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ABSTRACT

Rough set theory is widely used in many areas, such as artificial intelligence, machine

learning and data mining. Lower and upper approximations are two fundamental

notions for concept analysis with rough set theory.

In rough set theory, one can obtain two kinds of sets in an information table,

namely, definable and undefinable sets. Intuitively, a definable set represents some-

thing we can describe precisely. On the other hand, for an undefinable set, one cannot

describe it precisely due to limited available information. One of the main issues in

rough set theory is to approximate an undefinable set by a pair of definable sets,

called the lower and upper approximations. By introducing these two approxima-

tions, approximate inferences can be made about an undefinable set.

There are several formulations of rough set approximations. Pawlak proposed to

construct the two approximations as unions of equivalence classes, which is now used

in main stream research in rough set theory. By explicitly expressing the individual

equivalence classes in Pawlak approximations, Bryniarski used a pair of families of

equivalence classes as rough set approximations, which are also known as structured

Pawlak approximations. Moreover, Deng et al. proposed the adaptive approximations

by using a sequence of equivalence relations with different granularities. Although

the latter two formulations take the structure and semantics of the approximations

into consideration, they have not received their due attention.

The main objective of this thesis is to present a further exploration of structured
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and adaptive approximations. We propose a generalized definition of structured rough

set approximations from the view of semantics. It can be verified that the proposed

structured approximations cover the same sets of objects as Pawlak, Bryniarski and

adaptive approximations. In this sense, they are consistent and mathematically equiv-

alent. However, the constituents of these approximations are quite different. The new

formulation highlights the semantics of approximations and displays a well-defined in-

ternal structure, which will benefit the rule learning process in concept analysis with

rough set theory. The comparisons between the proposed structured rough set ap-

proximations and Pawlak, Bryniarski, and adaptive approximations are investigated.

We also analyze the relationships between the new framework and Grzyma la-Busse’s

LERS systems which are complementary to the new framework.
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Chapter 1

INTRODUCTION

This chapter discusses the motivation to introduce the structured rough set approx-

imations. The main contributions of this research are summarized and the thesis

structure is outlined.

1.1 Motivation

According to the classical view of concepts, a concept is represented by a pair of

intension and extension. Specifically, an intension consists of properties describing the

concept, and an extension consists of objects that are instances of the concept [34,43].

In rough set theory [26], a description language [17], or, equivalently, families of sets of

attribute-value pairs [9,10], is introduced to formally represent intensions of concepts,

and sets of objects are used to represent extensions of concepts. For an arbitrary set

of objects representing the extension of a concept, its intension may not be able to

be formally represented due to limited information. Intuitively, the concepts whose

intensions can be precisely represented are called definable concepts, while others are

called undefinable concepts. Correspondingly, the extension of a definable concept

is called a definable set, while the extension of an undefinable concept is called an

undefinable set.
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A fundamental construct of rough set theory is the approximation of an un-

definable set by a pair of definable sets called the lower and upper approxima-

tions [4, 24–26, 38]. At least three notions of the definability of sets appear in rough

set literature. In one notion, a set is said to be definable, originally called describable

by Marek and Pawlak [17], if the set is exactly the set of objects satisfying a formula

in a description language, that is, when we can use a logic formula to describe the

set. In the second notion, a set is said to be definable if it is the union of a family

of equivalence classes induced by an equivalence relation [25], where the family is a

subset of the partition of the equivalence relation. Finally, a set is said to be definable

if its lower and upper approximations are the same as the set itself. Although the

three definitions of definability are mathematically equivalent, they are very different

semantically. The first two definitions treat definability as a primitive notion that mo-

tivates the introduction of rough set approximations. In other words, approximations

are needed in order to make inferences about undefinable sets [26]. In comparison, the

description-language-based definition is advantageous over equivalence-relation-based

definition, because the latter does not provide a satisfactory answer to the question:

why is the union of a family of equivalence classes a definable set? The third definition

treats approximations as primitive notions and definability as a derived notion. This

definition fails to explain the reason for introducing rough set approximations. By

taking advantages of the semantically superior description-language-based definition,

we propose the notion of structured rough set approximations.

According to Pawlak [24], for a given set, its lower approximation is defined as the

greatest definable set contained by it and its upper approximation is the least definable

set containing it. There are many formulations of rough set approximations. Pawlak

approximations [24] based on an equivalence relation are used in the main stream

research.

Definition 1. Let E ⊆ U × U denote an equivalence relation (i.e., a reflexive, sym-
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metric and transitive binary relation) on a nonempty and finite set U of objects. The

equivalence class containing x is given by:

[x] = {y ∈ U | xEy}. (1.1)

All the equivalence classes induced by E form a partition U/E of U , that is, a family

of nonempty and pairwise disjoint subsets of U whose union is U :

U/E = {[x] | x ∈ U}. (1.2)

With respect to an information table, equivalence classes are interpreted as mini-

mal nonempty definable sets called elementary sets [38]. The partition U/E induced

by the equivalence relation E consists of all elementary sets that are the building

blocks to construct Pawlak approximations.

Definition 2. For a subset of objects X ⊆ U , Pawlak lower and upper approxima-

tions [24] are defined through equivalence classes as follows:

apr(X) =
⋃
{[x] ∈ U/E | [x] ⊆ X}

= {x ∈ U | [x] ⊆ X},

apr(X) =
⋃
{[x] ∈ U/E | [x] ∩X 6= ∅}

= {x ∈ U | [x] ∩X 6= ∅}. (1.3)

By definition, both Pawlak lower and upper approximations are subsets of U .

Bryniarski [3] proposed an alternative definition by removing the union in Pawlak

approximations.

Definition 3. For a subset of objects X ⊆ U , Bryniarski [3] lower and upper approx-
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imations are defined as follows:

bapr(X) = {[x] ∈ U/E | [x] ⊆ X},

bapr(X) = {[x] ∈ U/E | [x] ∩X 6= ∅}. (1.4)

By definition, Bryniarski lower and upper approximations are no longer subsets

of objects, but are families of equivalence classes, namely, bapr(X) ⊆ U/E and

bapr(X) ⊆ U/E. While the Pawlak definition is widely used in the main stream

research, only a few studies [7] consider the Bryniarski definition.

Theorem 1. Pawlak and Bryniarski approximations can define each other as follows:

apr(X) =
⋃

bapr(X),

apr(X) =
⋃

bapr(X), (1.5)

and

bapr(X) = {[x] ∈ U/E | [x] ⊆ apr(X)},

bapr(X) = {[x] ∈ U/E | [x] ⊆ apr(X)}. (1.6)

The proof is given in Section A.1 of Appendix A.

Although the two definitions differ slightly in form, they are very different se-

mantically. By using the equivalence classes in the lower and upper approximations,

bapr(X) and bapr(X) preserve the structural information about rough set approxi-

mations, which was missing from the Pawlak definition.

There are several reasons to keep the structural information. When we construct

rules from an approximation, we use each equivalence class to form one classification

rule. An explicit representation of the structural information makes it much easier to

explain and understand such a learning task. Each equivalence class may be viewed
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as a granule and a structured approximation explicitly shows the composition of a

family of granules in forming a rough set approximation. This interpretation connects

rough set theory and granular computing [37].

Pawlak approximations use only one equivalence relation. Deng et al. [6] pro-

posed using a set of equivalence relations with different granularities and construct

the adaptive approximations. By adding more attributes, equivalence classes induced

by attributes will be finer, that is, with fewer objects. To construct the adaptive

approximations of a given set, equivalence classes, from coarser to finer, are used se-

quentially. As a result, we may use large equivalence classes, which can create general

classification rules. Moreover, a hierarchical structure is induced in the sequence of

approximations.

This thesis proposes a generalized definition of structured rough set approxima-

tions by considering the family of all conjunctively definable sets, of which the parti-

tion U/E is a subset. This new formulation of approximations will put emphasis on

the semantics of approximations. It is useful in the following aspects:

(1) learning process of rules;

(2) interpretation of rules;

(3) examination of the structure of a set of rules.

This new formulation of approximations can benefit concept analysis with rough set

theory in terms of creating more general or simple classification rules, which is an

essential task of rough set theory. In a real world application, attributes in classifica-

tion rules are usually associated with certain kinds of cost. For instance, in medical

diagnosis, a symptom may be represented by an attribute and the corresponding cost

may be obtained from several related medical tests. In order to reduce costs and learn

simple rules, large equivalence classes in an approximation are preferred. However,

most formulations of approximations may use small equivalence classes and pay little

attention to the semantics of the components.
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In Pawlak and adaptive approximations, equivalence classes are pairwise disjoint

and there do not exist redundant equivalence classes. In the structured approxima-

tions proposed in this study, there may exist redundant conjunctively definable sets.

It is therefore necessary to remove the redundancy. The notion of a union-reduct or

∪-reduct is adopted and two methods for deriving reduced structured approximations

are introduced. A ∪-reduct of a family of sets of objects is a minimal subset of the

family that covers the same objects as the family [26].

1.2 Contributions of this Research

The six main contributions of the research presented in this thesis can be summarized

as follows.

1. A generalized definition of structured rough set approximations is proposed.

Two methods to reduce redundancy in a structured lower approximation are

discussed.

2. Relationships between structured rough set approximations, Pawlak approxi-

mations and adaptive approximations are investigated. Relationships between

structured rough set approximations and a covering-based system LERS pro-

posed by Grzyma la-Busse [9, 10] are discussed.

3. While many formulations of rough set approximations do not consider much

about semantics, structured rough set approximations focus on a well-defined

structure that explicitly provides semantics of approximations.

4. With a well-defined structure, structured approximations are useful for concept

analysis with rough set theory. In other words, simpler rules may be learned

from structured approximations than from other formulations.
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5. Structured approximations are based on a covering-based formulation of rough

set approximations, which generalizes partition-based approximations such as

Pawlak and adaptive approximations. A covering is a family of nonempty sub-

sets of the universe (i.e., all the objects) whose union is the universe. Different

from a partition in which the components must not have overlap, a covering

allows overlap between its components.

6. Although covering-based rough set models have been discussed by many re-

searchers, a semantical interpretation of patches or components in a covering

is still not well defined. Since each component in a structured approximation

has a direct semantical interpretation, structured approximations will generate

a semantically sound model for covering-based rough set models.

1.3 Thesis Structure

A review of the basic ideas and notions of concept analysis with rough set theory

based on an information table is given in Chapter 2. Most importantly, the no-

tion of definability of sets and rough set approximations are examined. Chapter 3

gives an analysis of two types of approximations with structural information, that is,

structured Pawlak approximations and adaptive approximations. A definition of the

proposed structured rough set approximations is introduced in Chapter 4. Moreover,

its relationships to Pawlak approximations, adaptive approximations and LERS sys-

tems are investigated and two methods to reduce redundancy in the structured lower

approximations are suggested. Chapter 5 concludes the thesis and discusses possible

future work related to the research presented in this thesis. The proofs of all theorems

in this thesis are given in the Appendix A.
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Chapter 2

CONCEPT ANALYSIS BASED

ON AN INFORMATION TABLE

This chapter provides a review of basic notions and ideas about concept analysis with

rough set theory. Most notions and ideas are from Pawlak rough set model [24, 26]

which forms the foundation of rough set theory. In addition, we give an extended

exploration of these notions and ideas, which provides background knowledge for our

research.

2.1 Interpretations of Concepts

Concept analysis is a main task in rough set theory. The notion of concepts plays a

basic role in rough sets. This section reviews theories related to concept interpreta-

tion.

2.1.1 The Classical View of Concepts

Generally, a concept can be viewed as a fundamental classification denoting a group of

objects [5, 21]. The learning and analysis of concept is involved in many disciplines,

8



including artificial intelligence, machine learning, information retrieval, phycology,

philosophy, cognitive science, data analysis and mathematics [20,31,32,34,43].

There are many views and theories about the formulation of concepts, such as

the classical view, the prototype view, the frame view and the theory view [5,21,34].

Rough set theory takes the classical view of concepts, in which a concept is constituted

by a pair of intension and extension [39]. Intension is a set of all the attributes,

properties or features of the concept and can be used to figure out whether an object

belongs to the concept. In other words, all objects belonging to a concept must satisfy

all the properties described by the intension of the concept. Generally speaking,

intension takes the form of the definition of a concept. Extension comprises all the

objects belonging to the concept. That is, the objects satisfying all the properties

described by the corresponding intension. Extension can be represented by a set of

objects satisfying certain conditions or having certain properties. A pair of intension

and extension describes two aspects of a concept, with intension indicating the internal

content of a concept and extension indicating the particular objects that the concept

denotes.

To some extent, all the views about concepts are developments of, or reactions to,

the classical view of concepts. In the last thirty years, there have been some criticisms

about the limitations of the classical view of concepts [18]. In spite of those criticisms,

the classical view of concepts is sufficient for and applicable to our research in rough

set theory.

2.1.2 Interpreting Concepts by Meaning Triangle

The meaning triangle, also known as the triangle of reference and the semiotic trian-

gle, was first proposed by Ogden and Richards [22] in 1923 to model the relationship

between a symbol and the objects it represents. The meaning triangle has been used

as a tool for organizing information in the fields of concepts-oriented knowledge acqui-
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sition, texts analysis, semiotic analysis and so on [8, 19, 28, 32]. Figure 2.1 illustrates

the meaning triangle proposed by Ogden and Richards. This triangle describes the

relationships between a unit of thought, a symbol (e.g. a name) and the referent (e.g.

a hieroglyph) [22].

Sy
m

bo
lis

es R
efers

to

symbol

thought of reference

referentStands for

Figure 2.1: Ogden and Richards’ Meaning Triangle

According to the classical view of concepts, there are two aspects in understanding

a concept, namely, the intension and extension. From the viewpoint of the meaning

triangle, intension can serve as thought of reference and extension as referent. Symbol

in a meaning triangle is actually the name of a concept. Hence, by applying the

meaning triangle, a concept can be represented by Figure 2.2 [39]. In Figure 2.2,

name can be considered as a label which symbolises the concept. From the intension,

we can get references to the corresponding extension.

name

intension

extension

(language, gesture) (instances, examples)

(characteristics/features, definition)

Figure 2.2: Meaning Triangle of Concepts
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In rough set theory, one can establish two formulations based on the meaning

triangle of concepts. In the first formulation, name is considered as a sign taking the

form of natural language; intension is considered as a set of properties and extension is

considered as a set of instances. Hence, both intension and extension can be operated

according to set theory. This view is explicitly expressed by Figure 2.3. The second

formulation, which is given by Figure 2.4, adopts a more operational form, that is,

logic formulas are used to express the intension. As a result, a relationship between

rough set theory and logic can be established.

name

a set of properties

a set of instances
(natural language) (set theory)

(set theory)

Figure 2.3: The First Formulation of Meaning Triangle of Concepts

name

a logic formula

a set of instances
(natural language) (set theory)

(logic)

Figure 2.4: The Second Formulation of Meaning Triangle of Concepts

In the following, a concrete example of the concept named “ship” to better illus-
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trate the idea. The definition of “ship” given by Merriam-Webster dictionary is “a

large boat used for traveling long distances over the sea.”1 This can be the intension

of the concept “ship.” For its extension, each individual ship is included and labeled

by its name. Based on these facts, the two formulations of concept “ship” are given

by Figure 2.5. In the second formulation, the operator ∧ contained in a formula is

logic conjunction.

ship

distances, travel over the sea}

{shipname1, shipname2,...}

{large boats, travel long

(a) The first formulation

ship

∧ (location=sea) ∧ (distance=long)

{shipname1, shipname2,...}

(size=large) ∧ (type=boats)

(b) The second formulation

Figure 2.5: Two Formulations of Meaning Triangle of Concept “ship”

The meaning triangle shows a complete vision of a concept based on the classical

view. In rough set theory, the classical view and meaning triangle of a concept are

adopted to formulate a concept.

2.2 Representing Concepts Using an Information

Table

Based on the classical view of concepts, a concept can be represented as a pair of

intension and extension. In rough set theory, intension and extension are constructed

with respect to an information table.

1URL: http://www.merriam-webster.com/dictionary/ship.
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2.2.1 An Information Table

In rough set theory, an information table is used to represent information or data of

a set of objects. An information table is originally called an information system by

Pawlak [25]. The term “information table” avoids confusions with other commonly

associated meanings of an information system. An information table contains all the

available data in a tabular form with each row representing an object, each column

representing an attribute and each cell representing the value of an object on an

attribute.

Definition 4. An information table is defined as a tuple:

T = (U,AT, {Va | a ∈ AT}, {Ia | a ∈ AT}), (2.1)

where U is a finite nonempty set of objects called the universe; AT is a finite nonempty

set of attributes; Va is the domain of attribute a; and Ia:U → Va is a description

function that assigns a value from Va to each object.

By definition, Ia(x) ∈ Va denotes the value of an object x on attribute a.

Example 1. Table 2.1 is an example of an information table revised from the one

used in [27, 39]. With respect to the definition of an information table, in Table 2.1,

we have:

• The universe is U = {o1, o2, o3, o4, o5, o6};

• The set of attributes is AT = {Height, Hair, Eyes};

• The set of the domains of the four attributes is {VHeight, VHair, VEyes} =
{
{short,

tall}, {blond, red}, {blue, brown}
}

;

• The description function is described by all the cells in the information table,

such as IHeight(o1) = short, which means object o1 takes value short on attribute

13



Height.

Object Height Hair Eyes

o1 short blond blue

o2 short blond brown

o3 short red blue

o4 tall blond blue

o5 tall red brown

o6 tall red brown

Table 2.1: An Example of an Information Table

Each row describes all the considered attributes or properties of a specific object

and such properties of objects are perceived through assigning values to the attributes.

This study only considers the case where each object takes exactly one value on

each attribute. In situations where it is impossible to get the exact values of certain

attributes, incomplete information tables are used and investigated [4, 14,46,47].

2.2.2 Representing Concepts with a Description Language

Based on an information table, both the intension and the extension of a concept can

be formally represented. Specifically, extension is represented as a subset of objects.

For intension, there can be two different kinds of representation. One representation

uses formulas defined by a description language and the other one equivalently uses

a family of sets of attribute-value pairs. This section focuses on the representation

with a description language.

A sublanguage of the description language introduced by Marek and Pawlak [17]

is adopted, which considers only logic conjunction and disjunction. These two con-

nectives are sufficient for this study.

Definition 5. Formulas in the description language DL is defined as follows:
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(1) Atomic formulas:

(a = v) ∈ DL, where a ∈ AT and v ∈ Va.

(2) Composite formulas:

If p, q ∈ DL, then p ∧ q ∈ DL and p ∨ q ∈ DL.

If a formula in DL contains only conjunction, it is called a conjunctive formula.

Example 2. In Table 2.1,

(1) an example of atomic formulas is:

Height = short;

(2) an example of composite formulas is:

(
(Height = short) ∧ (Hair = red)

)
∨ (Hair = blond).

The description language DL is closely related to description logic [1]. An atomic

formula a = v expresses a condition which can be described as taking value v on

attribute a. In the description language DL, we explicitly give the formulas for

defining concepts. With respect to an information table where there is a finite set

of attributes, the two logic connectives are sufficient for the discussion. In fact, they

provide two ways to construct concepts. That is, more general concepts can be built

by taking disjunction and more specific concepts can be built by taking conjunction.

A formula in DL is interpreted by a subset of objects satisfying the formula.
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Definition 6. Let x |= p denote that an object x ∈ U satisfies a formula p ∈ DL.

The satisfiability is given as:

(1) x |= (a = v), if Ia(x) = v,

(2) x |= p ∧ q, if x |= p and x |= q,

(3) x |= p ∨ q, if x |= p or x |= q. (2.2)

Example 3. In Table 2.1, we have:

(1) o1 |= (Height = short),

(2) o2 |= (Hair = blond) ∧ (Eyes = brown),

(3) o3 |= (Height = tall) ∨ (Hair = red).

Based on the notion of satisfiability, one can construct a meaning set of a formula

by collecting all objects satisfying the formula.

Definition 7. Given a formula p ∈ DL, its meaning set is a subset of U defined by:

m(p) = {x ∈ U | x |= p}. (2.3)

Example 4. In Table 2.1, we have m(Height = short ∧ Hair = blond) = {o1, o2}.

By definition, one can establish the following connections between logic connec-

tives and set-theoretic operators through the notion of a meaning set [24–26].

Theorem 2. The meaning set of a formula in DL can be computed as:

(1) m(a = v) = {x ∈ U | Ia(x) = v},

(2) m(p ∧ q) = m(p) ∩m(q),

(3) m(p ∨ q) = m(p) ∪m(q). (2.4)
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That is, the logic conjunction is interpreted by set intersection and disjunction by set

union.

The proof is given in Section A.2 of Appendix A.

By using the description language, the intension of a concept may be represented

by a formula and its extension may be represented by the meaning set of the formula.

For two concepts, (p,m(p)) and (q,m(q)), we can construct two new concepts (p ∧

q,m(p) ∩m(q)) and (p ∨ q,m(p) ∪m(q)).

2.2.3 Representing Concepts with Attribute-Value Pairs

Another approach to formulate intension is by using attribute-value pairs. This kind

of representation can be equivalently converted into the form with formulas in DL.

Basically, an attribute-value pair is denoted by (a, v) with a ∈ AT and v ∈ Va,

which expresses a condition that an object takes value v on attribute a. Based on an

information table, the set of all possible attribute-value pairs is denoted as:

AV = {(a, v) | a ∈ AT, v ∈ Va}. (2.5)

For representing an intension of a concept, a family of sets of attribute-value pairs is

used, which can be represented as:

{S1, S2, · · · , Sn}, (2.6)

where Si ⊆ AV (1 ≤ i ≤ n).

Definition 8. The satisfiability of attribute-value pairs is defined as follows:

(1) for an attribute-value pair (a, v):

x |= (a, v), if Ia(x) = v; (2.7)
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(2) for a set of attribute-value pairs S ⊆ AV :

x |= S, if ∀ (a, v) ∈ S, x |= (a, v); (2.8)

(3) for a family of sets of attribute-value pairs {S1, S2, · · · , Sn}(Si ⊆ AV, 1 ≤ i ≤ n):

x |= {S1, S2, · · · , Sn}, if ∃Si(1 ≤ i ≤ n), x |= Si. (2.9)

Example 5. In Table 2.1, we have:

(1) o1 |= (Height, short),

(2) o2 |= {(Hair, blond), (Eyes, brown)},

(3) o3 |=
{
{(Height, tall)}, {(Hair, red)}

}
.

Based on the satisfiability of attribute-value pairs, one can construct the meaning

set of a family of sets of attribute-value pairs.

Definition 9. Suppose {S1, S2, · · · , Sn} is a family of sets of attribute-value pairs

where Si ⊆ AV (1 ≤ i ≤ n). Its meaning set is defined as:

m({S1, S2, · · · , Sn}) = {x ∈ U | x |= {S1, S2, · · · , Sn}}. (2.10)

Theorem 3. Suppose {S1, S2, · · · , Sn} is a family of sets of attribute-value pairs

where Si ⊆ AV (1 ≤ i ≤ n). One can compute its meaning set by using set intersection

and set union as:

m({S1, S2, · · · , Sn}) =
⋃

1≤i≤n

m({Si})

=
⋃

1≤i≤n

⋂
(a,v)∈Si

{x | x ∈ U, x |= (a, v)}. (2.11)
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The proof is given in Section A.3 of Appendix A.

A family of sets of attribute-value pairs is used to represent the intension of a

concept. In the case that the family is a singleton set {S} where S ⊆ AV , S is briefly

used to denote it. In the case that the set S is a singleton set {(a, v)}, (a, v) is briefly

used instead.

Families of sets of attribute-value pairs and formulas in DL can be converted to

each other. Attribute-value pairs in one set have a kind of “and” relationship, while

sets of attribute-value pairs in one family have a kind of “or” relationship. For a

family of sets of attribute-value pairs {S1, S2, · · · , Sn} where Si ⊆ AV (1 ≤ i ≤ n),

one can convert it into a formula in DL following three steps:

Step 1: For each Si(1 ≤ i ≤ n), convert each attribute-value pair (a, v) ∈ Si into an

atomic formula a = v;

Step 2: Convert Si(1 ≤ i ≤ n) into a conjunctive formula by taking conjunction

between the atomic formulas constructed from Si;

Step 3: Take disjunction between all conjunctive formulas constructed in Step 2 and

get the formula corresponds to the family {S1, S2, · · · , Sn}.

A formula in DL can always be converted to a disjunctive normal formula (DNF) [11]

which is a form of disjunction of conjunctive formulas. Suppose f is a formula in DL.

Its DNF is denoted as f1 ∨ f2 ∨ · · · ∨ fn where fi(1 ≤ i ≤ n) is a conjunctive formula.

One can convert f into a family of sets of attribute-value pairs following three steps:

Step 1: For each fi(1 ≤ i ≤ n), convert each atomic formula a = v in fi into an

attribute-value pair (a, v);

Step 2: Convert fi(1 ≤ i ≤ n) into a set of attribute-value pairs constructed in Step

1;
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Step 3: Put all the n sets of attribute-value pairs constructed in Step 2 into a family

which is the family of sets of attribute-value pairs corresponding to formula

f .

2.3 A Definition and Categorization of Definable

Sets

This section reviews the notion of the definability of sets and three categories of

definable sets. All discussion in this section is based on the representation of concepts

with the description language DL. One can equivalently discuss all the notions from

the view of attribute-value pairs.

2.3.1 Definable and Undefinable Sets

In the Pawlak rough set model, all sets of objects can be classified into two groups,

that is, the definable and undefinable sets. Intuitively, based on an information table,

a definable set can be described and defined precisely, while an undefinable set cannot.

Definition 10. A subset X ⊆ U is a definable set if there exists a formula p ∈ DL

such that

X = m(p). (2.12)

Otherwise, X is undefinable.

By definition, a definable set X is the meaning set of a formula p, and the formula

p is a description of objects in X.

Example 6. In Table 2.1, {o1, o2} is a definable set since {o1, o2} = m
(
(Height = short)∧

(Hair = blond)
)
. However, {o6} is an undefinable set since there does not exist a for-

mula describing the set {o6}. This is because o5 and o6 take the same values on all
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attributes. No formula can differentiate them and any set including only one of them

will be undefinable.

Marek and Pawlak [17] called a definable set a describable set. A formula p of

a definable set X enables us to tell if an object is in X or not. The definition of

a definable set only requires the existence of one formula. In many cases, such a

formula is not unique. One may find more than one formula that defines the same

set of objects.

The definability of a subset of objects can reflect the definability of the corre-

sponding concept. For a definable set X = m(p), we can form a concept (p,m(p))

with p representing the intension and X representing the extension. Such a concept is

called a definable concept. If the subset Y ⊆ U is an undefinable set, the concept with

Y as its extension is considered to be undefinable. The following discussion focuses

on definability of sets and one can investigate the definability of concepts similarly.

Let DEF (U) denote the family of all definable sets on the universe U . The family

of all undefinable sets is given by 2U −DEF(U) where 2U denotes the power set of U ,

that is, the family of all subsets of U . Marek and Pawlak [17] proposed the following

theorem on the structure of DEF(U).

Theorem 4. DEF(U) is a Boolean algebra. That is, DEF(U) includes the empty set

∅ and the universe U , and it is closed under set complement c, intersection ∩ and

union ∪.

Since the description language DL used in this study is slightly different from the

one used by Marek and Pawlak, Theorem 4 is verified in Section A.4 of Appendix A.

2.3.2 Three Categories of Definable Sets

Based on the different forms of formulas, we can obtain three particular categories of

definable sets. These three categories play important roles in rough set theory.
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Definable Basic Sets

The definable basic sets are defined by atomic formulas. Formally, a definable basic

set can be represented as:

X = m(a = v), (2.13)

where a ∈ AT and v ∈ Va.

Example 7. In Table 2.1, {o1, o2, o3} = m(Height = short) is a definable basic set.

A definable set is considered as basic if its formula has the basic form (i.e., atomic

formulas).

Conjuntively Definable Sets

If a set can be defined by a conjunctive formula, it is called a conjunctively definable

set [45]. That is, a conjunctively definable set X ⊆ U can be represented as:

X = m
(
(a1 = v1) ∧ (a2 = v2) ∧ · · · ∧ (am = vm)

)
, (2.14)

where ai ∈ AT and vi ∈ Vai (1 ≤ i ≤ m).

Example 8. In Table 2.1, {o1, o2, o3} = m(Height = short) and {o1, o4} = m
(
(Hair

= blond) ∧ (Eyes = blue)
)

are both conjunctively definable sets.

Let CDEF(U) denote the family of all conjunctively definable sets. It can be

easily verified that CDEF(U) is closed under set intersection ∩ and that CDEF(U) ⊆

DEF(U). Definable basic sets are actually the maximal conjunctively definable sets.

Furthermore, a conjunctively definable set can be expressed as the intersection of a

family of definable basic sets.
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Definable Elementary Sets

Consider a special conjunctive formula which is formed by conjunction of exactly

one atomic formula from each attribute. Suppose the set of all attributes is AT =

{a1, a2, · · · , an}. Such a formula can be represented as follows:

(a1 = v1) ∧ (a2 = v2) ∧ · · · ∧ (an = vn), (2.15)

where ai ∈ AT , vi ∈ Vai , and ai 6= aj when i 6= j (1 ≤ i, j ≤ n). Such formulas are

called minterms.

A subset X ⊆ U is called a definable elementary set if there exists a minterm t

such that X = m(t). A definable elementary set is a minimal nonempty definable set.

Example 9. In Table 2.1, {o1} = m
(
(Height = short)∧(Hair = blond)∧(Eyes = blue)

)
is a definable elementary set.

2.3.3 Properties of the Three Categories of Definable Sets

By definitions, we can obtain four properties of the relationships between the three

categories of definable sets as follows.

(1) The first property is that definable basic sets and definable elementary sets are

special cases of conjunctively definable sets.

It can be easily verified using definitions. In addition, a definable basic set is a

maximal conjunctively definable set, and a definable elementary set is a minimal

one.

(2) The second property is that a conjunctively definable set can be interpreted as

the intersection of a family of definable basic sets.

Suppose a conjunctively definable set X is defined by formula (a1 = v1) ∧ (a2 =

v2)∧· · ·∧(am = vm). The set X can be equivalently expressed by the intersection
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of definable basic sets as follows:

X = m
(
(a1 = v1) ∧ (a2 = v2) ∧ · · · ∧ (am = vm)

)
=

⋂
1≤i≤m

m(ai = vi). (2.16)

(3) The third property is that a conjunctively definable set can be interpreted as the

union of a family of definable elementary sets.

If an attribute a appears more than once, say twice, in a conjunctive formula,

that is, both (a = v1) and (a = v2) appear in the formula, the appearance of

a can actually be reduced to once. In the case that v1 = v2, we can preserve

only one atomic formula of a, while in the case that v1 6= v2, the formula will

lead to the empty set, which can be viewed as the union of an empty family

of definable elementary set. Thus, we suppose that a conjunctively definable

set X is defined by formula p = (a1 = v1) ∧ (a2 = v2) ∧ · · · ∧ (am = vm)

where each attribute appears at most once. We verify that p can be equivalently

transformed into disjunction of minterms by expanding p with attributes which

do not appear in p. Let Ap denote the set of attributes that appear in p, that

is, Ap = {a1, a2, · · · , am}. Its complement set Acp contains the attributes that do

not appear in p. In order to include an attribute ac ∈ Acp in p, we replace p with

the following formula:

p ∧ (
∨
v∈Vac

ac = v) (2.17)
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which has the same meaning set with p:

m
(
p ∧ (

∨
v∈Vac

ac = v)
)

= m(p) ∩m(
∨
v∈Vac

ac = v)

= m(p) ∩
( ⋃
v∈Vac

m(ac = v)
)

= m(p) ∩ U

= m(p). (2.18)

By noticing that:

m
(
p ∧ (

∨
v∈Vac

ac = v)
)

= m
( ∨
v∈Vac

(p ∧ (ac = v))
)

=
⋃
v∈Vac

m
(
p ∧ (ac = v)

)
, (2.19)

it follows that:

X = m(p)

= m
(
p ∧ (

∨
v∈Vac

ac = v)
)

=
⋃
v∈Vac

m
(
p ∧ (ac = v)

)
, (2.20)

which means X can be expressed as the union of a family of all conjunctively

definable sets whose formulas contain one more attribute than p. By adding all

attributes in Acp recursively, one can finally express X as the union of a family of

definable elementary sets.

(4) The fourth property is that the set of all definable sets, that is, DEF(U), is an

atomic Boolean algebra.

From Theorem 4 in Section 2.3.1, we know that DEF(U) is a Boolean algebra. By

noticing that definable elementary sets are the minimal nonempty definable sets,
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we only need to show that any definable set X = m(p) can be represented as union

of definable elementary sets. Mathematically, we know that p can be equivalently

represented in the following form called disjunctive normal form (DNF) [11]:

p = p1 ∨ p2 ∨ · · · ∨ pn, (2.21)

where each pi(1 ≤ i ≤ n) is a conjunctive formula. Then it follows that:

X = m(p)

= m(p1 ∨ p2 ∨ · · · ∨ pn)

=
⋃

1≤i≤n

m(pi), (2.22)

where each m(pi)(1 ≤ i ≤ n) is a conjunctively definable set. By the third

property, each conjunctively definable set m(pi) can be represented as the union

of a family of definable elementary sets. Consequently, X can be represented as

the union of a family of definable elementary sets. Thus, DEF(U) is an atomic

Boolean algebra with definable elementary sets as atoms.

2.3.4 P -definable Sets

The notions and ideas concerning definability can be extended by considering a subset

of attributes instead of AT .

Definition 11. Given a set of attributes P ⊆ AT , a subset X ⊆ U is a P -definable

set if there exists a formula pP ∈ DL and pP contains only attributes from P such

that

X = m(pP ). (2.23)

Otherwise, X is P -undefinable.
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Example 10. In Table 2.1, {o1, o2} is {Height, Hair}-definable set since {o1, o2} =

m(Height = short ∧ Hair = blond). However, {o1, o2} is {Height}-undefinable since

there does not exist a formula which contains only attribute Height and defines {o1, o2}.

The family of all P -definable sets is denoted as DEFP (U). By definitions, de-

finable sets discussed previously are actually AT -definable sets, that is, DEF(U) =

DEFAT (U). For a single attribute a ∈ AT , we use {a}-definable sets and a-definable

sets interchangeably.

For two subsets of attributes, P,Q ⊆ AT , we have:

P ⊆ Q =⇒ DEFP (U) ⊆ DEFQ(U) ⊆ DEFAT (U). (2.24)

That is, the families of definable sets are monotonous with respect to set-inclusion

relation of sets of attributes. Intuitively, adding new attributes will improve the

definability, that is, we have more definable sets. It follows that different granularities

of P -definable sets can be established and P -definable sets may be used in granular

computing [37].

Similarly, we can obtain three categories of P -definable sets and all the properties

we discussed for AT -definable sets hold for P -definable sets.

Suppose P = {a1, a2, · · · , ak} ⊆ AT . A P -definable basic set can be represented

as:

X = m(a = v), (2.25)

where a ∈ P and v ∈ Va.

Consider a special form of formulas represented as follows:

(a1 = v1) ∧ (a2 = v2) ∧ · · · ∧ (ak = vk), (2.26)

where ai ∈ P , vi ∈ Vai , and ai 6= aj when i 6= j (1 ≤ i, j ≤ k). That is, the formula
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takes exactly one atomic formula from each attribute in P . Such formulas are called

P -minterms. A subset X ⊆ U is called a P -definable elementary set if there exists a

P -minterm tP such that X = m(tP ).

A P -conjunctively definable set is defined by a formula containing only logic con-

junction and attributes from P . Such a set X ⊆ U can be represented as:

X = m
(
(a1 = v1) ∧ (a2 = v2) ∧ · · · ∧ (ar = vr)

)
, (2.27)

where ai ∈ P , and vi ∈ Vai (1 ≤ i ≤ r). The family CDEFP (U) denotes all P -

conjunctively definable sets. By definitions, we know that CDEF(U)=CDEFAT (U).

The first property is that P -definable basic sets and P -definable elementary sets

are special cases of P -conjunctively definable sets. The second one is that a P -

conjunctively definable set can be interpreted as the intersection of a family of P -

definable basic sets. The third one is that a P -conjunctively definable set can be

interpreted as the union of a family of P -definable elementary sets. The fourth one is

that the set of all P -definable sets, that is, DEFP (U), is an atomic Boolean algebra.

2.4 Rough Set Approximations

In rough set theory, an undefinable set cannot be defined by a formula in DL or

a family of sets of attribute-value pairs. In order to get a sense about the mean-

ing of an undefinable set, definable sets are used to approximate it and rough set

approximations are introduced. In this section, the original definition of rough set

approximations proposed by Pawlak [24,26] is reviewed.

For a given set X ⊆ U , we can find several subsets and supersets of X which

are definable. Let Y = {∅, Y1, Y2, · · · , Ym} denote all the definable subsets of X and

Y′ = {Y ′1 , Y ′2 , · · · , Y ′n, U} denote all the definable supersets of X. Intuitively, all these

definable sets can be used to approximately interpret the set X. In order to get the
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most precise description of X, the set in Y with the maximum number of objects and

the set in Y′ with the minimum number of objects will be the best choices.

Definition 12. Suppose X ∈ U is the set to be approximated. Its lower approximation

apr(X) and upper approximation apr(X) [24, 26] are defined as:

apr(X) = the greatest (largest) definable set that is contained in X;

apr(X) = the least (smallest) definable set that contains X.

By definition, both approximations are unique. One can obtain the following

properties of approximations [24,26].

(P1) apr(X) ⊆ X ⊆ apr(X),

(P2) apr(X) = X = apr(X) ⇐⇒ X is definable,

(P3) apr(∅) = ∅ = apr(∅),

apr(U) = U = apr(U),

(P4) apr(apr(X)) = apr(X) = apr(apr(X)),

apr(apr(X)) = apr(X) = apr(apr(X)),

(P5) A ⊆ B =⇒ apr(A) ⊆ apr(B),

A ⊆ B =⇒ apr(A) ⊆ apr(B),

(P6) apr(A ∩B) = apr(A) ∩ apr(B),

apr(A ∪B) = apr(A) ∪ apr(B),

(P7) apr(A ∪B) ⊇ apr(A) ∪ apr(B),

apr(A ∩B) ⊆ apr(A) ∩ apr(B),

(P8) apr(X) = (apr(Xc))c,

apr(X) = (apr(Xc))c.
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Properties from (P1) to (P4) can be easily verified by using the definition of ap-

proximations. The other four properties show a duality between lower and upper

approximations [41].

By now, a general framework of concept analysis with rough set theory can be

established as given by Figure 2.6. Generally, classification rules are given by com-

ponents in the approximations, and the components may have different forms due

to different formulations of the approximations. A lower approximation gives cer-

tain rules, while an upper approximation gives uncertain rules which may lead to

misclassifications. We will discuss how to create classification rules from different

formulations of approximations in Section 4.6.

An information table T

A description language DL A family of sets of attribute-value pairs

Definable and undefinable sets

Lower and upper approximations

Classification rules

Figure 2.6: A General Framework of Concept Analysis with Rough Set Theory

A main advantage of this framework is that it provides a semantically sound model

by answering why we need approximations and how to define the approximations.

The disadvantage of this framework is that it is difficult to construct and compute

the family of all definable sets and the approximations. Therefore, this formulation
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is semantically sound but computationally weak.

The following chapters discuss several computational models and formulations of

approximations from the viewpoint of structural information.

2.5 Summary

This chapter reviews basic notions in concept analysis with rough set theory, including

the notions of concepts, concept representation in an information table, definability

of sets and approximations.

According to the classical view, a concept is composed of two parts: the intension

and extension. Based on an information table in rough set theory, intension may be

formally represented by a formula in a description language DL or equivalently by a

family of sets of attribute-value pairs, and extension can be represented by a subset

of objects.

Due to limited attributes and information in an information table, one can obtain

two kinds of sets of objects: definable and undefinable sets. Intuitively, a definable set

can be precisely defined or described by a formula or a family of sets of attribute-value

pairs, while an undefinable set cannot be. A concept is definable if its extension is a

definable set, while it is undefinable if its extension is undefinable. The undefinability

leads to an important construct in rough set theory, that is, the lower and upper

approximations. This chapter reviews the definition of rough set approximations,

which mainly focuses on semantics of approximations rather than computation. The

next chapter will discuss two computational formulations of rough set approximations

and analyze their structural information.

Moreover, this chapter discusses three categories of definable sets and investigate

their properties. It also generalizes the notions of definability with respect to a subset

of attributes P ⊆ AT .
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Chapter 3

TWO TYPES OF ROUGH SET

APPROXIMATIONS

CONSIDERING STRUCTURAL

INFORMATION

Two types of formulations of rough set approximations containing structural infor-

mation are examined in this chapter. They are Pawlak approximations and adaptive

approximations. We present an analysis about the advantages and disadvantages of

these two types of approximations in terms of their structural information.

3.1 Unstructured and Structured Pawlak Approx-

imations

Pawlak [24,26] proposed the formulation of the two approximations using equivalence

classes induced by an equivalence relation. This section reviews Pawlak approxima-

tions and discusses its structural information.
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3.1.1 Equivalence Relations and Equivalence Classes

Consider a finite and nonempty universe U . An equivalence relation on U is a binary

relation E ⊆ U × U satisfying three properties:

(1) E is reflexive:

∀x ∈ U, xEx.

(2) E is symmetric:

∀x, y ∈ U, xEy =⇒ yEx.

(3) E is transitive:

∀x, y, z ∈ U, (xEy) ∧ (yEz) =⇒ xEz.

In an information table, an equivalence relation is defined with respect to a subset of

attributes [24,26].

Definition 13. Given a subset of attributes A ⊆ AT in an information table, an

equivalence relation is defined as:

EA = {(x, y) ∈ U × U | ∀ a ∈ A, Ia(x) = Ia(y)}. (3.1)

In the case that a single attribute a is considered, we use Ea and E{a} inter-

changeably. The equivalence relation EA can be constructed by the intersection of

equivalence relations defined by single attributes in A. That is:

EA =
⋂
a∈A

Ea. (3.2)

Given a subset of attributes, an equivalence relation can be constructed. Let |AT |

denote the cardinality of AT , that is, the number of all attributes. There are totally

2|AT | subsets of attributes and each of them can induce an equivalence relation. By
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noticing that different subsets of attributes may induce the same equivalence relation,

there are at most a total of 2|AT | equivalence relations, which may form a lattice.

Suppose the set of attributes is AT = {a, b, c}. If equivalence relations defined by

different subsets of attributes are different, then the lattice is given by Figure 3.1.

The equivalence relations in higher levels can be formed by taking set intersection of

the equivalence relations in lower levels.

E{a,b,c}

E{a,b} E{a,c} E{b,c}

Ea Eb Ec

E∅set intersection

Figure 3.1: A Lattice Formed by Equivalence Relations

For an object x ∈ U , we can form its equivalence class [x]EA
as the set of all

objects equivalent to x, that is:

[x]EA
= {y ∈ U | xEAy}. (3.3)

Objects in one equivalence class induce the same equivalence class, that is:

∀ y ∈ [x]EA
, [y]EA

= [x]EA
. (3.4)

All equivalence classes form a partition of the universe U . Generally, a partition is

defined as a family of nonempty and pairwise disjoint sets with their union being

the universe. Each set in a partition is called a block. Suppose Π ⊆ 2U denotes a
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partition of a set U . The following two properties are satisfied:

(1) ∀X, Y ∈ Π, (X = Y ) ∨ (X ∩ Y = ∅),

(2)
⋃
X∈Π

X = U. (3.5)

There is a one-to-one correspondence between the set of all equivalence relations

and the set of all partitions of U . The partition formed by the equivalence classes

can be viewed as a quotient set of U . We denote the partition as:

U/EA = {[x]EA
| x ∈ U}. (3.6)

An equivalence class is a conjunctively definable set. Given an equivalence class [x]EA
,

we have:

[x]EA
= m

( ∧
a∈A

a = Ia(x)
)
. (3.7)

By considering all attributes, the equivalence classes induced are definable elementary

sets:

[x]EAT
= m

( ∧
a∈AT

a = Ia(x)
)
. (3.8)

Set inclusion relationship establishes a partial order on the set of all equivalence

relations. Suppose we have two sets of attributes A,B ⊆ AT . Their induced equiva-

lence relations EA and EB satisfy the following property:

A ⊆ B =⇒ EA ⊇ EB. (3.9)

Consequently, we can define a partial order 4 on the set of all partitions of the

universe ({U/EA | A ⊆ AT},4) with respect to an information table.

Definition 14. Given two partitions U/EA and U/EB, the partial order 4 is defined
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as:

U/EB 4 U/EA ⇐⇒ ∀ [y] ∈ U/EB, ∃ [x] ∈ U/EA, such that [y] ⊆ [x]. (3.10)

By definition, it can be concluded that:

A ⊆ B =⇒ EB ⊆ EA ⇐⇒ U/EB 4 U/EA. (3.11)

EB is called a finer equivalence relation and U/EB a finer partition. Equivalence

classes in U/EB are considered finer in the sense that they are subsets of objects in

equivalence classes of U/EA .

Two different sets of attributes may induce the same equivalence relation. There-

fore, an equivalence relation ≡ can be defined on the family of all subsets of attributes

AT .

Definition 15. Suppose A,B ⊆ AT . An equivalence relation ≡ is defined as:

A ≡ B ⇐⇒ EA = EB. (3.12)

That is, A and B are equivalent if they induce the same equivalence relation.

There may be a subset of attributes which induces the same equivalence relation

with all attributes AT . If the subset is minimal, it is called an attribute reduct [24,

49–51,53].

3.1.2 Definition of Unstructured and Structured Pawlak Ap-

proximations

Pawlak [24, 26] defined the formulation of approximations as unions of equivalence

classes. Suppose X ⊆ U is a set to be approximated and EA is an equivalence relation.
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The Pawlak approximations are formulated as:

apr
EA

(X) =
⋃
{[x]EA

∈ U/EA | [x]EA
⊆ X},

aprEA
(X) =

⋃
{[x]EA

∈ U/EA | [x]EA
∩X 6= ∅}. (3.13)

Bryniarski [3] proposed to remove the union operator in Pawlak’s formulation and

define the approximations as:

bapr
EA

(X) = {[x]EA
∈ U/EA | [x]EA

⊆ X},

baprEA
(X) = {[x]EA

∈ U/EA | [x]EA
∩X 6= ∅}. (3.14)

By retaining the individual equivalence classes, Bryniarski’s definition keeps struc-

tural information which was missing in Pawlak’s definition. In the following dis-

cussion, we may use apr(X), apr(X), bapr(X), and bapr(X) instead of apr
EA

(X),

aprEA
(X), bapr

EA
(X), and baprEA

(X), respectively, if the discussion does not de-

pend on specific equivalence relations. We call (apr(X), apr(X)) the unstructured

Pawlak approximations, and (bapr(X), bapr(X)) Bryniarski approximations or the

structured Pawlak approximations with each equivalence class being considered as a

granule. This point of view connects rough set theory and granular computing [37].

There may exist subsets of AT which are minimal sets of attributes that produces

the same partition of U and the same Pawlak approximations with all attributes AT .

Such subsets are called attribute reducts [24, 49–51,53].

Figure 3.2 gives an illustration of both approximations with each small square

representing an equivalence class. Squares in the same size are used to show that

they are induced by the same equivalence relation. They do not necessarily contain

the same number of objects.

By comparing Figures 3.2 (a) and 3.2 (b), one can easily observe the advantage

of structural information retained by preserving individual equivalence classes. The
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(a) Unstructured Pawlak Approximations (b) Structured Pawlak Approximations

A set X of objects lower approximation upper approximation - lower approximation

Figure 3.2: Unstructured and Structured Pawlak Approximations

unstructured Pawlak approximations do not explicitly show which equivalence classes

are used. They are, however, explicitly shown in the structured Pawlak approxima-

tions.

By definitions, apr(X) and apr(X) are subsets of U , while bapr(X) and bapr(X)

are subsets of the partition U/EA. Although these two formulations are slightly

different in form, they can define each other as:

apr(X) =
⋃

bapr(X),

apr(X) =
⋃

bapr(X); (3.15)

and

bapr(X) = {[x]EA
∈ U/EA | [x]EA

⊆ apr(X)},

bapr(X) = {[x]EA
∈ U/EA | [x]EA

⊆ apr(X)}. (3.16)

Based on equivalence relations and equivalence classes, Pawlak proposed a compu-

tational model. As a comparison with the general semantically sound model given

by Figure 2.6, Figure 3.3 gives a framework of Pawlak’s computational model, which
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is equivalent to the semantically sound model. The family of all definable sets is

equivalent to the family of all equivalence classes and all possible union sets [42]. The

approximations defined in Definition 12 are equivalent to Pawlak approximations in

the sense that they cover the same sets of objects.

An information table T

An equivalence relation EA

A family of equivalence classes U/EA

Pawlak lower and upper approximations

Classification rules

Figure 3.3: Pawlak’s Computational Model

3.1.3 Structural Information in Structured Pawlak Approx-

imations

By removing the union operator, the structured Pawlak approximations explicitly

give the equivalence classes used, which is called the structural information since the

equivalence classes can express the internal structure of approximations.

Although structural information is provided in the structured Pawlak approxima-

tions, it may not be optimal. By using different sets of attributes, we can construct

different granularities of the structured Pawlak approximations. Suppose the set of

attributes is AT = {a, b, c}. Figure 3.4 shows the four possible granularities with

each caption indicating the corresponding equivalence relation used.
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As shown by Figure 3.4, by using more attributes, the equivalence classes used to

construct the approximations become finer. As a consequence, the approximations

constructed become more precise. However, finer equivalence classes are not preferred

in practice, as they require the use of more attributes and create less general classi-

fication rules. In a structured Pawlak approximation, it may happen that some finer

equivalence classes can be combined into a coarser equivalence class that uses fewer

attributes and gives a more general classification rule. This may be a disadvantage

of the structured Pawlak approximation.

(a) bapr
E∅

(X) and baprE∅
(X) (b) bapr

E{a}
(X) and baprE{a}

(X)

(c) bapr
E{a,b}

(X) and baprE{a,b}
(X) (d) bapr

E{a,b,c}
(X) and baprE{a,b,c}

(X)

A set X of objects bapr(X) bapr(X)− bapr(X)

Figure 3.4: Structured Pawlak Approximations with Different Granularities
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3.1.4 An Example of Pawlak Approximations

Consider Table 2.1 and a set X = {o1, o2, o3, o4, o5}. Three granularities of unstruc-

tured and structured Pawlak approximations are constructed by considering three

subsets of attributes {Height}, {Height,Hair}, and {Height, Hair, Eyes}= AT , re-

spectively. The three partitions are:

U/E{Height} =
{
{o1, o2, o3}, {o4, o5, o6}

}
,

U/E{Height,Hair} =
{
{o1, o2}, {o3}, {o4}, {o5, o6}

}
,

U/EAT =
{
{o1}, {o2}, {o3}, {o4}, {o5, o6}

}
.

Pawlak approximations with different granularities are constructed as:

(1) Pawlak approximations based on E{Height}:

apr
1
(X) =

⋃
{K ∈ U/E{Height} | K ⊆ X}

= {o1, o2, o3},

apr1(X) =
⋃
{K ∈ U/E{Height} | K ∩X 6= ∅}

= {o1, o2, o3, o4, o5, o6};

and

bapr
1
(X) = {K ∈ U/E{Height} | K ⊆ X}

=
{
{o1, o2, o3}

}
,

bapr1(X) = {K ∈ U/E{Height} | K ∩X 6= ∅}

=
{
{o1, o2, o3}, {o4, o5, o6}

}
.
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(2) Pawlak approximations based on E{Height,Hair}:

apr
2
(X) =

⋃
{K ∈ U/E{Height,Hair} | K ⊆ X}

= {o1, o2, o3, o4},

apr2(X) =
⋃
{K ∈ U/E{Height,Hair} | K ∩X 6= ∅}

= {o1, o2, o3, o4, o5, o6};

and

bapr
2
(X) = {K ∈ U/E{Height,Hair} | K ⊆ X}

=
{
{o1, o2}, {o3}, {o4}

}
,

bapr2(X) = {K ∈ U/E{Height,Hair} | K ∩X 6= ∅}

=
{
{o1, o2}, {o3}, {o4}, {o5, o6}

}
.

(3) Pawlak approximations based on EAT :

apr
3
(X) =

⋃
{K ∈ U/EAT | K ⊆ X}

= {o1, o2, o3, o4},

apr3(X) =
⋃
{K ∈ U/EAT | K ∩X 6= ∅}

= {o1, o2, o3, o4, o5, o6};

and

bapr
3
(X) = {K ∈ U/EAT | K ⊆ X}

=
{
{o1}, {o2}, {o3}, {o4}

}
,

bapr3(X) = {K ∈ U/EAT | K ∩X 6= ∅}

=
{
{o1}, {o2}, {o3}, {o4}, {o5, o6}

}
.
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3.2 Adaptive Approximations

Deng, Wang and Yao [6] proposed the formulation of the two approximations by using

a sequence of equivalence relations, called the adaptive approximations. Since this

formulation contains structural information, we give a review of its ideas and analyze

its structural information.

3.2.1 An Approach to Construct Adaptive Approximations

In the structured Pawlak approximations, only one granularity of equivalence relations

is used. The adaptive approximations consider a sequence of subsets of attributes

which induce different granularities of equivalence relations. These equivalence rela-

tions are used one by one to construct the adaptive approximations.

A sequence of subsets of attributes is defined as Seqn = {A1, A2, ..., An}, where

Ai ⊆ AT (1 ≤ i ≤ n) and all the sets in the sequence have the following relationship:

A1 ( A2 ( · · · ( An. (3.17)

Consequently, we can get a sequence of equivalence relations satisfying the condition:

EAn ⊆ EAn−1 ⊆ · · · ⊆ EA2 ⊆ EA1 . (3.18)

The corresponding partitions in different granularities satisfy the condition:

U/EAn 4 U/EAn−1 4 · · · 4 U/EA2 4 U/EA1 . (3.19)

Suppose X is the set to be approximated. The adaptive approximations can be

constructed recursively as follows:

(1) Initialization: Use the partition U/EA0 = U/E∅ = {U} to compute the structured
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Pawlak approximates of X:

dapr
0
(X) = {[x]EA0

| [x]EA0
∈ U/EA0 , [x]EA0

⊆ X}

= ∅,

dapr0(X) = {[x]EA0
| [x]EA0

∈ U/EA0 , [x]EA0
∩X 6= ∅}

= {U}. (3.20)

The difference set given by objects in these two approximations includes objects

to be partitioned in the next step:

X1 =
⋃

dapr0(X)−
⋃

dapr
0
(X)

= U. (3.21)

(2) Recursion: Let (dapr
i−1

(X), dapri−1(X)) denote the approximations constructed

in the (i− 1)th step. In the ith step, equivalence relation EAi
is used to partition

Xi =
⋃
dapri−1(X) −

⋃
dapr

i−1
(X). This partition is denoted as Xi/EAi

. The

adaptive approximations in the ith step are constructed as:

dapr
i
(X) = dapr

i−1
(X) ∪ {K ∈ Xi/EAi

| K ⊆ X},

dapri(X) = dapr
i
(X) ∪ {K ∈ Xi/EAi

| K ∩X 6= ∅}. (3.22)

Objects to be partitioned in the next step are:

Xi+1 =
⋃

dapri(X)−
⋃

dapr
i
(X). (3.23)

According to the construction of the adaptive approximations, one can conclude

that:

dapr
i
(X) ⊆ X ⊆ dapri(X) (1 ≤ i ≤ n). (3.24)
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Suppose the set of attributes is AT = {a, b, c} and the sequence of subsets of at-

tributes is Seq3 =
{
{a}, {a, b}, {a, b, c}

}
. Figure 3.5 illustrates the approach to con-

struct the adaptive approximations. The captions indicate the equivalence relations

used in the corresponding steps. Squares with the same size represent equivalence

classes induced from the same equivalence relation. With more attributes to construct

the equivalence relation, the equivalence classes become finer and smaller squares are

used.

(a) dapr
0
(X) and dapr0(X) : E∅ (b) dapr

1
(X) and dapr1(X) : E{a}

(c) dapr
2
(X) and dapr2(X) : E{a,b} (d) dapr

3
(X) and dapr3(X) : E{a,b,c}

A set X of objects dapr
i
(X) dapri(X)− dapr

i
(X)

Figure 3.5: An Illustration of Constructing Adaptive Approximations

3.2.2 Relationships to Pawlak Approximations

Suppose the sequence Seqn = {A1, A2, · · · , An} is used to construct the adaptive

approximations. The adaptive approximations cover the same sets of objects as the

Pawlak approximations induced by equivalence relation EAn .
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Theorem 5. Suppose the adaptive approximations are constructed by using Seqn =

{A1, A2, · · · , An}. The following properties hold:

(1)
⋃

dapr
n
(X) =

⋃
bapr

EAn

(X) = apr
EAn

(X),

(2)
⋃

daprn(X) =
⋃

baprEAn
(X) = aprEAn

(X). (3.25)

This theorem can be verified by the definition of Pawlak approximations and the

construction of adaptive approximations. It is intuitively shown by Figure 3.6. The

proof is given in Section A.5 in Appendix A.

Coarser equivalence classes that have a larger number of objects are preferred

in the adaptive approximations, while the structured Pawlak approximations only

use the finest ones induced by EAn . Based on the relationship between different

granularities of partitions:

U/EAn 4 U/EAn−1 4 · · · 4 U/EA1 4 U/EA0 , (3.26)

it follows that:

(1) ∀K ∈ bapr
EAn

(X), ∃K ′ ∈ dapr(X), such that K ⊆ K ′,

(2) ∀K ∈ baprEAn
(X), ∃K ′ ∈ dapr(X), such that K ⊆ K ′. (3.27)

Figure 3.6 explicitly gives the relationships between different granularities of struc-

tured Pawlak approximations and the adaptive approximations by combining Figure

3.4 and Figure 3.5 and omitting the approximations induced by E∅. It shows that the

structured Pawlak approximations and the corresponding adaptive approximations

cover the same sets of objects.
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(a) bapr
E{a}

(X) and baprE{a}
(X) (b) dapr

1
(X) and dapr1(X) : E{a}

(c) bapr
E{a,b}

(X) and baprE{a,b}
(X) (d) dapr

2
(X) and dapr2(X) : E{a,b}

(e) bapr
E{a,b,c}

(X) and baprE{a,b,c}
(X)

α β

γ

(f) dapr
3
(X) and dapr3(X) : E{a,b,c}

A set X of objects

lower approximation

upper approximation - lower approximation

Figure 3.6: Structured Pawlak Approximations and Adaptive Approximations with
Different Granularities

3.2.3 Structural Information in Adaptive Approximations

Although the adaptive approximations have a better structure than Pawlak approx-

imations as a result of preferring coarser equivalence classes, they have some disad-
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vantages nonetheless. One possible problem is that several equivalence classes with

different granularities can be combined into a larger definable set. For example, in

Figure 3.6 (f), the union of equivalence classes α and γ may be a definable set,

and the union of β and γ may also be a definable set. These two definable sets

have more objects and may create more general rules which are preferred in concept

analysis. The main reason is that the adaptive approximations are confined by the

partition-based framework which does not allow overlap between the definable sets

in an approximation.

3.2.4 An Example of Adaptive Approximations

The same example as in Section 3.1.4 is used. Consider Table 2.1 and set X =

{o1, o2, o3, o4, o5}. The sequence of attribute sets is Seq4 =
{
{Height}, {Height,

Hair}, {Height, Hair, Eyes}
}

.

(1) For the initialization, equivalence relation E∅ is used and the approximations are:

dapr
0
(X) = ∅,

dapr0(X) =
{
U
}

=
{
{o1, o2, o3, o4, o5, o6}

}
.

It follows that:

X1 =
⋃

dapr0(X)−
⋃

dapr
0
(X) = {o1, o2, o3, o4, o5, o6}.

(2) In the first step, {Height} is used and the partition is:

X1/E{Height} =
{
{o1, o2, o3}, {o4, o5, o6}

}
.
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Therefore, the approximations are:

dapr
1
(X) = dapr

0
(X) ∪ {K ∈ X1/E{Height} | K ⊆ X}

=
{
{o1, o2, o3}

}
,

dapr1(X) = dapr
1
(X) ∪ {K ∈ X1/E{Height} | K ∩X 6= ∅}

=
{
{o1, o2, o3}, {o4, o5, o6}

}
.

The set X2 is computed as:

X2 =
⋃

dapr1(X)−
⋃

dapr
1
(X) = {o4, o5, o6}.

(3) In the second step, {Height,Hair} is used and the partition is:

X2/E{Height,Hair} =
{
{o4}, {o5, o6}

}
.

The approximations are:

dapr
2
(X) = dapr

1
(X) ∪ {K ∈ X2/E{Height,Hair} | K ⊆ X}

=
{
{o1, o2, o3}, {o4}

}
,

dapr2(X) = dapr
2
(X) ∪ {K ∈ X2/E{Height,Hair} | K ∩X 6= ∅}

=
{
{o1, o2, o3}, {o4}, {o5, o6}

}
.

It follows that:

X3 =
⋃

dapr2(X)−
⋃

dapr
2
(X) = {o5, o6}.
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(4) In the third step, {Height,Hair,Gender} is used and the partition is:

X3/E{Height,Hair,Eyes} =
{
{o5, o6}

}
.

The approximations are:

dapr
3
(X) = dapr

2
(X) ∪ {K ∈ X3/E{Height,Hair,Eyes} | K ⊆ X}

=
{
{o1, o2, o3}, {o4}

}
,

dapr3(X) = dapr
3
(X) ∪ {K ∈ X3/E{Height,Hair,Eyes} | K ∩X 6= ∅}

=
{
{o1, o2, o3}, {o4}, {o5, o6}

}
.

The pair
(
dapr

3
(X), dapr3(X)

)
is the final adaptive approximations.

3.3 Summary

This chapter gives a further exploration of two formulations of rough set approxi-

mations with structural information. While Pawlak approximations use equivalence

classes from one equivalence relation, the adaptive approximations use a sequence of

equivalence relations from coarser to finer granularities.

On the one hand, Pawlak and adaptive approximations are equivalent in the sense

that they cover the same sets of objects. On the other hand, the adaptive approxi-

mations may contain better structural information than Pawlak approximations do.

By using equivalence relations from coarser to finer ones, the adaptive approxima-

tions are able to use the larger equivalence classes first. When learning classification

rules from approximations, each equivalence class will give one rule. The larger the

equivalence class is, the more general the corresponding rule is.

Although structured Pawlak and adaptive approximations consider structural in-

formation, both the approximations are limited by partition-based formulation. That
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is, they are composed by pairwise disjoint nonempty components. The next chapter

will present a new formulation, that is, the structured rough set approximations. It

is a covering-based formulation which allows overlap between components.

51



Chapter 4

STRUCTURED ROUGH SET

APPROXIMATIONS

This chapter proposes a new approach to define and construct rough set approxima-

tions, called the structured rough set approximations, or structured approximations

for short. The notions discussed in this chapter are an extended version of the notions

proposed by Yao and Hu [45].

4.1 An Overview of the New Framework

While Pawlak approximations and adaptive approximations are the partition-based

approaches, the structured rough set approximations proposed in this study are

covering-based. The new approach is proposed in order to obtain a clearer semantical

view of approximations and to learn general rules.

Figure 4.1 gives a comparison between the new framework and Pawlak framework.

Unlike Pawlak framework, which requires an equivalence relation, the new formula-

tion adopts the description language DL. Semantically, the description language is

superior to an equivalence relation since it can explicitly explain the definability of a

set. Instead of the family of equivalence classes that are building blocks for Pawlak
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approximations, the new formulation uses the family of all conjunctively definable

sets.

In the Pawlak framework, equivalence classes in an approximation are pairwise

disjoint and there do not exist redundant equivalence classes in a structured Pawlak

approximation. On the other hand, in the new framework, there may exist redundant

conjunctively definable sets in a structured approximation. It is therefore necessary

to remove the redundancy. The notion of ∪-reduct is adopted from Pawlak [26] and

two methods for deriving reduced structured approximations are introduced. The

first method, illustrated by branch (I) in Figure 4.1 (b), directly finds a ∪-reduct of

a structured approximation. The second method, illustrated by branch (II) in Figure

4.1 (b), first computes the family of extension-based maximal elements in a structured

approximation and then finds a ∪-reduct. One can design other methods to reduce

the redundancy as well.

An information table

An equivalence relation E

The family of equivalence classes U/E

(1) Unstructured Pawlak approximations
(2) Structured Pawlak approximations

Classification rules

(a) The Pawlak framework

An information table

A description language DL

A family of conjunctively definable sets CDEF(U)

Structured approximations

(I) (II)

∪-reduct

The family of extension-based
maximal elements in the
structured approximations

∪-reduct

Classification rules

(b) The new framework

Figure 4.1: Two Frameworks of Concept Analysis with Rough Set Theory
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4.2 A Definition of Structured Rough Set Approx-

imations

In the Pawlak framework, the upper approximation of a set is the complement of the

lower approximation of the complement of the set, that is, apr(X) = (apr(Xc))c. The

new framework demands such a duality and only considers the lower approximation.

The family of nonempty sets in CDEF(U) is a covering of the universe U and,

furthermore, U/EA ⊆ CDEF(U). By replacing U/EA in the structured Pawlak lower

approximations with CDEF(U), we propose a generalized definition of structured

lower approximations.

Definition 16. For a subset of objects X ⊆ U , its structured lower approximation is

defined by:

sapr(X) = {C ∈ CDEF(U) | C 6= ∅, C ⊆ X}. (4.1)

That is, sapr(X) consists of all nonempty conjunctively definable subsets of X.

The structured lower approximations have a well-defined structure. On the one

hand, similarly to the structured Pawlak approximations, we retain the structure ex-

pressed by individual conjunctively definable sets. On the other hand, each conjunc-

tively definable set has a clear semantics, which will benefit rule learning in concept

analysis with rough set theory.

The structured lower approximations are related to covering-based rough set mod-

els [29, 36, 48, 52, 54, 55]. In the Pawlak framework, equivalence classes are definable

and formulas can be found to explain the semantics of these equivalence classes. In

numerous studies on covering-based rough sets, it is assumed that a covering of the

universe is given and various rough set approximations are introduced. However,

the semantics of the patches in the covering is not clear. In other words, they use

the covering to construct the approximations without explaining why the patches
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are definable and can be used to approximate other sets. In our formulation, each

nonempty set in CDEF(U) is a conjunctively definable set and has a well-defined

semantical interpretation expressed by conjunctive formulas. This is consistent with

Pawlak formulation in which each equivalence class is a conjunctively definable set.

Consequently, our formulation provides a semantically sound approach to covering-

based rough set model.

Bonikowski et al. [2] proposed a formulation of rough set approximations which is

closely related to our formulation. However, our formulation makes a clearer state-

ment about the structure and semantics of the approximations. Bonikowski et al. [2]

defined an approximation space (U,C), where C is a given covering of the universe

U . However, they did not explain the semantics of the patches (i.e., subsets) in C. In

other words, they used C to approximate a set without answering the question why

the patches in C are definable and can be used to construct approximations. In con-

trast, our formulation considers a specific covering CDEF(U), in which each patch

has a clear semantics that can be explained by conjunctive formulas. In addition,

they defined the approximations as sets of objects without considering redundancy.

4.3 An Example of Structured Rough Set Approx-

imations

The same example given in Sections 3.1.4 and 3.2.4 is used to demonstrate the

basic ideas of structured lower approximations. Consider Table 2.1 and the set

X = {o1, o2, o3, o4, o5}.

Firstly, the family of all nonempty conjunctively definable sets with respect to all

attributes AT is constructed. They are given by Table 4.1. The conjunctive formulas

and the conjunctively definable sets are given separately in two columns.
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Conjunctive formulas
Conjunctively definable

sets

Height=short {o1, o2, o3}
Height=tall {o4, o5, o6}
Hair=blond {o1, o2, o4}
Hair=red {o3, o5, o6}
Eyes=blue {o1, o3, o4}

Eyes=brown {o2, o5, o6}
(Height=short) ∧ (Hair=blond) {o1, o2}
(Height=short) ∧ (Hair=red)

{o3}(Hair=red) ∧ (Eyes=blue)

(Height=short) ∧ (Hair=red) ∧ (Eyes=blue)

(Height=tall) ∧ (Hair=blond)

{o4}(Height=tall) ∧ (Eyes=blue)

(Height=tall) ∧ (Hair=blond) ∧ (Eyes=blue)

(Height=tall) ∧ (Hair=red)

{o5, o6}
(Height=tall) ∧ (Eyes=brown)

(Hair=red) ∧ (Eyes=brown)

(Height=tall) ∧ (Hair=red) ∧ (Eyes=brown)

(Height=short) ∧ (Eyes=blue) {o1, o3}
(Height=short) ∧ (Eyes=brown)

{o2}(Hair=blond) ∧ (Eyes=brown)

(Height=short) ∧ (Hair=blond) ∧ (Eyes=brown)

(Hair=blond) ∧ (Eyes=blue) {o1, o4}
(Height=short) ∧ (Hair=blond) ∧ (Eyes=blue) {o1}

Table 4.1: The Family of All Nonempty Conjunctively Definable Sets
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Secondly, according to Definition 16, all nonempty conjunctively definable subsets

of X from Table 4.1 are collected to construct sapr(X):

sapr(X) =
{
{o1, o2, o3}, {o1, o2, o4}, {o1, o3, o4}, {o1, o2}, {o3},

{o4}, {o1, o3}, {o2}, {o1, o4}, {o1}
}
.

Table 4.2 gives the conjunctively definable sets in sapr(X) and their corresponding

conjunctive formulas.

Conjunctive formulas
Conjunctively definable

sets

Height=short {o1, o2, o3}
Hair=blond {o1, o2, o4}
Eyes=blue {o1, o3, o4}

(Height=short) ∧ (Hair=blond) {o1, o2}
(Height=short) ∧ (Hair=red)

{o3}(Hair=red) ∧ (Eyes=blue)

(Height=short) ∧ (Hair=red) ∧ (Eyes=blue)

(Height=tall) ∧ (Hair=blond)

{o4}(Height=tall) ∧ (Eyes=blue)

(Height=tall) ∧ (Hair=blond) ∧ (Eyes=blue)

(Height=short) ∧ (Eyes=blue) {o1, o3}
(Height=short) ∧ (Eyes=brown)

{o2}(Hair=blond) ∧ (Eyes=brown)

(Height=short) ∧ (Hair=blond) ∧ (Eyes=brown)

(Hair=blond) ∧ (Eyes=blue) {o1, o4}
(Height=short) ∧ (Hair=blond) ∧ (Eyes=blue) {o1}

Table 4.2: The Structured Lower Approximation of X
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4.4 Relationships to Pawlak and Adaptive Approx-

imations

This section investigates the relationships between our structured approximations,

Pawlak and adaptive approximations.

Based on the definition of a structured lower approximation and the fact that

equivalence classes are conjunctively definable sets, connections can be established

between structured lower approximations, unstructured and structured Pawlak lower

approximations.

Theorem 6. The following properties hold:

(1) ∀A ⊆ AT, bapr
EA

(X) ⊆ sapr(X),

(2) apr
EAT

(X) =
⋃

sapr(X). (4.2)

The proof of this theorem is given in Section A.6 in Appendix A.

Property (1) states that the structured lower approximation contains the struc-

tured Pawlak lower approximation. Property (2) states that the structured lower ap-

proximation is consistent with Pawlak lower approximation induced by all attributes

in the sense that both of them cover the same set of objects.

Similar connections can be established between sapr(X) and the adaptive lower

approximation.

Theorem 7. The following properties hold:

(1) For any sequence Seqn of sets of attributes, dapr
n
(X) ⊆ sapr(X),

(2) For Seq|AT | = {A1, A2, · · · , AT},
⋃

dapr|AT |(X) =
⋃

sapr(X). (4.3)

The proof of this theorem is given in Section A.7 in Appendix A.
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Property (1) states that the structured lower approximation contains the adap-

tive approximation. Property (2) states that the structured lower approximation

covers the same set of objects with the adaptive lower approximation considering all

attributes.

From Theorems 6 and 7, it can be concluded that by considering all attributes, all

these four kinds of lower approximations (i.e., apr(X), bapr(X), dapr(X) and sapr(X))

actually cover the same set of objects, that is, they are consistent.

One difference between the structured lower approximation and the other three

is that sapr(X) is a covering-based formulation while the others are partition-based.

In other words, overlap between components is allowed in sapr(X) while it is not in

the other three.

Another difference is that the structured lower approximation always retains max-

imal conjunctively definable subsets of X which may give general rules which are

preferred in concept analysis. This is one of the most important advantages of the

structured rough set approximations.

4.5 Reduced Structured Rough Set Approxima-

tions

In the structured Pawlak lower approximation bapr(X) and the adaptive lower ap-

proximation dapr(X), for any proper subsets B ( bapr(X) and D ( dapr(X), we

have:

(1)
⋃

B 6=
⋃

bapr(X),

(2)
⋃

D 6=
⋃

dapr(X). (4.4)
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That is, to cover all objects in the approximations, we cannot remove any equivalence

classes. For the structured lower approximation sapr(X), it is possible to remove some

description pairs in sapr(X) and, at the same time, to cover the same objects. We

may find a proper subset R ( sapr(X) such that:

⋃
R =

⋃
sapr(X). (4.5)

This suggests that the structured lower approximation contains redundant description

pairs. By removing those redundant description pairs, we may obtain a reduced

structured lower approximation.

In this thesis, two methods are presented to reduce the redundancy. One is to find

a ∪-reduct of sapr(X), which is a reduced structured lower approximation. The other

one is to find a ∪-reduct of all extension-based maximal elements in sapr(X), which

is a reduced structured lower approximation with extension-based maximal elements.

4.5.1 Reduced Structured Lower Approximations

The notion of ∪-reduct (or union-reduct) is proposed by Pawlak [26, 44] to define

reducts of a decision rule.

Definition 17. Suppose S is a family of subsets of U . A subset R ⊆ S is called a

union-reduct or ∪-reduct of S if it satisfies the following two conditions:

(1)
⋃

R =
⋃

S,

(2) ∀S ∈ R,
⋃

(R− {S}) 6=
⋃

S. (4.6)

Semantically, the first condition can be summarized as “jointly sufficient,” mean-

ing that sets in a ∪-reduct R can jointly cover the same set of objects as the original

family S. The second condition can be summarized as “individually necessary,” mean-
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ing that each set in a ∪-reduct R is necessary and cannot be removed. In other words,

a ∪-reduct is a minimal family of sets in S that covers the same objects as S. There

may exist more than one ∪-reduct of S.

The notion of ∪-reduct can be applied to a covering. One special kind of ele-

ments in a covering is called the ∪-irreducible elements. Such an element can not be

expressed by the union of other elements in the covering. A ∪-reduct of a covering

is different from the set of all ∪-irreducible elements of a covering. The latter is

mistakenly called a ∪-reduct of a covering by some researchers [48, 54].

Definition 18. A ∪-reduct of a structured lower approximation is called a reduced

structured lower approximation.

Since a ∪-reduct is not unique, several possible reduced structured lower approx-

imations may be derived for one structured lower approximation. Let R∪(sapr(X))

denote the family of all reduced structured lower approximations of a subset X ⊆ U .

One can establish the following relationships betweenR∪(sapr(X)) and different kinds

of lower approximations.

Theorem 8. The following properties hold for R∪(sapr(X)):

(1) ∀R ∈ R∪(sapr(X)),⋃
R =

⋃
sapr(X) = apr

EAT
(X) =

⋃
bapr

EAT
(X) =

⋃
dapr|AT |(X),

(2) bapr
EAT

(X) ∈ R∪(sapr(X)),

(3) dapr|AT |(X) ∈ R∪(sapr(X)). (4.7)

The proof of this theorem is given in Section A.8 in Appendix A.

Property (1) states that all ∪-reducts of sapr(X) and all the four different kinds of

lower approximations, that is, unstructured and structured Pawlak lower approxima-

tion, adaptive lower approximation and structured lower approximation, are equiva-

lent in the sense that they cover the same subset of X.
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Properties (2) and (3) state that when all attributes are considered, both the

structured Pawlak lower approximation and the adaptive lower approximation are

reduced structured lower approximations. This also infers that the structured lower

approximation provides a general formulation of approximations with structural in-

formation.

Although redundancy in sapr(X) can be reduced by finding its ∪-reducts, there

are several disadvantages of this method. One disadvantage concerns classification

rules. When constructing classification rules, one prefers to get more general rules

which are created by a large definable set containing as many objects as possible.

On the other hand, bapr(X) and dapr(X) contain equivalence classes which are the

minimal nonempty conjunctively definable sets, that is, no proper nonempty subset

of an equivalence class is conjunctively definable. A ∪-reduct of the structured lower

approximation may not necessarily use larger conjunctively definable subsets of X.

In other words, a ∪-reduct of sapr(X) may contain a family of smaller conjunctively

definable sets whose union is a larger one. This problem will be solved in the second

method by introducing an extra step before constructing a ∪-reduct.

Example 11. We give several reduced structured lower approximations of the struc-

tured lower approximation constructed in Section 4.3 as follows:

R1 =
{
{o1}, {o2}, {o3}, {o4}

}
,

R2 =
{
{o1, o2, o3}, {o4}

}
,

R3 =
{
{o1, o2, o3}, {o1, o2, o4}

}
.

From these examples, we can observe the following facts:

(1) There may be more than one ∪-reduct of a structured lower approximation.

(2) R1 is the structured Pawlak lower approximation constructed in Section 3.1.4.
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(3) R2 is the adaptive lower approximation constructed in Section 3.2.4.

(4) By comparing R3 and the other two ∪-reducts, we can see the disadvantage of

this method for reducing the redundancy. That is, a family of smaller sets may

be preserved instead of a larger one. For example, {o1, o2, o4} is kept in R3, while

sets {o1}, {o2}, {o4} are kept instead in R1.

4.5.2 Reduced Structured Lower Approximations with Extension-

Based Maximal Elements

As was mentioned previously, one main disadvantage of reducing redundancy in

sapr(X) by finding a ∪-reduct is that a set of smaller conjunctively definable sets

may be preserved instead of a larger one. In this section, a second method is pro-

posed to solve this problem and reduce the redundancy in sapr(X) by introducing an

extra step to find all extension-based maximal elements in sapr(X) before construct-

ing a ∪-reduct.

Definition 19. Given a family of sets S, a set SM ∈ S is an extension-based maximal

element in S if there does not exist a set S ∈ S such that SM ( S.

Let Mex(sapr(X)) denote the family of all extension-based maximal elements in

sapr(X). The family Mex(sapr(X)) can be easily obtained by removing all S ∈

sapr(X) such that there exists another set S ′ ∈ sapr(X) with S ( S ′.

Theorem 9. The following properties hold:

(1) Mex(sapr(X)) ⊆ sapr(X),

(2)
⋃

Mex(sapr(X)) =
⋃

sapr(X). (4.8)

That is, Mex(sapr(X)) is a subset of sapr(X), which covers the same set of objects

as sapr(X).
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The proof is given in Section A.9 of Appendix A.

A ∪-reduct of Mex(sapr(X)) immediately leads to a reduced structured lower

approximation with extension-based maximal elements.

Definition 20. A ∪-reduct of Mex(sapr(X)) is called a reduced structured lower

approximation with extension-based maximal elements.

The reduced structured lower approximations with extension-based maximal ele-

ments are not unique.

An advantage of this method is that not only is the redundancy in sapr(X) re-

duced, but also the general conjunctively definable sets, which may give general clas-

sification rules, are kept.

By definitions, we can establish the following set-inclusion relationship.

Theorem 10. Let R∪(·) denote the family of all ∪-reducts. The following property

holds:

R∪(Mex(sapr(X))) ⊆ R∪(sapr(X)). (4.9)

The proof of this theorem is given in Section A.10 in Appendix A.

It may happen that the structured Pawlak lower approximation bapr(X) and

adaptive lower approximation dapr(X), although members of R∪(sapr(X)), are not

members of R∪(Mex(sapr(X))). This stems from the fact that some equivalence

classes in bapr(X) and dapr(X) may not be extension-based maximal elements in

sapr(X).

Example 12. The structured lower approximation constructed in Section 4.3 is used

as an example to illustrate the computation of a reduced structured lower approxima-

tion with extension-based maximal elements. Recall that the structured lower approx-

imation is given by Table 4.2. There are two steps as follows:
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Step 1: Construct the set of all extension-based maximal elements:

Mex(sapr(X)) =
{
{o1, o2, o3}, {o1, o2, o4}, {o1, o3, o4}

}
.

Step 2: Find a ∪-reduct of Mex(sapr(X)). For this example, we can find three ∪-

reducts of Mex(sapr(X)):

Rex1 =
{
{o1, o2, o3}, {o1, o2, o4}

}
,

Rex2 =
{
{o1, o2, o3}, {o1, o3, o4}

}
,

Rex3 =
{
{o1, o2, o4}, {o1, o3, o4}

}
.

4.6 Simplifying Classification Rules by Using Struc-

tured Approximations

In rough set theory, classification rules are constructed from approximations. Based

on a lower approximation, certain rules (i.e., rules without any uncertainty) can be

created. This section presents brief comparisons of classification rules learned by the

four kinds of lower approximations by using the lower approximations constructed in

the previous examples. These rules demonstrate that by reducing redundancy, the

structured lower approximation may give the simpler or more general classification

rules.

4.6.1 Classification Rules Learned by Pawlak Approxima-

tions

In either structured or unstructured Pawlak lower approximations, each equivalence

class gives a classification rule. An equivalence class [x]EA
can be described or defined

65



by the following formula: ∧
a∈A

(a = Ia(x)). (4.10)

Therefore, for each equivalence class [x]EA
∈ bapr(X) or [x]EA

⊆ apr(X), the corre-

sponding classification rule is created as:

∧
a∈A

(a = Ia(x)) =⇒ class of X. (4.11)

It means that if an object satisfies the formula in the left-hand side of the rule, then

this object belongs to the same class as the set X.

Example 13. Since the structured and unstructured Pawlak lower approximations

cover the same set of objects and the structured one explicitly displays the equivalence

classes used, the structured one is used to construct the classification rules here. Recall

that in Section 3.1.4, the structured Pawlak lower approximation constructed by using

all attributes AT is:

bapr
3
(X) = {K ∈ U/E{Height,Hair,Eyes} | K ⊆ X}

=
{
{o1}, {o2}, {o3}, {o4}

}
.

Therefore, we can learn four rules from the four equivalence classes contained.

Rule 1: (derived by {o1})

(Height=short) ∧ (Hair=blond) ∧ (Eyes=blue) =⇒ class of X;

Rule 2: (derived by {o2})

(Height=short) ∧ (Hair=blond) ∧ (Eyes=brown) =⇒ class of X;

Rule 3: (derived by {o3})

(Height=short) ∧ (Hair=red) ∧ (Eyes=blue) =⇒ class of X;
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Rule 4: (derived by {o4})

(Height=tall) ∧ (Hair=blond) ∧ (Eyes=blue) =⇒ class of X.

The rules created by Pawlak approximations are complicated since all attributes

are used in each single rule.

4.6.2 Classification Rules Learned by Adaptive Approxima-

tions

Similar to Pawlak approximations, each equivalence class in an adaptive lower ap-

proximation can give a classification rule. Suppose the sequence of attributes is

Seqn = {A1, A2, · · · , An}. An equivalence class [x]EAi
∈ Ui/EAi

(1 ≤ i ≤ n) creates

the following rule: ∧
a∈Ai

(
a = Ia(x)

)
=⇒ class of X. (4.12)

Thus, each individual rule will use at most |An| attributes.

Example 14. The adaptive lower approximation constructed in Section 3.2.4 is:

dapr
3
(X) =

{
{o1, o2, o3}, {o4}

}
.

For the equivalence classes contained, {o1, o2, o3} ∈ X1/E{Height}, {o4} ∈ X2/E{Height,Hair}.

Therefore, two rules can be obtained correspondingly.

Rule 1: (derived by {o1, o2, o3})

Height=short =⇒ class of X;

Rule 2: (derived by {o4})

(Height=tall) ∧ (Hair=blond) =⇒ class of X.

Compared with the rules in Example 13, these rules learned by the adaptive lower

approximation are simplified in two ways:
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(1) Less total number of rules are created;

(2) Each individual rule is simplified by using less attributes.

4.6.3 Classification Rules Learned by Structured Approxi-

mations

For structured approximations, classification rules are given by either a reduced

structured lower approximation or a reduced structured lower approximation with

extension-based maximal elements. The formula of a conjunctively definable set in

the approximation immediately gives the left-hand side of a classification rule. Sup-

pose a conjunctive formula is:

(a1 = v1) ∧ (a2 = v2) ∧ · · · ∧ (an = vn). (4.13)

The corresponding rule is:

(a1 = v1) ∧ (a2 = v2) ∧ · · · ∧ (an = vn) =⇒ class of X. (4.14)

For those conjunctively definable sets that have more than one conjunctive formula,

one can choose one from the formulas according to specific heuristics given by users.

Two possible heuristics may be:

(1) Choosing formulas using the least number of attributes;

(2) Choosing formulas using the largest number of attributes appearing in other rules.

Example 15. In Examples 11 and 12, we constructed three reduced structured lower

approximations R1,R2 and R3, and three reduced structured lower approximations

with extension-based maximal elements Rex1,Rex2 and Rex3. For one conjunctively

definable set, there may be more than one conjunctive formulas with the least number
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of attributes. Among these formulas, one formula is randomly chosen in this example.

The following presents the classification rules created by some of them.

(1) Classification rules learned by R1:

Rule 1: (derived by {o1})

(Height=short) ∧ (Hair=blond) ∧ (Eyes=blue) =⇒ class of X;

Rule 2: (derived by {o2})

(Height=short) ∧ (Eyes=brown) =⇒ class of X;

Rule 3: (derived by {o3})

(Height=short) ∧ (Hair=red) =⇒ class of X;

Rule 4: (derived by {o4})

(Height=tall) ∧ (Hair=blond) =⇒ class of X.

(2) Classification rules learned by R2:

Rule 1: (derived by {o1, o2, o3})

Height=short =⇒ class of X;

Rule 2: (derived by {o4})

(Height=tall) ∧ (Eyes=blue) =⇒ class of X.

(3) Classification rules learned by R3 = Rex1:

Rule 1: (derived by {o1, o2, o3})

Height=short =⇒ class of X;

Rule 2: (derived by {o1, o2, o4})

Hair=blond =⇒ class of X.

Although R1 and R2 are the same with structured Pawlak lower approximation

and adaptive lower approximation, respectively, the rules are simplified by using

69



fewer attributes. By introducing extension-based maximal elements, general sets are

preserved which may give general rules.

By comparing all the classification rules created by bapr(X), dapr(X) and sapr(X),

the structured lower approximation may simplify rules in the following two ways:

(1) Reduce individual rules:

By definition of a structured lower approximation, most general subsets are all

preserved, which may give general rules. Moreover, by introducing extension-

based maximal elements to reduce a structured lower approximation, larger sets

are preferred and general rules may be created accordingly.

(2) Reduce total number of rules:

By adopting ∪-reduct to reduce a structured lower approximation, the total num-

ber of rules may be reduced.

4.7 Relationships to LERS Systems

With reference to the classical view of concepts, the formulation of Grzyma la-Busse [9,

10] in the LERS (Learning from Examples based on Rough Sets) systems and our

formulation are complementary to each other, focusing on the intension and extension

of a concept, respectively. In LERS, Grzyma la-Busse considers the set-inclusion rela-

tion ⊆ between sets of atomic formulas, reflecting the complexity or generality of the

intensions of conjunctive concepts, but he does not consider the set-inclusion relation-

ship between conjunctively definable sets, namely, extensions of conjunctive concepts,

defined by sets of atomic formulas. In our formulation with extension-based maximal

elements, we consider the set-inclusion relation ⊆ between conjunctively definable

sets, but we do not consider the complexity or generality of conjunctive formulas

used in defining conjunctively definable sets.
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Our formulation Grzyma la-Busse formulation

atomic formula a = v attribute-value pair t = (a, v)

meaning set m(a = v) block [(a, v)]

conjunctive formula p set T of attribute-value pairs

(corresponding to atomic formulas in p)

extension-based maximal elements minimal complex of X

Mex(sapr(X)) in sapr(X)

∪-reduct R of Mex(sapr(X)) local covering T of apr(X)

Table 4.3: Correspondences between Our and Grzyma la-Busse’s Formulations

Table 4.3 gives some relevant correspondences between notions of the two formu-

lations. An attribute-value pair (a, v) corresponds to an atomic formula a = v. The

block of an attribute-value pair t = (a, v), denoted [t], is defined as the set of all

objects that take value v on attribute a which is the meaning set of atomic formula

a = v. That is, [(a, v)] = {x ∈ U | Ia(x) = v} = m(a = v). A set T of attribute-value

pairs corresponds to the set of all atomic formulas in a formula of DL, and the block

of T , denoted [T ], is the meaning set of the corresponding formula. In other words,

T is another representation of the intension of a conjunctively definable set. A set T

of attribute-value pairs is a minimal complex of apr(X) if it satisfies the conditions:

(1) ∅ 6= [T ] =
⋂
t∈T

[t] ⊆ apr(X),

(2) ∀T ′ ( T, [T ′] =
⋂
t∈T ′

[t] 6⊆ apr(X). (4.15)

In other words, Grzyma la-Busse considers the intensions of concepts by using minimal

sets of attribute-value pairs; we consider the extensions of concepts by using maximal

conjunctively definable sets. A family T of sets of attribute-value pairs is called a

local covering of apr(X) if and only if it satisfies the conditions:
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(1) each member T of T is a minimal complex of apr(X),

(2)
⋃
T∈T[T ] = apr(X),

(3) T is minimal, i.e., T has the smallest possible number of members.

A local covering is a family of sets of attribute-value pairs and a ∪-reduct of M(sapr(X))

is a family of maximal conjunctively definable sets. That is, from the viewpoint of

intension, Grzyma la-Busse uses a family of minimal complexes whose blocks are sub-

sets of X; from the viewpoint of extension, we use a family of maximal conjunctively

definable subsets of X.

4.8 Summary

This chapter presents the main results of structured rough set approximations. A gen-

eralized definition of structured rough set lower approximations is given, which uses

the family of conjunctively definable sets as building blocks of the approximations.

We adopt the notion of ∪-reduct and present two methods to reduce the redundancy

in a structured lower approximation. One is to directly find a ∪-reduct of a struc-

tured lower approximation, while the other is to find a ∪-reduct of extension-based

maximal elements in a structured lower approximation.

This chapter also investigates the relationships between different rough set lower

approximations with structural information, that is, structured lower approxima-

tions, structured Pawlak lower approximations and adaptive lower approximations.

All these lower approximations are equivalent in the sense that they cover the same

set of objects. However, they are quite different with regard to the structural infor-

mation. Each component in the structured lower approximation has an explicit and

well-defined description, which can benefit the rule learning process in concept anal-

ysis with rough set theory by directly giving the semantics of a rule. Examples are
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presented in this chapter to show that simplified rules could be learned by structured

lower approximations.

While Pawlak and adaptive approximations are partition-based, structured ap-

proximations are covering-based. This chapter discusses the relationships between

structured approximations and another covering-based system LERS.

73



Chapter 5

CONCLUSIONS AND FUTURE

WORK

This chapter summarizes this thesis and discusses several possible directions for future

work.

5.1 Conclusions

This thesis presents a new formulation of rough set approximations, the structured

rough set approximations, which considers the structural information. The proposed

structured rough set approximations may simplify classification rules.

There are several existing formulations of rough set approximations that pre-

serve structural information. The structured Pawlak approximations use equivalence

classes as building blocks, which are actually the minimal definable sets with respect

to a specific set of attributes. Although one can find a formula or a family of sets of

attribute-value pairs to explain the semantics of each equivalence class, all attributes

considered will be used in the formula. Since each equivalence class in a structured

Pawlak approximation induces a classification rule, all attributes considered will be

contained in each individual rule. Such rules may be lengthy and are not preferred
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in concept analysis.

The adaptive approximations can capture better structural information by using a

sequence of equivalence classes with different granularities, instead of just one granu-

larity as is used in Pawlak approximations. It can be equivalently considered as com-

bining the small equivalence classes in Pawlak approximations into larger equivalence

classes. By using large equivalence classes, more general rules with less attributes can

be learned. However, the adaptive approximations are also confined by the partition-

based approach. Small equivalence classes are necessary in order to get a precise

approximation. However, it is still possible to expand components in an adaptive

approximation into a larger definable set by combining them. Such a combination

will lead to overlap between components, which is not allowed in a partition-based

approach.

The proposed structured rough set approximations use the family of all conjunc-

tively definable sets as building blocks. This makes the structured approximations a

covering-based formulation. Moreover, we give the new framework followed by the

proposed structured approximations. This new framework is semantically sound since

we adopt the description language to formally and explicitly represent the semantics.

Compared with the Pawlak framework which does not have explicit explanation of the

semantics, the new framework may be more advantageous from the view of semantical

issues.

The proposed structured approximations are consistent with the existing formula-

tions since the same sets of objects are covered. However, there may be redundancy in

a structured approximation and one can use various algorithms to reduce the redun-

dancy. In this thesis, the notion of ∪-reduct is adopted and two methods to reduce

the redundancy are presented.

Besides simplifying classification rules, one important contribution of the proposed

structured rough set approximations concerns semantics. On the one hand, a clearly

75



represented description of each conjunctively definable set in the structured approx-

imation leads to a well-defined semantical explanation of the whole approximation.

On the other hand, as a covering-based formulation, the structured approximation

brings a semantically sound model to covering-based rough set theory, while most ex-

isting covering-based frameworks have difficulties explaining the semantics of patches

or components in a covering.

5.2 Future Work

A possible direction of future work is to generalize our new framework given by Figure

4.1 to deal with incomplete information.

In a real world application, although each object can actually take one value from

the corresponding domain of each attribute, one may not be able to get this exact

value due to uncertain or incomplete information. Therefore, there are two kinds of

information tables, namely, complete and incomplete information tables.

In this thesis, we only consider the case of complete information tables, in which

each object can only take one value on each attribute. Recall that the definition of

such a complete information table is described by a tuple:

T = (U,AT, {Va | a ∈ AT}, {Ia : U → Va | a ∈ AT}). (5.1)

When there is incomplete information, an object may be known to take some value

from a set of possible values. Therefore, an incomplete information table [15,16,40,46]

is formulated as:

T̃ = (U,AT, {Va | a ∈ AT}, {Ĩa : U → 2Va − {∅} | a ∈ AT}). (5.2)

While the description function Ia : U → Va in a complete information table assigns
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exactly one value from Va for each object, the description function Ĩa : U → 2Va −

{∅} in an incomplete information table assigns a nonempty subset of Va for each

object. Among values in this assigned subset, the object actually takes only one

value, although we do not know what it is due to incomplete information.

Most research [12,13,23,30,33,35] concerning incomplete information in rough set

theory tries to generalize Pawlak framework given by Figure 4.1 (a). Basically, they

give generalizations of equivalence relation in a complete information table, such as

tolerance relation, non-symmetric similarity relation, valued tolerance relation and

limited tolerance relation. Based on such relations, the corresponding generalized

frameworks with incomplete information can be derived following the steps in the

Pawlak framework. However, all these generalized relations have their own limita-

tions [35].

By noticing that our new framework in Figure 4.1 (b) does not need to define

a relation first, a generalization of our framework with incomplete information may

overcome those limitations caused by generalized relations.

Lipski [15,16] proposed to interpret an incomplete information table as a family of

complete information tables. A complete information table T is called a completion

of an incomplete information table T̃ if it satisfies the condition:

∀x ∈ U, ∀ a ∈ AT, Ia(x) ∈ Ĩa(x), (5.3)

where Ia(·) and Ĩa(·) denote the description functions in table T and T̃ , respectively.

Let COMP(T̃ ) denote the family of all completions of an incomplete information table

T̃ . Each table in COMP(T̃ ) may be the real information table.

In an incomplete information table T̃ , for a formula p in the description language

77



DL, one can obtain two bounds of its real meaning set:

m∗(p) = {x ∈ U | ∀T ∈ COMP(T̃ ), x ∈ mT (p)}

=
⋂

T∈COMP(T̃ )

mT (p),

m∗(p) = {x ∈ U | ∃T ∈ COMP(T̃ ), x ∈ mT (p)}

=
⋃

T∈COMP(T̃ )

mT (p). (5.4)

mT (p) denotes the meaning set of p in a complete table T . The lower bound m∗(p)

actually includes objects which definitely satisfy p, and the upper bound m∗(p) in-

cludes objects which possibly satisfy p. Let m(p) denote the real meaning set, then

it can be concluded that m∗(p) ⊆ m(p) ⊆ m∗(p).

Therefore, instead of one family of conjunctively definable sets in a complete table,

one can obtain two families of conjunctively definable sets in an incomplete table:

CDEF∗(U) = {m∗(p) | p is a conjunctive formula in DL},

CDEF∗(U) = {m∗(p) | p is a conjunctive formula in DL}. (5.5)

Following the steps in our new framework, a generalized rough set model with incom-

plete information can be established without using a relation.

Another possible direction for future work may involve taking intension into con-

sideration to reduce a structured lower approximation. This thesis presents the re-

duced structured lower approximations with extension-based maximal elements. With

this method, individual rules induced will cover more objects and are considered more

general. However, such rules do not necessarily use fewer attributes. There may exist

smaller conjunctively definable sets that can be defined by conjunctive formulas with

fewer attributes. This may happen when a small group of objects in an information

table takes special values on a small number of attributes. One can solve this problem
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by considering intension, that is, formulas in the new framework, instead of extension

to reduce a structured lower approximation.

Other possible directions for future work may include investigating algorithms or

methods to reduce redundancy in a structured rough set approximation other than

using a ∪-reduct.
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Appendix A

Proof of Theorems

Detailed proofs of all theorems in this thesis are given below.

A.1 Proof of Theorem 1

Theorem 1 Pawlak and Bryniarski approximations can define each other as follows:

apr(X) =
⋃

bapr(X),

apr(X) =
⋃

bapr(X), (A.1)

and

bapr(X) = {[x] ∈ U/E | [x] ⊆ apr(X)},

bapr(X) = {[x] ∈ U/E | [x] ⊆ apr(X)}. (A.2)

Proof.

Equation (A.1) can be directly verified by the definitions of Pawlak and Bryniarski

approximations (i.e., Definitions 2 and 3). The proof of Equation (A.2) is given as

follows.
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1. Prove that bapr(X) = {[x] ∈ U/E | [x] ⊆ apr(X)}.

According to set theory, it can be proved by verifying the following two subset

relationships:

(i) bapr(X) ⊆ {[x] ∈ U/E | [x] ⊆ apr(X)}:

According to the definition of Bryniarski approximations (i.e., Definition

3), for any equivalence class [x] in bapr(X), we have [x] ⊆ X. Since any

object y in [x] has the same equivalence class with x, that is, [y] = [x], it

follows that [y] ⊆ X. This infers that y ∈ apr(X). Thus, all objects in

[x] are also in apr(X), that is, [x] ⊆ apr(X). So it can be concluded that

bapr(X) ⊆ {[x] ∈ U/E | [x] ⊆ apr(X)}.

(ii) bapr(X) ⊇ {[x] ∈ U/E | [x] ⊆ apr(X)}:

Since an equivalence relation is reflexive, that is, x ∈ [x], for any equiv-

alence class [x] ⊆ apr(X), the object x is in apr(X). According to the

definition of Pawlak approximations (i.e., Definition 2), [x] ⊆ X. This

infers that [x] ∈ bapr(X). So it can be concluded that bapr(X) ⊇ {[x] ∈

U/E | [x] ⊆ apr(X)}.

2. Prove that bapr(X) = {[x] ∈ U/E | [x] ⊆ apr(X)}.

According to set theory, it can be proved by verifying the following two subset

relationships:

(i) bapr(X) ⊆ {[x] ∈ U/E | [x] ⊆ apr(X)}:

According to the definition of Bryniarski approximations (i.e., Definition

3), for any equivalence class [x] in bapr(X), we have [x] ∩ X 6= ∅. Since

any object y in [x] has the same equivalence class with x, that is, [y] = [x],

it follows that [y]∩X 6= ∅. This infers that y ∈ apr(X). Thus, all objects

in [x] are also in apr(X), that is, [x] ⊆ apr(X). So it can be concluded

that bapr(X) ⊆ {[x] ∈ U/E | [x] ⊆ apr(X)}.
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(ii) bapr(X) ⊇ {[x] ∈ U/E | [x] ⊆ apr(X)}:

Since an equivalence relation is reflexive, that is, x ∈ [x], for any equiv-

alence class [x] ⊆ apr(X), the object x is in apr(X). According to the

definition of Pawlak approximations (i.e., Definition 2), [x]∩X 6= ∅. This

infers that [x] ∈ bapr(X). So it can be concluded that bapr(X) ⊇ {[x] ∈

U/E | [x] ⊆ apr(X)}.

A.2 Proof of Theorem 2

Theorem 2 The meaning set of a formula in DL can be computed as:

(1) m(a = v) = {x ∈ U | Ia(x) = v},

(2) m(p ∧ q) = m(p) ∩m(q),

(3) m(p ∨ q) = m(p) ∪m(q). (A.3)

Proof.

(1) Prove that m(a = v) = {x ∈ U | Ia(x) = v}.

It can be directly verified by the definition of satisfiability (i.e., Definition 6), that

is, x |= (a = v), if Ia(x) = v.

(2) Prove that m(p ∧ q) = m(p) ∩m(q).

According to the definition of meaning sets and satisfiability of formulas (i.e.,

Definitions 7 and 6), the meaning set m(p∧q) can be transformed into m(p)∩m(q)

82



in the following way:

m(p ∧ q) = {x ∈ U | x |= (p ∧ q)}

= {x ∈ U | (x |= p) ∧ (x |= q)}

= {x ∈ U | x |= p} ∩ {x ∈ U | x |= q}

= m(p) ∩m(q). (A.4)

(3) Prove that m(p ∨ q) = m(p) ∪m(q).

According to the definition of meaning sets and satisfiability of formulas (i.e.,

Definitions 7 and 6), the meaning set m(p∨q) can be transformed into m(p)∪m(q)

in the following way:

m(p ∨ q) = {x ∈ U | x |= (p ∨ q)}

= {x ∈ U | (x |= p) ∨ (x |= q)}

= {x ∈ U | x |= p} ∪ {x ∈ U | x |= q}

= m(p) ∪m(q). (A.5)

A.3 Proof of Theorem 3

Theorem 3 Suppose {S1, S2, · · · , Sn} is a family of sets of attribute-value pairs where

Si ⊆ AV (1 ≤ i ≤ n), one can compute its meaning set by using set intersection and
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set union as:

m({S1, S2, · · · , Sn}) =
⋃

1≤i≤n

m({Si})

=
⋃

1≤i≤n

⋂
(a,v)∈Si

{x | x ∈ U, x |= (a, v)}. (A.6)

Proof.

According to the definition of meaning sets and satisfiability of attribute-value

pairs (i.e., Definitions 9 and 8), we transform the meaning set m({S1, S2, · · · , Sn})

and prove the theorem as follows.

m({S1, S2, · · · , Sn}) = {x ∈ U | x |= {S1, S2, · · · , Sn}}

= {x ∈ U | (x |= S1) ∨ (x |= S2) ∨ · · · ∨ (x |= Sn)}

=
⋃

1≤i≤n

{x ∈ U | x |= Si}

=
⋃

1≤i≤n

m({Si})

=
⋃

1≤i≤n

{x ∈ U |
∧

(a,v)∈Si

x |= (a, v)}

=
⋃

1≤i≤n

⋂
(a,v)∈Si

{x ∈ U | x |= (a, v)}. (A.7)

A.4 Proof of Theorem 4

Theorem 4 DEF(U) is a Boolean algebra. That is, DEF(U) includes the empty set

∅ and the universe U , and it is closed under set complement c, intersection ∩ and

union ∪.

Proof. This theorem can be proven by verifying the following four facts:
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(1) ∅ ∈ DEF(U).

The empty set ∅ can be the meaning set of any formula that contains a contra-

diction. For example,

∅ = m
(
(a = v1) ∧ (a = v2)

)
, (A.8)

where a ∈ AT , v1, v2 ∈ Va and v1 6= v2. Equation (A.8) shows a simplest case of

a formula indicating an empty set. Since any object can take exactly one value

on a specific attribute, any formula that requires different values on one attribute

defines the empty set.

(2) U ∈ DEF(U).

The universe U can be the meaning set of any formula that covers all possible

values of a particular attribute. For example,

U = m
( ∨
v∈Va

(a = v)
)
, (A.9)

where a ∈ AT . In the case that more than one attribute appears in a formula, if

the formula covers all possible combination values of these attributes, it can also

define the universe U .

(3) DEF(U) is closed under set union ∪ and set intersection ∩.

Given two definable sets X = m(p) ∈ DEF(U) and Y = m(q) ∈ DEF(U),

according to equations in (2.4), it follows that:

X ∪ Y = m(p) ∪m(q) = m(p ∨ q),

X ∩ Y = m(p) ∩m(q) = m(p ∧ q). (A.10)

Thus, X ∪ Y,X ∩ Y ∈ DEF(U), that is, intersection and union of two definable
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sets are also definable. Therefore, DEF(U) is closed under set intersection and

union.

(4) DEF(U) is closed under set complement c.

Suppose X = m(p) ∈ DEF(U), we need to show its complement Xc ∈ DEF(U),

that is, Xc is also definable. First, we introduce the logic negation ¬ to a logic

formula. For a formula p ∈ DL, if X = m(p), then Xc = m(¬p). For an atomic

formula, we have:

¬(a = v) =
∨

v′∈Va,v′ 6=v

a = v′. (A.11)

If X is defined by an atomic formula a = v, then Xc is defined by ¬(a = v), that

is,

Xc = m(
∨

v′∈Va,v′ 6=v

a = v′). (A.12)

Xc is a definable set, since
∨
v′∈Va,v′ 6=v a = v′ is a formula in the description

language DL.

Now assume that X is defined by a formula r that may be a non-atomic formula

in DL and Xc = m(¬r). We want to show that ¬r can be expressed as a formula

in DL by equivalently eliminating the negation connective. Generally, for any

formula r, ¬r can be transformed into a form in which negation connective ¬

only applies to atomic formulas by successively apply the De Morgan’s laws as

follows:

(1) ¬(p ∧ q) = ¬p ∨ ¬q,

(2) ¬(p ∨ q) = ¬p ∧ ¬q. (A.13)

Then, by replacing the negation of an atomic formula ¬(a = v) by
∨
v′∈Va,v′ 6=v a =

v′, r can be equivalently expressed as a formula in DL, which implies that Xc is

definable. Thus, DEF(U) is closed under set complement.
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A.5 Proof of Theorem 5

Theorem 5 Suppose the adaptive approximations are constructed by using Seqn =

{A1, A2, · · · , An}, the following properties hold:

(1)
⋃

dapr
n
(X) =

⋃
bapr

EAn

(X) = apr
EAn

(X),

(2)
⋃

daprn(X) =
⋃

baprEAn
(X) = aprEAn

(X). (A.14)

Proof.

According to Theorem 1 which states that the unstructured and structured Pawlak

approximations cover the same sets of objects, we only need to prove that:

⋃
dapr

n
(X) = apr

EAn

(X),⋃
daprn(X) = aprEAn

(X). (A.15)

We use the mathematical induction method to prove it by verifying the following

two facts:

(1) The equations hold for equivalence relation A0 = ∅, that is:

⋃
dapr

0
(X) = apr

E∅
(X),⋃

dapr0(X) = aprE∅(X). (A.16)

(2) If the equations hold for i (0 ≤ i ≤ n− 1), that is:

⋃
dapr

i
(X) = apr

EAi

(X),⋃
dapri(X) = aprEAi

(X), (A.17)
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then they hold for i+ 1, that is:

⋃
dapr

i+1
(X) = apr

EAi+1

(X),⋃
dapri+1(X) = aprEAi+1

(X). (A.18)

Fact (1) can be directly verified by the initialization step to construct the adaptive

approximations. We give the proof of Fact (2) as follows.

(i) Prove that
⋃
dapr

i+1
(X) = apr

EAi+1

(X).

According to the construction steps of the adaptive approximations, we have:

⋃
dapr

i+1
(X) =

(⋃
{K ∈ Xi+1/EAi+1

| K ⊆ X}
)
∪
(⋃

dapr
i
(X)

)
=

(⋃
{K ∈

(⋃
dapri(X)−

⋃
dapr

i
(X)

)
/EAi+1

| K ⊆ X}
)

∪
(⋃

dapr
i
(X)

)
=

(⋃
{K ∈

(
aprEAi

(X)− apr
EAi

(X)
)
/EAi+1

| K ⊆ X}
)

∪ apr
EAi

(X). (A.19)

According to the definition of the structured Pawlak approximations (i.e., Def-

inition 3) and Theorem 1, it follows that:

apr
EAi+1

(X) =
⋃

bapr
EAi+1

(X) =
⋃
{K ∈ U/EAi+1

| K ⊆ X}

=
(⋃
{K ∈

(
aprEAi

(X)− apr
EAi

(X)
)
/EAi+1

| K ⊆ X}
)

∪
(⋃
{K ∈ apr

EAi

(X)/EAi+1
| K ⊆ X}

)
∪
(⋃
{K ∈

(
aprEAi

(X)
)c
/EAi+1

| K ⊆ X}
)
. (A.20)

The property (P1) of rough set approximations states that apr
EAi

(X) ⊆ X.
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Thus, we have:

∀K ∈ apr
EAi

(X)/EAi+1
, K ⊆ apr

EAi

(X) ⊆ X. (A.21)

Therefore,

⋃
{K ∈ apr

EAi

(X)/EAi+1
| K ⊆ X} = apr

EAi

(X). (A.22)

The property (P1) also states thatX ⊆ aprEAi
(X). Therefore, X ∩

(
aprEAi

(X)
)c

=

∅, which means that:

⋃
{K ∈

(
aprEAi

(X)
)c
/EAi+1

| K ⊆ X} = ∅. (A.23)

From Equations (A.20), (A.22) and (A.23), it follows that:

apr
EAi+1

(X) =
(⋃
{K ∈

(
aprEAi

(X)− apr
EAi

(X)
)
/EAi+1

| K ⊆ X}
)

∪ apr
EAi

(X). (A.24)

By comparing Equations (A.19) and (A.24), we can conclude that:

⋃
dapr

i+1
= apr

EAi+1

(X). (A.25)

(ii) Prove that
⋃
dapri+1(X) = aprEAi+1

(X).

According to the construction steps of the adaptive approximations, we have:
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⋃
dapri+1(X) =

(⋃
{K ∈ Xi+1/EAi+1

| K ∩X 6= ∅}
)
∪
(⋃

dapr
i+1

(X)
)

=
(⋃
{K ∈

(⋃
dapri(X)−

⋃
dapr

i
(X)

)
/EAi+1

| K ∩X 6= ∅}
)

∪
(⋃

dapr
i+1

(X)
)

=
(⋃
{K ∈

(
aprEAi

(X)− apr
EAi

(X)
)
/EAi+1

| K ∩X 6= ∅}
)

∪ apr
EAi+1

(X)

=
(⋃
{K ∈

(
aprEAi

(X)− apr
EAi+1

(X)
)
/EAi+1

| K ∩X 6= ∅}

∪
(⋃
{K ∈

(
apr

EAi+1

(X)− apr
EAi

(X)
)
/EAi+1

| K ∩X 6= ∅}

∪ apr
EAi+1

(X). (A.26)

By noticing that:

⋃
{K ∈

(
apr

EAi+1

(X)− apr
EAi

(X)
)
/EAi+1

| K ∩X 6= ∅} ⊆ apr
EAi+1

(X),

(A.27)

we can simplify Equation (A.26) as:

⋃
dapri+1(X) =

(⋃
{K ∈

(
aprEAi

(X)− apr
EAi+1

(X)
)
/EAi+1

| K ∩X 6= ∅}
)

∪ apr
EAi+1

(X). (A.28)

According to the definition of the structured Pawlak approximations (i.e., Def-

inition 3) and Theorem 1, it follows that:

aprEAi+1
(X) =

⋃
bapr

EAi+1

(X) =
⋃
{K ∈ U/EAi+1

| K ∩X 6= ∅}

=
(⋃
{K ∈

(
aprEAi

(X)− apr
EAi+1

(X)
)
/EAi+1

| K ∩X 6= ∅}
)

∪
(⋃
{K ∈ apr

EAi+1

(X)/EAi+1
| K ∩X 6= ∅}

)
∪
(⋃
{K ∈

(
aprEAi

(X)
)c
/EAi+1

| K ∩X 6= ∅}
)
. (A.29)
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From the property (P1) of rough set approximations, we have:

∀K ∈ apr
EAi+1

(X)/EAi+1
, K ⊆ apr

EAi+1

(X) ⊆ X, (A.30)

which means that K ∩X = K 6= ∅. Therefore,

⋃
{K ∈ apr

EAi+1

(X)/EAi+1
| K ∩X 6= ∅} = apr

EAi+1

(X). (A.31)

The property (P1) states thatX ⊆ aprEAi
(X) which means thatX ∩

(
aprEAi

(X)
)c

=

∅. Thus, ⋃
{K ∈

(
aprEAi

(X)
)c
/EAi+1

| K ∩X 6= ∅} = ∅. (A.32)

From Equations (A.29), (A.31) and (A.32), it follows that:

aprEAi+1
(X) =

(⋃
{K ∈

(
aprEAi

(X)− apr
EAi+1

(X)
)
/EAi+1

| K ∩X 6= ∅}
)

∪ apr
EAi+1

(X). (A.33)

By comparing Equations (A.28) and (A.33), we can conclude that:

⋃
dapri+1 = aprEAi+1

(X). (A.34)

A.6 Proof of Theorem 6

Theorem 6 The following properties hold:

(1) ∀A ⊆ AT, bapr
EA

(X) ⊆ sapr(X),

(2) apr
EAT

(X) =
⋃

sapr(X). (A.35)
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Proof.

(1) Prove that bapr
EA

(X) ⊆ sapr(X).

Each equivalence class [x]EA
is a nonempty conjunctively definable set since it

can be expressed as:

[x]EA
= m

( ∧
a∈A

(a = Ia(x))
)
. (A.36)

By Definition 3, each equivalence class [x]EA
∈ bapr

EA
(X) is a nonempty conjunc-

tively definable subset of X. By Definition 16, it follows that [x]EA
∈ sapr(X).

Therefore, it can be concluded that bapr
EA
⊆ sapr(X).

(2) Prove that apr
EAT

(X) =
⋃
sapr(X).

According to set theory, it can be proved by verifying the following two subset

relationships:

(i) apr
EAT

(X) ⊆
⋃
sapr(X):

The first property in this theorem tells that bapr
EAT

(X) ⊆ sapr(X). Thus,

the sets of objects covered by these two approximations have the simi-

lar subset relationship, that is,
⋃
bapr

EAT
(X) ⊆

⋃
sapr(X). According

to Theorem 1, apr
EAT

(X) =
⋃
bapr

EAT
(X). So we can conclude that

apr
EAT

(X) ⊆
⋃
sapr(X).

(ii) apr
EAT

(X) ⊇
⋃
sapr(X):

According to the definition of the structured lower approximations (i.e.,

Definition 16), for any object x which is covered by sapr(X), there must

exist a nonempty conjunctively definable set C such that x ∈ C and C ⊆ X.

In Section 2.3.3, we verified the property that a conjunctively definable set

can be expressed as the union of a family of definable elementary sets, that

is, the equivalence classes in U/EAT . Therefore, C can be expressed by the

union of a family F ⊆ U/EAT , that is, C =
⋃
F. And there must exist an
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equivalence class [y]EAT
in the family such that x ∈ [y]EAT

and [y]EAT
⊆ C.

Thus, [x]EAT
= [y]EAT

⊆ C ⊆ X. This means that x ∈ apr
EAT

(X). Then it

can be concluded that apr
EAT

(X) ⊇
⋃
sapr(X).

A.7 Proof of Theorem 7

Theorem 7 The following properties hold:

(1) For any sequence Seqn of sets of attributes, dapr
n
(X) ⊆ sapr(X),

(2) For Seq|AT | = {A1, A2, · · · , AT},
⋃

dapr|AT |(X) =
⋃

sapr(X). (A.37)

Proof.

(1) Prove that for any sequence Seqn of sets of attributes, dapr
n
(X) ⊆ sapr(X).

In the proof of Theorem 6, we verified that each equivalence class [x]EA
(A ⊆ AT )

is a nonempty conjunctively definable set. From the construction of the adaptive

approximations, it follows that each equivalence class in dapr
n
(X) is a nonempty

conjunctively definable subset of X, which means that it is in sapr(X). Therefore,

it can be concluded that dapr
n
(X) ⊆ sapr(X).

(2) Prove that
⋃
dapr|AT |(X) =

⋃
sapr(X).

From Theorem 5, it follows that
⋃
dapr|AT |(X) = apr

EAT
(X). Theorem 6 states

that apr
EAT

(X) =
⋃
sapr(X). Therefore, it can be concluded that

⋃
dapr|AT |(X) =⋃

sapr(X).
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A.8 Proof of Theorem 8

Theorem 8 The following properties hold for R∪(sapr(X)):

(1) ∀R ∈ R∪(sapr(X)),⋃
R =

⋃
sapr(X) = apr

EAT
(X) =

⋃
bapr

EAT
(X) =

⋃
dapr|AT |(X),

(2) bapr
EAT

(X) ∈ R∪(sapr(X)),

(3) dapr|AT |(X) ∈ R∪(sapr(X)). (A.38)

Proof.

(1) Prove that
⋃

R =
⋃
sapr(X) = apr

EAT
(X) =

⋃
bapr

EAT
(X) =

⋃
dapr|AT |(X).

These equal signs can be directly verified by Definition 17, Theorem 6, Theorem

1 and Theorem 5, respectively.

(2) Prove that bapr
EAT

(X) ∈ R∪(sapr(X)).

According to the definition of a ∪-reduct, we need to prove the following two

facts:

(i)
⋃
bapr

EAT
(X) =

⋃
sapr(X):

This can be directly proved by Theorem 6 which states that apr
EAT

(X) =⋃
sapr(X) and Theorem 1 which states that apr

EAT
(X) =

⋃
bapr

EAT
(X).

(ii) ∀ [x]EAT
∈ bapr

EAT
(X),

⋃
(bapr

EAT
(X)− {[x]EAT

}) 6=
⋃
sapr(X):

Since Bryniarski approximations are partition-based, removing any equiva-

lence class in bapr
EAT

(X) will change the objects covered. That is, ∀ [x]EAT
∈

bapr
EAT

(X),
⋃

(bapr
EAT

(X)−{[x]EAT
}) 6=

⋃
bapr

EAT
(X). We have proved

that
⋃
bapr

EAT
(X) =

⋃
sapr(X), so ∀ [x]EAT

∈ bapr
EAT

(X),
⋃

(bapr
EAT

(X)−

{[x]EAT
}) 6=

⋃
sapr(X).
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(3) Prove that dapr|AT |(X) ∈ R∪(sapr(X)).

According to the definition of a ∪-reduct, we need to prove the following two

facts:

(i)
⋃
dapr|AT |(X) =

⋃
sapr(X):

This equation is given in Theorem 7.

(ii) ∀K ∈ dapr|AT |(X),
⋃

(dapr|AT |(X)− {K}) 6=
⋃
sapr(X):

Since the adaptive approximations are partition-based, removing any set

from dapr|AT |(X) will change the set of objects covered. That is, ∀K ∈

dapr|AT |(X),
⋃

(dapr|AT |(X) − {K}) 6=
⋃
dapr|AT |(X). We have proved

that
⋃
dapr|AT |(X) =

⋃
sapr(X). Thus, ∀K ∈ dapr|AT |(X),

⋃
(dapr|AT |(X)−

{K}) 6=
⋃
sapr(X).

A.9 Proof of Theorem 9

Theorem 9 The following properties hold:

(1) Mex(sapr(X)) ⊆ sapr(X),

(2)
⋃

Mex(sapr(X)) =
⋃

sapr(X). (A.39)

That is, Mex(sapr(X)) is a subset of sapr(X), which covers the same set of objects

as sapr(X).

Proof.

The first equation can be derived directly from the definition of extension-based

maximal elements, that is, Definition 19.

The proof of the second equation is given as follows. From the first equation, it
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follows that: ⋃
Mex(sapr(X)) ⊆

⋃
sapr(X). (A.40)

Suppose
⋃

Mex(sapr(X)) 6=
⋃
sapr(X). There exists an object x0 such that x0 ∈⋃

sapr(X) and x0 6∈
⋃

Mex(sapr(X)). Suppose a conjunctively definable set C ∈

sapr(X) contains x0, that is, x0 ∈ C. Since x0 6∈
⋃

Mex(sapr(X)), it follows that

C 6∈ Mex(sapr(X)), which means there exists an extension-based maximal element

CM ∈ sapr(X) such that C ( CM . Therefore, x0 ∈ CM . Then it follows that

x0 ∈
⋃

Mex(sapr(X)), which produces a contradiction. Thus, it can be concluded

that
⋃

Mex(sapr(X)) =
⋃
sapr(X).

A.10 Proof of Theorem 10

Theorem 10 Let R∪(·) denote the family of all ∪-reducts. The following property

holds:

R∪(Mex(sapr(X))) ⊆ R∪(sapr(X)). (A.41)

Proof.

For any R ∈ R∪(Mex(sapr(X))), R is a ∪-reduct of sapr(X) with maximal el-

ements. This means that R is a ∪-reduct of sapr(X), that is, R ∈ R∪(sapr(X)).

Therefore, it can be concluded that R∪(Mex(sapr(X))) ⊆ R∪(sapr(X)).
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[30] R. S lowiński and J. Stefanowski. Rough-set reasoning about uncertain data.

Fundamenta Informaticae, 27:229–243, 1996.

[31] E.E. Smith. Concepts and induction. In M.I. Posner, editor, Foundations of

Cognitive Science, pages 501–526. The MIT Press, Cambridge, Massachusetts,

1989.

[32] J.F. Sowa. Conceptual Structures, Information Processing in Mind and Machine.

Addison-Wesley, Reading, Massachusetts, 1984.
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