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ABSTRACT

An attribute reduct, that is, a minimal set of attributes with the same classification

ability as that of the entire set of attributes, is an important concept in rough set

analysis. There are different costs associated with attributes, such as money, time

and other resources. Costs of an attribute reduct can be classified into two categories,

namely, process cost and result cost for classifications. An important task of rough

set analysis is to obtain an attribute reduct with a minimal total cost.

There are two types of costs. Many studies focus on only one type of costs, that is,

process cost or result cost. In this thesis, a general definition of total-cost-sensitive at-

tribute reducts based on the decision-theoretic rough set (DTRS) model is proposed,

which unifies recent studies on different cost-sensitive attribute reducts. In special

cases, the general definition of total-cost-sensitive attribute reducts can cover process-

cost-sensitive attribute reducts and result-cost-sensitive attribute reducts. The con-

nection between DTRS and Pawlak rough sets with respect to the general definition

is explicitly investigated.

The objective of total-cost-sensitive attribute reducts is to find an attribute reduct

with a minimal total cost, which is interpreted as an optimization problem. An

attribute reduct construction algorithm with sequential testing is proposed based on

sequential three-way decisions. A heuristic function based on sequential testing is

developed to find an ordering attribute reduct with an approximate minimal total

cost and experimental results are demonstrated to support our methods.
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Chapter 1

INTRODUCTION

Rough set theory, proposed by Pawlak [30] in 1982, offers mathematical methods to

data mining and data analysis. One of the important applications of rough set theory

is to induce classification rules [31]. For the task of learning classification, removing

redundant attributes becomes a significant issue. One needs to find a minimal at-

tribute set that preserves the same classification power as that of the entire set of

attributes in an information table. In real-world applications, such as medical diag-

nosis, financial analysis and so on, attribute reducts are cost-sensitive, since attribute

reducts are associated with different types of costs.

1.1 Cost-sensitive Learning

Cost-sensitive learning is a type of learning in data mining that takes misclassification

cost and other cost into consideration [16]. As a result of limited resources, cost-

sensitive learning is practically meaningful and useful. The objective of cost-sensitive

learning is to minimize the total cost.

Turney [42] mentioned that a cost can be measured and interpreted by many

different units, such as money, time, volume and so on. A wide range of different

types of costs in machine learning have been investigated, including misclassification
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cost, test cost (an instance cost and an attribute cost), computation cost, human

computer interaction cost, and so on [42].

Classification is an important topic in inductive learning and data mining. A

classifier is first trained from a set of training examples with class labels and then

used to predict the class labels of new examples. Misclassification cost has attracted

much attention in recent years. Many classification algorithms have been developed,

including Bayesian networks [5], decision trees [35], neural networks [11], and support

vector machines [43]. Misclassification cost is induced by classification errors. For

those methods, misclassification cost is regarded as an important type of costs.

Misclassification cost is not unique. There exists a wide range of different types

of misclassification cost. The differences among them may be large. For example,

consider a certain cancer in medical diagnosis. If the cancer is regarded as the positive

class and non-cancer (healthy) is regarded as negative, then a false negative error

(the patient actually has the cancer but is classified as not have the cancer) is much

more serious or expensive than a false positive error [16]. A patient could lose his

or her life because of a delay in an incorrect diagnosis and treatment. Similarly, if

carrying a bomb is a positive instance, then it is much more expensive to miss a

terrorist who carries a bomb to a flight than searching an innocent person [16]. Many

studies [6,7,39,61] considered misclassification cost in classification by minimizing the

cost of false positive and minimizing the cost of false negative in binary classification

tasks.

Misclassification cost is useful to decide whether a learning algorithm tends to

make a correct decision on classifying new instances. However, classification cost is not

the only type of costs that must be considered in applications. Some studies [40, 46]

have considered test cost, that is, one type of costs for using an attribute in making a

classification decision. In many studies, both misclassification cost and test cost have

been considered with respect to inductive learning algorithms such as Naive Bayes

2



and decision trees [4,8,17,41] . For example, an approach based on a decision tree was

proposed to combine both types of costs into the process of decision tree building and

the determining of candidate attributes [17]. This approach improves the decision

tree construction by using the minimal cost as the splitting criterion and designs a

sequential testing method in a local search structure.

Although other types of costs may be considered, they are usually not general

enough for data mining and machine learning. Thus, they are omitted in most stud-

ies. In addition, there are insufficient studies on combining misclassification cost and

test cost systematically in a cost-sensitive learning algorithm. Instead, they are in-

terpreted by a specific inductive learning technique. On the other hand, attribute

reducts are closely associated with classification in rough set theory. Therefore, many

studies in cost-sensitive learning can be applied in studying cost-sensitive attribute

reducts.

1.2 Overview of Cost-sensitive Attribute Reducts

Rough set theory is used in many fields, such as dependency analysis, objects clas-

sification, support systems and so on [1, 31–34, 48]. It is assumed that a finite set of

objects is described by a finite set of attributes. The values of objects with respect to

attributes can be represented by an information table. Decision tables are one type

of information tables with a decision attribute that presents the decision classes for

all objects. The study in this thesis is mainly based on decision tables.

1.2.1 Attribute Reducts

In many data analysis fields, information and knowledge are stored and described

in an information table, in which a set of objects are represented through a set of

attributes [30]. Rough set theory concerns the analysis of data represented in an
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information table [31].

Definition 1 An information table is defined as follows:

S = (U,AT, {Va|a ∈ C ∪D}, {Ia|a ∈ C ∪D}),

where U is a finite set of objects called the universe, AT is a finite nonempty set of

attributes, Va is a nonempty set of values for each a ∈ AT , and Ia : U → Va is an

information function that maps an object of U to exactly one value in Va.

Given an object x ∈ U , Ia(x) indicates a value of x with respect to an attribute a ∈

AT . For simplicity, given a subset of attributes A ⊆ AT , IA(x) indicates the vector

value of x with respect to A. An information table can be conveniently represented in

a tabular form, each row represents an object, each column represents an attribute,

and each cell represents a value of an object on the corresponding attribute.

A decision table or a classification table is a special information table that is widely

used for classification of objects [31]. In a decision table, attributes are divided into

condition attributes and decision attributes.

Definition 2 A decision table or a classification table is an information table S =

(U,AT = C ∪ D, {Va|a ∈ C ∪ D}, {Ia|a ∈ C ∪ D}), where C is a set of condition

attributes and D is a set of decision attributes. If for all objects x, y ∈ U , IC(x) =

IC(y) implies that ID(x) = ID(y), the table is called a consistent decision table, and

is called an inconsistent table otherwise.

A classification table provides available information over a set of objects. One can

analyze attributes and objects based on information functions in the table. When

analyzing data and discovering knowledge by using rough set theory, an attribute

level analysis, or attribute reducts, is considered first [30]. An attribute reduct plays

an essential role in analyzing a decision table.
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Definition 3 An attribute reduct is a minimum subset of conditional attributes that

preserves the same descriptive or classification ability as that of the entire set of

attributes.

Definition 3 is an intuitive and informal definition. The classification ability of

an attribute reduct is associated with classification accuracy on objects in a deci-

sion table. In the next chapter, we will formally define the notion of descriptive

or classification ability of a set of attributes. Attributes in an attribute reduct are

jointly sufficient and individually necessary [30]. Attribute reducts can be used to

analyze attribute dependencies with an objective to simplifying a table. The main

task involves identifying superfluous attributes and finding a minimal subset of at-

tributes that has the same classification power as the entire set of attributes. There

may exist more than one attribute reduct for each table. It has been proved that

finding an attribute reduct with a minimal number of attributes is non-deterministic

polynomial-time hard (NP-hard) [36], which means that the problem is very difficult

to solve, however, it has never been proven.

Many variation of attribute reducts have been proposed and examined, such as

dynamic reducts [2], association reducts [37] and so on. For simplicity, this thesis re-

stricts to widely used notions of attribute reducts, that is, attribute reducts based on

DTRS) [50] and Pawlak rough sets. Moreover, attribute reducts in Pawlak rough sets

can be derived from attribute reducts in decision-theoretic rough sets. For Pawlak

rough sets, a classification indicates that either an equivalence class completely be-

longs to one class or partly belongs to one class. For decision-theoretic rough sets, a

classification indicates that an equivalence class belongs to one class if it is beyond a

certain threshold. The threshold is a value or point at which something would happen

or take effect. A pair of thresholds can be computed based on a set of loss functions

according to Bayesian decision procedure [50]. The meaning of the loss functions can

be represented by a practical notion of risks. In the next chapter, we will present the
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detailed knowledge on decision-theoretic rough sets.

1.2.2 Cost-sensitive Attribute Reducts

In recent years, many studies have been proposed by considering misclassification

cost and test cost [13, 15, 19, 23] in rough sets. Misclassification cost is the cost of

classifying an object to one class when its real class is the other. Test cost is the

measurement cost of determining a value of an attribute. There exist dependencies

among attributes and they affect most costs in attribute reducts. However, attribute

dependencies are not considered for test cost and misclassification cost in recent

studies.

With respect to different types of costs, recent studies can be classified into three

categories, namely, test cost of attribute reducts [9, 18, 19, 23, 28], misclassification

cost of attribute reducts [13, 14, 24] and total cost of classifying an equivalence class

of attribute reducts [15].

Regarding test cost of attribute reducts, the objective is to find the minimal total

test cost with the fixed total misclassification cost. For a decision table, the positive

region is closely associated with misclassification cost. In order to preserve the positive

region with respect to entire attributes, some authors [9, 18, 23, 28] stated different

approaches to conducting an attribute reduct with minimal total test cost based on

Pawlak rough sets. Ma et al. [19] discussed the same issue based on DTRS.

For the misclassification cost of attribute reducts, the objective is to find the min-

imal total misclassification cost with the fixed total test cost. Min et al. [24] proposed

an approach to obtaining an attribute reduct to preserve a maximum positive region

with minimal total test cost based on Pawlak rough sets. Jia et al. [13, 14] proposed

an effective method to achieve minimal total misclassification cost based on DTRS.

However, the two studies did not consider combining both types of costs.

Li et al. [15] studied total cost of classifying an equivalence class in a decision
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table. Test cost is regarded as important as misclassification cost. Both test cost

and misclassification cost are considered, though the goal of total cost is not for all

objects in a decision table [15].

1.3 Motivations of the Study

The notion of attribute reducts induces a subset of attributes that is jointly sufficient

and individually necessary for preserving a particular property of an information

table. It is an important concept in rough set theory [30–32]. Many different types of

attribute reducts have been investigated for the purpose of simplifying an information

table and inducing classification rules in the rough set community [10, 21, 22, 26, 45].

It has been widely applied to data analysis, data mining and knowledge discovery.

An attribute reduct is associated with different types of costs. The cost may be

interpreted and measured in terms of money, time, capacity and so on. Furthermore,

resources are limited in a real world and there are always constraints for a type of

costs. Instead of combining test cost and misclassification cost into a total cost, most

of recent studies [9, 13, 18, 23–25, 28] only focus on one type of cost. Consequently,

the corresponding studies tend to be biased. In addition, many studies are discussed

based on Pawlak rough sets or decision-theoretic rough sets separately. However, there

exist close relationships between Pawlak rough sets and decision-theoretic rough sets

with respect to costs. With many different cost-sensitive attribute reducts proposed,

it is becoming increasingly difficult to study and analyze them. A unified and general

definition of cost-sensitive attribute reducts is needed, which is the main motivation

of this thesis.

For many studies, attribute dependencies are not taken into consideration. On

the other hand, attribute dependencies play an important role in real world problems.

For example, sequential testing with respect to attributes in an attribute reduct can
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be considered. Thus, this thesis considers using sequential testing in cost-sensitive

attribute reducts.

1.4 Summary of Contributions

The notions of test cost and misclassification cost are interpreted as process cost and

result cost with respect to an attribute reduct. Process cost is the cost of using se-

quential testing in rules generated by an attribute reduct for objects classifications

in a decision table and involves dependencies among attributes. Result cost is the

cost of classifications by using rules constructed from an attribute reduct for objects

classifications in a decision table and covers correct classification cost, misclassifica-

tion cost, boundary classification cost and so on. Sequential testing that explores

attribute dependencies is proposed based on sequential three-way decisions. Sequen-

tial testing uses an ordering of attributes to make three-way decisions with respect

to classifications.

A general definition of total-cost-sensitive attribute reducts is proposed, which

takes cost constraints and cost weights into consideration. The objective of studying

total-cost-sensitive attribute reducts is to find an attribute reduct under a certain or-

dering with a minimal total cost. Process-cost-sensitive attribute reducts and result-

cost-sensitive attribute reducts can be derived from the general definition of total-cost-

sensitive attribute reducts. Process-cost-sensitive attribute reducts is a minimal pro-

cess cost reduct under some cost constraints. Result-cost-sensitive attribute reducts

is a minimal result cost under some cost constraints. Although process-cost-sensitive

attribute reducts and result-cost-sensitive attribute reducts are different, there are

relationships among them. They are mutually complementary and constitute the

general definition of total-cost-sensitive attribute reducts. The general definition of

total-cost-sensitive attribute reducts unifies recent studies on different cost-sensitive
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attribute reducts and demonstrates the simplicity and reflexibility.

We propose a new interpretation of loss functions in decision-theoretic rough set

model. The new interpretation leads to Pawlak rough sets from decision-theoretic

rough sets and is more appropriate than existing one. It brings in new insights

and makes an important basis for a unification between decision-theoretic rough set

model and Pawlak rough set model with respect to cost computation. Some analysis

of different costs associated with sequential testing are interpreted explicitly. An

attribute reduct construction algorithm based on sequential testing is proposed and

developed to approximate an optimal attribute reduct.

1.5 Thesis Structure

The remaining parts of this thesis are organized as follows. Chapter 2 reviews

the background of attribute reducts and recent literature of cost-sensitive attribute

reducts. The concept of attribute reducts is introduced from the viewpoints of Pawlak

rough sets and decision-theoretic rough sets respectively. Relationships between these

two models are interpreted. Different cost-sensitive attribute reducts are classified.

In Chapter 3, the notions of process cost and result cost are proposed from the

viewpoint of an attribute reduct. An example is used to illustrate sequential testing

with process cost and result cost. A general definition of total-cost-sensitive attribute

reduct is proposed. Process-cost-sensitive attribute reducts and result-cost-sensitive

attribute reducts are shown to be special cases of the general definition of total-cost-

sensitive attribute reducts. Relationships are interpreted regarding different types of

cost-sensitive attribute reducts. A new interpretation is proposed to set up a new

relationship between decision-theoretic rough set model and Pawlak rough set model.

A critical analysis on formulating process cost and result cost with sequential testing

is given explicitly. A heuristic function is proposed and used to design an algorithm

9



based on sequential three-way decisions to approximate an optimal attribute reduct.

Chapter 4 presents some experimental results based on the proposed algorithm by

using public data sets. The experimental results show the generality and efficiency

of the proposed algorithm, demontstrating the advantages of using sequential test-

ing. Finally, a summary of our research and future research directions are given in

Chaper 5.
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Chapter 2

BACKGROUND AND RELATED

RESEARCH

Rough set theory provides a simple and effective method for analyzing data in a

tabular form, which can be applied to decision table simplification and rule learning

[31]. One of the tasks of rough set analysis is to deal with a finite set of objects in

an information table in order to classify all objects to some predefined classes. In

this chapter, some basic concepts of rough set analysis are reviewed. In addition,

many studies on cost-sensitive attribute reducts are presented from three viewpoints,

namely, test cost of an attribute reduct, misclassification cost of an attribute reduct

and total cost of an attribute reduct.

2.1 Rough Set Analysis

In this section, some basic ideas and notions of rough set theory are reviewed [30–32].
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2.1.1 Definable Concepts

Concept is an important notion, which is described by Smith [38] as “a mental rep-

resentation of a class or individual and deals with what is being represented and how

that information is typically used during the categorization.” The classical view of

concepts can be used to explain concept formation and learning. For example, when

we learn the concept “cat”, some attributes and properties can be used to represent

the concept “cat”, such as number of legs, color, tail and so on. All these features

are considerred to be the intension. At the same time, we need some typical and

concrete examples of cat, such as different types of cats, which are considered as the

extension. Thus, a concept can be interpreted jointly by a pair of an intension and

an extension.

In an information table, the intension and extension can be represented by a logic

formula and a set of objects, respectively [31]. A subset of objects X ⊆ U may be

viewed as the extension of a concept. A description language is introduced for the

purpose of describing the intension of a concept formally [20], which can be recursively

defined as follows:

(1) (a = v) ∈ DL, where a ∈ AT, v ∈ Va,

(2) if p, q ∈ DL, then (p ∧ q), (p ∨ q) ∈ DL,

where (1) defines atomic formulas. For simplicity, a language defined by two logic

connectives ∨ and ∧ is considered, which is a sublanguage used by Pawlak [31]. This

language is powerful enough for rough set analysis. The satisfiability of a formula p
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by an object x, written x |= p, is defined as [31]:

(i) x |= a = v, iff Ia(x) = v,

(ii) x |= p ∧ q, iff x |= p and x |= q,

(iii) x |= p ∨ q, iff x |= p or x |= q.

If p is a formula, the set m(p) ⊆ U defined as [31]:

m(p) = {x ∈ U | x |= p}, (2.1)

where m(p) is called a meaning set of formula p. m(p) consists of all objects that

satisfy p. With the introduction of meaning sets, some connections between logic and

set operations can be set up as [31]:

(m1) m(a = v) = {x ∈ U | Ia(x) = v},

(m2) m(p ∧ q) = m(p) ∩m(q),

(m3) m(p ∨ q) = m(p) ∪m(q), (2.2)

where logic disjunction and conjunction are interpreted in terms of set intersection

and union, respectively.

The meaning set function m maps a formula p to a unique subset m(p) of U . The

reverse process is not that simple. For a subset X ⊆ U , we may not find a formula

p such that X = m(p). For a former case when we can find a formula, there may

exist more than one formula. It is required that one must find a unique intension of

a concept.

Suppose a set of objects X ⊆ U is the extension of a concept. X is called as a

definable concept or a definable set if there exists a formula p such that X = m(p).

Otherwise, X is an undefinable set. A definable concept (p,m(p)) is derived from
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a formula. In rough set analysis, the notion of definability is one-way. That is, p

defines m(p). It may be possible that there exists another formula q that is different

from p and m(p) = m(q), which means the extension of a definable concept does not

necessarily decide a particular intension of a concept.

With respect to a subset of attributes A ⊆ AT , each object x is described by a

logic formula: ∧
a∈A

a = Ia(x), (2.3)

where Ia(x) ∈ Va and the atomic formula a = Ia(x) indicates that the value of an

object on attribute a is Ia(x). The equivalence class containing x, [x]EA , is a set of

those objects that satisfy the above formula (see discussion of equivalence relation

and related content in the next section). In this case, we get:

m(
∧
a∈A

a = Ia(x)) = [x]EA , (2.4)

where [x]EA is a definable set. The formula
∧
a∈A = Ia(x) is a description of objects

that are equivalent to x with respect to A, including x itself.

2.1.2 Rough Set Approximations

The concept of approximation is an important notion in rough set theory. Since some

concepts can be defined in an information table while others cannot, the notion of

approximating a concept by other concepts was proposed by Pawlak [31]. More pre-

cisely, one concept can be approximated by a pair of lower and upper approximations.

Furthermore, based on approximations, one can divide all objects into three regions.

Equivalence Relations

An equivalence relation is a fundamental concept for rough set approximations. A

binary relation on U is called an equivalence relation if it is reflexive, symmetric and
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transitive [31].

Definition 4 For an attribute a ∈ AT , an equivalence relation on U is defined as:

xEay ⇐⇒ Ia(x) = Ia(y). (2.5)

That is, two objects are equivalent with respect to an attribute if and only if they have

the same value on the attribute. We can construct an equivalence relation induced

by a subset of attributes A ⊆ AT by using equivalence relations defined by individual

attributes in A, which is as follows:

EA =
⋂
a∈A

Ea.

That is, two objects are equivalent with respect to a set of attributes A if and only if

they are equivalent with respect to each attribute a ∈ A. Moreover, by definition, EA

can also be expressed as:

xEAy ⇐⇒ ∀a ∈ A(Ia(x) = Ia(y)). (2.6)

That is, two objects are equivalent with respect to a subset of attribute A if and only

if they have the same values on all the attributes in A.

An equivalence relation E is a set of pairs, that is, E ⊆ U×U . Given two equivalence

relations Ea and Eb, then Ea ∩ Eb is also an equivalence relation by applying set-

theoretic operations and relations.

There is a one-to-one correspondence between all equivalence relations on U and

all partitions of U . The definition of partitions of U is given in the following [55].

Definition 5 A partition of the universe is a family of nonempty pair-wise disjoint

subsets of the universe whose union is the universe. Each subset in the partition

15



is called a block. For an equivalence relation E on U , it induces a partition of the

universe and is denoted by:

U/E = {[x]E | x ∈ U}, (2.7)

where [x]E = {y ∈ U | xEy} is the equivalence class containing x.

For an attribute a ∈ AT , the partition induced by Ea is denoted by U/Ea =

{[x]Ea | x ∈ U}. A partition induced by EA is denoted by U/EA = {[x]EA | x ∈ U}

or πA. The equivalence class of πA containing x is expressed by :

[x]EA = {y ∈ U |∀a ∈ A, Ia(x) = Ia(y)}. (2.8)

The relationship between Ea and EA can be induced by:

[x]EA =
⋂
a∈A

[x]Ea .

A partial order can be defined by the standard set inclusion of equivalence relations.

It is expressed by:

πA � πB ⇐⇒ EA ⊆ EB. (2.9)

According to different subsets of attributes, for A,B ⊆ AT, x ∈ U , a series of rela-

tionships can be established as follows [55]:

(1) EA∪B = EA ∩ EB,

(2) [x]EA∪B = [x]EA ∩ [x]EB ,

(3) A ⊆ B ⇒ EB ⊆ EA,

(4) A ⊆ B ⇒ πB � πA. (2.10)
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Properties (1) and (2) show that the equivalence relation defined by a subset of

attributes can be constructed from the individual equivalence relations or partitions

defined by singleton subsets of attributes. Property (3) expresses that the refinement-

coarsening relation � is monotonic with respect to set inclusion of sets of attributes.

A Pair of Lower and Upper Approximations

Consider an equivalence relation E on U . The equivalence classes induced by the

partition π (i.e., U/E) are the basic blocks to construct the Pawlak rough set ap-

proximations. For a subset X ⊆ U , the lower and upper approximations of X with

respect to π are defined by [30]:

apr
π
(X) = {x ∈ U | [x] ⊆ X}

= {x ∈ U | P (X|[x]) = 1},

aprπ(X) = {x ∈ U | [x] ∩X 6= ∅}

= {x ∈ U | P (X|[x]) > 0}, (2.11)

where P (X|[x]) defines the conditional probability that an object x belongs to X,

considering that an object is in the equivalence class [x], i.e., P (X|[x]) = |X∩[x]|
|[x]| .

Three Regions

Based on the rough set approximations of a set X, we can divide the universe U into

three disjoint regions: the positive region POSπ(X), the boundary region BNDπ(X)

and the negative region NEGπ(X):

POSπ(X) = apr
π
(X),

BNDπ(X) = aprπ(X)− apr
π
(X),

NEGπ(X) = U − POS(X)π ∪BNDπ(X) = U − aprπ(X). (2.12)
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Let πD = {D1, D2, . . . , Dm} be a partition of the universe U induced by the set of deci-

sion attributes D representing m classes. The lower and upper approximations of the

partition πD with respect to π are the family of the lower and upper approximations

of all the equivalence class of πD. That is formulated as:

apr
π
(πD) = (apr

π
(D1), aprπ(D2), . . . , aprπ(Dm));

aprπ(πD) = (aprπ(D1), aprπ(D2), . . . , aprπ(Dm)). (2.13)

Then the notions of three regions can be redefined as follows:

POSπ(πD) =
⋃

1≤i≤m

POSπ(Di),

BNDπ(πD) =
⋃

1≤i≤m

BNDπ(Di),

NEGπ(πD) = U − POSπ(πD) ∪BNDπ(πD). (2.14)

The three regions are pairwise disjoint, and the union is a covering of U . It can be

verified that POSπ(πD) ∩ BNDπ(πD) = ∅ and POSπ(πD) ∪ BNDπ(πD) = U . A

decision table is consistent if each equivalence class decides a unique decision, which

comes to BNDπ(πD) = NEGπ(πD) = ∅ and POSπ(πD) = U . Conversely, there

exists at least one equivalence class associating with more than one decision in an

inconsistent decision table.

2.1.3 Classifications

One of the important applications of rough set theory is to induce classification rules.

A classification of a universe of objects is a partition of the universe. Each block in a

partition represents instances of a class or a concept. Classifications induction is to

find classification rules that precisely construct and represent concepts.
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Representation of a Concept by Rules

In rough set theory, in order to learn a new concept whose extension is a subset of U ,

the first step is to approximate the concept through other known definable concepts.

We consider the rules generated from the lower approximation as the certain rules,

while the rules derived from the upper approximation are considered as uncertain

rules [59].

In the former section, we have given the lower approximation of a concept X ⊆ U

by:

apr
π
(X) = {x ∈ U | [x] ⊆ X},

where the concept X is represented by a family of basic concepts {x ∈ U | [x] ⊆ X}.

Accordingly, we can formulate a rule as follows:

∧
a∈A

a = Ia(x)→ Des(X),

where Des(X) denotes the description or the name of concept X. With this method,

we can construct a set of rules based on equivalence classes in the lower approximation

of X to represent the concept X.

Learning Classification Rules

A classification of the universe is a partition of the universe and each block in a

partition is considered as a concept. A set of classification rules can be generated

from learning a classification of the universe. In a decision table, the classification

rule learning reflects a connection between a partition induced by condition attributes

and a partition induced by decision attribute.

In Section 2.1.2, for πD = {D1, D2, . . . , Dm}, we have constructed the lower ap-

19



proximation of πD with respect to a partition π, that is,

apr
π
(πD) = (apr

π
(D1), aprπ(D2), . . . , aprπ(Dm)),

= {apr
π
(K) | K ∈ πD}. (2.15)

In the following, we explore an illustrative example to show the representation of

concepts and to learn a set of classification rules of the whole table by collecting all

the rules for all concepts in πD according to the discussion in Section 2.1.1.

Table 2.1: A decision table

Object Hair Eyes Class
o1 blond blue +
o2 blond brown +
o3 blond brown +
o4 dark blue -
o5 dark blue -
o6 red blue +

The above table is a decision table derived from [57]. There are six objects.

Attributes “Hair” and “Eyes” are condition attributes, i.e., C = {Hair, Eyes}. At-

tribute “Class” is the classification attribute that is used to classify six objects, i.e.,

D = {Class}. An example of a logic formula in this decision table is:

Hair = blond ∧ Eyes = brown.

The meaning of the formula is :

m(Hair = blond ∧ Eyes = brown) = {o2, o3}.

A concept can be defined by a pair of intension and extension:

(Hair = blond ∧ Eyes = brown, {o2, o3}).
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Apparently, the set {o2, o3} is definable since a formula can be found to describe it.

Conversely, the set {o3, o4} is not definable because there is no formula available to

describe it.

Furthermore, two structures πa and πA can be constructed from the above table.

For the basic definable sets πa, where a ∈ C, we get,

πHair = {{o1, o2, o3}, {o4, o5}, {o6}},

πEyes = {{o1}, {o2, o3}, {o4, o5, o6}}.

Suppose an attribute set A = C, for the elementary definable sets πA, we get,

π{Hair,Eyes} = πHair ∩ πEyes

= {{o1}, {o2, o3}, {o4, o5}, {o6}}

In order to construct a set of classification rules, two partitions of the universe should

be obtained first, namely, the set of elementary definable concepts πA and the concepts

πD. Let A = C, we get,

π{Hair,Eyes} = {{o1}, {o2, o3}, {o4, o5}, {o6}},

π{Class} = {{o1, o2, o3, o6}, {o4, o5}}.

To construct the lower approximation of πD with respect to πA, the lower approxima-

tion of each concept in πD should be constructed first. According to Equation (2.15),

for concept (Class = +, {o1, o2, o3, o6}), we have:

{o1} ⊆ {o1, o2, o3, o6},

{o2, o3} ⊆ {o1, o2, o3, o6},

{o6} ⊆ {o1, o2, o3, o6}.
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Therefore, we get:

apr
πA

({o1, o2, o3, o6}) = {o1} ∪ {o2, o3} ∪ {o6} = {o1, o2, o3, o6},

According to Equation (2.15), with respect to concept (Class = +, {o1, o2, o3, o6}) we

get three rules:

Hair = blond ∧ Eyes = blue→ Class = +,

Hair = blond ∧ Eyes = brown→ Class = +,

Hair = red ∧ Eyes = blue→ Class = +.

Similarly, the rule for concept (Class = −, {o4, o5}) is:

Hair = dark ∧ Eyes = blue→ Class = −.

Then, a set of classification rules for the given decision table is obtained by collecting

all the rules for each concept in πD.

2.1.4 Decision-theoretic Rough Sets

A decision-theoretic rough set model, proposed by Yao [50], is a probabilistic rough set

model [52]. It produces new insights for the probabilistic rough set approaches. The

decision-theoretic rough set model can derive several probabilistic rough set models

when proper cost functions are used, such as the variable precision rough set model

[62], the Pawlak rough set model [31], and so on. The game-theoretic rough set model

(GTRS) determines and interprets the required thresholds of probabilistic rough set

model by utilizing a game-theoretic environment for analyzing strategic situations

between cooperative or conflicting decision making criteria [10]. It may be pointed

out that DTRS and GTRS provide different ways to interpret the probabilistic rough
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set model. In the rest of the thesis, we adopt the formulation of DTRS. The arguments

may be easily applied to GTRS.

Recall that a concept is usually described by three regions: the positive region, the

boundary region and the negative region. The positive region of a concept means mak-

ing a decision of acceptance, the negative region means making a decision of rejection,

and the boundary region means making a non-committed decision. Decision-theoretic

rough sets is based on a Bayesian decision procedure, which provides systematic meth-

ods for deriving the required thresholds on probabilities for defining the three regions.

An object is classified into a particular region because the cost or loss of classifying

it into the region is less than the cost of classifying it into other regions.

The Bayesian decision procedure deals with making decisions with minimum risk

based on observed evidence [50]. Let Ω = {w1, ..., ws} be a finite set of states that x

is probably in. Let A = {a1, ..., am} be a finite set of m possible actions. Let λ(ai|wj)

denote the cost or loss for taking action ai when the state is wj. Let P (wj|x) be the

conditional probability of an object x being in state wj. The expected loss associated

with taking action ai is given as [50]:

R(ai|x) =
s∑
j=1

λ(ai|wj) · P (wj|x). (2.16)

In an approximation space (U,E), a partition π = U/E is derived from an equiva-

lence relation E. Let an equivalence class [x] denote a description of x. The par-

tition π is the set of all possible descriptions. The set of states Ω = {X,Xc},

indicating that an object is in a decision class X and not in X respectively. The

probabilities for these two complement states are denoted as P (X|[x]) = |X∩[x]|
|[x]| and

P (Xc|[x]) = 1− P (X|[x]) [58]. A set of actions is given by A = {aP , aN , aB}, repre-

senting that three actions decide an object to be in the sets POSπ(X) (the positive

region), BND(X)π (the boundary region) and NEGπ(X) (the negative region), re-

spectively. When an object belongs to X, let λPP , λBP and λNP denote the costs of
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taking the actions aP , aB and aN , respectively. Let λPN , λBN and λNN denote the

costs of taking the same action when an object does not belong to X.

Given the cost functions, the expected cost with respect to taking different actions

can be expressed as :

R(aP |[x]) = λPPP (X|[x]) + λPNP (Xc|[x]),

R(aN |[x]) = λNPP (X|[x]) + λNNP (Xc|[x]),

R(aB|[x]) = λBPP (X|[x]) + λBNP (Xc|[x]). (2.17)

The Bayesian decision procedure suggests the following minimal risk decision rules:

If R(aP |[x]) ≤ R(aB|[x]) and R(aP |[x]) ≤ R(aN |[x]), decide [x] ⊆ POSπ(X),

If R(aB|[x]) ≤ R(aP |[x]) and R(aB|[x]) ≤ R(aN |[x]), decide [x] ⊆ BNDπ(X),

If R(aN |[x]) ≤ R(aP |[x]) and R(aN |[x]) ≤ R(aB|[x]), decide [x] ⊆ NEGπ(X).

Consider a special kind of loss functions with:

λPP ≤ λBP < λNP ,

λNN ≤ λBN < λPN . (2.18)

That is, the cost of classifying an object x into the positive region POSπ(X) is less

than or equal to the cost of classifying x into the boundary region BNDπ(X), and

both of these cost are less than the cost of classifying x into the negative region

NEGπ(X). The reverse order of cost is used for classifying an object that does not

belong to X. This consideration implies that α ∈ (0, 1], β ∈ [0, 1) and γ ∈ (0, 1).
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With that case, the decision rules can be rewritten as:

If P (X|[x]) ≥ α and P (X|[x]) ≥ γ, decide [x] ⊆ POSπ(X),

If P (X|[x]) ≤ α and P (X|[x]) ≥ β, decide [x] ⊆ BNDπ(X),

If P (X|[x]) ≤ β and P (X|[x]) ≤ γ, decide [x] ⊆ NEGπ(X). (2.19)

where the parameters α, β and γ are defined as:

α = (λPN−λBN )
(λPN−λBN )+(λBP−λPP )

,

β = (λBN−λNN )
(λBN−λNN )+(λNP−λBP )

,

γ = (λPN−λNN )
(λPN−λNN )+(λNP−λPP )

. (2.20)

From above we can see that each rule is defined by two parameters. If a loss function

satisfies the following condition:

(λPN − λBN)(λNP − λBP ) > (λBP − λPP )(λBN − λNN) (2.21)

then we get α > γ > β. In this case, after tie-breaking, we obtain:

If P (X|[x]) ≥ α, decide [x] ⊆ POSπ(X),

If P (X|[x]) ≤ β, decide [x] ⊆ NEGπ(X),

If β < P (X|[x]) < α, decide [x] ⊆ BNDπ(X). (2.22)

By using the thresholds, one can divide the universe U into three regions with a

25



decision partition πD based on (α, β):

POSπ(α,β)(πD) = {x ∈ U | P (Dmax([x])|[x]) ≥ α},

BNDπ(α,β)(πD) = {x ∈ U | β < P (Dmax([x])|[x]) < α},

NEGπ(α,β)(πD) = U − POSπ(α,β)(πD) ∪BNDπ(α,β)(πD). (2.23)

where Dmax([x]) = arg maxDi∈πD{
|[x]∩Di|
|[x]| } according to rule induction [58].

All three types of rules may be uncertain, which is different from that of Pawlak

rough sets theory. They represent the levels of tolerance on making incorrect decisions.

Each rule produces corresponding cost as its error rate. Let P = P (Dmax([x])|[x]),

the cost of each rule based on Bayesian can be expressed as follows:

Cost of positive rule : P · λPP + (1− P ) · λPN ,

Cost of boundary rule : P · λBP + (1− P ) · λBN ,

Cost of negative rule : P · λNP + (1− P ) · λNN . (2.24)

Consider a special case, λPP = λNN = 0, in other words, we assume a zero cost for a

correct classification. Thus, the decision costs of all rules are defined as:

Cost of positive rule : (1− P ) · λPN ,

Cost of boundary rule : P · λBP + (1− P ) · λBN ,

Cost of negative rule : P · λNP . (2.25)

The decision cost is composed of three types of cost, namely, cost of positive rules,

cost of boundary rules and cost of negative rules.

Based on the decision-theoretic rough set model, it is possible to derive Pawlak
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rough set model by considering a specific loss function. Consider a loss function:

λPN = λNP = 1,

λBP = λPP = λBN = λNN = 0. (2.26)

Thus, Pawlak rough sets is induced by α = 1 and β = 0. Futhermore, Pawlak rough

sets three regions are computed as:

POSπ(1,0)(πD) = {x ∈ U |P (Dmax([x])|[x]) ≥ 1},

NEGπ(1,0)(πD) = {x ∈ U |P (Dmax([x])|[x]) ≤ 0},

BNDπ(1,0)(πD) = {x ∈ U |0 < P (Dmax([x])|[x]) < 1}. (2.27)

That is, α = 1 and β = 0.

2.1.5 Attribute Reducts

There are many notions about attribute reducts, such as approximate reducts [27], as-

sociation reducts [37], dynamic reducts [2] and many others [21,22,26]. The definition

of attribute reducts is usually based on a decision table and it is a subset of attributes

that can preserve the same classification power as that of the entire attributes.

Attribute Reducts in Pawlak Rough Sets

A classical definition of attribute reducts is for Pawlak rough sets, which is a relative

reduct with respect to the decision attribute D [30].

Definition 6 Given a decision table S, an attribute set R ⊆ C is a Pawlak reduct of
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C with respect to D if it satisfies the following conditions:

(1) POSπR(πD) = POSπc(πD),

(2) ∀a ∈ R,POSπR−{a}(πD) 6= POSπC (πD).

Property (1) is called a jointly sufficient condition and property (2) is called an

individually necessary condition.

For R ⊆ C, some relationships between the positive regions and the boundary

regions can be induced as:

POSπR(πD) ∩BNDπR(πD) = ∅,

POSπR(πD) ∪BNDπR(πD) = U,

POSπR(πD) = POSπc(πD)⇐⇒ BNDπR(πD) = BNDπC (πD). (2.28)

That is, the positive region and the boundary region are pairwise disjoint, and the

union is a covering of U . More specifically, for any equivalence class in π, we can

either make a partial decision or a sure decision. In other words, the negative region

is an empty set.

An equivalent quantitative definition of Pawlak reduct is used in many studies

[3, 12, 30, 36, 44]. It is called the quality of classification or the degree of dependency

of D [31], and it is based on the following measure γ. Given an attribute set B ⊆ C:

γ(πD|πB) =
|POSπB(πD)|

|U |
. (2.29)

where |POSπB(πD)| represents the cardinality of objects in the positive region. The

monotonicity of the γ measure can be obtained based on the monotonicity of the

positive region. Considering two subset A,B ⊆ C with A ⊆ B, one can obtain the

monotonicity of the positive regions with respect to set inclusion of attributes, which
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is as follows:

A ⊆ B ⇒ POSπA(πD) ⊆ POSπB(πD)⇒ γ(πD|πA) ≤ γ(πD|πB). (2.30)

with property condition (2) in Definition 6 one can make sure that an attribute reduct

is minimal. This property is also applied in many reducts construction algorithms

[9, 18,23,24,28] in order to acquire the minimal attribute reducts cost.

Attribute Reducts in Decision-theoretic Rough Sets

With respect to attribute reducts in DTRS, a positive region preservation attribute

reduct is widely used, which is defined as follows:

Definition 7 Given a decision table S = (U,C,D, {Va|a ∈ C ∪D}, {Ia|a ∈ C ∪D}),

an attribute set R ⊆ C is a positive region-preserved reduct of C with respect to D if

the following two conditions are satisfied:

(1) POSπR(α,β)
(πD) = POSπC(α,β)

(πD),

(2) ∀R′ ⊂ R,POSπ
R
′
(α,β)

(πD) 6= POSπC(α,β)
(πD).

In the definition, the probabilistic positive region of πD is used. For the Pawlak

rough set model, each object in the positive region certainly belongs to the region.

However, for DTRS model, an object is possibly in the positive region by satisfying

certain thresholds, α and β. That is, DTRS model can express a better tolerance of

error than Pawlak rough set model. In DTRS model, the monotonicity with respect

to set inclusion does not hold. That is formulated as:

∀A,B ⊆ C if A ⊆ B, then possibly POSπA(α,β)
(πD) ⊇ POSπB(α,β)

(πD).
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The measure γ also exists in DTRS model but is different. Given B ⊆ C, in DTRS

model the γ measure is generalized as :

γ(α,β)(πD|πB) =
|POSπB(α,β)

(πD))|
|U |

.

Based on the fact that the positive region in DTRS is non-monotonic regarding

set inclusion, the γ(α,β) measure is also not monotonic. Furthermore, one can ob-

tain |POSπA(α,β)
(πD)| = |POSπB(α,β)

(πD)| based on the condition γ(α,β)(πD|πA) =

γ(α,β)(πD|πB), but can not guarantee POSπA(α,β)
(πD) = POSπB(α,β)

(πD). That is, the

quantitative equivalence does not induce the qualitative equivalence with respect to

probabilistic positive region.

2.2 Related Research

Many studies have considered misclassification cost and test cost in rough set the-

ory [9, 13–15, 18, 19, 23, 24, 28]. Test cost is the measurement cost of determining a

value of an attribute. Misclassification cost is the cost of classifying an object to one

class when its real class is the other. There exist dependencies among attributes and

such dependencies affect cost computation in attribute reducts. However, attribute

dependencies are not considered for test cost and misclassification cost in many stud-

ies. With respect to different types of costs, recent studies can be classified into three

categories, namely, test cost of an attribute reduct [9, 18, 19, 23, 28], misclassification

cost of an attribute reduct [13, 14,24] and total cost of an attribute reduct [15].

2.2.1 Test Cost of an Attribute Reduct

Some studies [9, 18, 19, 23, 28] proposed different approaches to obtaining minimal

total test cost of an attribute reduct in the Pawlak rough set model and the DTRS

model, respectively.
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Min et al. [23] discussed an approach to obtaining minimal total test cost of

an attribute reduct with positive region unchanged based the on Pawlak rough set

model. For the Pawlak rough set model, the size of positive region is associated with

misclassification cost, which will be investigated explicitly in the next chapter. In

other words, the objective is to obtain minimal total test cost of an attribute reduct

with misclassification cost constraint. It is assumed that there are no dependencies

among attributes [23]. This assumption makes calculation of test cost easily. A

test-cost-independent decision table is defined and used [23].

Definition 8 A test-cost-independent decision table S is the six-tuple:

S = (U,C,D, {Va|a ∈ C ∪D}, {Ia|a ∈ C ∪D}, c),

where U,C,D, {Va}, {Ia} have the same meaning as the definition of a decision table,

and c : C → <+ ∪ {0} is an attribute cost function.

Finding an attribute reduct with minimal total test cost is a NP-hard problem,

since finding an attribute reduct with a minimal number is a NP-hard problem [36].

That is, if test cost is the same for each attribute, then finding an attribute reduct

with minimal total test cost is the same as finding an attribute reduct with a minimal

number of attributes. Consequently, Min et al. [23] proposed a heuristic algorithm

with an information based λ-weighted to deal with such an optimization problem.

However, the value of λ is difficult to determine. A user is required to try many

different λ values to select the best one. Three measures, namely, optimal factor,

maximal exceeding factor and average exceeding factor, are introduced to evaluate

the performance of the proposed heuristic algorithm from a statistical viewpoint.

Empirical studies show that the heuristic algorithm produces an optimal attribute

reduct in most cases [23].

Pan et al. [28] proposed a method for obtaining minimal total test cost of an
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attribute reduct from a viewpoint of positive region constraint. As a result of eco-

nomic, technological and other reasons, it is difficult to obtain a classifier with 100%

accuracy. Normally, an industrial standard accuracy of a classification is around 95%.

Consequently, a constraint issue is introduced and used for the size of positive region.

The objective is to minimize test cost of an attribute reduct with positive region

constraint. It is defined as an optimization problem [28].

Problem 1 The minimal total test cost with constrained positive region problem:

Input: S = (U,C,D,C, I, c), a positive region lower bound pl,

Output: B ⊆ C,

Constraint: |POSπB(πD)|/|POSπC (πD)| ≥ pl,

Optimization objectives: min c(B),

where the positive region with respect to B is defined as POSπB(πD); For any B ⊆ C,

test cost of an attribute set B can be expressed as c(B) =
∑

a∈B c(a).

The positive region constraint is presented by a classification accuracy pl, whereas pl

is often given by a user according to a particular need.

Some authors [9, 18] gave other approaches to conducting minimal total test cost

of an attribute reduct based on Pawlak rough sets. Ma et al. [19] discussed the same

issue in decision-theoretic rough set model.

2.2.2 Misclassification Cost of an Attribute Reduct

Many authors [13, 14, 24] proposed different approaches to obtaining minimal total

misclassification cost of an attribute reduct in the Pawlak rough set model and the

decision-theoretic rough set model.

Jia et al. [13, 14] discussed an approach to obtaining minimal total misclassifica-

tion cost of an attribute reduct in decision-theoretic rough set model. Definitions of

attribute reducts are classified into two categories: qualitative definitions and quan-

titative definitions. An attribute reduct that preserves positive region unchanged
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is regarded as qualitative definitions [31]. The monotonicity of positive region with

respect to set inclusions holds in Pawlak rough set model but not hold in decision-

theoretic rough set model [50]. Yao and Zhao [58] proposed many measures for defin-

ing an attribute reduct quantitatively. Since decision-theoretic rough sets is based

on Bayesian decision procedure and the purpose of making decisions is to minimize

decision risks, Jia et al. [13, 14] pointed out that the definition with respect to costs

is an objective criterion and used it to define attribute reducts in decision-theoretic

rough set model. Consequently, a definition of minimal total misclassification cost of

an attribute reduct is proposed [13,14].

Definition 9 In a decision table S, R ⊆ C is an attribute reduct if and only if:

(1) R = arg min
B⊆C
{COSTR},

(2) ∀R′ ⊂ R,COSTR′ > COSTR. (2.31)

Property (1) is a jointly sufficient condition and property (2) is an individually nec-

essary condition. Both of them make sure that R is an attribute reduct with minimal

total misclassification cost.

COSTR is misclassification cost of a decision table, and it is formulated [13] as :

COSTR =
∑
Pi≥α

(1− Pi) · λPN +
∑
Pk≤β

Pk · λNP +∑
β<Pi<α

(Pj · λBP + (1− Pj) · λBN), (2.32)

where Pi represents that the probability of an object of an equivalence class being in

the positive region. Similarly, Pk is for boundary region, and Pj is for negative region.

However, test cost is not considered [13]. In order to select a candidate attribute, a
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heuristic function δ is formulated as:

δ =
COST C−{a} −COST C

COST C

, (2.33)

where a ∈ AT , and Algorithm 1 is proposed to approximate an optimal attribute

reduct based on heuristic function δ [13].

Algorithm 1: An algorithm for obtaining an attribute reduct with minimal
total misclassification cost

Input : A decision table S.
Output: A reduct R.

(1) Let R = ∅, G = C;
(2) compute fitness of all the attributes in G using the fitness function δ;
(3) while COSTR ≥ COST C and G 6= ∅ do

(3.1) Select an attribute a ∈ G according to δ, let G = G− {a};
(3.2) R = R ∪ {a};

(4) Output R;

Min et al. [24] discussed an approach to obtaining maximal positive region of

an attribute reduct when considering test cost constraint. The problem is described

semantically as follows:

Problem 2 The maximal positive region of an attribute reduct with test cost con-

straint problem:

Input: S = (U,C,D,C, I, c), a test cost constraint m,

Output: B ⊆ C,

Constraint: c(B) ≤ m,

Optimization objectives: max|POSπB(πD)|,

where the positive region of D with respect to B ⊆ C is defined as POSπB(πD); For

any B ⊆ C, test cost of an attributes set B can be expressed as c(B) =
∑

a∈B c(a).

The positive region is associated with misclassification cost, which will be inves-

tigated in the next chapter. In other words, the objective is to obtain minimal total

misclassification cost of an attribute reduct with test cost constraint.
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2.2.3 Total Cost of an Attribute Reduct

Li et al. [15] proposed a total cost function of classifying an object in decision-theoretic

rough set model . The total cost function takes into consideration both test cost and

misclassification cost , which is formulated as [15]:

F(x,B) = C(x,B) + T (B), (2.34)

where x ∈ U is an object, B ⊆ C is an attribute set, functions C and T , respectively,

denote misclassification cost and test cost for an attribute set B, i.e., C : U × 2C →

<+ ∪ {0}, T : 2C → <+ ∪ {0}. The function C is derived from the expected cost of

taking individual actions based on DTRS, which is given as [15]:

C(x,B) = arg min
D∈{aN ,aP ,aB}

R(D|[x]B), (2.35)

On the other hand, function T is total test cost with respect to an attribute set,

which is computed as [15]:

T (B) =
∑
ci∈B

T (ci), (2.36)

where T (ci) is test cost with respect to an attribute ci. Finding a minimal total cost

of classifying an object is computationally difficult [15]. Thus, a heuristic function

is proposed to find a local optimal solution. However, the proposed approach to

obtaining minimal total cost is only for an object not for all objects in a decision

table. The dependencies among attributes are also not considered.
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Chapter 3

A General Definition of

Cost-sensitive Attribute Reducts

In this chapter, basic ideas of granular computing and sequential three-way decisions

are reviewed. We redefine the notions of process cost and result cost with respect

to an attribute reduct. A general definition of total-cost-sensitive attribute reducts

is proposed, which unifies recent studies on different cost-sensitive attribute reducts.

In special cases, total-cost-sensitive attribute reducts covers process-cost-sensitive at-

tribute reducts and result-cost-sensitive attribute reducts. A new interpretation of

decision-theoretic rough sets (DTRS) is proposed. An algorithm with sequential test-

ing is designed to find an ordering attribute reduct with an approximate minimal

total cost.

3.1 Cost-sensitive Attribute Reducts

Total-cost-sensitive attribute reducts, process-cost-sensitive attribute reducts and

result-cost-sensitive attribute reducts, are proposed based on results from granular

computing and sequential three-way decisions.
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3.1.1 Granular Computing and Sequential Three-way Deci-

sions

It is not easy to give a formal definition of granular computing. Granular computing

mainly focuses on problem solving based on the fundamental concepts of granule,

granulated view, granularity and hierarchy [47, 51]. They are interpreted as the ab-

straction, generalization and so on in various fields.

In this thesis, granular computing is introduced from three perspectives, namely,

granule, granulated levels and hierarchy. A granule may be expressed as one of many

pieces forming a large unit [51]. Intuitively, the granule provides a representation

of the unit regarding a particular level of granularity. Granules are considered as

the main notion of granular computing. For instance, with respect to rough sets,

a granule can be represented as a subset of a universal set. Granular computing

can be examined in different levels or perspectives by focusing on philosophical foun-

dations, basic components and general principles. We can define some operations

such as combining many granules into a new granule. Levels are considered simply

as descriptions for the purpose of explanation. By considering a level as a point of

view, one can regard it as a basic definition to model granular computing. A level

is composed of granules whose properties show the subject matters of study, such as

a plan, a program, a theory and so on. Granules are formed based on a particular

degree of granularity. Granules are linked by the order relations and operations in

different levels. The ordering of levels can be described by the notion of hierarchy that

presents a multi-layered framework based on levels. A hierarchy describes relation-

ships between different granulated views and represents the structure of granulation

in detail. A single hierarchy offers one representation and understanding with many

levels of granularity. Multiple hierarchies describe a complete understanding from

many views.

The three perspectives with respect to granular computing are connected and
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mutually supported by each other. Their integration puts granular computing study

on a firm basis and provides the essential ingredients for the development of a theory

of granular computing. Yao [53] introduced the concept of granular computing into

sequential three-way decisions.

The basic ideas of sequential three-way decisions are investigated with probabilistic

rough sets, which is an extension of three-way decisions [53, 60]. During the process

of problem solving, sometimes one needs to make sequential decisions and acquire

more information at each step so as to obtain a more accurate decision eventually.

We review the framework of sequential three-way decisions proposed by Yao [54] in

the following.

Multiple Levels of Granularity. We assume that there are n+1, n ≥ 1, levels

of granularity. For simplicity, we use the index set {0, 1, 2, . . . , n} to denote the n+ 1

levels, with 0 representing the finest granularity and n is the coarsest granularity.

That is, a three-way decision is made at levels n, n− 1, . . . , 1 and a two-way decision

is made at ground level 0. For each step, only objects with non-commitment decision

will be further examined in the next level.

Multiple Descriptions of Objects. Let Des(x) denote a description of x and

UD denote the set of all possible descriptions. An evaluation, v : UD → L, is given by

a mapping from UD to a totally ordered set (L,�). The quantity v(Des(x)) is called

the decision status value of x. With n+1 levels, we have n+1 distinct representations

and descriptions of the same object at different levels. Suppose

Des0(x) � Des1(x) � · · · � Desn(x),

is a sequence of description of object x ∈ U with respect to n+1 levels of granularity.

The relation � denotes a “finer than” relationship between different descriptions. A

description at a coarser level is more abstract by removing some details of description
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in a finer level, which means the comment used to describe objects may be different at

different levels. Consequently, the processing methods and costs may also be different.

Multiple Evaluations of Objects. Due to different description at different lev-

els, we need to consider various evaluations. Let vi, 0 ≤ i ≤ n, denote an evaluation at

level i whose values are from a totally ordered sets (Li,�). Therefore, in a sequential

three-way decision process the same object may be evaluated in several levels. The

extra costs of the decision process for different levels have to be considered. The costs

may involve the cost needed for obtaining new information and the cost of computing

the evaluation.

Three-way Decisions at a Particular Level. Other than the ground level 0,

we need to make three-way decisions for objects with a non-commitment decision.

Suppose Ui+1 is the set of objects with a non-commitment decision from level i + 1.

For level n, we use the entire set U as the set of objects with a non-commitment

decision, i.e., Un+1 = U . For level i, 1 ≤ i ≤ n, we can choose a pair of thresholds

αi, βi ∈ Li with βi < αi. Three-way decision making can be expressed as:

POS(αi,βi)(vi) = {x ∈ Ui+1 | vi(Desi(x)) � αi},

NEG(αi,βi)(vi) = {x ∈ Ui+1 | vi(Desi(x)) � βi},

BND(αi,βi)(vi) = {x ∈ Ui+1 | βi ≺ vi(Desi(x)) ≺ αi}.

For sequential three-way decisions, it is mainly composed from two aspects. One

is the cost of decision process when obtaining a decision, the other is the quality

of decision result with respect to errors or costs produced by incorrect decisions or

correct decisions.
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3.1.2 Definitions of Process Cost and Result Cost

Test cost and misclassification cost of attribute reducts are two basic types of costs.

Test cost is the cost of using an attribute for classifications. Misclassification cost is

the cost of classifying an object to one class when its real class is the other. There

exist dependencies among attributes and such dependencies are related to different

costs of attribute reducts. However, although attribute dependencies are practical

and meaningful, they have not been fully considered in many studies [9,13–15,18,19,

23, 24, 28]. When considering dependencies among attributes, different orderings of

the same reduct may have different costs.

The notions of process cost and result cost, proposed by Yao [54], are used to

interpret the cost of decisions in sequential three-way decisions. The process cost is

the cost of the decision process for arriving at a decision, while the result cost is the

quality of decision result in terms of the costs caused by decisions. Process cost and

result cost can be introduced for attribute reducts.

Table 3.1: A medical test cost table

a b c
1.00 3.00 6.00

Table 3.2: A medical test decision table

Object a b c Class
o1 0 0 0 d1
o2 0 1 0 d2
o3 1 0 1 d1
o4 2 0 1 d3
o5 2 0 1 d3
o6 0 0 1 d3
o7 2 1 1 d2
o8 2 0 0 d2

We use a simple example to show the ideas of process cost and result cost of an

attribute reduct construction based on sequential three-way decisions. For example,
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in a medical system, a medical test cost is given by Table 3.1, where the number

is the test cost with respect to an attribute. A medical decision table is given by

Table 3.2. For the decision table, there are eight objects. Attributes “a”, “b” and “c”

are condition attributes, i.e., C = {a, b, c}. Attribute “Class” is the classification

attribute, i.e., D = {Class}. In a DTRS model, given an ordering attribute set B =

{a, b, c}, assume different actions of costs are λPP = λNN = 0.00, λPN = 12.00, λNP =

10.00, λBP = 3.00 and λBN = 5.00. According to loss functions in DTRS [50], we have

α = 0.70, β = 0.42. For simplicity, we use the same values of α and β for all levels

in sequential three-way decisions. Suppose that an ordering of attributes is used for

an attribute reduct, R = {a, b, c} with a � b � c. An approach to constructing an

ordering of attributes will be investigated explicitly in the next section. An ordering

of attributes, a � b � c, is used to construct sequential three-way decisions. That

is, an attribute is added for each level in sequential three-way decisions. Suppose

that CT aP and CT aR (a ∈ B) represent partial process cost and partial result cost

for each level, respectively. Assume that Ui represents the boundary objects set for

level i and U0 = U = {o1, o2, o3, o4, o5, o6, o7, o8}. Consider that CT kP represents test

cost and CT kR(k ∈ C) represents misclassification cost with respect to an attribute

k. CTP represents process cost and CTR represents result cost. Figure 3.1 shows

the construction procedure of sequential three-way decisions. Figure 3.2 shows an

approach to obtaining process cost and result cost with decision trees.

For B = {a}, consider POS1 = ∅, NEG1 = ∅ and U1 = BND1 = U0. By α = 0.70

and β = 0.42, we divide U1 into three regions as:

POS2 = {o3},

NEG2 = {o1, o2, o6},

BND2 = {o4, o5, o7, o8}.
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POS1=? NEG1=?
{a}

{a,b,c}

BND4=?

{a,b}

BND1

{o1,o2,o3,o4,  

o5,o6, o7,o8 }

NEG2     
{o1,o2,o6 }

BND2

{o4,o5,o7,o8}
POS2

{o3}

POS3

{o7}
BND3

{o4,o5,o8} NEG3=?

POS4

{o4,o5,o8}
NEG4=?

Figure 3.1: The process cost and result cost of an attribute reduct.

The boundary rules are ignored, since they are not complete decision rules yet. The

positive rules (Class marked as di) and negative rules (Class marked as ¬di) with

respect to U1 are computed as:

Negative rule, r1 : a = 0→ Class = ¬d1,

Negative rule, r2 : a = 0→ Class = ¬d2,

Negative rule, r3 : a = 0→ Class = ¬d3,

Positive rule, r4 : a = 1→ Class = d1.

42



a

b

a=0 a=1
a=2

{r1,r2,r3} {r4}

c

b=1 b=0

{r5}

{r6} {r7}

c=1 c=0

Figure 3.2: Classification rules by sequential three-way decisions.

For level one, we get that positive rule set is PR1 = {r4} and negative rule set is

NR1 = {r1, r2, r3}. After using a, we get test cost and misclassification cost as:

CT aP = t(a) · |BND1| = 8.00,

CT aR =
∑

m∈PR1

(1− Pm) · λPN +
∑

n∈NR1

Pn · λNP = 10.00,

where t(a) is the test cost of an attribute a. Sine we need to test a for each of 8

objects, we have CT aP = t(a) · 8 = 1.00 · 8 = 8.00. For misclassification cost CT aR, we

need to compute the cost of both positive rule set PR1 and negative rule set NR1.

According to Equation (2.25), Pm represents the probability of classifying an object

with a positive rule m and Pn represents the probability of classifying an object with

a negative rule n. λPN and λNP , respectively, is the loss function for the rule Pm and
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Pn.

For B = {a, b}, U2 = BND2. By α = 0.70 and β = 0.42, we divide U2 into three

regions as:

POS3 = {o7},

NEG3 = ∅,

BND3 = {o4, o5, o8}.

The positive rules and negative rules with respect to U2 are computed as:

Positive rule, r5 : a = 2 ∧ b = 1→ Class = d2,

For level two, we get that positive rule set is PR2 = {r5} and negative rule set

NR2 = ∅. After using b, we get individual cost as:

CT bP = t(b) · |BND2| = 12.00,

CT bR =
∑

m∈PR2

(1− Pm) · λPN = 0.00,

For B = {a, b, c}, U3 = BND3. By α = 0.70 and β = 0.42, we divide U3 into three

regions as:

POS4 = {o4, o5, o8},

NEG4 = ∅,

BND4 = ∅.
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The positive rules and negative rules with respect to U3 are computed as:

Positive rule, r6 : a = 2 ∧ b = 0 ∧ c = 1→ Class = d3,

Positive rule, r7 : a = 2 ∧ b = 0 ∧ c = 0→ Class = d2,

For level three, we get that positive rule set is PR3 = {r6, r7} and negative rule set

NR3 = ∅. Since c is the last attribute, boundary rules is counted. From Figure 3.2,

we have boundary rule set BR = ∅. We get individual cost as:

CT cP = t(c) · |BND3| = 18.00,

CT cR =
∑

m∈PR3

(1− Pm) · λPN = 0.00,

The process cost and result cost are collected as:

CTP =
∑
a∈B

CT aP = 38.00,

CTR =
∑
a∈B

CT aR = 10.00,

From the analysis of the example, we define process cost and result cost of a

viewpoint of an attribute reduct. We view the application of sequential three-way de-

cisions in an attribute reduct as sequential testing. Sequential testing uses attributes

by order to make three-way decisions with respect to classification in a decision table.

Definition 10 Process cost is the cost of sequential testing of rules generated by

an attribute reduct for objects classification in a decision table and involves depen-

dencies among attributes. Given values of α and β in DTRS model, suppose that

R = {a1, . . . , am}, 1 ≤ i ≤ m,R ⊆ C,R is an ordering on an attribute reduct,

t : C → <+∪{0} is test cost with respect to an attribute. Therefore, process cost with
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sequential testing is formulated as follows:

CT
′′

P ({a1, . . . , am}) =
m∑
i=1

|BND(α,β)({a1, . . . ai}|Ui−1)| · t(ai), (3.1)

where |BND(α,β)({a1, . . . ai}|Ui−1)| represents the number of objects in the boundary

region with respect to an attribute set {a1, . . . ai}, Ui represents objects in the boundary

region for level i. We assume U0 = U .

Definition 11 Result cost is the cost of classification with respect to an attribute

reduct for objects classification in a decision table and covers correct classification,

misclassification cost, boundary classification cost and so on. Given values of α and

β in DTRS model, suppose that R = {a1, . . . , am}, 1 ≤ i ≤ m,R ⊆ C,R is an

ordering attribute reduct that considers a specific order inside. Therefore, result cost

with sequential testing is formulated as follows:

CT
′′

R({a1, . . . , am}) =
m∑
i=1

∑
x∈POSi

(Px · λPP + (1− Px) · λPN) +

m∑
i=1

∑
y∈NEGi

(Py · λNP + (1− Py) · λNN) +∑
z∈BNDm

(Pz · λBP + (1− Pz) · λBN), (3.2)

where POSi = POS(α,β)({a1, . . . ai}|Ui−1), NEGi = NEG(α,β)({a1, . . . ai}|Ui−1), BNDm =

BND(α,β)({a1, . . . , am}|Um−1), P = P (Dmax([o])|[o]), Dmax([o]) = arg maxDj∈πD{
|[o]∩Dj |
|[o]| }

with respect to set {a1, . . . ai}, o ∈ U , Ui represents objects in the boundary region for

level i. Assume U0 = U .

Total test cost and total misclassification cost, respectively, is a special case of

process cost and result cost when considering no attribute dependencies. Based on

above medical tables, Table 3.1 and Table 3.2, we compute process cost and result

cost without attribute dependencies. Figure 3.3 shows classification rules without
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{a,b,c}

{r8} {r14}

a=2? b=0? c=1 a=0? b=0? c=0 

{r13}. . . 

a=2? b=0? c=0 

Figure 3.3: Classification rules without attribute dependencies.

attribute dependencies. We compute process cost and result cost with all rules only

at one level. For B = {a, b, c}, by α = 0.70 and β = 0.42, we divide U into three

regions as:

POS = {o1, o2, o3, o6, o7, o8},

NEG = ∅,

BND = {o4, o5}.
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The positive rules, negative rules and boundary rules with respect to U are:

Positive rule, r8 : a = 0 ∧ b = 0 ∧ c = 0→ Class = d1,

Positive rule, r9 : a = 0 ∧ b = 1 ∧ c = 0→ Class = d2,

Positive rule, r10 : a = 1 ∧ b = 0 ∧ c = 1→ Class = d1,

Positive rule, r11 : a = 0 ∧ b = 0 ∧ c = 1→ Class = d3,

Positive rule, r12 : a = 2 ∧ b = 1 ∧ c = 1→ Class = d2,

Positive rule, r13 : a = 2 ∧ b = 0 ∧ c = 0→ Class = d2,

Boundary rule, r14 : a = 2 ∧ b = 0 ∧ c = 1→ Class = d3,

Process cost becomes total test cost, which is formulated as follows:

CT
′

P({a1, . . . , am}) = |U |
m∑
i=1

t(ai),

We get CT
′

P({a, b, c}) = 8∗10.00 = 80.00. Result cost becomes total misclassification

cost, which is formulated as follows:

CT
′

R({a1, . . . , am}) =
∑

x∈POSπ(α,β) (πD)

(Px · λPP + (1− Px) · λPN) +

∑
y∈BNDπ(α,β)(πD)

(Py · λBP + (1− Py) · λBN) +

∑
z∈NEGπ(α,β) (πD)

(Pz · λNP + (1− Pz) · λNN). (3.3)

We get CT
′

R({a, b, c}) = 0.00 + 0.00 + 0.00 = 0.00.

It can be seen that CT
′′

R({a, b, c}) > CT
′

R({a, b, c}). CT
′′

R({a, b, c}) is divided at

different levels with respect to a corresponding attribute subset and thresholds in

sequential three-way decisions, while CT
′

R({a, b, c}) is computed with all attributes

at a time. Generally, the incomplete attributes, an attribute subset, may lead to
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more misclassification totally. However, for most applications, an attribute reduct

is evaluated from the viewpoint of total cost not only one type of costs. Using

sequential testing to construct an attribute reduct achieves an advantage with respect

to total cost. Instead of using notions of misclassification cost and test cost, we

investigate cost-sensitive attribute reducts by notions of process cost and result cost

in the following thesis.

3.1.3 Total-cost-sensitive Attribute Reducts

Yao [54] presented an analysis of decision cost associated with sequential three-way

decisions from a view point of granular computing. Based on sequential three-way

decisions, we have pointed out that an attribute reduct is used to form decision rules.

Both process cost and result cost of using a set of decisions are involved with respect

to an attribute reduct. We propose a total cost function of an attribute reduct for a

decision table.

Definition 12 Suppose CTR denotes process cost and CTP denotes result cost of an

attribute reduct. The total cost of an attribute reduct is a function for combining two

costs:

CT (R) = F (CTR(R), CTP(R)). (3.4)

A special class of function is the simple linear combination:

CT (R) = ω ∗ CTR(R) + (1− ω) ∗ CTP(R), (3.5)

where R represents an ordering attribute set. Suppose R = {a1, a2, · · · , am} and

an ordering of attributes is a1 � · · · � am. The weight ω represents the relative

importance of result cost. The weight satisfies 1 ≥ ω ≥ 0. More specificially, CTR :
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ATm → <+ ∪ {0} and CTP : ATm → <+ ∪ {0}, respectively, are the result cost

function and the process cost function, and <+ is a set of positive real numbers.

There exists a complicated relationship between process cost and result cost. For

the Pawlak rough set model, there is a trade-off relationship between them. An

attribute reduct that has a high quality result needs large process cost. An attribute

reduct that has a small process cost generates a low quality result. In other words,

the more the process cost, the less the result cost. However, for the DTRS model,

an attribute reduct that has a small process cost may also generate a high quality

result. That is, one may be able to use one type of cost to trade the other type.

The objective of cost-sensitive attribute reducts is to find an attribute reduct under

a certain ordering with a minimal total cost. This does not mean that one can obtain

both a minimal process cost CTP and a minimal result cost CTR at the same time.

In addition, there are constraints on an attribute reduct in a real world problem.

Due to limited resources, such as time, money and so on, there exist some constraints

for process cost. For example, the number of medical tests that a patient can take

may be limited and different tests have different costs. Moreover, different diagnosis

results may have different accuracy in predicting disease suffered by a patient . That

is, the cost of taking medical tests is associated with process cost, and the quality of

medical result is associated with result cost. The constraint may be associated with

both process cost and result cost.

According to the proposed total cost function and constraint issues, we propose a

general definition of total-cost-sensitive attribute reducts for both the DTRS model

and the Pawlak rough set model.

Definition 13 Given a process cost constraint `P and a result cost constraint `R in a

decision table S, a subset of attributes R ⊆ C is a minimal total cost attribute reduct
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if and only if:

(1) R = arg min
B⊆C
{CT (B)},

(2) ∀R′ ⊂ R,CT (R
′
) > CT (R),

(3) CTP(R) ≤ `P,

(4) CTR(R) ≤ `R,

where property (1) suggests a jointly sufficient condition, and properties (2), (3) and

(4) show individual necessary conditions, guaranteeing that total cost induced from an

attribute reduct is minimum.

Li et al. [15] proposed a total cost function in the decision-theoretic rough set

model. The total cost function takes into consideration both process cost and result

cost. However, the proposed approach to obtaining a minimal total cost is only for

an object not for all objects in a decision table [15]. The weights and constraints

with respect to costs are also not considered [15]. Many studies [9, 13, 18, 23–25, 28]

only focus on one type of cost, that is, process cost or result cost. Consequently, the

corresponding studies tend to be biased. Furthermore, many studies are discussed

based on either Pawlak rough sets or decision-theoretic rough sets. Our general

definition covers these two rough set models, which will be further investigated later.

In special cases, our general definition of total-cost-sensitive attribute reducts can

generate process-cost-sensitive attribute reducts and result-cost-sensitive attribute

reducts used in many studies.

3.1.4 Process-cost-sensitive Attribute Reducts

For a special case, when ω = 0, our general definition of total-cost-sensitive attribute

reducts becomes process-cost-sensitive attribute reducts.

Definition 14 Given a result cost constraint `R in a decision table S, a subset of
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attributes R ⊆ C is a minimal process cost attribute reduct if and only if :

(1) R = arg min
B⊆C
{CTP(B)},

(2) ∀R′ ⊂ R,CTP(R
′
) > CTP(R),

(3) CTR(R) ≤ `R,

where property (1) suggests a jointly sufficient condition, and properties (2) and (3)

show individual necessary conditions, guaranteeing that process cost induced from an

attribute reduct is minimum.

This definition is meaningful for some real-world problems. For example, a patient

may ask for a minimum level of diagnosis result. A minimum number of medical tests

is required and meaningful. That is, given a result cost constraint, obtain a minimal

process cost. The definition of process-cost-sensitive attribute reducts covers some

studies [9, 18, 19, 23, 28], when a result cost constraint `R is set in the Pawlak rough

set model or the decision-theoretic rough set model. For example, Min et al. [23]

discussed an approach to obtaining a minimal process cost of an attribute reduct

with positive region unchanged in the Pawlak rough set model, in which unchanged

positive region is associated with `R. Pan et al. [28] proposed a method to obtain a

minimal process cost of an attribute reduct with a positive region constraint. The

positive region constraint is associated with `R.

3.1.5 Result-cost-sensitive Attribute Reducts

For another special case, when ω = 1, our general definition of total-cost-sensitive

attribute reducts becomes result-cost-sensitive attribute reducts.

Definition 15 Given a process cost constraint `P in a decision table S, a subset of
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attributes R ⊆ C is a minimal result-cost-sensitive attribute reduct if and only if :

(1) R = arg min
B⊆C
{CTR(B)},

(2) ∀R′ ⊂ R,CTR(R
′
) > CTR(R),

(3) CTP(R) ≤ `P,

where property (1) suggests a jointly sufficient condition, and properties (2) and (3)

show individual necessary conditions, guaranteeing that result cost induced from an

attribute reduct is minimum.

There exists some real-world problems that require the definition of result-cost-

sensitive attribute reducts. For instance, the budget of a patient taking medical tests

may be under a certain amount. Based on the budget, acquiring the most accurate

diagnosis result is required and meaningful. That is, given a process cost constraint,

obtain a minimal result cost. The definition of result-cost-sensitive attribute reducts

covers some studies [13,14,24], when a process cost constraint `P is set in the Pawlak

rough set model or the decision-theoretic rough set model. For example, Jia et al.

[13, 14] discussed an approach to obtaining a minimal result cost of an attribute

reduct in the decision-theoretic rough set model. The process cost constraint `P is

not considered [13,14], which may be interpreted by that `P is infinite. Min et al. [24]

discussed an approach to obtaining maximal positive region of an attribute reduct

with a process cost constraint in the Pawlak rough set model, in which maximal

positive region is associated with a minimal result cost.

3.1.6 A Summary of Cost-sensitive Attribute Reducts

The general definition of total-cost-sensitive attribute reducts unifies recent studies on

different cost-sensitive attribute reducts. The relationships between our total-cost-

sensitive attribute reducts and other cost-sensitive attribute reducts are organized
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as Figure 3.4. The top level container is the proposed total-cost-sensitive attribute

reducts, and two branches are induced, that is, process-cost-sensitive attribute reducts

and result-cost-sensitive attribute reducts. Studies on process-cost-sensitive attribute

reducts and result-cost-sensitive attribute reducts are summarized, respectively, under

the two main classes. It is can be seen that our definition of total-cost-sensitve

attribute reducts covers many existing studies.

Total-cost-sensitive

Attribute Reducts

Process-cost-sensitive

Attribute Reducts

Result-cost-sensitive

Attribute Reducts

Jia et al., 2013

(DTRS)

Li et al., 2012

(DTRS)

Min et al., 2014

(Pawlak RS, Constraint)

Min et al., 2011

(Pawlak RS)

Pan et al., 2011

(Pawlak RS)

He et al., 2011

(Pawlak RS)

Ma et al., 2013

(DTRS)

Liu et al., 2012

(Pawlak RS, Constraint)

Figure 3.4: The structure of cost-sensitive attribute reducts.
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3.2 A Critical Analysis of Cost-sensitive Attribute

Reducts

In this section, a new interpretation of decision-theoretic rough sets is proposed.

In order to obtain a minimal total cost, a heuristic function and an algorithm are

developed to approximate an optimal attribute reduct.

3.2.1 A New Interpretation of Decision-theoretic Rough sets

In the decision-theoretic rough set model, it is assumed that [49,50]:

λPP ≤ λBP < λNP ,

λNN ≤ λBN < λPN .

When λPP = λBP , λNN = λBN , we get α = 1, β = 0. That is, the decision-theoretic

rough set model becomes the Pawlak rough set model. By assuming λPP = λNN = 0,

we get λPP = λBP = λNN = λBN = 0. When taking this assumption into Equation

(3.3), we get CTR(R) = 0 in the Pawlak rough set model. However, it is not realistic

because there may exist a boundary region for Pawlak rough sets. In other words,

the assumption of λPP = λBP and λNN = λBN with respect to α = 1 and β = 0 may

not be reasonable.

We propose a new interpretation for decision-theoretic rough set model, which is

as follows:

λPP < λBP < λNP ,

λNN < λBN < λPN . (3.6)

That is, there is no equality relationship among them. The cost of classifying a real
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true or false object into boundary region is more than a right classification in real-

world applications. Suppose λPN → +∞ and λNP → +∞, based on the Equation

(2.20) we get:

lim
λPN→∞

α = 1,

lim
λNP→∞

β = 0. (3.7)

Then, decision-theoretic rough set model becomes the Pawlak rough set model with

above loss function assumption. Based on the new interpretation, consider a special

case λPP = λNN = 0. Then, the result cost without attribute dependencies in the

Pawlak rough set model is derived from Equation (3.3).

CT
′

R(R) =
∑

y∈BNDπ(1,0)(πD)

(Py · λBP + (1− Py) · λBN). (3.8)

Furthermore, CT
′

R(R) is only associated with boundary region. Based on the Equation

(2.29), boundary region can be computed by positive region with respect to γ measure.

That is, |BNDπ(1,0)(πD)| = (1−γ) · |U |, since there is no negative region in the Pawlak

rough set model. Suppose m = (1− γ) · |U |, and Equation (3.8) can be reformulated

as:

CT
′

R(R) = (P1 + . . .+ Pm) · (λBP − λBN) +m · λBN . (3.9)

It can be seen that the CT
′

R(R) is in reverse proportion to γ. In other words, the

more the positive region, the less the result cost in the Pawlak rough set model. Many

studies [9, 18, 23–25, 28] constrained positive region in the Pawlak rough set model,

which is closely associated with above CT
′

R(R). The formulation of CT
′

R(R) covers

both Pawlak rough sets and DTRS with respect to result cost.
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3.2.2 Total Cost and Algorithm

We have proposed a general definition of total-cost-sensitve attribute reducts and

discussed formulations of process cost and result cost. The objective is to find an

attribute reduct with minimal total cost of process cost and result cost.

There is a complicated relationship between process cost and result cost. Process

cost grows as result cost may decrease or not. To obtain both a minimal result cost

and a minimal process cost at the same time is difficult. Finding an attribute reduct

under a result cost constraint with a minimal process cost is NP-hard [23]. Finding

an attribute reduct under a process cost constraint with a minimal result cost is

NP-hard [13, 24]. Finding an attribute reduct under both cost constraints with a

minimal total cost is also NP-hard. A heuristic function is taken into consideration

to approximate an attribute reduct under some constraints with a minimal total cost.

The heuristic function is represented by δ, which is formulated as:

δ(a) = (CT
′

R(C − {a})− CT ′R(C))/CT
′

P({a}), (3.10)

where a ∈ C in a decision table S, CT
′

R(C − {a})−CT ′R(C) represents the increased

result cost after excluding a, CT
′

P({a}) represents the decreased process cost if ex-

cluding a. δ(a) represents a relative significance of an attribute a with respect to

total cost in a decision table. That is, the higher the δ(a), the more important the

attribute a.

Based on sequential three-way decisions, we design Algorithm 2 to obtain a total-

cost-sensitive attribute reduct under a certain ordering, where R represents an at-

tribute reduct, B is an ordering attribute set, A is the entire attributes, and Ui

associated with level i based on sequential three-way decisions represents the bound-

ary objects set. At first we assume U0 is universal objects. All attributes are sorted

according to the heuristic function δ. For each loop iteration, attributes from A are
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Algorithm 2: An algorithm for obtaining a total-cost-sensitive attribute reduct

Input : A decision table S, a process cost constraint `P and a result cost
constraint `R.

Output: A reduct R.

(1) Let R = ∅, B = ∅, A = C, i = 1, U0 = U,M = 0;
(2) Compute fitness of all the attributes in A using the fitness function δ;
(3) while A 6= ∅ and Ui−1 6= ∅ do

(3.1) Select an attribute a ∈ A according to δ;
(3.2) if CT

′′

P (B ∪ {a}) > `P then
(3.2.1) A = A− {a};
(3.2.1) continue;

(3.3) Let A = A− {a}, B = B ∪ {a};
(3.4) Ui = {x ∈ Ui−1 | β < P (πD|[x]) < α};
(3.5) i = i+ 1;
(3.6) if CT

′′

R(B) ≤ `R then
(3.6.1) if |B| == 1 then

(3.6.1.1) M = CT (B);
(3.6.1.2) R = B;

(3.6.2) else if CT (B) < M then
(3.6.2.1) M = CT (B);
(3.6.2.2) R = B;

(4) Output R;

checked individually by a process constraint `P, and an ordering attribute subset B

is used to classify boundary objects set Ui−1 with respect to an partition πD. An

ordering attribute subset is constructed sequentially until all attributes are evaluated

or all boundary objects are classified. M is used to find an ordering attribute reduct

R with a minimal total cost.
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Chapter 4

Experimental Results

In this section, experimental results based on total-cost-sensitive attribute reducts

are presented to show the advantages of using sequential testing. Experiments are

performed based on the DTRS model and the Pawlak rough set model. Experimental

results are compared between the proposed Algorithm 2 and existing Algorithm 1.

4.1 Experimental Setting

Experiments are performed on five University of California-Irvine (UCI) [29] data

sets summarized in Table 4.1, namely, Breast (Breast-cancer-wisconsin), Car (Car

Evaluation), Heart (SPECT Heart), Lung (Lung Cancer) and Zoo. Consider the

Breast data set. The number of attributes is 9 and the number of objects is 683.

Some objects have missing values of attributes and they are deleted so that all objects

have complete information.

A multi-classification problem is considered for data sets. The set of labels is given

by Ω = {X,¬X}. X indicates that an object is in X class and ¬X indicates that an

object is not in X class. A set of actions is given by A = {aP , aN , aB}, representing

that three actions: deciding an object to be in the sets POS(X) (classify an object

into X), BND(X) (delay a classification of an object) and NEG(X) (classify an
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object into ¬X), respectively. When an object belongs to X, let λPP , λBP and λNP

denote the costs of taking the actions aP , aB and aN , respectively. Let λPN , λBN

and λNN denote the costs of taking the same action when an object belongs to ¬X.

Normally, the cost of making a right classification is always less than that of making

a misclassification. Therefore, it is assumed that the costs of taking the actions

follow that λPP < λBP < λNP and λNN < λBN < λPN . For simplicity, a reasonable

assumption is that λNN = λPP = 0. For the DTRS model, Table 4.2 shows a cost

matrix of taking individual action. We get α1 = 0.90 and β1 = 0.20. For the

Pawlak rough model, Table 4.3 shows another cost matrix, and we get α2 = 1.00 and

β2 = 0.00.

Experiments are based on total-cost-sensitive attribute reducts. Suppose that `P

and `R are not considered. For most real world cases, users prefer classification results.

Consider ω = 0.90. In UCI machine learning repository, five data sets are not labeled

with test cost information. Two total test cost groups with respect to each data set

are generated randomly according to normal distribution. For simplicity, each test

cost is not listed. Table 4.4 and Table 4.5, respectively, show total test cost with

respect to each data set. All objects in the data sets are classified by Algorithm 2

and Algorithm 1, respectively.

Table 4.1: Experimental data sets from UCI repository

ID Data Set Number of Attributes Number of Objects
1 Breast 9 683
2 Car 6 1728
3 Heart 22 267
4 Lung 56 27
5 Zoo 16 101
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Table 4.2: Cost matrix 1 of taking individual action

Class Label POS(X) BND(X) NEG(X)
X λPP = 0 λBP = 6 λNP = 70
¬X λPN = 72 λBN = 16 λNN = 0

Table 4.3: Cost matrix 2 of taking individual action

Class Label POS(X) BND(X) NEG(X)
X λPP = 0 λBP = 6 λNP = +∞
¬X λPN = +∞ λBN = 16 λNN = 0

Table 4.4: Test cost group 1

Data Set Number of Attributes Total Test Cost
Breast 9 382.90

Car 6 267.00
Heart 22 809.50
Lung 56 2307.00
Zoo 16 669.90

Table 4.5: Test cost group 2

Data Set Number of Attributes Total Test Cost
Breast 9 289.20

Car 6 203.40
Heart 22 875.10
Lung 56 2564.00
Zoo 16 578.00

4.2 Analysis of Results

Experiment results are summarized from Table 4.6 to Table 4.9, where R represents

an attribute reduct, CTP(R) is process cost, CTR(R) is result cost and CT (R) is total

cost.

For DTRS model, Table 4.6 and Table 4.7, respectively, show experimental results

regarding test cost group 1 and test cost group 2. Experimental results of Algorithm

1 in Table 4.6 and Table 4.7 are the same, because Algorithm 1 only concerns about

result cost without considering process cost. In other words, the constructed reduct

by Algorithm 1 is always the same with respect to each data set. The number of

61



Table 4.6: Results by cost matrix 1 and test cost group 1

Data Set Breast Car Heart Lung Zoo
Objects Size 683 1728 267 27 101

Attributes Size 9 6 22 56 16
|R| 5 6 11 10 11

CTP(R) 41149.00 239481.60 52497.40 807.00 14218.10
Algorithm 2 CTR(R) 0.00 72.00 1304.00 0.00 0.00

CT (R) 4114.90 24012.96 6423.34 80.70 1421.81
|R| 5 6 17 7 9

CTP(R) 167608.20 461548.79 179130.30 7292.70 34885.40
Algorithm 1 CTR(R) 0.00 0.00 445.00 0.00 0.00

CT (R) 16760.80 46154.88 18321.62 729.27 3488.54

Table 4.7: Results by cost matrix 1 and test cost group 2

Data Set Breast Car Heart Lung Zoo
Objects Size 683 1728 267 27 101

Attributes Size 9 6 22 56 16
|R| 5 6 8 10 9

CTP(R) 35356.40 202096.00 50078.90 807.00 8796.50
Algorithm 2 CTR(R) 0.00 72.00 1482.00 0.00 0.00

CT (R) 3535.64 20274.40 6341.69 80.70 879.65
|R| 5 6 17 7 9

CTP(R) 167608.20 461548.79 179130.30 7292.70 34885.40
Algorithm 1 CTR(R) 0.00 0.00 445.00 0.00 0.00

CT (R) 16760.80 46154.88 18321.62 729.27 3488.54

an attribute reduct constructed by Algorithm 2 may be different with respect to the

same data set, since we use different test cost groups and Algorithm 2 takes test cost

into consideration. For example, the number of an attribute reduct of Zoo is 11 and

9 by Algorithm 2, respectively, in Table 4.6 and Table 4.7. With respect to the same

data set, we obtain different attribute reducts when using different algorithms. For

example, attribute reducts of Heart are different in Table 4.7. For some data sets,

result cost constructed by Algorithm 2 is different from that constructed by Algorithm

1. Figure 4.1 shows that the average number of an attribute reduct with respect to

each data set of Table 4.6 and Table 4.7. It can be seen that that Algorithm 2 and

Algorithm 1 have respective advantages regarding number of an attribute reduct.
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Figure 4.1: The average number of a reduct of each algorithm for DTRS.

Figure 4.2: The average total cost of each algorithm for DTRS.
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Figure 4.2 shows that the average total cost of each data set with respect to different

algorithms of Table 4.6 and Table 4.7. Figure 4.2 presents that that Algorithm 2 can

produce much less total cost than for all data sets.

Table 4.8: Experimental results with cost matrix 2 and test cost group 1

Data Set Breast Car Heart Lung Zoo
Objects Size 683 1728 267 27 101

Attributes Size 9 6 22 56 16
|R| 5 6 21 10 11

CTP(R) 49522.30 244677.60 93343.10 807.00 15990.40
Algorithm 2 CTR(R) 0.00 0.00 454.00 0.00 0.00

CT (R) 4952.23 24467.76 9742.91 80.70 1599.04
|R| 5 6 17 7 9

CTP(R) 167608.20 461548.79 179130.30 7292.70 34885.40
Algorithm 1 CTR(R) 0.00 0.00 454.00 0.00 0.00

CT (R) 16760.80 46154.88 18321.62 729.27 3488.54

Table 4.9: Experimental results with cost matrix 2 and test cost group 2

Data Set Breast Car Heart Lung Zoo
Objects Size 683 1728 267 27 101

Attributes Size 9 6 22 56 16
|R| 5 6 18 9 9

CTP(R) 39673.70 209024.00 86721.10 867.10 9124.60
Algorithm 2 CTR(R) 0.00 0.00 454.00 0.00 0.00

CT (R) 3967.37 20902.40 9080.71 86.71 912.46
|R| 5 6 17 7 9

CTP(R) 167608.20 461548.79 179130.30 7292.70 34885.40
Algorithm 1 CTR(R) 0.00 0.00 454.00 0.00 0.00

CT (R) 16760.80 46154.88 18321.62 729.27 3488.54

For the Pawlak rough set model, Table 4.8 and Table 4.9, respectively, show

experimental results regarding test cost group 1 and test cost group 2. Experimental

results of Table 4.6 and Table 4.7 are the same but different from that of the DTRS

model. For example, result cost of Algorithm 1 is different from that in the DTRS

model, because different cost matrixes are used and lead to different values of α and
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β. It can be seen that Algorithm 2 induces much less cost than Algorithm 1 with

respect to all data sets. Figure 4.3 shows that the average number of an attribute

reduct with respect to each data set of Table 4.8 and Table 4.9. It can be seen that

that Algorithm 1 induces smaller number of an attribute reduct than Algorithm 2.

Figure 4.4 shows the average total cost of each data set using different algorithms of

Table 4.8 and Table 4.9. Algorithm 2 can conduct less total cost than Algorithm 1

with respect to all data sets.

Figure 4.3: The average number of a reduct of each algorithm for Pawlak rough sets.

Table 4.10: The average total cost with respect to Algorithm 2 in two models

Data Set Breast Car Heart Lung Zoo
DTRS 3825.27 22143.68 6382.52 83.70 1150.73

Pawlak rough sets 4459.80 22685.08 9411.81 83.70 1255.75

Totally, process cost grows with the number of objects of each data set increasing.

However, result cost does not hold. For some data sets, Algorithm 2 induces more

result cost than Algorithm 1 in the DTRS model. Because there exist some tolerances
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Figure 4.4: The average total cost of each algorithm for Pawlak rough sets.

of an object possibly belonging to a class in the DTRS model, using sequential testing

to induce an attribute reduct may give rise to more result cost than without attribute

dependencies. Conversely, sequential testing shows advantages with respect to both

process cost and result cost, since there exist strong condition of an object absolutely

belonging to a class in the Pawlak rough set model. Table 4.10 shows a comparison

of the average total cost with respect to Algorithm 2 between the DTRS model and

the Pawlak rough set model. It can be seen that Algorithm 2 produces less total cost

in the DTRS model than that in the Pawlak rough set model for most data sets.

66



Chapter 5

Conclusion and Future Work

This thesis contributes to an analysis of cost-sensitive attribute reducts by introducing

a general definition of total-cost-sensitive attribute reducts, unifying different types

of cost-sensitive attribute reducts in a common framework. As a result, we propose

sequential testing to approximate an optimal attribute reduct. Experimental results

demonstrate that sequential testing based method is able to obtain an attribute reduct

with minimal total cost.

5.1 Conclusion

An attribute reduct is a minimal set of attributes with the same classification power

as that of the entire set of attributes. There are different costs and dependencies

associated with attributes. The notions of test cost and misclassification cost are

interpreted as process cost and result cost with respect to an attribute reduct. By

using an attribute reduct, we can induce classification rules. Sequential testing that

explores attribute dependencies is introduced based on sequential three-way decisions.

Sequential testing uses an ordering of attributes to make three-way decisions with

respect to classifications. We formulate different types of costs and demonstrate that

test cost and misclassification cost, respectively, is a special case of process cost and
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result cost.

Many studies focus on only one type of costs. Motivated by non-uniformed ways

used to define different types of cost-sensitive attribute reducts, a general definition

of total-cost-sensitive attribute reducts is proposed. It also takes cost constraints and

cost weights into consideration. Process-cost-sensitive attribute reducts and result-

cost-sensitive attribute reducts are derived from the general definition. Although

process-cost-sensitive attribute reducts and result-cost-sensitive attribute reducts are

different, they are mutually complementary and are components of the general defini-

tion of total-cost-sensitive attribute reducts. The proposed general definition unifies

different types of cost-sensitive attribute reducts. A new interpretation of loss func-

tions in decision-theoretic rough sets is proposed. The new interpretation derives

Pawlak rough sets from decision-theoretic rough sets appropriately, which makes an

important basis for the proposed general definition, covering both decision-theoretic

rough sets and Pawlak rough sets.

The objective of studying total-cost-sensitive attribute reducts is to find an at-

tribute reduct with a minimal total cost, which is interpreted as an optimization

problem. An attribute reduct algorithm with sequential testing is proposed based on

sequential three-way decisions to find an ordering attribute reduct with an approxi-

mate minimal total cost. Experimental results of UCI data sets are used to show the

advantages of using sequential testing in both decision-theoretic rough set model and

Pawlak rough set model.

5.2 Future Work

The study in this thesis is mainly based on decision-theoretic rough set model, in

which a classification of the universe is a partition induced by an equivalence re-

lation on the universe. Equivalence relations (i.e., reflexive, symmetric and tran-
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sitive relations) are a fundamental notion to construct concepts and classifications

in partition-based rough sets. However, equivalence relations are restrictive in real-

world applications. Some extensions have been proposed for removing the limitation

of partition-based rough sets. Covering-based rough sets are one typical model [56].

Regarding the proposed construction algorithm of an attribute reduct, we add

an attribute sequentially until we obtain an approximate reduct according to the

heuristic function. There may exist redundant attributes in an approximate reduct,

since there is no backtrack evaluation consideration. In the future, we will take

backtrack algorithms [23,24] into consideration in this thesis.

With respect to applying sequential three-way decisions into an attribute reduct

construction, for simplicity, we assume that values of α and β remain unchanged at

each level. However, Yao [54] defined different values of α and β at different levels in

sequential three-way decisions. The reasonable situation is that α tends to be 1 and

β tends to be 0 at top levels. Because fewer attributes are used at top levels, we have

to set a strict tolerance for objects classifications. For the lower levels, lower α values

and higher β values are used. Our assumption of unchanged values of α and β at

different levels does not take advantage of sequential three-way decisions sufficiently.

We can extend this thesis with different values of α and β at different levels in the

next study.
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