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Abstract

Temporal gene expression data is of particular interest to researchers as they con-

tain rich information on characterization of gene function and have been widely used

in biomedical studies and early cancer detection. Dense temporal gene expression

data in bacteria shows that gene expression has various patterns under different bi-

ological conditions. In contrast to the rich literature available on how to estimate

gene expression over time under a given condition, few researchers have considered

identifying the different effects of multiple conditions on gene expression profiles.

In this thesis we investigate the effects of multiple conditions on gene expressions

and then classify the conditions according to the obtained results, that is their effects

on gene profiles. We propose a linear regression model and and use properties of the

log-normal distribution to characterize the variance function of genes under a given

condition. Then, based on the estimated parameters, a chi-square test is proposed to

test the equality of the variance function for multiple conditions. Furthermore, the

Mahalanobis distance is used for the classification of conditions.

Moreover, most of temporal gene expressions represent variability with time. How-

ever, after the initial time period, some genes exhibit some kinds of stability. This
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means that gene expressions demonstrate stability after a specific time point, called

the threshold time point. At this threshold time point measurements are rather con-

stant or fluctuate slightly. The threshold time point of a gene expression can be used

to decide the measuring time period for behaviour. Different threshold time points

can be used to distinguish behaviours for gene expressions. For this reason, we will

use the first and second relative change rate to reduce the dimension of time points.

In addition, canonical correlation is another measurement which can be used to

classify gene expressions. However, for this measurement we usually have to deal with

a large number of time points. The sample canonical correlations cannot be used as

the sample covariance matrices are rank deficient. For this reason, we explore possible

alternative estimations for covariance matrices and the accuracy of these alternative

estimations is studied.

Meanwhile, simulation studies are performed to confirm the performance of the

methods which are introduced in this thesis. Simulation studies indicate that the

model based variance function is accurate and that the Wald statistics based test

performs well. Moreover, simulation studies indicate which of the introduced size

reduction methods performs better when dealing with gene expression data. Also,

different scenarios are considered and simulated to find which of the model-based

covariance structures acts better for estimating canonical correlations.
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Chapter 1

Introduction

1.1 Longitudinal Data Analysis

One of the methods used for medical and biomedical statistical studies involves mea-

suring a single health characteristic several times during a determined time period.

This type of research can provide data sets with valuable information. For example,

when it is necessary to examine the effect of a new medication on patients, we need

to consider two groups; one group is on placebo and the other group is on the consid-

ered medication. The basic statistical solution is to consider the measurements after

a period of time (week, month, etc.). Then classical statistical methods can be used

to compare the two groups. In this method we usually obtain one observed value

for each patient. If we want to compare these two groups more precisely, instead of

just one measurement for each individual, several measurements are considered over

a time interval. This experiment illustrates the simplest form of a longitudinal study.

Definition 1.1.1. Longitudinal study is a type of investigation in which specific
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characteristics are measured and recorded over a period of time. [52]

A longitudinal study usually returns a set of repeated measurements for each

individual. One of the interesting examples of longitudinal data is the number of

CD4 cells in the blood stream of individuals with HIV. In this kind of study, HIV

patients are followed over time and their CD4 counts are measured several times

during a year. Eventually, the analysis of repeated measurements that are correlated

within subjects, requires specific statistical tests.

Longitudinal data analysis has a specific role in epidemiology and medical research.

Longitudinal studies involve a great deal of effort over several benefits. The main

benefit of longitudinal studies is the ability of this method to indicate the patterns of

a variable for a specific time interval. This is one of the efficient ways that can help

researchers illustrate the relationships over time. One of the most useful applications

of longitudinal data is to analyse gene expression data.

1.2 Gene Expression Data Analysis

Functional genomics contains the interpretation of interpretation of information from

huge data sets which are collected from several medical experiments. An experiment

is called gene expression analysis when it tracks the expression values of many genes

simultaneously under different conditions. Microarray technology makes this possible

and the quantity of data generated from each experiment is enormous. The analysis

of gene expression data plays a main role in biomedical sciences. Different methods

are used to analyse and classify this kind of data. Generally, gene expression is the
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method which can convey RNA information as numerical variables. During the past

two decades gene expression analysis has emerged as a useful strategy for biological

discovery. The main purpose of gene expression analysis is to classify genes under

different circumstances. For instance, sometimes, it is necessary to classify different

cancers based on their gene expression information.

Classification methods which are used for classifying genes based on gene expres-

sion data, are not just utilized in the biomedical sciences. For example, classification

methods for sparse data set can be used for signal processing in communication and

biomedical image processing. This is because the same concepts are used in these two

seemingly different fields.

For gene expression data, usually, specific characteristics are usually measured

several times during a determined time period. Each time a characteristic is measured,

it is called the time point. Also, it is common to measure these values under different

circumstances or conditions. For instance these conditions can be different cancers

or other biological conditions. As values are measured over a period of time and the

measuring process is repeated for different individuals, the longitudinal data analysis

can be used for analysing gene expression data.

The main application of gene expression data analysis is the classification of genes

into different groups based on their different statistical measurements such as mean,

variance, etc. Techniques in gene expression data analysis allow scientists to analyse

thousands of genes expressions simultaneously [42]. Recently, statistical classification

methods have been studied for gene expression data. Several classification methods

such as decision tree, linear discrimination analysis and Bayesian network have been
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used for gene expressions classification [37]. Usually, in a gene expression data set, the

number of time points (variables) is more than the sample size. As a result, classical

statistical methods do not perform well as they do in an ordinary situation. Overall,

methods which perform satisfactory in the case of high-dimensional data should be

used.

1.3 General View of the Problem

It was previously mentioned that the main problem of analyzing gene expression

data comes from the number of time points. The number of time points is usually

more than the sample size. In such cases most of the parametric statistical methods

have a weak performance or sometimes cannot be performed. This problem can

be worsened when parametric models are used and unknown parameters such as

mean, variance and correlation need to be estimated. For instance, if we consider a

sample of 20 observations from a 50-variate normal distribution, the sample covariance

matrix is rank deficient and it cannot be used for further analysis. In other words,

the problem is finding a way to estimate large number paramaters simultaneously.

Estimation of several correlated parameters can be dated back to the works of Stein

and James (1961) [29] and this was followed with empirical Bayesian approaches

performed by Efron and Morris (1973)[19]. Also, several non-parametric studies have

been performed such as Ghahramani (2010)[24] and Troyanskaya (2010) [51].

The most critical point for estimating population parameters is to find a good

estimation for the covariance matrix. This is because of the rule of covariance matrix
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on describing the population manner. For gene expression data, the covariance matrix

has the same role. One of the most common unbiased estimation for the population

covariance matrix is the sample covariance matrix. However, when the number of the

time points (p) is larger than sample size (c), the sample covariance matrix is no longer

a good estimation, because the matrix is usually not positive definite. Additionally,

the determinant of the sample covariance matrix is extremely close to zero. Figures

(1.1) and (1.2) indicate the determinant and smallest eigenvalue value of sample

covariance matrix for a 10-variate normal distribution with mean 0 and variance Σ

(Σ is a symmetric and positive definite matrix) when the sample size is changing

from 2 to 20, respectively. Figure (1.1) illustrates that when a sample size is less

than 10 the determinant of the sample covariance is extremely close to zero. In other

worlds, the sample covariance is hardly invertible. A similar manner can be seen in

Figure (1.2) for the smallest eigenvalue of the sample covariance matrix. To overcome

this problem cthe ovariance structure has been used widely. The application of the

covariance structure in biomedical research has been studied by Littel et al. (2000)

[36], MacCallum et al. (2000) [38], and Xie et al.(2003)[60]. Moreover, application of

the covariance structure for analysis of temporal gene expression has been performed

by Fang et al. (2012)[22] which strongly focused on analysis of high-dimensional

gene expression data using linear models. Meanwhile, Pourahmadi (2013)[45] did

a comprehensive review about high-dimensional covariance estimation using general

linear models.
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Figure 1.1: The determinate of sample covariance for different sample sizes.

Figure 1.2: The smallest eigenvalue of sample covariance for different sample sizes.
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Most of the above mentioned literature provide methods for estimating covariance

matrix for high-dimensional data and these estimations can be used for classifying

gene expression mean functions. However, sometimes we encounter different genes or

conditions with similar mean functions but different variance functions. In this case,

it is necessary to do the classification based on variance functions. Sometimes genes or

conditions have similar means but their variances are totally different from each other.

Moreover, if genes are classified based on their variance function, we can explore the

variation of each gene or condition (this depends on type of the classification). This

topic will be discussed in chapter three. In chapter three we will investigate the effects

of multiple conditions on gene expressions. The obtained results will be assessed for

their effect on gene profile and will then be used to classify conditions. Moreover, a

linear regression model will be proposed and log-normal distribution properties will be

used to characterize the variance function of genes under a given condition. Finally,

the developed method will be used for classifying a set of temporal gene expression

in over 24 conditions.

Another common solution for classifying genes is to reduce the number of time

points. Many methods were introduced to reduce the number of time points such as

Principal Component Analysis (PCA)[1, 62], Kernel Principal Component Analysis

(Kernel PCA) [49] or smooth spline [26]. On the other hand, we are able to define a

specific model for mean and the corresponding variance of genes using smooth spline

[22]. All of the mentioned methods consider linear or non-linear transformations of

the time points, this is to reduce the number of time points or estimate the mean

for each time point. If we can find methods to eliminate some of the time point
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observations, we will be able to reduce the number of time points and at the same

time perform statistical analysis using the original values. Sometimes, because of a

medication or specific disease, gene characteristics change for a certain amount of time

and after that they are stable or change faintly. In other words, after the initial time

period, some genes exhibit some kind of stability. This means that measurements of

gene expression after a specific time point are rather constant or fluctuate slightly

(threshold time point). The threshold time point of gene expression can be used to

decide the measuring time period for the behaviour of gene expression and different

threshold time points can be used to distinguish the behaviour for gene expressions.

This topic will be discussed in chapter four.

Meanwhile, another method which can be used for classifying gene expression

is canonical correlation. Theoretically, canonical correlation has been studied by

Anderson (2003)[1], Johnson et al. (2002)[31], and Fujikoshi et al. (2011) [23]. As

long as gene expression data are suffering high-dimensionality, classical canonical

correlation cannot be determined. The solution has been discussed by Witten et al.

(2009)[58, 59]. However, it is known that gene expression covariance is related to the

mean [22]. Based on this fact the joint mean-covariance model was introduced by

Pourahmadi (1999)[44] and this can be used for estimating the canonical correlation

among different genes. This topic will be discussed in chapter five.
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Chapter 2

Approximation Methods for

Multivariate High-dimensional

Distributions

In this chapter we review the methods for analysing high dimensional multivariate

data. These methods are commonly used for approximating the distribution of test

statistics for high-dimensional data.

2.1 Multivariate Central Limit Theorem

Let Y1, ...,Yc be a set of independent and identically distributed (i.i.d) random p-

variate vectors. Also, assume that E(Y1) = µ, var(Y1) = Σ and define the random

vector Wc as

Wc =
√

c(Ȳ − µ), (2.1.1)
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where Ȳ is equal to 1
c

∑c
i=1 Yi. For analysing high-dimensional data it is important

to determine the asymptotic distribution of Wc. For this reason, the characteristic

function of Wc can be defined as

CWc(t) = E
[
exp(itTWc)

]
= exp(−

√
citTµ)E

[
exp

{
i

c∑
j=1

tTYj/
√
c

}]
= exp(−

√
citTµ)

[
CY1((1/

√
c)t)

]c (2.1.2)

and the log of Eq. (2.1.2) is equal to

logCWc(t) = −
√
citTµ+ c logCY1((1/

√
c)t). (2.1.3)

Assume || var(Y1)|| <∞ and as indicated in [23] on page 22 we conclude that

logCY1(t) = itTµ− 1

2
tTΣt + o(||t||2). (2.1.4)

Here ||t|| =
√
t21 + ...+ t2p. So, finally the limit of CWc as c goes to ∞ according to

Eq. (2.1.3) and Eq. (2.1.4) is equal to

lim
c−→∞

CWc(t) = exp

(
−1

2
tTΣt

)
. (2.1.5)

Eventually, according to Eq. (2.1.5) and Lévy’s continuity theorem [48], it can be

concluded that Wc converges to the multivariate normal in terms of distribution.
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2.2 Edgeworth Series and its Applications

When the sample size is large enough, the multivariate central limit theorem can

be used for the analysis of statistical data. However, when the number of variables

is close to the sample size the central limit theorem does not perform well. In this

case we have to use another approximation method. Let Fc(x) be the distribution

function of Wc (Wc is an univariate random variable). Fc(x) can be evaluated by the

first k-term of the following asymptotic expansion:

Fk,c(x) = F (x) +
k−1∑
j=1

c−j/2pj(x)f(x). (2.2.1)

In Eq. (2.2.1), F (x) is the limiting distribution function of Fc(x) and f(x) is the

density function of F (x). In addition, pj(x) are appropriate polynomials based on

the distribution function that is to be evaluated. Usually, the error Rk,c(x) = Fc(x)−

Fk,c(x) satisfies the following condition 1 [6, 23]:

Rk,c = O(c−k/2). (2.2.2)

The approximation of distribution functions was studied by many researchers.

Edgeworth pioneered this apprximation in 1908 [18] and developed an asymptotic

expansion for the one-dimensional case. Thereafter, Cramer (1928) [16] evaluated

this method. The following theorem which was proved by Battacharya (1971) [5],

gives us good insight for approximating distribution functions.
1f(x) = O(g(x)) if and only if there exists a positive real number M and a real number x0 such

that |f(x)| ≤M |g(x)| for als x ≥ x0
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Theorem 2.2.1. Let Yj, j = 1, 2, ... be a sequence of i.i.d random p-variate vectors

from a distribution with a mean vector µ and a covariance matrix Σ. Suppose i and

ii are true for an integer k ≥ 3:

i) E
[
||Y1||k

]
<∞ (|| ∗ || is the Euclidean norm).

ii) lim sup||t||→∞ |E[exp(it′Y1)]| < 1

Then for Eq. (2.1.1) we have2

sup
B

∣∣∣∣P (Wc ∈ B)−
∫
B

φk,c(u)du

∣∣∣∣ = o
(
c−

1
2

(k−2)
)

where

φk,c(u) = φp(u)

[
1 +

k−2∑
j=1

aj(u)c−j/2

]
(2.2.3)

and aj(u) is a polynomial up to order j + 2. Also, φp(.) is the p-variate standard

normal distribution density function.

Theorem (2.2.1) indicates that we can approximate distribution functions. Now,

consider Zc = Σ−
1
2 Wc. The following theorem is a result of Theorem (2.2.1) which

indicates the approximation of distribution functions using Hermite polynomial.

Theorem 2.2.2. [23] Suppose E [||Z1||4] <∞. Then for random vector Zc we have:

sup
b

∣∣∣∣P (Zc ≤ b)−
∫
z≤b

φ4,c(z)dz

∣∣∣∣ = o
(
c−1
)

(2.2.4)

2f(x) = o(g(x)) means for all u > 0 there exists some M > 0 such that f(x) < ug(x) for all
x ≥M .
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where

φ4,c(z) = φp(z)

[
1 +

1

6
√
c

∑
a1,a2,a3

ka1a2a3Ha1a2a3(z)

+
1

24c

∑
a1,a2,a3,a4

ka1a2a3a4Ha1a2a3a4(z)
1

72c

∑
a1,a2,a3,a4,a5,a5

ka1a2a3ka4a5a6Ha1a2a3a4a5a6(z)

]

Here φp(z) is the density function of Np(0, Ip)

φp(z) =

(
1√
2π

)p
exp

(
−1

2
z′z

)

and Ha(z), Hab(z), ... are multivariate Hermite polynomials defined by

Ha1...aj(z)φp(z) = (−1)a1+...+aj
∂j

∂za1 ...∂zaj
φp(z)

and

ka1...aj(z) =
∂j

∂za1 ...∂zaj
logE [exp(itz)] .

2.3 Cornish-Fisher Expansion

Using Theorem (2.2.1) and (2.2.2), we can estimate the distribution function of dif-

ferent test statistics. However, sometimes it becomes necessary to find the percentile

of statistical distributions. The following theorem which was explained by Hill et al.

(1968)[27] provides a solution for this problem.

Theorem 2.3.1. Consider the distribution function G(x) and its density function

13



g(x). Also, consider Fc(x) as (a is equal to 1 or 1/2 ):

Fc(x) = G(x) + g(x)
[
c−ap1(x) + c−2ap2(x) + ...

]
(2.3.1)

Furthermore, Eq. (2.3.2) indicates the relation between x and u which satisfies

Fc(x) = G(u).

x = u−
∞∑
r=1

1

r!
{−[g(u)]−1du}r−1 [{zc(u)}r] (2.3.2)

where zc(u) = Fc(u)−G(u).

Example [23] Suppose that Fc(x) is expressed as

Fn(x) = Φ(x)− 1√
c
{a1Φ(1)(x) + a3Φ(3)(x)}

+
1

c
{b2Φ(2)(x) + b4Φ4(x) + b6Φ(6)(x)}+ o(c−1),

where Φ(x) is the distribution function of N(0, 1) and Φ(r)(x) is the rth derivative of

Φ. Then we have Fc(x) = Φ(u) if

x = u− qc(u) − u

c
[a1 + a3h2(u)]

×
[

1

2
a2 + a3

{
1

2
h2(u)− 2

}]
+ o(c−1). (2.3.3)

Here qc(u) is equal to

qc(u) = − 1√
n
{a1h1(u) + a3h3(u)}+

1

c
{b2h2(u) + b4h4(u) + b6h6(u)}+ o(c−1)
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and hr(x) is the Hermite polynomial of degree r and

h0(u) = 1, h1(u) = −u, h2(u) = u2 − 1,

h3(u) = u3 − 3u, h4(u) = u4 − 6u2 + 3, h5(u) = u5 − 10u3 + 15u.

Finally, Theorem (2.3.1) and Example (2.3) indicate that we can approximate the

percentile or quantile of distribution functions which are related to sample size. These

methods are widely used in Chapter 4.
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Chapter 3

Classification of Multiple Conditions

for Gene Expressions Using Variance

Functions

3.1 Introduction

In order to classify gene expression under multiple biological conditions based on

their variances, we must start with a review of the basic terms in the temporal gene

expression model. Let Yij(t) denote the realization of gene expression of the jth gene

at time t, under condition i. The basic model is

Yij(t) = µij(t) + εij(t) (3.1.1)

with i = 1, 2, ...c; j = 1, 2, ..., g; t ∈ [0, T ] where T > 0.
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Yuan (2006) [63] compared the possible patterns of gene profiles. More generally,

as pointed out by Yuan (2006)[63], the number of all possible patterns as a function

of the number of conditions c is equal to the Bell exponential number of possible

set partitions and increases exponentially as c increases. However to our knowledge,

there is no discussion about the classification of multiple biological conditions.

In this chapter we investigate the effects of multiple conditions on gene expres-

sions. The conditions are then classified according to the obtained results, that is the

effect on gene profiles. It is important to note that it is the dispersions of gene expres-

sions not their expectations that reflect the effects of biological conditions. This is

because under different conditions, the mean functions of gene expression do not have

a big change but the variance functions may differ from each other tremendously. For

example, for a contrast experiment between a control group and a treatment group,

the gene profiles for two groups may have a similar expression but have totally differ-

ent variations. The genes in the control group may have a small dispersion but the

variances of genes in the treatment group could vary largely. Therefore, we will first

detect the effects of conditions on all genes by examining the variations of gene ex-

pression profiles. The area of interest is the dispersion function over time for all genes

together under a given condition and this is followed by comparing the differences

among all dispersion functions obtained under all conditions. The variance function

under each condition is then estimated. Afterwards, we assess if two conditions have

a similar effect on genes by testing the similarity of two variance functions. The clas-

sification under all conditions is then conducted by using the obtained estimators of

variance functions.

17



Towards this end, we first need to estimate the variance function. In fact, the

estimation of variance function plays an important role in many contexts. Except

for their own interest, variance function estimates are needed to construct confidence

intervals/bands for the mean function and compute weighted least squares estimates

of the mean function. Relative to mean function estimation, the literature on the

estimation of variance function is sparse. The existing methods include kernel, poly-

nomial and wavelet procedure. Müller and Stadtüller (1987, 1993) [40, 41] considered

difference based kernel estimators of the variance function. Hall and Carroll (1989)

[25] proposed kernel estimators of the variance function based on the squared resid-

uals from a rate optimal estimator of the mean function. Ruppert et al. (1997) [47]

and Fan and Yao(1998) [21] used local polynomial smoothing of the squared residuals

from optimal estimators of the mean function. Moreover, Brown and Livine (2007)

[8] established asymptotic normality for a class of difference-based kernel estimators

of variance function and Wang et al. (2008) [56] derived the minimax rate of conver-

gence. More recently, Cai and Wang (2008) [11] considered a wavelet thresholding

approach to adaptive variance function estimation in heteroscedastic nonparametric

regression. However, the shortcoming in the aforementioned methods is that the

variance function is estimated locally and there is no explicit global expression for

the estimator of the variance function over time and thus it is very difficult to make

comparisons for the obtained estimators. Therefore in the current chapter we will

develop an order-dependent thresholding approach to estimate the variance function

in parametric regression model and give a global form of estimator for the variance

function. Further by choosing the common order-dependent threshold knots for all

18



estimators of the variance functions, we can compare whether two variance functions

have similar behavior and therefore assign classifications to all variance functions.

The prosposed strategy is illustrated with a data set of 21 P. aeruginosa expressed

in 24 conditions and measured at 43 time points. We will estimate the variance

function based on 21 gene expression data under a given condition and thus obtain

24 curves of the variance functions. We then make the comparison and classification

for the obtained 24 estimated variance functions and identify the gene profiles within

each of the obtained clusters.

The remainder of this chapter is organised as follows. In Section (3.2) a model-

based estimation is introduced using properties of the multivariate log-normal distri-

bution. Also, the maximum likelihood estimation of parameters are performed in this

section. In Section (3.3) a statistical test is constructed based on the Wald statistic.

The performance of the introduced method is evaluated by carrying out simulation

studies for three different mean functions in Section (3.4). Eventually, Section (3.5)

contains an example of our method for classifying conditions for gene expressions.

3.2 Model-Based Estimation of Variance Functions

Let Yj(t) be the value of the jth gene at time t and consider

Yj(t) = µY (t) + εj(t), (3.2.1)
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where εj(t) is the random noise with a mean of zero and variance σ2(t). Also, let

Yj(t) = (Yj(tj1), ..., Yj(tjpj))
T be the vector of pj observations for gene j for j =

1, 2, ..., g and assume the expected value of Yj(t) is µYj
= (µY (tj1), ..., µY (tjpj))

T

and covariance matrix is ΣYj
with (r, s) entry σrs = cov(Yj(tjr), Yj(tjs)) for (r, s =

1, 2, ..., pj). To estimate the variance function of this model, we assume

Xj(tji) = (Yj(tji)− µY (tji))
2 for i = 1, ..., pj (3.2.2)

and

Xj(t) =



Xj(tj1)

Xj(tj2)

...

Xj(tjpj)


.

To estimate the variance function we need to determine a reasonable distribution

for Xj(t). The reasonable assumption is to consider that Xi(tji) for i = 1, ..., pj,

and j = 1, ..., g relatively follows the chi-square distribution. In this situation we

are dealing with multivariate data sets, we should therefore consider the Wishart

distribution which is a multivariate distribution and it is a well-known distribution for

interpreting the covariance matrices. However, it is not easy to find the estimation of

covariance matrix under this assumption when we are dealing with a high-dimensional

data set. On the other hand, as Figure (3.1) and Figure (3.2) indicate that the log-

normal distribution offers a good approximation for the chi-square distribution [32].

Also, the logarithm of the log-normal random variable has a normal distribution. As
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a result, this fact can convince us that the log-normal distribution can be used for

estimating the variance function.
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(a) Degrees of freedom is equal to 10

(b) Degrees of freedom is equal to 20

Figure 3.1: Red dashed line in (a) and (b) demonstrates the density function of chi-
square distribution with 10 and 20 degrees of freedom, respectively. Also, the solid
blue line in each sub-figure indicates the fitted log-normal distribution on a random
sample of 10000 observations for a specified chi-square distribution in sub-figure (a)-
(b). As the sub-figures indicate, the log-normal distribution can be considered as an
approximation for the chi-square distribution.



(a) Degrees of freedom is equal to 30

(b) Degrees of freedom is equal to 50

Figure 3.2: Red dashed line in (a) and (b) demonstrates the density function of chi-
square distribution with 30 and 50 degrees of freedom, respectively. Also, the solid
blue line in each sub-figure indicates the fitted log-normal distribution on a random
sample of 10000 observations for a specified chi-square distribution in sub-figure (a)-
(b). As the sub-figures indicate, the log-normal distribution can be considered as an
approximation for the chi-square distribution.



As discussed, Xj(t) can be considered as a multivariate random variable with log-

normal distribution. That is, if setWj(t) = [log(Xj(tj1)), log(Xj(tj2)), ..., log(Xj(tjpj)]
T ,

then Wj(tj) has a multivariate normal distribution. Let

E(Wj(t)) = µWj
= [µW (tj1), ..., µW (tjpj)]

T

and ΣWj
is

ΣWj
=


d11 . . . d1pj

... . . . ...

dpj1 . . . dpjpj

 .

The density of the multivariate random variable Xj(t) is1

fXj
(x) =

1

(2π)pj/2|ΣWj
|1/2
∏pj

i=1 xi
exp

[
−1

2
(log x− µWj

)TΣ−1
Wj

(log x− µWj
)

]
, 0 < xi <∞

and the following theorem gives the close form for the expected value and covariance

matrix of Xj(t).

Theorem 3.2.1. The expected value of random vector Xj(t) is µXj
= [µXj

(tj1), . . . , µXj
(t1pj)]

T

where µXj
(tji) = exp(µW (tji) + 1

2
dii). Also, its covariance matrix is equal to

ΣXj
=


σ′11 . . . σ′1pj

... . . . ...

σ′pj1 . . . σ′pjpj


1x = (x1, ...,xpj

)T
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where σ′ik =
[
exp[(µW (tjpi) + µW (tjpk)) + dii+dkk

2
]
]
× [exp(dik)− 1] for i = 1, ..., pj and

k = 1, ..., pj.

Proof. It is known that logXj(tji) for i = 1, ..., pj is a normal random variable.

Consider Wj(ti) = logXj(ti) and , as a result we have

E (Xj(tji)) = E (exp(logXj(tji))) = E(exp(Wj(tji))) = MWj(tji)(u)|u=1, (3.2.3)

where MWj(tji)(u) is the moment generating function of Wj(tji). Since Wj(tji) follows

a normal distribution with mean µW (tji) and variance dii, the moment generating

function of Wj(tji) at u is equal to

MWj(tji)(u) = exp

(
µW (tji)u+

1

2
diiu

2

)
(3.2.4)

So, Eq. (3.2.3) and Eq. (3.2.4) imply that

E(Xj(tji)) = exp

(
µW (tji) +

1

2
dii

)
.

Eventually, the expected value of Xj(t) is µXj
= [µX(tj1), . . . , µX(tjpj)]

T where

µX(tji) = exp(µW (tji) + 1
2
dii). To find the covariance matrix we know that σ′ik =

cov(Xj(ti), Xj(tk)) where it can be defined as Eq. (3.2.5).

cov(Xj(ti), Xj(tk)) = E(Xj(ti)Xj(tk))− E(Xj(ti))E(Xj(tk)) (3.2.5)

So, to determine cov(Xj(tji), Xj(tjk)), E(Xj(tji)Xj(tjk)) needs to be calculated.

25



It is obvious that

E(Xj(tji)Xj(tjk)) = E (exp (log (Xj(tji)Xj(tjk)))) . (3.2.6)

Then, let

W = log(Xj(tji)Xj(tjk)) = log(Xj(tji)) + log(Xj(tjk)).

Also, we know W = Wj(tji) +Wj(tjk) has a normal distribution with mean µW (tji) +

µW (tjk) and variance dii + dkk + 2dik. So, Eq. (3.2.6) can be rewritten as

E(Xj(tji)Xj(tjk)) = E(exp(W )) = MW (u)|u=1 = exp

(
µW (tji) + µW (tjk) +

1

2
(dii + dkk + 2dik)

)

and using Eq. (3.2.5), cov(Xj(tji), Xj(tjk)) can be calculated as

cov(Xj(tji), Xj(tjk)) = exp

(
µW (tji) + µW (tjk) +

1

2
(dii + dkk + 2dik)

)
− exp

(
µW (tji) + µW (tjk) +

1

2
(dii + dkk)

)
= exp(µW (tji) + µW (tjk) +

dii + dkk
2

)× (exp(dik)− 1) .

Eventually, σ′ik =
[
exp[(µW (tji) + µW (tjk)) + dii+dkk

2
]
]
× [exp(dik)− 1].

For a given condition, let σ2(t) be the variance function for that specific condition.

As a result, we have σ2(t) = E(X(t)) = µX(t). To estimate the variance function

σ2(t) it is enough to find the estimation of E(X(t)). In other words, finding the

maximum likelihood (ML) estimator for σ2(t) is the same as finding the ML estimator

for µX(t) and since ML estimators are invariant [12], we can find the ML estimator
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of µX(t) by finding the ML estimator for µW(t) and ΣW. Before finding the ML

estimator for µW(t) and ΣW we consider the following assumptions:

i) µW(t) is approximated by using the linear combination of a set of truncated power

basis functions. Given a sequence of K interior knots 0 < τ1 < τ2 < . . . < τK <

τ where τ is the end time of observations, the regression basis functions of order

q are 1, t, t2, . . . , tq, (t−τ)q+, . . . , (t−τk)
q
+ and we can assume µW (t) = B(t)β,

where B(t) is

B(t) =
(
1, t, t2, . . . , tq, (t− τ)q+, . . . , (t− τk)

q
+

)

and β is the vector of parameters.

ii) We assume ΣWj
= σ2Gj(α)Rj(ρ)Gj(α) where

Rj(ρ) =



1 ρ|tj1−tj2| ... ρ|tj1−tjpj |

ρ|tj2−tj1| 1 . . . ρ|tj2−tjpj |

...
... . . . ...

ρ|tjpj−tj1| ρ|tjpj−tj2| . . . 1


and

Gj(α) =



exp(1
2
αµW (tj1)) 0 . . . 0

0 exp(1
2
αµW (tj2)) . . . 0

...
... . . . ...

0 . . . 0 exp(1
2
αµW (tjpj))
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As per [22] we assume the variance function σ2
W(t) depends on the mean func-

tion µW(t). Specially, when observation times are equally spaced then Rj(ρ) is

expressed as follows

Rj(ρ∗) =



1 ρ∗ . . . ρ∗pj−1

ρ∗ 1 . . . ρ∗pj−2

...
... . . . ...

ρ∗pj−1 ρ∗ . . . 1



where ρ∗ = ρ|tj2−tj1| and when the difference between any two adjacent times is

one then ρ = ρ∗.

iii) µY (t) can be considered as the average expression of g gene profiles. There

exist many approaches in literature that can be used to recover the mean curve

µY (t), including kernel, local polynomial, smoothing splines, regression splines

and wavelet-based methods among others. We can choose one of the existing

methods to estimate the function µY (t), denoted by µ̂Y (t), the estimator of

µY (t). Here, µY (t) is estimated by fitting local lines in one dimensional based

on the pooled data from all gene expressions, which minimizes

g∑
j=1

p∑
i=1

K

(
tji − t
h

)
(yji − a0t − a1t(t− tji))2 (3.2.7)

with respect to a0t and a1t where K and h are Gaussian kernel2 and bandwidth,

respectively. The local estimator of µY (t) is given by µ̂Y (t) = â0t.

2K(x) = exp(−x2

2 )
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iv) We assume that the values of gene expressions are measured at the same time

points for different genes. As a result, pj for j = 1, ..., g are the same and equal

to a positive integer such as p. Also, Rj(ρ), Gj(α) are the same as j is changing

from 1 to g and they are called R and G, respectively.

Eventually, using the determined normal equations (See Appendix A) and non-

linear optimization methods, we can find the estimation of β, ρ, σ2 and α based on

the invariant property of ML estimators [12]. Therefore, we can find the ML estimator

of var(Y(t)) as follows

σ̂2(t) = µ̂X(t) =


exp(µ̂W (t1) + 1

2
d̂11)

...

exp(µ̂W (tp) + 1
2
d̂pp)



where µ̂W (tj) is the jth element of µ̂W (t) = Bβ and d̂jj is the jth diagonal element of

Σ̂W = σ̂2ĜR̂Ĝ.

3.3 Model-Based Test for Equality of Variance Func-

tions of Two Conditions

In this section we are going to construct an asymptotic test for the equality of variance

functions for two conditions using Wald statistics and the Fisher information matrix.

The hypothesis which we are interested in is H0 : σ2
i (t) = σ2

j (t) Vs. H1 : σ2
i (t) 6= σ2

j (t)
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where i and j represent two different conditions. It is possible to demonstrate that

this hypothesis is equivalent to:

H0 : diag(Σi) = diag(Σj) Vs. H1 : diag(Σi) 6= diag(Σj). (3.3.1)

Equally, we can express our hypothesis as follows

H0 : (βi, σ
2
i , αi) = (βj, σ

2
j , αj) Vs. H1 : (βi, σ

2
i , αi) 6= (βj, σ

2
j , αj).

Note the MLE of β is asymptotically distributed as a multivariate normal distribution

with variance equal to Crammer-Rao lower bound (George Casella and Roger L.

Berger [13]). Meanwhile, σ̂2, and α̂ have the same property as β̂. Moreover, the

expected information matrix for the estimators (β̂, ρ̂, σ̂2, α̂) is given by Fang et al.

(2012) [22], 

C 0 0 0

0 g(p−1)(1−ρ2)
(1−ρ2)2

− gρ(p−1)
2σ2(1−ρ2)

−gρtr(E +E Kp)

4(1−ρ2)

0 − nρ(p−1)
2σ2(1−ρ2)

gp
2σ4

g
2σ2 tr(E )

0 −gρtr(E +E Kp)

4(1−ρ2)
g

2σ2 tr(E ) gtr(E E +R−1E R−1E )
4
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where C = g
σ2BTG−1R−1G−1B and E = diag(µW (t1), . . . , µW (tp)). Based on the

Wald statistic we can construct a test statistic as follows:

χ2
ij =


β̂i − β̂j

σ̂2
i − σ̂2

j

α̂i − α̂j



T

(
M−1

i +M−1
j

)−1


β̂i − β̂j

σ̂2
i − σ̂2

j

α̂i − α̂j

 , (3.3.2)

whereMi andMj are the expected information matrices for the estimators (β̂i, σ̂2
i, α̂i)

and (β̂j, σ̂2
j, α̂j), respectively. Also, under the null hypothesis H0 : (βi, σ

2
i , αi) =

(βj, σ
2
j , αj), χ2

ij asymptotically has a chi-square distribution with NB + 2 degrees of

freedom (NB is number of basis in the model).

3.4 Simulation Studies

To check the accuracy of the ML estimator for estimates µ(t) introduced in the second

section, simulation studies were conducted. To demonstrate the performance of ML

estimators for β, α, σ2, and ρ, random numbers are generated from three different

multivariate normal random variables with the following mean functions:

Model 1 : µW (t) = cos(4πt)− 2

(
t− 1

2

)2

+ 1

Model 2 : µW (t) = sin(4πt)− 2

(
t− 3

4

)2

+ 1

Model 3 : µW (t) = sin(2πt)− cos(2πt)
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and covariance matrix ΣW. Where ΣW = σ2GRG and

G = diag(exp(
1

2
αµW (t1)), ..., exp(

1

2
αµW (tp))) .

Also, R is a positive definite matrix as Eq. (3.4.1).

R =



1 ρ . . . ρp−1

ρ 1 . . . ρp−2

...
... . . . ...

ρp−1 ρ . . . 1


(3.4.1)

25 equally spaced time points between 0 and 1 are considered. Meanwhile, ρ = 0.965,

α = 2, and σ2 = 0.2. For each mean function let W be the matrix of generated

random numbers.

W =



w11 w12 . . . w1p

... . . . . . .
...

...
...

...
...

wg1 wg2 . . . wgp


Here, we assume p = 25 and g = 40. To estimate µW (t) as mentioned in the

second section we consider

µW(t) = B(t)β

Where B(t) = (1, t, t2, t3, t4, t5, (t − 0.25)5
+, (t − 0.5)2

+, (t − 0.75)2
+). Since we

know W ∼MVN(µW(t),ΣW), it is possible to use the introduced normal equations
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for estimating β, ρ, σ2 and α. However, it is not likely to drive close forms for these

four parameters from normal equations. As a result, nonlinear optimization is used

to find the approximate estimations for unknown parameters, for this reason ( let ||.||

be the Euclidean norm):

A1 =

∣∣∣∣∣∣∣∣ g∑
j=1

BTG−1R−1G−1(wj −Bβ)

∣∣∣∣∣∣∣∣
A2 =

∣∣∣∣∣∣∣∣ g∑
j=1

[
p

σ2
− 1

σ4
(wj −Bβ)TGD−1R−1G−1(wj −Bβ)

] ∣∣∣∣∣∣∣∣
A3 =

∣∣∣∣∣∣∣∣ g∑
j=1

[(p− 1)ρ(1− ρ2) +
(1 + ρ2)

σ2
(wj −Bβ)TG−1HpG

−1(wj −Bβ)

+
(1 + ρ2)

σ2
(wj −Bβ)TG−1HpG−1(wj −Bβ)]

∣∣∣∣∣∣∣∣
A4 =

∣∣∣∣∣∣∣∣ g∑
j=1

[
1TE 1− 1

σ2
1TEEjG−1R−1G−1(wj −Bβ)

] ∣∣∣∣∣∣∣∣
where Ej = diag((wj1 − BT (t1)β), . . . , (wjp − BT (tp)β)). Since A1, A2, A3 and A4

are greater or equal to zero, the ML estimator of β, σ2, and ρ is the value which

minimizes A1 +A2 +A3 +A4[9]. For this reason non-linear optimization was applied
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to A1 + A2 + A3 + A4 and the result is as follows:

• Model 1 :

β̂ = [1.4, 1.5, −64.5, −0.1084, 1553, −2297.4, 4391.5, −4161.5, 4.0395 ]

σ̂2 = 0.2086, ρ̂ = 0.9679, α̂ = 1.999

• Model 2 :

β̂ = [0.09, −.50, 285.03, −2.390× 103, 6.688× 103, −6.2852× 103, 7.181× 103, 258.191, −9.12]

σ̂2 = 0.1906, ρ̂ = 0.9630, α̂ = 1.9092

• Model 3 :

β̂ = [−0.987, 5.591, 30.517, −96.533 41.186, 34.004, −53.88, −62.99, −26.88]

σ̂2 = 0.213, ρ̂ = 0.9665, α̂ = 2.0863

As Figure (3.3), Figure (3.4) and Figure (3.5) indicate, the real mean and esti-

mated mean are close to each other. Moreover, we can see that the estimated mean

is closer to the real mean when compared to the sample mean.
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(a) Comparison between real mean and estimated mean

(b) Comparison between real mean and smooth mean

Figure 3.3: Comparsion between real mean, estimated mean, and smooth mean for
model 1.
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(a) Comparison between real mean and estimated mean

(b) Comparison between real mean and smooth mean

Figure 3.4: Comparsion between real mean, estimated mean, and smooth mean for
model 2.
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(a) Comparison between real mean and estimated mean

(b) Comparison between real mean and smooth mean

Figure 3.5: Comparsion between real mean, estimated mean, and smooth mean for
model 3.
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Moreover, to evaluate the power of the chi-square test in Eq. (3.3.2), a constant

number (a) is added to the original mean function in each model. As a result, the

second mean function for each model is defined as follows:

Model 1 : µW (t)new = cos(4πt)− 2

(
t− 1

2

)2

+ 1 + a

Model 2 : µW (t)new = sin(4πt)− 2

(
t− 3

4

)2

+ 1 + a

Model 3 : µW (t)new = sin(2πt)− cos(2πx) + a

Where a ∈ {0, 0.05, 0.1, 0.15, 0.2}. The L2 distance between µW(t) and µW(t)new

is (
∫ 1

0
(µW (t) − µW (t)new)2dt)

1
2 = a. Tables (3.1), (3.2) and (3.3) show the empirical

power when the significance level is 0.05 for the given models (Number of replications

is 10000). As results show the chi-square test in Eq. (3.3.2) is powerful enough to

test for the similarity of variance functions.
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Distance power for
g = 20 g = 40 g = 60

0.00 0.1060 0.0501 0.0453
0.05 0.1450 0.1202 0.1590
0.10 0.3010 0.4001 0.5730
0.15 0.6160 0.8603 0.9971
0.20 0.9060 0.9961 1

Table 3.1: The power analysis for chi-square test (model 1).

Distance power for
g = 20 g = 40 g = 60

0.00 0.0840 0.0450 0.04821
0.05 0.156 0.1620 0.1932
0.10 0.323 0.4320 0.7450
0.15 0.5786 0.8331 0.9861
0.20 0.917 0.9561 .9980

Table 3.2: The power analysis for chi-square test (model 2).

Distance power for
g = 20 g = 40 g = 60

0.00 0.0870 0.047 0.0491
0.05 0.1210 0.163 0.2230
0.10 0.3320 0.421 0.5620
0.15 0.5950 0.86 0.95
0.20 0.8540 0.951 0.990

Table 3.3: The power analysis for chi-square test (model 3).
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3.5 Example

We now consider the analysis of the data set of 21 genes in P. aeruginosa expressed

in 24 conditions. For each condition, each gene was measured every 30 minutes for 21

hours and has 43 observations. Without lost of generality we can rescale time points

as t/43 and assume 0 ≤ t ≤ 1. Three interior knots, 0 < 0.25 < 0.5 < 0.75 < 1, are

selected and the basis functions B(t) is:

B(t) =
(
1, t, t2, t3, t4, (t− 0.25)4

+, (t− 0.5)4
+, (t− 0.75)4

+

)
.

As discussed in Section (3.2), to estimate the variance function and the mean for

each condition we have to find Xj(ti) = (Yj(ti) − µY (tji))
2 for i = 1, ..., 43 and

j = 1, ..., 21. For the assumed reason, the kernel smoothing method is used. Figure

(3.6) compares sample mean with the estimated mean using kernel smoothing for four

different conditions. We then found the ML estimators of β = (β1, . . . , β8)T , ρ, σ2,

and α using the non-linear optimization method which is explained in Section(3.4).

Figure (3.7) shows a comparison between µX(t) = B(t)β and the sample mean of

Xj(ti) for four selected conditions. Also, Figure (3.8) demonstrates the estimated

square root of variance function (σ(t)) for the same conditions as used in Figure

(3.7). It is obvious that the variance functions for conditions 16 and 25 are similar.
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Figure 3.6: Estimation of µY(t) for conditions 1, 3, 17, and 21. Sample mean (dash
line)and estimated spline curve(solid line).
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Figure 3.7: Estimation of µW(t) for conditions 1, 3, 17, and 21. In these four figures
the blue dashed lines indicate B(t)β, the red lines represent the sample mean and
solid lines indicate the 95% confidence interval for µW(t).
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Figure 3.8: Estimated (σ(t)) for condition 1, 3, 17, and 21.
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Moreover, based on the chi square test which is defined in the previous section,

we found that when the significance level is 0.05, there are no significance differences

among the variances of conditions 1, 3, 6, 8, 9, 11, 12, 13, 14, 15, 19 and 22. Also,

variances under conditions 4, 7 ,and 17 are the same. Figure (3.9) indicates the

classification tree for the 24 conditions based on minimum Mahalanobis distance.
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Figure 3.9: Classification chart based on minimum Mahalanobis distance(T1=[1, 3,
6, 8, 9, 11, 12, 13, 14, 15, 19, 22] and T17=[4, 7, 17]).
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3.6 Conclusion

As discussed at the beginning of this chapter classifying genes based on different

statistical characteristics such as the mean, variance, etc. appears to be the main

concern of researchers who investigate genes expression. Moreover, sometimes we

want to classify conditions using statistical measurements. One of the statistical

measurements which can be used is the variance. For this reason we need to estimate

the variance functions for each condition.

Toward this end, in this chapter, gene expressions were described by examining

the variation of the gene expression curve. A linear regression model was proposed

to estimate the mean function in higher dimensions of gene expression data. We ex-

plored the application of multivariate log-normal distribution to estimate the variance

function. Based on the linear regression model and estimated regression coefficients,

variance functions were estimated. In addition, the chi-square test was proposed

to classify gene expression curves. Using the proposed methods, statistical analysis

showed the classifications of biological condition with variations in variance.
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Chapter 4

Detecting the Threshold Time Points

for Gene Expressions Under Multiple

Biological Conditions

4.1 Introduction

The statistical analysis of gene expression plays a significant role in numerous bi-

ological and medical studies. Gene expressions are widely used in biological and

biomedical studies as they contain rich information abount human beings. By using

methods such as oligonucleotide and DNA microarray, or serial analysis of gene ex-

pression, discrete functional data can be generated on gene expressions[7, 15, 50, 64].

From the observed measurements of gene expressions, we would then be able to clas-

sify the entire pattern of gene expressions, recognize the gene profile changes, obtain

accurate estimates with good aptitude, and determine excellent combinations of genes
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and condition effects [22]. As a result, longitudinal observations with the appropriate

number of time points are significantly useful for studying individual gene changes

over time and the effects of other factors. In recent decades, many statistical tech-

niques have been developed to interpret gene expression data. From the point of gene

classification, frequently used methods include various clustering procedures, fold ex-

pression changes, ANOVA, etc[17, 20, 35]. Most of these methods are related to the

classical and parametric statistical methods. When the number of observed values

for each time point is less than the number of observed time points, classical para-

metric methods of classification do not perform appropriately and therefore can no

longer be used to analyze gene data. To solve this problem, the main idea used is the

direct or indirect reduction of dimensionality for the vector or function of observed

measurements in discrete time points for gene expressions.

For this reason many methods were developed to reduce the dimensionality of a

random vector or random function such as principal component analysis (PCA)[1, 62],

kernel principal component analysis (Kernel PCA) [49] or smooth spline [26]. Further,

one is able to define a specific model using the smooth spline method to estimate the

mean and corresponding variance functions of gene expressions [22]. All of the afore

mentioned methods are employed to indirectly reduce the dimensionality by using

the small number of variables or parameters to represent the high-dimensional vector

or function. On the other hand, in the analysis of functional data, if one can find

methods to eliminate the observed measurements from some time point, the remaining

observed values can be analyzed by classical statistical methods.

In some cases, because of a medication or a specific disease, gene characteristics
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show some changeability within a certain time period and while they keep stable

or change faintly after that period. In other words, the observing time can be parti-

tioned into two periods such that for the first period the behaviour of gene expressions

presents some variability over time and for the second one gene expressions look sta-

ble or vary slightly. As a result, we are able to eliminate the observed measurements

in the second time period which contain less effective information and keep the mea-

surements observed at the first time period.

As an example for the situation discussed, Figure (4.1) shows the gene expressions

for two genes (H3 and C4) under 24 conditions. It can be seen that under most of

the conditions, observations for gene H3 look stable after eight and a half hours.

Similar to H3, gene C4 shows similar behaviour after six and a half hours. Theoret-

ically, the visualizations of gene expressions demonstrate that for each gene after a

threshold time point which is between the starting time point and the ending time

point, the measurements under the conditions are rather stable or fluctuate slightly.

For this reason, gene expression after the threshold time point has less information

on gene behaviour. Therefore the greatest amount of information for a gene can be

captured by measurements observed before the threshold point. In other words, the

measurements observed after the threshold time point are not as important as those

observed before the threshold time point and thus can be eliminated for further anal-

ysis. Furthermore, from the point of application, if we detect the threshold time point

such that after that time gene expression keeps stable or fluctuates very slightly, the

observations can be terminated after the threshold time point. Thus the observing

time can be shortened and the cost of observations saved. Meanwhile, genes can be
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classified based on the threshold time points they require to get stable. Moreover, for

the purpose of comparison for gene expressions we only need to collect data in less

time points instead of collecting information over longer periods. Furthermore, when

two genes have significantly different threshold time points, it is obvious that the

behaviours of the two genes are different from each other and one can directly refuse

the equality of these two genes without conducting hypothesis testing. It also means

that having similar values of threshold time points for two genes is a necessary con-

dition for the similarity of two gene expressions. Therefore, when two genes have the

same or close threshold time points, the mean functions of these two gene expressions,

which are defined on the time period from the stating time to the larger threshold

time point, can be compared by using classical methods. These methods can be used

if the reduced vectors of measurements for gene expressions have less dimensionalities

than the sample size. On the other hand, by detecting the threshold time points for

all gene expressions, some singular gene expressions can also be found if most of the

gene expressions have similar values of threshold time points but the threshold time

points for few gene expressions have the small/large values. For example, we found

that the gene H3 shows some singularity because it has no threshold time point up

to the final observing time point.
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(a)

(b)

Figure 4.1: Gene expression for gene H3 (a) and C4 (b) and the dashed line in both
figures indicates the time point after which the point curves look either stable or
fluctuate slightly.

In the current chapter several algorithms are constructed to detect the threshold

time points based on the parametric methods and empirical distribution of the relative
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gene changes. Then using the threshold time points the dimensionality for most gene

expressions are deducted and thus the gene expressions can be compared and classified

by the classical statistical methods.

The remainder of this chapter is organized as follows. Four fundamental methods

and corresponding algorithms are introduced in Section (4.2) for detecting threshold

time points in cases where a finite number of time points exist. In addition, different

methods for testing the equality of means for two genes are reviwed in Section (4.3).

Also, in Section (4.4) simulation studies are used to check the efficiency of each

method and to compare the result for each method with other approaches. Finally,

an example for 18 gene expressions under 24 biological conditions is given in Section

(4.5).

4.2 Methods for the Detection of Threshold Time

Points

Let Yij(tki) denote the realization of gene expression of the ith gene at time tki (tki ≤ T )

under condition j where i = 1, . . . , g, j = 1, . . . , c; and ki = 1, . . . , pi + 1. Eq. (4.2.1)

shows the considered model to realize gene expressions.

Yij(tki) = µij(tki) + εij(tki) (4.2.1)

In Eq. (4.2.1), εij(tki) is assumed to be the normally distributed random error with

mean zero and variance σ2
i (tki) . If it is assumed that the ith gene is observed at pi+1
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equally spaced time points (observation times), the model (4.2.1) can be expressed as

Yij(tk) = µi(tk) + εij(tk). (4.2.2)

Further, for a given gene (fixed value of i), Eq. (4.2.2) is expressed as follows

Yj(tk) = µ(tk) + εj(tk) (4.2.3)

where k = 1, 2, .., p+ 1 and j = 1, ..., c.

We say a gene expression has a threshold time point, denoted by τ if this gene

expression demonstrates some kind of variability before τ and keeps stable after τ .

Ideally, the mean function µ(t) of this gene expression changes over the time period

[0, τ ] and keeps constant when t > τ . Hence, the model for gene expression with the

threshold time τ can be written as

Y (t) = µ(t)I(t ≤ τ) + µτI(t > τ) + ε(t) (4.2.4)

where µτ is a constant and τ is the threshold time point. Now, detecting τ is the

main attempt of this model. When the mean function is stable for any t > τ and

the relative change rate is zero for the same time period. Relative change rate for

gene expression Y (t) at t′k = (tk+1 + tk)/2 for k = 1, . . . , p, based on the observed

measurements, can be defined as

Z(t′k) =
Y (tk+1)− Y (tk)

tk+1 − tk
.
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Since ε(t) follows a normal distribution, it can be assumed that Z(t) is also normally

distributed. Let µZ(t) and σ2
Z(t) denote the mean and the variance of Z(t), respec-

tively. Then, the model for the change rate of gene expression (Z(t)) can be expressed

as

Z(t) = µZ(t) + εZ(t), (4.2.5)

where εZ(t) follows the normal distribution N(0, σ2
Z(t)). When the mean function

µ(t) of Y (t) is stable for t > τ , E[Z(t)] = 0 at the same time period and thus, the

model (4.2.5) can be rewritten as

Z(t) = µZ(t)I(t ≤ τ) + εZ(t). (4.2.6)

Figure (4.2) shows the relative change rates for genes H3 and C4 under 24 conditions.

As it is shown in this figure, the relative change rate for t > 8.5 hours is approximately

zero on gene H3. Also, gene C4 has a similar patter and its relative change is near

zero after 6.5 hours.
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(a)

(b)

Figure 4.2: Relative change rates for gene H3 (a) and C4 (b) and the dashed lines
in both figures indicate the time points after which the relative changes are close to
zero.
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4.2.1 Detecting The Threshold Time Points Based on Hotelling’s

T 2 Statistic

Based on the above discussion, we now know that in order to detect the threshold

time point for gene expression, we need to find the time point 0 < τ < T such

that µZ(t) = 0 for t > τ . This question can be translated into a hypothesis test.

Towards this end, the appropriate value for the threshold time point τ satisfies that

H0 : µZ(t) = 0 for t > τ cannot be rejected at the significant level of α, and at the

same significance level H0 : µZ(t) is rejected for some t ≤ τ . In other words, we can

say t′k is the detected value for τ if H0 : µZ(t′k+1) = µZ(t′k+2) = ... = µZ(t′p) = 0

cannot be rejected at the significance level of α and for the same significant level

H0 : µZ(t′k) = µZ(t′k+1) = ... = µZ(t′p) = 0 is rejected. To find t′k we can select the

last measured relative change time point for a considred gene (Z(t′p)) and then test

H0 : µZ(t′p) = 0. If H0 is not rejected at this stage then H0 : µZ(t′p) = µZ(t′p−1) = 0

will be tested. This method is continued as long as H0 is not rejected. Otherwise,

the first time point t′k such that H0 : µZ(t′k) = ... = µZ(t′p) = 0 is rejected on behalf

of the alternative hypothesis and can be an appropriate estimate for τ . A scheme of

this method is indicated in Figure (4.3).
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Figure 4.3: This figure indicates the general scheme of the method that can be used
to find the approximate value for τ .
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Now, Hotelling’s T 2 is used as the test statistic for the method that has just

been explained. As long as it is assumed that Yj(tk) is normally distributed for

k = 1, ..., p + 1 and j = 1, .., c, Zj(t′k) for k = 1, ..., p and j = 1, .., c is normally

distributed too. Let Z(l)
j = (Zj(t

′
l), ..., Zj(t

′
p)). As a result, Z(l)

j ∼ MVN(µ
(l)
Z ,Σ

(l)
Z )

where µ(l)
Z and Σ

(l)
Z are the mean and variance of Z(l)

j , respectively. Hence, under the

null hypothesis H0 : µZ(t′l) = ... = µZ(t′p) = 0, Eq. (4.2.7) has an F distribution with

p − l + 1 and c − (p − l + 1). It is obvious that the above statement is true when

(p− l) < c.

F =
T 2
l

c− 1
× c− (p− l + 1)

p− l + 1
(4.2.7)

where

T 2
l = cZ̄(l)S−1

l Z̄(l)T

and

Sl =
1

c− 1

c∑
j=1

(
Z(l)
j − Z̄(l)

)T (
Z(l)
j − Z̄(l)

)
, Z̄(l)

=
1

c

c∑
j=1

Z(l)
j .

Currently, for given l we can test H0 : µZ(t′l) = ... = µZ(t′p) = 0 using Hotelling’s

T 2 for a specific gene. Therefore, the suitable approximation of τ is calculated using

the Algorithm (4.1).
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Algorithm 4.1 Detecting τ using Hotelling’s T 2

1. Let l := p− 1.

2. Compute T 2
l .

3. If T 2
l

c−1
× c−(p−l+1)

p−l+1
is greater than Fα,p−l+1,c−(p−l+1) go to step 7, else go to step 4.

4. Let l := l − 1.

5. If (p− l) > c go to step 6, else return to step 2.

6. This method cannot be used any more as the number of time points (p− l+ 1) is
greater than the sample size (c).

7. The detected value for τ is tl.

Meanwhile, it is possible to simplify this method using orthogonal transformations.

Let λl, .., λp be the eigenvalue of Σ
(l)
Z and βi = (βil, ..., βip) for i = l, ..., p are the

corresponding eigenvectors of λi (i = l, ..., p). Without loss of generality we can

assume that the norm of each eigenvector is 1. Also, let β(l) = (βl, ...,βp)
T be

the matrix which contains eigenvectors and X
(l)
j = β(l)Z

(l)
j

T 1. The mean of X(l)
j is

µ
(l)
X = β(l)µ

(l)
Z

T
and the variance is

Σ
(l)
X = β(l)Σ

(l)
Z β

(l)T =



λl 0 . . . 0

0 λ2 . . . 0

...
... . . . ...

0 0 . . . λp


.

Since β(l) contains orthogonal vectors β(l)Tβ(l) = I. Therefore, β(l)µ
(l)
Z

T
= 0 is

1Consider X(l)
j = (X

(l)
j (t′l), ..., X

(l)
j (t′p))

T , where X(l)
j (t′i) = βiZ

(l)
j

T
for i = l, ..., p. Also, µ(l)

X (t′i) =

E(X(l)
j (t′i)) for i = l, ..., p
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equivalent to µ(l)
Z = 0. Hence, instead of testing H0 : µZ(t′l) = ... = µZ(t′p) = 0 we can

test H0 : µ
(l)
X = 0. Further, since Σ

(l)
X is diagonal, Xj(t

′
l), ..., Xj(t

′
p) are independently

distributed and we can do Hl : µ
(l)
X (t′l) = 0, ..., Hp : µ

(l)
X (t′p) = 0 independently simul-

taneously using the t-test for each of the hypothesizes. Therefore, using Algorithm

(4.2) for a given gene we are able to find the suitable value of τ .

Algorithm 4.2 Detecting τ using orthogonal transformations

1. Let l := p− 1.

2. Test Hl : µ
(l)
X (t′l) = 0, ..., Hp : µ

(l)
X (t′p) = 0 independently simultaneously using the

t-test. The significance level for each test is equal to α0 = 1 − (1 − α)(p−l+1).
(α is the significance level to test H0 : µZ(t′l) = ... = µZ(t′p) = 0 and here
Bonferroni correction is used to determine α0).

3. If for all value of l ≤ i ≤ p, Hi : µ
(i)
X (t′i) = 0 is not rejected for α0 go to step 7; else

go to step 4.

4. l := l − 1.

5. If p− l > c go to step 6; else return to step 2.

6. This method cannot be used any more as number of time points (p − l + 1) is
greater than the sample size (c).

7. The detected value for τ is tl.

4.2.2 Detecting τ Using High-dimensional Statistical Test

Based on the Algorithm (4.1) and (4.2) for each step, one time point is added until

the threshold is detected. This means that after a while, the number of time points

will be more than the sample size (c). This is turn suggests that we should find a

way to deal with high-dimensional data. As a result, Hotelling’s T 2 statistic cannot

be determined when the number selected time points for the hypothesis test are more
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than the sample size. To overcome this problem another test statistic can be used to

test µz(t′l) = ... = µz(t
′
p) = 0. This test statistic is T lD = cZ̄lT Z̄l

tr(Sl)
. T lD is approximately

normally distributed [43]. Meanwhile, the density function of T lD can be approximated

as Eq. (4.2.8) and the approximate upper percentile of T lD can be calculated using

Eq. (4.2.9).

P (
T lD
σ̃
≤ z) = Φ(z)−φ(z)

[
1√
p′
C3h2(z) +

1

p′
C4h3(z) +

1

p′
C6h5(z) +

1

c

]
C2h1(z)+O(p′−3/2)

(4.2.8)

Ẑ(α) = Φ(α) +
1√
p′

√
2â3

3
√
â3

2

(φ2(α)− 1) (4.2.9)

+
1

p′

[
â4

2â2
2

Φ(α)(Φ2(α)− 3)− 2â2
3

9â3
2

Φ(α)(2Φ2(α))

]
+

1

2c
Φ(α) +O(p′−3/2)

Where p′, C2, C3, C4, C6 and σ̃ are defined as p − l + 1, 1
2
,
√

2a3

3
√
a32
, a4

2a22
, a23

9a22
, and√

2a2
a21

, respectively. Also, â1, â2, â3, â4, b0, b1, b2, and b3 are defined as follows

â1 =
tr(Sl)
p′

â2 =
n2

1

p′(c− 1)(c+ 2)

[
tr(S2

l )−
tr(Sl)2

c

]
â3 =

c

(c− 1)(c− 2)(c+ 2)(c+ 4)

×
[
tr(S3

l )

p′
− 3(c+ 2)(c− 1)â1â2 − cp′2â3

1

]
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and

â4 =
1

b

(
tr(S4

l )

p′
− p′b1â1 − p′2b2â

2â2 − p′b3â
2
2 − cp′3â4

1

)
b0 = n1

(
c3 + 6c2 + 21c+ 18

)
, b1 = 2c(2c2 + 6c+ 9)

b2 = 2c(3c+ 2), b3 = c
(
2c2 + 5c+ 7

)
.

Eventually, using Algorithm (4.3) the threshold value can be determined.

Algorithm 4.3 Detecting τ using a high-dimensional test statistic

1. Let l := p− 1.

2. Calculate T lD = cZ̄lT Z̄l

tr(Sl)

3. Let Ẑ(1− α
2
) be equal to

Φ(1− α

2
) +

1√
p′

√
2â3

3
√
â3

2

(φ2(1− α

2
)− 1)

+
1

p′

[
â4

2â2
2

Φ(1− α

2
)(Φ2(1− α

2
)− 3)− 2â2

3

9â3
2

Φ(1− α

2
)(2Φ2(α))

]
+

1

2c
Φ(1− α

2
)

.

4. If |T lD| is greater than Ẑ(1− α
2
) go to step 8, else go to step 5.

5. Let l := l − 1.

6. If l = 0 go to step 7, else return to step 2.

7. No threshold was detected.

8. The detected value for τ is tl.

4.2.3 Detection of τ Based on Error Minimization

The other method used to detect τ , involves computing the Maximum Likelihood

(ML) estimator of parameters such as the mean and the covariance of related change
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rate for different time points of a specific model. For this reason, for a given j and k

let εZj
(t′k) be the zero mean normal random variable with variance σ2

Z(t′k) and let the

relative change rate be expressed as

Zj(t
′
k) = µZ(t′k)I(t′k ≤ τ) + εZj

(t′k) = B(t′k)β + εZj
(t′k)

where B(t′k) =
(
1, t′k, t

′2
k, . . . , t

′q
k, (t′k − u1)q+, . . . , (t

′
k − ub)q+

)T
I(t′k ≤ τ). Where

0 < u1 < ... < ub < τ is a series of interior knots and β is the vector of coefficients.

For a given l let β̂l be the maximum likelihood estimator when t′l ≤ τ < t′l+1. In the

case where there are finite number of time points for a given gene, t′l is an appropriate

detected value for τ , if Eq. (4.2.10) is minimized for β = β̂l.

c∑
j=1

p∑
i=1

||Zj(t′i)−B(t′i)β|| (4.2.10)

For a given value of t′l, the density function for Zj = (Zj(t
′
1), ..., Zj(t

′
p))

T is

fZj
(z) =

1

(2π)p|ΣZ |1/2
× exp

{
−1

2
(z− µZ)TΣ−1

Z (z− µZ)

}
,

where µZ = (µZ(t′1), . . . , µZ(t′l), 0, . . . , 0) and ΣZ = σ2GRG is the covariance matrix

with

R =



1 ρ|t
′
1−t′2| ... ρ|t

′
1−t′p|

ρ|t
′
2−t′1| 1 . . . ρ|t

′
2−t′p−1|

...
... . . . ...

ρ|t
′
p−t′1| ρ|t

′
p−t2| . . . 1
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and

G = diag
(

exp(
α

2
µZ(t′1)), . . . , exp(

α

2
µZ(t′l)), 1, . . . , 1

)
. (4.2.11)

Specially, when the observation times are equally spaced thenR is expressed as follows

R =



1 ρ∗ . . . ρ∗p−1

ρ∗ 1 . . . ρ∗p−2

...
... . . . ...

ρ∗p−1 ρ∗p−2 . . . 1



where ρ∗ = ρ|t
′
k−t
′
k−1|. Thus, the maximum likelihood estimates (MLE) of β, σ2, ρ

and α are determined by solving the following normal equations (See Chapter 3 and

Appendix A)

β =
(
BTG−1R−1G−1B

)−1 BTG−1R−1G−1z̄

c(p− 1)(1− ρ2) = ρtr(G−1AG−1)− tr(G−1KpG−1A)− (1 + ρ2)tr(G−1HPG−1A)

σ2 =
1

p
tr(G−1R−1G−1A)

σ2tr(E ) = tr(G−1R−1G−1AE ) (4.2.12)
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where

A =
1

c

c∑
j=1

(zj −Bβ)(zj −Bβ)T , z̄ =
1

c

c∑
j=1

zj

Kp = diag(0,1p−2, 0), Hp =

 0 0

Ip−1 0


p×p

and E = diag(µZ(t′1), . . . , µZ(t′p)), 1 = (1, ..., 1)1×p, and 1p−2 = (1, . . . , 1)1×(p−2).

Now, the Maximum Likelihood estimator of β can be computed in the case of given

tl, and the appropriate value of τ can be estimated using Algorithm (4.4).

Algorithm 4.4 Detecting τ using error minimization method

1. Let l := 1.

2. Find the ML estimators of β, σ2, ρ and α considering t′l ≤ τ < t′l+1.

3. Find E =
∑c

j=1

∑p
i=1 ||Zj(t′i)−B(t′i)β̂|| based on estimated parameters of step 2.

4. If l = 1 let m := E and τ := t′1, else go to step 5.

5. If E < m let m := E and τ := t′l.

6. If l < p then let l = l + 1 and go to step 2.

7. Algorithm has been completed and the detected threshold time point is τ .

4.2.4 Detecting τ Using The Empirical Distribution of First

and Second Relative Change

Another way to find the approximate value of τ is to use the properties of empirical

distribution for relative change. When Zj(t
′
k) is normally distributed, it is known

that for t′k > τ , µZ(t′k) = 0. In other words, it means that for t′k > τ , FZj(t′k)(0) is
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equal to 1
2
. A basic estimate of FZ(t′k)(x) is the empirical distribution F̂Z(t′k)(x) =

1
c

∑c
j=1 I(Zj(t

′
k) ≤ x). Strong law of large number implies that F̂Z(t′k)(x) converges

to FZ(t′k)(x) almost surely for any value of x [53]. As a result, we have the following

theorem.

Theorem 4.2.1. Let Zj(t′k) be normally distributed for j = 1, ..., c and k = 1, ..., p.

Also, for t′k > τ (Let t′l ≤ τ < t′l+1), µZ(t′k) = 0. Then, the distribution of (4.2.13)

converges to the standard normal distribution as c→∞.

EZ =

∑
{k:t′k>τ}

F̂Z(t′k)(0)− 1
2

∑p
k=1 I{t′k > τ}[

1
c
[1
4
(p− l)(l − p+ 2) +

∑∑
{k,s|k 6=s,t′k>τ and t′s>τ}

FZ(t′k),Z(t′s)(0, 0)]
] 1

2

(4.2.13)

Based on the recent theorem, we can construct an algorithm to detect the closest

approximate value for τ . For this reason we first set τ = t′p and find the asymptomatic

test statistic Eq. (4.2.13) to testH0 : µZ(t′p) = 0. IfH0 is not rejectable at a significant

level of α, we repeat this test for τ = tp−1 and since H1 :∼ H0 is not significant, this

loop is continued. The appropriate value for τ is the time point before the first time

point in which H1 is significant.(See Algorithm 4.5).
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Algorithm 4.5 Detecting τ using emprical distribution function for the change rate

1. Let l := p.

2. Let τ := t′l

2. Compute EZ .

3. If |EZ | > Φ(1−α/2), then go to step 5, Else go to step 4. (Φ(.) is the distribution
function of the standard normal random variable)

4. Let l := l − 1 and go to step 2.

5. The detected value for τ is t′l.

Usually, as time passes the relative change for each specific gene approaches zero

gradually, this affects our method for determining the appropriate estimate of τ . To

overcome this problem we can use the second sample derivative instead of the sample

change rate and the method explained using the change rate can be applied to the

second derivative. The sample second derivative at t′′k = (t′k+1 + t′k)/2 is defined as

Wj(t
′′
k) =

Zj(t
′
k)− Zj(t′k+1)

t′k − t′k+1

.

Similar to the change rate we can use the sample second derivative for the method

introduced here. As a result, instead of testing H0 : µZ(t′k) = 0 for t′k > t′l (t′l

is the time point corresponding to the steps in our algorithm), we first try to test

H0 : µW (t′′k) = 0 for t′′k > t. Here, whenever H0 is not rejected, it implies that

µZ(t′k) = C for t′k > t where C is a constant, and the next step is to test H0 : C = 0.
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For this reason we can define Uj as

Uj =
∑
t′k>t

Zj(t
′
k) (4.2.14)

and it is clear that U1, ..., Uc are mutually independent and have identical normal

distributions. Therefore, under the null hypothesis, ZU = Ū
SU/
√
c
has a standard

normal distribution, where

Ū =
c∑
j=1

Uj, S2
U =

1

c− 1

c∑
j=1

(Uj − Ū)2. (4.2.15)

Now, using Algorithm (4.6) we can detect the threshold time point based on the

second relative change.

Algorithm 4.6 Detecting τ using emprical distribution function for the second
change rate

1. Let l := p− 1.

2. Let τ := t
′′

l

3. Compute EW . (Where EW is the EZ when instead of the sample change rate, sam-
ple second derivative is used. We can easily show EW has the same asymptotic
distribution as EZ)

4. If |EW | > Φ(1−α/2), then go to step 6, Else go to step 5. (Φ(.) is the distribution
of the standard normal random variable)

5. Let l := l − 1 and get to step 2.

6. If |ZU | > Φ(1 − α/2) (t = t′′l for computing Uj =
∑

t′′k>t
Zj(t

′′
k)), then there is no

time point such as τ in which the mean function µ(t) does not change for any
t > τ ; else go to step 8.

8. The value of estimate for τ is t′′l .
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4.3 Testing The Equality of The Means For Two

Genes

As discussed in the previous section we can eliminate some of the time points in which

the relative change rates are equal to zero. Using these methods the dimension of

multivariate random vectors can be reduced and kept to be less than or close to the

sample size. So, to classify genes under this circumstance we need a statistical test

to compare means together. Several methods are reviewed in this section and genes

are compared together under the assumption that genes are mutually independent.

These methods can be classified into two categories: when covariance matrices for

two genes are equal and when they are different from each other. Consider two gene

expressions. Assume τ1 and τ2 are the detected thresholds for gene 1 and gene 2,

respectively, and define τ = max(τ1, τ2). Moreover, let Y(1)
j = (Y

(1)
j (t1), ..., Y

(1)
j (tp′))

and Y(2)
j = (Y

(2)
j (t1), ..., Y

(2)
j (tp′)) be the gene expression for two genes, and tp′ be the

largest time point which is less than or equal to τ . Furthermore, define

Y (1) =


Y

(1)
1 (t1) . . . Y

(1)
1 (tp′)

... . . . ...

Y
(1)
n1 (t1) . . . Y

(1)
n1 (tp′)


and

Y (2) =


Y

(2)
1 (t1) . . . Y

(2)
1 (tp′)

... . . . ...

Y
(2)
n2 (t1) . . . Y

(2)
n2 (tp′)

 .
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n1 and n2 are the sample size (number of conditions) for two selected genes.

4.3.1 Test For Comparing Gene Means With Equal Covari-

ance Matrices

Once the covariance matrices for two genes are equal there exist several classic meth-

ods which work theoretically when n1 + n2 > p′. One of the oldest methods in this

category is Hotelling’s T 2 which is a method for testing if the means of two indepen-

dent genes are equal. Let Y(1) and Y(2) be independent from each other. Moreover,

let Y
(1)
j and Y

(2)
j be multivariate normal random variables with means µ(1),µ(2) and

variances Σ(1),Σ(2), respectively. When Σ(1) = Σ(2), n1+n2−p′−1
(n1+n2−2)p′

T 2 follows the Fisher

distribution with p′ and n1 + n2 − 1 − p′ as long as Sp is invertible (n1 + n2 > p′),

where T 2 = (Ȳ(1) − Ȳ(2)
)TS−1

p (Ȳ(1) − Ȳ(2)
) and we have

Sp =
(n1 − 1)S1 + (n2 − 1)S2

n1 + n2 − 2

Ȳ(1)
=

1

n1

n1∑
j=1

Y(1)
j , Ȳ(2)

=
1

n2

n2∑
j=1

Y(2)
j

S1 =
1

n1 − 1

n1∑
j=1

(Y(1)
j − Ȳ(1)

)T (Y(1)
j − Ȳ(1)

j )

S2 =
1

n2 − 1

n2∑
j=1

(Y(2)
j − Ȳ(2)

j )T (Y(2)
j − Ȳ(2)

j ).

The other approach for testing the equality of means between two genes involves

using the likelihood ratio test and Wilks lambda distribution [57]. For this reason Y
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is considered as (n = n1 + n2)

Y =

Y (1)

Y (2)


n×p′

then the sample mean of Y, Y(1) and Y(2) are ¯̄Y = 1
n

∑n
i=1 Yi, Ȳ

(1)
= 1

n1

∑n1

i=1 Y
(1)
i

and Ȳ(2)
= 1

n2

∑n2

i=1 Y
(2)
i , respectively; and vw =

∑2
j=1

∑nj

i=1(Y(j)
i −Ȳ

(j)
)(Y(j)

i −Ȳ
(j)

)T

, vb =
∑2

j=1(Ȳ(j) − ¯̄Y)(Ȳ(j) − ¯̄Y)T are the within and between mean square errors,

respectively. (n = n1 +n2). Then, Λ is defined as |vw(vb + vw)−1|. Under the assump-

tion of equality of variance matrices when µ(1) = µ(2), Λ has Wilks distribution and

− log Λ is asymptotically normally distributed [54]. In other words, (4.3.1) converges

to the standard normal in distribution.

Z =
− log Λ− k(1)

(k(2))1/2
(4.3.1)

here, κ(s) is the sth order cumulant of − log Λ and it is equal to

κ(s) = (−1)s(ψ(s−1)(
n− p+ 1

2
)− ψ(s−1)(

n+ 1

2
)), for s ∈ {1, 2, 3, ...}

where (u is the Euler constant which is equal to 0.5772)

ψ(s)(a) =


−u+

∑∞
k=0( 1

1+k
− 1

k+a
), s = 0

∑∞
k=0

(−1)s+1s!
(k+a)s+1 , s ∈ {1, 2, 3, ...}

(4.3.2)

Also, to get a better approximation for the distribution function of Z we can
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obtain Edgeworth expansion of the distribution function of Z up to order O(p′−s) as

2

P (Z ≤ x) = Φ(x)− φ(x)

[
s∑

k=1

1

k!
γk,jH3k+j−1(x)

]

where Φ and φ are the distribution and density functions of the standard normal

distribution, respectively. γk,j is given by (κ̃(s) is the standardized cumulant defined

as κ(s)/(κ(2))s/2)

γk,j =
∑

s1+...+sk=j

κ̃(s1+3)...κ̃(sk+3)

(s1 + 3)!...(sk + 3)!

and Hr(x) be the rth-order Hermite polynomial, defined by

(
d

dx
)r exp(−x

2

2
) = (−1)rHr(x) exp(−x

2

2
).

The validity of such asymptotic methods has been shown from some likelihood

ratio statistics by [55], [33], and others. Eventually, as given by [23], we have

P (Z ≤ x) = Φ(x)− φ(x)[
1

6
κ̃(3)

+
1

24
κ̃(4)h3(x) +

1

72
(κ̃(3))2h5(x)] +O(κ̃(5)), (4.3.3)

where hs(z) is the hermite polynomial given as follows

h1(x) = x, h2(x) = x2 − 1, h3(x) = z3 − 3x

h4(x) = x4 − 6x+ 3, h5(x) = x5 − 10x3 + 15x

2See Chapter 2 for more details
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h6(x) = x6 − 15x4 + 45x2 − 15.

Finally, for two given samples from two genes we can find z using Eq. (4.3.1) and

then, P (Z ≤ z) can be found using Eq. (4.3.3). At a significant level of α we can

reject H0 : µ(1) = µ(2) when 2P (Z > |z|)) < α.

4.3.2 Test For Comparing Gene Means With Unequal Covari-

ance Matrices

When covariance matrices (Σ1, Σ2) are not equal to each other, we are dealing

with Behrens-Fisher problem. Anderson (2003)[1], Bennett (1950)[4], Johnson et

al. (1988)[30] with Yanagihara et al. (2005)[61] and many authors reviewed and de-

veloped some methods to solve the problem. Also, for high-dimensional data, testing

the equality of mean vectors for two populations have been discussed by Bail et al.

(1996)[3]. Chet et al. (2010) [14] and Aoshima et al. (2011)[2] gave a test statistic for

the multivariate Behrens-Fisher problem. Recently, another solution was proposed

by Nishiyama (2013)[43] for this problem. In this method we can consider a linear

transformation of Y(1) and Y(2) as follows (consider n1 ≤ n2)

Yj = Y
(1)
j −

√
n1

n2

Y(2)
j +

1
√
n1n2

n1∑
i=1

Y(2)
i −

1

n2

n2∑
i=1

Y(2)
i

Where Y(1)
j and Y(2)

i are the jth and ith row of Y(1) and Y(2), respectively. The

expected value and variance matrix of Yj for j = 1, ..., n1 are µ = µ(1) − µ(2) and
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Σ = Σ1 + n1

n2
Σ2, respectively. Let T̃ =

√
p′[n1Ȳ

T Ȳ
tr(S)

− 1], where

Ȳ =

n1∑
i=1

Yi, S =
1

n1

n1∑
i=1

(Yi − Ȳ)(Yi − Ȳ)T .

Then, under the null hypothesis H0 : µ(1) = µ(2) the Cornish-Fisher expansion of the

upper percentile of T̃ is given as follows

P (
T̃

σ̃
≤ z) = Φ(z)−φ(z)

[
1
√
p
C3h2(z) +

1

p
C4h3(z) +

1

p
C6h5(z) +

1

n1

]
C2h1(z)+O(p′−3/2),

(4.3.4)

where C2, C3, C4, C6 and σ̃ are defined as 1
2
,
√

2a3

3
√
a32
, a4

2a22
, a23

9a22
, and

√
2a2
a21

, respectively.

Also, â1, â2, â3, â4, b0, b1, b2, and b3 are defined as follows

â1 =
tr(S)

p′

â2 =
n2

1

p′(n1 − 1)(n1 + 2)

[
tr(S2)− tr(S)2

n1

]
â3 =

n1

(n1 − 1)(n1 − 2)(n1 + 2)(n1 + 4)

×
[
tr(S3)

p′
− 3(n1 + 2)(n1 − 1)â1â2 − n1p

′2â3
1

]
â4 =

1

b

[
tr(S4)

p′
− p′b1â1 − p′2b2â

2
1â2 − p′b3â

2
2 − n1p

′3â4
1

]
b0 = n1(n3

1 + 6n2
1 + 21n1 + 18), b1 = 2n1(2n2

1 + 6n1 + 9)

b2 = 2n1(3n1 + 2), b3 = n1(2n2
1 + 5n1 + 7).

Using Eq. (4.3.4) for two given samples from two genes we can design a test for

H0 : µ(1) = µ(2).

The other solution for Behrens–Fisher was introduced by [61], in which T =
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(Ȳ(1)− Ȳ(2)
)T (S1

n1
+ S2

n2
)−1(Ȳ(1)− Ȳ(2)

) was used. When covariances for two genes are

equal, the test statistic (n−p′−1)T/(p′(n−2)) follows the F-distribution with p′ and

n− p′ − 1 degrees of freedom (n = n1 + n2). However, when Σ1 6= Σ2, [61] indicates

that TF = n−2−θ̂1
(n−2)p′

T approximately follows F-distribution with p and v̂ degrees of

freedom where

v̂ =
(n− 2− θ̂1)2

(n− 2)θ̂2 − θ̂1

,

θ̂1 =
pΨ̂1 + (p− 2)Ψ̂2

p(p+ 2)
,

θ̂2 =
ψ̂ + 2ψ̂2

p′(p′ + 2)
,

and Ψ̂1 and Ψ̂2 are equal to

Ψ̂1 =
n2

2(n− 2)

n2(n1 − 1)
[tr(S1S̄

−1)]2 +
n2

1(n− 2)

n2(n2 − 1)
[tr(S2S̄

−1)]2

Ψ̂2 =
n2

2(n− 2)

n2(n1 − 1)
tr(S1S̄

−1S1S̄
−1) +

n2
1(n− 2)

n2(n2 − 1)
tr(S2S̄

−1S2S̄
−1),

where

S̄ =
n2

n
S1 +

n1

n
S2.

This F distribution with p and v̂ degrees of freedom can be used to test H0 : µ(1) =

µ(2).
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4.4 Simulation Study

In order to find the advantages and disadvantages of the introduced methods simula-

tion studies are designed. First of all we should check the proficiency of the explained

method in Section (4.2). For this reason, Eq. (4.4.1) is considered as the mean

function.

µ(t) =

(
− cos(2πt)

2π
− 4

3
(t− 3

4
)3 + t

)
I(t ≤ τ) (4.4.1)

Also, we consider 25 equally spaced time points between 0 and 1 as t1, ..., t25 and τ is

fixed as t19. In addition, Zj = (Zj(t
′
1), ..., Zj(t

′
p)) is normally distributed with mean

µZ(t) =

(
sin(2πt)− 4(t− 3

4
)3 + 1

)
I(t ≤ τ)

and variance ΣZ = σ2GRG (this covariance structure is explained in Section (4.2.3)),

where ρ = 0.5, α = 2, σ2 = 0.2. Figure (4.4) demonstrates the mean function, first

change rate, and second change rate mean for t ∈ [0, 1] and the vertical dashed line

indicates the cut point.
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.

(a) Mean function (µ(t)) versus time
(b) First change rate mean function
(µZ(t)) versus time

(c) Second change rate mean function
(µW (t)) versus time

Figure 4.4: Mean function, first change rate and second change rate plot are indicated
by (a), (b) and (c), correspondingly. Dashed line indicates the τ .
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The results of this simulation are based on 10000 replications for three different

numbers of conditions (c = 20, 40, 60). Table (4.1) shows that the best method for

detecting τ is the empirical distribution test based on the second relative change rates

(Algorithm (4.6)) which gives better results than the same method for first relative

change rates (Algorithm (4.5)). Moreover, as the number of conditions increases

the detected threshold time point based on the sample second derivative suffers less

change than the other methods (see mean absolute deviation(MAD)). Meanwhile,

when c = 20, the estimate of τ based on the empirical distribution test of second

derivative is close to the real value of τ for all three different significant levels (α).

When the number of conditions is large, the estimation of τ using Algorithm (4.4)

gets close to the real value of τ . However, the mean absolute deviation for this

method is usually higher. At the same time Algorithm (4.3) gives comparable results

to Algorithm (4.6). All in all, the empirical distribution test based on the second

derivative gives the best result among these methods.
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.

Method 1− α τ
c=20 c=40 c=60

Mean MAD Mean MAD Mean MAD

Algorithm (4.1)
0.9

19

17.0612 1.9539 16.6804 2.3660 16.0435 1.9915
0.95 17.0172 1.9915 16.3954 2.6502 15.9730 3.0331
0.99 16.8626 2.1661 16.0342 2.979 15.5013 3.5388

Algorithm (4.2)
0.9 18.8212 2.1778 18.6503 1.8401 18.7409 1.7005
0.95 18.8089 2.1545 18.6832 1.8544 18.7607 1.7182
0.99 18.7718 2.1321 18.6756 1.8404 18.7387 1.7148

Algorithm (4.3)
0.9 19.9177 1.3021 19.9073 1.1658 19.371 0.5149
0.95 19.6042 1.1962 19.8014 0.9884 19.5960 0.7092
0.99 18.3078 1.1881 19.5960 0.8535 19.3146 0.5092

Algorithm (4.4) — 22.1521 4.2966 21.6564 3.8704 20.3400 2.77511

Algorithm (4.5)
0.9 16.9828 2.6259 17.2211 2.3526 17.3517 2.1981
0.95 16.6951 2.7269 17.0805 2.3714 17.1648 2.2149
0.99 16.5043 2.8140 16.6433 2.5593 16.8009 2.3642

Algorithm (4.6)
0.9 19.3012 0.7233 19.2844 0.7021 19.2917 0.7107
0.95 19.2021 0.5939 19.2080 0.5987 19.1769 0.5498
0.99 19.1250 0.4675 19.0736 0.3552 19.0611 0.3236

Table 4.1: Simulation study results for introduced algorithms.
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For the testing of threshold time point detection methods, when the number of

time points between τ and T is more than the number of conditions, another mean

function is considered as follows

µ(t) =

(
sin(4πt)− 2(t− 3

4
)3 − 12.1936t

)
I(t ≤ τ) (4.4.2)

As a result, the first change rate has the following mean function:

µZ(t) =

(
4π cos(4πt)− 6(t− 3

4
)2 − 12.1936

)
I(t ≤ τ) (4.4.3)

and similar to the previous model we can consider ΣZ = σ2GRG where ρ = 0.5,

α = 2, σ2 = 0.2. Also, we consider 50 equally spaced time points between 0 and 1

as t1, ..., t50 and τ is fixed as t25. Figure (4.5) demonstrates the mean function, first

change rate, and second change rate mean for t ∈ [0, 1] and the vertical dashed line

indicates the threshold time point. Here, we try to compare methods which are more

compatible with high-dimensional cases. We know Algorithms (4.3), (4.4), (4.5), and

(4.6) can still be used for detecting the threshold time point even when the number

of time points between the threshold and T is greater than the number of conditions.

According to the Table (4.1), Algorithm (4.4) does not perform well, as a result we

just compare Algorithms (4.3), (4.5), and (4.6). According to Tables (4.2), (4.3),

(4.4) it can be realized that these three methods perform really close to each other.

Generally, we can say Algorithm (4.6) performs better than the other methods.
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(a) Mean function (µ(t)) versus time (b) First change rate mean function (µZ(t))
versus time

(c) Second change rate mean function (µW (t))
versus time

Figure 4.5: Mean function, first change rate and second change rate plot are indicated
by (a), (b) and (c), correspondingly. Dashed line indicates the τ .
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Method 1− α τ
c=10 c=15 c=20

Mean MAD Mean MAD Mean MAD

Algorithm (4.3)
0.9 25.8344 1.2968 25.2288 0.3684 25.1202 0.1614
0.95 25 25.1362 0.2574 24.8628 0.1804 24.7738 0.2290
0.99 24.8580 0.2628 24.6290 0.3762 24.5454 0.4546

Table 4.2: Simulation study results for Algorithm (4.3).

Method 1− α τ
c=20 c=25 c=30

Mean MAD Mean MAD Mean MAD

Algorithm (4.5)
0.9 25.4335 0.9271 25.4050 0.8681 25.5068 0.8850
0.95 25 24.9539 0.4840 25.0891 0.5183 25.1347 0.5101
0.99 24.8850 0.4271 24.9421 0.1364 25.0179 0.4057

Table 4.3: Simulation study results for Algorithm (4.5).

Method 1− α τ
c=20 c=25 c=30

Mean MAD Mean MAD Mean MAD

Algorithm (4.6)
0.9 25.0854 0.1134 25.0712 0.1037 25.0665 0.0961
0.95 25 25.0412 0.0541 25.05060 0.0817 25.0613 0.0571
0.99 25.0381 0.0421 25.0503 0.0805 25.0475 0.03472

Table 4.4: Simulation study results for Algorithm (4.6).
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Also, to check the performance of reviewed methods, for testing the equality of the

means for two genes, another simulation study is constructed. As mentioned before,

our aim is to reduce the number of time points for two genes so that we can try to

use statistical methods which are appropriate when p′ < (n1 + n2). This simulation

study can be divided into two parts. The first part we consider is when covariance

matrices for two genes are equal to each other. In this case, the covariance is defined

as Σ = ATA where A is a p × p random matrix and each element of A is a random

number between 0 and 1. Table (4.5) indicates the three considered first-type errors,

Hotelling’s T 2 has the best performance among these two methods. On the other

hand, Wilks is far behind the two other statistics with respect to performance. Once,

p′, n1 and n2 are large enough we can see that Wilks statistics has a slightly better

performance. All in all, Table (4.5) shows that when p is close to or greater than

n1 + n2, Hotelling’s T 2 has better performance. Meanwhile, Tables (4.6) and (4.7)

give the emprical power of each test statistics for different values of p′, n1 and n2.

For these two tables the covariance matrix is considered as a randomly generated

positive definite matrix. Moreover, the difference between the means of two genes

are defined as the squared Frobenius norm of µ1 − µ2 (||µ1 − µ2||2). This value for

Tables (4.6) and (4.7) are 5, 10, respectively. Results indicate that Wilks test looks

more powerful than Hotelling’s T 2. However, at the same time, as discussed, Wilks

test has a larger first type error which means this statistic is not really useful to test

the equality of means for two genes after size reduction. Also, as it is indicated by

Tables (4.7) empirical powers for Hotelling’s T 2 increase as p′, n1 and n2 increase.

Simulation study results for genes with different covariances are demonstrated
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by Tables (4.8), (4.9) and (4.10). Table (4.8) indicates the empirical level for two

methods which are introduced in section 3. For this reason covariances for two genes

are Σ1 = (0.5|i−j|)p′×p′ and Σ2 = (0.9|i−j|)p′×p′ . As Table (4.8) demonstrates, when p

is close to n1 and n2, the nominal significance level is close to the empirical level of

this measurement. In addition, Tables (4.9) and (4.10) indicate the empirical powers

for these two test statistics when ||µ1−µ2||2 = 5 and ||µ1−µ2||2 = 10. As it is shown

the test using linear transformation is more powerful, at the same time its first type

error is less than the other methods.
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p n1 n2
Hotelling’s T 2 Wilks Distribution

0.1 0.05 0.01 0.1 0.05 0.01
30 17 17 0.100 0.051 0.011 0.331 0.219 0.080
30 20 20 0.097 0.048 0.007 0.215 0.128 0.034
30 30 30 0.106 0.055 0.012 0.149 0.081 0.017
30 50 50 0.103 0.050 0.011 0.139 0.073 0.017
30 60 60 0.104 0.052 0.011 0.132 0.069 0.015
40 22 22 0.093 0.044 0.009 0.340 0.225 0.078
40 30 30 0.101 0.052 0.009 0.175 0.097 0.023
40 40 40 0.095 0.045 0.009 0.150 0.076 0.018
40 50 50 0.099 0.049 0.011 0.145 0.078 0.018
40 60 60 0.098 0.048 0.011 0.140 0.071 0.014
40 70 70 0.103 0.049 0.010 0.134 0.073 0.015
50 27 27 0.097 0.044 0.008 0.334 0.220 0.080
50 40 40 0.098 0.049 0.009 0.157 0.086 0.020
50 50 50 0.101 0.053 0.010 0.147 0.080 0.018
50 60 60 0.097 0.050 0.009 0.142 0.073 0.016
50 70 70 0.098 0.050 0.009 0.145 0.075 0.015
50 80 80 0.100 0.050 0.008 0.149 0.080 0.019

Table 4.5: Empirical significance level when Σ1 = Σ2 = ATA, where A = (aij) and aij
is a random number between 0 and 1 (Second row contains the nominal significance
levels).
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p n1 n2
Hotelling’s T 2 Wilks Distribution

0.1 0.05 0.01 0.1 0.05 0.01
30 17 17 0.233 0.128 0.027 0.611 0.452 0.189
30 20 20 0.166 0.093 0.022 0.323 0.200 0.062
30 30 30 0.401 0.265 0.091 0.508 0.361 0.137
30 50 50 0.608 0.465 0.216 0.676 0.543 0.275
30 60 60 0.885 0.798 0.550 0.910 0.839 0.610
40 22 22 0.150 0.076 0.016 0.484 0.340 0.130
40 30 30 0.173 0.095 0.022 0.264 0.164 0.045
40 40 40 0.608 0.461 0.207 0.698 0.552 0.272
40 50 50 0.215 0.128 0.036 0.275 0.168 0.049
40 60 60 0.175 0.096 0.028 0.234 0.134 0.035
40 70 70 0.283 0.175 0.056 0.354 0.234 0.076
50 27 27 0.113 0.059 0.011 0.384 0.259 0.099
50 40 40 0.131 0.068 0.016 0.217 0.124 0.034
50 50 50 0.877 0.775 0.506 0.924 0.846 0.602
50 60 60 0.204 0.116 0.031 0.272 0.165 0.046
50 70 70 0.759 0.629 0.363 0.824 0.704 0.425
50 80 80 0.268 0.164 0.050 0.354 0.232 0.079

Table 4.6: Empirical power when Σ1 = Σ2 = ATA and ||µ1 − µ2||2 = 5 (Second row
contains the nominal significance levels).
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p n1 n2
Hotelling’s T 2 Wilks Distribution

0.1 0.05 0.01 0.1 0.05 0.01
30 17 17 0.442 0.261 0.065 0.871 0.730 0.379
30 20 20 0.476 0.315 0.103 0.685 0.520 0.224
30 30 30 0.560 0.412 0.174 0.663 0.512 0.235
30 50 50 1.000 0.998 0.988 1.000 0.999 0.993
30 60 60 1.000 1.000 1.000 1.000 1.000 1.000
40 22 22 0.210 0.110 0.022 0.587 0.433 0.180
40 30 30 0.621 0.456 0.192 0.750 0.603 0.299
40 40 40 0.949 0.889 0.667 0.971 0.929 0.745
40 50 50 0.622 0.473 0.215 0.687 0.551 0.282
40 60 60 0.950 0.899 0.711 0.966 0.923 0.757
40 70 70 0.915 0.839 0.616 0.940 0.882 0.685
50 27 27 0.125 0.066 0.013 0.426 0.296 0.112
50 40 40 0.424 0.281 0.097 0.544 0.388 0.154
50 50 50 1.000 0.999 0.983 1.000 0.999 0.991
50 60 60 0.893 0.805 0.546 0.929 0.859 0.643
50 70 70 0.630 0.485 0.232 0.708 0.572 0.298
50 80 80 0.944 0.890 0.694 0.958 0.919 0.759

Table 4.7: Empirical power when Σ1 = Σ2 = ATA and ||µ1 − µ2||2 = 10 (Second row
contains the nominal significance levels).
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p n1 n2
Linear transformation F for Behrens-Fisher
0.1 0.05 0.01 0.1 0.05 0.01

30 17 17 0.114 0.081 0.045 0.007 0.001 0.000
30 20 20 0.111 0.078 0.039 0.126 0.056 0.007
30 30 30 0.105 0.073 0.038 0.143 0.074 0.015
30 50 50 0.107 0.075 0.037 0.112 0.053 0.012
30 60 60 0.106 0.071 0.036 0.109 0.055 0.010
40 22 22 0.111 0.078 0.038 0.006 0.001 0.000
40 30 30 0.108 0.074 0.035 0.189 0.100 0.020
40 40 40 0.107 0.072 0.035 0.158 0.080 0.015
40 50 50 0.109 0.077 0.040 0.136 0.070 0.015
40 60 60 0.104 0.068 0.034 0.120 0.064 0.014
40 70 70 0.103 0.068 0.035 0.119 0.060 0.012
50 27 27 0.113 0.076 0.036 0.006 0.000 0.000
50 40 40 0.107 0.074 0.034 0.216 0.117 0.028
50 50 50 0.108 0.070 0.033 0.173 0.093 0.020
50 60 60 0.102 0.071 0.035 0.147 0.077 0.015
50 70 70 0.097 0.063 0.032 0.132 0.069 0.014
50 80 80 0.102 0.066 0.030 0.125 0.066 0.014

Table 4.8: Empirical significant level when Σ1 = (.2|i−j|), Σ2 = (.9|i−j|) (Second row
contains the nominal significance levels).
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p n1 n2
Linear transformation F for Behrens-Fisher
0.1 0.05 0.01 0.1 0.05 0.01

30 17 17 0.716 0.658 0.556 0.008 0.001 0.000
30 20 20 0.774 0.719 0.623 0.157 0.069 0.007
30 30 30 0.907 0.878 0.814 0.262 0.143 0.032
30 50 50 0.986 0.981 0.964 0.499 0.335 0.113
30 60 60 0.993 0.992 0.984 0.615 0.461 0.194
40 22 22 0.766 0.710 0.612 0.007 0.001 0.000
40 30 30 0.873 0.832 0.754 0.260 0.140 0.025
40 40 40 0.945 0.924 0.874 0.307 0.174 0.045
40 50 50 0.979 0.967 0.940 0.376 0.229 0.062
40 60 60 0.991 0.986 0.971 0.471 0.309 0.102
40 70 70 0.997 0.995 0.989 0.561 0.403 0.157
50 27 27 0.803 0.757 0.652 0.004 0.000 0.000
50 40 40 0.928 0.902 0.837 0.305 0.173 0.041
50 50 50 0.967 0.953 0.917 0.330 0.198 0.053
50 60 60 0.987 0.978 0.956 0.385 0.246 0.070
50 70 70 0.994 0.991 0.978 0.460 0.304 0.101
50 80 80 0.998 0.996 0.990 0.544 0.384 0.148

Table 4.9: Empirical power when Σ1 = (.2|i−j|), Σ2 = (.9|i−j|) and ||µ1 − µ2||2 = 5
(Second row contains the nominal significance levels).
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p n1 n2
Linear transformation F for Behrens-Fisher
0.1 0.05 0.01 0.1 0.05 0.01

30 17 17 0.933 0.911 0.856 0.006 0.001 0.000
30 20 20 0.960 0.945 0.907 0.195 0.085 0.009
30 30 30 0.996 0.993 0.985 0.429 0.261 0.069
30 50 50 1.000 1.000 1.000 0.830 0.707 0.396
30 60 60 1.000 1.000 1.000 0.938 0.869 0.631
40 22 22 0.961 0.945 0.903 0.007 0.001 0.000
40 30 30 0.990 0.985 0.970 0.336 0.183 0.040
40 40 40 0.999 0.997 0.994 0.475 0.308 0.088
40 50 50 1.000 1.000 0.999 0.648 0.480 0.192
40 60 60 1.000 1.000 1.000 0.802 0.665 0.343
40 70 70 1.000 1.000 1.000 0.908 0.821 0.540
50 27 27 0.975 0.966 0.936 0.005 0.001 0.000
50 40 40 0.998 0.996 0.991 0.419 0.255 0.065
50 50 50 1.000 1.000 0.999 0.529 0.358 0.111
50 60 60 1.000 1.000 1.000 0.667 0.503 0.213
50 70 70 1.000 1.000 1.000 0.798 0.653 0.345
50 80 80 1.000 1.000 1.000 0.892 0.796 0.508

Table 4.10: Empirical power when Σ1 = (.2|i−j|), Σ2 = (.9|i−j|) and ||µ1 − µ2||2 = 10
(Second row contains the nominal significance levels).

4.5 Example

Now, we consider the analysis of the data set of 18 genes in P. aeruginosa expressed

in 24 conditions (see Table (4.11)). For each condition, each gene was measured every
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30 minutes for 21 hours and, finally, each gene provided 43 observations. To find the

appropriate value of τ , first empirical test for second relative change rates is used to

find τ such that ∀t′ > τ we have µW (t′) = 0. This means ∀t′ > τ µZ = C. For

the second step as explained before, t-statistics can be used to test H0 : C = 0 for

each of these 21 genes (As the simulation study indicates even when c is close to 20,

algorithm number 5 works well). For each step the significance level is equal to 0.025.
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Code Name Protein Ratio Remarks

A6 PA5283 Probable transcriptional
regulator 99.68 %

48 % similar to putative
transcriptional regulator
(Bacillus subtilis)

B3 PA2975
(rluC)

Ribosomal large
subunit pseudouridine
synthase C

99.68 % Transcription, RNA
processing &degradation

B4 PA4991 Hypothetical protein 100 % Unknown

B5 PA5237 Conserved hypothetical
protein 100 % 87 % similar to hypothetical

yigC gene product of E. coli

C4 PA0287
(gpuP)

3-guanidinopropionate
transport protein 100 % Transport of small molecules

D1 PA3115
(fimV) Motility protein FimV 100 % Membrane proteins;

Motility & Attachment

D2 PA3879
(narL)

Two-component response
regulator NarL 99.67 % 74 % similar to E.coli

NarL protein
D3 PA0894 Hypothetical protein 99.02 % Unknown

E5 PA1875 Probable outer membrane
protein precursor 100 %

41 % similar to alkaline
pro-tease secretion
protein AprF

E6 PA0573 Hypothetical protein 100 % Unknown
F2 PA3902 Hypothetical protein 100 % Unknown

F3 PA3212 Probable ATP-binding
component of ABC transporter 100 %

65 % similar to putative
amino acid abc transporter,
ATP-binding protein
(Helicobacter pylori J99)

F5 PA2997
(nqrC)

Na+translocating NADH:
ubiquinone oxidoreductase
subunit Nrq3

100 % Energy metabolism

G2 PA0649
(trpG)

Anthranilate synthase
component II 100 %

Energy metabolism;
Biosynthesis of co-factors,
prosthetic groups & carriers;
Amino acid biosynthesis
& metabolism

G5 PA1748 Probable enoyl-CoA
hydratase/isomerase 98.2 %

61 % similar to putative
enoyl-coA hydratase
EchA3
(Mycobacterium tuberculosis)

G6 PA3771 Probable transcriptional
regulator 99.22 %

54 % similar to a region of
putative regulatory protein
(Streptomyces coelicolor)

H3 PA1841 Hypothetical protein 100 % 43 % similar to hypothetical
yeaK gene product of (E. coli)

σ70 σ70 σ factor As a control

Table 4.11: 18 genes in P. aeruginosa expression.



Figures (4.6), (4.8), (4.9), and (4.7) indicate the results of this algorithm for genes

A4, C4, G5 and H3, respectively. Each figure contains four sub-plots. the left top

sub-plot indicates gene expression for all conditions and the vertical dashed line shows

the approximate value of τ . Also, the thick black line represents the sample mean

for the specific gene. The right sided sub-plots on the first and second row indicate

the same thing as the recently explained plot but for the first derivative and second

derivative respectively.
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Figure 4.6: Sample visualised results for gene A4.
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Figure 4.7: Sample visualised results for gene C4.
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Figure 4.8: Sample visualised results for gene G5.
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Figure 4.9: Sample visualised results for gene H3.
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Also, Table (4.12) indicates the results of this algorithm for 21 different genes. The

second column indicates the estimated time point which for t greater than that time

point, µW (t) = 0 for the specified gene in each row. Also, the third column of Table

(4.12) shows the computed tU for each gene to test H0 : µZ(t) = 0 for t greater than

or equal to the estimated τ for each of 18 genes, separately. Overall, as confidence

intervals show for gene B4, the test is significant which means we are not able to

reduce the number of time points for this gene using this method. If we review Table

(4.12) accurately, we can find that gene A6 has the largest value of τ among all other

genes. After gene A6, gene B5 and F5 have the largest values, respectively. Also, if

we consider the pairwise difference of τ values, we can find that some of the gene pairs

such as [A6,B3], [B4,C4], [F5,G6], and etc. have substantially significant differences.

In this particular case we consider genes with a 2 hours difference in estimated τ values

as genes with different mean functions. However, when this difference for a pair of

genes is less than or equal to 2 hours, the statistical test is performed to compare

the mean function for two genes at a 5% significance level using the method which

was introduced by [43]. The last column indicates the genes with equivalent mean

functions to the specified gene in each row. Eventually, we can find that the mean

fuction for G2, B3, G5, and H3 are not significantly different. Also, we encounter the

same situation for G6, D3, E6, F2.
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Gene Estimated τ
(in hours)

Test Statistics
for Testing C = 0

95% Confidence
Interval for C Simillar genes

Lower Bounds Upper Bounds
A6 16.5 0.4045 -0.1129 0.0743 —
B3 6.5 1.3752 -0.1027 0.0180 G2
B4 13 2.2714 -0.0819 -0.006 —
B5 14.5 1.1681 -0.0956 0.0242 —
C4 6.5 0.4994 -0.0899 0.0534 —
D1 12 1.6327 -0.1358 0.0124 —
D2 8 0.5422 -0.0718 0.0407 —
D3 10.5 1.6587 -0.0602 0.0050 G6
E5 9.5 0.6356 -0.1297 0.2542 —
E6 10 0.4966 -0.1156 0.0689 G6, F2
F2 11.5 0.4663 -0.0859 0.0529 G6, E6
F3 8.5 0.5109 -0.0962 0.1640 —
F5 14 1.8172 -0.1243 0.0047 —
G2 7.5 0.3682 -0.0816 0.0558 G5, H3, B3
G5 6.5 0.6283 -0.0943 0.0485 G2
G6 9 0.0544 -0.1283 0.1356 D3, E6, F2
H3 8.5 1.0206 -0.1064 0.0335 G2
σ70 10.5 0.5394 -0.1378 0.0783 —

Table 4.12: Estimated value of τ for 18 genes based on testing sample second deriva-
tive.
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4.6 Conclusion

Finding genes with similar mean functions and classifying them in to the same cate-

gory using statistical methods, is the main concern of recent research on gene expres-

sion. In this case we have high dimensional data sets for analysing gene properties

and we can therefore utilize size reduction methods significantly. Methods such as

PCA, KPCA, and etc. consider a combination of observations to reduce the size of

data sets. We proposed a strategy to eliminate the observed time points with relative

change rates close to zero, instead of considering the combination of observations for

different time points. To apply the strategy, four methods and their corresponding

algorithms were considered. The first method is based on the Hotelling’s T 2 which is

one of the classical testing methods for multivariate data sets. The second method is

similar to the first model, but instead of using the T 2 statistic we use test statistics

for high-dimensional data. Also, for the third method a linear model was utilized to

detect the threshold time point which minimizes the error term for the model with

a significant relative change. Eventually, as for the fourth method, the empirical

distribution for the first and second sample derivative were considered to find the

time point after which the relative change is equal to zero. As the simulation study

indicated, the method using the sample second derivative can detect the closest time

point to the actual time point after which the relative change is equal to zero.

Usually, after the number of observations has been reduced, we are able to com-

pare the mean functions together. For this reason, several statistical methods were

reviewed under two conditions; first, when the covariance matrices for two genes are
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equal and when the covariance matrices are different from each other. In the second

case we confront the Behrens–Fisher problem. Overall, the best condition to use the

explained strategies for reducing the number of observations is when the number of

time points are close to the number of conditions. This method can then be used to

make gene expression data appropriate for using classical methods of classification.
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Chapter 5

Canonical Correlations Using

Covariance Structures

5.1 Introduction

Different methods can be applied to demonstrate the relationship among two or more

sets of random variables by using the correlation between them. For instance, the lin-

ear relation among two random variables can be measured by the Pearson correlation

coefficient. On the other hand, several measurements were introduced for comparing

ranked variables based on their relation. Once the relationship is found between two

vectors of random variables, canonical correlation can be used.

For gene expression data, canonical correlation has different applications. One

of these applications allows us to decipher the relationship between different genes.

For this reason, consider Y[1] = [Y (t1), ..., Y (tp)]
T and Y[2] = [Y (tp+1), ..., Y (tp+q)]

T
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1 as two sets of random variables. It is clear that the expected values, variances

and covariance of linear combinations such as Va = aTY[1] and Vb = bTY[2] (a =

[a1, ..., ap]
T and b = [b1, ..., bq]

T ) are equal to

E
(
aTY[1]

)
= aTE

(
Y[1]

)
, E

(
bTY[2]

)
= bTE

(
Y[2]

)

var
(
aTY[1]

)
= aT var

(
Y[1]

)
a, var

(
bTY[1]

)
= bT var

(
Y[2]

)
b

cov
(
aTY[1],bTY[2]

)
= aT cov

(
Y[1],Y[2]

)
b.

Let Y[j] for j = 1, 2 be distributed with mean µj and covariance Σj and let

random variable Y be defined as:

Y =

Y[1]

Y[2]


As a result, Y is p+ q (Let Q = p+ q and p ≤ q) dimensional random variable and

E(Y) = µ =

µ1

µ2



var(Y) = Σ =

Σ11 Σ12

Σ21 Σ22

 .

1Y[1] and Y[2] could be used to express two sets of time points from two different genes
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Where Σ12 is the covariance between Y[1] and Y[2]. Also, Σ21 = ΣT
12 . For k = 1, ..., p,

let ak ∈ Rp and bk ∈ Rq be unit vectors, and put

Uk = aTkY[1] and Vk = bTkY[2]. (5.1.1)

In canonical correlation analysis our goal is to find vectors ak and bk such that:

a. var(Uk) = 1 and var(Vk) = 1 for k = 1, ..., p

b. The correlation between Uk and Vk is strongest for the pair (U1, V1) and decreases

with increasing index k.

|corr(U1, V1)| ≥ |corr(U2, V2)| ≥ ... ≥ |corr(Up, Vp)| (5.1.2)

c. For k ≤ p, Uk is satisfying corr(Uk, Ui) = 0, for i = 1, ..., k − 1.

This problem was solved by Hotelling (1936)[28]. The Lagrange multiplier is used to

find a and b such that conditions (a) to (c) are satisfied. So the Lagrange function is

defined as

φ(a,b, λ, θ) = (aTΣ12b
T )2 − λ(aTΣ11a− 1)− θ(bTΣ22b− 1) (5.1.3)

The first derivative of φ(a,b) with respect to a and b yields to

− λΣ11a + (aTΣ12b)Σ12b = 0 (5.1.4)
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(aTΣT
12b)Σ21a− θΣ22b = 0 (5.1.5)

Then, by multiplying aT and bT to Eq. (5.1.4) and Eq. (5.1.5) from the right side, λ

and θ can be found as:

λ = θ =
(
aTΣ12b

)2
= ρ2 (a,b) (5.1.6)

Eq. (5.1.6) demonstrates that the maximum of the squared correlation between U

and V is equal to λ(= θ). When Σ12 is not equal to 0,
√
λ = aTΣ12b. So, we have

−
√
λΣ11a

T + Σ12b = 0 (5.1.7)

Σ21a−
√
λΣ22b = 0 (5.1.8)

Eliminating b and a from equations Eq. (5.1.7) and Eq. (5.1.8) leads to

Σ12Σ
−1
22 Σ21a = λΣ11a (5.1.9)

Σ21Σ
−1
11 Σ12b = λΣ22b (5.1.10)

So, the maximum value of λ = ρ2(a,b) is the largest root of the following equations.

|Σ12Σ
−1
22 Σ21 − λΣ11| = 0 or |Σ21Σ

−1
11 Σ12 − λΣ22| = 0 (5.1.11)

In other words, the largest canonical correlation (LCC) is the largest eigenvalue of

Σ−1
11 Σ12Σ

−1
22 Σ21 and a and b are the corresponding normal eigenvectors for Σ−1

11 Σ12Σ
−1
22 Σ21
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and Σ−1
22 Σ21Σ

−1
11 Σ12, respectively[31]. Using same method the second coefficient vec-

tor a2, b2 and the second correlation ρ2 can be found.

5.2 Sample Canonical Correlations

It is now necessary to estimate canonical correlations using the observed data. When

c > p + q, the sample covariance can be used for estimating canonical correlation.

Consider that Y1, ...,Yc are c observations. For this set of observations, sample

covariance is defined as

S =

S11 S12

S21 S22

 =
1

n

c∑
i=1

(
Yi − Ȳ

)(
Yi − Ȳ

)T
, (5.2.1)

where n = c − 1, Ȳ = 1
c

∑c
i=1 Yi. Since n ≥ p + q, |S| > 0 with probability 1 [39].

So the sample canonical correlations r1 ≥ .... ≥ rp are found by replacing Σ with S

in Eq. (5.1.11). As a result, r1 ≥ .... ≥ rp are the positive square roots of solutions

for r2 in the following equations

|S12S
−1
22 S21 − r2S11| = 0

|S21S
−1
11 S12 − r2S22| = 0

Also, the corresponding vectors ai and bi are defined as the solutions of a and b in

the following equations

S12S
−1
22 S21a = λS11a (5.2.2)
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S21S
−1
11 S12b = λS22b (5.2.3)

or

S−1
11 S12S

−1
22 S21a = λa (5.2.4)

S−1
22 S21S

−1
11 S12b = λb. (5.2.5)

We know that as long as S11 and S22 are not invertible or slightly rank deficient, the

sample canonical correlation is either not computable or far from the true value. For

the analysis of high-dimensional data we usually have to find a way to deal with this

problem. As Figure (5.1) indicates the largest sample canonical correlation is close

to the original value when n is absolutely greater than p+ q. However, when n is less

than or close to p + q, the sample canonical correlation is not close to the original

value.

The simplest way to overcome this obstacle is by increasing the rank of sample

covariance matrix (S) using thresholds. For this reason consider a set of c observa-

tions. It is known that the sample covariance matrix S implements weakly in high

dimensions. In this case, S could be regularized by applying the soft-threshold. A

soft-theresholded covariance estimator is defined as the solution of the following con-

vex optimization [10].

Σ̂λ = argmin
h

{
1

2
||h− S||+ λ|h|1

}
(5.2.6)

= argmin
h

{
1

2

Q∑
i=1

Q∑
j=1

(hij − Sij)2 + λ

Q∑
i=1

Q∑
i 6=j

|hij|

}
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Where h is Q × Q matrix and ||.|| is the Frobenius norm. Also, |.|1 stands for the

L1 norm of non diagonal elements in the considered matrix. Thresholding a matrix

does not guarantee that the result be positive definite. In other words, soft-threshold

cannot make a matrix positive definite.

However, even when Σ̂λ is invertible and full ranked, the canonical correlation

estimation is naive. As explained by Leurgans et al. (1993) [34], and Chapter 11

of Ramsay and Silverman (2005) [46], estimating canonical correlation involves using

size reduction methods that reduce the number of variables. Another solution which

is discussed in this chapter is to use covariance structures that are compatible with

high-dimensional data. Two covariance structures are reviewed in this chapter and

compared to each other in order to find which one performs better than the other.
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Figure 5.1: Largest sample canonical correlation versus the sample size when p = 10
and q = 10 and the original largest canonical correlation is 0.9.

109



5.3 Model-Based Covariance Structure

One of the methods that can help find an alternative estimation of Σ involves using

the model based covariance structure as explained in Chapter 3 and 4. For this reason

Σ is considered as

Σ = σ2GRG (5.3.1)

where

R =



1 ρ|t1−t2| ... ρ|t1−tQ|

ρ|t2−t1| 1 . . . ρ|t2−tQ|

...
... . . . ...

ρ|tQ−t1| ρ|tQ−t2| . . . 1


and

G =



exp(1
2
αµ(t1)) 0 . . . 0

0 exp(1
2
αµ(t2)) . . . 0

...
... . . . ...

0 . . . 0 exp(1
2
αµ(tQ))


Also, µ(t) is approximated by using a linear combination of a set of truncated

power basis functions. Given a sequence of K interior knots 0 < τ1 < τ2 < . . . <

τK < T where T is the end time of observations, the regression basis functions of

order j are 1, t, t2, . . . , tj, (t− τ)j+, . . . , (t− τk)
j
+ and we can assume µ(t) = BTβ,
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where B(t) is

B(t) =
(
1, t, t2, . . . , tj, (t− τ)j+, . . . , (t− τk)

j
+

)T

and β is the parameters vector. Finding the maximum likelihood estimation for the

indicated parameters is explained in Chapters 3 and 4. As a result, we did not find

the maximum likelihood estimators here.

5.4 Cholesky Decomposition Method

Another method which can be used to estimate covariance matrices involves using the

special covariance structure. In this section the method introduced by M. Pourahmadi

[44] is explained. This method can be used to find a full rank alternative estimation

for Σ instead of S. This estimation can be used to estimate canonical correlation

for gene expression data and to classify different genes based on the largest canonical

correlations.

It is clear that Σ−1 is a positive definite matrix, as long as Σ is positive definite.

As a result, Σ−1 can be decomposed as (A is an upper triangular matrix)

Σ−1 = ATA. (5.4.1)

Let E be a diagonal matrix. Since, E is invertible, Eq. (5.4.1) can be written as Eq.

(5.4.2).
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Σ−1 = ATA = ATEE−1E−1EA (5.4.2)

Also, let D−1 = E−1E−1 and L = EA. As a result, we have

Σ−1 = LTD−1L or LΣLT = D. (5.4.3)

Now, let L and D be realised as Eq. (5.4.4) and Eq. (5.4.5)

L =



1

−φ21 1

−φ31 −φ32 1

...
... . . .

−φQ1 −φr2 · · · −φQQ−1 1


(5.4.4)

D =



σ2
1

σ2
2

. . .

σ2
Q


(5.4.5)

Theoretically, it is possible to interpret this covariance matrix using a statistical

model. Let Y = (Y1, ..., YQ) be a random vector with positive-definite covariance

matrix Σ. For 1 ≤ t ≤ Q, the linear least-squares predictor of Yt based on its

predecessors Yt−1, ..., Y1 is denoted by Ŷt and its prediction error is the difference

between the actual value and the predicted value (εt = Yt − Ŷt) with variance σ2
t =
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var(εt). Now, consider the following model for Yt

Y (t) = µ(t) +
t−1∑
k=1

φtk(Y (k)− µ(k)) + εt. (5.4.6)

In this case the variance of ε = (ε1, ..., εr)
T is equal to

var(ε) = var(L(Y − µ)) = LΣLT = D. (5.4.7)

Eq. (5.4.7) explains that the model explained above has the same covariance structure

as Eq. (5.4.3).

Example Consider the simple model, Yt = φYt−1 + εt, for t = 2, 3 with Y1 = ε1 and

εt ∼ N(0, 1). For this model D = I3 and structures for L and Σ are as follows:

L =


1 0 0

−φ 1 0

0 −φ 1



Σ =


1 φ φ2

φ 1 + φ2 φ2 + φ3

φ2 φ2 + φ3 1 + φ2 + φ4


.

Example Σ = {(1 − ρ)Im + ρ1m1′m} can be decomposed as LΣLT = D. Where L

and D are equal to Eq. (5.4.8) and (5.4.9), respectively.
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L =



1 0 0 ... 0

− ρ
1+ρ

1 0 ... 0

− ρ
1+2ρ

1 ... 0

...
... . . . ...

− ρ
1+(m−1)ρ

− ρ
1+(m−1)ρ

− ρ
1+(m−1)ρ

... 1


(5.4.8)

D =



σ2 0 0 ... 0

0 σ2[1− ρ2

1+ρ
] 0 ... 0

0 0 σ2[1− 2ρ2

1+2ρ
] ... 0

...
...

... . . . ...

0 0 0 . . . σ2[1− (m−1)ρ2

1+(m−1)ρ
]


(5.4.9)

We can use parametric models for µj, φji and log σ2
j , for j = 1, ..., Q; i = 1, ..., j−1:

µj = Bjβ, log σ2
j = ZT

j λ, φji = zTjiγ (5.4.10)

where Bj, Zj and zji are f × 1, g × 1 and d× 1 vectors of known covariates, respec-

tively. The vectors β = (β1, .., βf ), λ = (λ1, ..., λg)
T and γ = (γ1, ..., γd) are related

parameters. Also, Bj, Zj and zji, are usually considered as follows:

Bj = (1, tj, t
2
j , ....)

T

Zj = (1, tj, t
2
j , ..., t

p−1
j )T

zji = (1, (tj − ti), (tj − ti)2, ..., (tj − ti)q−1)T .
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Then, negative two times the log likelihood is equal to:

−2l =
c∑
i=1

log |Σ|+
c∑
i=1

(Yi −Bβ)TΣ−1(Yi −Bβ)

=
c∑
i=1

log |L−1DLT
−1|+

n∑
i=1

rTi L
TD−1Lri

=
c∑
i=1

log |L−1||D||LT−1|+
c∑
i=1

ATi D
−1Ai

=
c∑
i=1

Q∑
j=1

log σ2
j +

c∑
i=1

r∑
j=1

(rij − r̂ij)2 exp{− log σ2
j} (5.4.11)

Where

ri = Yi −Xiβ = (ri1, ri2, ..., rip),

Ai =
(
ri1, ri2 − φ1iri1, ..., rip −

∑p−1
j=1 φjirip

)
,

r̂ij =
(∑j−1

k=1 rikzkj

)T
γ.

Eventually, the resulting score functions are

∂l

∂β
=

c∑
i=1

BΣ−1(Yi −Bβ),

∂l

∂γ
=

c∑
i=1

ZT
i D

−1
i (ri − Ziγ),

∂l

∂λ
=

1

2

c∑
i=1

H ′iD
−1
i (ε2i − σ2

i ),

where Hi = (0, ...,
∑k−1

j=1 rijZkj, ...,
∑p−1

j=1 rijZpj). As there is no close form for the

solution of score functions, we can use the following algorithm to find the solution
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using numerical methods.

Algorithm 5.1 Estimation of β, γ and λ

1. Consider the initial value for β (We can determine this value using linear regression
when Σ is considered as the identity matrix).

2. Calculate L and D by decomposing S = 1
c

∑c
i=1(Yi −Bβ)(Yi −Bβ)T .

3. Using non-linear optimization method to estimate γ and λ.

4. Calculate Σ using the estimation of β, γ and λ.

5. Go back to step 3.

6. Continue step 2 to 5 until no significant change is found on the estimated values
of γ, λ and γ.

Now, we can use the estimated covariance matrix to evaluate the canonical corre-

lations.

5.5 Simulation Study

To evaluate the aforementioned methods in Sections (5.3) and (5.4) for estimating

the covariance matrices, simulation studies are established. The first thing which

is necessary to be tested is the accuracy of estimation methods. The model-based

covariance structure was evaluated in Chapter 3. So now we just need to perform

the simulation study to check the accuracy of the covariance structure which was

explained in Section (5.4). For this reason as the first case (case 1) we consider Zj,

zji, Bj as Eq. (5.5.1).
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Zj = (1, tj, t
2
j , t

3
j)
T . zji = (1, ti − tj, (ti − tj)2), Bj = (1, tj, t

2
j , t

3
j) (5.5.1)

In addition, λ, γ and β are equal to:

λ = [1, 1, −1, −4], γ = [0.1, 0.2, −0.4], β = [1, 5, 10, 15]. (5.5.2)

Also, we can consider 50 equally spaced time points between 0 and 1 which means

ti = i× 1
50

for i = 1, ..., 50. Figure (5.2) indicates the mean function for the considered

model for 0 ≤ t ≤ 1. Meanwhile, Table (5.1) and (5.2) indicate the mean and

mean square error for the estimated parameters when the sample size is equal to

n = 10, 20, 30, 40, 50. The number of replications for this simulation study is 10000.

As indicated by Tables (5.1) and (5.2) as the sample size increases the estimations

became more accurate. In addition, according to these two tables we can see that

we have reasonable estimations for small sample sizes. Even when the sample size is

10 or 20 we can obtain appropriate estimations. Moreover, as sample size increases

estimations approach the true value really fast.
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Figure 5.2: µ when Bj = (1, tj, t
2
j , t

3
j) and β = [1, 5, 10, 15].
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Parameter Value c = 10 c = 20 c = 30
Mean MSE Mean MSE Mean MSE

β1 1 1.0304 0.1774 0.991 0.0876 0.992 0.0700
β2 5 4.3899 0.8817 5.0757 0.1423 5.3262 0.2123
β3 10 11.6244 3.7498 9.0307 1.0661 9.3467 0.7186
β4 15 13.856 4.399 15.197 1.652 15.3928 0.1531
γ1 0.1 0.0817 0.0154 0.095 0.0124 0.117 0.0128
γ2 0.2 0.1003 0.0901 0.1166 0.0837 0.177 0.0748
γ3 -0.4 -0.2015 0.802 -0.2868 0.1701 -0.3143 0.1601
λ1 1 0.837 0.1607 0.942 0.0515 0.9574 0.0412
λ2 1 1.8676 1.1008 0.953 0.6785 1.03521 0.1402
λ3 -1 -2.1764 4.3037 -0.8012 0.2835 -1.1543 0.3741
λ4 -4 -2.5423 4.6623 -3.196 0.8087 -3.684 0.4631

Table 5.1: Mean and MSE for estimated parameters in case 1 when c = [10, 20, 30].

Parameter Value c = 40 c = 50
Mean MSE Mean MSE

β1 1 1.0053 0.053 1.002 0.0116
β2 5 4.9637 0.8713 4.9942 0.0672
β3 10 10.046 0.9912 10.0428 0.0473
β4 15 14.9879 0.7744 14.9509 0.2329
γ1 0.1 0.0951 0.0831 0.0999 0.0071
γ2 0.2 0.1938 0.0085 0.1991 0.0073
γ3 -0.4 -0.3675 0.0341 -0.3779 0.0030
λ1 1 0.9664 0.0273 0.9772 0.0231
λ2 1 1.0379 0.0153 1.04115 0.0262
λ3 -1 -1.0888 0.0438 -1.0566 0.0284
λ4 -4 -3.3276 0.5487 -3.6938 0.3959

Table 5.2: Mean and MSE for estimated parameters in case 1 when c = [40, 50].
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For the second case (case 2) we consider Zj, zji, Bj as follows:

Zj = (1, tj, t
2
j , t

3
j)
T , zji = (1, ti − tj, (ti − tj)2), Bj = (1, tj, t

2
j , t

3
j , t

4
j). (5.5.3)

Also, λ, γ and β are equal to

λ = [0.5, 2, −0.5, 3], γ = [0.4, 0.1, −0.5], β = [−1, 10, 4, −52, 37]. (5.5.4)

Similar to case 1, 50 equally spaced time points are considered between 0 and 1. Figure

(5.3) indicates the mean function for the considered model for 0 ≤ t ≤ 1. Meanwhile,

Table (5.3) and (5.4) indicate that overall the maximum likelihood estimations are

satisfactory. However, the mean square error for β2, β3, β4 and β5 are larger than

the other parameters. However, as long as the mentioned parameters are larger when

compared to the other parameters, their estimations are still satisfactory.

Also, a simulation study with 10000 replications was performed to realize the

difference between the largest sample canonical correlation and the two mentioned

covariance structures in Sections (5.3) and (5.4). The results of this simulation study

are indicated in Tables (5.5), (5.6), (5.7) and (5.8). Tables (5.5) and (5.6) indicate the

estimation of the largest canonical correlation based on the Cholesky decomposition

method and sample covariance for case 1 and case 2, respectively. Overall, it can be

seen that the mean of the largest canonical correlation estimations using Cholesky

decomposition method performs much better than the estimated largest canonical
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correlation based on sample covariance. Even when the sample size is less than p+ q

the Cholesky decomposition method can still provide a very good estimation for the

largest canonical correlation. Tables (5.7) and (5.8) indicate the comparison between

the estimation of largest canonical correlation using model-based covariance structure

and sample covariance. As the first model, µ(t) is considered as

µ(t) = sin(2πt)− 4(t− 3

4
)2 + 1,

and p+ q equally spaced time points are considered between 0 and 1. In addition, for

the first model α, ρ and σ2 are equal to

α = 2, ρ = 0.2 and σ2 = 0.9.

Simulation results for this model are presented by Table (5.7). Meanwhile, for the

second model µ(t) is considered as

µ(t) = sin(2πt)− cos(2πt)

and similar to the first model p+q equally spaced time points are considered between

0 and 1. For this model, α, ρ and σ2 are equal to

α = 2, ρ = 0.05, and σ2 = 0.15.

Simulation results for the second model are presented by Table (5.8). According
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to Tables (5.7) and (5.8) we can realize that the model-based covariance structure

performs much better than the sample covariance in term of estimating canonical

correlation. However, at the same time when the sample size increases, the estimations

based on Cholesky decomposition get closer to the true values than estimations based

on the model-based method.
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Figure 5.3: µ when Bj = (1, tj, t
2
j , t

3
j , t

4
j) and β = [−1, 10, 4, −52, 37].
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Parameter Value c = 10 c = 20 n = 30
Mean MSE Mean MSE Mean MSE

β1 -1 -1.4346 0.201 -1.0532 0.1812 -1.1263 0.1013
β2 10 12.1002 4.630 11.5292 2.509 9.6471 0.7730
β3 4 -5.2439 4.8490 -5.0615 4.5212 4.6040 2.2438
β4 -52 -45.9494 36.0451 -49.8927 10.7213 -54.4324 4.7218
β5 37 33.0969 16.3960 34.341 9.2315 38.8258 3.1674
γ1 0.4 0.2966 0.1335 0.3199 0.1051 0.3419 0.1934
γ2 0.1 0.6238 0.8084 0.3962 0.6513 0.2483 0.4185
γ3 -0.5 -0.687 0.6272 -0.5712 0.6722 -0.5202 0.1203
λ1 0.5 0.468 0.1451 0.4925 0.0674 0.5272 0.0505
λ2 2 2.4722 1.8723 2.6245 1.5306 2.3274 0.8051
λ3 -0.5 -1.3574 3.2161 -1.7676 23.2764 -1.1869 12.8825
λ4 3 3.4424 2.2604 3.7047 1.7176 3.402 0.9395

Table 5.3: Mean and MSE for estimated parameters in case 2 when c = [10, 20, 30].

Parameter Value c = 40 c = 50
Mean MSE Mean MSE

β1 -1 -0.9845 0.0872 -0.9978 0.0521
β2 10 10.1441 0.1419 10.3134 0.1218
β3 4 4.2737 0.2815 4.1134 0.2042
β4 -52 -53.2606 3.6408 -52.0927 0.2678
β5 37 36.1172 0.8611 37.4274 0.1103
γ1 0.4 0.3604 0.1833 0.3925 0.0595
γ2 0.1 0.1008 0.1993 0.0245 0.0951
γ3 -0.5 0.5121 0.0746 0.5066 0.0955
λ1 0.5 0.518 0.0353 0.5081 0.0222
λ2 2 2.2419 0.2635 2.1166 0.1375
λ3 -0.5 -0.7496 0.1108 -0.5132 0.0213
λ4 3 3.1848 0.1308 3.0983 0.1416

Table 5.4: Mean and MSE for estimated parameters in case 2 when c = [40, 50].
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Original LCC p+q c Cholesky Sample
LCC MSE LCC MSE

0.8101 20 10 0.82737 0.00994 — —
0.8101 20 20 0.78966 0.00979 1.00000 0.03605
0.8101 20 30 0.79176 0.00540 0.93554 0.01675
0.8101 20 40 0.80880 0.00352 0.90156 0.01004
0.8101 20 50 0.80900 0.00287 0.88526 0.00691
0.8101 20 60 0.81904 0.00364 0.86795 0.00461
0.888 30 10 0.87891 0.00573 — —
0.888 30 20 0.86473 0.00328 1.00000 0.01253
0.888 30 30 0.87333 0.00201 1.00000 0.01253
0.888 30 40 0.87181 0.00178 0.97304 0.00741
0.888 30 50 0.86497 0.00192 0.95495 0.00471
0.888 30 60 0.87900 0.00168 0.94307 0.00336
0.9234 40 10 0.89568 0.00211 — —
0.9234 40 20 0.90605 0.00185 — —
0.9234 40 30 0.91076 0.00079 1.00000 0.00586
0.9234 40 40 0.90369 0.00199 1.00000 0.00586
0.9234 40 50 0.91663 0.00092 0.98508 0.00386
0.9234 40 60 0.92923 0.00077 0.97313 0.00260
0.9422 50 10 0.93185 0.00167 — —
0.9422 50 20 0.92945 0.00144 — —
0.9422 50 30 0.92764 0.00136 1.00000 0.00334
0.9422 50 40 0.92478 0.00136 1.00000 0.00334
0.9422 50 50 0.92518 0.00083 1.00000 0.00334
0.9422 50 60 0.94377 0.00034 0.98988 0.00230

Table 5.5: Comparison of canonical correlation estimations for case 1. Here the
dashed line means the largest canonical correlation is not computable. Also, it is
assumed that p = q.
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Original LCC p+q c Cholesky Sample
LCC MSE LCC MSE

0.4144 20 10 0.44533 0.02010 — —
0.4144 20 20 0.46759 0.01824 1.00000 0.34295
0.4144 20 30 0.44339 0.01048 0.87116 0.21121
0.4144 20 40 0.43057 0.00621 0.74726 0.11539
0.4144 20 50 0.42797 0.00589 0.68353 0.07741
0.4144 20 60 0.41034 0.00429 0.61883 0.04613
0.5357 30 10 0.48739 0.02448 — —
0.5357 30 20 0.49622 0.01372 1.00000 0.21561
0.5357 30 30 0.50148 0.01235 1.00000 0.21561
0.5357 30 40 0.51648 0.00806 0.92466 0.15212
0.5357 30 50 0.52244 0.00781 0.85202 0.10170
0.5357 30 60 0.53957 0.00418 0.78697 0.06571
0.6160 40 10 0.48697 0.04209 — —
0.6160 40 20 0.52981 0.02792 — —
0.6160 40 30 0.53236 0.01555 1.00000 0.14742
0.6160 40 40 0.57265 0.01400 1.00000 0.14742
0.6160 40 50 0.58014 0.01564 0.95621 0.11604
0.6160 40 60 0.60305 0.01194 0.89878 0.08070
0.6729 50 10 0.53778 0.04734 — —
0.6729 50 20 0.52108 0.04260 — —
0.6729 50 30 0.54532 0.03129 1.00000 0.10697
0.6729 50 40 0.55600 0.02377 1.00000 0.10697
0.6729 50 50 0.58763 0.01821 1.00000 0.10697
0.6729 50 60 0.63838 0.00980 0.96888 0.08773

Table 5.6: Comparison of largest canonical correlation estimations for case 2. Here
the dashed line means the largest canonical correlation is not computable. Also, it is
assumed that p = q.
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Orginal LCC p+q c Model based Sample
LCC MSE LCC MSE

0.8513 20 10 0.7010 0.1738 — —
0.8513 20 20 0.7582 0.0748 1.0000 0.0221
0.8513 20 30 0.8140 0.0301 0.9529 0.0107
0.8513 20 40 0.8345 0.0145 0.9215 0.0056
0.8513 20 50 0.8426 0.0051 0.9064 0.0041
0.8513 20 60 0.8437 0.0029 0.8912 0.0024
0.8983 30 10 0.7837 0.0622 — —
0.8983 30 20 0.8352 0.0494 1.0000 0.0104
0.8983 30 30 0.8756 0.0976 1.0000 0.0104
0.8983 30 40 0.8797 0.0812 0.9741 0.0059
0.8983 30 50 0.8861 0.0973 0.9594 0.0039
0.8983 30 60 0.8932 0.0094 0.9503 0.0029
0.9227 40 10 0.7701 0.3099 — —
0.9227 40 20 0.8172 0.0862 — —
0.9227 40 30 0.8463 0.2898 1.0000 0.0060
0.9227 40 40 0.8501 0.0187 1.0000 0.0060
0.9227 40 50 0.8798 0.0073 0.9840 0.0038
0.9227 40 60 0.9007 0.0021 0.9722 0.0026
0.9377 50 10 0.8156 0.1827 — —
0.9377 50 20 0.8974 0.0356 — —
0.9377 50 30 0.8950 0.0354 1.0000 0.0039
0.9377 50 40 0.8398 0.0082 1.0000 0.0039
0.9377 50 50 0.9177 0.0036 1.0000 0.0039
0.9377 50 60 0.9208 0.0015 0.9897 0.0027

Table 5.7: Comparison of largest canonical correlation estimations for model 1. Here
the dashed line means the largest canonical correlation is not computable. Also, it is
assumed that p = q.
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Orginal LCC p+q n Model based Sample
LCC MSE LCC MSE

0.7411 20 10 0.6859 0.0251 — —
0.7411 20 20 0.7058 0.0193 1.0000 0.0670
0.7411 20 30 0.7079 0.0037 0.9224 0.0339
0.7411 20 40 0.7141 0.0024 0.8727 0.0189
0.7411 20 50 0.7291 0.0017 0.8406 0.0118
0.7411 20 60 0.7333 0.0023 0.8233 0.0087
0.8190 30 10 0.6580 0.0962 — —
0.8190 30 20 0.7345 0.0124 1.0000 0.0328
0.8190 30 30 0.7960 0.0182 1.0000 0.0328
0.8190 30 40 0.8009 0.0057 0.9603 0.0203
0.8190 30 50 0.8291 0.0055 0.9259 0.0120
0.8190 30 60 0.8183 0.0058 0.9097 0.0089
0.8609 40 10 0.8225 0.0240 — —
0.8609 40 20 0.8357 0.0602 — —
0.8609 40 30 0.8387 0.00916 1.0000 0.0194
0.8609 40 40 0.8430 0.00304 1.0000 0.0194
0.8609 40 50 0.8427 0.0021 0.9769 0.0136
0.8609 40 60 0.8503 0.0014 0.9526 0.0087
0.8871 50 10 0.7451 0.1232 — —
0.8871 50 20 0.7673 0.0180 — —
0.8871 50 30 0.8231 0.0065 1.0000 0.0128
0.8871 50 40 0.8387 0.0075 1.0000 0.0128
0.8871 50 50 0.8471 0.0016 1.0000 0.0128
0.8871 50 60 0.8634 0.0013 0.9822 0.0112

Table 5.8: Comparison of largest canonical correlation estimations for model 2 . Here
the dashed line means the largest canonical correlation is not computable. Also, it is
assumed that p = q.
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5.6 Example

We now consider the analysis of the data set of 18 genes in P. aeruginosa expressed in

24 conditions (see Table (4.11)). For each condition, each gene was measured every

30 minutes for 21 hours and, finally each gene has 43 observations over 24 conditions.

Here, the number of conditions is considered as the sample size. It is an appropriate

idea to classify genes based on the largest canonical correlation between each pair

of two genes. Using this method we can find which pair has the larger canonical

correlation. This means genes with similar canonical correlation can be classified in

the same group. In addition, the largest canonical correlation between two genes

indicates the relationship between genes over measuring time. As a result, we set our

goal to find the canonical correlation between each pair of two genes.

According to the simulation study we can see that the estimated largest canonical

correlations using the Cholesky decomposition method approach the true value faster

than the model-based method. Moreover small sample size estimations based on the

Cholesky decomposition have a smaller MSE value compared to the other method.

Therefore we use the Cholesky decomposition method to estimate the largest canon-

ical correlations. On the other hand, as discussed in Chapter 4 we can reduce the

number of time points. As a result, we first try to estimate the canonical correlation

without considering size reduction and for the second time, the largest canonical cor-

relations are estimated after reducing the size of each gene based on the results of

Chapter 4.

To compute the largest canonical correlation between a pair of selected genes, let
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p and q represent the number of time points for the first and second selected genes.

Without lost of generality we can rescale time points as t/(p + q). Three interior

knots, 0.25 < 0.5 < 0.75, are selected and the basis for estimating the covariance

structure using Cholescky decomposition method is:

Bj =
(
1, t, t2, t3, t4, (t− 0.25)4

+, (t− 0.5)4
+, (t− 0.75)4

+

)
.

and

Zj = (1, tj, t
2
j , t

3
j , t

4
j)
T , zji = (1, ti − tj, (ti − tj)2, (ti − tj)3, (ti − tj)4).

Eventually, Tables (5.9) and (5.10) indicate the largest canonical correlation be-

tween 18 genes without considering the size reducing results of Chapter 4. According

to Table (5.9) and (5.10) we can find that genes G2 and G5 have the highest canonical

correlation among the other pairs. Also, it is clear that gene D2 has a really high

canonical correlation with different genes like F5, G6, σ70 and etc. Also, gene F3

shows strong canonical correlation with genes A6, D3, E5, E6 and F2. In addition,

genes B3 and A6 have the minimum canonical correlation among all of the possible

pairs. Meanwhile, according to Table (4.12) we can see that some of the genes have

a similar mean such as [B3,G2], [D3,G6], [G6,E6], [G2,G5], [G2,H3] and etc. If we

check the largest estimated canonical correlations for mentioned pairs, we can realize

that the largest canonical for these pairs are quite high (more than 0.90).

Meanwhile, Tables (5.11) and (5.12) indicate the largest canonical correlations
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between possible two by two pairs among the indicated 18 genes after reducing the

size of each gene according to Table (4.12). Even here we find that in accordance with

Chapter 4, similar genes have higher canonical correlations. Generally, since each gene

has a specific threshold time point, we are not able to compare the largest canonical

correlation after size reduction with the same estimated value before size reduction.

Moreover, we can see that the estimated largest canonical correlations without size

reduction are, generally, larger than the estimated values after size reduction. Overall,

estimating the largest canonical correlations after size reduction is more appropriate.

As discussed at the beginning of this Chapter when the number of time points are

more than the sample size we can see that the largest canonical correlations are very

close to 1. As a result, it is better to consider both the Cholesky decomposition and

the size reduction results of Chapter 4 at the same time.
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A6 B3 B4 B5 C4 D1 D2 D3 E5
A6 1.000 0.550 0.716 0.806 0.736 0.730 0.939 0.685 0.854
B3 0.550 1.000 0.711 0.809 0.773 0.598 0.947 0.757 0.822
B4 0.716 0.711 1.000 0.826 0.759 0.589 0.945 0.767 0.828
B5 0.806 0.809 0.826 1.000 0.809 0.748 0.958 0.846 0.855
C4 0.736 0.773 0.759 0.809 1.000 0.628 0.938 0.647 0.825
D1 0.730 0.598 0.589 0.748 0.628 1.000 0.797 0.630 0.818
D2 0.939 0.947 0.945 0.958 0.938 0.797 1.000 0.701 0.857
D3 0.685 0.757 0.767 0.846 0.647 0.630 0.701 1.000 0.837
E5 0.854 0.822 0.828 0.855 0.825 0.818 0.857 0.837 1.000
E6 0.875 0.915 0.910 0.935 0.877 0.791 0.898 0.881 0.890
F2 0.663 0.741 0.751 0.836 0.637 0.653 0.773 0.692 0.810
F3 0.937 0.927 0.920 0.937 0.921 0.694 0.918 0.926 0.940
F5 0.764 0.631 0.651 0.817 0.716 0.613 0.947 0.748 0.822
G2 0.803 0.979 0.795 0.848 0.815 0.801 0.956 0.825 0.849
G5 0.779 0.578 0.729 0.861 0.760 0.749 0.954 0.794 0.853
G6 0.842 0.706 0.852 0.859 0.859 0.837 0.961 0.943 0.868
H3 0.724 0.673 0.675 0.822 0.722 0.639 0.947 0.752 0.836
σ70 0.764 0.605 0.712 0.830 0.754 0.666 0.943 0.722 0.844

Table 5.9: Largest canonical correlation estimations using Cholesky decomposition
method for 18 genes (Part I).
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E6 F2 F3 F5 G2 G5 G6 H3 σ70
A6 0.875 0.663 0.937 0.764 0.803 0.779 0.842 0.724 0.764
B3 0.915 0.741 0.927 0.631 0.979 0.578 0.706 0.673 0.605
B4 0.910 0.751 0.920 0.651 0.795 0.729 0.852 0.675 0.712
B5 0.935 0.836 0.937 0.817 0.848 0.861 0.859 0.822 0.830
C4 0.877 0.637 0.921 0.716 0.815 0.760 0.859 0.722 0.754
D1 0.791 0.653 0.694 0.613 0.801 0.749 0.837 0.639 0.666
D2 0.898 0.773 0.918 0.947 0.956 0.954 0.961 0.947 0.943
D3 0.881 0.692 0.926 0.748 0.825 0.794 0.943 0.752 0.722
E5 0.890 0.810 0.940 0.822 0.849 0.853 0.868 0.836 0.844
E6 1.000 0.954 0.935 0.911 0.922 0.920 0.910 0.911 0.903
F2 0.954 1.000 0.932 0.725 0.799 0.756 0.832 0.733 0.698
F3 0.935 0.932 1.000 0.925 0.931 0.937 0.938 0.933 0.932
F5 0.911 0.725 0.925 1.000 0.769 0.660 0.797 0.616 0.761
G2 0.922 0.799 0.931 0.769 1.000 0.980 0.824 0.975 0.846
G5 0.920 0.756 0.937 0.660 0.980 1.000 0.831 0.631 0.818
G6 0.910 0.832 0.938 0.797 0.824 0.831 1.000 0.789 0.860
H3 0.911 0.733 0.933 0.616 0.975 0.631 0.789 1.000 0.753
σ70 0.903 0.698 0.932 0.761 0.846 0.818 0.860 0.753 1.000

Table 5.10: Largest canonical correlation estimations using Cholesky decomposition
method for 18 genes (Part II).

133



A6 B3 B4 B5 C4 D1 D2 D3 E5
A6 1.000 0.717 0.697 0.561 0.575 0.484 0.641 0.563 0.651
B3 0.717 1.000 0.593 0.718 0.639 0.644 0.597 0.550 0.747
B4 0.697 0.593 1.000 0.628 0.867 0.608 0.740 0.700 0.819
B5 0.561 0.718 0.628 1.000 0.821 0.713 0.759 0.742 0.797
C4 0.575 0.639 0.867 0.821 1.000 0.661 0.439 0.666 0.680
D1 0.484 0.644 0.608 0.713 0.661 1.000 0.568 0.672 0.490
D2 0.641 0.597 0.740 0.759 0.439 0.568 1.000 0.636 0.657
D3 0.563 0.550 0.700 0.742 0.666 0.672 0.636 1.000 0.671
E5 0.651 0.747 0.819 0.797 0.680 0.490 0.657 0.671 1.000
E6 0.411 0.578 0.617 0.734 0.377 0.498 0.426 0.381 0.609
F2 0.599 0.695 0.784 0.690 0.779 0.779 0.806 0.775 0.816
F3 0.795 0.638 0.856 0.860 0.515 0.522 0.672 0.584 0.689
F5 0.531 0.811 0.564 0.599 0.663 0.737 0.572 0.441 0.618
G2 0.547 0.971 0.691 0.853 0.630 0.678 0.687 0.641 0.739
G5 0.601 0.561 0.416 0.602 0.483 0.636 0.575 0.561 0.794
G6 0.673 0.615 0.769 0.789 0.722 0.540 0.715 0.925 0.712
H3 0.622 0.755 0.573 0.605 0.655 0.667 0.561 0.634 0.722
σ70 0.514 0.715 0.705 0.549 0.454 0.711 0.491 0.630 0.652

Table 5.11: Largest canonical correlation estimations using Cholesky decomposition
method for 18 genes after the reduction (Part I).
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E6 F2 F3 F5 G2 G5 G6 H3 σ70
A6 0.411 0.599 0.795 0.531 0.547 0.601 0.673 0.622 0.514
B3 0.578 0.695 0.638 0.811 0.971 0.561 0.615 0.755 0.715
B4 0.617 0.784 0.856 0.564 0.691 0.416 0.769 0.573 0.705
B5 0.734 0.690 0.860 0.599 0.853 0.602 0.789 0.605 0.549
C4 0.377 0.779 0.515 0.663 0.630 0.483 0.722 0.655 0.454
D1 0.498 0.779 0.522 0.737 0.678 0.636 0.540 0.667 0.711
D2 0.426 0.806 0.672 0.572 0.687 0.575 0.715 0.561 0.491
D3 0.381 0.775 0.584 0.441 0.641 0.561 0.925 0.634 0.630
E5 0.609 0.816 0.689 0.618 0.739 0.794 0.712 0.722 0.652
E6 1.000 0.943 0.732 0.474 0.539 0.547 0.511 0.426 0.450
F2 0.943 1.000 0.628 0.649 0.586 0.750 0.857 0.695 0.740
F3 0.732 0.628 1.000 0.692 0.709 0.716 0.738 0.551 0.625
F5 0.474 0.649 0.692 1.000 0.546 0.499 0.560 0.497 0.611
G2 0.539 0.586 0.709 0.546 1.000 0.959 0.649 0.966 0.701
G5 0.547 0.750 0.716 0.499 0.959 1.000 0.671 0.645 0.605
G6 0.511 0.857 0.738 0.560 0.649 0.671 1.000 0.756 0.691
H3 0.426 0.695 0.551 0.497 0.966 0.645 0.756 1.000 0.604
σ70 0.450 0.740 0.625 0.611 0.701 0.605 0.691 0.604 1.000

Table 5.12: Largest canonical correlation estimations using Cholesky decomposition
method for 18 genes after size reduction (Part II).
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5.7 Conclusion

In this chapter the canonical correlations for genes expressions were studied. The

analysis of gene expressions involves high dimensional data and therefore the esti-

mated canonical correlations using the sample covariance matrix are extremely close

to 1 (Like 0.997 or 0.999). This mainly results because of the rank deficiency of the

sample covariance matrix. Soft and hard thresholding are the methods which are

used to find full ranked estimations for the covariance matrices. However, even these

methods are not usually efficient since they cannot guarantee the estimated covari-

ance matrix to be full ranked. To overcome this problem some specific structures can

be considered for the covariance matrix. Here, two covariance matrix structures were

studied which are widely used for analysing genes expressions.

The model-based method is one of the two methods mentioned. The other method

is the Cholesky decomposition method. Overall, based on the simulation study which

was performed in Section (5.5), we can conclude that the Cholesky decomposition

performs better than the model-based when the sample size is small in comparison

to the number of time points.

However, we can obtain a better result if we use the size reduction methods from

Chapter 4 and the Cholesky decomposition method along side each other. As a

result, a combination of these two methods was used to estimate the largest canonical

correlation. The example provided indicates that when two genes have similar mean

functions they also have a high canonical correlation.
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Chapter 6

Conclusion and Further Studies

The purpose of this thesis is to introduce a few methods for classifying high-

dimensional data from different aspects. As it was discussed classifications for this

kind of data have different applications and this depends on the type of research or

study. When we are dealing with high-dimensional data, often the appropriate esti-

mations cannot be found for population parameters using regular statistical methods.

This is the main problem encountered when dealing with high-dimensional data.

The equality and similarity of two high-dimensional data sets using the mean

functions was studied by Fang et al. [22]. However, as discussed sometimes we can

have two data sets with the same mean functions but different variance functions.

Towards the end of Chapter 3, high-dimensional data sets that consisted of gene

expressions were described by examining their variance functions. For estimating

variance functions, the linear regression model was proposed for high-dimensional

data. Also, the multivariate log-normal distribution was used to estimate variance

functions. Moreover, the statistical test was proposed based on the Wald statistic to
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classify a high-dimensional data set. Using the explained methods in Chapter 3 we can

classify a high-dimensional data set based on their variance functions. Furthermore,

using the Mahalonobis distance we are able to test the similarity of high-dimensional

data sets.

In Chapter 4, a combination of classical and high-dimensional statistical tests

along with size reduction methods were used to detect gene expressions with some

sort of equality. For reducing the size of variables and finding the threshold time

point four methods and their corresponding algorithms were considered. As explained

previously, the first method was based on the Hotelling’s T 2 which is one of the

classical testing methods for multivariate data sets. For the second method instead of

Hotelling’s T 2 statistic, a test statistics for high-dimensional data was used. Also, for

the third method a linear model was utilized to detect the threshold time point which

minimized the error term of the model with significant relative change. Eventually,

the empirical distribution for the first and second relative changes were considered to

find the threshold time point after which the relative change is equal to zero.

Also, we reviewed four methods for comparing two sets of high-dimensional pop-

ulation mean vectors after applying size reduction. Two of these methods were for

the case in which the corresponding population covariance matrices for each data set

were equal to each other. These two methods are based on Hoteling’s T 2 and Wilk’s

distribution. The two other methods are for the case in which the covariance matrices

are different.

Moreover, canonical correlation for high-dimensional data sets was studied in

Chapter 5. For a high-dimensional data set usually the largest sample canonical
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correlation is extremely close to 1. This problem mainly arises because of the rank

deficiency of the sample covariance matrix. To overcome this problem two covari-

ance structure methods which are appropriate for gene expressions are reviewed. The

model-based method is one of the two methods mentioned. The other method is

the Cholesky decomposition method. Overall, based on the simulation study which

was performed in Section (5.5), we can conclude that the Cholesky decomposition

performs better than the model-based method when the sample size is small in com-

parison to the number of time points.

In Chapter 3 a series of assumptions were used to design a model for the variance

functions. Generally, any violation against our assumptions can make our estimations

biased. For this reason I will try to develop a model which will be more general and

more robust than the current model. Moreover, in Chapter 4, gene expressions are

considered to be independent from each other. For a general case we can consider that

gene expressions for different genes are correlated to each other. In the near future I

plan on developing a statistical test for comparing the largest canonical correlations

of two high-dimensional populations.

All of the computer stimulations and calculations in this thesis were done by

Matlab. However, one of the disadvantages is that there is a cost associated with

using Matlab. On the other hand, R is one of the most powerful statistical softwares

and it is free. In the future I will create a R package for classifying gene expression

data using the explained methods in this thesis.
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Appendix A

Maximum Likelihood for β, σ2, α, ρ

Based on the assumptions mentioned in Section (3.2) we can compute the likeli-

hood function:

L (β, α, σ2, ρ) =

g∏
j=1

[
(2π)−

p
2 |ΣW|−1/2 × exp

{
−1

2
(wj −Bβ)TΣW

−1(wj −Bβ)

}]

= (2π)−
gp
2

g∏
j=1

|ΣW|−1/2

× exp

{
g∑
j=1

−1

2
(wj −Bβ)TΣW

−1(wj −Bβ)

}
= (2π)−

gp
2 |D|−g/2

× exp

{
g∑
j=1

−1

2
(wj −Bβ)TD−1(wj −Bβ)

}

and the log likelihood function is

l = log(L (β, α, σ2, ρ))

= −gp
2

log(2π)− g

2
log(|ΣW|)−

g∑
j=1

1

2
(wj −Bβ)TΣW

−1(wj −Bβ).
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Now, based on the log likelihood function we can find the corresponding normal

equations for each of parameters as follows:

i) ∂l
∂β

= 0 implies

− 1
2σ2

g∑
j=1

[
−2(wj −Bβ)TΣW

−1B
]

= 0

and

β̂ =
(
BTΣW

−1B
)−1 BTΣW

−1w̄

where

w̄ =
1

g

g∑
j=1

wj.

ii) To solve ∂l
∂ρ

= 0 two facts should be considered as follows:

1. Using Cholesky decomposition we have TTRT = E or R−1 = TTE−1T.

Where T and E are defined as follows:

T =



1 0 ... ... 0

−ρ 1 ... ... 0

0 −ρ 1 ... 0

... . . .
. . . . . . 0

0 0 ... −ρ 1
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E =



1− ρ2 0 . . . . . . . . . 0

0 1− ρ2 0 . . . . . . 0

0 0 1− ρ2 . . . . . .
... 0

...
...

... . . . . . . ...

0 0 . . . 0 1− ρ2 0

0 0 . . . . . . . . . 1


As a result, |TTRT| = |TT ||R||T| = |R| = |E| = (1− ρ2)p−1.

2. Also, R−1 = TTE−1T = 1
1−ρ2 [Ip + ρ2KP − ρ(Hp + HT

p )] where Kp =

diag(0,1p−2, 0) (1p−2 = (1, . . . , 1)1×(p−2)) and

Hp =

 0 0

Ip−1 0


p×p

.

Now, based on these two facts, normal equation for ρ is

g(p−1)(1−ρ2) = ρtr(G−1AG−1)−tr(G−1KpG
−1A)−(1+ρ2)tr(G−1HPG−1A)

where

A =
1

g

g∑
j=1

(wj −Bβ)(wj −Bβ)T .

iii) ∂l
∂σ2 = 0 implies

tr

(
− gp

2σ2
+

1

2σ2

g∑
j=1

(wj −Bβ)TG−1R−1G−1(wj −Bβ)

)
= 0
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where solution of this equation for σ2 is

σ̂2 =
1

p
tr(G−1R−1G−1A)

iv) ∂l
∂α

= 0 implies

σ2tr(E ) = tr(G−1R−1G−1AE )

where E = diag(µW (t1), . . . , µW (tp)).
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Appendix B

The proof of theorem 4.2.1

Proof. Consider Vj =
∑
{k:t′k>τ}

I(Zj(t
′
k) ≤ 0) for j = 1, ..., c. In addition,we know

Z1, ...,Zc are mutually independent. As a result,V1, ..., Vc are mutually independent

from each other and based on central limit theorem, V̄−E(V̄ )√
var(V̄ )

converge standard normal

distribution.

Meanwhile, we have

∑
{k:t′k>τ}

F̂Z(t′k)(0) =
∑

{k:t′k>τ}

c∑
i=1

1

c
I(Zj(t

′
k) ≤ 0) =

1

c

c∑
i=1

∑
{k:t′k>τ}

I(Zj(t
′
k) ≤ 0) =

1

c

c∑
i=1

Vj = V̄

(B.1)

Also,

E(V̄ ) = E

 ∑
{k:t′k>τ}

F̂Z(t′k)(0)

 =
∑

{k:t′k>τ}

1

2
=

1

2

p∑
k=1

I{t′k > τ} (B.2)
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and

var(Z̄) = var

 ∑
{k:t′k>τ}

F̂Z(t′k)(0)


= cov

 ∑
{k:t′k>τ}

F̂Z(t′k)(0),
∑

{k:t′k>τ}

F̂Z(t′k)(0)


=

∑
{k:t′k>τ}

var(F̂Z(t′k)(0)) +
∑

{k,l|k 6=j,t′k>τ and t
′
l>τ}

cov(F̂Z(t′k)(0), F̂Z(t′l)
(0))

=
1

c

∑
{k:t′k>τ}

FZ(t′k)(0)(1− FZ(t′k)(0)) +
∑

{k,s|k 6=s,t′k>τ and t′s>τ}

cov(F̂Z(t′k)(0), F̂D(t′s)(0))

since

cov(F̂Z(t′k)(0), F̂Z(t′s)(0)) =
1

c2

c∑
i=1

c∑
j=1

E(I(Zi(t
′
k) ≤ 0)I(Zj(t

′
s) ≤ 0)))

− 1

c2

c∑
i=1

c∑
j=1

E(I(Z(t′k) ≤ 0))E(I(Z(t′s) ≤ 0))

and Zj(t
′
k) is assumed normally distributed with mean µZ and variance σ2

Z . As a

result,

cov
(
F̂Z(t′k)(0), F̂Z(t′s)(0)

)
=

1

c

(c− 1)

4
+

1

c

∫ 0

−∞

∫ 0

−∞
fZ(t′k),Z(t′s)(x, y)dxdy − 1

4

= − 1

4c
+

1

c

∫ 0

−∞

∫ 0

−∞
fZ(t′k),Z(t′s)(x, y)dxdy

=
1

c
FZ(t′k),Z(t′s)(0, 0)− 1

4c
(B.3)
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Let t′l ≥ τ < t′l+1. Then, (8) implies

var

 ∑
{k:t′k>τ}

F̂Zj(t′k)(0)

 = (p− l) 1

4c
+

1

c

∑∑
{k,s|k 6=s,t′k>τ and t′s>τ}

[FZ(t′k),Z(t′s)(0, 0)− 1

4
]

=
1

c
[
1

4
(p− l)(l − p+ 2)

+
∑∑

{k,s|k 6=s,t′k>τ and t′s>τ}

FZ(t′k),Z(t′s)(0, 0)] (B.4)

As we can see Eq. (B.1) indicates the expansion of V̄ and Eq. (B.2), (B.4) imply

that

V̄ − E(V̄ )√
var(V̄ )

=

∑
{k:t′k>τ}

F̂Z(t′k)(0)− 1
2

∑p
k=1 I{t′k > τ}[

1
c
[1
4
(p− l)(l − p+ 2) +

∑∑
{k,s|k 6=s,t′k>τ and t′s>τ}

FZ(t′k),Z(t′s)(0, 0)]
] 1

2

(B.5)

Hence Eq. (B.5) converge to standard normal distribution as c→∞.
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