relationships to decision-theoretic rough sets

In developing decision-theoretic three-way approximations of fuzzy sets, we adopt

the main ideas from decision-theoretic rough sets [168]. Since a rough membership

function can be viewed as a fuzzy membership function, a reviewer of the paper [26]

suggests an alternative way to compute the costs of various actions, in a similar way
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as decision-theoretic rough sets:

R(ae|x) = λe(1− µA(x)),

R(ar|x) = λr(µA(x)− 0),

R(as|x) = λs1(1− µA(x)) + λs0(µA(x)− 0), (7.31)

where λs0 and λs1 denote the actions of changing membership grade µA(x) to the end

points 0 and 1 of the unit interval [0, 1], respectively. The results correspond to a

special case of decision-theoretic rough sets. An advantage of this new formulation is

the omission of 0.5 in our formulation. The new formulation is more related to the

interpretation of membership grade [0, 1] in shadowed sets.

Equation (7.31) enables us to establish a connection between three-way approx-

imations of fuzzy sets and decision-theoretic rough sets in form. There are major

differences between the two models [163]. For decision-theoretic rough sets, we deal

with a two-state three-way decision problem. An object x is in one of the two possible

states, namely, either in a set or not in the set. Three-way approximations are due to

uncertainty regarding the actual state of x. A rough membership function denotes the

probability that an object is in the set. On the other hand, three-way approximations

of fuzzy sets are an m-way decision problem with multi-valued states (see type (VI)

decision problem in Table 1.1 of Chapter 1). The set of possible states of x is the

unit interval [0, 1]. A fuzzy membership grade denotes the actual state of an object.

Three-way approximations are required in order to simplify a decision problem with

multi-valued states. That is, we use three states to approximate many states. Those

semantic differences must be considered when applying a particular model.
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7.5 Two Special Models of Three-Way Approxi-

mations

As examples to demonstrate the generality of the decision-theoretic model, we derive

two special models by considering loss functions satisfying additional properties.

7.5.1 Error-Based (0.75, 0.25)-Model

Consider a loss function satisfying the following condition:

(sc4) λe = λr = λs↑ = λs↓ > 0.

That is, the unit cost of elevating to 1, the unit cost of reducing to 0, the unit cost of

elevating to 0.5 and the unit cost of reducing to 0.5 are the same. It can be verified

that (sc4) =⇒ ((sc1), (sc2), (sc3)). Thus, we can obtain a special model of three-way

approximations. According to Equation (7.30), the pair of thresholds (α, β) is given

by:

α =
2λe + λs↓

2(λe + λs↓)
=

3

4
= 0.75,

β =
λs↑

2(λr + λs↓)
=

1

4
= 0.25.

The error-based model introduced in Section 7.3.2 is therefore obtained. That is,

error-based model is characterized by actions with the same loss.

7.5.2 Symmetric (α, 1− α)-Model

By imposing the condition α+β = 1, the general (α, β) decision-theoretic model can

be transferred into a special case called the symmetric (α, 1− α)-model.
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By applying the condition α + β = 1 to Equation (7.30), we have:

α + β = 1 ⇐⇒ 2λe + λs↓
2(λe + λs↓)

+
λs↑

2(λr + λs↑)
= 1

⇐⇒ 2(2λe + λs↓)(λr + λs↑) + 2λs↑(λe + λs↓)

= 4(λe + λs↓)(λr + λs↑)

⇐⇒ λs↑λe = λs↓λr

⇐⇒ λs↑
λr

=
λs↓
λe
. (7.32)

Thus, the condition α+β = 1 for the symmetric (α, 1−α)-model can be equivalently

expressed in terms of loss functions by condition (sc5):

(sc5)
λs↑
λr

=
λs↓
λe
.

The condition (sc5) can be considered as a constraint on a loss function, which trans-

fers a two-parameter-model into a one-parameter symmetric model.

7.6 An Improvement with Mean-Value-Based Ap-

proach

The discussions in the section are based on a paper [25], entitled “Mean-value-based

decision-theoretic shadowed sets.” The motivations of this research result from a se-

mantic difficulty with the proposed decision-theoretic model. We approximate a fuzzy

set into three different levels of membership grades represented by 1, 0 and 0.5, re-

spectively. The constant value 0.5 is the level of membership grade that is neither

close to 1 nor close to 0. As a middle point of the full membership grade and the

zero membership grade, the value 0.5 represents the maximum uncertainty of the

membership grade of an object. However, there exists a difficulty in explaining the
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approximation using the value 0.5. A middle value of 0.5 may not be well-suited

to representing all objects with uncertainties. The following example illustrates the

idea.

Example 2. Given a set of objects with membership grades 0.79, 0.78, 0.80, 0.18, 0.20

and 0.22, respectively. Suppose the optimal thresholds for a three-way approximation

are α = 0.80 and β = 0.20. The three-way decision model leads to the following

approximation of a fuzzy set. The acceptance decisions elevate 0.80 to 1; the non-

commitment decisions change 0.79, 0.78 and 0.22 to 0.5; the rejection decisions reduce

0.18 and 0.20 to 0. A question arises naturally is can we use 0.5 to represent objects

with membership grades 0.80 and 0.20 as we do for 0.79 and 0.22? This introduces

a semantic difficulty to explain the difference between 0.79 and 0.80, as well as, 0.20

and 0.22. Therefore, the constant value 0.5 may not be appropriate for representing

all objects in the intermediate level.

Using an intermediate value 0.5 may lead to another issue. For a finite universe

of objects, a value representing the whole intermediate level should reflect the distri-

bution of the membership grades of objects. The optimal pair of thresholds obtained

by the decision-theoretic three-way model is independent of this knowledge. The fol-

lowing sections provide an alternative solution by finding a meaningful intermediate

value.

7.6.1 A Generalization of Cattaneo and Ciucci’s Definition

Cattaneo and Ciucci [16, 17] use a constant value 1
2

to approximate the intermediate

level of membership grades. We assume that there exists a constant value δ that can

be used to represent membership grades of the whole intermediate level appropriately.

Therefore, a generalization of Cattaneo and Ciucci’s approach can be defined by: for
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0 < δ < 1,

SµA(x) =


1, µA(x) ≥ α,

0, µA(x) ≤ β,

δ, β < µA(x) < α.

(7.33)

One can use different approaches and interpretations to construct the constant value

δ that represents the membership grades of the intermediate level.

7.6.2 Three-Way Approximations with the Mean Value

In Cattaneo and Ciucci’s definition, the membership grade 1
2

is the middle point of

the full membership grade 1 and the zero membership grade 0. It represents the most

uncertainty of the membership grades between 0 and 1. We define a set of objects

with uncertain membership grades, i.e., objects with 0 < µA(x) < 1, by:

S(µA) = {x ∈ U | 0 < µA(x) < 1}. (7.34)

The value 0.5 may be a good approximation of some objects, but may not be a good

approximation of other objects in S(µA). In order to solve this issue, we use an

average membership grade of objects in S(µA) expressed by:

δ =

∑
x∈S(µA) µA(x)

card(S(µA))
, (7.35)

where card(·) denotes the cardinality of a set. It can be easily verified that δ satisfies

the condition 0 < δ < 1. For an object x ∈ U with β < µA(x) < α, we either elevate

or reduce its membership grade from µA(x) to the mean value δ. In example 2, the

mean value is computed by:

δ =
0.79 + 0.78 + 0.80 + 0.18 + 0.20 + 0.22

6
= 0.495. (7.36)
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7.6.3 A Cost-Sensitive Approach Based on the Mean Value

This section improves the cost-sensitive approach introduced in Section 7.4.1 by using

the mean value. Therefore, the table of loss functions and the three-way decisions

rules should be updated. Table 7.2 summarizes the decision errors and the unit cost

of each action.

Action
Fuzzy set Three-way

Error Loss (Cost)
membership grade membership grade

ae µA(x) 1 1− µA(x) λe

ar µA(x) 0 µA(x)− 0 λr

as↓ µA(x) ≥ δ δ µA(x)− δ λs↓

as↑ µA(x) < δ δ δ − µA(x) λs↑

Table 7.2: Loss functions and errors of actions with mean values

For each object x ∈ U , the following two groups of three-way decision rules can

be made: for µA(x) ≥ δ,

(E1′) If R(ae|x) ≤ R(ar|x) ∧R(ae|x) ≤ R(as↓|x),

then take action ae, i.e., TµA(x) = 1,

(R1′) If R(ar|x) ≤ R(ae|x) ∧R(ar|x) ≤ R(as↓|x),

then take action ar, i.e., TµA(x) = 0,

(S1′) If R(as↓|x) ≤ R(ae|x) ∧R(as↓|x) ≤ R(ar|x),

then take action as↓, i.e., TµA(x) = δ.

For µA(x) < δ, we have:

(E2′) If R(ae|x) ≤ R(ar|x) ∧R(ae|x) ≤ R(as↑|x),

then take action ae, i.e., TµA(x) = 1,

(R2′) If R(ar|x) ≤ R(ae|x) ∧R(ar|x) ≤ R(as↑|x),
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then take action ar, i.e., TµA(x) = 0,

(S2′) If R(as↑|x) ≤ R(ae|x) ∧R(as↑|x) ≤ R(ar|x),

then take action as↑, i.e., TµA(x) = δ.

Tie-breaking conditions can be applied to the two groups of decision rules.

7.6.4 Derivation and Simplification of Decision Rules

This section derives and simplifies the two groups of decision rules following the same

principles as introduced in Section 7.4.1. First, we assume that all unit cost is non-

negative, i.e., λe ≥ 0, λr ≥ 0, λs↑ ≥ 0 and λs↓ ≥ 0. In order to derive and simplify

three-way decision rules in the first group, we further assume that the condition

λs↓ ≤ λr holds, i.e., reducing µA(x) to 0 represents a larger adjustment than reducing

it to the mean value δ > 0. Therefore, decision rules (E1′), (R1′) and (S1′) can be

simply expressed as follows: for µA(x) ≥ δ,

(E1′) If µA(x) ≥ α, then TµA(x) = 1,

(S1′) If δ ≤ µA(x) < α, then TµA(x) = δ,

where the threshold α is expressed as:

α =
λe + δλs↓
λe + λs↓

. (7.37)

We assume the denominator is non-zero, i.e., λe+λs↓ 6= 0. By the condition 0 < δ < 1,

it can be easily verified that δ < α ≤ 1.

For the three-way decision rules in the second group, we assume that the condition

λs↑ ≤ λe holds. It represents a larger adjustment of elevating µA(x) to 1 than elevating

it to δ < 1. Similarly, decision rules (E2′), (R2′) and (S2′) can be simply expressed

167



as: for µA(x) < δ,

(R2′) If µA(x) ≤ β, then TµA(x) = 0,

(S2′) If β < µA(x) < δ, then TµA(x) = δ,

where the threshold β can be expressed as:

β =
δλs↑

λr + λs↑
. (7.38)

We assume that the denominator is non-zero, i.e., λr +λs↑ 6= 0. It also can be verified

that 0 ≤ β < δ.

According to the condition 0 ≤ β < δ < α ≤ 1, the two groups of decision rules

can be combined as follows:

(E′) If µA(x) ≥ α, then TµA(x) = 1,

(R′) If µA(x) ≤ β, then TµA(x) = 0,

(S′) If β < µA(x) < α, then TµA(x) = δ,

where the pair of thresholds (α, β) defined in Equations (7.37) and (7.38) is the

optimal solution to the mean-value-based approach. In Example 2, the thresholds

α = 0.80 and β = 0.20 are given and the mean value δ = 0.495 is calculated in

Section 7.6.2. By using rule (E′), objects with membership grade 0.80 is mapped to

1; by using rule (R′), the object with membership grades 0.18 and 0.20 is mapped to

0; by using rule (S′), objects with membership grades 0.22, 0.79 and 0.78 is mapped

to 0.495.
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7.7 Experimental Results

In order to illustrate the ideas of the decision-theoretic approach and the improve-

ment with the mean value, we use a set of six different membership functions,

namely, the Gaussian membership function, the bell-shaped membership function, the

triangular-shaped membership function, the trapezoidal-shaped membership func-

tion, the sigmoidal-shaped membership function and the z-shaped membership func-

tion. The six functions are provided by the fuzzy tool box from MATLAB and are

respectively defined by [100]:

Gaussian : µA(x) = e
−(x−c)2

2θ2 , where θ = 2, c = 5,

Bell : µA(x) = 1

1+|x−c
a
|2b
, where a = 2.5, b = 4.5, c = 5,

Triangular : µA(x) =



0, x ≤ a

x−a
b−a , a ≤ x ≤ b

c−x
c−b , b ≤ x ≤ c

0, c ≤ x

where a = 3, b = 6, c = 8,

Trapezoidal : µA(x) =



0, x ≤ a

x−a
b−a , a ≤ x ≤ b

1, b ≤ x ≤ c

d−x
d−c , c ≤ x ≤ d

0, d ≤ x

where a = 1, b = 5, c = 7, d = 8,
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Sigmoidal : µA(x) = 1
1+e−a(x−c)

, where a = 2, c = 4,

Z-shaped : µA(x) =



1, x ≤ a

1− 2(x−a
b−a )2, a ≤ x ≤ a+b

2

2(x−b
b−a)2, a+b

2
≤ x ≤ b

0, x ≥ b

where a = 3, b = 7.

We randomly select a finite set of 100 objects according to the distribution of a

membership function.

7.7.1 The Decision-Theoretic Approach

This section illustrates the idea of the decision-theoretic approach. Suppose that a

user provides the following values of a loss function:

λe = 0.35, λr = 0.28,

λs↑ = 0.17, λs↓ = 0.20. (7.39)

The loss function satisfies conditions (sc1) to (sc3).

According to Equation (7.30), we can compute an optimal pair of thresholds as

follows:

α =
2λe + λs↓

2(λe + λs↓)
=

2 ∗ 0.35 + 0.2

2 ∗ (0.35 + 0.2)
= 0.8182,

β =
λs↑

2(λr + λs↓)
=

0.17

2 ∗ (0.28 + 0.17)
= 0.1889. (7.40)

In contrast to the original shadowed sets, one advantage of decision-theoretic three-

way approximations is that the optimal pair of thresholds (α, β) is independent of
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(d) Trapezoidal-shaped membership
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(e) Sigmoidal-shaped membership
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Note: The decision-theoretic approach maps membership grades to 1, 0.5 and 0. Therefore, all the
sub-figures use 0.5 as the medium value.

Figure 7.3: Three-way approximations of fuzzy sets with decision-theoretic approach
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particular membership functions. Figure 7.3 gives decision-theoretic three-way ap-

proximations of six fuzzy sets with all the six types of membership functions. The

x-axis represents the universe of discourse and the y-axis represents the membership

grades. The original finite set of objects are represented by black dots. Using the

three-way decision rules (E), (R) and (S), we obtain three-way approximations rep-

resented by blue squares in the figure. The α-threshold is represented by a dashed

horizontal red line and the β threshold is represented by a solid horizontal green line.

In order to illustrate how to make a three-way decision for a particular object, we

take the fuzzy set in Figure 7.3(a) as an example. It uses a Gaussian membership

function. For an object x = 2.5510, its membership grade is µA(x) = 0.4725 < 0.5.

The losses of taking actions ae, as↑ and ar of x are:

R(ae|x) = λeEe(µA(x)) = 0.35 ∗ (1− 0.4725) = 0.1846,

R(as↑|x) = λs↑Es↑(µA(x)) = 0.17 ∗ (0.5− 0.4725) = 0.0047,

R(ar|x) = λrEr(µA(x)) = 0.28 ∗ (0.4725− 0) = 0.1323.

The loss of elevation action as↑ has the minimum cost R(as↑|x) = 0.0047. That is,

rule (S) should be used, since µA(x) = 0.4725 > β = 0.1889 and µA(x) = 0.4725 <

α = 0.8182.

7.7.2 The Mean-Value-Based Approach

We illustrate the idea of the mean-value-based approach by using the same settings

in Section 7.7.1. That is, consider the unit costs defined in Equation (7.39) and the

six different types of membership functions.

With the improved three-way decision rules (E′), (R′) and (S′) introduced in Sec-

tion 7.6.4, we obtain the three-way approximations represented by the squares in

Figure 7.4. The threshold α is represented by a dashed horizontal red line and the
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(c) Triangular-shaped membership
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(d) Trapezoidal-shaped membership
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(e) Sigmoidal-shaped membership
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Note: The medium value is represented by a mean value δ calculated from data.

Figure 7.4: Three-way approximations of fuzzy sets using mean values
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threshold β by a solid horizontal green line.

The calculation of the optimal pair of thresholds is further illustrated as follows.

Figure 7.4(a) shows the decision-theoretic approximation of a Gaussian membership

function. The mean value δ = 0.4663 is computed by the MATLAB program accord-

ing to randomly selected objects in a finite universe. According to Equations (7.37)

and (7.38), the optimal pair of thresholds (α, β) is computed as follows:

α =
λe + δλs↓
λe + λs↓

=
0.35 + 0.4663 ∗ 0.2

0.35 + 0.2
= 0.8060,

β =
δλs↑

λr + λs↑
=

0.4663 ∗ 0.17

0.28 + 0.17
= 0.1762. (7.41)

The results of decision-theoretic approximations of fuzzy sets based on the other

membership functions are provided in Table 7.3 and Figure 7.4(b) to 7.4(f).

Membership functions Mean value δ α β

Gaussian 0.4663 0.8060 0.1762

Triangular-shaped 0.5396 0.8326 0.2038

Bell-shaped 0.6238 0.8632 0.2357

Trapezoidal-shaped 0.4466 0.7988 0.1687

Sigmoidal-shaped 0.6638 0.8777 0.2508

Z-shaped 0.4618 0.8043 0.1745

Table 7.3: Results of the three-way approach with the mean value

The results in Table 7.3 show that the improvement by using the mean value makes

a more reasonable approximation of the intermediate level than using the constant

value 0.5. The optimal pair of thresholds (α, β) mainly depends on the loss functions

given by users, i.e., λe, λr, λs↓ and λs↑. By considering the mean value δ, i.e., the

average membership grades of objects in S(µA), it also reflects the distribution of

objects with uncertainties.
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7.8 Summary

The theory of three-way decisions provides a framework for explaining many decision

problems. Shadowed sets are a model of three-way decisions for approximating a fuzzy

set. A shadowed set can be viewed as elevating membership grades around 1 to 1,

reducing membership grades around 0 to 0, and changing membership grades around

0.5 to the unit interval [0, 1], respectively, based on a pair of thresholds. By adopting

the general idea of shadowed sets, the chapter proposed an alternative model of

decision-theoretic three-way approximations. By minimizing the overall cost of three-

way approximations, the required thresholds can be systematically computed. From

the general model, we can obtain the error-based (0.75, 0.25)-model and symmetric

(α, 1− α)-model.

The decision-theoretic model offered several advantages. First, it provided a pre-

cise and semantically meaningful interpretation of the objective function, which is

the overall cost of three-way approximations. Second, the minimization of the overall

cost immediately leads to an analytic solution to the required pair of thresholds in

terms of various decision costs. Third, shadowed sets give an example to support

the theory of three-way decisions. The decision-theoretic three-way interpretation

suggested a new viewpoint for future research on enlarging the domain of shadowed

sets, that is, moving from a narrow sense of the notion of shadowed sets to a wide

sense. One may examine new objective functions for deriving other types of three-

way approximations. In contrast to the advantages, the decision-theoretic approach

also introduced a semantic issue. The approximation of membership grades of the

intermediate level remains to be a problem. This thesis gave a solution to the issue by

using a mean-value-based approach. A more meaningful approach may be discussed

on solving the issue.
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Chapter 8

CONCLUSIONS AND FUTURE

WORK

The thesis discusses a special type of decision problems, namely, classifications based

on the theory of three-way decisions. Two types of three-way classification/decision

models are examined. One type is based on an assumption of two-valued states of

objects. The other type is based on an assumption of multi-valued states of objects.

Contributions in these two types show that three-way decisions can be used in a wide

range of fields and disciplines. That is, the theory of three-way decisions provides a

unified framework that integrates different models, such as rough sets, fuzzy sets and

other models. The chapter contains two sections. One summarizes the main results

of the thesis and the other discusses potential future research.

8.1 Summary of Contributions

The thesis examines various classification models in a common framework of three-

way decisions. The thesis has obtained the following results:
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8.1.1 Motivations of Three-Way Decisions and the Connec-

tions with Two-Way Decisions

I analyze probabilistic classification/decision models and point out the necessity of

introducing the three-way strategy when available information is incomplete or un-

certain. An analysis of the quality of two-way decisions reveals a difficulty that one

cannot reduce the incorrect acceptance and incorrect rejection errors simultaneously.

Since the two-way strategy requires a definite/immediate decision, one can only solve

the issue by using other strategies. The thesis shows the motivations and benefits

of using the three-way strategy. That is, one can reduce the two types of decision

errors at the expense of non-commitment decisions. (See details of the contribution

in Section 3.1.)

I explore the relationships between two-way and three-way decision models by

proposing a new interpretation of probabilistic three-way decisions. That is, it can

be interpreted as a combination of a pair of probabilistic two-way decision models,

namely, an acceptance model and a rejection model. For each two-way model, I

slightly change its decision options. The complement option of acceptance is non-

acceptance rather than rejection and the complement option of rejection is non-

rejection rather than acceptance. A conjunction of non-acceptance in an acceptance

model and non-rejection in a rejection model is the non-commitment in a three-way

model. In cases where users are involved, a large 3× 2 cost matrix may cause incon-

venience and difficulties in producing appropriate loss functions. By using two small

2× 2 cost matrices during the calculation of an optimal pair of thresholds, I demon-

strate the advantages of the simplicity of using a pair of two-way decision models.

(See details of the contribution in Sections 3.2 and 3.3.)
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8.1.2 Three-Way Decision Models Using Rough Sets

I propose a categorization of existing three-way decision models. (See details of the

contribution in Chapter 4) One of the important categories is three-way decision

models based on rough sets. A review of existing rough set models describes the

development of various extensions of the Pawlak model. The study motivates two

new research directions. First, practical applications demand a systematic study

of quantitative rough set models. A unified framework will benefit the research of

existing models and reveal their relationships. More importantly, it may show a

general approach to develop new families of quantitative models. Second, one can

propose approaches to solving the fundamental issues of probabilistic rough sets. For

example, the interpretation and calculation of an optimal pair of thresholds. Details

on contributions in the two directions of the thesis are provided as follows.

I propose the notion of quantitative rough sets based on subsethood measures. A

reformulation of Pawlak rough sets shows a unified way of representing the three-way

decision regions through the subset relation ⊆ of two sets. Subsethood measures

that represent the degree of the subset relationship between two sets can be used to

generate different quantitative rough set models. Several basic axioms of subsethood

measures are examined. Different combinations of these axioms form different classes

of subsethood measures. In practical applications, one can construct an appropriate

family of quantitative rough sets using desired axioms of subsethood measures. (See

details of the contribution in Chapter 6.)

I propose a model of information-theoretic rough sets as an alternative solution

to the interpretation and determination of an optimal pair of thresholds of the three

probabilistic regions. Shannon information theory is applied to interpret uncertain-

ties of the three probabilistic regions. An optimal pair of thresholds can be deter-

mined as the pair with the minimal overall conditional entropy. In searching for

approximate solutions, a heuristic algorithm using gradient-descent approach is pro-
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vided. Experiments using UCI datasets confirm the usefulness and effectiveness of

the information-theoretic approach. (See details of the contribution in Chapter 5.)

8.1.3 Three-Way Decision Models of Approximations of Fuzzy

Sets

I propose a three-way decision model for approximations of fuzzy sets. Shadowed

sets are a typical example of three-way decisions for approximations of fuzzy sets. An

acceptance decision elevates the membership grade of an object, if it is at or above

α-level. A rejection decision reduces the membership grade of the object, if it is at or

below β-level. A non-commitment decision puts the object into the shadowed area,

if its membership grade is between the α- and β-level. I improve upon this approach

in two aspects, namely, a conceptual model and a computational approach. A new

three-way decision formulation provides a semantical meaningful formulation of the

problem. By using the decision theory, I propose a cost-sensitive approach to the

calculation of the optimal three-way approximation of a fuzzy set. As a result, an

analytic solution is provided. In addition, I point out the difficulties in the explanation

of using a constant value 0.5 to approximate the intermediate level of membership

grades. A middle value of 0.5 may not represent all objects in the shadowed area

or boundary region. I present a method to solve the semantic issue by proposing a

mean-valued based-approach. (See details of the contribution in Chapter 7.)

8.2 Future Work

The studies in the thesis can be extended in two aspects, namely, theoretical and

practical aspects. From theoretical aspect, models proposed in the thesis can be

improved and requires mathematical validation. From practical aspect, approaches

and algorithms proposed in the thesis can also be improved. In addition, a comparison
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to other machine learning approaches is also a viable work.

8.2.1 An Exploration of Relationships with Two-Way and

Multi-Way Decisions

Chapter 3 proposes a two-way interpretation of probabilistic three-way decisions.

Further studies on the equivalence of a probabilistic three-way decision model and a

combination of a pair of two-way decision models can be made. One may use decision

theory to mathematically prove the equivalence of the two models. More generally,

one needs to investigate relationships between two-way decisions and multi-way de-

cisions and the relationships between three-way decisions and multi-way decisions.

8.2.2 A Study on Desired Properties of Subsethood Mea-

sures

Chapter 6 explores three types of properties of subsethood measures, namely, bound-

ary conditions, monotonicity and additivity. The standard set theory introduces the

set-inclusion relation of a qualitative nature; that is, a set is either a subset of the

other, or not a subset of it. As a quantitative generalization, a subsethood measure

should keep essential characters or satisfy basic cases of a qualitative set-inclusion

relation. A systematic study of the relationship between the qualitative and quanti-

tative frameworks results in three types of desired properties of subsethood measures.

A combination of different types of properties helps to construct an appropriate sub-

sethood measure in real world applications.

180



8.2.3 Further Studies on Models of Approximations of Fuzzy

Sets

Chapter 7 proposes a three-way decision model for approximations of a fuzzy member-

ship function into three qualitative levels. The use of a constant value to represent

the membership grade of the intermediate level offers computational effectiveness.

However, at the same time, it introduces a semantic issue of interpreting the constant

value. A constant value may not represent all objects in the intermediate level, nor

does a mean value. The two-way interpretation introduced in Chapter 3 sheds some

new light on solving the semantic issue. Instead of using a constant value to approxi-

mate the intermediate level of membership grades, the two-way interpretation enables

us to calculate the optimal approximations without considering an actual value of the

intermediate level.

8.2.4 A Further Study on Measures of Quality of Three-Way

Decisions

In order to evaluate classification results by three-way decisions, one needs qual-

ity measures specifically designed for this purpose. During the evaluation of the

information-theoretic approach in Chapter 5, we find that the quality measures origi-

nally designed for two-way decisions may not be suitable for three-way decisions. For

a classification rule [x] =⇒ C, one can define the generality [170] as the ratio of the

number of objects to which the rule can be applied and the total number of objects

in the universe. For two-way decisions, it can be easily defined by:

generality([x] =⇒ C) =
|[x]|
|U | . (8.1)
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Using this expression, one may find it difficult to explain the notion of generality to

three-way decision rules because it cannot represent objects that are not classified

in the boundary region or indecision regions. The objects in the boundary region

may not be classified if one cannot obtain adequate information. The use of the

number of objects in the whole universe as a denominator becomes unsuitable. For

three-way decisions, the number of objects that are classified can be considered as

a factor in the measure of generality. Therefore, a systematic study of measures

that show the quality of three-way decisions fairly and meaningfully is needed. A

comparison between three-way classification models with other methods is a viable

work. The comparison can be made based on the research of quality measures of

three-way decisions.
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Appendix A

Proofs of Theorems and Properties

A.1 The Proof of Theorem 5

As a demonstration, we prove two properties in Theorem 5 of Chapter 6. The results

of other theorems can be easily proved similarly and, hence, are omitted. Proofs of

properties (III1) and (III2) are provided as follows.

(III1) A ⊆ B =⇒ POS(a,·)(A) ⊆ POS(a,·)(B):

Proof.

x ∈ POS(a,·)(A) =⇒ sh([x] v A) ≥ a (Definition 9)

=⇒ sh([x] v B) ≥ a ((M1) of Definition 10)

=⇒ x ∈ POS(a,·)(B). (Definition 9)

(III2) A ⊆ B =⇒ NEG(·,r)(B) ⊆ NEG(·,r)(A):

Proof.

x ∈ NEG(·,r)(B) =⇒ sh([x] v Bc) ≥ r (Definition 9)

=⇒ sh([x] v Ac) ≥ r ((M1), Definition 10)



=⇒ x ∈ NEG(·,r)(A). (Definition 9)

As shown in [153], properties (IV1) and (V1) are, respectively, equivalent to prop-

erty (III1). Similarly, Properties (IV2) and (V2) are, respectively, equivalent to prop-

erty (III2).

A.2 Proofs and Verifications of Properties in Ta-

ble 6.2

This section provides proofs of properties of the five commonly used subsethood

measures listed in Table 6.2 of Chapter 6.

Proofs of shl, sh∩, sh∪ and shc∪ satisfying Property (M1)

Suppose A,B,C ⊆ U are subsets of universe U . The proofs with respect to property

(M1) are provided as follows.

(1) Property (M1) holds for subsethood measure shl:

Proof.

B ⊆ C =⇒ |Ac ∪B| ≤ |Ac ∪ C| (Set theory)

=⇒ |Ac ∪B|
|U | ≤ |A

c ∪ C|
|U | (for U 6= ∅)

=⇒ shl(A v B) ≤ shl(A v C); (Equation (6.40))

(2) Property (M1) holds for subsethood measure sh∩:

Proof. If A = ∅, we have sh∩(A ⊆ B) = sh∩(A ⊆ C) = 1. Property (M1) trivially
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holds. If set A 6= ∅, we have:

B ⊆ C =⇒ |B ∩ A| ≤ |C ∩ A| (Set theory)

=⇒ |B ∩ A|
|A| ≤ |C ∩ A||A| (for A 6= ∅)

=⇒ sh∩(A v B) ≤ sh∩(A v C); (Equation (6.41))

(3) Property (M1) holds for subsethood measure sh∪:

Proof. When A = ∅, property (M1) holds because sh∪(A ⊆ ·) = 1. When A 6= ∅, we

need to discuss three cases. Firstly, if C = ∅, then condition B ⊆ C only holds when

B = ∅. In this case, we have B = C = ∅, therefore, sh∪(A v B) = sh∪(A v C) = 0.

Secondly, if C 6= ∅ and B = ∅, we have sh∪(A v B) = 0 ≤ sh∪(A v C). Property

(M1) holds in these two cases. Finally, if B 6= ∅ and C 6= ∅, we have:

B ⊆ C =⇒ |A−B|
|B| ≥ |A− C||C| (Set theory, B 6= ∅, C 6= ∅)

=⇒ |A ∪B| − |B|
|B| ≥ |A ∪ C| − |C||C| (Set theory)

=⇒ |A ∪B|
|B| ≥ |A ∪ C||C|

=⇒ |B|
|A ∪B| ≤

|C|
|A ∪ C|

=⇒ sh∪(A v B) ≤ sh∪(A v C); (Equation (6.41))

(4) Property (M1) holds for subsethood measure shc∪:

Proof. If Ac = ∅, property (M1) holds because shc∪(A ⊆ B) = shc∪(A ⊆ C) = 0. If

Ac 6= ∅, we have:

B ⊆ C ⇐⇒ Cc ⊆ Bc (Set theory)

=⇒ |Ac ∪ Cc| ≤ |Ac ∪Bc| (Set theory)
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=⇒ |Ac|
|Ac ∪Bc| ≤

|Ac|
|Ac ∪ Cc|

=⇒ shc∪(A v B) ≤ shc∪(A v C) (Equation (6.43));

(5) Subsethood measure shc∩ does not satisfy property (M1), which can be verified by

the following example:

Example 3. Suppose U = {o1, o2, o3, . . . , o14} is a set of 14 objects, subsets A,B,C ⊆

U are respectively defined by:

A = {o1, o2, o3, o4, o5, o6, o7},

B = {o6, o7, o8, o9, o10},

C = {o5, o6, o7, o8, o9, o10, o11, o12}.

Sets B and C satisfy the condition B ⊆ C. Subsethood measures shc∩(A v B) and

shc∩(A v C) can be respectively calculated as follows:

shc∩(A v B) =
|Ac ∩Bc|
|Bc| (Equation (6.44))

=
|{o11, o12, o13, o14}|

|{o1, o2, o3, o4, o5, 011, o12, o13, o14}|
=

4

9
,

shc∩(A v C) =
|Ac ∩ Cc|
|Cc| (Equation (6.44))

=
|{o13, o14}|

|{o1, o2, o3, o4, o13, o14}|
=

2

6
=

1

3
.

Therefore, we have shc∩(A v B) > shc∩(A v C) that conflicts with (M1).

The proofs and verifications of the remaining properties are omitted since one can

use the similar techniques in this section.
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List of Contributions

Journal Papers

• Yao, Y. Y., and Deng, X. F. Quantitative rough sets based on subsethood

measures. Information Sciences 267 (2014), 306–322.

• Deng, X. F., and Yao, Y. Y. A multifaceted analysis of probabilistic three-

way decisions. Fundamenta Informaticae 132 (2014), 291–313.

• Deng, X. F., and Yao, Y. Y. Decision-theoretic three-way approximations

of fuzzy sets. Information Sciences 279 (2014), 702–715.

• Yao, Y. Y., Wang, S., and Deng, X. F. An alternative formulation of

shadowed sets with three-way decisions, Manuscript, 2015.

• Yao, Y. Y., Deng, X. F. On the desired properties of subsethood measures,

Manuscript, 2015.



Conference Papers

• Deng, X. F., Yao, Y. Y., and Yao, J. T. On interpreting three-way

decisions through two-way decisions. In Proceedings of the 21st International

Symposium on Methodologies for Intelligent Systems (2014), vol. 8502 of LNCS

(LNAI), pp. 73–82.

• Li, J. L., Deng, X. F., and Yao, Y. Y. Multistage Email Spam Filtering

based on Three-way Decisions. In Proceedings of the 8th International Con-

ference on Rough Sets and Knowledge Technology (2013), vol. 8171 of LNCS

(LNAI), pp. 313–324.

• Deng, X. F. Three-way decisions with artificial neural networks. In Proceed-

ings of the 26th Canadian Conference of Electrical and Computer Engineering

(2013), pp. 762-765.

• Deng, X. F., and Yao, Y. Y. Mean-value-based decision-theoretic shadowed

sets. In Proceedings of the 2013 Joint IFSA World Congress and NAFIPS

Annual Meeting (2013), pp. 1381–1387.

• Deng, X. F., and Yao, Y. Y. An information-theoretic interpretation of

thresholds in probabilistic rough sets. In Proceedings of the 7th International

Conference on Rough Sets and Knowledge Technology (2012), vol. 7413 of LNCS

(LNAI), pp. 369–378.

• Yao, Y. Y., and Deng, X. F. Sequential three-way decisions with proba-

bilistic rough sets. In Proceedings of the 10th IEEE International Conference

on Cognitive Informatics and Cognitive Computing (2011), pp. 120–125.
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• Yao, Y. Y., and Deng, X. F. A granular computing paradigm for concept

learning. In Emerging Paradigms in Machine Learning, S. Ramanna, L. C. Jain,

and R. J. Howlett, Eds., vol. 13 of Smart Innovation, Systems and Technologies.

Springer-Verlag, Berlin, 2013, pp. 307–326.

• Deng, X. F., Wang, H. K., and Yao, Y. Y. Adaptive rough sets approx-

imations based on three-way decisions (in Chinese) In Theory of Three-way

Decisions and Applicatiion, X. Y. Jia, L. Shang, X. Z. Zhou, J. Y. Liang, D. Q.

Miao, G. Y. Wang, T. R. Li, Y. P. Zhang, Eds., Nanjing University Press,

Nanjing, China, 2012, pp. 118–130.

• Deng, X. F. Approximations of fuzzy sets based on three-way decisions (in

Chinese) In Three-way Decisions and Granular Computing, L. Dun, T. R. Li,

D. Q. Miao, G. Y. Wang, J. Y. Liang, Eds., Science Press, Beijing, China, 2013,

pp. 196–213.
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