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Abstract

Rough set theory and game theory provide two approaches for analyzing and as-

sisting decision making. Rough set theory provides the ability to make decisions with

incomplete and insufficient information. On the other hand, game theory concerns

with decision making where an outcome depends on interaction between two or more

decision making criteria. A fundamental challenge in the application of rough sets

is how to reduce the uncertain boundary region by configuring the parameters or

thresholds defining the region bounds. The game-theoretic rough set (GTRS) model

provides a game-theoretic perspective for setting and computing these thresholds.

The conventional rough set model in rough set theory is intolerant to classification

errors in the positive and negative regions which limit its practical applicability. The

probabilistic rough sets allow for some degree of errors in order to include more objects

in the positive and negative regions, thereby improving the applicability or general-

ity. A pair of thresholds control the tradeoff between accuracy and generality. The

estimation or computation of thresholds is one of the major issues in the probabilistic

rough sets. The GTRS model aims to estimate balanced and optimized thresholds

when contradictive measures are present. This dissertation further explores different

aspects of the GTRS model by focusing on two issues of probabilistic rough sets,

namely, the determination and interpretation of thresholds, and the application or
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utilization of decision regions based on the thresholds to assist in decision making.

The first issue has two parts, i.e., the determination of thresholds and the inter-

pretation of thresholds. The determination of thresholds is examined by setting up

games for trading-off between different criteria employed for evaluating rough sets.

The GTRS model aims to provide a tradeoff solution that can be used to obtain cost

effective thresholds in the game environment. In particular, we introduce and exam-

ine two games including a game for determining a balance between uncertainties of

the probabilistic rough set regions and another game for obtaining a tradeoff between

the properties of accuracy and generality.

The interpretation of thresholds is addressed by exploring the relationship be-

tween equilibria or game solutions and the determined thresholds. According to the

proposed interpretation, an equilibrium is defined in terms of a pair of thresholds

such that no player has any unilateral incentive to change these thresholds within

the game. The relationship between different game constructs and the thresholds are

also explained.

The second issue is the utilization of decision regions to assist and support decision

making. In particular, the estimated thresholds with GTRS can be used to obtain

the three rough set regions which are utilized in applications for providing decision

support in the form of three-way decision rules. We provide an extensive study of

two applications, i.e., Web-based medical decision support systems and recommender

systems, where the use of GTRS based thresholds can be useful for supporting and

assisting in decision making.

It is hoped that the research in this dissertation would lead to a better under-

standing of the GTRS model thereby improving its future usability and applications.
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Chapter 1

Introduction

1.1 Problem Statement and Motivation

Rough set theory, emerged in the early 1980s, is an important and useful mathe-

matical approach to handle vague and imperfect knowledge [84, 90]. It can effectively

process uncertain, incomplete and insufficient information to make useful inferences

and reasonings [85]. The conventional Pawlak model in rough set theory is of qual-

itative nature [143]. This is because the basic rough set notions of lower and upper

approximations in the Pawlak model represent qualitative relationship between an

equivalence class and a set. In particular, the lower approximation requires that an

equivalence class is contained in a set and the upper approximation requires that an

equivalence class has an overlap with a set [143]. The degree of an overlap is not

considered. This qualitative nature of the Pawlak model ensures that the positive

and negative regions are error free [140, 145, 152]. Researchers argued that the qual-

itative absoluteness and intolerance to errors can lead to problems and limitations in

practical applications [129, 145, 155].

Probabilistic rough sets are an important extension of the Pawlak model [140, 156].
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As opposed to the qualitative nature of the Pawlak model, the probabilistic rough

sets are of quantitive nature. Specifically, they consider the degree of an overlap be-

tween an equivalence class and a set in the form of conditional probability [140, 143].

Although the positive and negative regions in the probabilistic rough sets are not

error free but these regions include more objects thereby improving the applicabil-

ity or generality. The tradeoff between the tolerance to errors and the generality

are controlled by a pair of thresholds (α, β) [140, 143]. The commonly used prob-

abilistic rough set model was developed with the framework of decision-theoretic

rough set model (DTRS) by Yao et al. [139, 147, 148] which unifies and generalizes

other existing models, including the 0.5-probabilistic rough set model by Pawlak et

al. [91] and the variable precision rough set model (VPRS) by Ziarko [65, 155, 156].

Other probabilistic models include the Baysain rough set model (BRS) by Slazek

and Ziarko [107, 108], the Game-theoretic rough set model (GTRS) by Yao and Her-

bert [57, 135] and the information-theoretic rough set model (ITRS) by Deng and

Yao [37, 39]. There are three important challenges or issues for any probabilistic

rough set model, namely, the determination and interpretation of the thresholds, es-

timation of conditional probability (the probabilistic association between an object

and a concept) and the application or utilization of the decision regions obtained

with the thresholds to assist in decision making and data analysis [37, 143, 153]. We

do not deal with the second issue, i.e., the estimating of conditional probability and

focus on the first and the third issues in the context of the GTRS model.

The GTRS model determines the thresholds or region bounds based on a game

involving an often contradictive criteria (or measures) employed for evaluating rough

2



sets [57, 135]. The basic idea is to analyze and examine how the probabilistic thresh-

olds may change in order to improve the performance of rough set classification based

on different criteria [135]. Compared to other probabilistic models, the GTRS model

provides at least two benefits. Firstly, it utilizes the idea of “let the data speak

itself” to obtain the thresholds based on the data, thereby minimizing user involve-

ment [51, 56]. Secondly, the game mechanism employed in GTRS allows for the

simultaneous consideration of multiple criteria for analyzing rough sets [57]. In this

dissertation, we further extend the model by exploring and investigating different

issues of probabilistic rough sets with the model.

The first issue or challenge of the probabilistic rough sets that we addressed has

two parts, i.e., the determination of thresholds and the interpretation of thresholds.

The determination of thresholds was addressed by examining further games with

GTRS involving conflicting or contradictory measures. Although different games with

GTRS were also previously developed, the aspect of being in conflict or contradiction

was not being fully explored in these games. The exploration of further games with

GTRS enabled us to incorporate and take advantage from the capabilities of game

theory in analyzing and providing tradeoff solutions based on conflicting criteria.

We proposed two games in this dissertation for this purpose, including a game for

determining a balance between uncertainties of the probabilistic rough set regions

and another game for determining a tradeoff between the properties of accuracy and

generality.

The second part of the first issue, i.e., the interpretation or explanation of thresh-

olds is important to provide the users with the justification of the selected thresholds

and to explain the results of data analysis. Some important considerations and tasks

3



with respect to the GTRS in this context are, connecting and attaching meanings to

the game symbols and formulae, relating the internal game mechanism (such as the

payoff tables) employed by the model with the thresholds and explaining the com-

puted thresholds in terms of the game outcomes or solutions. We addressed these

issues by reviewing and defining the basic game components in the GTRS, namely,

the players, the strategies and the payoff or utility functions. The payoff tables are

explained as the evaluation of different thresholds (considered in the game) by the

players and the game solutions are interpreted in terms of the determined thresholds.

The second issue in the probabilistic rough sets, i.e., the usage and explanation of

the decision regions is important to know the potential benefits and advantages of the

determined thresholds in real applications. In particular, the thresholds (computed

with GTRS) can be used to obtain the positive, negative and boundary regions which

are used to induce ternary or three-way decisions in the form of acceptance, rejection

and deferment decisions [141]. The importance of GTRS based three-way decisions

is that they are based on a tradeoff solution between multiple influential and critical

factor of decision making such as risk, uncertainty, cost and accuracy and therefore

leads to moderate and cost effective levels of acceptance, rejection and deferment

decisions. We empirically study the use of GTRS based thresholds in analyzing data

for making useful inferences and decisions in two applications, namely, Web-based

medical decision support systems and recommender systems. Three-way decisions in

the medical field are obtained with GTRS by balancing the uncertainties of decision

regions. It is suggested that the GTRS can improve the overall uncertainty of de-

cision regions thereby providing useful decision support. In recommender systems,

the GTRS is used to determine a tradeoff between the properties of accuracy and

4



generality in order to assist in ternary recommendations.

1.2 Contributions of the Thesis

The material presented in this thesis is the result of research on game-theoretic

rough set (GTRS) model [13, 17] and its investigation to determine effective thresholds

based on a tradeoff solution [8, 10, 11, 14]. The determined thresholds are used to

induce GTRS based ternary or three-way decisions [6] to provide decision support in

Web-based decision support systems [132, 133] and recommender systems [15, 16].

The work includes possible solutions to the fundamental problems and issues in the

probabilistic rough sets that are related to the determination and interpretation of

thresholds and the use of decision regions to obtain GTRS based ternary or three-way

decisions in two applications. The main contributions of the thesis are summarized

below.

Interpretation of Equilibria in the GTRS Model

In existing studies on GTRS, there was a semantic gap and difficulty in expressing

the game solutions (based on a tradeoff) in terms of the determined thresholds [17, 57].

Although the game solution is used to determine the thresholds, it is not very clear

as to how they are related to the thresholds within the game. To bridge this semantic

gap, we provided an interpretation of equilibria in the GTRS after reviewing and

defining the basic game constructs. According to the proposed interpretation, any

game solution or an equilibrium is interpreted as a strategy profile such that for

the corresponding threshold pair no player has any incentive to deviate from these

thresholds within the game. A general two-player game in GTRS is also defined.
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Another related issue was that it was not very clear whether a game solution always

exists [17]. This issue was addressed by considering a couple of typical two-player

games in GTRS. These games are analyzed to investigate the presence of dominant

strategies for players. The results suggest that the existence of equilibria may be

established under certain limited conditions.

An Approach for Analyzing Uncertainties in the Probabilistic Rough Set

Regions with GTRS

The probabilistic positive, negative and boundary regions are associated with

different levels of uncertainty. We approach the determination of thresholds from

the viewpoint of tradeoff between the uncertainties of different regions. A two player

game in GTRS is introduced where the positive and negative decision regions compete

against the boundary region. The game considers different threshold configurations in

order to find an acceptable solution agreed by the two players. By repeatedly playing

the game several times and utilizing its results for updating the thresholds, a GTRS

based learning mechanism is proposed that automatically tunes the thresholds based

on the data itself.

Examination of GTRS based Thresholds for Three-way Decisions

The concept of three-way decisions was recently incorporated in the rough set

theory by providing an alternative interpretation of the three rough set regions [141].

In particular, the positive, negative and boundary regions may be used to induce

rules for obtaining decisions of acceptance, rejection and deferment, respectively [141].
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Building and developing on these ideas, we examine GTRS based thresholds for three-

way decisions. As an example, we study the use of GTRS based three-way decisions

in medical treatment and diagnosis decisions.

Application of GTRS in Recommender Systems

Recommender systems is also used as a real world application to show the useful-

ness of GTRS. The properties of accuracy and generality of recommendations play

a key role in building an effective recommender systems. Making highly accurate

recommendations for majority of the users is a major hinderance in achieving high

quality performance for recommender systems [15, 45]. However, the two properties

are generally complimentary in the sense that improving one of them may result in a

decrease for another. The use of GTRS is highlighted in obtaining a balanced solution

between the accuracy and generality. The experimental results show that the GTRS

model improves the two properties of recommendation predictions leading to better

overall performance compared to the Pawlak rough set model.

1.3 Organization of the Thesis

Chapter 2 contains background information relevant to this thesis. Section 2.1

covers the background knowledge about rough sets and its extensions. Section 2.2

contains the relevant knowledge about game theory.

Chapter 3 introduces the GTRS model. Section 3.1 presents the interpretation of

key game components in the GTRS model. This section also describes the interpre-

tation of equilibria in terms of determined thresholds. Section 3.2 tackles the issue of

establishment of equilibria or game solution in the GTRS.
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Chapter 4 examines the use of GTRS to analyze uncertainties in the probabilis-

tic rough set regions. Section 4.2 outlines the information-theoretic interpretation of

probabilistic rough sets which is used to compute the uncertainties in the probabilis-

tic regions. Section 4.3 describes a GTRS based approach for analyzing the region

uncertainties. Section 4.4 contains the experimental results based on the introduced

approach.

Chapter 5 describes the use and advantages of ternary decision making with

GTRS. Section 5.2 explains the general theory of three-way decisions with some known

models. Section 5.3 explains a possible architecture of a Web-based medical decision

support systems with a GTRS component. Section 5.4 presents the application of

GTRS based three-way decision in making medical treatment decisions. Section 5.5

elaborates an additional approach for obtaining three-way decisions with GTRS. Sec-

tion 5.6 describes some strategy formulation approaches that may be used with GTRS

to determine effective thresholds.

Chapter 6 investigates the role of GTRS in the context of Web-based recom-

mender systems. Section 6.2 elaborates rough sets based recommendations and ex-

plains how the properties of accuracy and generality affect these recommendations.

In Section 6.3, a GTRS based approach for threshold determination that considers

a tradeoff solution between the properties of accuracy and generality is presented.

Section 6.4 contains experimental results with the proposed approach on movielens

dataset and its comparisons with the Pawlak model.

Chapter 7 briefly reviews the key contributions and possible future research.
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Chapter 2

Background

2.1 Rough Sets

Rough set theory is mathematical tool to analyze data characterized by uncertain

and incomplete information [84, 85]. An important realization in the theory is that

sets (concepts) can only be described roughly using approximations consisting of

objects having the properties of certainly, possibly or certainly not belonging to a

set [40]. This is most useful in discovering decision rules, finding important attributes,

reducing the data and analyzing conflicts [98, 100, 106, 120, 149]. We briefly review

the conventional Pawlak rough set model and some of its probabilistic extensions that

are relevant to this thesis.

2.1.1 Pawlak Rough Sets

The Pawlak rough set model make use of an information table where a finite set

of objects are described by a finite set of attributes [85]. An information table S may

be defined as a tuple [150]
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S = (U,At, {Va|a ∈ At}, {Ia|a ∈ At}),

where U is a finite nonempty set of objects known as the universe, At is a set of

attributes which is non empty but finite, Va is a nonempty set of values for an attribute

a ∈ At and Ia is an information function that maps U −→ Va. The information

function Ia maps an object x ∈ U to a value in Va, i.e. Ia(x) ∈ V a.

A major concern in rough set theory is discerning objects from one another. The

equivalence relation may be used for this purpose. An equivalence relation based on

a set of attributes A ⊆ At can be defined as,

EA = {(x, y) ∈ U × U |∀a ∈ A, Ia(x) = Ia(y)}, (2.1)

where EA is known as an equivalence relation with respect to an attribute set A. The

above definition means that two objects x and y in U are equivalent or in other words

indiscernible by the attribute set A ⊆ At if and only if they share the same values on

all attributes in A.

The equivalence relation induces a partition of the universe U , denoted by U/E [153].

The subsets in U/E are known as equivalence classes. An equivalence class containing

object x is given by [x] = {y ∈ U |xEy}. The Pawlak’s rough set approximations are

based on these equivalence classes. Considering a subset C ⊆ U , the lower and upper

approximations of C are defined as [84, 85],

apr(C) = {x ∈ U | [x] ⊆ C}, (2.2)

apr(C) = {x ∈ U | [x] ∩ C ̸= ∅}, (2.3)
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According to the lower and upper approximations, the positive, negative and bound-

ary regions of a concept C are defined as [85, 142],

POS(C) = apr(C)

= {x ∈ U | [x] ⊆ C}, (2.4)

NEG(C) = (apr(C))c

= {x ∈ U | [x] ∩ C = ∅}, (2.5)

BND(C) = apr(C)− apr(C)

= {x ∈ U | [x] * C, [x] ∩ C ̸= ∅}. (2.6)

The conditions in Equations (2.2) - (2.3), i.e., [x] ⊆ C and [x] ∩ C ̸= ∅, are high-

lighting the qualitative relationships between an equivalence class [x] and a concept

C. Specifically, the condition [x] ⊆ C reflects whether [x] is fully contained in C, i.e.,

[x] has a perfect overlap with C and the condition [x]∩C ̸= ∅ highlights whether [x]

has some overlap with C. The degree of an overlap is not considered.

The lack of being not considerate to the degree of an overlap between an equiva-

lence class and a set leads to strict conditions for the positive and negative regions.

In particular, the conditions in Equations (2.4) - (2.6) suggest that all the objects in

the positive region are definitely contained in C and all the objects in the negative

region are definitely not contained in C. The objects in the boundary region may be

contained in C. The requirements for inclusion in the positive and negative regions

may be to strict to be practically useful in real applications [128, 129]. A major issue

in rough sets based data analysis is therefore to relax these requirements for including

more objects in the positive and negative regions [140]. The probabilistic rough set

11



models provide a solution to this problem.

2.1.2 Probabilistic Rough Sets

A major change in the probabilistic rough sets is the consideration of a degree of

an overlap between an equivalence class [x] and a set C in the form of conditional

probability defined as,

P (C|[x]) = |C ∩ [x]|
|[x]|

. (2.7)

Now instead of requiring an equivalence class to be completely or not completely in

set C, the degree of an overlap between [x] and C, i.e., P (C|[x]) is used to decide the

inclusion of [x] in a certain region.

We now briefly review the main results of probabilistic rough sets [33, 140, 143].

The lower and upper approximations of a concept C are defined by using a threshold

pair (α, β) (with 0 ≤ β < α ≤ 1) as follows:

apr
(α,β)

(C) = {x ∈ U | P (C|[x] ≥ α}

=
∪

{[x] ∈ U/E | P (C|[x]) ≥ α}, (2.8)

apr(α,β)(C) = {x ∈ U | P (C|[x] > β}

=
∪

{[x] ∈ U/E | P (C|[x]) > β}. (2.9)

The (α, β)-probabilistic positive, negative and boundary regions can be defined
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based on (α, β)-lower and upper approximations, which are also named as probabilis-

tic three-way decision model [142, 144]:

POS(α,β)(C) = apr
(α,β)

(C)

= {x ∈ U |P (C|[x]) ≥ α}, (2.10)

NEG(α,β)(C) = (apr(α,β)(C))c = U − apr(α,β)(C)

= {x ∈ U |P (C|[x]) ≤ β}, (2.11)

BND(α,β)(C) = apr(α,β)(C)− apr
(α,β)

(C)

= {x ∈ U |β < P (C|[x]) < α}. (2.12)

The conditional probability may be recognized as a level of confidence that an

object having the same description as x belongs to C. For an object y having the

same description as x, we accept it to be in C if the confidence level is greater than

or equal to level α, i.e. P (C|[x]) ≥ α. The same object y may be rejected to be in

C if the confidence level is lesser than or equal to level β, i.e. P (C|[x]) ≤ β. The

decision about object y to be in C may be deferred if the confidence is between the

two levels, i.e. β < P (C|[x]) < α.

One can define the Pawlak lower and upper approximations using the probabilistic

rough set model by considering the equivalent form of conditions in Equations (2.2)

and (2.3) in terms of conditional probability. The condition [x] ⊆ C is equivalent to

P (C|[x]) = 1 and the condition [x]∩C ̸= ∅ is equivalent to P (C|[x]) > 0. This leads
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to the following definitions [143],

apr
(1,0)

(C) = {x ∈ U | P (C|[x]) ≥ 1}, (2.13)

apr(1,0)(C) = {x ∈ U | P (C|[x]) > 0}, (2.14)

where P (C|[x]) ≥ 1 is used instead of P (C|[x]) = 0 for having consistency in format.

Based on Equations (2.13) and (2.14), the Pawlak positive, negative and boundary

regions based are defined as [143],

POS(1,0)(C) = {x ∈ U |P (C|[x]) ≥ 1}, (2.15)

NEG(1,0)(C) = {x ∈ U |P (C|[x]) ≤ 0}, (2.16)

BND(1,0)(C) = {x ∈ U |0 < P (C|[x]) < 1}. (2.17)

This means that the Pawlak model is a special case of the probabilistic rough set model

with (α, β) = (1, 0). Equations (2.15) - (2.17) suggest that the Pawlak model requires

P (C|[x]) to be strictly one or zero for considering an object x to be included in either

positive or negative regions. The probabilistic approach relaxes these conditions by

introducing thresholds (α, β).

2.1.3 Review of the Probabilistic Rough Set Models

The key results of the basic model of probabilistic rough sets (discussed in the pre-

vious section) were first proposed by Yao et al. [147, 148] in decision-theoretic rough

set model (DTRS) [146]. The importance of DTRS model is that it covers all specific
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models introduced before it [146]. It is however important to note that the interpre-

tation of the Pawlak model in terms of conditional probability, i.e, characterized by

(α, β) = (1, 0) was introduced by Wong and Ziarko [123] and the 0.5-probabilistic

rough set model characterized by (α, β) = (0.5, 0.5) was introduced by Wong and

Ziarko [121] and Pawlak et al. [91]. In this model, the positive, negative and bound-

ary regions are defined based on probability greater than 0.5, lesser than 0 .5 and

equal to 0.5, respectively. Wong and Ziarko also introduced another model that was

characterized by α > 0.5 and β = 0.5 in [122]. We now briefly review some of the

widely used and important the probabilistic rough set models.

The 0.5-probabilistic rough set model that was put forward byWong and Ziarko [121]

and Pawlak et al. [91]. It is essentially based on the majority rule. An object x is put

into the positive region of set C if majority of the objects in the equivalent class [x]

are in C. This is determined by using the conditional probability P (C|[x]) which is

referred to as rough membership function by Pawlak and Skowron [88]. The boundary

region in this model consists of all objects whose corresponding equivalence classes

have conditional probabilities equal to 0.5. There are two main limitations of this

model. Firstly, the the use of restricted and fixed thresholds, does not provide any

flexibility to further improve and obtain more effective models [145]. Secondly, by

fixing the thresholds, the interpretation and computation of thresholds are ignored

which leads to practical difficulties when applying probabilistic rough sets [145].

The decision-theoretic rough set model or DTRS is one of the most important

and widely used probabilistic model proposed by Yao et al. [139, 147, 148]. It uses

the cost of classifying an object either correctly or incorrectly to determine different

regions [51]. In particular, the Bayesian decision approach is used for minimum
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risk decision making based on the loss functions associated with different actions of

classification decisions. Recently, Yao argued that the DTRS model can be used

to answer two semantic issue in the probabilistic rough sets, i.e., the determination

and interpretation of thresholds on probabilities and the interpretation of the rules

obtained from the positive, negative and boundary regions [143]. Yao further argued

that one can express and obtain other probabilistic models by considering special

conditions on the loss functions within the DTRS framework [139]. The cost functions

in the DTRS are generally expected from users which are sometimes hard to determine

especially when there is lack of preliminary knowledge [63]. This means that users

involvement is needed for computing the thresholds although indirectly (for providing

the values for the loss functions) [51, 62].

The variable precision rough set model was introduced by Ziarko [155]. It uses

bounds on a function that measures the relative degree of misclassification to obtain

the rough sets approximations [155]. More recently, the model was also interpreted

based on a lower bound l and an upper bound u on the conditional probability

between an equivalence class and a concept [156]. The (l, u) bounds or thresholds are

expected to be provided by the users or experts. Although an expert may draw from

his experience some values for (l, u) thresholds, it may be very difficult to provide

any scientific evidence in support of their selection. This means that an expert may

use his intuition to configure the model for use on the data set [51]. In case the

thresholds does not lead to acceptable results, one may need to perform several trails

before suitable values of thresholds are obtained. How to obtain the thresholds based

on the data itself is a major challenge in this context.

The information-theoretic rough set model was recently proposed by Deng and
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Yao [37]. It uses the measure of Shanon entropy to define the uncertainty associated

with the probabilistic regions. The determination of thresholds is approached as the

minimization of the overall uncertainty of the probabilistic regions. However, the

model does not provide an explicit mechanism for searching or learning an optimal

threshold pairs in the space of possible threshold pairs. To overcome this difficulty,

a gradient descent and genetic algorithm based approaches were combined with the

ITRS model in [39] and [75], respectively.

2.1.4 Review of the Game-theoretic Rough Set Model

The game-theoretic rough set model or GTRS was introduced by Yao and Her-

bert [57, 135]. The model was used to analyze the classification ability in the DTRS

framework by implementing a game between classification measures. By modify-

ing the risks associated with different classification decisions, the thresholds were

configured based on the resulting classification quality. Two measures, i.e., accu-

racy and precision, are particularly being focused. The two measures are defined

as [14, 135, 140],

Accuracy(α, β) =
|(POS(α,β)(C) ∩ C)

∪
(NEG(α,β)(C) ∩ Cc)|

|POS(α,β)(C)
∪

NEG(α,β)(C)|
, (2.18)

Precision(α, β) =
POS(α,β)(C)

|C|
. (2.19)

Another game in GTRS between the region parameters was also formulated in [57].

The regions were allowed to directly change the thresholds in order to improve their

respective sizes. The importance of this model is that it resolved one of the major

difficulties with existing probabilistic models, i.e., the determination of thresholds
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based on the data itself thereby minimizing user involvement [51, 56].

A review of the earlier studies suggests that the GTRS is primarily studied in

the context of the DTRS model [55, 53, 57, 56, 135]. This unnecessarily leads to an

impression for its limited usage only under the DTRS model. By investigating other

game formulations in GTRS, we argue that the GTRS is capable of determining the

thresholds independent of the DTRS framework. In other words, it should be treated

as a separate branch, not under the umbrella of DTRS research. This opens new

research avenues for exploring the GTRS model.

The GTRS is a probabilistic rough set model. A probabilistic rough set model

should address at least the following three fundamental issues [37, 143, 153].

• The determination and interpretation of thresholds,

• Estimation of conditional probability,

• The interpretation and applications of the three regions in data analysis.

The focus in this dissertation is on the first and the third issue. The determination

aspect is further explored by considering different games for analyzing rough sets

using different measures. A game for analyzing uncertainties of decision regions is

considered in Chapter 4 and a game between the properties of accuracy and generality

of rough set based decision making is considered in Chapter 5. The interpretation

issue is considered in Chapter 3 by interpreting and relating a game solution to

the computed thresholds. In Chapter 5 and 6, the third issue will be addressed by

considering the applications of three-way decisions with GTRS.

For the sake of being complete, we review the basic concepts in game theory that

are relevant to this thesis.
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2.2 Game Theory

Game theory remains as an interesting subject for analyzing situations of conflict

or cooperation among multiple agents considered in an interactive environment [80,

116]. In decision making and analysis, game theory is useful for investigating possible

consequences that may result by considering different choices or preferences for solving

a problem. Eventually, one may determine the possible actions that an entity or

criteria should undertake for achieving a certain position observed with game theoretic

formulation. Computer scientists have utilized games to model problems in many

areas such as machine learning, computer networks, cryptography and rough sets [7,

21, 41, 52, 57].

Table 2.1: Payoff table for Prisoner’s Dilemma.

p2

confess don’t confess

p1

confess
p1 serves 10 years p1 serves 0 years
p2 serves 10 years p2 serves 20 years

don’t confess
p1 serves 20 years p1 serves 1 year
p2 serves 0 years p2 serves 1 year

Let us look at a classical example in game theory: the prisoner’s dilemma. The

game consists of two players, i.e. P = {p1, p2}. Each player is a suspect of a crime

and is arrested by police. The police have insufficient evidence for conviction. During

interrogation by police, each prisoner have a choice of either to confess, thus impli-

cating the other prisoner for the crime, or not to confess to the crime. This suggests

two strategies or actions for each player, i.e., confess and don’t confess. The strategy

set in this case is given by S = {s1, s2}, where s1 represents the strategy of confess
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while s2 the strategy of don’t confess. The payoffs or utilities of the players corre-

sponding to different strategies are represented by the respective jail time a prisoner

may receive. Table 2.1 represents the payoffs or utilities of the players corresponding

to different strategies.

If prisoner p1 confesses to the crime thereby implicating the other, he will serve

either a maximum jail term of 10 years or will be set free, depending on the strategy

of prisoner p2. Similarly, if p1 chooses not to confess, he will serve either a minimum

of 1 year or a maximum of 20 years of jail term depending on his opponent chosen

strategy. When both players chooses to confess, they will each receive 10 years of

jail term. In case when none of the prisoners is confessing, they both serve 1 year.

Obviously, without knowing the opponent’s strategy, a rational player would choose

to confess, as it provides the smallest maximum jail term as well as the smallest

overall term.

The above example expresses the strength of game theory in analyzing complex

situations involving multiple entities. Game-theoretic analysis may provide a fresh

perspective for analyzing decision making problems in rough sets involving multiple

criteria. The game-theoretic rough set model or GTRS is a recent forward move in

this direction. In particular, the GTRS aims at utilizing the strengths of game theory

and rough sets for analyzing decision making involving multiple criteria.

In the remainder of this section, we review the basic concepts of game theory

which are necessary and useful in understanding the GTRS model.
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2.2.1 Game Types

Game theory can be classified into two branches termed as noncooperative games

and cooperative games. The term noncooperative games can be misleading in the

sense that it could mean that it only deals with situations where the interests of the

players are in conflict. This is not true although one may argue that the noncoop-

erative games are more interesting in such situations. In the same way, the term

cooperative games can also be misleading in the sense that it may refer to only those

situations where the agents’ interests are in conformity with each other. The exact

and main difference between these two branches is the way the games are being mod-

elled or formulated. Specifically, in noncooperative game theory the basic modelling

unit is a single player along with his personal beliefs and preferences. On the other

hand in cooperative game theory (also sometimes known as coalition game theory)

the basic modelling unit is the group of players.

There are other possible classification of games that one may find in the literature.

For instance, the consideration of game process would lead to classification of static

games, dynamic games and repeated games. The realization of certain types of payoff

functions would lead to the classification of zero sum games and non-zero sum games.

Based on the strategies in the game one may classify the games as symmetric or

non-symmetric games. Sequential games and simultaneous games are based on the

timing of players move. Any problem that is formulated as a game can be included

into one or more of these classes.
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2.2.2 Representing Games

The games are generally represented in either extensive form or normal form. In

the prisoner’s dilemma example, the players selected their strategies simultaneously.

There was no involvement of the notion of sequence or time at which the players can

perform their actions. The extensive form of games allows for representing the tem-

poral structure in the game [70]. Specifically, this form makes the order in which the

player move explicit and what each player know when making a particular move. The

extensive form can be viewed as a multi-player generalization of a decision tree [44].

The normal form which is also sometimes called as strategic form is the most

familiar and fundamental representation in game theory [70]. It is argued that many

game representations can be reduced to this form [44, 70]. A normal form game may

can be mathematically expressed as a tuple (P, S, u), where:

• P is a finite set of n players,

• S = S1× ...×Sn, where Si is a finite set of strategies available to player i. Each

s = (s1, s2, ..., sn) ∈ S is called a strategy profile where player i plays strategy

si. A strategy profile contains exactly one strategy for each of the n players.

• u = (u1, ..., un) where ui : S 7−→ ℜ is a real-valued utility or payoff function for

player i.

A normal form game is generally expressed using tables called payoff tables. Ta-

ble 2.1 is a typical example of such representation (i.e., the payoff tables). For a

two player game, the rows in front of player 1 or p1 (i.e., rows covered by player 1

which specifically are rows 3 and 4 in the table) of the payoff table correspond to the
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strategies available to player 1 and the columns under the player 2 or p2 (i.e., columns

covered by player 2 which specifically are columns 3 and 4 in the table) correspond to

the strategies of player 2. Each cell of the table corresponds to a particular strategy

profile which is specified by the strategies of the players. For instance, the cell in the

top right corner of Table 2.1 corresponds to the strategy profile (s1, s1) = (confess,

confess). This represents a game situation in which both the players decide to confess.

Every cell of the payoff table contains a pair of values, called payoffs or utilities of the

players that are based on the strategy profile corresponding to that cell. For instance,

the cell in the top right corner of Table 2.1 contains (10,10) which is based on the

strategy profile (s1, s1). The payoffs represent the possible benefits a player may get

in selecting a certain strategy and are determined using a player’s respective payoff

function. The purpose or objective in a game is to select a particular strategy profile

as a game solution (which is also sometimes called as a game outcome). Generally

speaking, the game solution represents a balanced and optimum position between the

players.

2.2.3 Dominant Strategies and Equilibria

In the prisoners dilemma example discussed in the previous section, the two pris-

oners face a situation that is known as dominant strategies. For an individual player,

a dominant strategy is a strategy that provides a better payoff irrespective of the

opponents choosen strategy. In the prisoner’s dilemma example, confess is the domi-

nant strategy for both players as it provide the minimum jail time for each prisoner

irrespective of its opponent strategy. We introduce some definitions that will lead us

to the definition of dominant strategy.
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Let {si, si′} ∈ Si and S−i be the set of all possible strategy profiles of the remaining

players, then si will strictly dominates si
′ if [70],

∀s−i ∈ S−i, we have ui(si, s−i) > ui(si
′, s−i), (si

′ ̸= si) (2.20)

This means that strategy si provides better payoff than si
′ for player i irrespective of

what other players are doing.

Let {si, si′} ∈ Si and S−i be the set of all possible strategy profiles of the remaining

payers, then si will weakly dominates si
′ if [70],

∀s−i ∈ S−i, we have ui(si, s−i) ≥ ui(si
′, s−i), (si

′ ̸= si), and

∃s−i ∈ S−i, such that ui(si, s−i) > ui(si
′, s−i), (si

′ ̸= si), (2.21)

This suggests that si is weakly dominant if it always provide atleast as good payoff

as any other strategy, for any profile of other player’s strategy and is strictly better

for some profile of other’s strategies.

A strategy is considered to be strictly or weakly dominant for a player if it strictly

or weakly dominates any other strategy for that player [70]. If every player in a game

has a dominant strategy, then the equilibrium or game solution in that game is called

dominant strategy equilibrium.

The strategy profile (s1, s2, ..., sn) in which every si is a dominant strategy of

player i (irrespective of si being strictly or weakly dominant) is known as dominant

strategy equilibrium [70].
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2.2.4 Nash Equilibrium

The solution concept of Nash equilibrium is adopted in this thesis which is com-

monly used in the GTRS model [10, 14]. We need to define some terminologies and

notations for introducing the concept of Nash equilibrium.

Let s−i = (s1, s2, ..., si−1, si+1, ..., sn) be a strategy profile without ith player strat-

egy, we may write s = (s1, s2, ..., sn) = (si, s−i). This means that all the players

expect i are playing s−i while player i choose si. Sometimes we will refer to the set

of all strategy profiles other then player i as S−i.

Considering a situation where the opponents of i, (denoted as −i) were to commit

to play s−i. The problem player i would face is to determine his best response given

its opponents are playing s−i.

For a particular player i, si ∈ Si is the best response to the strategy profile

s−i ∈ S−i if,

∀s′

i ∈ Si, we have ui(si, s−i) ≥ ui(s
′

i, s−i), (s
′

i ̸= si) (2.22)

The best response of a player maximizes a player’s payoff given its opponents chosen

strategy. The best response of a player may not be necessarily unique. The above

definition forms the basis for defining the Nash equilibrium.

A strategy profile (s1, s2, ..., sn) is a Nash equilibrium, if for all players i, si is the

best response to s−i. This can be equivalently represented in mathematical form as,

∀i ∧ ∀s′

i ∈ Si, ui(si, s−i) ≥ ui(s
′

i, s−i), where (s
′

i ̸= si) (2.23)
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Intuitively, the Nash equilibrium is a strategy profile such that no player can

achieve a higher payoff if he knew about the strategies, other players are following.

In other words, it is a stable strategy profile in the sense that no player would want

to change his strategy unless the other players are willing to change their strategies.
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Chapter 3

The GTRS Model and Interpretation of

Equilibria

Uncertainty is a critical factor that affects decision making and real world problem

solving [114]. It may occur due to incomplete, imprecise or contradictory information,

varying test results, approximate measurements or partially observable environment,

just to mention some causes. Intelligent decision making is an interdisciplinary re-

search where one of the primary concerns is to develop models for obtaining effective

decisions [113, 125]. Two commonly encountered issues in these models are the pres-

ence of too many yet potentially useful choices or alternatives and the involvement

of conflicting or contradictory criteria for evaluating possible decisions [89, 126]. The

game-theoretic rough set (GTRS) model is a recent alternative for intelligent decision

making that meet these challenges and issues by taking advantage from rough sets

based data analysis coupled with game-theoretic decision analysis [84, 86, 117, 135].

An important contribution of GTRS is that it provides a mechanism for deter-

mining a pair of thresholds that are used in the probabilistic rough set model to
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induce three-way decisions [57]. Given a certain hypothesis and a pair of thresh-

olds (α, β), if the probability of a hypothesis is above an upper threshold we accept

the hypothesis; if it is below a lower threshold we reject the hypothesis; if it is

between the two thresholds we choose a third decision called non-commitment, de-

ferment or uncertain decision [60, 72]. One can expect more deferred decisions in

the presence of uncertain information. The pair of thresholds provides a tradeoff be-

tween certain versus deferred decisions based on the quality of available information.

A fundamental problem in this context is the interpretation and determination of

probabilistic thresholds [143]. Some notable attempts in this regard include decision-

theoretic, game-theoretic, information-theoretic, optimization based and risk based

approaches [10, 37, 63, 71, 73, 139].

It is worth mentioning that Yao and Deng recently presented a framework of

quantitative rough sets based on subsethood or set inclusion measures [145]. The

framework provides a platform to unify the study of some of the existing generaliza-

tions of the rough set models. Despite having different formulation of the quantitative

rough sets, the rough set approximations and the three regions are still defined by a

pair of thresholds on subsethood measures. The determination of thresholds remains

as a challenge in the new framework.

The equilibria play a critical role in determining thresholds in the GTRS model.

Although the existing studies demonstrate the usefulness of GTRS in determining

the thresholds, there is still a semantic gap in relating the possible game solutions

with the computed or determined thresholds [17, 135]. In other words, it may not

be very clear as to how to express and relate the game solution to the determined

thresholds [17]. This leads to the issue of interpretation of equilibria in the GTRS
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model. The game solutions are used in GTRS to determine the thresholds. Although

it was possible with existing games in GTRS to determine the thresholds based on

the game solutions, however, it may not be clear whether a game solution always

exists. In other words, we are not able to rule out the possibility of having no game

solution. This leads to the issue of establishment of equilibria in the GTRS model.

In this chapter, we focus on these two issues.

To address the meaning of equilibria, we first defined and provided interpretation

of the basic game components in a two-player game, including the players, strate-

gies and strategy profiles in GTRS. The strategies are defined as representing possi-

ble changes or modifications in the thresholds and the strategy profiles as different

threshold pairs representing various probabilistic rough set models. Based on these

descriptions, an equilibrium is interpreted as a strategy profile such that for the cor-

responding thresholds, no player has any incentive or gain to change these thresholds

within the game. The issue of the establishment of equilibria is addressed by consid-

ering a couple of typical two-player games in GTRS. It is suggested that the existence

of equilibria may be established under certain limited conditions.

The implications and insights gained from the results in this study will help in

resolving some semantic issues with GTRS. As a result, we expect advantages that are

twofold: firstly, it will help in improving the current understandability of the model

and secondly, it will lead to a better awareness about the theory, its limitations and

appropriateness to different real life problems. There are two major sections in this

chapter. Section 3.1 explains the basic game components and then address the issue

of interpretation of a game solution. Section 3.2 is on the issue of establishment of

equilibria.
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3.1 Interpretation of Equilibria in GTRS

The analysis of equilibria help us in doing meaningful reasoning in games. Such

reasoning helps us to interpret possible consequences a particular player may en-

counter while selecting a certain course of action. We need to define the basic game

components in order to be able to do such reasoning. For this purpose we define

and interpret the major game components that forms the basis for defining a game

in GTRS. The issue of interpretation of equilibria is then addressed based on these

definitions.

3.1.1 Game Components in the GTRS

We mainly focus on three basic components, i.e., the players, strategies and the

strategy profiles.

The Players

The main motivation of GTRS is to improve the quality of decision making (ob-

tained with rough sets based classification). It is important to note that different

applications may need to optimize different decision making criteria such as the accu-

racy, efficiency or robustness associated with decision making [10]. Suitable evaluation

measures may be selected to evaluate each of these criteria in the context of rough

sets based decision making. It is suggested that the threshold levels are configured in

order to improve some of the considered criteria [37].

Considering a threshold pair (α, β) and a set of some properties or criteria denoted

as c1 and c2. Let c1(α, β) and c2(α, β) denote the evaluations of a particular thresholds
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based on the criteria c1 and c2, respectively. It is sensible to select thresholds which

will optimize both c1(α, β) and c2(α, β). This however may not be possible in reality.

The configuration of thresholds in order to improve or optimize one property or

criteria may come at a cost of decrease in some other properties.

The players in GTRS represent possible criteria that are employed for analyzing

rough sets. The consideration of different players will result in different thresholds

leading to different probabilistic rough set models. The question of which players to

select depends on the objectives and expectation of users. For instance, if we wish to

improve the classification ability then the measures, such as accuracy, precision, recall

or generality, may be realized as potential game players. Please be noted that in the

rest of this chapter, whenever we use the term player we mean a certain criterion.

Game Strategies

The strategies in GTRS are understood as related to different qualities of the

three regions and the implied three-way decisions or classification. Let QP (α, β),

QN(α, β) and QB(α, β) denote some desired quality of the induced positive, negative

and boundary regions, respectively. These quality measures are interpreted based on

the notions such as errors, benefits, risks or gains associated with the three regions.

For instance, in decision-theoretic rough sets [147, 139] they are interpreted as risks,

in information-theoretic rough sets [37] they are interpreted as uncertainties and in

the framework for calculating the total errors they are represented as classification

errors [142].

The players in the game compete against each other by adjusting the quality

measures of the three regions. For instance, the accuracy may seek to improve the
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quality measures related to the positive and negative regions in order to obtain an

accurate model. This will allow for the movement of some low quality objects to

the boundary region leading to better accuracy. On the other hand, a player such as

generality may wish to allow a decrease in the quality measures related to the positive

and negative regions. This will allow for the accommodation of more objects in these

regions. A pair of thresholds controls the tradeoff between the properties of accuracy

and generality in setting up a suitable quality levels for the regions.

Changing the quality requirement will effect the thresholds in some order. An al-

ternative way to formulate strategies is to realize direct modifications in the threshold

levels. In any case, a strategy will lead to a certain change in the thresholds (α, β).

Considering strategy sm of c1, we associate the thresholds (α
m
1 , β

m
1 ) that will result in

by executing strategy sm. In the same way, a particular strategy sn of c2 will result

in thresholds (αn
2 , β

n
2 ). In summary,

sm of c1 ⇒ (αm
1 , β

m
1 ), and

sn of c2 ⇒ (αn
2 , β

n
2 ). (3.1)

Please be noted that the superscripts with (α, β) thresholds are referring to strategies

and the subscripts are referring to the players. The same semantics will be used in

the rest of this chapter.

It is possible that a particular strategy only modifies a single threshold. For in-

stance, changing the uncertainty of the positive region will only require modification

in threshold α [14]. We can simplify the notation in Equation (3.1) in such cases. If

strategy sm of player c1 only leads to modification in threshold α than the resulting

32



threshold pair will be denoted as (αm
1 , β). This means that the strategy does not

modify the β value. In the same way, if a strategy sn of player c2 only leads to modi-

fication in threshold α than the resulting threshold pair will be denoted as (αn
2 , β). A

change in only threshold β based on strategies sm and sn of c1 and c2 are represented

as (α, βm
1 ) and (α, βn

2 ), respectively.

Strategy Profiles

The combinations of strategies in a game are interpreted as strategy profiles. Each

strategy profile represents a strategic situation between the players that arise during

the game. A strategy profile should include exactly one strategy for each player. The

strategy profile (sm, sn), would mean that player c1 plays sm and player c2 plays sn.

We now turn to the issue of representing the profile in terms of thresholds.

The existing GTRS based formulations suggest that each strategy profile should

also lead to (or correspond to) a particular threshold pair [14]. Considering a strategy

profile (sm, sn), we denote the associated thresholds with this profiles as (αmn, βmn),

i.e.,

(sm, sn) ⇒ (αmn, βmn). (3.2)

An important issue here is how we obtain the thresholds (αmn, βmn). It is clear

and understandable that the thresholds (αmn, βmn) are the result of executing the

strategies sm and sn simultaneously in the game. Moreover, from description of

strategies in Section 3.1.1, we note that each strategy results in a threshold pair,

i.e., strategy sm of c1 leads to (αm
1 , β

m
1 ) and strategy sn of c2 leads to (αn

2 , β
n
2 ). It

is reasonable to consider that the strategy profile which combines the two strategies

to create a game scenario should somehow incorporate the individual changes in
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thresholds suggested by each strategy belonging to that profile. We represent this

by introducing two functions. The function H is used for determining the α values

corresponding to a strategy profile and the function O is used for for determining the

β values corresponding to a strategy profile. In particular, the thresholds (αmn, βmn)

are calculated as,

αmn = H(αm
1 , α

n
2 ), (3.3)

βmn = O(βm
1 , βn

2 ). (3.4)

This means that the function H accepts the α values corresponding to the strategies

in the profile (sm, sn), i.e., (α
m
1 , α

n
2 ) (please refer back to Equation (3.1)). In the same

way, the function O accepts the β values corresponding to strategies in the profile

(sm, sn), i.e., (β
m
1 , βn

2 ).

The functions H and O may calculate the (αmn, βmn) thresholds based on statisti-

cal operators such as maximum, minimum, weighted sums, averages, variance or they

may involve the notions such rankings and ordering. For instance, the two functions

are computed based on the maximum operator as follow.

H(αm
1 , α

n
2 ) = max(αm

1 , α
n
2 ), (3.5)

O(βm
1 , βn

2 ) = max(βm
1 , βn

2 ). (3.6)

The maximum operator here intuitively mean that we are more cautious for including

objects in the positive region (threshold α controls the positive region). However, we

are a bit relax for including objects in the negative region (thresholds β controls the
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negative region). This may be a case when a false positive involves a higher cost

compared to false negative.

The pair of functions (H,O) may be realized as a mapping that maps each strategy

profile, say (sm, sn) to a value in the domain of thresholds,

(H,O):(sm, sn) 7−→ (Dα, Dβ). (3.7)

where Dα, Dβ are the domain values of threshold α and β respectively, i.e.,

Dα = (0, 1.0], (3.8)

Dβ = [0, 1.0). (3.9)

The purpose of GTRS is to evaluate all possible strategy profiles in the game by

considering their respective thresholds and attempt to reach an optimal solution.

Table 3.1 summarizes the game-theoretic symbols and their meanings in the context

of GTRS.

In practice, the game may either return no solution, exactly one solution or mul-

tiple solutions. In case of no precise and clear solution, we may consider some soft

computing approaches for determining an approximate solution. On the other hand,

in case of multiple solutions, the techniques such as user preferences, application

requirements or the solution providing maximum payoffs for the players, can be con-

sidered. We restrict our discussion to the case of a single solution and leave the issues

related to no solution or multiple solutions for future research.

The question of which strategy profile constitute the game solution is of central
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Table 3.1: The meaning of different symbols in a two-player GTRS game

Game symbols Meaning in the GTRS

P The set of criteria considered as game players;
P = {c1, c2}

Si The set of strategies for player ci;

Si = {s1, s2, ....}

sm ∈ S1, sn ∈ S2 A particular strategy sm of player c1 and sn of
player c2. Strategy sm will result in thresholds
(αm

1 , β
m
1 ) and strategy sn will result in (αn

2 , β
n
2 )

S Joint strategy set. S = S1 × S2

(sm, sn) ∈ S A strategy profile where c1 plays sm and c2 plays
sn. Strategy sm leads to (αm

1 , β
m
1 ) and sn leads

to (αn
2 , β

n
2 ) whereas the profile (sm, sn) combines

the two pairs and leads to (αmn, βmn)

uc1(sm, sn), uc2(sm, sn) Utility based on criteria c1 and c2 respectively.

importance. This will reveal which threshold pair is going to be the finally determined

output. In the next section, we address this issue by considering a game solution,

namely, the Nash equilibrium and its interpretation in terms of the thresholds.

3.1.2 Interpretation of an Equilibrium in Terms of Thresh-

olds

Considering a game in GTRS of the following form {P, S, u}, where

• P = {c1, c2}, where c1 and c2 denote the players.

• S = S1 × S2, where Si is a finite set of strategies available to player ci.

• Each (sm, sn) ∈ S is called a strategy profile where player c1 plays sm and
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c2 plays sn. Strategy sm leads to thresholds (αm
1 , β

m
1 ) and sn leads to thresh-

olds (αn
2 , β

n
2 ) whereas the profile (sm, sn) combines the two pairs and leads to

(αmn, βmn).

• u = (uc1 , uc2) where uc1 and uc2 are real valued utility or payoff functions for c1

and c2, respectively. The utilities based on the profile (sm, sn), i.e., uc1(sm, sn)

and uc2(sm, sn) are determined using the associated thresholds (αmn, βmn).

Using the solution concept of Nash equilibrium, the game will result in a strategy

profile (sm, sn) if,

c1 : ∀s′
m ∈ S1, uc1(sm, sn) ≥ uc1(sm

′, sn), where (sm
′ ̸= sm)

c2 : ∀s′
n ∈ S2, uc2(sm, sn) ≥ uc2(sm, sn

′), where (sn
′ ̸= sn) (3.10)

The thresholds (αmn, βmn) associated with (sm, sn) will be the determined thresholds

pairs. The above equation are interpreted from the viewpoint of thresholds consid-

ered in the game. Considering the player c1 changing his strategy from sm to any

other possible strategy, say sm
′ while player c2 does not change his strategy. For the

strategy profile representing this situation i.e., (sm
′, sn), the corresponding thresholds

(αm′n, βm′n) can not increase the utility of player c1. In the same way, if we con-

sider the player c2, changing his strategy from sn to any other possible strategy, say

sn
′. Then for the strategy profile based on this situation, i.e., (sm, sn

′) the resulting

thresholds (αmn′
, βmn′

) can not increase the utility of player c2.

The selected threshold pair represents a level of compromise or tradeoff between

the players. The individual believes about the configuration of thresholds are incor-

porated in calculating the output pair. Particularly, the selected threshold pair is

37



interpreted as a threshold pair such that any changes in the thresholds suggested

unilaterally by a particular player within the game can not increase its performance

gains.

The game solution in Equation (3.10) can be extended to games with more players.

For instance, in a game with three players, a strategy profile should satisfy three

conditions, one for each player, in order to be considered as a game solution. The

game would result in a strategy profile (sm, sn, sq) based on the Nash equilibrium if,

c1 : ∀s′
m ∈ S1, uc1(sm, sn, sq) ≥ uc1(sm

′, sn, sq), where (sm
′ ̸= sm)

c2 : ∀s′
n ∈ S2, uc2(sm, sn, sq) ≥ uc2(sm, sn

′, sq), where (sn
′ ̸= sn)

c3 : ∀s′
q ∈ S3, uc3(sm, sn, sq) ≥ uc3(sm, sn, sq

′), where (sq
′ ̸= sq) (3.11)

The thresholds (αmnq, βmnq) associated with (sm, sn, sq) will be the determined thresh-

olds. In the same way, we can extend the game solution for a game with four players

and beyond.

Table 3.2: Payoff table for a two-player game

c2

s1 s2

c1
s1 uc1(s1, s1), uc2(s1, s1) uc1(s1, s2), uc2(s1, s2)

s2 uc1(s2, s1), uc2(s2, s1) uc1(s2, s2), uc2(s2, s2)
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3.1.3 Interpreting Equilibria in a Two-player, Two Strategy

Game

In order to interpret equilibria in terms of the determined thresholds, we consider

the conditions under which different strategy profiles may constitute a game solution.

The considered game is based on two players c1 and c2 each having two strategies

denoted as s1 and s2. The corresponding strategy sets are given by, S1 = S2 =

{s1, s2}. Table 3.2 shows this game. Moreover, there are four strategy profiles in this

game, namely, (s1, s1), (s1, s2), (s2, s1) and (s2, s2).

Let us first analyze the conditions under which the strategy profile (s1, s1) will be

the game outcome. Based on Equation (3.10), (s1, s1) will be the game solution if,

c1 : ∀s′
1 ∈ S1, uc1(s1, s1) ≥ uc1(s1

′, s1), where (s
′
1 ̸= s1)

c2 : ∀s′
1 ∈ S2, uc2(s1, s1) ≥ uc2(s1, s1

′), where (s
′
1 ̸= s1) (3.12)

Since in this game ∀s′
1 ∈ S1 and ∀s′

1 ∈ S2 means s2, we can simplify the above

equation as,

c1: u1(s1, s1) ≥ u1(s2, s1),

c2: u2(s1, s1) ≥ u2(s1, s2), (3.13)

The corresponding threshold pair (α11, β11) will be the determined thresholds if the

conditions in Equation( 3.13) are met.

The conditions for the remaining strategy profiles are similarly obtained based on

Equation (3.10). Table 3.3 summarizes the conditions for different strategy profiles
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Table 3.3: Equilibrium conditions for strategy profiles and the corresponding thresh-
olds

Profile Conditions Thresholds

(s1, s1) c1: ∀s′
1 ∈ S1, uc1(s1, s1) ≥ uc1(s1

′, s1), where (s
′
1 ̸= s1) (α11, β11)

c2: ∀s′
1 ∈ S2, uc2(s1, s1) ≥ uc2(s1, s1

′), where (s
′
1 ̸= s1)

simplified conditions

c1: uc1(s1, s1) ≥ uc1(s2, s1) and c2: uc2(s1, s1) ≥ uc2(s1, s2)

(s1, s2) c1: ∀s′
1 ∈ S1, uc1(s1, s2) ≥ uc1(s1

′, s1), where (s
′
1 ̸= s1) (α12, β12)

c2: ∀s′
2 ∈ S2, uc2(s1, s2) ≥ uc2(s1, s2

′), where (s
′
2 ̸= s2)

simplified conditions

c1: uc1(s1, s2) ≥ uc1(s2, s1) and c2: uc2(s1, s2) ≥ uc2(s1, s1)

(s2, s1) c1: ∀s′
2 ∈ S1, uc1(s2, s1) ≥ uc1(s2

′, s1), where (s
′
2 ̸= s2) (α21, β21)

c2: ∀s′
1 ∈ S2, uc2(s2, s1) ≥ uc2(s2, s1

′), where (s
′
1 ̸= s1)

simplified conditions

c1: uc1(s2, s1) ≥ uc1(s1, s1) and c2: uc2(s2, s1) ≥ uc2(s2, s2)

(s2, s2) c1: ∀s′
2 ∈ S1, uc1(s2, s2) ≥ uc1(s2

′, s2), where (s
′
2 ̸= s2) (α22, β22)

c2: ∀s′
2 ∈ S2, uc2(s2, s2) ≥ uc2(s2, s2

′), where (s
′
2 ̸= s2)

simplified conditions

c1: uc1(s2, s2) ≥ uc1(s1, s2) and c2: uc2(s2, s2) ≥ uc2(s2, s1)

and the determined thresholds in each case.

It is easy to obtain simplified equations in games involving more than two strate-

gies for each player. Considering a two-player game with three strategies for each

player. This game is represented by a 3× 3 payoff table similar to Table 3.2. There

will be nine strategy profiles in this case. A particular strategy profile, say (s1, s1),

would be the game solution if the conditions in Equation (3.12) are satisfied. These
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conditions are simplified as,

c1: u1(s1, s1) ≥ u1(s2, s1) and u1(s1, s1) ≥ u1(s3, s1),

c2; u2(s1, s1) ≥ u2(s1, s2) and u2(s1, s1) ≥ u2(s1, s3), (3.14)

since ∀s′
1 ∈ S1 and ∀s′

1 ∈ S2 means s2 and s3 in this case. Games with more strategies

would result in more conditions for the two players. It is also easy to extend and find

simplified conditions for games with more players. For instance, Equation (3.11) is

used to analyze and obtain simplified conditions for games with three players.

3.2 Establishment of Equilibria in GTRS

We examine equilibria in two-player games in GTRS. The uncertainty levels of

rough set regions are selected as players in these games. The objective of these games

is to reduce the overall uncertainty involved in the rough set based classification.

The first player (or player 1) named as the immediate decision region is denoted as

I. The second player (or player 2) named as the deferred decision region is denoted

as D. The player I represents the collective uncertainty in probabilistic positive

and negative regions. The player D represents the uncertainty in the probabilistic

boundary region. Configuring the thresholds to decrease the uncertainty of player I

comes at a cost of an increase in uncertainty for player D. A trade-off solution is

obtained by considering a game for determining the thresholds between uncertainty

of player I and player D.

We consider two games which will be referred to as Game 1 and Game 2 based

on the two players. The objective of these games is to configure the thresholds
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within the majority-oriented probabilistic rough set model given by the condition

0 ≤ β < 0.5 ≤ α ≤ 1. The condition means that a particular equivalence class will

belong to the positive region if 50% or more objects in the equivalence class are in C.

In any other case, the equivalence class will belong to the negative region. In other

words, the distribution of objects in the positive region is biased towards C, and the

distribution of object in negative region is biased towards Cc [37].

The Game 1 is similar to a game that was previously reported in [57]. The

strategies for player I are considered as various levels of decreases in threshold α

by some fixed or constant amounts. For the sake of simplicity, three strategies are

considered with strategy s1 = decrease of α by a constant k1, strategy s2 = decrease

of α by a constant k2 and strategy s3 = decrease of α by a constant k3, where

k1 < k2 < k3. Similarly, the strategies for player D are formulated as various levels of

increases in β by the same constants, i.e., k1, k2 and k3. Although the two players are

affected by both (α, β) thresholds, we limit the strategies of player I to only α and

the strategies of player D to only β. The rationale behind this is that we want both

the players to have partial control (each player can modify only one threshold) over

the configuration of thresholds. This will put a limit or constraint over the selfish

behaviour of the two players. That is player I can not simply choose an α value that

is only in his favour as player D may respond by setting a β value that will only be

advantageous to him. A threshold pair corresponding to a particular strategy profile

is determined as the change suggested in α by player I and the change suggested in β

by player D. The threshold pairs corresponding to different strategy profiles in this

game are shown in Table 3.4.

The Game 2 considers same type of strategies for the two players. The strategies
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Table 3.4: Strategies and strategy profiles in the Game 1

Player I Player D

Strategies and the resulting changes in thresholds

s1 ⇒ (α1
1, β

1
1) = (α− k1, β) s1 ⇒ (α1

2, β
1
2) = (α, β + k1)

s2 ⇒ (α2
1, β

2
1) = (α− k2, β) s2 ⇒ (α2

2, β
2
2) = (α, β + k2)

s3 ⇒ (α3
1, β

3
1) = (α− k3, β) s3 ⇒ (α3

2, β
3
2) = (α, β + k3)

Strategy profiles and the corresponding thresholds

(s1, s1) ⇒ (α11, β11) = (α− k1, β + k1) (s2, s3) ⇒ (α23, β23) = (α− k2, β + k3)

(s1, s2) ⇒ (α12, β12) = (α− k1, β + k2) (s3, s1) ⇒ (α31, β31) = (α− k3, β + k1)

(s1, s3) ⇒ (α13, β13) = (α− k1, β + k3) (s3, s2) ⇒ (α32, β32) = (α− k3, β + k2)

(s2, s1) ⇒ (α21, β21) = (α− k2, β + k1) (s3, s3) ⇒ (α33, β33) = (α− k3, β + k3)

(s2, s2) ⇒ (α22, β22) = (α− k2, β + k2)

Table 3.5: Strategies and strategy profiles in the Game 2

Player I Player D

Strategies and the resulting changes in thresholds

s1 ⇒ (α1
1, β

1
1) = (α− k, β) s1 ⇒ (α1

2, β
1
2) = (α− k, β)

s2 ⇒ (α2
1, β

2
1) = (α, β + k) s2 ⇒ (α2

2, β
2
2) = (α, β + k)

s3 ⇒ (α3
1, β

3
1) = (α− k, β + k) s3 ⇒ (α3

2, β
3
2) = (α− k, β + k)

Strategy profiles and the corresponding thresholds

(s1, s1) ⇒ (α11, β11) = (α− 2k, β) (s2, s3) ⇒ (α23, β23) = (α− k, β + 2k)

(s1, s2) ⇒ (α12, β12) = (α− k, β + k) (s3, s1) ⇒ (α31, β31) = (α− 2k, β + k)

(s1, s3) ⇒ (α13, β13) = (α− 2k, β + k) (s3, s2) ⇒ (α32, β32) = (α− k, β + 2k)

(s2, s1) ⇒ (α21, β21) = (α− k, β + k) (s3, s3) ⇒ (α33, β33) = (α− 2k, β + 2k)

(s2, s2) ⇒ (α22, β22) = (α, β + 2k)

are defined as strategy s1 = decrease of α by constant k, strategy s2 = increase of

β by k and strategy s3 = decrease of α and increase of β by k, where k is some

constant amount greater than 0. The two players full control over the configuration

of thresholds in this game, i.e., each player is allowed to modify both the thresholds.

This means that each player is allowed to play in a way that will only benefit him-

self. The game solution in this case intuitively mean the maximization of individual
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selfish behaviours. A threshold pair corresponding to a particular strategy profile is

calculated based on two rules. If only a single player suggests a change in threshold,

the value will be determined as an increase or decrease suggested by that player. If

both the players suggest a change, the value will be decided as the sum of the two

changes. The threshold pairs corresponding to different strategy profiles in this game

are shown in Table 3.5.

For a particular strategy profile (sm, sn) that leads to a threshold pair (α, β) (for

the sake of simplicity we assume (αmn, βmn) = (α, β)), the associated utility or payoff

functions for the players are represented by,

uI(sm, sn) = (CP (α, β) + CN(α, β))/2 and uD(sm, sn) = CB(α, β). (3.15)

As the strategy profile (sm, sn) is associated with thresholds (αmn, βmn) (which is

assumed as (α, β) in this case), we would denote the payoff functions uI(sm, sn) and

uD(sm, sn) in terms of the associated thresholds, i.e.,

uI(sm, sn) = uI(α, β) (3.16)

uD(sm, sn) = uD(α, β) (3.17)

The payoff functions in Equation (3.15) are further simplified as,

CP (α, β) = 1−∆P (α, β), CN(α, β) = 1−∆N(α, β) and

CB(α, β) = 1−∆B(α, β), (3.18)

where ∆P (α, β),∆N(α, β) and ∆B(α, β) are the uncertainties associated with the
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positive, negative and boundary regions, respectively. The uncertainty of a particular

region, e.g. the positive region is calculated as,

∆P (α, β) = P (POS(α,β)(C))H(πC |POS(α,β)(C)), (3.19)

where,

H(πC |POS(α,β)(C)) = −P (C|POS(α,β)(C)) log P (C|POS(α,β)(C))

−P (Cc|POS(α,β)(C)) log P (Cc|POS(α,β)(C)), (3.20)

where POS(α,β)(C)) is defined as in Equation (2.10).

Let us consider some sample data that consists of 100 equivalence classes repre-

sented as X1, ..., X100. Each of these equivalence classes has a probability of P (Xi) =

0.01(1 <= i <= 100). Moreover, the equivalence classes and their associated con-

ditional probabilities follow the gaussian distribution given by e
−(x−c)2

2θ2 . Choosing

different values for parameters θ and x will result in different graphs although the

shape remains the same. In this experiment, we consider θ = 20 and x = 50. It should

become apparent in the coming discussion that the selection of these parameters is

irrelevant to the game analysis. Therefore, one may choose different values and can

still obtain the same results.

Let us first consider the changes in utilities for player I based on threshold α.

Figure 3.1 is constructed for this purpose. Each curve or series in the figure shows

the change in player I utility corresponding to different values of α and a fixed value

of β. For instance the series in the bottom of the figure, represents the change in
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Figure 3.1: Utility of player I based on threshold α while keeping β fixed

utility of I based on different α values and fixed β value which is β = 0.49.

We note from Figure 3.1 that for a fixed value of β, as the value of α is increased

the utility of player I also increase. Equivalently for a particular β when the values of

α decrease the utility of I also decrease. This is represented by considering a certain

β value say β and 1.0 ≥ α1 > α2 > ... > αn ≥ 0.5 which leads to,

uI(α1, β) ≥ uI(α2, β) ≥ uI(α3, β) ≥ ... ≥ uI(αn, β). (3.21)

Considering that for any i (1 ≤ i ≤ n), αi is greater than αi+1 by a reasonable

amount. We can obtain a simplified form given by

uI(α1, β) > uI(α2, β) > uI(α3, β) > ... > uI(αn, β). (3.22)

This assumption is considered in the rest of this chapter. In the same way the

utilities of player D were plotted which is shown as Figure 3.2. Again we note that
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Figure 3.2: Utility of player D based on threshold α while keeping β fixed

for 1.0 ≥ α1 > α2 > ... > αn ≥ 0.5 (and for fixed β) we have,

uD(α1, β) < uD(α2, β) < uD(α3, β) < ... < uD(αn, β), (3.23)

while considering that αi > αi+1 by a reasonable amount.

Next we consider the change in utilities based on threshold β. Figure 3.3 and 3.4

are used for this purpose. Each curve in these figures represents the change in utilities

based on different β values while keeping α fixed. From these Figures, we note that

if 0.0 ≤ β1 < β2 < β3 < ... < βn < 0.5 (with βi < βi+1 by a reasonable amount) then

for a same α value we have,

uI(α, β1) > uI(α, β2) > uI(α, β3) > ... > uI(α, βn), Figure 3.3 (3.24)

uD(α, β1) < uD(α, β2) < uD(α, β3) < ... < uD(α, βn). Figure 3.4 (3.25)
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Figure 3.3: Utility of player I based on threshold β while keeping α fixed

It should be noted that the results in Equations (3.22) - (3.25) do not depend

on the distribution of data. This may be seen intuitively by looking at the utilities

of the players. For instance, considering the utility of player I, decreasing α from

1.0 would result in some incorrect classifications in the positive region irrespective of

the data distribution. As a result one would expect an increase in the uncertainty

of the positive region and therefore a decrease in the utility of player I. Decreasing

α further will lead to more incorrect classifications in the positive region and will

therefore further decrease the utility of player I. The data distribution however plays

a role in determining how much decrease player I would be expecting based on a

certain decrease in α, i.e., the magnitude of the decrease in utility of player I but not

the trend of decrease in itself.
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Figure 3.4: Utility of player D based on threshold β while keeping α fixed

3.2.1 Analysis of Nash Equilibria in Game 1

Let us analyze this game from player I’s perspective. Considering strategy s1 of

player D, the player I can choose from three possible strategies, i.e., s1, s2 or s3 with

corresponding strategy profiles given by (s1, s1), (s2, s1) and (s3, s1), respectively.

The three strategy profiles lead to the following threshold pairs (according to the

description of Game 1 and Table 3.4),

(s1, s1) ⇒ (α11, β11) = (α− k1, β + k1),

(s2, s1) ⇒ (α21, β21) = (α− k2, β + k1),

(s3, s1) ⇒ (α31, β31) = (α− k3, β + k1). (3.26)

According to Equations (3.16) and (3.17), the utilities of the players corresponding

to strategy profiles are determined based on the associated threshold pairs. It follows
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that,

uI(s1, s1) = uI(α− k1, β + k1),

uI(s2, s1) = uI(α− k2, β + k1),

uI(s3, s1) = uI(α− k3, β + k1). (3.27)

The three payoff functions make use of the same value for threshold β, i.e., β + k1.

Since this game considers k1 < k2 < k3, we have,

α11 = (α− k1) > α21 = (α− k2) > α31 = (α− k3). (3.28)

From Equations (3.22) and (3.28), we have,

uI(α− k1, β + k1) > uI(α− k2, β + k1) > uI(α− k3, β + k1), (3.29)

that is, for any values of α in range [0.5, 1.0] and fixed value of β, the utility of I

decreases as α decreases. Using Equations (3.27) and (3.29), we have,

uI(s1, s1) > uI(s2, s1) > uI(s3, s1). (3.30)

It means that s1 is the best response of player I to s1 of player D according to

Equation (2.22). Similarly, it is easy to show that the best response of I to s2 and s3

of player D is also s1.

We now examine the same game from playerD’s perspective. Considering strategy

s1 of player I, the player D can choose from strategies s1, s2 or s3 with corresponding
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strategy profiles given by (s1, s1), (s1, s2) and (s1, s3), respectively. From Table 3.4 it

follows that,

(s1, s1) ⇒ (α11, β11) = (α− k1, β + k1),

(s1, s2) ⇒ (α12, β12) = (α− k1, β + k2),

(s1, s3) ⇒ (α13, β13) = (α− k1, β + k3). (3.31)

and according to Equation (3.15), we have,

uI(s1, s1) = uI(α− k1, β + k1),

uI(s1, s2) = uI(α− k1, β + k2),

uI(s1, s3) = uI(α− k1, β + k3). (3.32)

The three payoff functions make use of the same α value, i.e., α−k1. Since k1 < k2 <

k3, we have,

β11 = (β + k1) < β12 = (β + k2) < β13 = (β + k3). (3.33)

From Equations (3.25) and (3.33), we have,

uD(α− k1, β + k1) < uD(α− k1, β + k2) < uD(α− k1, β + k3), (3.34)

i.e., for any values of β in range [0.0, 0.5) and fixed value of α the utility of D increases

as β increases. Using Equations (3.32) and (3.34), we have,

uD(s1, s1) < uD(s1, s2) < uD(s1, s3). (3.35)
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which means that s3 is the best response of player D to s1 of player I. In the same

way, it is easy to show that the best response of D to s2 and s3 of player I is also s3.

From above discussion, it becomes apparent that s1 and s3 are the dominant

strategies for players I and D, respectively (please refer back to Equation (2.20)

and the relevant discussion). This game will therefore have only one solution or

Equilibrium that will consist of both players playing their dominant strategies, i.e.,

the profile (s1, s3).

3.2.2 Analysis of Nash Equilibria in Game 2

Let us now analyze equilibria in Game 2. We first focus on the strategies of

player I. Considering s1 of player D, we want to determine the best response of

player I which can either be s1, s2 or s3 with respective strategy profiles given by

(s1, s1), (s2, s1) and (s3, s1). From description of Game 2 in Table 3.5, we notice that

the payoff functions corresponding to the considered profiles are given by,

uI(s1, s1) = uI(α− 2k, β),

uI(s2, s1) = uI(α− k, β + k),

uI(s3, s1) = uI(α− 2k, β + k). (3.36)

Comparing the payoff functions uI(α − 2c, β) and uI(α − 2c, β + c). The two payoff

functions share the same α value, i.e., α = α − 2c while β < β + c for any value of

c > 0. Following the results of Equation (3.24), we have,

uI(α− 2c, β) > uI(α− 2c, β + c), (3.37)
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that is, increasing β decreases the payoff for player I when α is fixed, (see Figure 3.3).

From Equations (3.36) and (3.37), it follows that,

uI(s1, s1) > uI(s3, s1). (3.38)

Similarly, following the results of Equations (3.22) and (3.36), we note that,

uI(α− c, β + c) > uI(α− 2c, β + c),

= uI(s2, s1) > uI(s3, s1). (3.39)

as the two payoff functions share a common β value while α−c > α−2c for any value

of c > 0. The results from Equations (3.37) and (3.39) suggest that the strategies s1

and s2 provide more payoff compared to s3 for player I based on player D choosing

s1. Regarding which of the strategies s1 or s2 can provide more payoff, unfortunately

we are not able to compare them as they do not share a common threshold value.

It is reasonable to assume that both of them have equal chances for being the best

responses. It is easy to obtain similar results when we try to determine the best

response of player I based on strategy s2 and s3 of player D.

Let us now examine the strategies of player D. Considering the strategy s1 of

player I, it can either choose s1, s2 or s3. The corresponding strategy profiles are
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(s1, s1), (s1, s2) and (s1, s3) with respective utility functions given by,

uD(s1, s1) = uD(α− 2k, β),

uD(s1, s2) = uD(α− k, β + k),

uD(s1, s3) = uD(α− 2k, β + k). (3.40)

The strategy s1 can be compared with strategy s3 due to common value for the

threshold α. Following the results of Equations (3.25) and (3.40), it follows that,

uD(α− 2k, β) < uD(α− 2k, β + k),

= uI(s1, s1) < uD(s1, s3), (3.41)

that is, playerD can expect more payoff when β is increased, given α remains constant

(see Figure 3.4). This means that s3 provides better payoff than s1. We can also

compare strategy s2 and s3 due to common value of threshold β. The results from

Equations (3.23) and (3.40) suggest that,

uD(α− k, β + k) < uD(α− 2k, β + k),

= uD(s1, s2) < uD(s1, s3), (3.42)

which means that s3 provides better payoff than s2. The results from Equations (3.41)

and (3.42) suggest that the strategy s3 is the best response of player I based on player

D choosing s1. In the same way, it is easy to show that s3 is a better choice for player

D when player I chooses to play s2 or s3.
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From above discussion it appears that only player D has a dominant strategy

which is s3. The player I do not have dominant strategy, however, given the strat-

egy s3 of player D, it would respond with its best response by either playing s1 or

s2. The game solution in this case is either (s1, s3) or (s2, s3) depending on which

strategy profile provides better payoff. It is easy to show that we can reach to similar

conclusions even if we consider different values of c > 0 with the thresholds satisfying

0 ≤ β < 0.5 ≤ α ≤ 1.

The above games represent competitive scenarios between the two players. Chang-

ing the strategies in order to increase one player’s payoff comes at a cost of decreasing

the other players payoff. In reality, there can be a situation of cooperation among the

involved players. Such cases are the subject of cooperative game theory. Extending

the GTRS to incorporate such situations can be a fruitful research direction. The

establishment of equilibria in such games will require to analyze the solution concepts

in cooperative game theory such as Nash bargaining solution [24].

It should also be noted that in the considered games, the strategies are based

on decreasing threshold α and increasing threshold β. This is the generally used

approach in the GTRS model. The strategies formulated in this way assumes an

initial threshold values of (α, β) = (1, 0) which corresponds to the Pawlak model. The

motivation or rationale behind this is to obtain a model that is at least better than the

Pawlak model [14]. In a recent article, different approaches for formulating strategies

based on different initial conditions are considered [11]. These approaches include

the two ends approach, the middle approach, the random approach and the range

based approach. The initial conditions in these approaches are the Pawlak model,

probabilistic two way model, (given by α = β), random values for the thresholds and
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a specified range of thresholds, respectively. These approaches are discussed in detail

in Section 5.6.

How different initial conditions will affect the game solution is an interesting

research issue in this context. In this study, we only considered the typical games

defined with GTRS. However, the results obtained in this research can be extended to

analyze games with different initial conditions. For instance, considering the games

that start with an initial condition of α = β, i.e., probabilistic two-way model. It

is suggested that as opposed to the games that start from the Pawlak model, the

strategies in these games are formulated based on increasing threshold α and decrease

threshold β [11]. The results of Equations (3.22) - (3.25), can be applied to analyze

and determine equilibria in such games.

3.3 Conclusion

The concept of equilibria is of central importance in the game-theoretic rough

set (GTRS) model. This chapter focuses on two equilibria related issues, i.e., the

interpretation of equilibria and the establishment of their existence. We address

the issue of interpretation of equilibria by examining the relationship between a game

solution and the decision thresholds that control the rough sets based decision regions.

A game solution or equilibrium is interpreted in terms of a threshold pair such that

any changes in these thresholds suggested unilaterally by a single player can not result

in a payoff or utility increase for that player within the game. A general two-player

game in GTRS is also defined which can be utilized as a basis for implementing

further games. It is also suggested that the interpretation of game solution may

be extended to games with more than two players. The issue of establishment of
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equilibria is addressed by considering a couple of typical two-player games in GTRS.

The results suggest that the existence of equilibria may be established under certain

limited conditions.

The interpretation of equilibria setup the motivation for exploring other relevant

issues. This may possibly include the investigation of different types of game solutions,

their relationship to thresholds and their relative importance.
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Chapter 4

Uncertainty Analysis with GTRS

4.1 Introduction

Probabilistic rough sets [140] extended the Pawlak [84] rough set model by consid-

ering probabilistic information of objects being in a set for determining their inclusion

in the three regions. The divisions among these regions are defined by a pair of thresh-

old values. Although the Pawlak positive and negative regions provide a minimum

level of classification errors, they are often applicable to a few objects [10, 37]. This

limits the practical applicability of the theory in real world applications [128, 140].

Probabilistic rough sets expanded rough sets applicability or generality by incorpo-

rating more objects in positive and negative regions at a cost of some classification

errors [137]. A pair of thresholds controls the level of tradeoff between these two

properties.

Deng and Yao [37] proposed an information-theoretic interpretation of probabilis-

tic thresholds. The uncertainties with respect to different regions are calculated by

utilizing the measure of Shannon entropy. By providing the notions of overall un-

certainty calculated as an average uncertainty of the three regions, the formulation
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provides another motivation for studying the probabilistic rough sets. The Pawlak

positive and negative regions have a minimum uncertainty of zero, however it may not

have the minimum overall uncertainty due to large size of the boundary region [37].

Another extreme case is considered in the form of probabilistic two-way decision

model which as opposed to Pawlak model has a minimum size for the boundary re-

gion. The uncertainty level of boundary region has a minimum value, however the

overall uncertainty may not be necessarily minimum for the model. The probabilistic

rough set model is utilized to consider the tradeoff among uncertainties of the three

regions through suitable adjustments in threshold values.

The problem of finding an effective threshold pair was formulated as a minimiza-

tion of uncertainty of three-way classification induced by the three regions in [37].

However, an explicit mechanism for searching or learning an optimal threshold pair

in the space of possible threshold pairs was not provided. We consider a GTRS based

method that utilizes a game-theoretic setting in automatically obtaining an effective

threshold pair with a repetitive process for threshold modification. A gradient descent

approach was combined with the ITRS model to iteratively reduce the uncertainty of

the rough set regions in [39].

We use the GTRS model for analyzing the uncertainties of rough set regions in

the aim of finding effective thresholds. A competitive game is formulated between the

regions that modify the thresholds in order to improve their respective uncertainty

levels. By repeatedly playing the game and utilizing its results for updating the

thresholds, a learning mechanism is proposed that automatically tunes the thresholds

based on the data itself.

59



4.2 Uncertainties in the Probabilistic Rough Set Regions

The information-theoretic interpretation of probabilistic rough sets was formu-

lated in [37]. It can be used to compute uncertainties of the probabilistic rough set

regions. Although there are different approaches for computing uncertainty, such as,

the Bayesian and stochastic approaches [28, 43], the considered formulation utilizes

the measure of Shannon entropy.

Consider a pair of probabilistic thresholds (α, β) that produces the following three

disjoint regions, given by,

π(α,β) = {POS(α,β)(C),NEG(α,β)(C),BND(α,β)(C)}. (4.1)

The uncertainty of πC = {C,Cc} with respect to the three probabilistic regions may

be computed with Shannon entropy as follows:

H(πC |POS(α,β)(C)) = −P (C|POS(α,β)(C)) log P (C|POS(α,β)(C))

−P (Cc|POS(α,β)(C)) log P (Cc|POS(α,β)(C)), (4.2)

H(πC |NEG(α,β)(C)) = −P (C|NEG(α,β)(C)) log P (C|NEG(α,β)(C))

−P (Cc|NEG(α,β)(C)) log P (Cc|NEG(α,β)(C)), (4.3)

H(πC |BND(α,β)(C)) = −P (C|BND(α,β)(C)) log P (C|BND(α,β)(C))

−P (Cc|BND(α,β)(C)) log P (Cc|BND(α,β)(C)). (4.4)

The Equations (4.2) - (4.4) may be viewed as the measure of uncertainty in πC

with respect to POS(α,β)(C), NEG(α,β)(C) and BND(α,β)(C) regions. The conditional

probabilities in these equations, e.g. P (C|POS(α,β)(C)) may be interpreted as the
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probability of C given the knowledge of POS(α,β)(C). The conditional probabilities

for the positive region are computed as,

P (C|POS(α,β)(C)) =
|C

∩
POS(α,β)(C)|

|POS(α,β)(C)|
, (4.5)

P (Cc|POS(α,β)(C)) =
|Cc

∩
POS(α,β)(C)|

|POS(α,β)(C)|
. (4.6)

The Equations (4.5) - (4.6) may be interpreted as the portion of POS(α,β)(C) that

belongs to C and Cc, respectively. Conditional probabilities of other regions are

similarly obtained. The overall uncertainty is computed as the average uncertainty

of the three regions, which is referred to as conditional entropy of πC given π(α,β),

namely,

H(πC |π(α,β)) = P (POS(α,β)(C))H(πC |POS(α,β)(C))

+P (NEG(α,β)(C))H(πC |NEG(α,β)(C))

+P (BND(α,β)(C))H(πC |BND(α,β)(C)). (4.7)

The probabilities of the three regions are computed as,

P (POS(α,β)(C)) =
|POS(α,β)(C)|

|U |
,

P (NEG(α,β)(C)) =
|NEG(α,β)(C)|

|U |
,

P (BND(α,β)(C)) =
|BND(α,β)(C)|

|U |
. (4.8)

We reformulate Equation (4.7) by introducing additional notations. Let us rep-

resent the uncertainties with respect to positive, negative and boundary regions by
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∆P (α, β), ∆N(α, β) and ∆B(α, β) respectively. The three terms in Equation (4.7) are

given by,

∆P (α, β) = P (POS(α,β)(C))H(πC |POS(α,β)(C)), (4.9)

∆N(α, β) = P (NEG(α,β)(C))H(πC |NEG(α,β)(C)), (4.10)

∆B(α, β) = P (BND(α,β)(C))H(πC |BND(α,β)(C)). (4.11)

The overall uncertainty corresponding to a particular threshold pair (α, β) is now

denoted as,

∆(α, β) = ∆P (α, β) + ∆N(α, β) + ∆B(α, β). (4.12)

In other words the overall uncertainty of a particular rough set model (defined by

a threshold pair (α, β)) is the summation of uncertainties of its three regions. We

investigate the uncertainties of rough set regions in two extreme configurations of

thresholds, given by (α, β) = (1, 0) and α = β which correspond to Pawlak rough set

model and probabilistic two-way decision model, respectively in the next subsection.

62



4.2.1 Region Uncertainties in Pawlak and Two-way Models

In the Pawlak model, POS(1,0)(C) ⊆ C, which leads to P (C|POS(α,β)(C)) = 1.

Similarly, POS(1,0)(C) ∩ Cc = ∅ which implies P (Cc|POS(1,0)(C)) = 0. The uncer-

tainty with respect to positive region in this case may be calculated as,

∆P (1, 0) = P (POS(1,0)(C))H(πC |POS(1,0)(C))

= P (POS(1,0)(C))((−1× log1)− (0× log0))

= P (POS(1,0)(C))(0− 0) = 0. (4.13)

The NEG(1,0)(C) ⊆ Cc, which means P (Cc|NEG(1,0)(C)) = 1 and P (C|NEG(1,0)(C)) =

0. The uncertainty with respect to negative region is calculated as,

∆N(1, 0) = P (NEG(1,0)(C))H(πC |NEG(1,0)(C
c))

= P (NEG(1,0)(C))((0× log0)− (1× log1))

= P (NEG(1,0)(C))(0− 0) = 0. (4.14)

The Pawlak model is usually associated with large size of the boundary region. The

boundary consist of equivalence classes that are partially in C and Cc. This means

that BND(1,0)(C) * C and BND(1,0)(C) * Cc, leading to P (C|BND(1,0)(C)) ̸= 0

and also P (Cc|BND(1,0)(C)) ̸= 0. The uncertainty of the boundary region, namely

∆B(α, β) is therefore not equal to zero. The total uncertainty of the three regions is
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given by,

∆(1, 0) = ∆P (1, 0) + ∆N(1, 0) + ∆B(1, 0)

= 0 + 0 +∆B(1, 0) = ∆B(1, 0). (4.15)

Let us now calculate the total uncertainty for probabilistic two-way decision model

given by α = β. For simplicity, we assume α = β = γ. Since the boundary size is

zero in this case, i.e. P (BND(α,β)(C)) = 0, the associated uncertainty has a minimum

value of 0. The total uncertainty is given by,

∆(γ, γ) = ∆P (γ, γ) + ∆N(γ, γ) + ∆B(γ, γ)

= ∆P (γ, γ) + ∆N(γ, γ) + 0 = ∆P (γ, γ) + ∆N(γ, γ). (4.16)

It may be observed that although Pawlak positive and negative regions have the

minimum uncertainty of zero, the boundary region has a large non-zero uncertainty.

On the other hand, probabilistic two-way decision model has zero uncertainty in

boundary but have non-zero uncertainties in positive and negative regions. The strict

conditions in the form of no errors in definite regions (in the Pawlak model) and no

deferment decisions (in the probabilistic two-way decision model) may not be suitable

to obtain the minimum overall uncertainty level. Moderate levels of uncertainties for

the three regions may be examined through configuration of probabilistic thresholds

between these two extreme cases.

64



4.2.2 Probabilistic Thresholds and Uncertainties

We explore the relationship between probabilistic thresholds and region uncertain-

ties by considering the example discussed in [10, 37]. Some of the values are slightly

changed in order to make the probabilities P (C) and P (Cc) roughly equal. Table 4.1

presents probabilistic information about a category or concept C with respect to a

partition consisting of 15 equivalence classes. Each Xi (with i = 1, 2, 3, ..., 15) repre-

sents an equivalence class. The equivalence classes are listed in decreasing order of

their conditional probabilities P (C|Xi) for the sake of convenient computations.

Table 4.1: Probabilistic information of a concept C

X1 X2 X3 X4 X5 X6 X7 X8

P (Xi) 0.0277 0.0985 0.0922 0.0167 0.0680 0.0169 0.0598 0.0970

P (C|Xi) 1.0 1.0 0.90 0.80 0.70 0.60 0.55 0.45

X9 X10 X11 X12 X13 X14 X15

P (Xi) 0.1150 0.0797 0.0998 0.1190 0.0589 0.0420 0.0088

P (C|Xi) 0.40 0.30 0.25 0.20 0.0 0.0 0.0

Table 4.2: Uncertainty levels of the three regions for different threshold values

α/ β 0.0 0.2 0.4 0.5
∆P , ∆B, ∆N ∆P , ∆B, ∆N ∆P , ∆B, ∆N ∆P , ∆B, ∆N

1.0 0.0, 0.76, 0.0 0.0, 0.65, 0.11 0.0, 0.33, 0.40 0.0, 0.21, 0.51
0.8 0.07, 0.63, 0.0 0.07, 0.53, 0.11 0.07, 0.24, 0.40 0.07, 0.14, 0.51
0.6 0.17, 0.53, 0.0 0.17, 0.43, 0.11 0.17, 0.16, 0.40 0.17, 0.06, 0.51
0.5 0.25, 0.46, 0.0 0.25, 0.37, 0.11 0.25, 0.10, 0.40 0.25, 0.0, 0.51

Table 4.2 shows the uncertainties of the three regions corresponding to different

threshold pairs. Each cell in the table represents three values of the form ∆P (α, β),

∆B(α, β), ∆N(α, β) corresponding to a particular threshold pair. For instance, the cell

at the top left corner that corresponds to threshold values of α = 1.0 and β = 0.0 has
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associated region uncertainties of ∆P (1, 0) = 0.0, ∆B(1, 0) = 0.76 and ∆N(1, 0) = 0.0.

Below are some observations.

• The cell at the top left (0.0, 0.76, 0.0) corresponds to the Pawlak rough set

model. It can be observed that the Pawlak positive and negative regions have

zero uncertainties. However, the boundary has the maximum uncertainty of

0.76. The overall uncertainty in this case according to Equation (4.12) is given

by ∆(1, 0) = 0.76.

• The lower right most cell (0.25, 0.0, 0.51) corresponds to probabilistic two-way

decision model. In this case the boundary has the minimum uncertainty but the

positive and negative regions have the maximum uncertainty of 0.25 and 0.51,

respectively. The overall uncertainty in this case is given by ∆(0.5, 0.5) = 0.76.

• The rest of the threshold pairs correspond to intermediate levels of uncertainties

for the three regions. It appears from the table that there exist threshold pairs

that can provide lesser overall uncertainties compared to Pawlak and proba-

bilistic two-way decision models.

• The threshold α affects the uncertainty levels of positive and boundary regions

and threshold β affects the negative and boundary regions.

• A decrease in α produces an increase in uncertainty for positive while a decrease

for boundary region. Similarly, an increase in β increases uncertainty of negative

and reduces that of the boundary region.

A key observation from the above example is that a pair of thresholds may control

the tradeoff among uncertainties of the three regions. The determination of effective
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threshold values is a central issue in this context. We investigate a mechanism that

may be utilized for analyzing the region uncertainties in order to determine suitable

threshold values in the next section.

4.3 Analyzing Uncertainties of Rough Set Regions with GTRS

We now investigate an application of GTRS for analyzing uncertainties in differ-

ent probabilistic regions. Earlier in Section 4.2, the relationship between probabilistic

thresholds and region uncertainties was demonstrated with an example. A key ob-

servation was that the configuration of probabilistic thresholds controls the tradeoff

between uncertainties associated with different regions. We aim to find a mechanism

that effectively adjusts the threshold values in order to find a suitable tradeoff among

the uncertainties associated with different regions. The GTRS model may provide

such a mechanism.

4.3.1 Formulating Tradeoffs among Region Uncertainties as

a Game

The GTRS model has been recently applied to multiple criteria decision mak-

ing problems, such as multiple criteria based attribute classification [8], feature se-

lection [12], improving classification ability [57] and rule mining [10]. In order to

formulate further decision making problems, a GTRS based framework for multiple

criteria decision analysis was introduced in [10]. The framework suggests identifica-

tion of three basic components for formulating problems with GTRS. This includes

information about different criteria considered as players in a game, the strategies or
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available actions for each player and the utilities or payoff functions for each action.

We begin by identifying these components.

The players should reflect the overall purpose of the game. Our objective in this

game is to improve the overall uncertainty level of the rough set classification. As

noted in Section 4.2, changing the thresholds in order to improve the uncertainty of

boundary region comes at a cost of uncertainty in both positive and negative regions.

This intuitively suggests that the boundary region can be viewed as a common com-

petitor or opponent for both positive and negative regions. Due to this reason, we

consider the positive and negative regions as a single player in a game competing

against the boundary region.

In rough set literature, the decision rules from positive and negative regions versus

those from boundary region have been referred to as certain rules versus uncertain

rules [87], certain versus possible [49] and immediate versus delayed or deferred [54].

We adopt the terminology of reference [54] for referring to considered players. The

player set in this case is given by P = {c1, c2} with player c1 representing immediate

decision region and is denoted as I and player c2 representing the deferred decision

region and is denoted as D.

The players compete each other in a game with different strategies. The available

strategies highlight different options or moves available to a particular player during

the game. Since the players in this game (i.e. the immediate and deferred decision

regions) are affected by changes in probabilistic thresholds, we formulate these changes

as strategies. Three types of strategies, namely, s1 (α↓, decrease of α), s2 (β↑, increase

of β) and s3 (α↓β↑, decrease of α and increase of β) are considered. Although the

strategies may be formulated in different ways, we considered the case where the
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configuration starts from an initial setting of (α, β) = (1, 0) which corresponds to the

Pawlak rough set model.

The notion of utility or payoff functions is used to measure the consequences of se-

lecting a particular strategy. The utilities should reflect possible benefits, performance

gains or happiness levels of a particular player. As noted earlier, the uncertainties

of regions are affected by considering different threshold values which are referred to

as possible strategies. Therefore, the levels of uncertainties associated with different

regions may be considered as one form of utility or payoff functions. However, from

a particular player perspective, an uncertainty value reflects a level of loss or disad-

vantage measured in the range of 0 to 1. An uncertainty of 1 means an extremely

undesirable condition or a minimum possible gain for a player and an uncertainty of 0

means the most desirable situation. We used the term certainty instead of uncertainty

for calculating the payoff functions, as in game-theoretic analysis we are interested in

measuring possible gains or benefits. The certainty of the three regions are defined

as follows,

CP (α, β) = 1−∆P (α, β), (4.17)

CN(α, β) = 1−∆N(α, β), (4.18)

CB(α, β) = 1−∆B(α, β), (4.19)

where ∆P (α, β), ∆P (α, β) and ∆P (α, β) are defined in Equation (4.12).

For a particular strategy profile (sm, sn) that configures the thresholds in order to

generate a threshold pair (α, β), the associated certainty or utility of the players are
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represented by,

uI(sm, sn) = (CP (α, β) + CN(α, β))/2, (4.20)

uD(sm, sn) = CB(α, β). (4.21)

where uI and uD represent the payoffs corresponding to immediate and deferred

decision regions, respectively. The payoff is calculated as an average certainty of

the two regions, since immediate decision regions include both positive and negative

regions,

4.3.2 Competition between the Regions for Analyzing Un-

certainties

We form a game as a competition among the regions in order to analyze dif-

ferent region uncertainties. A payoff table is one way of expressing such a compe-

tition. The table facilitates analysis by providing listing of all possible situations

in a game. Table 4.3 shows the payoff table for the game between immediate and

deferred decision regions. The rows in front of the player I represent the strate-

gies of player I and the columns beneath the player D represent the strategies of

player D. Each cell in the table represents a particular strategy profile of the form

(sm,sn), where player I has selected strategy sm and player D has selected sn with

{sm, sn} ∈ {α↓, β↑, α↓β↑}. A payoff pair corresponding to a strategy profile (sm,sn)

is represented as <uI(sm, sn),uD(sm,sn)>. Finally, equilibrium analysis is performed

to determine a possible game solution based on Equation 3.10 (equilibrium definition

for two player game).
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Table 4.3: Payoff table for the game

D

s1 = α↓ s2 = β↑ s3 = α↓β↑

I

s1 = α↓ uI(s1,s1),uD(s1,s1) uI(s1,s2),uD(s1,s2) uI(s1,s3),uD(s1,s3)

s2 = β↑ uI(s2,s1),uD(s2,s1) uI(s2,s2),uD(s2,s2) uI(s2,s3),uD(s2,s3)

s3 = α↓β↑ uI(s3,s1),uD(s3,s1) uI(s3,s2),uD(s3,s2) uI(s3,s3),uD(s3,s3)

In GTRS based formulation for analyzing probabilistic rough sets, it is suggested

that each strategy profile corresponds to a particular probabilistic threshold pair [10].

Since each cell of a payoff table corresponds to a strategy profile, this means that

each cell will have its corresponding (α, β) pair. We note in Table 4.3 that each

cell corresponds to either an increase or decrease of thresholds. We represent these

changes by using the following notations,

α− = Only one of the measures suggests a decrease in threshold α, (4.22)

α−− = Both of the measures suggest a decrease in threshold α, (4.23)

β+ = Only one of the measures suggests an increase in threshold β, (4.24)

β++ = Both of the measures suggest an increase in threshold β, (4.25)

Given these notations, a threshold pair corresponding to a strategy profile (s1,s1) =

(α↓, α↓) is given by (α−−, β) and the profile (s3,s3) = (α↓β↑, α↓β↑) is given by (α−−, β++).

The issue now is that given a threshold pair (α, β), how to obtain the four threshold

values, namely, α−, β+, α−− and β++.

A simple way to define these values would be to get them in the form of input from
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users or domain experts. This may involve plenty of trails before some reasonable

estimates are obtained. A better approach was discussed in [57]. A learning method

was introduced for calculating the increases or decreases in threshold values. At

each iteration of the learning process, the parameter adjustments are obtained as a

function of performance gains or losses in the considered criteria. We introduce a

similar learning mechanism that can be used to automatically obtain the necessary

adjustments in threshold values. In addition, the repetitive modifications will serve

as a guiding mechanism in reaching towards an effective threshold pair.

4.3.3 Learning Optimal Thresholds

The game-theoretic formulation allows for the adjustments in thresholds by con-

sidering a certain amount of increase or a decrease in value. These adjustments are

based on utilities of targeted players. Repetitive actions of modifying the thresh-

olds in order to continuously improve the utility levels of respective players lead to

a learning method. The learning principle in such a method may be based on the

relationship between modifications in threshold values and their impact on different

region uncertainties. We consider this relationship in a game-theoretic environment.

We wish to achieve the following two objectives with this method.

• Obtaining the possible increases/decreases in threshold values (i.e. α−, α−−,

β+,β++ ) to setup the game presented as Table 4.3.

• Acquiring effective probabilistic thresholds through repetitive adjustments of

threshold values considered in an iterative process.
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Repetitive Threshold Modifications

We consider the Pawlak model as a starting point in learning the threshold values.

As noted earlier in Section 4.2, the Pawlak model has zero uncertainty for immediate

decision regions. The deferred decision region, however, has a non-zero uncertainty.

In terms of utility or payoff functions this would mean that the utility of player I

would be maximum but that of player D may not be very effective. By adjusting

the thresholds repeatedly, we can decrease the uncertainty associated with deferred

decision region (i.e. Player D) at cost of an increased uncertainty for immediate

decision regions (Player I). Repeatedly doing so would mean that we may be able to

find an effective balanced point among the uncertainty levels of the two players. Such

a balanced situation will eventually lead to an effective setting for the probabilistic

thresholds.

Let us consider a single iteration of a game that will be repeated several times.

Suppose that the threshold values (α, β) have been utilized in a particular iteration.

Equilibrium analysis within the game will be used to find out the output strategy

profile and the corresponding threshold pair to that profile. This output threshold

pair is represented as (α
′
, β

′
). The four variables given in Equations (4.22) - (4.25)

are calculated as,

α− = α− k1(α× (CB(α
′
, β

′
)− CB(α, β))), (4.26)

α−− = α− k2(α× (CB(α
′
, β

′
)− CB(α, β))), (4.27)

β+ = β − k1(β × (CB(α
′
, β

′
)− CB(α, β))), (4.28)

β++ = β − k2(β × (CB(α
′
, β

′
)− CB(α, β))). (4.29)
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Moreover, the threshold values for the next iteration are updated to (α
′
, β

′
). The

variables k1 and k2 in Equations (4.26) - (4.29) are introduced to represent two dif-

ferent level of changes. The variable k1 represents a relatively lower or lesser change

in the thresholds and the variable k2 represents a higher change in the thresholds.

Therefore, k1 is considered to be less than k2. An important issue is how to set the

values for these variables. This can be approached in different ways. For instance,

one may investigate the data to set them or ask the domain expert to provide some

guidance in this regard. We consider the game outcome to determine them. The se-

lected strategies of the players will be used to determine the values of these variables

at each iteration.

In each iteration, the game will result in a certain strategy profile. Each strategy

profile corresponds to one α value and one β value from the set {α, α−, α−−, β, β+, β++},

(where α, β means no change in the thresholds). For instance the profile (s3, s3) =

(α↓β↑, α↓β↑) corresponds to (α−−, β++). Based on Equations (4.26) - (4.29), we know

that α− is the result of applying k1 and α−− is the result of applying k2. In the same

way β+ is the result of applying k1 and β++ is the result of applying k2. This means

that the thresholds in the profile (s3, s3) = (α−−, β++), are the result of applying k2.

We determine an average value that is based on the variables used in calculating the

two thresholds. In this case it will be (k2 + k2)/2 = k2. The new values of k1 and

k2 for the next iteration are now calculated based on the average value. Denoting an

average value as k, the new value of k1 is determined as a unit value lesser than k,

i.e., k1 = k − 1 and the new value of k2 is determined as a unit value greater than

k, i.e., k2 = k + 1. For the thresholds which represent no change, we consider the

variable with the lower value, i.e., k1 as the corresponding variable, since it is closer
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to no change compared to k2.

Obtaining Effective Probabilistic Thresholds with a Stopping Criteria

In order to obtain effective threshold values with in the learning environment,

we need to stop the learning process at a right time. This requires defining proper

stopping criteria. This may be formulated in different ways, for instance, a bound on

number of iterations, our evaluations reaching some predefined limits or subsequent

iteration does not improve previously known best configurations. In [57] a stopping

criterion of players reaching some predetermined utility levels was utilized. This,

however, requires the users to provide the stopping utility levels according to their

beliefs. We utilize a different approach in defining the stopping criteria.

The Pawlak model is considered as a starting point in our learning method. The

modifications of thresholds from this initial setting result in an increase of size for

positive region at a cost of associated increase in uncertainty level. When the size of

probabilistic positive region exceeds the size of actual positive region, we may suspect

that subsequent additions may cause more misclassifications which may lead to an

increase uncertainly level. Thus we set the stopping condition as,

P (POS(α,β)(C)) > P (C) =
|POS(α,β)(C)|

|U |
>

|C|
|U |

. (4.30)

Furthermore, when objects are continuously moved from the deferred decision region

to immediate decision regions, a situation may arise when the boundary becomes

empty. This situation may be considered as a probabilistic two-way decision model.

The modification of thresholds beyond this point may not be very useful. For example,

consider (α, β) = (0.5, 0.5), If α is decreased to 0.4, the object x in an equivalence
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[x] with P (C|[x]) = 0.45 will belong to both positive and negative regions. This is

an undesirable situation from decision making perspective. Therefore, in addition to

stopping criteria defined in Equation (4.30), we also utilize the stopping criteria given

by,

P (BND(α,β)(C)) = 0. (4.31)

Finally, we also want to achieve a superior certainty level for immediate decision

regions as compared to the deferred decision region. From application perspective,

a rough set model may not be effective if there is greater uncertainty involved in

making immediate or certain decisions against deferred decisions. This leads to a

third stopping criterion for the learning algorithm which is defined as,

CP + CN

2
< CB = uI < uD. (4.32)

In summary, we want the learning to stop if any one of the conditions in Equa-

tions (4.30) - (4.32) evaluates to false.

Threshold Learning Algorithm

The above learning procedure can be explained in an algorithmic form. Algo-

rithm 1 is used for this purpose. Given a particular data set, the algorithm will return

an (α, β) pair for classifying objects in the three regions. Line 1 defines the initial

setting or conditions for starting the learning. Line 2 represents a loop. Line 3 - 6

represent the use of game-theoretic analysis in determining a suitable threshold pair.

The selected threshold pair is used in line 7 - 8 for updating the required values.

Finally, the three stoping criteria listed in Equations (4.30) - (4.32) are given on
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Algorithm 1 GTRS based threshold learning algorithm

Input: A data set in the form of an information table.
Initial values of α−, α−−, β+ and β++ and k1, k2

Output: A threshold pair (α, β).
1: Initialize α = 1.0, β = 0.0.
2: Repeat
3: Determine the utilities of the players based on Equation (4.20) and (4.21)

corresponding to different strategies.
4: Populate the payoff table with calculated values.
5: Calculate equilibrium in a payoff table using Equation (3.10)
6: Determine the selected strategy profile and the corresponding (α

′
, β

′
) pair.

7: Compute k1 and k2 based on the selected strategy profile
8: Calculate α−, α−−, β+ and β++ based on Equation (4.26) - (4.29).
9: (α, β) = (α

′
, β

′
)

10: Until P (POS(α,β)(C)) ≤ P (C) or P (BND(α,β)(C) ̸= 0 or uI ≥ uD

line 9.

It may be useful to also look at the Algorithm 1 from complexity and scalability

perspectives. The algorithm is based on one loop which runs from line 2 to line 10.

Once the positive, negative and boundary regions are determined, the calculation of

utilities based on Equations (4.20) and (4.21) will take constant time (lines 3 and 4).

Equilibrium determination can also be performed in a constant time since it does not

involve any loops and we need to check for some inequalities (line 5). Calculating

the variables in the algorithm, i.e., k1 , k2, α
−, α−−, β+ and β++ also take constant

time (lines 6-9). However, we are not sure how many runs of the algorithms will

be needed to get to the termination condition. The algorithm complexity therefore

critically depends on the number of iterations that may be required to determine the

thresholds. In regards to the scalability of Algorithm 1, the number of categories in

a data set is of crucial importance. For each category we need to run the algorithm

once in order to determine suitable (α, β) settings.
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4.4 Experimental Results

We conducted experiments on 20 Newsgroup [69] text documents collection. This

collection is considered as a benchmark data set for experiments in text categoriza-

tion [77, 127]. The documents in the collection are divided into 20 categories where

each category contains 1000 documents. The categories are named according to their

contents. Some of the categories are very similar in their contents. Table 4.4 shows a

partitioning of the data set into six groups based on the subject of categories. We used

the categories of the first group that discusses the computer related topics. These five

categories are shown in bold in Table 4.4. Since these categories have equal number

of examples, each of them has a prior probability of 1/5 = 0.2.

Table 4.4: A partition of 20 Newsgroup categories based on their contents

comp.graphics rec.autos sci.crypt

comp.os.ms-windows.misc rec.motorcycles sci.electronics

comp.sys.ibm.pc.hardware rec.sport.baseball sci.med

comp.sys.mac.hardware rec.sport.hockey sci.space

comp.windows.x

talk.politics.misc talk.religion.misc misc.forsale

talk.politics.guns alt.atheism

talk.politics.mideast soc.religion.christian

In selected documents we removed those words that were,

1. alphanumeric,

2. had a length of 2 or lesser characters, or

3. were stop words (Stopwords, 2010).

Porters stemming algorithm (Porter, 1980) was also applied. The total number of
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unique words after preprocessing were 16,266. Since each word is treated as a single

feature in text applications, this leads to a very high dimensional feature space.

Feature selection methods are usually adopted to reduce the feature space by selecting

features that have relatively higher level of importance [9].

It was argued by [42] that if features are selected efficiently, most of the infor-

mation is contained within the initial features. This argument got further strength

from experimental results reported in [32] and [81]. It was suggested that reduction

of features set from thousands to hundreds only result in less than 5% decrease of

accuracy. Based on these observations, we selected one hundred features based on chi

square feature selection method reported in [130].

We need to represent the textual documents in numeric form for efficient process-

ing on computer machines. The document representation scheme of term frequency

inverse of document frequency was adopted for this task. Interested reader may find

the details of this representation scheme in [104].

To run the threshold learning algorithm, we need to provide initial values for

the variables defined in Equations (4.26) - (4.29). We set the variable values as

α− = 0.9, α−− = 0.8, β+ = 0.1 and β++ = 0.2. This means that for the initial game,

the strategy profile (s1,s1) = (α↓, α↓) given by (α−−, β) = (0.8, 0.0) and the profile

(s3,s3) = (α↓β↓, α↓β↓) = (α−−, β++) = (0.8, 0.2). The rest of the threshold pairs

corresponding to different strategy profiles can be simillarly obtained as mentioned

in Section 4.3. Subsequent games will be generated based on this initial game until

one of the stopping criteria is reached.

Table 4.5 shows the learning results for the category comp.graphics with the GTRS

based algorithm. Each row of the table represents a single iteration of the learning
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Table 4.5: Experimental results for category comp.graphics

Region Size as % of universe Thresholds Certainty

POS BND NEG α β uI uD

6.7 56.9 36.3 1.000000 0.000000 1.000000 0.556083

6.9 49.1 43.9 0.800000 0.100000 0.987763 0.593759

7.7 48.4 43.9 0.679437 0.107535 0.982510 0.606548

8.3 47.8 43.9 0.644679 0.110286 0.977558 0.615596

8.3 46.8 44.9 0.633014 0.114277 0.973806 0.621006

9.1 46.0 44.9 0.551533 0.123513 0.966872 0.632047

10.4 44.7 44.9 0.488072 0.135949 0.955948 0.647957

11.6 43.5 44.9 0.457010 0.135949 0.946492 0.663352

14.1 39.6 46.3 0.418315 0.143274 0.922679 0.700673

14.5 36.2 49.3 0.355866 0.153968 0.906372 0.723946

14.5 36.2 49.3 0.339302 0.161135 0.906372 0.723946

16.0 34.7 49.3 0.306175 0.168301 0.895542 0.738792

19.4 31.3 49.3 0.287992 0.168301 0.873364 0.769869

algorithm. From the first row we may note that the initial threshold settings corre-

sponds to Pawlak model. We have the maximum utility level for player I but not very

effective utility for player D. As the learning process continues, we note different lev-

els of decreases for threshold α and increases for β. These thresholds adjustments are

calculated with game-theoretic analysis discussed earlier. The three regions change

in their size based on calculated threshold values. As the method repeats, the posi-

tive and negative regions are growing while boundary region keeps on shrinking. The

algorithm stops when one of the stop conditions is reached. At the final iteration, we

note that the positive and negative regions has increased in size from 6.7% to 19.4%

and from 36.3% to 49.3%, respectively. On the other hand, the boundary region

decreased from 56.9% to 31.3%. In the final iteration we may note that the certainty

level of D has increased by 21%, (i.e. from 0.55 to 0.769) at a cost of lesser certainty
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Table 4.6: Experimental results for category comp.os.ms-windows.misc

Region Size as % of universe Thresholds Certainty

POS BND NEG α β uI uD

6.9 54.6 38.5 1.000000 0.000000 1.000000 0.564500

7.9 49.4 42.7 0.800000 0.100000 0.982171 0.603573

8.2 49.1 42.7 0.674969 0.100000 0.980325 0.608011

8.8 48.5 42.7 0.658493 0.100000 0.975437 0.617245

8.8 48.5 42.7 0.637211 0.103232 0.975437 0.617245

9.1 48.2 42.7 0.603767 0.103232 0.973230 0.621192

9.3 48.0 42.7 0.590661 0.104658 0.971824 0.623595

9.3 48.0 42.7 0.587822 0.105161 0.971824 0.623595

9.3 48.0 42.7 0.584983 0.105664 0.971824 0.623595

12.1 45.2 42.7 0.579305 0.105664 0.951304 0.664121

18.5 30.6 50.8 0.497137 0.129216 0.881642 0.797795

decrease of 12.7% for I (i.e. from 1.0 to 0.873).

Table 4.6 shows the learning results for category comp.os.ms-windows.misc. The

algorithm reaches the stopping condition in lesser number of iterations in this case.

Again we note from the final configuration of thresholds that we have a 23% increase

of certainty for D at a cost of 12% decrease for I. The positive and negative regions

increased in their respective sizes from 6.9% to 18.5% and 38.5% to 50.8%, respec-

tively. This means that the immediate decision making region has been extended

from 45.4% to 68.2%.

Table 4.7 - 4.9 show the learning results for the remaining categories. In case of

Table 4.9, the stopping criterion of empty boundary stops the algorithm. Increas-

ing or decreasing the thresholds beyond this point does not help in improving the

performance level.

The above experimental results demonstrate the applicability of the proposed

81



Table 4.7: Experimental results for category comp.sys.ibm.pc.hardware

Region Size as % of universe Thresholds Certainty

POS BND NEG α β uI uD

5.4 57.3 37.3 1.000000 0.000000 1.000000 0.528455

5.6 45.1 49.3 0.900000 0.100000 0.968491 0.601243

5.6 43.4 51.0 0.670718 0.140033 0.962387 0.612983

8.0 41.0 51.0 0.627409 0.145787 0.944825 0.644265

8.5 40.5 51.0 0.588156 0.154908 0.941320 0.650782

8.5 40.5 51.0 0.574741 0.158442 0.941320 0.650782

9.7 39.3 51.0 0.561326 0.161975 0.933306 0.665694

10.0 37.0 53.0 0.515289 0.170429 0.921731 0.683775

12.6 34.4 53.0 0.478020 0.170429 0.904675 0.714012

12.8 33.5 53.7 0.376843 0.216808 0.899817 0.720800

13.1 29.8 57.1 0.362773 0.221959 0.878877 0.749682

14.1 28.8 57.1 0.320862 0.247602 0.871560 0.759223

14.1 27.6 58.3 0.304026 0.255870 0.864247 0.769183

14.1 23.1 62.8 0.291914 0.260967 0.838185 0.806204

method for text categorization data set. It is suggested that the method may be

investigated in other applications by specifically tailoring it through incorporation of

applications specific requirements and needs.

4.5 Concluding Remarks

Game-theoretic rough sets or GTRS is a recent proposal in rough sets for ana-

lyzing and making intelligent decisions when multiple criteria are involved. In this

chapter, we investigated GTRS in analyzing region uncertainties defined with an

information-theoretic interpretation. The proposed approach exploits a relationship

between uncertainty levels of different regions and probabilistic thresholds in order

to obtain effective threshold values. A competitive game between immediate and
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Table 4.8: Experimental results for category comp.sys.mac.hardware

Region Size as % of universe Thresholds Certainty

POS BND NEG α β uI uD

7.8 50.3 41.9 1.000000 0.000000 1.000000 0.603752

11.2 39.3 49.5 0.800000 0.100000 0.975973 0.702510

12.3 37.9 49.8 0.641987 0.139503 0.967548 0.722688

12.3 34.9 52.8 0.570739 0.149355 0.952639 0.741416

12.3 34.7 53.0 0.506605 0.171733 0.951581 0.742762

12.3 34.7 53.0 0.504218 0.172542 0.951581 0.742762

12.3 34.7 53.0 0.501831 0.173351 0.951581 0.742762

13.4 33.6 53.0 0.498081 0.174160 0.941004 0.757010

13.4 33.6 53.0 0.483887 0.179123 0.941004 0.757010

13.4 33.6 53.0 0.469694 0.184086 0.941004 0.757010

deferred decision regions was formulated that configures the uncertainty levels of dif-

ferent regions by considering appropriate strategies. These strategies are incorporated

in a method to improve the overall uncertainty level of rough set based classification.

By considering repeated modifications in threshold values as a process of decreasing

the overall uncertainty, a learning method was introduced that repeatedly tunes the

threshold levels for an improved performance. Experimental results on text catego-

rization suggest that the method may be effective for increasing the confidence in

making certain decisions through reduction of overall uncertainty.

The proposed approach may be extended to other similar real world applications,

such as, web page classification, email filtering and sentiment analysis. The thresholds

configuration with respect to information-theoretic interpretation may be compared

with earlier game-theoretic threshold configuration mechanisms, such as the game of

improving classification ability.
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Table 4.9: Experimental results for category comp.windows.x

Region Size as % of universe Thresholds Certainty
POS BND NEG α β uI uD

7.3 53.0 39.7 1.000000 0.000000 1.000000 0.576222
7.3 50.0 42.7 0.800000 0.100000 0.989364 0.592216
7.9 49.5 42.7 0.723231 0.103199 0.984403 0.600956
8.5 48.8 42.7 0.688465 0.106356 0.979851 0.610648
8.7 48.6 42.7 0.648430 0.108417 0.978225 0.613720
8.7 48.3 43.0 0.623530 0.111914 0.976954 0.615500
8.8 48.2 43.0 0.596896 0.116296 0.975412 0.617875
9.6 47.4 43.0 0.494824 0.135079 0.967927 0.627119
9.6 47.4 43.0 0.478814 0.139449 0.967927 0.627119
10.2 45.6 44.2 0.453656 0.143820 0.956609 0.641504
10.7 45.2 44.2 0.427552 0.147957 0.952263 0.646839
10.7 41.8 47.5 0.413865 0.151115 0.936435 0.668715
11.2 41.2 47.5 0.377651 0.151115 0.931889 0.674149
13.8 38.6 47.6 0.359180 0.156863 0.910953 0.700586
13.8 37.6 48.6 0.340190 0.173451 0.906107 0.707403
15.4 31.5 53.1 0.327434 0.177590 0.873787 0.753686
17.9 27.5 54.6 0.297125 0.210467 0.850223 0.787841
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Chapter 5

Examining GTRS for Three-way Decisions

5.1 Introduction

This chapter elaborates three-way medical decision making with GTRS to support

decision making in Web-based support systems (WSS). The study of WSS aims at

developing and transforming existing systems to support and extend various human

activities onto the Web [131, 134]. The motivation of WSS research came from the

realization of the Web as a common platform, medium and interface in supporting

and assisting activities like managing, planning, searching and decision making in dif-

ferent fields [138]. An important area of WSS is Web-based decision support systems

(WDSS) that provide assistance for decision making in various domains [23, 97]. The

WDSS take advantages from opportunities provided by the Web such as increased

availability and effective user interfaces along with advances in intelligent decision

making techniques. Some of the recent examples of WDSS are found in the fields of

group decision making, business and waste management [74, 102, 115]. We consider

Web-based medical decision support systems (WMDSS) in this chapter.

The WMDSS have become a valuable aid for medical practitioners in making
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effective decisions for selecting a course of action in medical diagnosis and treat-

ment [22, 118]. Komkhao, Lu and Zhang view the WMDSS from the viewpoint

of a recommender system where suitable decision recommendations are being made

by the system [68]. In any case, the WMDSS serve as a platform for integrating

evidence-based medicine into effective and efficient care delivery. There are chal-

lenges in designing, developing and deploying WMDSS [36]. For example, effective

and meaningful user interfaces, recalling and retrieving relevant information, meet-

ing the reliability and accuracy expectations of decision making and prioritizing and

filtering information to users, just to mention a few [36]. We focus on the decision

making aspect of WMDSS.

Uncertainty is one of a critical factor that affects reasoning and decision making

in the medical field [48, 112]. A three-way decision making strategy that includes a

delay, deferment or non-commitment decision option is a better and useful approach

for reducing the effects of uncertainty in decision making [141, 142, 144]. A particular

model in this regard in the medical field was proposed by Pauker and Kassirer for

making treatment decisions [83]. A pair of testing and test-treatment thresholds were

used to define the decisions of treatment, no treatment and delay treatment based on

the probability of a disease.

The fuzzy and rough set models can provide alternatives for three-way decision

making [84, 151]. The shadowed sets which generalize a fuzzy set into a three-valued

approximation provides a compelling approach for three-way decision making [93].

On the other hand, the rough sets and its extensions also lead to three-way deci-

sions by interpreting the rough set based positive, negative and boundary regions

as regions of acceptance, rejection and deferment, respectively. The game-theoretic
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rough set (GTRS) model is a recent development in rough sets that provides yet

another approach in this regard. Particularly, the model provides a threshold config-

uration mechanism for determining effective threshold parameters to define the three

probabilistic rough set regions and the implied three-way decisions [10, 14].

In Chapter 4, the applicability of GTRS model was demonstrated for effectively

determining the thresholds by setting the minimization of overall uncertainty level

of the probabilistic rough set regions as a game objective [14]. A repeated game

was defined that iteratively tunes the threshold parameters in order to improve the

overall uncertainty level in a game-theoretic learning environment. In this chapter,

we extend these results to investigate uncertainty in WMDSS.

5.2 Three-way Decision Making

Decision making is a process that produces a final choice of an action or an opinion.

In many situations, decision making may involve many useful choices and alternatives.

However, it is relatively easy to make a decision when the number of choices is limited,

such as, two choices in the form of yes and no, true and false or accept and reject.

This leads to the generally used approach of binary or two-way decisions. In fact,

many decision making problems may be formulated as series of binary decisions.

Three-way decisions is an extension of two-way decisions with an added option

for deferring a certain decision [144]. Two-way decisions are generally based on crisp

judgments that leads to stringent outcomes such as yes or no, accept or reject and

true or false [154]. This sometimes may not be feasible from practical perspective

especially in situations where the evidence is insufficient or weak due to absence or

lack of reliable information. One therefore may prefer an additional option such as
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delaying or deferring a decision. For instance, a doctor obtains some test results to

look for the presence of cancer. A false decision in this case may take a human life.

If the evidence is not enough for reaching a certain decision, the doctor may want to

conduct additional tests thereby deferring a definite decision for a while. Three-way

decisions is a useful extension of two-way decisions with an added option of deferment

decision [144]. It is worth-mentioning that different researchers points essentially to

the same idea of deferred decisions by utilizing the terms such as delay, wait-and-

see (Herbert and Yao [54]), indecision (Baram [19]), abstain, non-commitment (Yao

[141]), uncertain (Pawlak [87]) and rejecting decisions (Hellman [50]).

5.2.1 An Outline Theory of Three-way Decisions

A general framework of three-way decision making was recently outlined by Yao

in [144].

Considering U as a finite nonempty set of objects and C as a set of criteria, objec-

tives or constraints. We divide U based on C into three disjoint regions, POS, NEG

and BND called as positive, negative and boundary regions, respectively. These three

regions are utilized to induce rules for three-way decisions. The POS region gener-

ates rules for decisions of acceptance, the NEG region generates rules for rejection

and the BND generates rules for decision of non-commitment or deferment [141, 142].

The determination of an object for inclusion in a particular region depends on the

degree or level to which it satisfies the criteria in C. Particularly, the POS region

consist of objects whose satisfiability (for criteria in C) is at or above a certain level

of acceptance. The NEG region consist of objects whose satisfiability is at or below

a level of rejection. The BND region consist of objects whose satisfiability is above
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the rejection level but below the acceptance level.

To formally explain the satisfiability of objects and the levels for acceptance and

rejection, Yao introduced the notions of evaluations of objects and designated values

for acceptance and rejection [144]. It was argued that evaluations provide the degrees

of satisfiability and the designated values for acceptance and rejection are the accept-

able degrees of satisfiability and non satisfiability of objects. A theory of three-way

decisions must consider 1) the construction and interpretation of a set of values for

measuring satisfiability and a set of values for measuring non-satisfiability, 2) the

construction and meaning of evaluations and 3) the determination and interpretation

of designated values [144].

There are many approaches to three-way decision making in the literature [19,

47, 93, 124, 145]. We focus on three of these approaches, namely, the GTRS based

approach, the shadowed sets approach and the threshold approach. As the GTRS

approach is already elaborated in detail, we only review the shadowed sets approach

and the threshold approach.

5.2.2 Three-way Decision Making Approaches

The Shadowed Sets Approach

The shadowed sets introduced by Pedrycz offer a description of a particular fuzzy

set by considering three different levels of membership grades [93]. A shadowed set

A is formally represented as,

A : X −→ {0, [0, 1], 1}, (5.1)
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where X represents the universe and the range of A consists of three components,

i.e., 0, 1 and the unit interval [0,1] representing no membership, complete membership

and uncertain or partial membership, respectively [94].

The shadowed sets define two operations for an object, namely, the elevation and

reduction [94]. The former elevates the membership grade of an object to a meaningful

and acceptable level of grade and the later reduces the membership value to another

meaningful and acceptable level of grade. These two operations play a key role in

interpreting and constructing the three-valued approximation [38]. We elevate the

membership grade A(x) for an object x ∈ X to 1, if A(x) is greater than a certain

acceptable level. The membership grade is reduced to 0, if A(x) is below than a

certain rejection level. The membership grade will be either elevated or reduced if

A(x) is between the two levels. An important consideration in this framework is the

determination of suitable levels for acceptance and rejection of membership grades.

The notion of the so called α-cut of a fuzzy set was introduced to define the (α, 1−α)

model for interpreting the levels for acceptance and rejection in [94]. A decision-

theoretic cost sensitive approach for determining the two levels was considered in [38].

Its worth pointing out that further insights may be gained into the determination and

interpretation of the two levels from granular computing perspective when they are

being considered as levels for admitting or excluding in an information granule [95,

136].

The three membership levels or grades in the shadowed sets provide an immediate

interpretation from decision making perspective. For an element x ∈ X with its

evaluation determined by the membership grade represented as A(x). If A(x) = 1,

the object is assumed to be compatible with the set or concept conveyed by A and
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is accepted for A. If A(x) = 0, the object is not in accordance with the concept

determined by A and is rejected for A. If an element receives a membership grade

in the unit interval [0,1], it is uncertain and we are not able to allocate any numeric

grade. A decision of acceptance or rejection is not being made in this case.

The Threshold Approach

The threshold approach was proposed by Pauker and Kassirer for making medical

treatment decisions [83]. The probability of a disease was used to evaluate a particular

decision. A pair of testing and test-treatment thresholds were defined with testing

threshold being less then the test-treatment threshold. The testing threshold defines

a level for rejecting or refusing to provide a treatment. Particularly, if the probability

of a disease is lesser than the testing threshold, the disease is suggested to be absent

thereby additional diagnosing tests are avoided and treatment is withheld. The test-

treatment threshold defines an acceptable level for providing a treatment. If the

probability of a disease is above the test-treatment threshold, the disease is suggested

to be present and immediate treatment is provided without any further testing. If

the probability is between the two thresholds, the presence or absence of a disease

is inconclusive. Additional diagnosing tests are performed with a treatment decision

depending on the test outcome.

The two thresholds are affected by different factors such as the cost, benefit, avail-

ability and effectiveness of treatment and the accuracy, reliability and risks associated

with diagnostic testing [25]. The determination of threshold values based on multiple

and sometimes conflicting aspects is a key challenge in this context. An approximate
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rather then exact solution may be possible that considers a tradeoff among multi-

ple criteria affecting the two thresholds. An investigation of some soft computing

technique may be acknowledged for finding and reaching such a solution.

The GTRS Approach

The above mentioned approaches have their own advantages when considered

in different perspectives, for instance, the shadowed sets approach provide a more

meaningful and understandable interpretation of the fuzzy membership grades. The

use of GTRS is essentially associated with at least two distinguishing characteristics

compared to other models for three-way decision making.

Firstly, whereas other three-way decision models rely on a separate and external

mechanism to model the determination of thresholds, the GTRS model provide a

unified formalism for three-way decisions and threshold determination [14]. In partic-

ular, the game mechanism provide the threshold determination and the determined

thresholds are used in the probabilistic rough set framework to induce three-way

decisions.

Secondly, the ability to determine the threshold levels based on a tradeoff solution

between multiple criteria can comparatively lead to more effective and moderate

levels for acceptance, rejection and deferment decisions [132]. This means that GTRS

provide the possibility of making more stable and reliable decisions based on multiple

aspects, properties or criteria.
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5.3 An Architecture of Web-based Medical Decision Support

Systems

A WMDSS contains various components with functionalities ranging from sup-

porting end user activities and interaction through interface to maintaining and ma-

nipulating the knowledge within the system. We adapt the architecture of rough set

based WMDSS proposed by Yao and Herbert [131, 134]. The architecture is slightly

modified to incorporate a GTRS component that will assist in decision making. Fig-

ure 5.1 represents the general architecture of a WMDSS. We describe this architecture

as comprising of an interface, management and data layers. Each of these layers are

now briefly discussed.

Figure 5.1: Architecture of a Web-based Medical Decision Support System
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Interface Layer

The web and internet makes up the interface layer. The clients interact with the

system that is designed on the server side through an interface that is supported

by the Web and internet. The interface is presented to the clients with the help

of Web browsers. It is used by the users to input any relevant information that

the system require. In addition, it is also responsible for providing services and

functionalities like searching, storing or obtaining data analysis results for supporting

and making decisions. A carefully designed web interface is very critical for the success

of the whole system. It has to be clear, complete, consistent and should provide user

guidance and auto correction facilities.

Management Layer

This layer serves as the middleware of the three layer architecture. The informa-

tion from the top or bottom layers are processed at this layer before being presented

to upper or lower layers. Intelligent techniques to analyze data such as logic, inference

and reasoning play a key role at this layer.

Some typical components that are required at this level are Database Management

System, Knowledge Management, an intelligent decision making component such as

GTRS, Knowledge Discovery/Data Mining and Control Facilities. The Database

Management System binds the patient database and the GTRS component by mak-

ing the data available from the database to the GTRS component. The Knowledge

Management provides access to the Knowledge Base which contains the rules database

and thresholds database. The GTRS component makes use of a game-theoretic en-

vironment in analyzing data to acquire knowledge in the form of three-way decision
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rules. The Knowledge Discovery component is responsible for mining important in-

formation based on patient’s data and knowledge base. In some sense it also serves

as an information retrieval component where it searches and retrieves important pat-

terns in data corresponding to different user queries. Finally, the Control Facilities

component provides functionalities such as access rights and permissions to patients

data.

Data Layer

This layer contains data necessary for the operation of the system. A major

portion of the data at this layer appears in the form of patient database which is pop-

ulated by recording series of questions, observations and trails performed on patients.

From decision making perspective, the symptoms corresponding to a disease makeup

the most important part of this database. The GTRS and information retrieval com-

ponents access this database for analysis and retrieval purposes, respectively.

The data layer also contains the Knowledge Base component which contains infor-

mation about three-way decision rules in the rules database. Rules are learned from

the data using the GTRS component and are utilized to make decisions of accep-

tance, rejection and deferment. The decision rules are accompanied by the threshold

levels in the threshold database which provides the levels for inducing and making

three-way decisions.
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5.4 Incorporating GTRS in WMDSS for Three-way Decision

Making

To illustrate how the GTRS component affects decision making in a web-based

medical decision support systems, we consider a case of treating a possible disease.

The system will make a treatment decision based on some properties recorded in

the form of symptoms or medical tests corresponding to a patient. Table 5.1 presents

information about previous patients along with the past treatments. This information

may be retrieved form the patients database. The rows of the table represent the

information that is recorded against each patient. The columns S1, S2 and S3 are

different characteristics shown by the human body that help in making a treatment

decision. They may be of discrete values such as binary if the symptoms are evaluated

based on presence or absence. Alternatively, they may be real numbers reporting some

properties like blood pressure or cholesterol level. We consider the case of binary

values for the sake of simplicity. The last column represents successful treatments in

the past.

In order to do meaningful analysis using a rough sets based technique, such as,

GTRS, we need to have data in the form of an information table. Table 5.1 is

essentially an information table since the set of objects (perceived as patients) are

described by a set of attributes (perceived as set of symptoms and treatment) [149].

Let Xi represents an equivalence class which is the set of patients having the same
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Table 5.1: An information table containing patients data

Patient S1 S2 S3 Treatment
P1 1 1 1 Yes
P2 1 1 0 Yes
P3 1 0 1 Yes
P4 0 1 1 Yes
P5 1 1 0 Yes
P6 0 1 1 No
P7 0 1 0 Yes
P8 0 0 1 Yes
P9 0 1 1 Yes
P10 1 0 1 Yes
P11 0 1 1 Yes
P12 1 0 0 Yes
P13 1 0 0 No
P14 0 0 0 No
P15 1 0 1 Yes
P16 1 0 1 Yes
P17 0 1 0 Yes
P18 1 0 0 No
P19 0 0 0 No
P20 1 0 1 No
P21 0 1 0 No
P22 0 0 1 No
P23 0 0 1 No
P24 1 0 0 No
P25 0 0 0 No
P26 1 0 0 No
P27 0 1 0 No

description. The following equivalence classes are formed based on Table 5.1.

X1 = {P1}, X2 = {P2, P5},

X3 = {P3, P10, P15, P16, P20}, X4 = {P4, P6, P9, P11},

X5 = {P7, P17, P21, P27}, X6 = {P8, P22, P23},

X7 = {P12, P13, P18, P24, P26}, X8 = {P14, P19, P25}.

97



The concept of interest in this case is Treatment = Yes. We want to approximate

this concept in the probabilistic rough sets framework using Equations (2.10) - (2.12).

The association of each equivalence class Xi with the concept, i.e., P (C|Xi) needs to

be determined for this purpose in order to approximate the concept by three regions.

The conditional probability is,

P (C|Xi) = P (Treatment = Yes|Xi) =
|Treatment = Yes

∩
Xi|

|Xi|
. (5.2)

The conditional probabilities of equivalence classes X1, ..., X8 based on Equation (5.2)

are calculated as 1.0, 1.0, 0.8, 0.75, 0.5, 0.33, 0.2 and 0.0, respectively. The prob-

ability of an equivalence class Xi is determined as P (Xi) = |Xi|/|U | which means

that the probability of X1 is |X1|/|U | = 1/27 = 0.037. The probabilities of other

equivalence classes X2, ..., X8 are similarly calculated as 0.074, 0.1851, 1481, 0.1481,

0.111, 0.1851 and 0.111, respectively.

We now analyze the uncertainties involved in making decisions based on the in-

formation given in Table 5.1 and the uncertainties involved in probabilistic rough

set regions discussed in Chapter 4. The uncertainties of the regions based on a

certain (α, β) thresholds is calculated by determining the POS(α,β)(C), NEG(α,β)(C)

and BND(α,β)(C) regions. Considering the thresholds (α, β) = (1, 0), the three regions

based on Equations (2.10) - (2.12) and conditional probabilities P (C|X1), ..., P (C|X8)

are POS(1,0)(C) =
∪
{X1, X2}, BND(1,0)(C) =

∪
{X3, X4, X5, X6, X7}, and NEG(1,0)(C) =

{X8}. The probability of positive region is P (POS(α,β)(C)) = |X1

∪
X2|/|U | =

3/27 = 0.111. The probabilities for the negative and boundary regions are similarly

obtained.
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The conditional probability of C with positive region is,

P (C|POS(1,0)(C)) =

2∑
i=1

P (C|Xi) ∗ P (Xi)

2∑
i=1

P (Xi)

=
1 ∗ 0.037 + 1 ∗ 0.074

0.037 + 0.0740
= 1 (5.3)

The probability P (Cc|POS(1,0)(C)) is computed as 1−P (C|POS(1,0)(C)) = 1−1 = 0.

The Shannon entropy of the positive region based on Equation (4.9) is therefore

calculated as,

H(πC |POS(1,0)(C)) = −1 ∗ log1− (0 ∗ log0) = 0. (5.4)

The average uncertainty of the positive region according to Equation (4.9) is ∆P (1, 0) =

P (POS(1,0)(C))H(πC |POS(1,0)(C)) = 0. In the same way, the uncertainty of the nega-

tive region is ∆N(1, 0) = P (NEG(1,0)(C))H(πC |NEG(1,0)(C)) = 0, and the uncertainty

of the boundary region is ∆B(1, 0) = P (BND(1,0)(C))H(πC |BND(1,0)(C)) = 0.78. It

should be noted that the procedure for calculating uncertainties will remain the same

in case of real or integer valued attributes. This is because individual attribute values

only take part in determining equivalence classes. Once the equivalence classes are

determined, the uncertainties involved in different regions are calculated based on the

equivalence classes contained in different regions. In other words, the attribute values

are not directly used in calculating region uncertainties. The only difference one may

expect in case of real or integer valued attributes is having more equivalence classes

due to more variety in the data values.

We highlight the association between thresholds (α, β) and the uncertainties of
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Table 5.2: Region uncertainties corresponding to different threshold values

β

0.0 0.2 0.4

∆P , ∆B, ∆N ∆P , ∆B, ∆N ∆P , ∆B, ∆N

α

1.0 (0.0,0.78,0.0) (0.0,0.57,0.16) (0.0,0.43,0.28)

0.8 (0.16,0.59,0.0) (0.16,0.41,0.16) (0.16,0.28,0.28)

0.6 (0.29,0.41,0.0) (0.29,0.26,0.16) (0.29,0.15,0.28)

the probabilistic rough set regions. Table 5.2 is constructed for this purpose. Each

cell in the table represents three values of the form ∆P (α, β),∆B(α, β),∆N(α, β)

corresponding to a particular threshold pair. For instance, the cell at the top left

corner that corresponds to (α, β) = (1.0, 0.0) has associated region uncertainties of

∆P (1, 0) = 0.0, ∆B(1, 0) = 0.78 and ∆N(1, 0) = 0.0. It is noted that different (α, β)

values lead to different region uncertainties. A decrease in α reduces the uncertainty

of the boundary region at a cost of an increase in the uncertainty of the positive region.

In the same way, an increase in β also reduces the uncertainty of the boundary at a

cost of an increase in the uncertainty of the negative region. The (α, β) threshold pair

controls the tradeoff among uncertainties of the three regions. One may expect to

minimize the overall uncertainty by considering a suitable configuration of thresholds.

The GTRS model is used for this purpose.

Considering a game in GTRS game outline in Section 4.3. We play the game by

considering initial threshold values of α− = 0.8, α−− = 0.6, β+ = 0.2 and β++ = 0.4.

The payoff table corresponding to the game is shown in Table 5.3. The cell in bold,

i.e., (0.78,0.72) with corresponding strategy pair (β↑, α↓β↑) is the Nash solution

of the game defined in Equation (3.10). The threshold pair corresponding to this
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Table 5.3: Payoff table for the example game

D

α↓ β↑ α↓β↑

α↓ 0.855, 0.59 0.84, 0.59 0.775, 0.74

I β↑ 0.84, 0.59 0.86, 0.57 0.78, 0.72

α↓β↑ 0.775, 0.74 0.78, 0.72 0.715, 0.85

strategy profile is (α, β) = (0.8, 0.4). The calculated thresholds with GTRS are used

to generate three-way decisions

Let us interpret the GTRS results from a medical practitioner perspective. Con-

sidering a patient x belonging to an equivalence class Xi with conditional probability

P (C|Xi), i.e., level of confidence in making a treatment decision. We have 78% cer-

tainty in making correct treatment decision if the level of confidence for treating x is

set to greater than or equal to 0.8 and the level of confidence for not treating x is set

to less than or equal to 0.4. When the level of confidence is less than 0.8 but greater

than 0.4, we are unable to decide whether to treat or not thereby deferring a certain

treatment decision. The deferred decisions have 72% certainty which can be further

explored and utilized when additional information is made available. The threshold

levels affect the certainty level of the two players. The game-theoretic formulation

aims to achieve a suitable tradeoff between the two types of decisions.

5.4.1 Experimental Results and Discussion

We investigate the usage of the GTRS based approach outlined in Chapter 4 on

four different health care datasets obtained from the UCI machine learning reposi-

tory [18]. Below is a brief description of these these datasets, namely, contraceptive
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method choice, haberman’s survival, thyroid disease and pima indian diabetes.

UCI Datasets

Contraceptive Method Choice (CMC)

The data in this dataset is taken from the 1987 National Indonesia Contraceptive

Prevalence Survey. The records correspond to married women who were either not

pregnant or did not know if they were pregnant at the time of data collection. The

problem is to determine the contraceptive method choice of the women’s as No-

use, Long-term, or Short-term methods based on demographic and socio-economic

characteristics. There are 1,473 records and 10 attributes including the class attribute.

Haberman’s Survival (HS)

This dataset contains cases from a study that was conducted between 1958 and

1970 at the University of Chicago’s Billings Hospital. The study considers the survival

of patients who had undergone surgery for breast cancer. The problem is to decide

and predict wether the patient survived 5 years or longer (≥5 years) or the patient

died within 5 years (<5 years). The dataset contains 306 instances and 4 attributes.

Thyroid Disease(TD)

There are different datasets in the UCI repository under this name. We used

the new thyroid dataset. It contains information about five lab tests to determine a

patient thyroid as Euthyroidism, Hypothyroidism or Hyperthyroidism. There are 215

patient records with 6 attributes including the class attribute.
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Table 5.4: Dataset CMC, category = No-use

Region Size Thresholds Certainty

POS BND NEG α β uI uD

19.3 57.9 22.7 1.000 0.000 1.000 0.437

22.0 53.0 25.0 0.800 0.100 0.975 0.487

24.2 50.2 25.6 0.720 0.120 0.959 0.517

24.6 49.8 25.6 0.676 0.127 0.956 0.523

24.6 49.8 25.6 0.668 0.129 0.956 0.523

27.7 46.7 25.6 0.653 0.130 0.934 0.559

28.2 43.2 28.5 0.606 0.149 0.918 0.588

31.2 40.3 28.5 0.536 0.149 0.896 0.620

31.2 38.7 30.1 0.501 0.168 0.889 0.633

42.4 27.4 30.1 0.476 0.173 0.809 0.754

Pima Indian Diabetes(PID)

This dataset contains information about female patients with at least twenty-

one years of age at Pima Indian heritage living near Phoenix, Arizona, USA. The

problem is to diagnose diabetes as Positive or Negative given a number of physiological

measurements and medical test results. The dataset consists of 768 records with 9

attributes.

Experimental Results with GTRS based Method

In order to apply the GTRS based repetitive threshold method, we started with

initial values for the variables defined in Equation (4.26) - (4.29) as α− = 0.9, α−− =

0.8, β+ = 0.1 and β++ = 0.2. The next values of these variables were automatically

obtained as mentioned in Section 4.3. The initial thresholds were set to (α, β) = (1, 0)

in all experiments for starting the method.

Table 5.4 shows the results for category No-use of CMC dataset. Each row of the
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Table 5.5: Dataset CMC, category = Long-term

Region Size Thresholds Certainty

POS BND NEG α β uI uD

4.5 45.8 49.8 1.000 0.000 1.000 0.557

4.9 44.5 50.6 0.800 0.100 0.994 0.568

4.9 44.5 50.6 0.782 0.102 0.994 0.568

4.9 44.5 50.6 0.764 0.105 0.994 0.568

4.9 44.5 50.6 0.745 0.107 0.994 0.568

4.9 44.5 50.6 0.727 0.109 0.994 0.568

4.9 43.3 51.8 0.709 0.114 0.988 0.578

5.6 42.6 51.8 0.681 0.114 0.983 0.586

5.6 42.6 51.8 0.671 0.115 0.983 0.586

9.0 39.2 51.8 0.649 0.117 0.962 0.625

10.7 35.8 53.4 0.598 0.136 0.944 0.657

14.6 30.5 54.9 0.560 0.153 0.916 0.711

Table 5.6: Dataset CMC, category = Short-term

Region Size Thresholds Certainty

POS BND NEG α β uI uD

10.5 58.0 31.4 1.000 0.000 1.000 0.431

12.8 55.1 32.1 0.800 0.100 0.985 0.464

14.7 53.2 32.1 0.696 0.107 0.974 0.486

18.3 49.6 32.1 0.633 0.111 0.950 0.529

20.6 46.2 33.2 0.579 0.130 0.930 0.563

23.2 43.6 33.2 0.501 0.139 0.913 0.592

table represents a single iteration of the repetitive game. The first row has the initial

threshold settings of (1,0) which corresponds to Pawlak model. We have maximum

utility for player I, i.e., 1.0 and moderate utility for player D, i.e., 0.437. As the

method continues, the thresholds are modified based on game-theoretic analysis and

game outcomes. The probabilistic positive, negative and boundary regions change in
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size based on configuration of thresholds which ultimately leads to different uncer-

tainty levels and utilities for players. The sizes of positive and negative regions keep

on increasing while the boundary region keeps on decreasing. The method stops at

the ninth iteration as one of the stop conditions described in Equations (4.30) - (4.32)

was reached. The certainty of definite decision region decreased by 19.1% while the

certainty of deferred decision region increased by 31.7%. The definite decision region

increased by 30.5% which means that we have more immediate decisions. An intuitive

interpretation of these results is that by decreasing our expectation of making 100%

certain decisions to 80.9% certain decisions, we included 30.5% of additional cases to

our definite or immediate decision region that were previously unknown to us. The

final threshold configuration is (α, β) = (0.476, 0.168).

Table 5.5 shows the results for category Long-term of CMC dataset. The method

reaches the stop criteria in slightly more iterations. The configured thresholds in

this case correspond to (α, β) = (0.56, 0.154). The certainty of the deferred decision

region increased by 15.4% at a cost of 8.4% decrease in the certainty of definite

decision region. Table 5.6 presents the results for the category short-term of the same

dataset.

Table 5.7: Dataset HS, category = ≥ 5 years

Region Size Thresholds Certainty

POS BND NEG α β uI uD

7.8 92.2 0.0 1.000 0.000 1.000 0.203

20.6 79.4 0.0 0.900 0.200 0.972 0.281

49.0 48.4 2.6 0.759 0.263 0.860 0.535

Tables 5.7 and 5.8 shows the results for the categories of HS dataset. The deferred

decision regions of the two categories are successfully increased in a few iterations.
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Table 5.8: Dataset HS, category = < 5 years

Region Size Thresholds Certainty

POS BND NEG α β uI uD

0.0 92.2 7.8 1.000 0.000 1.000 0.203

0.0 79.4 20.6 0.900 0.100 0.972 0.281

0.0 73.2 26.8 0.759 0.131 0.956 0.324

2.6 65.7 31.7 0.695 0.154 0.930 0.394

9.8 54.2 35.9 0.570 0.175 0.882 0.513

Table 5.9: Results for datasets TD and PID

Data Category Iterations Setting
Region Size Thresholds Certainty

POS BND NEG α β uI uD

TD

Euth. 6
Intial 58.6 22.8 18.6 1.000 0.000 1.000 0.772

Final 64.7 11.2 24.2 0.636 0.278 0.935 0.889

Hypo. 16
Intial 7.0 14.9 78.1 1.000 0.000 1.000 0.858

Final 14.9 7.0 78.1 0.404 0.000 0.967 0.932

Hyper. 9
Intial 11.6 7.9 80.5 1.000 0.000 1.000 0.931

Final 11.6 5.1 83.3 0.502 0.275 0.979 0.952

PID

Neg. 14
Intial 59.5 12.0 28.5 1.000 0.000 1.000 0.881

Final 61.1 9.2 29.7 0.503 0.264 0.968 0.908

Pos. 23
Intial 28.5 12.0 59.5 1.000 0.000 1.000 0.881

Final 32.2 6.8 61.1 0.501 0.431 0.942 0.932

For both the categories the certainty increases of deferred decision regions are much

more and greater than the certainty decreases of immediate decision regions. This is

acceptable as the overall certainty or utility of the two players has improved.

The results obtained with the dataset TD and PID are summarized and presented

together in Table 5.9. The results are quite similar to those obtained with the datasets

CMC and HS.

Fig. 5.2 summarizes the changes in immediate decision region sizes and the cer-

tainties of the two players. A set of three bars are shown for each category of the
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Figure 5.2: Summary of changes in certainty and the size of immediate decision
regions

considered datasets. The black bars correspond to the percentage increases in the size

of immediate decision regions, i.e., the positive and negative regions. The white bars

represent the increases in certainty of immediate decision regions, i.e., uI . The grey

bars represent the decreases in certainty of deferred decision regions, i.e., uD. Con-

sidering the CMC dataset, the results are quite encouraging for the three categories.

The sizes of definite decision regions increased by 30.5%, 15.3% and 14.4% for the

three categories as indicated by the black bars. Comparing the white and grey bars

for the three categories of this dataset. The increases in certainty of deferred decision

regions are more then decreases in certainty of the immediate decision regions for the

three categories. This means that the overall uncertainty is improved to a certain

extent. The HS dataset showed the most significant improvements. The black bars
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for the two categories of this dataset indicate that the immediate decision regions

increased by 43.8% and 38% for the two categories. A considerable improvement in

certainty of deferred decision regions are also noticed from the grey bars indicated in

the figure. The table also suggests some improvements, although not very significant

on the TD and PID datasets.

Further Analysis and Discussion

We further analyze the decision making capabilities of GTRS by considering the

quality of obtained decision regions. The property of classification accuracy of decision

regions is considered for this purpose which is defined in Equation (6.6). The option

of deferred decision in GTRS reduce some misclassifications which will lead to an

improved accuracy compared to other methods. In order to have a better insight and

comparable results, we also include the deferred decision rate, i.e., the percentage

of decisions that are being deferred (also called as non-commitment rate [37]). The

deferred or non-commitment rate is the relative size of the boundary region with

respect to the universe, i.e.,

non−commitment(α, β) =
|BND(α,β)(C)|

|U |
. (5.5)

Let us first consider the results for the CMC dataset. The GTRS based approach

was used to learn the thresholds which were used to determine the decision regions and

the associated decision accuracy according to Equation (6.6). A decision accuracy of

90.57% was noted with non-commitment rate of 34.3%. This means that the GTRS

was able to classify 65.7% with a success or accuracy rate of 90.57%. Additional
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information is needed to make certain decisions about the remaining 34.3% of the

objects.

An important issue while considering the GTRS based performance is that it

requires additional information for some objects. In the absence of such information,

one may feel uncertain with remaining doubts about its performance. Let us look at

the GTRS performance in a worst case scenario where we have no access to additional

information and we are asked to make certain decisions about the deferred cases.

Suppose that random decisions are being made with a 50% chance of being correct

and another 50% of being incorrect. In this case, the GTRS provide 90.57% correct

decisions for 65.7% of the objects and 50% correct decisions for the remaining 34.3% of

the objects. The average accuracy in this case is (90.57×0.657)+(50×0.34) = 76.65%.

This is comparable and to certain extend quite encouraging when we consider some of

the previous results for the same dataset. For instance, a fuzzy decision tree approach

was reported to have 76.2% accuracy [31]. The same research reported accuracies of

63.86%, 50.8% and 40.85% for the neural network, support vector machine and k-

nearest neighbour approaches. Some other known approaches like C4.5 and k-means

were reported to have 61.67% and 66.66% accuracies, receptively [3].

Another important characteristic of the GTRS is that it require additional infor-

mation about a proportion of the objects in order to improve its performance. For

example, in case of the CMC dataset, 34.3% of the objects needs additional infor-

mation to be certainly classified. There is no explicit mechanism in conventional

two-way decision methods to identify the cases that require additional investigations.

They require additional information for all objects in order to further improve their

performance.
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We now consider the case of the HS dataset. The GTRS based method achieved

a decision accuracy of 83.5% with a non-commitment rate of 42.9%. The deferred

decision region in this case is slightly larger compared to the CMC dataset where it

was found to be 34.3%. The size of this region is expected to decrease if we lower the

expectation of being highly accurate or when additional information is being made

available. Once again considering the constraints of no additional information and

forced two-way certain decisions. Under these constraints, the GTRS make 83.5%

correct decisions for 57.1% objects and a 50% chance of correct decisions for the

remaining 42.9% objects. The average accuracy in this case is 69.12% which is worst

but still comparable to some other approaches in the literature. For instance, C4.5 was

reported to have 71.7% accuracy [30]. The Naive Bayesian and SVM were reported

to have accuracies of 73.83% and 73.52%, respectively [79].

The results for the datasets TD and PID were quite encouraging. The deci-

sion accuracies for the TD and PID datasets were 98.64% and 98.66% with a non-

commitment rates of 7.7%, 8.1%, respectively. The deferred decision regions for these

datasets were comparatively small implying many certain decisions. This means that

correct decisions are confidently made for majority of the objects. If we consider the

constraints as discussed above, i.e., no additional information and forced two-way

certain decisions, the average accuracies are 94.89% and 94.72% for the TD and PID

datasets, respectively. These results are quite promising when compared with some of

the existing results. For instance, an information gain based approach and Fuzzy C-

Means were reported to have accuracies of 95.9% and 83.7%, respectively, for the TD

dataset [4, 67]. On the other hand, an approach based on combining regression with

neural networks and another approach based on dicriminant analysis with support
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vector machine demonstrated accuracies of 80.21% and 79.16%, respectively, for the

PID dataset [66, 96]. Further improvements in the GTRS performance is expected

by providing additional information for the remaining 7.7% and 8.1% of the objects

in the deferred decision regions of the TD and PID datasets, respectively.

The results presented in this section advocate for the use of a GTRS component

in WMDSS as an alternative way for obtaining effective decision support for different

medical decision making problems.

5.5 An Additional Approach for Three-way Decisions with

GTRS

Three-way decisions in probabilistic rough sets are based on the evaluation of

a particular equivalence class with respect to a given concept. Based on the same

setting we consider the evaluation of a single equivalence class to make decisions within

a game. Different players may evaluate an equivalence class differently, potentially

leading to different results and decisions. Generally speaking, each player may form its

own opinion or perception about an equivalence class by considering the optimization

of its respective utilities or payoff functions. However, when the players interact in

a game, they adjust their personal believes based on their opponents chosen actions

until they are jointly or mutually consistent. Such an agreed position, if exists in a

game, is termed as a game solution or equivalently an equilibrium.
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The Formulated Game

We setup a game that involves two players. A binary or two-way decisions are

considered for each player corresponding to an equivalence class. A player may either

choose to accept or may decide to reject an equivalence class based on some evaluation

measures. This is represented by considering two strategies for each player, i.e.,

strategy s1 = accept and strategy s2 =reject. Strategy s1 = accept is desired in

cases when the evaluation results obtained with a particular criterion are convincing

enough to accept an equivalence class as positively belonging to a concept. The

strategy s2 = reject will be of interest when the evaluation results are convincing

enough to reject an equivalence class as negatively belonging to a concept. The two

players realized as evaluation criteria for an equivalence class will determine their

respective utility for considering different strategies using suitable payoff functions.

Table 5.10: The game for three-way decision making

c2

acc. rej.

c1
acc. uc1(acc., acc.), uc2(acc., acc.) uc1(acc., rej.), uc2(acc., rej.)

rej. uc1(rej., acc.), uc2(rej., acc.) uc1(rej., rej.), uc2(rej., rej.)

Table 5.10 represents the suggested two-player game between criterion c1 and c2

in the form of a payoff table. The rows correspond to criterion (or player) c1 and the

columns to c2. Each cell in the table corresponds to a strategy profile containing a

payoff pair.

The solution concept of Nash equilibrium may be utilized to determine the pos-

sible outcome of the game. There are four possible outcomes of this game based

on the considered strategies. Each outcome is of the form (sm, sn), where player c1
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Table 5.11: The game solutions and its respective conditions

Solution Conditions

(accept, accept) uc1(accept, accept) ≥ uc1(reject, accept)

uc2(accept, accept) ≥ uc2(accept, reject)

(reject, reject) uc1(reject, reject) ≥ uc1(accept, reject)

uc2(reject, reject) ≥ uc2(reject, accept)

(accept, reject) uc1(accept, reject) ≥ uc1(reject, reject)

uc2(accept, reject) ≥ uc2(accept, accept)

(reject, accept) uc1(reject, accept) ≥ uc1(accept, accept)

uc2(reject, accept) ≥ uc2(reject, reject)

selected strategy sm and player c2 selected strategy sn with sm, sn ∈ {accept,reject}.

Table 5.11 presents all possible game outcomes with their respective conditions based

on Nash equilibrium.

Three Decisions based on the Game Outcomes

The game outcomes or results outlined in Table 5.11 lead to the following three

cases.

Both players agree on acceptance (accept,accept): This case may be the result

of the game if the following conditions hold.

uc1(accept, accept) ≥ uc1(reject, accept)

uc2(accept, accept) ≥ uc2(accept, reject). (5.6)

This means that the players c1 and c2 can not increase their respective payoffs by
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switching their strategies from accept to reject. In this situation there is no dis-

agreement or uncertainty regarding the decision about an equivalence class. Due to

consensus of players about an equivalence class being positively evaluated as belong-

ing to a concept, we may interpret the set of all equivalence classes associated with

such outcome as belonging to the positive region. The decision of acceptance may be

defined for equivalence classes associated such game outcomes.

Both players agree on rejection (reject,reject): The game may result in this

outcome if the following conditions hold.

uc1(reject, reject) ≥ uc1(accept, reject)

uc2(reject, reject) ≥ uc1(reject, accept) (5.7)

This suggests that none of the players can attain additional benefits by switching their

respective strategies from reject to accept. Again, there is no disagreement among

the players regarding the decision about an equivalence class. We may interpret

the set of all equivalence classes associated with such outcome as belonging to the

negative region. The decision of rejection may be associated with equivalence classes

associated with such game results.

The players have disagreement (accept,reject) or (reject,accept): The game

will result in this outcome if any of the following pair of conditions are true.

uc1(accept, reject) ≥ uc1(reject, reject)

uc2(accept, reject) ≥ uc2(accept, accept) (5.8)
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uc1(reject, accept) ≥ uc1(accept, accept)

uc2(reject, accept) ≥ uc2(reject, reject) (5.9)

The conditions in Equation (5.8) refer to a case where player c1 selects strategy accept

while player c2 selects strategy reject. Similarly, Equation (5.9) represents a game

output when c1 selects reject while c2 selects accept. In any of these two cases, there

is a disagreement about an equivalence class. This represents an uncertain situation

as there is a disagreement between the two players. An immediate acceptance or

rejection decision may not be possible in this case. A third decision namely, the

non-commitment or deferment decision may be associated with such cases.

The realization of game outcomes in the form of above three cases immediately

leads to three decision regions and the implied three-way decisions with the following

associated rules.

Acceptance or positive region: if uc1(accept, accept) ≥ uc1(reject, accept) &

uc2(accept, accept) ≥ uc2(accept, reject),

Rejection or negative region: if uc1(reject, reject) ≥ uc1(accept, reject) &

uc2(reject, reject) ≥ uc2(reject, accept),

Deferment or boundary region: otherwise (5.10)
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5.6 Strategy Formulation Approaches for Inducing Three-

way Decisions

We identify four approaches that may be used for formulating strategies with

GTRS in order to obtain effective thresholds. A game is defined for each of these

approaches and the threshold modification trend based on these approaches is also

studied.

The Two Ends Approach

The generally used approach for formulating strategies in GTRS is to consider suit-

able decreasing levels for threshold α and increasing levels for threshold β. Examples

of this approach can be found in [10, 14, 57]. The strategies formulated in this way

commonly consider an initial configuration of thresholds values, i.e. (α, β) = (1, 0)

that corresponds to the Pawlak model. We call this approach as the two ends ap-

proach since the threshold values are being modified from the two extreme ends.

Table 5.12: Game for two ends approach

c2

s1 = α↓ s2 = β↑ s3 = α↓β↑

c1

s1 = α↓ .... ..... .....

s2 = β↑ .... ..... .....

s3 = α↓β↑ .... ..... .....

An example game based on this approach is presented in the form of Table 5.12.

Each player in this game considers three strategies, namely s1 = α↓ (decrease α),

s2 = β↑ (increase β), and s3 = α↓β↑ (decrease α and increase β). The increases or
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(a) The two ends Approach (b) The middle approach

(c) The random approach (d) The range approach

Figure 5.3: The four approaches for threshold determination

decreases may be set by the user or may be defined in terms of the utilities attained

by the players. The outcome of this game may be used to repeat the game based on

new values of the thresholds. As the game repeats, the threshold α is continuously

decreased while threshold β is increased. The amount of an increase or decrease

depends on the outcome of the implemented game. Figure 5.3(a) shows the general

threshold modification trend with this approach. The modifications in the threshold

values are not necessarily linear with respect to iterations. The stop criteria with this

approach should be defined to ensure that the process stops before the threshold α

becomes less than or equal to β. This approach may be useful when the data are

of high quality and the classes or concepts are well defined. A minimum size for

the boundary region may be expected in this case. One can make certain decisions
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with high accuracy rate while keeping the value of α close to 1.0 and β close to

0.0. This means that an effective model may be obtained by considering some minor

adjustments to threshold values (α, β) = (1, 0).

The Middle Approach

An alternative approach for formulating strategies is to consider the threshold

modification from an initial threshold setting given by α = β that corresponds to the

two-way decision model. Considering the constraint β < α, a formulated game based

on this approach should consider strategies for increasing α and decreasing β. In some

sense this approach can provide an opposite mechanism for threshold configuration

as compared to the two ends approach (where threshold α keeps decreasing while β

keeps increasing). As the thresholds are being modified from a common or middle

value, we name this approach as middle approach.

Table 5.13: Game for middle approach

c2

s1 = α↑ s2 = β↓ s3 = α↑β↓

c1

s1 = α↑ .... ..... .....

s2 = β↓ .... ..... .....

s3 = α↑β↓ .... ..... .....

An example game for this approach may be implemented as shown in Table 5.13.

This game consider opposite strategies compared to those considered in the game for

the two ends approach (see Table 5.13). The strategies may be interpreted as s1 =

α↑ (increase α), s2 = β↓ (decrease β), and s3 = α↑β↓ (increase α and decrease β).

When this game is played repeatedly, the threshold α is expected to increase and β
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is expected to decrease. Figure 5.3(b) shows the expected development in the two

threshold values based on the repeated game. The stop conditions in this approach

should be carefully designed such that the iterative process stops before the Pawlak

model is reached. This approach may be useful to compare the probabilistic two way

decision model and the probabilistic three-way decision model. Particularly, it can

provide further insights into the performance related issues associated with the two

models.

This approach may be used when the data are of low quality and involve a high

level of uncertainty. In such cases we expect many objects in the boundary region

leading to its larger size. The number of available certain decisions are very limited.

The objective in such situations is to reduce the boundary size to allow for some

certain decisions at a cost of some decrease in the level of accuracy. The middle start

which starts from zero sized boundary can provide useful configuration of thresholds

under these conditions.

The Random Approach

We may consider a random point for starting the threshold configuration with

GTRS. In this case we do not have any knowledge about the modification direction

that will provide effective threshold values. In other words, we are not sure wether

to increase or decrease a particular threshold. In some cases, increasing a threshold

in its value may be a better choice while in others a decrease may be suitable option.

The formulated strategies should therefore provide options for both increasing or

decreasing a particular threshold. This means that the strategies will allow us to

investigate effective threshold values in the neighborhood of the starting random
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point.

Table 5.14: Game for random approach

c2

s1 = α↑ s2 = α↓

c1

s1 = β↑ .... .....

s2 = β↓ .... .....

The game for implementing this approach may be formulated in different ways.

Table 5.14 presents an example game. Here the strategies for the two players are

different. Players 1 has the strategies s1 = β↑ (increase β) and s2 = β↓ (decrease

β) and player 2 has the strategies s1 = α↑ (increase α) and s2 = α↓ (decrease α).

Such a game may be realized when player 1 is considering some property of the

negative region while player 2 is reflecting the same or some other property of the

positive region. Figure 5.3(c) presents the general threshold modification trend with

this approach. Unlike the two ends and middle start approaches the thresholds α

and β are not strictly increasing or decreasing. This approach provides more freedom

and a chance to fine tune the thresholds by allowing additional options in threshold

modifications. An implementation of this approach should provide a configuration

that is at least better than the initial random point. However, an overall optimal

configuration may be not be necessarily achieved. A multi-start strategy can also be

considered with this approach where each starting point has an additional chance to

be within the locality of global optimum [27]. Finally, this approach may be suited

to applications that are associated with an intermediate level of uncertainty where

the effective threshold values can be located anywhere in the threshold space.
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The Range Approach

The strategies may also be formulated by considering a possible range of values

for the thresholds. It may not be feasible to evaluate and consider the entire set of

values contained in the range within a single game, however, some selected values

from the range may be represented as possible strategies. The game may start from

a wider range which is iteratively reduced to a finer range based on a game outcome

in a repeated game.

Table 5.15: Game for range based approach

c2

s1 = α1 ..... sn = αn

c1

s1 = β1 .... ..... ....

... .... ..... ....

sn = βn .... ..... ....

The game in Table 5.15 may be used to implement this approach. Considering an

initial range for threshold α as [0.5, 1.0], the strategies s1 = α1, s2 = α2, ..., sn = αn

are representing different values in the considered range. Realizing an order among

the strategies such as α1 < α2... < αn. The strategy α1 may represent the lower value

in the range, i.e. 0.5 and the αn may represent the upper value in the range, i.e.

1.0. The other strategies may represent intermediate values taken at some specified

intervals within the range. Similar interpretation may apply to strategies s1 = β1, s2 =

β2, ..., sn = βn. The range may be reduced repeatedly by some specified factor, e.g.

the range [0.5,1.0] for α may be reduced by a factor of 2 as (1.0 − 0.5)/2 = 0.25.

The new range may be centered around the threshold values determined by the game
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outcome. Figure 5.3(d) presents the general trend in modifying thresholds with this

approach. The approach may be useful when we are faced with tight computing

constraint and quick convergence or determination of thresholds is desired.

Summary

Additional approaches for formulating strategies are examined based on different

initial conditions. The implementation of these approaches is realized by considering

example games corresponding to each approach. The iterative threshold modification

with these approaches based on a repetitive game is also discussed. It is argued that

some of these approaches may be more appropriate when different types of data and

applications are considered. A demonstrative example advocates for the usability of

the suggested approaches.

5.7 Concluding Remarks

We examine and extend the decision making capabilities of Web-based medical

decision support systems. Medical decision making typically involve uncertainty and

a three-way decision making approach is a better choice to reduce the impact of uncer-

tainty. The concept of three-way decisions was recently incorporated in the rough set

theory for interpreting the three rough set regions as regions of acceptance, rejection

and deferment. We consider three-way decisions in the probabilistic rough set model

which is the generalized representation of rough sets. A fundamental problem with

the model is the interpretation and determination of probabilistic threshold parame-

ters that define the division between the three rough set regions. The game-theoretic

rough set or GTRS model has been demonstrated for determining effective thresholds
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for probabilistic rough sets by analyzing the uncertainties involved in the probabilis-

tic rough set regions and the implied three-way decisions. We incorporated a GTRS

component in a WMDSS architecture in the aim of enriching its decision making

capabilities. The benefits from a GTRS component is demonstrated by considering a

GTRS based method for improving the overall uncertainty level of three-way classifi-

cation. The method is based on a repetitive process where each iteration modifies the

probabilistic thresholds in order to improve the overall uncertainty of rough set based

regions and their respective decisions. The method provides encouraging results on

four different medical datasets.
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Chapter 6

GTRS for Recommender Systems

6.1 Introduction

The internet or Web users are commonly confronted with situations where there

are many potentially useful choices for selecting an item of interest. Making a suitable

decision, such as a purchase decision, generally involves an urge to narrow down the

search to a few but important choices. Web-based recommender systems (WRS) as a

special kind of Web-based support systems, were introduced with the intent of han-

dling relevant information in order to provide useful and customized recommendations

to their users [2, 103].

There are many techniques and approaches proposed in the literature that are

used to develop different recommender systems. The most common approaches are

content based, collaborative based, knowledge based and demographic based recom-

mender systems [26]. In content based approach, the recommendations are based on

contents or properties of items that are of interest to a user [109]. The collaborative

based approach provides recommendations based on users having similar interests to

the user in question [111]. The knowledge based approach makes use of the data
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pertaining to the user’s needs and preferences to recommend a suitable option [29].

The demographic based approach aims to group or cluster the users based on per-

sonal attributes and make recommendations based on the demographic group a user

belongs to [92]. Despite of some differences, all of these approaches require some

sort of intelligent mechanisms to make effective recommendations. The collaborative

based approach is comparatively more popular and successful way for building rec-

ommender systems [111]. In addition, the demographic based approach is sometimes

treated and considered as an extension of the collaborative based approach [2]. For

these reasons, we focus on collaborative and demographic based recommendations in

this research.

The rough set theory has recently gained some attention in the recommender

systems research [20, 34, 61, 64, 82, 110]. It has been used with different intends

in designing, developing and implementing recommender systems, such as, to obtain

rules for determining the competence of players in a game [34], to visualize user pref-

erences in menu selection [64], to reduce attributes for determining useful keywords

in web page recommendations [20] and to deal with the problem of missing ratings

(also termed as the problem of sparsity) [61]. The work presented in this research

is different from existing work in three ways. Firstly, we look at multiple aspects of

recommendation decisions simultaneously. Secondly, we go beyond the basic capa-

bilities of rough sets by merging and combining it with the field of game theory in a

GTRS model. Thirdly, we focus on ternary decision making aspect of rough sets for

recommendations.

Three-way or ternary decisions are obtained with probabilistic rough set models
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when the positive, negative and boundary regions are interpreted as regions of accep-

tance, rejection and deferment decisions [141]. The configuration of thresholds play a

crucial role in obtaining suitable decision regions [14]. Setting the thresholds in order

to decrease the number of deferment decisions improves the generality but results

in many incorrect acceptance and incorrect rejection decisions. On the other hand,

adjusting the thresholds to obtain more accurate decisions leads to many deferment

decisions. How to obtain thresholds in order to balance the properties of accuracy

and generality is a major obstacle in obtaining an effective probabilistic model. We

employ the game-theoretic rough set (GTRS) model for such a purpose.

In chapter 5, the application of GTRS was elaborated for providing useful decision

support in WMDSS [132]. In this chapter, we extend these results to investigate and

examine the GTRS model in the context of WRS. Specifically, we focus on determin-

ing a tradeoff solution between the properties of accuracy and generality of rough set

based recommendations. The rest of this chapter is organized as follows. Section 6.2

elaborates rough sets based recommendations and explains how the properties of ac-

curacy and generality affect these recommendations. In Section 6.3, a GTRS based

approach for threshold determination is presented that considers a tradeoff solution

between the properties of accuracy and generality. Finally, Section 6.4 contains ex-

perimental results with the proposed approach on movielens dataset. Comparisons

with the Pawlak model are also presented.

6.2 Rough Sets based Recommendations

An important result of probabilistic rough sets is that the decisions of objects be-

longing to any of the three regions are affected and determined by (α, β) thresholds.

126



Consider making recommendation decisions with the probabilistic rough set model.

Different recommendations may be possible for the same object when different thresh-

old values are being used. This means that a particular item recommended with a

certain threshold settings may be deferred or even not recommended with another

threshold settings. How different threshold levels will affect the overall quality of

recommendation decisions is a critical issue in this context. We look at the proper-

ties of accuracy and generality to evaluate the quality of recommendations based on

different threshold values.

The property of accuracy measures how close a recommender system predictions

are to the actual user preferences. Generally speaking, from the early recommender

systems to date, the majority of the published work remained focused on different

ways of measuring this property to evaluate recommender systems [59]. Mcnee et

al. argued that accuracy is not the only indicator of measuring or evaluating the

performance of recommender systems [76]. Herlocker et al. [58] discussed and points

towards additional evaluation properties beyond the accuracy including the property

of generality or coverage. The property of generality is interpreted and defined in

different ways [58]. In this chapter, it is considered as the relative number of users

for whom we actually make recommendation predictions. The two properties provide

different and complimentary aspects for evaluating recommendations using rough sets.
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6.2.1 Evaluating Recommendations based on Accuracy and

Generality

The relationship between decision thresholds and the properties of accuracy and

generality can be seen visually by considering Figures 6.1(a) - (i). The Figures 6.1(a),

(b) and (c) correspond to the Pawlak model. The Figures 6.1(d), (e) and (f) corre-

spond to probabilistic two-way model and the Figures 6.1(g), (h) and (i), correspond

to probabilistic three-way model. The ovals in these figures represent the concept

of interest that we wish to approximate. The small rectangles are the equivalence

classes. The Pawlak positive and negative regions are based on complete inclusion or

exclusion of an equivalence class to be considered in the positive or negative regions.

This is shown in Figure 6.1(a). The probabilistic two-way model is based on inclusion

of every equivalence class in either positive or negative region which is shown in Fig-

ure 6.1(d). The probabilistic three-way model use the thresholds (α, β) to determine

the inclusion of an equivalence class in any region.

The Figures 6.1(b), (e) and (h) highlight the property of generality of the three

models. The generality in this case corresponds to the area in which useful decisions

in the form of acceptance or rejection (recommend or not recommend) are made.

This region is obtained by taking the union of positive and negative regions. The

Figures 6.1(c), (f) and (i) highlight the accuracy of the three models. It is noted

that although the Pawlak positive and negative regions are completely accurate (no

black region in Figure 6.1(c)), however we may not be able to make useful decisions

for majority of the objects (see Figure 6.1(b)). On the other hand, the probabilistic

two-way decision model allow to make useful decisions for all objects (Figure 6.1)(d),
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(a) Pawlak model (b) Pawlak model (c) Pawlak model

(d) Probabilistic two-way (e) Probabilistic two-way (f) Probabilistic two-way

(g) Probabilistic three-way (h) Probabilistic three-way (i) Probabilistic three-way

Figure 6.1: Accuracy versus generality
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i.e., all the objects are in decision region (Figure 6.1(e)), however, it leads to many er-

rors as shown by the black colour in Figure 6.1(f). The probabilistic three-way model

aims at making a suitable tradeoff between the two properties leading to effective

levels of accuracy and generality as shown in Figure 6.1(h) and (i).

We further highlight the implications of accuracy and generality for recommender

systems by considering an example of collaborative recommendations. Table 6.1 rep-

resents the ratings of users on different movies. A positive sign, i.e., + indicates that

the user has liked the movie and a negative sign, i.e., - indicates that the user did not

liked the movie. Each row in the table represents the ratings of a particular user cor-

responding to four movies. Suppose we are interesting in predicting the users ratings

on Movie 4 using rough set analysis. One can not only use previous ratings on Movie 4

to predict the rating of a new user on Movie 4. This however is possible when we have

additional features of the users or movies such as demographic information or user

ratings on other movies. We make of the rationale of collaborative recommendations

according to which users having similar taste or preferences over the seen movies are

likely to have similar preferences for the unseen movies. This means that the trends

and patterns of user rating on Movie 1, 2 and 3 can be investigated and exploited to

predict the user ratings on Movie 4.

An information table is required to commence with the application of rough sets.

Table 6.1 is essentially an information table since the set of objects (perceived as

users) are described by a set of attributes (user ratings for movies). This means that

we are able to directly apply rough set analysis on Table 6.1. Moreover, Movie 1, 2

and 3 are conditional attributes and Movie 4 is decision attribute in this example.

This means that based on data of Movie 1, 2 and 3, we want to the predict the
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Table 6.1: User ratings for four movies

Movie 1 Movie 2 Movie 3 Movie 4
U1 + + + +
U2 + + - +
U3 + - + +
U4 - + + +
U5 + + - +
U6 - + + -
U7 - + - +
U8 - - + +
U9 - + + +
U10 + - + +
U11 - + + +
U12 + - - +
U13 + - - -
U14 - - - -
U15 + - + +
U16 + - + +
U17 - + - +
U18 + - - -
U19 - - - -
U20 + - + -
U21 - + - -
U22 - - + -
U23 - - + -
U24 + - - -
U25 - - - -
U26 + - - -

decisions (which in this case is the ratings) for Movie 4. One may choose different

subsets of conditional attributes for the same task. A rough set reduct in Table 6.1

may be investigated for this purpose.

Let Xi represents an equivalence class which is the set of users having the same

rating pattern for Movie 1, 2 and 3. Table 6.2 shows the equivalence classes that are

formed based on Table 6.1. The equivalence classes in this case are interpreted as the

groups of users having identical taste or preferences on the considered movies.

The concept of interest in this case is to determine the positive ratings on Movie

4, i.e., Movie 4 = +. We are unable to exactly specify this concept based on the
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Table 6.2: Equivalence classes based on the data in Table 6.1

X1 = {U1}, X2 = {U2, U5},
X3 = {U3, U10, U15, U16, U20}, X4 = {U4, U6, U9, U11},
X5 = {U7, U17, U21}, X6 = {U8, U22, U23},
X7 = {U12, U13, U18, U24, U26}, X8 = {U14, U19, U25}.

equivalence classes X1, ..., X8. For instance, we are unable to tell wether or not X3

belongs to this concept since 4 users in X3 like the movie and 1 user dislike it.

Therefore, we approximate this concept in the probabilistic rough sets framework

using Equations (2.10) - (2.12). The association of each equivalence class Xi with

the concept, i.e., P (C|Xi) or conditional probability needs to be determined for this

purpose which is given by,

P (C|Xi) = P (Movie 4 = +|Xi) =
|Movie 4 = +

∩
Xi|

|Xi|
. (6.1)

The conditional probabilities of equivalence classes X1, ..., X8 based on Equation (6.1)

are calculated as 1.0, 1.0, 0.8, 0.75, 0.67, 0.33, 0.2 and 0.0, respectively. These

conditional probabilities represent the level of agreement between similar users to

positively rate the movie. Generally speaking, the users having similar opinions or

preferences on certain items, does not necessarily imply that they will always be in

perfect agreement on other items of interest. The probability of an equivalence class

Xi is determined as P (Xi) = |Xi|/|U | which means that the probability of X1 is

|X1|/|U | = 1/26 = 0.038. The probabilities of other equivalence classes X2, ..., X8 are

similarly calculated as 0.077, 0.192, 0.154, 0.115, 0.115, 0.192 and 0.115, respectively.
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6.2.2 Accuracy and Generality in the Pawlak and Two-way

Models

Let us look at the properties of accuracy and generality in the Pawlak rough set

model. Based on certain thresholds (α, β), these measures are defined as [14],

Accuracy(α, β) =
Number of correctly classified objects by POS(α,β)(C) and NEG(α,β)(C)

Total number of classified objects by POS(α,β)(C)and NEG(α,β)(C)
,

=
|(POS(α,β)(C)∩C)

∪
(NEG(α,β)(C)∩Cc)|

|POS(α,β)(C)
∪

NEG(α,β)(C)| , (6.2)

Generality(α, β) =
Total number of classified objects by POS(α,β)(C)and NEG(α,β)(C)

Number of objects in U
,

=
| POS(α,β)(C)

∪
NEG(α,β)(C)|

|U | . (6.3)

The accuracy measures the relative number of correct classification decisions (or rec-

ommendation decisions) for objects compared to the total classification decisions.

The generality measures the number of objects for whom classification decisions can

be made compared to all objects.

The three regions of the Pawlak model are determined as POS(1,0)(C) =
∪
{X1, X2},

BND(1,0)(C) =
∪
{X3, X4, X5, X6, X7}, and NEG(1,0)(C) = {X8}. The properties of

accuracy and generality are calculated as,

Accuracy(α, β) =
|(POS(α,β) ∩ C)

∪
(NEG(α,β) ∩ Cc)|

|POS(α,β)

∪
NEG(α,β)|

=
|((X1

∪
X2) ∩ C)

∪
(X8 ∩ Cc)|

|X1

∪
X2

∪
X8|

=
|{U1, U2, U5, U14, U19, U25}|
|{U1, U2, U5, U14, U19, U25}|

=
6

6
= 1.0. (6.4)
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Generality(α, β) =
| POS(α,β)

∪
NEG(α,β)|

|U |
=

|(X1

∪
X2

∪
X8)|

|U |

=
{U1, U2, U5, U14, U19, U25}

|U1, U2, ..., U27|
=

6

26
= 0.2307. (6.5)

These results mean that with the Pawlak model, we are able to make recommenda-

tions that are 100% accurate, however these recommendation are possible for only

23.07% of the users. Arguably, one may want to make recommendations for many

users. This is possible in the probabilistic two-way model.

Considering a special probabilistic two-way model defined by α = β = 0.5. The

three regions are determined as POS(0.5,0.5)(C) =
∪
{X1, X2, X3, X4, X5}, BND(0.5,0.5)(C) =

∅, and NEG(0.5,0.5)(C) = {X6, X7, X8}. The accuracy and generality in this case are

calculated as,

Accuracy(α, β) =
|((X1

∪
X2

∪
...
∪
X5) ∩ C)

∪
((X6 ∩X7 ∩X8) ∩ Cc)|

|X1

∪
X2....

∪
X8|

=
|{U1, .., U5, U7, U9, U10, U11, U13, ..., U19, U22, ..., U26}|

|{U1, U2, ..., U26}|

=
21

26
= 0.8077 (6.6)

Generality(α, β) =
|(X1

∪
X2

∪
...
∪
X8)|

|U |

=
{U1, U2, ..., U26}
|U1, U2, ..., U26|

=
26

26
= 1.0 (6.7)

This means that we are able to make recommendations for all the users, i.e., generality

equals to 100%. This however is possible with an accuracy level of 80.77%.

In general, by decreasing and lowering the expectation of being highly accurate

in all the cases we are able to make recommendations for more users. For instance,

if we lower our expectation of acceptance for recommendation by lowering the value
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of α from 1.0 to 0.8, then X3 will also be included in the positive region. This means

that for the objects in X3, i.e., {U3, U10, U15, U16, U20}, we predict positive ratings.

However, from Table 6.1 it is noted that 4 out of 5 of these recommendations are

correct, i.e., U20 has a - rating for Movie 4.

How much to increase the level of generality at the cost of decrease in the level of

accuracy will require some kind of tradeoff analysis between the two properties. The

probabilistic thresholds (α, β) controls this tradeoff. Determining effective values for

the (α, β) thresholds would lead to a moderate, cost effective and efficient levels for

accuracy and generality. We consider the GTRS model for this purpose.

6.3 Analyzing Accuracy versus Generality Tradeoff with GTRS

We now investigate the use of GTRS for analyzing the properties of accuracy and

generality of rough sets based classification. In the previous section, the relationship

between probabilistic thresholds and the two considered properties was demonstrated

with an example. An important observation was that the configuration of probabilistic

thresholds control the tradeoff between the accuracy and generality. We aim to find

a mechanism that effectively adjusts the threshold values based on the two properties

using the GTRS model.

6.3.1 Formulating a Game between Accuracy and Generality

From description of GTRS in chapter 3, it becomes obvious and apparent that

we need to identify at least three components of a game in order to formulate and

analyze problems with GTRS. This include information about multiple criteria which
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are players in a game, the strategies or available actions for each player and the

utilities or payoff functions of the players. We begin by identifying these components.

The players should reflect the overall purpose and intention of the game. The

objective in this game is to achieve and improve the overall quality of recommendation

predictions. Since we are interested in the properties of accuracy and generality, we

consider them as game players. The player set in this case is C = {c1, c2} with player

c1 representing accuracy and is denoted as A and player c2 representing generality and

is denoted as G. The game is to obtain effective levels of thresholds by determining

a tradeoff solution between the players.

The players are affected by considering different (α, β) thresholds. The strategies

which represent possible moves or options available to the players are therefore for-

mulated in terms of different modifications or changes in thresholds. Each player will

aim at selecting a strategy that configures the thresholds in order to maximize its

benefits or utilities. How to formulate strategies in terms of thresholds was recently

being investigated in [11]. The study identified four different approaches to formulate

strategies, including the two ends approach, the middle start approach, the random

approach and the range approach [11]. Nothing significant has been reported to date

which provides evidence with respect to their relative performance. We consider the

two ends approach in this study as this approach provides useful and effective results

in the previous studies [10, 14, 57]. Moreover, this approach configures the thresholds

from initial values of thresholds (α, β) = (1,0) which facilitates a comparison with

the Pawlak model which is off particular interest in this study. In conclusion, three

types of strategies are considered, namely, s1 = α↓ (decrease of α), s2 = β↑ (increase

of β) and s3 = α↓β↑ (decrease of α and increase of β).
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The payoff functions are used to measure the consequences of choosing a certain

strategy. They should reflect possible benefits or performance gains of a particular

player in selecting a strategy. As discussed above, the players A and G representing

accuracy and generality are affected by considering different threshold values which

are considered as possible strategies. Therefore, the utilities of these two players are

values of accuracy and generality as measured in Equations (6.2) and (6.3). From a

player A’s perspective, an accuracy value of 1.0 means a maximum possible gain or

payoff and an accuracy of 0.0 represents a minimum possible gain. In the same way, for

player G’s perspective, a generality value of 1.0 means a maximum possible gain and

a generality value of 0.0 represents a minimum gain. For a particular strategy profile,

say (sm, sn) that configures and lead to thresholds (α, β), the associated certainty or

utility of the players are represented by,

uA(sm, sn) = Accuracy(α, β) (6.8)

uG(sm, sn) = Generality(α, β) (6.9)

where uA and uG represent the payoff functions of players A and G, respectively.

6.3.2 Competition between Accuracy and Generality

We form a game as a competition among the properties of accuracy and generality.

The payoff table shown as Table 6.4 is constructed for this purpose. Each row of the

payoff table represents the strategies of player A and each column represents the

strategies of player G. Every cell in the table corresponds to a certain strategy profile

of the form (sm, sn). The payoffs corresponding to the strategy profile (sm, sn) are
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Table 6.3: Payoff table for the game

G

s1 = α↓ s2 = β↑ s3 = α↓β↑

A

s1 = α↓ uA(s1,s1),uG(s1,s1) uA(s1,s2),uG(s1,s2) uA(s1,s3),uG(s1,s3)

s2 = β↑ uA(s2,s1),uG(s2,s1) uA(s2,s2),uG(s2,s2) uA(s2,s3),uG(s2,s3)

s3 = α↓β↑ uA(s3,s1),uG(s3,s1) uA(s3,s2),uG(s3,s2) uA(s3,s3),uG(s3,s3)

given by uA(sm, sn) and uG(sm, sn) for players A and G, respectively.

A particular player would prefer a strategy over another strategy if it provides

more payoff during the game. A strategy profile (sm, sn) would be the Nash equi-

librium or the game solution if the following conditions are being satisfied based on

Equation (2.23),

For player A: ∀s′
m ∈ S1, uA(sm, sn) ≥ uA(s

′
m, sn),with (s

′
m ̸=sm), (6.10)

For player G: ∀s′
n ∈ S2, uG(sm, sn) ≥ uG(sm, s

′
n),with (s

′
n ̸=sn). (6.11)

This means that none of the players are benefitted by switching to a different strategy

other than the one specified by the profile (sm, sn).

We now examine the issue of determining the threshold changes based on a certain

strategy during the game. Four types of fundamental changes in the two thresholds
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are noted in Table 6.4. These changes are defined as,

α− = single player suggests to decrease α, (6.12)

α−− = both the players suggest to decrease α, (6.13)

β+ = single player suggests to increase β, (6.14)

β++ = both the players suggest to increase β. (6.15)

The above definitions enable us to associate and calculate a threshold pair with each

strategy profile. For instance, a threshold pair based on a strategy profile (s1,s1) =

(α↓, α↓) is determined as (α−−, β), as both the players suggest to decrease threshold α

(see Equation (6.13)). In the same way, the strategy profile (s3,s3) = (α↓β↑, α↓β↑) is

determined as (α−−, β++) based on Equations (6.13) and (6.15). In the next section,

we examine how to determine the values for the variables in Equation (6.12) and (6.15)

based on a repetitive game mechanism.

6.3.3 Repetitive Threshold Learning with GTRS

Modifying the thresholds continuously to improve the utility levels of the play-

ers will lead to a learning mechanism. The learning principle employed in such a

mechanism is based on the relationship between modifications in thresholds and their

impact on the utilities of players. We exploit this relationship in order to define the

variables (α−, α−−, β+, β++). This will help in continuously improving the thresholds

to reach their effective values. A repeated or iterative game is considered to achieve

this.

Let (α, β) represent the initial threshold values for a particular iteration of the
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game. The game will use equilibrium analysis to determine the output threshold pair,

say (α
′
, β

′
). Based on the thresholds (α, β) and (α

′
, β

′
), we define the four variables

that appeared in Equations (6.12) - (6.15) as,

α− = α− k1(α× (Generality(α
′
, β

′
)−Generality(α, β))), (6.16)

α−− = α− k2(α× (Generality(α
′
, β

′
)−Generality(α, β))), (6.17)

β++ = β − k1(β × (Generality(α
′
, β

′
)−Generality(α, β))), (6.18)

β++ = β − k2(β × (Generality(α
′
, β

′
)−Generality(α, β))). (6.19)

The threshold values for the next iteration are updated to (α
′
, β

′
). The variables in

Equations (6.16) and (6.19) are obtained in the same way as discussed in Section 4.3.3.

The iterative process stops when either the boundary region becomes empty, or the

positive region size exceeds the prior probability of the concept C, or Generality(α, β)

exceeds Accuracy(α, β) or when α < 0.50 or β ≥ 0.5.

6.4 Experimental Results and Discussion

6.4.1 Threshold Calculation and Recommendations with GTRS

We elaborate the role of GTRS for threshold determination by considering the ex-

ample discussed in Section 6.2. Considering a game as discussed above in Section 6.3

between accuracy and generality having three strategies each. For the sake of sim-

plicity, we consider a non-repeated (one time) game where an increase or decrease of

25% in thresholds are considered. The game is being played with an initial thresholds

of (α, β) = (1, 0). A particular strategy, say s1 is now interpreted as 25% decrease
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in α which leads to α = 0.75. Thresholds corresponding to a strategy profile are cal-

culated according to two rules. If both the players suggest to increase or decrease a

threshold, a new value for the threshold will be determined as the sum of two changes.

In case a single player suggests a change in the thresholds, the threshold value will

be determined as an increase or decrease suggested by that player. For instance,

thresholds values corresponding to a strategy profile say (s1, s2) = (25% decrease in

α, 25% increase in β) will be determined as (α, β) = (0.75, 0.25). Finally, the utility

of the two players are determined using Equations (6.8) and (6.9).

Table 6.4 represents the payoff table corresponding to this game based on the data

in Table 6.1. The cell containing bold values, i.e., (0.83,0.89) with its corresponding

strategy profile (s2, s3) is the Nash equilibrium or game solution. This means that

none of the two players achieve a higher payoff, given the other players chosen action.

The thresholds based on this strategy profile is given by (α, β) = (0.75, 0.5). The

GTRS based results for predicting user ratings on Movie 4 are interpreted as follows.

We are able to make 83% correct predictions for 89% of the users when we reduce

and set the levels for acceptance and rejection of recommendations for the movie at

0.75 and 0.5, receptively. Comparing these results with the Pawlak model, the GTRS

Table 6.4: The payoff table for the example game

G

s1 = α↓ s2 = β↑ s3 = α↓β↑

A

s1 = α↓ (0.83,0.69) (0.85,0.77) (0.83,0.89)

s2 = β↑ (0.85,0.77) (0.86,0.54) (0.83,0.89)

s3 = α↓β↑ (0.83,0.89) (0.83,0.89) (0.8077,0.1.0)
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is able to make recommendations for an additional 66% of the users at a cost of only

17% decrease in accuracy. Please be noted that the accuracy and generality of the

Pawlak model are 100% and 23.07%, respectively, as discussed in Section 6.2.

Now let us examine how GTRS can be used to perform recommendations on Movie

4 for an unknown user based on the data in Table 6.1. The system will look for a

user group or an equivalence class Xi that has the same rating pattern as that of the

user in question. The conditional probability of the respective equivalence class, i.e.,

P (Movie 4 = +|Xi) is used to make a recommendation decision as follows.

Recommend: P (Movie 4 = +|Xi) ≥ α

Not recommend: P (Movie 4 = +|Xi) ≤ β

Delay recommendation: β < P (Movie 4 = +|Xi) < α (6.20)

where (α, β) = (0.75,0.5) according to the GTRS based results. The above rules can

be used to determine whether or not to recommend a movie while ensuring that these

recommendations are based on 89% of the users having an accuracy level of 83%. It

may be noted that in contrast to the conventional approaches, the GTRS also provide

a third kind of decision, i.e., Delay recommendation. This provides some flexibility

in cases where the available information is insufficient to decide whether or not to

recommend an item. Whereas conventional approaches are generally based on two-

way classification, the chances of misclassifications are more in situations that lack

sufficient information to reach a certain conclusion.
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6.4.2 Experimental Setup and Data

We investigate the usage of GTRS in movie recommendations. The movielen

dataset is typically considered for movie recommendation application [1, 78]. The

version 1M of themovielen which contains about 1 million user ratings is considered in

this chapter. The dataset consists of three different tables, namely, the user table, the

ratings table and the movie table. The user table contains demographic information

about the 6,040 users including their ages, genders and occupations. The movie table

contains information about 3,952 movies including their titles and genres. The ratings

table contains 1 million user ratings on a 5-star scale. Each user has at least 20 ratings

in this table.

For ease in computations, we reduced and considered the ratings of about 400

users which resulted in about 58,000 user ratings. In addition, we converted the 5-

star scale to a binary scale (“like”, “ dislike”) as discussed in reference [101]. Two

sets of experiments were conducted based on this conversion. In the first setup, the

ratings of 4 or 5 indicate “like” while ratings of 1 to 3 indicate “dislike” and in the

second setup only rating 5 indicate “like” while the remaining indicate “dislike”. The

second setup is similar to the problem of predicting the rating 5 for the movies. We

call the first setup as Task 1 and the second setup as Task 2. We also reduced the

number of movies to the top 10 most frequently rated movies by the users (irrespective

of their ratings). In case of missing ratings, we use a value of 0. The prediction on

each movie was considered based on the user ratings for the other nine movies. For

testing the results, 10 fold cross validation was used in all experiments.
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6.4.3 Collaborative Recommendations

Table 6.5 presents the results on the training data of Task 1. The Pawlak model

achieves 100% accurate predictions for predicting user ratings on the movies. How-

ever, these predictions are possible for a certain portion of the users, for instance, in

case of Movie 1, these predictions are possible for 64.81% of the users and for Movie

2 they are applicable to 68.78% of the users (the bold point form in the Table 6.5

and hereafter represents the best results). Arguably, one would like to extend these

predictions to cover more users. The GTRS make it possible by allowing a slight

decrease in accuracy. For instance, in case of Movie 1, the GTRS provide an increase

in the generality by 30.59% at a cost of 8.6% decrease in accuracy.

An important issue while considering and comparing the performances of three-

way decision models is that they require additional information for some objects that

belong to the boundary region. In the absence of such information, one may not be

very confident and will have remaining doubts about their performances. We look

Table 6.5: Train results for data with Task 1

Prediction
for

Accuracy Weigthed acc. Generality

Movie GTRS Pawlak GTRS Pawlak GTRS Pawlak

1. 0.9140 1.0 0.8950 0.8240 0.9540 0.6481

2. 0.9525 1.0 0.9162 0.8439 0.9198 0.6878

3. 0.9829 1.0 0.9724 0.9292 0.9782 0.8584

4. 0.9712 1.0 0.9498 0.9019 0.9546 0.8037

5. 0.9605 1.0 0.9418 0.8899 0.9594 0.7798

6. 0.9739 1.0 0.9394 0.8958 0.9271 0.7916

7. 0.9792 1.0 0.9732 0.9636 0.9875 0.9271

8. 0.9615 1.0 0.9298 0.8756 0.9314 0.7512

9. 0.9766 1.0 0.9587 0.9316 0.9625 0.8633

10. 0.9687 1.0 0.9605 0.9321 0.9825 0.8641

Average 0.9641 1.0 0.9437 0.8988 0.9557 0.7975
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at the performances of the two models in a worst case scenario where we have no

access to additional information and we are asked to make certain decisions about

the deferred cases. Suppose random decisions are being made with a 50% chance of

being correct and another 50% of being incorrect. Under these conditions, the GTRS

for Movie 1 provides 91.40% correct decisions for 95.4% of the objects and 50% correct

decisions for the remaining 4.6% of the objects. The average or weighted accuracy in

this case is (91.4×95.4)+(50×4.6) = 89.50%. In the same way, the Pawlak model for

Movie 1 provides 100% correct decisions for 64.81% of the objects and 50.0% correct

decision for the remaining 35.19% of the objects leading to an average accuracy of

(100× 64.81)+ (50× 35.19) = 82.40%. These accuracies are shown in the fourth and

fifth columns of Table 6.5 under the title of Weighted acc.

Another interesting aspect of the two models is their requirement for additional

information. For the objects in boundary regions, it is generally assumed that addi-

tional information is required to make a certain decision about them [39]. Since, in

most if not all cases, the GTRS lead to reduced size of the boundary region compared

to the Pawlak model, it means that the GTRS will require comparatively lesser ad-

ditional information for the undecided objects. For instance, for Movie 1, the GTRS

require additional information for 4.6% of the objects while the Pawlak model needs

additional information for 35.19% of the objects.

Let us look at the average performance of the two models over the 10 prediction

problems. The Pawlak model provides 100% accurate predictions for 79.75% of the

users. The GTRS provide 96.41% accurate predictions for 95.57% of the users. This

means that when we decrease the accuracy level by 4.14%, we are able to extend

the recommendation decisions to 15.82% of the users. Moreover, the GTRS provide
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Table 6.6: Test results for data on Task 1

Prediction
for

Accuracy Weighted acc. Generality

Movie GTRS Pawlak GTRS Pawlak GTRS Pawlak

1. 0.4898 0.4448 0.4909 0.4622 0.8965 0.6847

2. 0.6425 0.6426 0.6279 0.6051 0.8977 0.7371

3. 0.5873 0.5484 0.5848 0.5423 0.9713 0.8730

4. 0.5950 0.5749 0.5906 0.5618 0.9537 0.8256

5. 0.5802 0.5659 0.5733 0.5533 0.9143 0.8083

6. 0.6348 0.6126 0.6215 0.5917 0.9016 0.8145

7. 0.6680 0.6598 0.6653 0.6538 0.9838 0.9627

8. 0.6407 0.6303 0.6281 0.6017 0.9102 0.7807

9. 0.6194 0.6269 0.6126 0.6120 0.9428 0.8827

10. 0.7252 0.7344 0.7196 0.7134 0.9750 0.9102

Average 0.6183 0.6041 0.6115 0.5897 0.9347 0.8279

Table 6.7: Train results for data on Task 2

Prediction
for

Accuracy Weighted acc. Generality

Movie GTRS Pawlak GTRS Pawlak GTRS Pawlak

1. 0.9375 1.0 0.9234 0.8764 0.9678 0.7529

2. 0.9818 1.0 0.9503 0.9124 0.9346 0.8248

3. 0.9807 1.0 0.9590 0.9199 0.9548 0.8397

4. 0.9795 1.0 0.9601 0.9125 0.9596 0.8251

5. 0.9763 1.0 0.9685 0.9415 0.9836 0.8829

6. 0.9799 1.0 0.9570 0.9215 0.9522 0.8430

7. 0.9865 1.0 0.9841 0.9786 0.9951 0.9572

8. 0.9756 1.0 0.9527 0.9246 0.9519 0.8493

9. 0.9828 1.0 0.9707 0.9504 0.9750 0.9008

10. 0.9782 1.0 0.9782 0.9565 1.0 0.9129

Average 0.9759 1.0 0.9604 0.9294 0.9675 0.8589

better weighted accuracy of 94.37% compared to 89.88% with the Pawlak model.

The results on testing data of Task 1 are presented in Table 6.6. The GTRS

provide comparatively better accuracy for 7 out of 10 movies, i.e., for Movies 1, 3,

4, 5, 6, 7 and 8. Additionally, it always result in superior generality and weighted

accuracy. The average results over the 10 movies further confirms the superiority of

GTRS. An average accuracy of 61.83% is obtained with GTRS compared to 60.41%
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Table 6.8: Test results for data on Task 2

Prediction
for

Accuracy Weighted acc. Generality

Movie GTRS Pawlak GTRS Pawlak GTRS Pawlak

1. 0.6488 0.5962 0.6403 0.5754 0.9428 0.7835

2. 0.7613 0.7382 0.7431 0.7005 0.9303 0.8418

3. 0.7372 0.7147 0.7260 0.6850 0.9526 0.8617

4. 0.6958 0.6631 0.6851 0.6377 0.9451 0.8444

5. 0.7092 0.6877 0.7029 0.6692 0.9701 0.9017

6. 0.7684 0.7521 0.7544 0.7195 0.9477 0.8706

7. 0.7596 0.7554 0.7564 0.7484 0.9875 0.9726

8. 0.7676 0.7444 0.7529 0.7115 0.9452 0.8655

9. 0.7535 0.7436 0.7478 0.7272 0.9775 0.9327

10. 0.8201 0.8131 0.8169 0.7948 0.99 0.9415

Average 0.7421 0.7208 0.7326 0.6969 0.9589 0.8816

with its counterpart. The average generality of GTRS is 94.5% compared to 82.8%,

an average increase of 11.7%. The weighted accuracy is 61.15% which is 2.18% more

than the Pawlak.

Let us now look at the results for Task 2. Tables 6.7 presents the training re-

sults which are similar to the training results in Table 6.5. There are however some

differences in the testing results which are presented in Table 6.8. Overall we note

an increase in the accuracy of the two models. Compared to the testing results for

Task 1, these results are more encouraging for GTRS. The GTRS outperform the

Pawlak model in all aspects. The average results further substantiate this. An aver-

age accuracy of 74.21% is determined which is 2.13% higher than the Pawlak. The

generality is 95.89% compared to 88.16% and the weighted accuracy is 73.26% versus

69.69%.
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6.4.4 Demographic Recommendations

In order to gain further insights into the relative performance of the two models, we

considered the demographic based approach to recommendations. The demographic

information of the users were extracted from the user table of the movielen dataset

for this purpose. Information tables (similar to Table 6.1) are then created based on

the extracted users information. This allows for the application of rough set based

techniques for demographic based recommendations.

Tables 6.9 and 6.10 present the training and testing results for the Task 1. The

trend in the training results are very similar to the results obtained with collaborative

based approach in Tables 6.5 and 6.7. The testing results are however different

compared to the results with collaborative based approach. The Pawlak model in

this case provides better accuracy. This however is not always the case for the results

of weighted accuracy, for instance, in case of Movies 2, 6 and 10. The generality

results are consistent with the previous results. The GTRS significantly improve the

Table 6.9: Train results for data on Task 1

Prediction
for

Accuracy Weighted acc. Generality

Movie GTRS Pawlak GTRS Pawlak GTRS Pawlak

1. 0.9024 1.0 0.7428 0.6494 0.6033 0.2988

2. 0.9098 1.0 0.7058 0.6448 0.5021 0.2897

3. 0.8977 1.0 0.7592 0.6875 0.6518 0.3750

4. 0.9007 1.0 0.7648 0.7168 0.6609 0.4336

5. 0.9034 1.0 0.7489 0.6942 0.6169 0.3884

6. 0.9106 1.0 0.7216 0.6588 0.5397 0.3176

7. 0.8859 1.0 0.7323 0.6630 0.6019 0.3261

8. 0.9016 1.0 0.7528 0.6830 0.6294 0.3661

9. 0.9190 1.0 0.7738 0.7139 0.6535 0.4278

10. 0.9116 1.0 0.7653 0.6851 0.6446 0.3702

Average 0.9043 1.0 0.7467 0.6797 0.6104 0.3593
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Table 6.10: Test results for data on Task 1

Prediction
for

Accuracy Weighted acc. Generality

Movie GTRS Pawlak GTRS Pawlak GTRS Pawlak

1. 0.4330 0.5485 0.4573 0.5179 0.6368 0.3690

2. 0.7064 0.7429 0.6081 0.5812 0.5238 0.3341

3. 0.5545 0.7078 0.5373 0.5912 0.6847 0.4390

4. 0.5236 0.6437 0.5167 0.5693 0.7082 0.4825

5. 0.5754 0.6915 0.5470 0.5821 0.6234 0.4289

6. 0.6775 0.7585 0.5976 0.5957 0.5500 0.3702

7. 0.5849 0.7914 0.5529 0.6112 0.6234 0.3816

8. 0.6578 0.7654 0.5995 0.6102 0.6308 0.4153

9. 0.6221 0.6996 0.5808 0.5945 0.6620 0.4736

10. 0.7506 0.8041 0.6640 0.6247 0.6545 0.4102

Average 0.6086 0.7153 0.5661 0.5878 0.6298 0.4104

generality by 20-25%. Although the average accuracy of GTRS which is lesser than

the Pawlak (i.e., 71.53%) by 10.67%, the difference in average weighted accuracy is

only 2.17% (i.e., 56.61% compared to 58.78%). The average generality with GTRS is

62.98% showing an average improvement of is 21.94%.

Tables 6.11 and 6.12 summarize the training and testing results for the Task 2.

Table 6.11: Train results for data on Task 2

Prediction
for

Accuracy Weighted acc. Generality

Movie GTRS Pawlak GTRS Pawlak GTRS Pawlak

1. 0.8718 1.0 0.7006 0.6198 0.5396 0.2395

2. 0.9048 1.0 0.7039 0.6420 0.5036 0.2840

3. 0.9113 1.0 0.7063 0.6275 0.5015 0.2549

4. 0.9303 1.0 0.6954 0.6311 0.4540 0.2622

5. 0.9083 1.0 0.7208 0.6186 0.5408 0.2373

6. 0.9196 1.0 0.7157 0.6435 0.5140 0.2869

7. 0.9261 1.0 0.7202 0.6552 0.5167 0.3105

8. 0.9269 1.0 0.7234 0.6409 0.5232 0.2819

9. 0.9359 1.0 0.7050 0.6418 0.4703 0.2836

10. 0.9457 1.0 0.7189 0.6654 0.4911 0.3308

Average 0.9181 1.0 0.7110 0.6386 0.5055 0.2772
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Table 6.12: Test results for data on Task 2

Prediction
for

Accuracy Weighted acc. Generality

Movie GTRS Pawlak GTRS Pawlak GTRS Pawlak

1. 0.5985 0.7141 0.5588 0.5670 0.5974 0.3129

2. 0.7854 0.8240 0.6448 0.6103 0.5073 0.3403

3. 0.7723 0.8422 0.6423 0.6092 0.5225 0.3192

4. 0.7988 0.8160 0.6435 0.6036 0.4801 0.3279

5. 0.8125 0.8345 0.6738 0.5980 0.5562 0.2931

6. 0.8377 0.8453 0.6803 0.6154 0.5339 0.3341

7. 0.7759 0.8328 0.6452 0.6166 0.5261 0.3505

8. 0.8715 0.8759 0.6692 0.6284 0.5362 0.3417

9. 0.8398 0.8639 0.6673 0.6257 0.4923 0.3453

10. 0.8663 0.9096 0.6933 0.6568 0.5276 0.3827

Average 0.7959 0.8358 0.6548 0.6131 0.5280 0.3348

The testing results in this case are better compared to Task 1. The accuracy difference

between the two models in majority of the cases is around 2-4%. The weighted

accuracy of GTRS is superior in 9 out of 10 cases. Although the average accuracy

of GTRS is lesser (79.59% compared to 83.58%), the weighted accuracy is better

(65.48% versus 61.31%). The average generality of GTRS is 52.8%, which is 19.32%

more than the Pawlak.

6.4.5 Further Analysis

Figure 6.2 summarizes the average results for predicting the 10 movies using the

collaborative based approach. Each set of 6 bars represents the results corresponding

to either the train or test data for the two tasks. The bars with pattern of rectangles

and the bars with pattern of grid represent the accuracy obtained with GTRS and

the Pawlak models, respectively. The bars pattern of single sloped lines and the bars

with the pattern of group of three sloped lines represent the weighted accuracy of

GTRS and the Pawlak models, respectively. The white and black bars shows the
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Figure 6.2: Summary of results for collaborative based recommendations

Figure 6.3: Summary of results for demographic based recommendations
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generality of GTRS and Pawlak, respectively. From the bars with pattern of rect-

angles, it is noted that Pawlak model always provide 100% accuracy for the training

data. The bars with grid pattern suggest that GTRS also achieve high accuracy on

the training data above 95%. Moreover, the GTRS improve the accuracy on the test-

ing data. Comparing the bars of weighted accuracies suggest that the GTRS provide

better weighted accuracy compared to Pawlak irrespective of training or testing data.

In the same way, looking at the white and black bars, we note that GTRS always pro-

vide better generality. This means that we need lesser additional information about

the remaining cases which are being classified into the boundary region.

Figure 6.3 summarizes the results of the demographic based approach. The Pawlak

model provides better accuracy and weighted accuracy results for Task 1. However,

the difference between the two weighted accuracies on testing data is not very sig-

nificant. One may accept this performance decrease for GTRS keeping in view the

improvements it provides in the generality aspect. On Task 2 the GTRS not only

Figure 6.4: Summary of additional results for collaborative based recommendations
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Figure 6.5: Summary of additional results for demographic based recommendations

matches the testing accuracy of the Pawlak model but also provides comparatively

better weighted accuracy results. The generality of GTRS is superior in all the cases.

In order to further confirm the validity of our results, we consider the ratings

of another 400 of the users. This time it resulted in around 65,000 ratings. Ex-

perimental setups were created as described in Section 6.4.2. Figures 6.4 and 6.5

summarize these additional results which are similar to the initial results presented

in Figures 6.2 and 6.3. This further validates our experimental results. The details

of these additional results are provided in Appendix A.

To determine if the difference between the mean results, presented in Figure 6.2

and Figure 6.3 are statistically significant, we use the standard paired samples t-test

with significance level of α = 0.05. Since, we want to test if the mean of one method

is greater than the other, we used a one tail t-test. The null hypothesis and alternate

hypothesis are defined as,

H0: The mean difference between the two methods is equal to zero.
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Table 6.13: Results of t-tests

Task Measure t value p value Hypo. Mean
diff.

Std. dev.

Collaborative

Task 1
Accuracy 2.4936 0.0342 H1 0.0142 0.0180
W. acc. 5.4835 3.88×10−4 H1 0.0217 0.0125

Generality 6.2043 1.58×10−4 H1 0.1067 0.0544

Task 2
Accuracy 4.8032 9.69×10−4 H1 0.0213 0.0140
W. acc. 7.0809 5.79×10−5 H1 0.0357 0.0159

Generality 6.3224 1.37×10−4 H1 0.0773 0.0387

Demographic

Task 1
Accuracy -6.8677 7.32×10−5 H1 -0.1068 0.0492
W. acc. -1.895 0.0914 H0 0.02170 0.0363

Generality 22.9182 2.72×10−9 H1 0.2130 0.0303

Task 2
Accuracy -3.7314 0.0047 H1 -0.0400 0.0339
W. acc. 5.5216 3.67×10−4 H1 0.0388 0.0222

Generality 12.7967 4.45×10−7 H1 0.1932 0.0477

H1: The mean difference is greater than zero.

In the context of GTRS and Pawlak models, the hypothesis H0 would suggest that

there is not much statistical difference between the mean of the two models. On

the other hand, the hypothesis H1 suggests that the difference between the means is

convincing enough to say that the mean of GTRS is significantly higher than that of

the Pawlak model.

Table 6.13 summarize the results of t-tests. The t values and p values are cal-

culated based on the t statistic. A t value reflects the magnitude of the difference

between the means of the two samples and a p value reflects whether the difference

between the means is due to chance. If the calculated t value from the t-test is greater

than the critical t value, and the p value is lesser than commonly used value of 0.05,

we will reject the null hypothesis and accept the alternate hypothesis. The t critical

value in this case is 1.833.
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Let us look at the results in the first row of the Table 6.13. These results cor-

responds to the accuracy values obainted with the two models based on Task 1 and

collaborative recommendations. We have a t value of 2.4936 which is greater than the

t critical value of 1.833 and the p value is lesser than 0.05. Therefore, we reject the

null hypothesis H0 and accept the alternate hypothesis H1 which suggest the mean

of accuracy with GTRS is statistically significant than the mean of accuracy with

the Pawlak model. It should be noted that there are some negative t values in this

table. They are caused by the order in which the values are considered and reflect

the superiority of the Pawlak model. The hypothesis testing in this case is done by

considering the absolute t value. It should however be noted that the acceptance of

hypothesis H1 in this case would suggest the superiority of GTRS over the Pawlak.

Specifically, H1 will suggest that the mean of the results with Pawlak is statistically

significant than the mean of the GTRS.

From Table 6.13 it becomes more obvious that for collaborative approach, the

means of the results with GTRS are significantly better than the Pawlak model in

all aspects. In the demographic approach, the Pawlak model is only superior based

on the mean of accuracy results. These results provide further confirmation of the

conclusions discussed earlier.

The suggested approach may be extended in several ways to handle data that may

change over the time, such as, additional information is gathered about the users or

items. The thresholds may need to be updated based on the new data. Different

approaches may be used to determine and update the threshold values in such cases.

One such approach can be a sliding window approach [35]. The size or length of the

window defined with the approach may identify the data to be used in determining

155



the thresholds. The window may be updated every time when some percentage of new

data, such as, 10% additional information about users or items is available. Another

similar approach for this purpose can be the moving average approach [119].

The results presented in this section strongly suggest and advocate for the use of

GTRS in recommender systems to obtain recommendations.

6.5 Concluding Remarks

Recommender systems is becoming a popular tool in E-business. We examine

the role of GTRS in the capacity of an intelligent component for making recom-

mendation predictions in recommender systems. Two properties of recommendation

predictions are being focused, i.e., accuracy and generality. In an ideal situation, the

recommender systems are expected to provide highly accurate recommendations for

majority of the users. This however is not always possible and one has to rely on some

mechanism for determining a suitable tradeoff between the two properties. The role

and use of GTRS is highlighted for obtaining and finding an effective and balanced

solution by considering and implementing a game between the properties of accuracy

and generality. Experimental results on movielen dataset suggest that the GTRS not

only improve the generality of recommendation predictions but also provides more

accurate recommendations in some cases. Furthermore, it outperforms the standard

Pawlak model in majority of the cases. These results encourage and advocate for

the use of GTRS as an alternative way for obtaining recommendation predictions in

recommender systems.

The ultimate success of any recommender system is in the appreciation of its

users and the ability of the system to serve their distinct needs. While we try to
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optimize the parameters in the global perspective, there is a good reason to tune

the parameters for each individual users. This consideration will open the door to

extensive future theoretical and empirical research, bringing personalization to the

GTRS based recommendations.
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Chapter 7

Conclusion and Future Work

This chapter conclude the presented work by providing a brief summary of the

contributions and directions for possible future research.

7.1 Conclusions

The probabilistic rough set model is an important extension of the conventional

Pawlak rough set model. It considers the conditional probability between an equiva-

lence class and a set to determine the inclusion of an object in a certain region based

on a pair of thresholds (α, β). There are three important issues for any probabilistic

rough set model, namely, the determination and interpretation of the thresholds, the

estimation of conditional probability and the application or usage of decision regions

obtained with the thresholds. We examined the first and the third issues with the

GTRS model.

The determination of thresholds is investigated by considering different games in

GTRS. The primary objective in these games was to incorporate and highlight the

tradeoff perspective with GTRS in order to obtain balanced and optimized thresholds.
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Two game formulations are proposed and examined for this purpose. The first game

is based on determining a balance between the uncertainties of the three probabilistic

regions [14]. This game is useful for analyzing the uncertainties involved in rough set

based decision making [14]. The second game is based on the computation of a trade-

off between the properties of accuracy and generality of rough sets based decision

making [15, 16]. This game is useful to obtain more accurate and more applicable

decisions [15, 16]. The interpretation of thresholds is addressed by explaining and

defining the game symbols, components and the internal game mechanism employed

by the GTRS, i.e. the payoff tables and strategy profiles. The relationship between

a game solution and the finally computed thresholds is also explained [17]. Finally,

the usability and benefits of decision regions obtained with the GTRS are analyzed

and explained for providing ternary decision support in two applications. Experimen-

tal results suggest that the GTRS based thresholds lead to better recommendations

compared to the Pawlak model in case of recommender systems [15, 16]. Moreover,

the GTRS can reduce the overall uncertainty involved in medical diagnosis decisions

thereby improving the decision support [132, 133].

7.2 Summary of Contributions

There are four major contributions of this thesis: interpretation of equilibria in

the GTRS, analysis of decision uncertainty, examination of GTRS based thresholds

for three-way decisions and the GTRS application for recommender systems. Below,

I detail each of these contributions as follows.

There was a semantic gap in relating the game solutions in GTRS to the finally

computed thresholds [17]. It was not very clear from the existing research as to how
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the two are related. We overcome this difficulty by reviewing and redefining the

key game components, i.e., the players, the strategies and the payoff functions in the

context of probabilistic rough sets. A game solution is interpreted as a strategy profile

such that for the corresponding threshold pair no player has any unilateral benefit

or incentive to deviate from these thresholds within the game. Another related and

important issue is the establishment of the existence of a game solution or solutions.

This issue was addressed in a limited context by considering a couple of typical

two players GTRS based games. The results indicate that a game solution may be

established under certain conditions.

The second contribution of this thesis is the investigation of GTRS model to

analyze and reduce the uncertainty in the rough set based decision making. An ex-

amination of the uncertainties involved in different decision regions of the Pawlak

model and probabilistic two-way decision model enabled us to understand that both

of these models may not necessarily provide an overall minimum level of uncertainty.

The Pawlak model only ensure minimum uncertainty for the positive and negative

regions and the two-way decision model only ensure minimum uncertainty for the

boundary region. The probabilistic rough set model is used to find a suitable trade-

off between uncertainties involved in different decision regions by setting effective

(α, β) threshold values. A two player game was introduced with immediate decision

region (representing the positive and negative regions) and deferred decision region

(representing the boundary region) as game players. The game considered different

threshold configurations as possible game strategies in the aim to find an acceptable

solution between the players. A threshold learning mechanism was introduced that

repeatedly update the thresholds based on the game results until certain performance
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criteria are met. Experimental results on text categorization suggest that the overall

uncertainty involved in rough sets based decisions may be reduced with the suggested

approach.

The third contribution of this thesis is the examination of GTRS model to induce

ternary decisions. The decisions thresholds determined by the GTRS can be used

to induce three-way decisions in the form of acceptance, rejection and deferment de-

cisions. It is argued that GTRS based ternary decisions are more useful in certain

cases as it provides the flexibility to incorporate multiple criteria while determining

different decision regions. Experiments were performed on different medical diagnosis

problems to analyze the effectiveness of GTRS. The results suggest that the GTRS

provides a useful alternative decision making component for providing decision sup-

port in Web-based medical decision support systems.

Finally, the capabilities of GTRS for recommender systems is being examined. Al-

though the property of accuracy provides a reasonable evaluation of the performance

of recommender systems, recent studies suggest that it is not the only indicator for

measuring the performance. Researchers have argued to look beyond accuracy in

order to obtain more interesting and useful results. We considered the property of

generality together with accuracy to obtain recommendations with rough sets. A

game was defined that determine a suitable tradeoff between these two properties

leading to more effective recommendations. Experimental results on movie recom-

mendation application suggest that GTRS improve the quality of recommendations.
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7.3 Future Research

There are at least four research directions that appeared to me of potential interest

from investigation of this thesis.

1. This thesis only examine the Nash equilibrium game solution for the GTRS

model. Other kinds of game solutions, such as the minimax, trembling-hand

perfect equilibrium [105], removal of dominated strategies [46], correlated equi-

librium [5] and ϵ-Nash equilibrium [99], can also be investigated in the GTRS

model. An interesting issue in this context would be to determine the rela-

tionship between the decision thresholds and a particular type of game solution

under consideration. The other important issue would be to study the implica-

tions of different game solutions for decision making.

2. The existing games in GTRS generally consider a direct modification of thresh-

olds as possible game strategies. This sometimes lead to difficulties in exactly

understanding and interpreting the strategies as decision scenarios from players

perspective. More meaningful ways may be examined for formulating strategies

which may lead to better and more meaningful interpretations.

3. An important issue of three-way decision models is the determination of suitable

thresholds that are used to define designated values for acceptance and rejection.

The GTRS model may be coupled with these models to obtain and induce

ternary decisions. This may potentially lead to other models such as game-

theoretic shadowed sets.
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4. In this thesis we only examine the application of GTRS based three-way de-

cisions in medical decision making and movie recommendations. Ternary de-

cisions can potentially play a vital role in other domains such as spam email

filtering, document classification, web mining and others. The investigation

of GTRS in such applications will help in better understanding its practical

capabilities.

5. The comparison of GTRS based three-way decisions with conventional two-

way approaches can be another future direction. There are however remaining

issues and challenges that need to be addressed in this regard. Some of these

issues are, 1) The deferment decisions may decrease the number of incorrect

recommendations, i.e., recommendations that are difficult to decide may be

differed. Should we penalize a three-way approach for making differed decisions?

if yes how it should be done?, 2) How do we treat the differed cases compared

to the errors such as false-positives and false negatives?.
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Appendix A

Additional Results

This appendix outlines the additional results that were performed on the movielen
dataset.

A.1 Collaborative Recommendations

Table A.1: Additional training results for data with Task 1

Prediction
for

Accuracy Weigthed acc. Generality

Movie GTRS Pawlak GTRS Pawlak GTRS Pawlak
1. 0.9368 1.0 0.8868 0.8428 0.8855 0.6855
2. 0.9779 1.0 0.9714 0.9564 0.9864 0.9128
3. 0.9750 1.0 0.9380 0.9058 0.9221 0.8115
4. 0.9766 1.0 0.9554 0.9261 0.9555 0.8522
5. 0.9783 1.0 0.9745 0.9611 0.9921 0.9222
6. 0.9601 1.0 0.9364 0.8821 0.9485 0.7641
7. 0.9657 1.0 0.9563 0.9338 0.9797 0.8676
8. 0.9780 1.0 0.9572 0.9188 0.9564 0.8376
9. 0.9747 1.0 0.9713 0.9415 0.9929 0.8830
10. 0.9599 1.0 0.9208 0.8657 0.9150 0.7313

Average 0.9683 1.0 0.9468 0.9134 0.9534 0.8268
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Table A.2: Additional testing results for data with Task 1

Prediction
for

Accuracy Weigthed acc. Generality

Movie GTRS Pawlak GTRS Pawlak GTRS Pawlak
1. 0.5015 0.4995 0.5013 0.49963 0.8480 0.7307
2. 0.5502 0.5365 0.5491 0.53422 0.9775 0.9376
3. 0.5735 0.5625 0.5673 0.55189 0.9152 0.8302
4. 0.5921 0.6161 0.5868 0.6001 0.9421 0.8623
5. 0.6430 0.6618 0.6398 0.6533 0.9776 0.9476
6. 0.6449 0.6323 0.6346 0.6051 0.9290 0.7943
7. 0.6871 0.7054 0.6801 0.6854 0.9625 0.9028
8. 0.6776 0.6657 0.6690 0.6438 0.9513 0.8677
9. 0.6235 0.6023 0.6210 0.5945 0.9800 0.9239
10. 0.6833 0.6647 0.6643 0.6269 0.8964 0.7705

Average 0.6177 0.6147 0.6113 0.5995 0.9380 0.8568

Table A.3: Additional training results for data with Task 2

Prediction
for

Accuracy Weigthed acc. Generality

Movie GTRS Pawlak GTRS Pawlak GTRS Pawlak
1. 0.9270 1.0 0.9161 0.8667 0.9744 0.7333
2. 0.9812 1.0 0.9693 0.9544 0.9753 0.9087
3. 0.9685 1.0 0.9637 0.9142 0.9897 0.8284
4. 0.9754 1.0 0.9649 0.9308 0.9778 0.8615
5. 0.9864 1.0 0.9864 0.9854 1.0 0.9708
6. 0.9689 1.0 0.9495 0.9024 0.9586 0.8048
7. 0.9836 1.0 0.9824 0.9630 0.9975 0.9259
8. 0.9816 1.0 0.9761 0.9560 0.9886 0.9119
9. 0.9794 1.0 0.9713 0.9467 0.9831 0.8933
10. 0.9688 1.0 0.9496 0.9051 0.9590 0.8102

Average 0.9721 1.0 0.9629 0.9325 0.9804 0.8649

178



Table A.4: Additional testing results for data with Task 2

Prediction
for

Accuracy Weigthed acc. Generality

Movie GTRS Pawlak GTRS Pawlak GTRS Pawlak
1. 0.6507 0.6142 0.6409 0.5876 0.9351 0.7667
2. 0.6781 0.6678 0.6717 0.6569 0.9638 0.9351
3. 0.7174 0.6822 0.7123 0.6579 0.9763 0.8667
4. 0.6682 0.6443 0.6630 0.6292 0.9689 0.8953
5. 0.7503 0.7503 0.7469 0.7469 0.9863 0.9863
6. 0.7574 0.7312 0.7404 0.6908 0.9339 0.8254
7. 0.7962 0.7850 0.7932 0.7690 0.9900 0.9438
8. 0.7902 0.7739 0.7833 0.7541 0.9763 0.9277
9. 0.7192 0.7034 0.7118 0.6874 0.9663 0.9215
10. 0.7595 0.7367 0.7440 0.6992 0.9401 0.8416

Average 0.7287 0.7089 0.7208 0.6879 0.9637 0.8910

A.2 Demographic Recommendations
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Table A.5: Additional training results for data with Task 1

Prediction
for

Accuracy Weigthed acc. Generality

Movie GTRS Pawlak GTRS Pawlak GTRS Pawlak
1. 0.8767 1.0 0.7197 0.6431 0.5832 0.2862
2. 0.8909 1.0 0.7123 0.6560 0.5432 0.3119
3. 0.8940 1.0 0.6760 0.6263 0.4467 0.2526
4. 0.8738 1.0 0.7331 0.6687 0.6236 0.3373
5. 0.9068 1.0 0.7226 0.6640 0.5472 0.3279
6. 0.8788 1.0 0.7550 0.6856 0.6732 0.3711
7. 0.9195 1.0 0.7021 0.6470 0.4817 0.2940
8. 0.9148 1.0 0.7306 0.6608 0.5558 0.3216
9. 0.8875 1.0 0.7693 0.7145 0.6949 0.4289
10. 0.9337 1.0 0.6953 0.6489 0.4504 0.2977

Average 0.8976 1.0 0.7216 0.6615 0.5600 0.3229

Table A.6: Additional testing results for data with Task 1

Prediction
for

Accuracy Weigthed acc. Generality

Movie GTRS Pawlak GTRS Pawlak GTRS Pawlak
1.0 0.4624 0.5872 0.4770 0.5308 0.6106 0.3527
2.0 0.4886 0.6542 0.4931 0.5587 0.6035 0.3805
3.0 0.5753 0.7366 0.5379 0.5762 0.5026 0.3219
4.0 0.4765 0.6388 0.4843 0.5551 0.6684 0.3967
5.0 0.6359 0.7563 0.5797 0.5975 0.5865 0.3805
6.0 0.5376 0.6962 0.5269 0.5829 0.7146 0.4226
7.0 0.6714 0.7540 0.5898 0.5906 0.5238 0.3568
8.0 0.6958 0.7525 0.6117 0.5954 0.5702 0.3779
9.0 0.5573 0.6995 0.5424 0.5960 0.7406 0.4813
10.0 0.6847 0.7593 0.5924 0.5915 0.5004 0.3530

Average 0.5786 0.7035 0.5435 0.5775 0.6021 0.3824
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Table A.7: Additional training results for data with Task 2

Prediction
for

Accuracy Weigthed acc. Generality

Movie GTRS Pawlak GTRS Pawlak GTRS Pawlak
1. 0.9001 1.0 0.6637 0.6022 0.4098 0.2044
2. 0.9179 1.0 0.6677 0.6161 0.4013 0.2322
3. 0.9020 1.0 0.6688 0.6205 0.4200 0.2410
4. 0.8970 1.0 0.6902 0.6255 0.4790 0.2510
5. 0.9101 1.0 0.7245 0.6444 0.5474 0.2888
6. 0.9174 1.0 0.6991 0.6412 0.4769 0.2823
7. 0.9054 1.0 0.6932 0.6485 0.4765 0.2970
8. 0.9234 1.0 0.7171 0.6710 0.5127 0.3420
9. 0.9370 1.0 0.6978 0.6414 0.4526 0.2827
10. 0.9226 1.0 0.7127 0.6553 0.5034 0.3106

Average 0.9133 1.0 0.6935 0.6366 0.4680 0.2732

Table A.8: Additional testing results for data with Task 2

Prediction
for

Accuracy Weigthed acc. Generality

Movie GTRS Pawlak GTRS Pawlak GTRS Pawlak
1.0 0.6685 0.7513 0.5744 0.5715 0.4416 0.2845
2.0 0.7639 0.8165 0.6119 0.5888 0.4241 0.2806
3.0 0.7766 0.8712 0.6308 0.6102 0.4728 0.2969
4.0 0.6749 0.7529 0.5910 0.5804 0.5201 0.3180
5.0 0.8185 0.8569 0.6767 0.6256 0.5549 0.3518
6.0 0.8220 0.8459 0.6711 0.6165 0.5315 0.3368
7.0 0.7940 0.8654 0.6547 0.6344 0.5261 0.3678
8.0 0.7930 0.8421 0.6596 0.6352 0.5448 0.3953
9.0 0.7938 0.8237 0.6488 0.6122 0.5064 0.3466
10.0 0.7908 0.8198 0.6546 0.6177 0.5315 0.3680

Average 0.7696 0.8246 0.6374 0.6093 0.5054 0.3346
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