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ABSTRACT 

Numerical simulation methodologies have become a major approach for solving 

hydrodynamics problems over the past few decades. Due to their flexibility and 

adaptability, these methods can be employed in various subjects of engineering and 

science. These simulations are capable of providing the required knowledge to interpret 

the natural phenomena and as well can be an alternative means to study the theories and 

experiments. 

Numerical modeling of fluid flow can be categorized into two major approaches, mesh-

based methods and mesh-free methods. Mesh-based methods used to be the dominant 

methods through the decades but their lack of success in the precise simulation of flow 

problems with considerable deformation and fragmentation resulted in the development 

of mesh-free methods. Mesh-free methods use a set of discrete particles and the field 

variables are assigned to each particle separately. As a result, the movement of the 

particles is a direct expression of the movement of the real physical system. Mesh-free 

methods have proven to be a robust tool in numerical simulation and yet to their fully 

extended application in the hydrodynamics simulations.  

In this thesis the Weakly-Compressible Moving Particle Semi-implicit (WC-MPS) 

method is described and demonstrated for the simulation of the dam-break case with a 

high viscous fluid on different bed slopes. During this study, at first the WC-MPS was 

applied to a horizontal case and the model was later modified to numerically study the 

effect of bed slopes on the dam-break case. Furthermore, the process of gate removal at 

the initial stage of the dam-break case and its influence on the flow current development 
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were investigated. This investigation demonstrated that the process of gate removal can 

have a considerable effect on the formation and development of flow current in a dam-

break case. At last, the capability of WC-MPS model to simulate open channel flow 

problems is confirmed through a comprehensive comparison with analytical and 

experimental studies.    

The simulations in this thesis demonstrate that WC-MPS can be used as a robust tool in 

simulation of fluid flow especially in problems with large pressure gradients and fast 

varying fluid levels. To maintain stability, a small time step is needed that unfortunately 

leads to considerable calculation time. To obtain an accurate simulation many particles 

should be employed, therefore the application of this method is restricted to local and 

short phenomena. Although WC-MPS is a relatively new technique in the field of 

computational fluid dynamics but it can be used in situations where many other methods 

fail, therefore its future looks promising.  
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Chapter 1: Introduction 

Engineering and science have been strongly affected by the advancement of computers in 

the last few decades. Computational fluid mechanics (CFD) as one of the numerical 

simulations has become a major approach to obtain a solution for fluid flow problems. In 

numerical simulation, the main characteristics of the physical problem are translated into 

a discrete form of mathematical description and solved using computational techniques 

(Liu and Liu, 2003). Solving the original problems by considering all of their details is 

one of the advantages of numerical simulation compared to analytical approaches which 

employ too many assumptions and approximations in the mathematical description of the 

physical phenomena. In analogy with experimental methods, the numerical methods are 

able to provide an alternative and reliable study of physical phenomena without 

conducting expensive and time-consuming laboratory and field measurements.  

Conventional mesh-based methods such as finite element and finite volume methods had 

been considered the main approaches in numerical modeling of fluid flow before 

advancement of mesh-free methods. Mesh-based methods suffer from difficulties related 

to mesh adaptability and connectivity particularly where large deformations and 

fragmentations of the boundaries and interfaces exist. Wave breaking and open-channel 

flows are the examples of the aforementioned problems which include significant 

deformation and fragmentation of free surface. Therefore, a variety of numerical 

techniques such as the marker-and-cell (MAC) method (Harlow and Welth, 1965) and 

volume of fluid (VOF) method (Hirt and Nicols, 1981) have been developed to help 

mesh-based methods with simulation of interfacial deformations. There are still some 
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problems regarding these methods such as the maintenance of sharp or fragmented 

interfaces (Liu, et al, 2005), complicated treatments of cells containing free surface 

(Koshizuka et al, 1998) and the problem of numerical diffusion (Koshizuka et al, 1998; 

Gotoh and Sakai, 2005; Shao and Lo, 2003). 

Mesh-free particle methods are the new generation of numerical simulations which have 

been developed recently regarding computational fluid dynamics (CFD). In these 

methods, the fluid domain is represented by a set of particles moving in the Lagrangian 

system. Each particle possesses a set of field variables such as mass and momentum and 

the physical system is expresses by the conservation of mass, momentum and energy (Liu 

and Liu, 2003). The position of fluid is automatically presented by the particles and as a 

result, no specific procedure is needed to capture or track the interfaces. Therefore, 

particle methods have the ability to model any types of boundary and interface. As a 

result, mesh-free methods excel the mesh-based methods in simulations which include 

large deformations and fragmentations of the free surface.  

1.1 Background on Fluid Flow Numerical Simulation  

Flow in rivers, wave breaking in coastal area and flow through hydraulic structures are 

the common free-surface and interfacial flows in nature and man-made structures. The 

theoretical approaches can only provide some basic insights about these flows by using 

simplifying assumptions. On the other hand, the experimental studies can provide more 

clarifying details but they are usually expensive, time-consuming and in some cases even 

not practical.  
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Through advancement of computers, numerical simulation have been employed as a 

reliable tool for providing a thorough analysis for fluid flow problems including those 

associated with free surface. A typical numerical simulation of a computational fluid 

mechanics problem (CFD) involves:  

1. Governing equations to mathematically describe the physical problem. 

2. Boundary conditions and/or initial conditions to define a solution domain. 

3. Domain discretization technique. 

4. Numerical discretization technique to turn the partial differential equation (PDE) 

of the governing equations into the algebraic equations or the ordinary differential 

equations (ODE). 

5. Numerical technique to solve the resultant equations.  

The governing equations can be obtained from the conservation laws which state that 

during the evolution of the system, the field variables such as the mass, momentum and 

energy must be conserved. The boundary conditions and initial condition are defined 

based on the nature of the problem and the region and time period for which the problem 

must be solved. The standard solution algorithm of numerical simulations is briefed as 

the flowchart shown in Figure 1-1.  
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Figure 1-1: Standard solution pattern of numerical simulation (Liu and Liu, 2003) 
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In numerical simulations, the problem domain should be divided into discrete 

components to provide a computer-based solution algorithm. The methods of 

discretization may vary depending on the numerical methods. Based on the approach 

applied for the domain discretization, the numerical simulations can be categorized into 

mesh-based and mesh-free methods.  

Before reviewing the mesh-based or mesh-free methods, it is worth mentioning the 

Eulerian and Lagrangian frames which are the two fundamental frames for describing the 

governing equation of the physical problems in fluid dynamics. In the Eulerian frame, the 

observer studies the fluid motion on specific locations in the space which the fluid flows 

through as time passes. On the contrary, in the Lagrangian frame the observer follows an 

individual fluid parcel as it moves through space and time (Batchelor, 1967). Regarding 

the equations, in the Eulerian frame the total time derivative is the summation of local 

time derivative and convective derivative, but in the Lagrangian frame there is no 

convective derivative in the equation as it has already been considered by the movement 

of the fluid elements.   

1.2 Mesh-Based Methods 

In these numerical methods, the domain geometry is represented by a mesh system which 

records the field variables. A mesh system consists of grid nodes which are connected 

with their neighboring nodes to build the entire mesh system. It should be noted that the 

size of mesh cells will determine the accuracy of the simulation. The Finite element 

method (FEM), finite difference method (FDM) and finite volume method (FVM) are 

well-known examples of mesh-based methods.  
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There are three general categories for mesh-based methods based on how to create the 

mesh system. The first approach is Lagrangian methods in which the mesh is attached to 

the material in the entire simulation and therefore it can move with the material. Because 

there is no convective term in the equations, this approach uses a faster and simpler 

computational process which is one of the main advantages of Lagrangian mesh-based 

methods. Although this technique is one of the advanced ones but its application to cases 

with large deformations and fragmentations is still difficult. This issue is a result of mesh 

connectivity and adaptability because the mesh cells may expand, compress and deform 

due to the relative movement of the connecting nodes. 

The second approach is Eulerian methods in which the material is located and moves 

across the fixed mesh cells with stationary nodes. Since the shape and size of the mesh 

cells remain constant, the Eulerian mesh based methods do not have the problems 

regarding mesh deformations. But on the other hand, these methods have disadvantage 

regarding tracking of free boundaries and interfaces and also numerical diffusion from 

the advection term (Koshizuka et al, 1998; Gotoh and Sakai, 2005). There are numerical 

techniques such as marker-and-cell (MAC) method (Harlow and Welth, 1965) and 

volume of fluid (VOF) method (Hirt and Nicols, 1981) which allow Eulerian mesh-based 

methods to simulate free-surface deformations.         

The third and last approach is combined Eulerian and Lagrangian methods which take 

advantage of the different but complementary features of each method. Coupled Eulerian 

Lagrangian (CEL) method (Mair, 1999) and Arbitrary Lagrangian Eulerian (ALE) 

method (Hirt et al, 1974; Benson, 1992) are the approaches which combine the Eulerian 

and Lagrangian mesh-based methods. Although these advanced techniques employ both 
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Eulerian and Lagrangian methods, but yet a highly distorted mesh can still introduce a 

severe error in the numerical simulations (Hirt et al., 1974; Benson, 1992).   

1.3 Mesh-Free Methods 

Mesh-free methods are the new generation of numerical methods which are expected to 

have advantage over the traditional mesh-based methods such as finite element method 

and finite volume method in addressing problems with large deformation and 

fragmentation of boundary or interfaces. In these methods, a set of arbitrary distributed 

nodes (or particles) without any connective mesh is employed as the problem domain or 

geometry (Liu and Liu, 2003). Given that the mesh-free methods use a set of free-to-

move nodes (or particles) as their computational frame instead of pre-defined mesh; these 

methods have no problems dealing with the large deformations and fragmentations of 

boundaries and interfaces. Smoothed Particle Hydrodynamics (SPH), Finite Point 

Method (FPM), Element Free Galerkin Method (EFG), Free Mesh Method (FMM), 

Moving Particle Semi-implicit Method (MPS), Point Interpolation Method (PIM), 

Meshfree Weak-strong Form (MWS), Least Squares Meshfree Method (LSM) and 

Maximum Entropy (max-ent) are the famous examples of mesh-free methods which have 

been developed by researchers over the past few decades. The aforementioned methods 

share some common features but have differences in their function approximation and the 

implementation process which is briefed and shown in the Table 1-1.  
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Table 1-1: Typical mesh-free methods 

Methods Methods of Approximation References 

Smoothed Particle 

Hydrodynamics (SPH) 
Integral representation 

Lucy, 1977; Gingold and 

Monaghan, 1977. 

Finite Point Method (FPM) 
Finite difference 

representation 
Liszka and Orkisz, 1980. 

Element Free Galerkin 

Method (EFG) 

Moving least square (MLS) 

approximation Galerkin 

method 

Belytschko et al., 1994, 

1996. 

Free Mesh Method (FMM) Galerkin method 
Yagawa and Yamada, 

1996, 1998. 

Moving Particle Semi-

implicit Method (MPS) 

Finite difference 

Representation 

Koshizuka et al., 1995; 

Koshizuka and Oka, 

1996. 

Point Interpolation Method 

(PIM) 

Point interpolation, Galerkin 

method, Petrov- Galerkin 

method 

Liu and Gu, 1999; Gu 

and Liu, 2001; Wang and 

Liu, 2000. 

Meshfree Weak-strong 

Form (MWS) 

MLS, PIM, Radial PIM. 

Collocation plus Petrov-

Galerkin 

Liu and Gu, 2002, 2003. 

Least Squares Meshfree 

Method (LSM) 

Moving least square 

approximation 
Kwon et al., 2003 

Maximum Entropy 

(max-ent) 

Convex approximation 

schemes 
Sukumar, 2004 
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1.4 Mesh-Free Particle Methods 

Mesh-free particle (mesh-free Lagrangian) methods are a subcategory of mesh-free 

methods which employ a finite number of discrete particles to define their domain. These 

particles represent the elements of the system and are able to record the state and motion 

of the system (Liu and Liu, 2003). The sizes of the particles can range from the extremely 

small scales (nano) to the macro scales (even astronomical scale). In computational fluid 

dynamics (CFD), each particle possesses a set of physical characteristic such as location, 

velocity, pressure, mass, momentum and energy. The evolution of the real physical 

system is directly reflected by the state of the particles which is defined by the 

conservation laws (e.g. mass, momentum, energy). Some of the most typical mesh-free 

particle methods are shown in the Table 1-2. 

Mesh-free particle methods have some major advantages over the mesh-based methods 

which are related to the nature of their approach. For example because mesh-free particle 

methods do not require any mesh, they do not have any problem with mesh generation 

and treatment during the calculation which results in a more time efficient calculation. 

Also because the domain is represented by the particles, simulating any kind of 

deformation and fragmentation is rather convenient. Another worth mentioning 

advantage of these methods regarding their Lagrangian nature is the elimination of 

convectional terms in governing equations which leads to the prevention of the numerical 

diffusion.     
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Table 1-2: Typical particle methods 

Methods References Scale 

Molecular Dynamics (MD) 
Alder and Wainwright, 

1957; Rahman, 1964 Microscopic (atomistic) 

Particle-in-Cell Method 

(PIC) 
Harlow, 1963; 1964. Macroscopic 

Marker-and-Cell (MAC) Harlow, 1965. Macroscopic 

Smoothed Particle 

Hydrodynamics (SPH) 

Lucy, 1977; Gingold and 

Monaghan, 1977. 
Macroscopic 

Dissipative Particle 

Dynamics (DPD) 

Hoogerbrugge and 

Koelman, 1992. 
Mesoscopic 

Discrete Element Method 

(DEM) 

Cundall, 1987; Owen et at., 

1996. 
Macroscopic 

Moving Particle Semi-

implicit Method (MPS) 

Koshizuka et al., 1995; 

Koshizuka and Oka, 1996. 
Macroscopic 

Direct Simulation Monte 

Carlo Method (DSMC) 

Bird, 1994; Pan et al., 1999, 

2000, 2002. 
Microscopic (atomistic) 

Lattice Boltzmann Equation 

(LBE) 

Chen and Doolen, 1998; 

Qian et al., 2000. 
Microscopic (atomistic) 
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Alder and Wainwright (1957) developed the Molecular dynamics (MD) method as the 

first mesh-free particle method to model the motion of atoms and molecules. In this 

method, the movement of atoms and molecules is defined based on the numerical 

solution of Newton’s equations of motion for interacting particles. Molecular dynamics 

has been mostly used in materials science and also in biochemistry and biophysics. 

Harlow (1963) developed the particle-in-cell (PIC) method in which the Eulerian and 

Lagrangian frames are combined together. In this method, the movement of particles or 

fluid elements is defined in a Lagrangian frame and tracked in a continuous phase while 

properties such as density and currents are calculated simultaneously at Eulerian mesh 

nodes. 

After developing particle-in-cell, Harlow introduced marker-and-cell (MAC) method 

which is generally exercised in computer graphics to model fluid flows. In this method, 

the velocity field is periodically calculated and marker particles move according to the 

velocity field to track the flow of the fluid. 

Hoogerbrugge and Koelman (1992) introduced dissipative particle dynamics (DPD) 

which is a stochastic simulation approach to model fluid flows. This method surpasses 

the MD method in solving the hydrodynamic time and space scale problems through 

simulating the adjustments in dynamics and rheological property of fluids. 

Discrete element method (DEM) (or distinct element method) has been developed for 

simulating the movement and effect of a significant number of small particles. Although 

DEM is very similar to molecular dynamics, but its capability in simulating rotational 

degrees-of-freedom and also complicated geometries is prominent compared to MD.  
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Lucy (1977), Gingold and Monaghan (1977) introduced and developed smoothed particle 

hydrodynamics (SPH) to address astrophysical problems. Researchers have been widely 

used this mesh-free Lagrangian method in many areas of science such as astrophysics 

(Monaghan, 1992; Frederic and James, 1999; Monaghan and Lattanzio, 1991; Berczik 

and Kolesnik, 1993), fluid simulation (Swegle, 1992; Monaghan, 1994; Morris et al., 

1997; Colagrossi and Landrini, 2003; Gotoh et al., 2004; Dalrymple and Rogers, 2006; 

Lee et al., 2008) and solid mechanics (Libersky and Petschek, 1990; Dyka et al., 1997; 

Randles and Libersky, 2000; Bonet and Kulasegaram, 2000). 

Moving particle semi-implicit method is another Lagrangian approach which is 

developed by Koshizuka and Oka (1996) for incompressible free surface flows. One of 

the similarities of MPS method to SPH method is that they both use integral 

interpolations to approximate partial differential equations (PDEs). On the other hand, 

MPS method employs a simplified differential operator model for the approximation but 

SPH method uses the gradient of a kernel function. Researchers have been used MPS 

method in a wide range of engineering branches such as Coastal Engineering (Gotoh et 

al., 2005; Gotoh and Sakai, 2006), Environmental Engineering (Shakibaeina and Jin, 

2009), Ocean Engineering (Shibata and Koshizuka, 2007; Sueyoshi et al., 2008), 

Structural Engineering (Chikazawa et al., 2001), Mechanical Engineering (Heo, 2002; 

Sun et al., 2009), Bioengineering (Tsubota et al., 2006) and Chemical Engineering (Sun 

et al., 2009). 
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1.5 Dam-Break and Numerical Simulation 

In this section, some of the studies regarding the numerical simulation of the dam-break 

case are briefly reviewed.  

Bellos and Sakkas (1987) employed the MacCormack two-step explicit scheme with 

second-order accuracy to verify the propagation and the profile of a flood wave resulting 

from the instantaneous collapse of a storage dam. They compared the numerical results 

with three experimental cases of a dam-break situation in a broad rectangular channel. 

There was a satisfactory agreement between computational and experimental results 

regarding the wave-front evolution.  

Zoppou and Roberts (1998) used fractional splitting in which, the two-dimensional 

shallow water wave equations were considered as improved homogeneous one-

dimensional problems followed by the solution of an ordinary differential equation 

describing the effect of the source terms in the equation. They employed a second-order 

weighted average flux scheme with the van Leer type limiter and an adaptive fourth-order 

Runge-Kutta scheme to solve the one-dimensional equations and the ordinary differential 

equation, respectively. The model was verified and shown to be conservative, accurate, 

stable and robust. 

Wang et al. (2000) developed a hybrid type of second order total variation diminishing 

method to solve the Saint Venant equations and the 2D shallow water equations for the 

computation of dam-break flows. This approach was investigated by simulating a series 

of dam-break problems including 1D and 2D wave propagation. It was shown that the 
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characteristics of dam-break flows are very complex and various difficulties required to 

be overcome under the frame of the finite-difference method.  

Zhou et al. (2004) introduced a numerical method to solve the dam-break flows with 

general boundaries and complex bed topography. This model was derived from shallow 

water equations utilizing Cartesian cut cell techniques to achieve geometrical flexibility 

together with a surface gradient method treatment of the bathymetric source terms. The 

method was applied to three different experimental dam-break problems for verification. 

The method was able to simulate dam-break flows in complicated geometries and to 

predict complex flows involving multiple wave interactions over both dry and wet beds. 

1.6 Scope of the Thesis 

Although the mesh-free particle methods are relatively new compared to the conventional 

mesh-based methods, these methods proved to be a robust numerical tool for a better 

understanding of fluid flow problems. Regarding the significant amount of studies on the 

mesh-free particle methods during the past decade and their application to engineering 

problems, it is expected that these methods will be of great help to the numerical studies 

in fluid mechanics. 

The objective of this thesis was to investigate the dam-break of a highly viscous 

Newtonian fluid on different slopes. In this regard, the weakly compressible moving 

particle semi-implicit (WC-MPS) method was employed. The original MPS method was 

first introduced by Koshizuka et al. (1995) to study the free surface flow problems. The 

WC-MPS method was modified and improved by Shakibaeinia and Jin (2010). In this 

approach, the Poisson equation is replaced by an equation of state to calculate the 
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pressure. This study aims at examining the capabilities of the WC-MPS method in 

simulating gravity-driven highly viscous fluid by performing thorough comparison with 

experimental and analytical results.  

1.7 Structure of the Thesis 

The structure of this thesis can be divided into five major parts including: 

1. The first part is an introduction to MPS fundamentals which explains the theory 

of the MPS method.  

2. The second part discusses the governing equations in fluid mechanics, the concept 

of WC-MPS method and its application to free-surface flow problems.  

3. The third part of the thesis focuses on the dam-break problem of a viscous 

Newtonian fluid and the effect of bed slope on it from the analytical and 

experimental perspectives.  

4. The fourth part addresses the problem by using WC-MPS method and then the 

model is validated by comparing to analytical solution and experimental results. 

5. The fifth and final part provides a brief insight into the proposed study and also 

recommendations for future work. 
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Chapter 2: MPS Fundamentals 

In this chapter the concept of MPS method and its mathematical fundamentals are 

explained. Before addressing the MPS method, the classification of the particle methods 

is briefly reviewed.  

2.1 Classification of the Particle Methods 

The particle methods can be categorized into two major approaches regarding their 

mathematical model. The first category is deterministic particle methods such as SPH and 

MPS which deal directly with the governing equations of the physical system. The 

second category is probabilistic particle methods such as molecular dynamics (MD) and 

dissipative particle dynamics (DPD) which are on the basis of the statistical principles. 

The particle methods can also be categorized into three classes regarding their length 

scale. The first category is Microscopic (atomistic) scale particle methods such as MD 

which deal with problems in the atomic and molecular scales. The second group is 

Mesoscopic scale particle methods such as DPD which deal with hydrodynamic time and 

space scales beyond those offered with Microscopic scale particle methods. The last 

group is Macroscopic scale particle methods such as SPH and MPS which deal with 

regular fluid flow problems (Liu and Liu, 2003).    

2.2 Moving Particle Semi-implicit Method Overview 

Moving particle semi-implicit method is a Lagrangian deterministic mesh-free particle 

method which was first introduced and developed by Koshizuka et al. (1995 and 1996) to 

simulate the incompressible free-surface viscous flows. This method employs a weighted 
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averaging technique to approximate derivatives of a field variable. As mentioned in 

previous chapter, MPS method has been applied in a wide range of applied science 

including Coastal Engineering, Hydraulics, Ocean Engineering, Mechanical Engineering, 

Bioengineering and Chemical Engineering.   

2.2.1 MPS improvements 

Over the past few decades, researchers have been able to improve the accuracy and the 

performance of the MPS method through significant amounts of studies. Some of these 

major improvements are briefed and explained in the following part.  

Koshizuka et al. (1998) proposed a modified pressure gradient model to guarantee the 

inter-particle repulsive force.  

Koshizuka et al. (1998) proposed a modified pressure gradient model in which the 

pressure interacting forces would be purely repulsive. Due to the predominance of 

attractive force overestimation, this new pressure gradient model improved the stability 

of MPS method calculation and was then approved in simulating plunging and spilling 

breakers. Yoon et al. (1999) proposed a hybrid MPS method to facilitate the simulation of 

open-boundary problems with inflows and outflows where the original MPS method had 

difficulties. To solve the particle scale turbulence fluctuations, Gotoh et al. (2001) 

introduced the MPS sub-particle-scale (SPS) turbulence model. Zhang et al. (2006) 

proposed an alternative Laplacian formula to simulate convective heat transfer problems. 

The effect of different kernel functions and searching radius on the stability and 

performance of MPS method was studied by Ataie-Ashtiani and Farhadi (2006).  
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The investigation on conservation of momentum which was carried by Khayyer and 

Gotoh (2008) showed that the original MPS gradient model does not guarantee the 

conservation of linear and angular momentum. Gotoh et al. (2005), Khayyer and Gotoh 

(2008) and Khayyer and Gotoh (2009) studied the artificial pressure fluctuation in the 

MPS method and Kondo and Koshizuka (2010) proposed some modifications to address 

this issue. These modifications covered the pressure calculation method in addition to the 

pressure gradient approximation method to resolve the MPS pressure fluctuation and to 

ensure the conservation of linear and angular momentum. 

2.2.2 General Solution algorithm of MPS 

The MPS method intents to carry out numerical simulation for complex problems by 

using discrete particles, instead of pre-defined mesh. In general, a simulation using the 

MPS method consists of the following four steps: 

1. Governing equations with boundary conditions (BC) as well as initial conditions 

(IC), 

2. Creating particles by using a domain discretization technique, 

3. Numerical discretization technique, 

4. Numerical technique to solve the partial differential equations (PDEs). 

Representing the problem domain by particles and also approximating the governing 

equations using particles are the differences between the MPS method and mesh-based 

methods.  
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2.3 Particle Interaction in MPS Method  

2.3.1 MPS Interpolation 

In MPS method, the evolution of the real physical system is defined based on the 

interaction between particles. In this interaction, each discrete particle affects other 

particles in its vicinity according to a specialized weight function. During the progress, 

particle properties such as velocity and pressure will be calculated based on those of the 

neighboring particles. The magnitude of influence between particles is calculated 

according to a weight function which is called kernel function. The kernel function is 

considered to be a smoothing function of physical quantities of the particles which has an 

inverse relation with the distance between two particles.  

For a more detailed description, when particle j is within the interaction radius (re) of 

particle i; the influence of particle j to particle i is defined by the kernel function W(rij,re) 

in which rij is the distance between particle i and particle j. The Figure 2-1 illustrates the 

concept of particle interaction and the role of kernel function.      

 

Figure 2-1: The particle interaction and kernel function 
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The kernel function is employed to calculate the smoothed physical property of each 

particle regarding its surrounding particles as following:  

( )( )
( )

 ,

,

j ij e
j i

i
ij e

j i

W r r

W r r

φ
φ ≠

≠

=
∑
∑

  (2.1) 

where 
i

φ is the smoothed physical property for particle i, jφ is the value of that physical 

property on surrounding particles j, re is the interaction radius and rij is the distance 

between particle i and j. In general, the magnitude of 
i

φ as the smoothed value can be 

different from the original physical property iφ , because 
i

φ  is the approximation of iφ . 

The size of the smoothing area and also number of particles which associate with a 

specific particle is affected by the interaction radius re (Koshizuka et al., 1995). To 

describe the density of particles around a specific particle, Koshizuka et al. (1995) 

introduced particle number density as a dimensionless parameter which is defined as 

following: 

( , )ij ei
j i

n W r r
≠

=∑   (2.2) 

Therefore, one can rewrite the interpolation of the physical property,φ as: 

( )( )1  ,j ij ei
j ii

W r r
n

φ φ
≠

= ∑   (2.3) 

The value of the real fluid density, ρ , can also be smoothed as following:  
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where mj is the mass of particle j, and the denominator in the above equation shows the 

integral of kernel function within the whole region. If all the particles possess the same 

amount of mass, the smoothed value of fluid density can be rewritten as: 

( ),
i

i
ij eV

m n
W r r dv

ρ =
∫

        (2.5) 

where m is the value of mass which is assigned to each and every particle. 

2.3.2 Kernel Function  

The kernel function in MPS method has a constant interaction radius for all the particles 

and also is similar for every particle. There are different types of kernel function and 

based on their function, each of them has its own smoothing effects on the properties of 

the particles. The two traditional kernel functions which were used by Koshizuka et al. 

(1995) and Koshizuka et al. (1998) are defined respectively as: 
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The first kernel function is formed of second order polynomial bell-shaped functions and 

the second one consists of a rational function. Shakibaeinia and Jin (2010) demonstrate 

the flaws in using bell-shaped and rational kernel functions. As it is illustrated in their 

study, the bell-shaped kernel function may result in particle clustering since this kernel 

function is not capable of producing sufficient repulsive force when two particles 

approach too close to each other. On the other hand, rational kernel function increases the 

repulsive force to infinity to eliminate the particle clustering problem. However, the 

infinity value for particle distance of zero can lead to numerical instability in the 

simulation. As a regard, Shakibaeinia and Jin (2010) recommend a third-order 

polynomial spiky function as following: 
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In this kernel function, the repulsive force escalates quickly when two particles come 

close to each other and hence reduces the chance of particle clustering. In addition, the 

aforementioned kernel function does not face the infinity problem since it has a certain 

value for zero particle distance. Shakibaeinia and Jin (2010) studied the accuracy of this 

kernel function through the simulation of elliptical bubble test case. Regarding the 
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aforementioned advantages, the third-order polynomial spiky function has been used in 

the simulations throughout this study.    

2.4 MPS Discretization  

As mentioned before, the evolution of the real physical system in MPS method is defined 

based on the interaction between discrete particles. From a mathematical point of view, 

spatial derivatives in the governing equations have to be discretized regarding the particle 

system in MPS method. 

2.4.1 Gradient and Divergence Discretization 

In MPS, the gradient vector between particle i at position ri and particle j at position rj 

with scalar quantities such as iφ  and jφ  is defined as following: 

( )2
j i

ij j i

j i

r r
r r

φ φ
φ

−
∇ = −

−

 

 

             (2.9) 

where ij j ir r r= −
   . By substituting equation (2.9) in to equation (2.1), the smoothed 

value of the gradient vector on the particle i in the Cartesian coordinate system can be 

derived as following: 

2 ( ) ( , )j i
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j i iji
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φ φ
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 −
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∑             (2.10) 

where d represents the number of space dimension. Since for the incompressible fluid, 

the particle number density of particles stay close to the initial particle number density n0; 

one can rewrite the equation (2.10) as follow: 
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It should be noted that the value for n0 is relevant to the initial particle setup in which the 

fluid is still static.   

In the same approach, the divergence formula of vectors fi and fj at particles i and j can be 

defined as:  

( )0 2.  ( , )j i
j i ij ei j i ij

f fdf r r W r r
n r≠

 −
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          (2.12) 

2.4.2 Laplacian 

In MPS method, Laplacian formula is based on the diffusion model proposed by 

Koshizuka et al. (1995). In this approach, Laplacian term is calculated by the weighted 

averaging of the diffusion of a physical property from a particle to its neighboring 

particles i jφ →∆  . During this calculation, part of the physical property is maintained by the 

particle i and the remains will be distributed to the neighboring particles through a weight 

function. The Laplacian term can be derived from the divergence of a gradient vector as 

follows: 

2 2
2

1. r
r r r

φφ φ φ ∂ ∂ ∆ = ∇ = ∇∇ =  ∂ ∂ 
          (2.13) 

Considering the chain rule, one can expand the equation (2.13) like the following 

manner: 
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         (2.14) 

Furthermore, the Taylor series expansion of the physical property φ  on the particle j in a 

vicinity of particle i, gives: 
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By rewriting the equation (2.15), one can obtain the following formula: 

2
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By substituting equation (2.16) into equation (2.14): 

2 2
2 2 2
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       (2.17) 

The MPS approximation for the Laplacian formula can be obtained by weighted 

averaging of the equation (2.17) as follow:  
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In MPS Laplacian formula which is provided by Koshizuka et al. (1995), the term rij
2 is 

replaced by λ  as a weighted averaging of rij
2 as follow: 
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According to probability theory, the central limit theorem (CLT) states that a large 

number of identical independent random variables (particles) with finite mean and 

variance, will be approximately normally distributed (Rice, 1995). Therefore, analytical 

solution of the diffusion problem in an infinite space with a delta function as the initial 

profile will result in a normal (Gaussian) distribution (Koshizuka et al., 1995). It should 

be noted that using a Gaussian function to transfer a physical property from a particle to 

other particles leads to a variant increase ofλ . The added λ  to the MPS diffusion 

formula causes the increase of variance ( )2σ∆  to be equivalent with the increase of 

variance in analytical solution.  
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One can also employ integral to calculate λ  as follow: 
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For two-dimensional space, the equation (2.21) becomes as: 
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In the same manner, λ  can be calculated in three-dimensional space as follow: 
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As an example, λ  for the rational kernel function (equation 2.7) in two-dimensional 

space is calculated as follow: 

231
140 erλ =              (2.24) 

Similar to equation (2.19), the MPS Laplacian for the vector f on the particle i can be 

obtained as: 

( )( )2
0

2 ,ij ij ei
j i

d W r r
n λ ≠

∇ = ∑f f           (2.25) 

The fundamentals of MPS method have been described within the sections 2.4.1 and 

2.4.2 through the discretization of gradient, divergence and Laplacian. One of the 

questions that might arise is the similarities and differences between MPS method and 

SPH method. The following section covers a brief discussion about the similarities and 

differences between these two methods.  
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2.5 A comparison Between MPS and SPH Methods 

MPS and SPH methods are both mesh-less particle approaches which employ a finite 

number of particles to discretize the continuum domain to solve the fluid flow problems. 

Although MPS and SPH have common characteristics regarding the particles but they use 

different numerical procedures to solve the governing equations (Tokura, 2014). These 

two methods differ in the essential concept of approximation which is discussed in the 

following sections. 

2.5.1 Approximation of a Function (Physical Property) 

As mentioned in equation (2.1), the kernel function is employed in MPS method to 

calculate the smoothed physical property of each particle regarding its surrounding 

particles as follow (quoting the equation 2.1): 
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However in SPH method, the kernel approximation of function φ  for the particle i 

establishes from the identity (Liu and Liu, 2010): 

 ( ) i ijV
r dvφ φ δ= ∫             (2.26) 

in which ( )ijrδ  is the Dirac delta function given by: 
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In equation (2.26), V is the volume of the integral that contains particle i and the equation 

itself implies that a function can be represented in an integral form. Since the delta 

function is simply “point” support, equation (2.26) cannot be applied for establishing a 

discrete numerical model (Liu and Liu, 2010). By using ( ),ij eW r r  as a smoothing 

function (kernel function) with a finite smoothing length (re) instead of the delta function

( )ijrδ , the kernel approximation of iφ , i
φ , becomes: 

( , ) j ij ei V
W r r dvφ φ= ∫            (2.28) 

i
φ  in above equation is the continuous form of kernel approximation in SPH method 

which is calculated through multiplying the field function by the smoothing function and 

integrating over the support domain of a point. By representing the computational domain 

with a finite number of particles, the discretized form of the equation (2.28) can be 

expressed as: 

( , )j
j ij ei

j i j

m
W r rφ φ

ρ≠

=∑           (2.29) 

Considering the above facts, one can conclude that SPH method employs the direct 

contribution of the neighboring particles to approximate a property but MPS method 

applies a weighting function to calculate the influence of that those particles. It is worth 

mentioning that by using the delta function as the kernel function in both MPS and SPH 

methods, the approximated value would be equal to the real value of that physical 

property ( ii
φ φ= ). 
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2.5.2 Kernel Approximation of Derivatives 

As mentioned in section 2.4.1, the approximation for the spatial derivative in MPS 

method is calculated as follow (quoting the equation 2.12): 
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Regarding the SPH method, the approximation is defined by substituting if  with . if∇  in 

equation (2.28) which gives (Liu and Liu, 2010): 
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         (2.30) 

Through using the divergence theorem as illustrated by Liu and Liu (2010), equation 

(2.30) can be eventually rewritten as: 

. . ( , ) j ij eVi
f f W r r dv∇ = − ∇∫
 

         (2.31) 

The discrete form of equation (2.31) can be obtained by following the same procedure 

similar to the approximation of the physical property function as follow (Liu and Liu, 

2010): 
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         (2.32) 

Equation (2.32) indicates that the spatial gradient in SPH is calculated from the values of 

the function and the derivatives of the smoothing function W, instead of the derivatives of 

the function itself (Liu and Liu, 2010). 
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Chapter 3: WC-MPS for Free-Surface Flows 

In this chapter, the MPS formulations and algorithms for simulating weakly-compressible 

free-surface flow are explained. Before addressing the concept of weakly-compressible 

flow, governing equations in fluid mechanics are described. Later in this chapter, solution 

procedure for MPS method, the methods of pressure calculation, boundary treatment 

techniques and neighboring search strategy are explained.  

3.1 Governing Equations 

Governing equations in fluid mechanics are derived from conservation laws, namely 

conservation of mass-energy (which transforms to conservation of mass in case of low 

speeds and when there are no nuclear reactions) and conservation of momentum (linear 

and angular). It should be noted that these governing equations are commonly expressed 

in the form of partial differential equations (PDEs). By considering proper boundary 

conditions and/or initial conditions, these governing equations can be numerically solved.  

For an incompressible viscous flow in the Lagrangian system, the governing equations 

can be described in forms of continuity (conservation of mass) and momentum as follow: 

Continuity: 

( . ) 0D
Dt
ρ ρ+ ∇ =u               (3.1) 

Momentum: 

2 D p
Dt

ρ µ= −∇ + ∇ +
u u f             (3.2) 
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where ρ  is the fluid density, u is the flow velocity, p is the pressure, µ  is the dynamic 

viscosity, t stands for the time and f represents the body forces (per unit volume). It is 

worth mentioning that since equation (3.2) is expressed in the Lagrangian system, there is 

no convective acceleration term in the left hand side of the momentum equation. The 

movement of each particle is tracked down by using D
Dt

=
r u , with r being the position 

vector. As a result, the numerical diffusion emerging from integration of the convective 

terms in Eulerian grid-based methods is prevented without employing any special 

treatment. In MPS method, the temporal derivatives are approximated using a time 

splitting method (similar to the mesh-based methods) which is illustrated in the following 

section.  

3.2 Solution Procedure for MPS Method 

3.2.1 Time splitting and prediction-correction process 

In MPS method, each calculation step is a combination of two pseudo-time steps: 

prediction and correction. During the prediction step, velocity is calculated considering 

the explicit parts of source terms and then pressure will be added implicitly through the 

correction step. The value of the properties such as u, r, ρ and n for a new time step 

(k+1) can be calculated from their prediction and correction values as follow: 
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where k, (*) and ( ' ) represent the step of calculation, the prediction and the correction 

values respectively. For example 1 *, ,  and 'k k+u u u u  are velocities in the new time step 

(k+1), previous time step (k), prediction step and correction step, respectively. Therefore, 

one can rewrite the time derivative of the velocity in the momentum equation as: 

1 1 * * *'k k k k kD
Dt t t t t t

+ +− − − −
= = + = +

∆ ∆ ∆ ∆ ∆
u u u u u u u u u u           (3.4) 

In the same way, the time derivative of the density in the continuity equation can be 

expressed as: 

1 1 * * *'k k k k kD
Dt t t t t t
ρ ρ ρ ρ ρ ρ ρ ρ ρ ρ+ +− − − −
= = + = +

∆ ∆ ∆ ∆ ∆
        (3.5) 

By considering equation (3.4) in the equation (3.2), the momentum equation can be 

written as: 

* 21' ( ) (  )k t p t ν
ρ

 
+ − = ∆ − ∇ + ∆ ∇ + 

 
u u u u f            (3.6) 

where ν  represents the kinematic viscosity. One can assume: 

* 2(  )k kt ν= + ∆ ∇ +u u u f              (3.7) 

and: 

11' kt p
ρ

+= −∆ ∇u               (3.8) 

As it has been mentioned, each calculation step is divided into two pseudo steps namely 

prediction and correction steps. Equation (3.7) is the prediction step in which, the 
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predicted velocity (u*) is calculated explicitly by employing the viscous and body force 

terms. Then as it is illustrated in equation (3.8), the velocity correction term ( 'u ) is 

calculated implicitly through using the pressure gradient term. Ultimately, the velocity 

for the new time step ( 1k+u ) can be achieved by adding the corrected velocity to the 

predicted one (equation 3.3). 

Through the same approach, the continuity equation can be written in two steps as 

follow: 

*
*1 ( ) .

k

t
ρ ρ

ρ
−

= −∇
∆

u               (3.9) 

and: 

1 ' . '
t

ρ
ρ

= −∇
∆

u             (3.10) 

At end of each time step, particles are moved based on their new velocity as: 

1 1 k k kt+ += + ∆r r u             (3.11) 

The above mentioned procedure is repeated for each and every fluid particle during all 

time steps.  

3.2.2 Modeling of incompressibility and pressure calculation 

As it is explained in the previous section, the pressure gradient term in the momentum 

equation needs to be solved to obtain the pressure field and the velocity correction term. 

For incompressible fluids such as water, an incompressibility model is required to keep 
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the fluid density constant. The following sections explain the original MPS method (fully 

incompressible method) and the weakly compressible method which is employed in this 

study. 

3.2.2.1 Fully incompressible method 

The incompressibility model in the original MPS method is derived from the continuity 

equation since the density of the fluid does not change with the flow or in other words, 

for a fully incompressible fluid D
Dt
ρ  is equal to zero. The particle number density in MPS 

method is the direct reflection of the density for a fluid. As a result, the continuity 

equation will be satisfied through a constant particle number density. In cases in which 

the calculated particle number density from the prediction step ( *n ) varies from the initial 

particle number density ( 0n ), it will be implicitly corrected as follow (Shakibaeinia and 

Jin, 2010): 

0 * 'n n n= +             (3.12) 

By substituting the density ρ  with 0n  and 'ρ  with 'n  in equation (3.10), the following 

equation will be achieved: 

0

1 ' . 'n
n t

= −∇
∆

u             (3.13) 

Likewise, by substituting the equivalent of velocity correction value from right hand side 

of equation (3.8) into equation (3.13), a Poisson equation for pressure calculation can be 

derived as: 
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0 *
2 1

2 0 2 0

'k i
i

n nnp
t n t n
ρ ρ+ −

∇ = =
∆ ∆

          (3.14) 

The value of *n  differs for each particle since it is associated with the temporary 

positions of the particles in the prediction step. To calculate the pressure field, left hand 

side of equation (3.14) has to be discretized. This discretization is performed by 

employing the MPS Laplacian formula (equation 2.25) which results in a linear 

symmetric N N×  matrix (N is the number of particles). This matrix can be solved by one 

of the iterative solvers such as the conjugate gradient method.  

The main disadvantage of aforementioned procedure can be the slow pace of computation 

progress since that matrix needs to be generated and also solved in each and every time 

step. Koshizuka et al. (1998) indicate in their research paper that solving the Poisson 

equation takes just about two third of the CPU time in each time step for a dam-break 

case with only 2418 particles. This drawback will be more severe in simulation of large 

scale flow problems with significant number of particles. Another major problem could 

be the unphysical fluctuations in the pressure field which is demonstrated in the study 

carried by Khayyer and Gotoh (2009). This issue can affect the performance of the model 

by decreasing the accuracy as well as stability. To avoid issues related to efficiency and 

accuracy, a different incompressibility model is required.  

3.2.2.2 Weakly compressible method 

Shakibaeinia and Jin (2010) introduced the weakly compressible MPS method in which 

the Poisson equation is replaced by an explicit relation. In this method, the fluid is 

assumed to be weakly compressible that allows to exercise an equation of state instead of 
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the Poisson equation to calculate the pressure in each time step. To achieve a fluid with 

this specific characteristic, the compressibility value of that fluid should be kept very 

small. This concept was first introduced in SPH method and its application is common 

among researchers (e.g., Monaghan, 1994; Bonet and Lok, 1999; Dalrymple and Rogers, 

2006; and Violeau and Issa, 2007). 

In this approach, the Tait’s equation of state is exercised therefore the pressure can be 

calculated explicitly. Tait’s equation considers water in a high pressure regime and 

characterizes the water through mathematical relationship between its physical 

properties: pressure, volume and temperature (Batchelor, 1967). This equation declares 

that for a specific amount of a fluid, the pressure, volume and temperature are dependent 

quantities which can be related in a general form as: 

( , , ) 0f p V T =             (3.15) 

The equation of state for an ideal gas can be defined as (Liu and Liu, 2007): 

( 1)p Eγ ρ= −             (3.16) 

where γ  is an empirically determined constant and E represents the internal energy per 

unit mass. To apply equation (3.16) to fluids such as water, it is assumed that the water is 

under a high pressure (about 2 GPa). For a weakly compressible fluid, the Tait’s equation 

of state is described by Batchelor (1967) and later modified by Monaghan (1994) for the 

SPH method as follow: 

2
1 0 0

0 0
0

1  ;     k
i

cp p p
γ

ρρ
ρ γ

+
  
 = − =    

         (3.17) 
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where 0c  is the sound speed in the reference density and the γ coefficient is usually 

considered to be equal to 7 (Monaghan, 1994).Since the ratio of densities is equal to the 

ratio of particle number densities, equation (3.17) can be written for MPS method as 

(Shakibaeinia and Jin, 2010): 

*2
1 0 0

0 1k i
i

ncp
n

γ

ρ
γ

+
  
  = −     

          (3.18) 

Sound speed can be obtained as: 

0

0
pc

ρ
ρ
∂

=
∂

             (3.19) 

Shakibaeinia and Jin (2010) states that since the application of actual sound speed (1482 

m/s for water at 20 °C) will cause instability, therefore a much lower artificial sound 

speed namely numerical value of sound speed is usually employed. This numerical 0c  is 

measured regarding the amount of required compressibility. The compressibility of a 

fluid ( β ) is defined as: 

2
0 0

0 0

1  ;       p pK c
K V V

β ρ
ρ ρ

∂ ∂
= = − = =

∂ ∂
        (3.20) 

where K is bulk modulus of the substance which represents the material's resistance to 

uniform compression. By substituting Mach number into equation (3.20), the above 

equation can be written as: 
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2 2
2 2

0 0 0 0

1  ;    ;   p vMa Ma Ma
v v c

ρβ
ρ ρ ρ

∆ ∆
= = =         (3.21) 

where v  is the fluid velocity. According to equation (3.21), the Mach number should be 

smaller than 0.1 to maintain the density fluctuation less than 1% of the reference density 

(Dalrymple and Rogers, 2006). In other words, the numerical value of sound speed 

should be more than ten times of the maximum fluid velocity. Regarding its distinctive 

characteristic in pressure calculation, this approach is called weakly compressible MPS 

method (WC-MPS). The pressure gradient equation can be obtained by calculating the 

pressure field from equation (3.18) and then employing equation (2.11) which results to: 

0 2 ( ) ( , )j i
j i ij ei

j i ij

p pdp r r W r r
n r≠

 −
∇ = −  

 
∑           (3.22) 

3.2.3 Viscous Term 

The MPS approximation of the viscous term 2 ν ∇ u  in the momentum equation (3.6) can 

be obtained by using MPS Laplacian formula (equation 2.25) as follow: 

( ) ( )( )2
0

2 ,j i ij ei
j i

d W r r
n
νν
λ ≠

∇ = −∑u u u         (3.23) 

3.3 Boundary Treatment Techniques 

3.3.1 Free surface 

When a particle moves toward a free surface, the number of its neighboring particles will 

be decreased since there is no particle outside the fluid region. As a result, the particle 

number density of those particles near free surface region will become less than the initial 
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average particle number density. To distinguish free surface particles from other fluid 

particles, Koshizuka et al. (1998) proposed the following condition for free surface 

particles: 

* 0

i
n nβ≤              (3.24) 

in which β  is a threshold coefficient. Based on equation (3.24), a particle is considered 

to be a free surface particle when its particle number density is less than the initial 

average particle number density multiplied byβ . When a particle is recognized as a free 

surface particle, known pressure boundary conditions will be assigned to it. The 

following figure is a brief depiction of identifying free surface particles. 

 

 

Figure 3-1: Free surface particle recognition (Shakibaeinia and Jin, 2010) 
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Koshizuka et al. (1998) demonstrate in their study that β  values between 0.8 and 0.99 

have almost the same influence on the simulation results. It is worth mentioning that free 

surface position is automatically represented by the particles themselves and the β  

coefficient is only employed to assign the reference pressure to the surface particles. Here 

in this study, 0.92β =  has been employed.  

3.3.2 Solid boundaries 

When a particle approaches solid boundaries such as walls or channel beds, the number 

of its neighboring particles will be decreased. This decrease in particle number density 

will result in miscalculation in the weighted averaging process. On the other hand, the 

method of detection which is employed for distinguishing surface particles is not 

applicable in this problem (because those particles would be treated as free surface 

particles). With regard to this issue, a method was proposed by Koshizuka et al. (1995) to 

overcome the particle density deficiency near solid boundaries. In this approach, some 

particles (known as ghost particle) are located outside of the solid boundaries. The 

positions of ghost particles are fixed and minimum numbers of these particles are related 

to the radius of the support area, re. For example, if the searching radius is considered to 

be four times of the averaging particle distance ( 4er l= ∆ ), a minimum of four layers of 

ghost particles are required. Among ghost particles, those which are located exactly on 

the solid boundary are called wall particles. Since ghost particles affect the calculation of 

the fluid properties such as velocity and pressure, proper boundary values should be 

assigned to them to ensure an accurate simulation. For demonstrating the last point, free-

slip and no-slip boundary conditions are explained. For implementing the free-slip 
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boundary condition, the normal velocity of ghost particles is set to zero and tangential 

velocity is considered equal to tangential velocity of the fluid particles. In case of no-slip 

boundary condition, the normal velocity of ghost particles is still zero but the tangential 

velocity is equaled to the opposite of the fluid particles (Figure 3-2). In regard of the 

pressure value for ghost particles, it is first calculated for the wall particles and then 

extrapolated to the other layers of ghost particles. With this method, ghost particles will 

repel the fluid particles from the boundaries and particle penetration of the solid 

boundaries is avoided (Shakibaeinia and Jin, 2010). 

 

 

Figure 3-2: Solid boundary condition. Vη  is the normal vector of velocity and Vθ  the 

tangential vector (Shakibaeinia and Jin, 2010). 
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3.4 Neighboring Search Strategy 

As mentioned in section 2.3.2, the kernel function has a limited range of influence. 

Therefore, each particle is in interaction with just a finite numbers of particles 

(neighboring particles) which are located within its support area, er . The procedure of 

finding these finite numbers of neighboring particles is generally known as neighboring 

search strategy. Since movement of particles can differ in each time step, list of 

neighboring particles has to be updated for each time step. In cases with large number of 

particles, the neighboring search process can be time-consuming which reduces the 

efficiency of the model. The following sections contain brief reviews of the all-pair 

search strategy as the original MPS method of search strategy and linked-cell search 

strategy which is employed in this study. 

3.4.1 All-pair search strategy 

Here in this method, particle j is a neighbor of particle i if their distance is less than the 

support area, re (Koshizuka et al., 1995): 

{ }   ij ei
j NP if r r∈ ≤             (3.25) 

where { }i
NP represents the neighboring particle list for particle i. To obtain this 

particular list for a specific particle, the distance between all the particles and that 

reference particle needs to be calculated. For a simulation with N particles, all-pair search 

strategy has an order of 2N which can result in a lengthy computational time in case of 

problems with large number of particles (Koshizuka et al., 1998). 
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In their later studies, Koshizuka et al. (1998) proposed a new approach to improve the 

efficiency of all-pair search strategy. In this method, the search radius is increased from 

er  to er δ+  where δ  is an additional distance. A particle is considered to be a neighbor if 

the distance is less than er  and a neighbor candidate if the distance is less than er δ+ . 

Though this approach also requires an order of 2N , but the neighboring list can be 

updated in each k (=1, 2, …) time steps. The value for k is determined by the selected δ

and the maximum fluid velocity as follow (Koshizuka et al., 1998): 

max

k
t
δ

≤
∆ u

            (3.26) 

This improvement leads to an increase in efficiency since its calculation needs the scale 

of 1.5N  operations. 

3.4.2 Linked-cell search strategy 

In this method, the computational domain is covered with a Cartesian grid which divides 

the field into square cells of side er . To obtain the neighboring list for a certain particle, 

only particles located in specific cells are investigated. For a case in two-dimensional 

space, these specific cells include the cell where the reference particle is located and the 

other eight surrounding cells. This strategy restricts the number of cells which undergo 

the neighboring search process. For example only 3, 9 and 27 cells are searched for one, 

two and three-dimensional space respectively. As a result, there is a considerable drop in 

number of calculations for each time step and therefore a decrease in simulation time 

(increase in efficiency). It is worth mentioning that the linked-cell search strategy reduces 
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the scale of operations to logN N , N being the total number of the particles 

(Shakibaeinia and Jin, 2010). 

Linked-cell search strategy is considered to be a two steps algorithm. In the first step, all 

the particles are assigned to the background cells according to their location. Then in the 

second step, the list of neighboring particles is generated for each and every particle. This 

list includes all the particles from the same cell and the adjacent cells and is used during 

the calculation of particle interactions. Based on Shakibaeinia and Jin (2010), the cell size 

is increased to er δ+  and as a result the neighboring list is updated every k time steps. 

Figure 3-3 illustrates the concept of linked-cell search strategy for a two-dimensional 

space.  

 

Figure 3-3: Linked-cell search strategy. The solid black square covers the neighbor list 
for particle i (Shakibaeinia and Jin, 2010). 
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3.5 Dam-break problem in MPS and WC-MPS methods 

The dam-break problem is traditionally used as a benchmark test for assessment of 

particle methods. This section provides a brief review on the the dam break problems 

studied by Koshizuka et al. (1995), Shakibaeinia and Jin (2010) and Fu and Jin (2014). 

3.5.1 Dam-break problem by Koshizuka et al. (1995) 

The original MPS model was used by Koshizuka et al. (1995) to solve incompressible 

Navier-Stokes equation for the dam-break problem. In this study the problem is defined 

by 1340 particles with an initial particle distance of 0.0073 m. In this model, the gate is 

removed instantaneously at time 0t =  and the no-slip boundary condition is assigned to 

the solid boundaries. 

Figure 3-4 illustrates the comparison between numerical results with the experimental 

snapshots from Koshizuka et al. (1995). Short after removing the gate, a water column 

with a round-shaped front wave runs on the bed. At 0.29t = s the water flow crashes into 

the right vertical wall and starts to mount it. At 0.6t = s the front wave breaks and water 

particles scatter in the air. Fragmentation of water in the MPS model is more than that in 

the experimental results which can be explained by the unphysical fragmentations due to 

the non-conservation of linear and angular momentum (Khayyer and Gotoh, 2009). 

The numerical results from Koshizuka et al. (1995) show a good agreement with 

experimental results. The difference between numerical and experimental results 

becomes more apparent over time. One of the major factors contributing to this 

discrepancy is bed friction which leads to faster results in MPS method.   
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Figure 3-4: Comparison of experimental results (Koshizuka et al., 1995) and numerical 

(original MPS) results. Photos are from Idelsohn et al. (2004). 
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3.5.2 Dam-break problem by Shakibaeinia and Jin (2010) 

Shakibaeinia and Jin (2010) developed the original MPS method for the simulation of 

two-dimensional open-boundary free-surface flows. In their model, the incompressibility 

in the original MPS method has been replaced with a weakly compressible model. In this 

method, the fluid is assumed to be weakly compressible that allows to exercise an 

equation of state instead of the Poisson equation to calculate the pressure in each time 

step. To validate and evaluate their model, Shakibaeinia and Jin (2010) employed the 

dam-break problem as the test case.  

Shakibaeinia and Jin (2010) used the dam break problem which was studied 

experimentally and numerically by Koshizuka et al. (1995) to compare the accuracy of 

their proposed method. Similar to the original MPS case, the solution domain was 

represented by 1340 particles with an initial average distance of 0.0073 m. Figure 3-5 

shows the comparison between original MPS method, WC-MPS method and the 

experimental results. Although results from WC-MPS method demonstrates less 

unphysical fragmentations compared to the results from original MPS method, but these 

fragmentations are still greater than the water fragmentation in the experimental results. 

As shown in Figure 3-5, original MPS and WC-MPS methods lead to almost the same 

results in front wave evolution but regarding the accuracy of water surface profile, results 

from WC-MPS method are in a better agreement to experimental studies compared to the 

original MPS method.  
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Figure 3-5: Comparison of original MPS method and WC-MPS method with 
experimental results (Shakibaeinia and Jin, 2010). 

 

3.5.3 Dam-break problem by Fu and Jin (2014) 

Fu and Jin (2014) studied the effect of particle size in WC-MPS method by simulating 

the dam-break case. Experimental study of this dam-break case was originally conducted 

by LaRocque et al. (2013). The experiment included a smooth wooden flume with 
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length=7.31 m, height=0.42 m, width=0.18, a bottom slope of 0.93% and initial height of 

water column equal to 0.25 m. 

Fu and Jin (2014) used a numerical geometry same as the experiment but with three 

different particle sizes of 0.025 m, 0.01 m and 0.005 m which led to different total 

particle numbers of 2694, 11718 and 40254, respectively. Figure 3-6 shows the 

comparison between the experimental data, analytical solution and the WC-MPS method. 

 

Figure 3-6: Effects of particle size on water surface profile (Fu and Jin, 2014). 

 

Fu and Jin (2014) indicate that by increasing the particle size, front wave evolution 

becomes slightly slower. On the other hand, using smaller particle size results in a more 

accurate simulation. However, employing smaller particle size means simulating a larger 

number of particles which leads to an extremely time consuming calculation. As an 

example, the case with 40254 particles (0.005 m as particle size) took 9 hours of 
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simulation time whereas the case with 2694 particles (0.025 m as particle size) was 

simulated within 0.15 hours.  
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Chapter 4: Study of Bed Slope Effect on Dam-Break for Highly Viscous 

Newtonian Fluid 

4.1 Introduction 

The dam-break problem is a typical fluid flow case which is frequently used to 

investigate gravity-driven flows. The dam-break problem is defined as the sudden release 

of a certain volume of fluid down a slope or a horizontal bed. In order to implement the 

dam-break case, a given amount of fluid is placed in a reservoir at the upstream. Then the 

fluid is suddenly released by the immediate removal of the dam’s gate and flows down 

the bed, as shown in Figure 4-1. 

 

 

Figure 4-1: Dam-break model, a) fluid is contained in the reservoir, b) the dam is opened 

and the fluid flows down the inclined plan. 

 

The objective of this chapter is to study the gravity-driven flows with WC-MPS method 

and evaluate the results with analytical solution and experimental research. For this 

purpose, dam-breaks of a highly viscous fluid (viscosity 350 Pa.sµ ≈ ) on different bed 

slopes were simulated. For each and every case, the front wave position was tracked and 
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compared to the analytical solution and experimental results. Before discussing the 

results, the analytical solutions and the experimental studies are reviewed. 

4.2 Analytical Solutions for the Dam-Break of a Newtonian Viscous Fluid 

In this part, analytical solutions for the dam-break of a Newtonian fluid are described. 

These solutions are based on two different approaches: 

1. The slow motion approach for hydrodynamic regimes (Nakaya, 1974; Huppert, 

1982a; Huppert, 1982b). 

2. The Saint Venant approach using depth-averaged formulations (Hunt, 1982; Hunt, 

1984; Nsom et al, 2000). 

The following sections include the governing equations, initial conditions, boundary 

conditions and dimensionless formulation which are used to obtain the aforementioned 

solutions. 

4.2.1 Governing Equations 

The governing equations are based on Navier-Stokes equations which can be expressed in 

form of continuity and momentum equations as follow: 

Continuity: 

0u v
x y
∂ ∂

+ =
∂ ∂

              (4.1) 
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Momentum: 

( )
2 2

2 2sinu u u p u uu v g
t x y x x y

ρ ρ α
 ∂ ∂ ∂ ∂ ∂ ∂

+ + = − + + ∂ ∂ ∂ ∂ ∂ ∂ 
          (4.2) 

and, 

( )
2 2

2 2cosv v v p v vu v g
t x y y x y

ρ ρ α
 ∂ ∂ ∂ ∂ ∂ ∂

+ + = − − + + ∂ ∂ ∂ ∂ ∂ ∂ 
        (4.3) 

where u and v are the velocity components along the x and y coordinates, respectively; ρ  

the fluid density, g gravity acceleration and α  the slope angle as illustrated in Figure 4-2. 

The variation of height h can be calculated by using equation (4.1) as: 

0

 0
h

y

u v dy
x y=

 ∂ ∂
+ = ∂ ∂ 

∫               (4.4) 

Figure 4-2: Dam-break model on a slope at initial setup. 
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4.2.2 Initial conditions 

Regarding the initial setup as depicted in Figure 4-2, the initial conditions are expressed 

as: 

( )1 ( )sin & 0          0

0 & 0                                           

h H L x u x L

h u x L

α = − − = ≤ ≤   
= = >

         (4.5) 

By considering ( )0 2h h L=  as the fluid height in a horizontal reservoir, the continuity 

equation can be rewritten as: 

( ) 00
,fx

h x t dx Lh=∫               (4.6) 

in which, fx  represents the front position.  

4.2.3 Boundary conditions 

Boundary conditions in the dam-break problem can be expressed as following: 

For the free-surface: 

h h

h hv u
t t

∂ ∂
= +
∂ ∂

              (4.7) 

and at the bottom of the flow, 0u v= = . 

The stress equilibrium is defined as (Oldroyd, 1947): 

( ) 1 0ap p
R

σ γ− + − + ⋅ + =n 1 n n            (4.8)  
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where ap  is the atmospheric pressure, n the normal vector to the free-surface, σ  the 

stress tensor, γ  the surface tension and R the radius of curvature. By neglecting the 

interaction between fluid and the surrounding air, the normal component and the 

tangential component of the stress equilibrium become: 

Normal component: 

( ) 1 0ap p
R

σ γ− − − + ⋅ ⋅ + =n n n            (4.9) 

Tangential component: 

( ) 0p σ− + ⋅ ⋅ =n n t            (4.10) 

in which t represents the tangent vector to the free-surface. Oldroyd (1947) illustrates that 

equation (4.9) and equation (4.10) can be further developed by considering: 

( ) ( )
[ ]

( )

2

3/22

,  1 1

2

1

x x

xx x

h h

R h h

σ µ


= −∂ + ∂

 = ∇


  = ∂ + ∂ 

n

u            (4.11) 

where x∂  represents the partial derivative 
x
∂
∂

 and [ ]∇u  indicates the symmetric part of 

the flow velocity gradient (derivative with respect to position). Regarding equation 

(4.11), the normal component and the tangential component of the stress equilibrium can 

be rewritten as follow: 
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Normal component: 

( ) ( )
( ) ( )2

3 2
2 2

2 0
11

xx
a y x x x y x

x
x

hp p v h u h u v
hh

µγ ∂  − + − ∂ + ∂ ∂ − ∂ ∂ + ∂ = + ∂ + ∂ 

    (4.12) 

Tangential component: 

( ) ( ) ( )21 2 0x x y x y xh v u h v u − ∂ ∂ + ∂ + ∂ ∂ − ∂ =          (4.13) 

It should be noted that the surface tension can be neglected in terms of a small curvature 

or its small effects compared to the fluid pressure. 

4.2.4 Dimensionless formulation and Flow regimes 

To transform the governing equations into dimensionless expressions, the following 

dimensionless variables are defined as (Liu and Mei, 1990): 

( )
ˆˆ ˆ ˆ ˆ ˆ,   ,   ,   ,   ,   

cos
u v x y t t pu v x y t p
U V L H T L U gHρ α

= = = = = = =       (4.14) 

In addition to parameters from equation (4.15), the length scale ratio ε , the Reynolds 

number Re, the Froude number Fr and the capillarity number Ca are expressed as: 

( )
,    Re ,    Fr ,    Ca

cos
H UH U U
L gH

µε
µ ρ γα

= = = =        (4.15) 

Kapitza number Γ  which is the ratio between the surface tension and the kinematic 

pressure is also expressed as follow: 
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2

1
Re  CaU H

γ
ρ

Γ = =             (4.16) 

By substituting the aforementioned dimensionless variables into the governing equations, 

the continuity and the momentum equations become: 

Continuity: 

ˆ ˆ
0

ˆ ˆ
u v
x y
∂ ∂

+ =
∂ ∂

             (4.17) 

Momentum: 

( )
2 2

2
2 2 2

ˆ ˆ ˆ ˆReRe tanˆ ˆ ˆ ˆFr
du p u u
dt x x y

ε α ε ε∂ ∂ ∂ = − + + ∂ ∂ ∂ 
        (4.18) 

and, 

2 2
3 2 2

2 2 2

ˆ ˆ ˆ ˆReRe 1ˆ ˆ ˆ ˆFr
dv p v v
dt y x y

εε ε ε
 ∂ ∂ ∂

= − + + + ∂ ∂ ∂ 
        (4.19) 

Regarding the momentum equation, there is a balance between gravity acceleration, 

inertial term, pressure gradient and viscous dissipation. The orders of magnitude for these 

four factors are, respectively, ( )sinρ α , 2U Lρ , p L  and 2U Hη . Variety of flow 

regimes can occur depending on how these four terms reach a balance. Inertial regime, 

viscous regime, visco-inertial regime and hydrodynamic regime are the four prominent 

regimes that can be achieved during the aforementioned process.  
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1. Inertial regime: this regime happens when the inertial and pressure gradient are 

the dominant terms of same magnitude in momentum equilibrium. The final 

governing equations are the Euler equations which leads to:  

( )cosU gH α=   

This regime occurs when Re 1ε   and ( )Fr 1O= . 

2. Viscous regime (diffusive regime): in this regime, the pressure gradient and 

viscous stresses are the dominant terms which results to: 

( ) 3cosg H
U

L
ρ α

η
=   

To achieve this regime, inertial terms must be small compared to the pressure 

gradient and the slope has to be gentle ( ( )tan α ε ). The following constraints 

can be obtained: Re 1ε   and ( )2Fr Re 1O ε=  . 

3. Visco-inertial regime: this regime occurs when inertial and viscous terms have the 

same magnitude. As a result:  

1U
H
η

ε ρ
=   

The pressure gradient has to be small compared to the viscous stress which results 

in: 3gHη ερ  and Re 1ε   and ( )3Fr 1gHη ρε=  . 

4. The quasi steady uniform regime (hydrostatic regime): in this regime, the balance 

is between viscous term and gravity acceleration which results in: 

( ) 2sing H
U

ρ α
η

=   
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Inertia is negligible in this regime which indicates 1ε  , ( )2Re FrO=  and 

( )tan α ε . In term of a dam break involving a Newtonian fluid on a steep 

slope, this regime is the asymptotic regime observed at long times. 

Analytical solutions can be achieved for some regimes but when there is no dominant 

balance, the whole governing equations have to be solved. In the following sections, the 

solution for a viscous regime and also the solution based on the method of flow-depth 

averaged are discussed. 

4.2.5 Analytical solution for a viscous regime 

Regarding the definition of a viscous regime in previous section, one can conclude: 

2

2

ˆ ˆ
1     &     1

ˆ ˆ
u p

y y
∂

= − = −
∂

           (4.20) 

with ˆ 0p =  at the free-surface. As a result: 

( ) ( ) ( )sin
, , 2 ,

2
g

u x y t y h y
ρ α

µ
= −           (4.21) 

( ), , 0,v x y t =              (4.22) 

( ) ( )( ), , cos ,p x y t g h yρ α= −           (4.23) 

( ) ( )2 sin1,
3

gh
u x t

ρ α
µ

=            (4.24) 

Regarding equations (4.21) to (4.24), the equation of motion becomes: 
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( )

( )

3

2

0,  or

sin1 0,  or
3

sin
0

h hu
t x

gh h
t x

ghh h
t x

ρ α
µ

ρ α
µ

∂ ∂
+ =

∂ ∂
∂ ∂

+ =
∂ ∂

∂ ∂
+ =

∂ ∂

          (4.25) 

It should be noted that equation (4.25) is a non-linear diffusion equation of the form 

( ) 0t xh c h h∂ + ∂ =  with ( ) ( )2 sinc h ghρ α µ=  or ( ) 0t xh f h∂ + ∂ =  with

( ) ( ) ( )3 sin 3f h ghρ α µ= . 

4.2.5.1 Huppert’s solution 

Huppert (1982a) proposed a solution for the dam break on horizontal beds with the 

assumption that the surface tension can be neglected. In the same year, Huppert (1982b) 

generalized his solution by considering the factor of bed slope into equations. Huppert’s 

solutions have been studied by other researchers since then (e.g., Didden and Maxworthy, 

1982; and McCarthy and Seymour, 1993). 

Horizontal bed: 

In Huppert’s solution of dam-break on a horizontal bed, the height of the surge is given 

by: 

( )
1

15
2 3 2 5, 3           f f

f

h x t q t x x
g
ν ηη φ

η
−  

= ∀ <       
        (4.26) 
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where q is the flow section, µν
ρ

=  is the dynamic viscosity, h is the depth of the surge as 

illustrated in Figure 4-3, and: 

1
13 5
51

3
qg xtη
ν

−
− 

=  
 

            (4.27) 

in which fη  is the value of η  at ( )fx x t=  as follow: 

3
1 5113

32

5
6

3
10 1.411

5
f

π
η

−
 
  Γ   = ≅ 
 Γ
  

          (4.28) 

 

Figure 4-3: Sketch of the flow surge (Huppert, 1982a). 
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The function ( )φ χ  is shown in Figure 4-4 and describes the shape of the free surface as 

follow: 

( ) ( )
1

13 2 33 1
10

φ χ χ = − 
 

          (4.29) 

In conclusion, the front position is given by: 

( )
1

13 5
51

3f f
qx t g tη
ν

 
=  

 
           (4.30) 

 

 

Figure 4-4: The depth profile of viscous flows in dimensionless numbers (Huppert, 

1982a). 
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Inclined bed: 

Huppert (1982b) presumed the same assumptions as those used for the horizontal bed. 

The flow profile then is defined as: 

( ) ( )

1
1 12
2 2,           

sin fh x t x t x x
g

ν
α

− 
= ∀ <  
 

         (4.31) 

and the front position is given by: 

( ) ( )
1

2 13
3

9 sin
4f

q g
x t t

α
ν

 
=  
 

           (4.32) 

4.2.5.2 Debiane’s solution for a horizontal bed 

Debiane (2000) offered a set of simplified equations based on Huppert’s approach for the 

horizontal bed. Although Debiane considered the same assumptions as Huppert, but the 

solution differs moderately. The following dimensionless parameters are defined: 

3

2
ˆ ˆˆ ˆ,      x ,      t ,      

12
f

f

xh x gHh t x
H L L L

ρ
µ

= = = =         (4.33) 

in which H represents the flow depth at time 0t =  and L the length of reservoir (dam) 

along the x-axis (see the Figure 4-2). Debiane also employed a new dimensionless 

Reynolds number as follow: 

5 1
2 2

Re H g
L

ρ
µ

=             (4.34) 
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Debiane’s solution takes the following form: 

( )ˆ ˆ ˆ ˆˆ ˆ ˆ( , ,Re) ,           ,Ref fh h x t x x t= =           (4.35) 

For a time 4 2ˆ 0.037 3.61 10 Ret −> + × , the front position fx  can be calculated by: 

( ) ( )
1

4 2 5ˆ ˆˆ 1.862 0.069 3.61 10 Re ,fx t t −= + − ×          (4.36) 

and: 

( ) ( ) ( )

1
2 3

ˆ1ˆ ˆˆ ˆ ˆ, 1            ˆ ˆˆ ˆ0.841 f
f f

xh x t x x
x t x t

  
 = − ∀ <     

       (4.37) 

4.2.6 Analytical solution based on flow-depth averaged equations 

The shallow-water equations have been employed in various studies to describe variety of 

natural flows such as flash floods (Hogg and Pritchard, 2004), snow avalanches (Bartelt 

et al, 1999) and lava flows (Griffiths, 2000). The shallow-water equations are derived 

from the depth-integrating the Navier-Stokes equations and was first introduced by Saint 

Venant (1871) to calculate flood propagation down the rivers. Thereafter, Ritter (1892) 

applied the shallow-water equations to strongly time-dependent flows such as waves 

caused by a dam-break. The shallow-water equations can be expressed in form of 

continuity and momentum equations as follow: 
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Continuity: 

0h hu
t x

∂ ∂
+ =

∂ ∂
            (4.38) 

Momentum: 

( ) ( )
2

sin cos xx
b

hhu hu hgh g
t x x x

σρ ρ α α τ
  ∂∂ ∂ ∂

+ = − + −  ∂ ∂ ∂ ∂ 
      (4.39) 

where ( ),h x t  represents the height of the flow, ( ),u x t  the depth-average velocity of the 

flow, ρ  the depth-average density of the fluid, α  the slope angle and bτ  the bottom 

shear stress. The pressure is considered as a first order hydrostatic as follow: 

( ) ( )cosp g h yρ α= −            (4.40) 

A depth-averaged function can be defined as: 

( ) ( ) ( )( ),

0

1, , ,  
,

h x t
f x t f x y t dy

h x t
= ∫           (4.41) 

By employing Boussinesq momentum coefficient, the mean velocity u  is related to the 

mean square velocity 2u , as follow: 

( )
2

2 2 2

0 0

1 1      &     1 1
h h uu u y dy u dy

h h u
β β  = = = + − 

 ∫ ∫         (4.42) 

where parameter β  is called a shape factor and set to unity for most of the time. 
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Analytical solutions can be achieved for the Saint-Venant equations by using self-similar 

solutions or by the method of characteristics. 

Debiane (2000) proposed a set of simplified equations based on the kinematic-wave 

approach employed by Hunt (1994) for an inclined bed. A procedure based on 

perturbation method was undertaken to reach the analytical solution for the body and 

head (outer and inner solutions, respectively). Debiane introduced the following 

dimensionless parameters: 

( )3

2

cosˆ ˆˆ ˆ,      x ,      t ,      
12

f
f

xgHh xh t x
H L L L

ρ α
µ

= = = =        (4.43) 

The final solution is obtained from the inner and outer solutions (Figure 4-5). 

 

 
Figure 4-5: Debiane’s solution for ˆ 1L =  at time ˆ 1t = . 
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The free-surface can be calculated as follow: 

( )
1
2ˆˆ ˆˆ, ˆ ˆ12i

xh x t
Lt

 =  
 

            (4.44) 

The front position for the outer solution is defined as: 

( ) ( )
1

12 3
327 ˆ ˆˆ ˆˆ 2

4Fkx t L L t = − 
 

           (4.45) 

By substituting equation (4.45) into equation (4.44), the height of the front is calculated 

as: 

( )
1
3ˆ2ˆ ˆ

ˆ ˆ16Fk
Lh t

Lt
 −

=  
 

            (4.46) 

Since this solution lacks a physical meaning at the front of the surge, Hunt (1994) 

proposed an inner solution by employing the perturbation method as follow: 

( )( ) ( ) ( )
( ) ( )( ) ( )ˆ ˆ ˆ ˆˆ ˆ ˆ

ˆˆ ˆˆ ˆ ln ln 4 1ˆ ˆˆ2 2
Fk Fk Fk

Fk
Fk

h t h t h h t
L x x t h

h t h

 −
 − = + + −
 + 

      (4.47) 

By considering ˆ 0h = , the position of the front can be obtained as: 

( ) ( ) ( )( ) ( )ˆ ˆ
ˆ ˆˆ ˆ ln 4 1 ˆ2

Fk
f Fk

h t
x t x t

L
= + −           (4.48) 

Equation (4.47) can be approximated by employing a 4th order development ( )4ˆO h  

which results to: 
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( )
1

2 3ˆ ˆ ˆ ˆ ˆ3  Fk fh h L x x ≈ −             (4.49) 

which is only accurate near the front. Finally a composed solution is achieved as: 

( )
ˆ ˆ ˆ ˆ      0ˆ ˆˆ,
ˆ ˆ                     0
i e Fk

e

h h h
h x t

h

ξ

ξ

 + − ≤= 
>

          (4.50) 

in which ˆ ˆ ˆFkx xξ = − . 

4.3 Experimental Approach for the Dam-Break of a Newtonian Viscous Fluid 

4.3.1 Introduction 

The purpose of this section (section 4.3) is to describe the experimental procedures used 

for modeling the dam-break problem. A considerable number of studies to describe 

gravity-driven flow have been performed over the last 40 years. Majority of these models 

are based on equations similar to Saint Venant equations of motion which have been 

employed in hydraulics to calculate flash floods (Iverson, 1997; Ancey, 2001). There are 

some issues with this approach that may affect the accuracy of the results. The main 

problem arises from this method could be related to the strong time dependency of the 

gravity-driven flows while the Saint Venant equations are valid for regimes close to a 

steady flow. Regarding this matter, researchers began simulating avalanches of fluid in 

the laboratory which allows them to investigate the fluid flow in a well-controlled 

environment. The following sections (4.3.1 and 4.3.2) describe the experimental studies 

conducted by Cochard (2007) and Ancey et al. (2009). First, the experimental facility and 

procedure is explained and then the material which was used for those studies.  
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4.3.1 Experimental facility and Procedure 

The model was constructed with a metal frame supporting an inclined plane, a horizontal 

plane (run-out zone) and a reservoir, as illustrated in Figure 4-6. The length, width and 

height of this structure were 6, 1.8 and 4 meters, respectively. An electric motor provided 

the power to tilt the 4 meters long aluminium plane from 0 to 45 degrees. The inclination 

angle was measured by a digital inclinometer with a precision of 0.1 degree. To obtain an 

adequate rigidity regarding the stiffness of the inclined aluminium plate, it was built with 

6 millimeters thickness and supported by a frame made out of profiled aluminium beams 

(with cross section of 240 80 mm× ). 

The canals were provided from PVC (Polyvinyl Chloride) and were placed on the 

inclined plane to restrain the lateral spreading of the fluid in the cross-stream direction. 

These canals had variety of widths and shapes and could be inclined from 0 to 45 degrees 

through the inclination of the aluminium plane. Same as the canals, the reservoir was also 

built from PVC and in variety of volumes and shapes. The reservoir was located at the 

top of the inclined plane behind the dam wall, with the maximum capacity of 120 kg of 

fluid. 

The gate of the dam was made out of 21.6 0.8 m×  ultra-light carbon plate with 4 

centimeters thickness. The gate was built from ultra-light material to decrease the effect 

of dam-gate inertia and plane vibration as much as possible. Two pneumatic jacks were 

employed to lift the gate up to 30 centimeters within 0.8 seconds. To control the 

movement of these jacks, two electromagnetic sensors were installed at the tip of each 

jack.  
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Figure 4-6: Cochard (2007) and Ancey et al. (2009) dam-break model, a) Schematic 

perspective of the facility, b) Sketch demonstrating the flow configuration. 
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The horizontal run-out zone was built 1.5 meters long and 1.8 meters wide and was 

connected to the inclined aluminium plane by an impermeable plastic joint. The run-out 

plane was installed to force the flowing material into a deposition state which would 

make it more convenient to collect the fluid and clean the apparatus. 

Each test began with pouring the fluid into the reservoir while the inclined aluminium 

plane was still in a horizontal position. After filling the reservoir to the assigned volume, 

the aluminium plane was then inclined to the given angle. Subsequently, the fluid was left 

at rest until its free surface become horizontal. Following the initial preparations, the gate 

was lifted and the fluid commenced to accelerate and flow. The motion of the fluid was 

recorded by a digital camera. The camera and the projector were installed on a different 

frame which was separate from the main frame. At the end of each test, the fluid was 

removed from the canal and the plane was thoroughly cleaned out. 

4.3.2 Material 

Cochard (2007) and Ancey et al. (2009) used highly concentrated glucose-water solutions 

as a Newtonian fluid for their experiments. The reasons for using glucose syrup instead 

of industrial oils can be summarized as follow (Ancey et al., 2009): 

1. Glucose syrup is a non-toxic material. 

2. It is easy to clean the flume from the glucose syrup by simply using hot water. 

3. Glucose syrup is relatively inexpensive. 

4. Glucose syrup can be colored in white using titanium dioxide, which is essential 

to enhancing contrast for image processing. 
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To prepare the glucose syrup, 75 kg of dextrose monohydrate was melted in an oven at a 

temperature of 130 °C; until it was fully liquid and homogeneous with no crystals. Then 

deionized water was added as the solvent to reach a mass concentration of 95.8% which 

results in reaching viscosities close to 350 Pa s (at 20 °C). To make the syrup white, a 

small amount of titanium dioxide (50 grams) was mixed with the solution. The solution 

was then cooled down to 20 °C as quickly as possible to avoid crystallization. For 

performing each test, a mass of approximately 50 kg was poured into the reservoir. All 

experiments were implemented in a laboratory with constant temperature and humidity. 

Table 4-1 summarizes the value of the parameters for each experimental run with slope 

ranging from 0° to 24°. It should be noted that the surface tension and density of the 

syrup were 0.06 N mγ =  and 31420 kg mρ = , respectively (Cochard, 2007; Ancey et 

al., 2009). 

Table 4-1: Experimental parameters (Cochard, 2007) 

 

In Table 4-1, 0h  is the flow depth when the dam is in horizontal position while H is the 

flow depth at the dam gate when the canal is inclined. It is worth mentioning that the 

Reynolds number was close to 10-2 while the capillary number was of the order of 200. 
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4.4 Model Application and Results 

In order to investigate the capability of the proposed weakly-compressible MPS method 

for modeling the gravity-driven flows of a Newtonian viscous fluid, ten different cases 

(two cases for each and every slope angle) were simulated. In this study, the gravity-

driven dam-break problem solved by WC-MPS method is compared and evaluated by 

experimental studies (Cochard, 2007; and Ancey et al., 2009) and analytical solutions 

(Huppert, 1982a; Huppert, 1982b; and Debiane, 2000). Table 4-2 summarizes the 

characteristics of each model which was simulated in this study. It should be noted that 

for a thorough evaluation, the following models were built and simulated according to the 

experimental setups and data. 

Table 4-2: Case history of the simulations 

 

As noted in Table 4-1, H is the flow depth at the dam gate when the canal is inclined. The 

initial particle distance or particle size for all the cases was 0.01 m and all the particles 

were distributed uniformly (Figure 4-7). The initial pressure of all the fluid particles and 

also vertical boundaries was set to be hydrostatic. The pressure of the wall particles along 

the inclined bed was calculated and then extrapolated to the three layers of the ghost 

particles. No slip boundary conditions were applied to the wall particles as the solid 

boundaries. It should be noted that in all the models, the height of the vertical walls was 

0.5 m and the length of the canal 3 m. 
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Figure 4-7: Dam-break initial setup, a) Horizontal bed, b) Inclined bed with a slope of 

18°. 

 

The initial setups for the entire cases are presented in Appendix A. In the simulations, 

two different procedures regarding the gate removal were examined. In the first method, 

the gate is assumed to be removed instantaneously when the calculation starts (at t=0). In 



 

76 
 

the second technique, the gate opens similar to the experimental studies. In this approach, 

a restrictive condition perpendicular to the bed is defined which forces the fluid to 

undergo a situation similar to an actual gate removal. In the experiments, the opening 

speed of the gate is 0.375 m s which is used for the simulations as well. To avoid any 

confusion while the results are being discussed, the first method (WC-MPS method) is 

simply called by method1 and the second one (WC-MPS method with gate) by method2.  

To evaluate the results obtained from method1 and method2, the front wave propagation 

over time is compared to the experimental studies conducted by Cochard (2007) and 

Ancey et al. (2009) and analytical solutions predicted by Huppert (1982a and 1982b) and 

Debiane (2000). Before addressing and discussing the abovementioned comparison, flow 

depth profiles obtained from method1 and method2 for inclination equal to 6° and 24° are 

illustrated through Figures 4-8 to 4-11. For each angle, two profiles are presented at two 

different times, 0.5 and 20 seconds.  

 

Figure 4-8: Flow depth profile for inclination equal to 6°, method1. 
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Figure 4-9: Flow depth profile for inclination equal to 6°, method2. 

 

 

 

Figure 4-10: Flow depth profile for inclination equal to 24°, method1. 
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Figure 4-11: Flow depth profile for inclination equal to 24°, method2. 

 

4.4.1 Dam-break problem on the horizontal bed 

For the horizontal case (Figure 4-8), both analytical solutions lead to similar results. The 

front wave propagation varies, as predicted by the analytical solutions, as a function of 

1 5t  but with different coefficients. For early times, method1 is superimposed on 

analytical solutions, but gradually inclines towards the experimental results. On the 

contrary, method2 is superimposed on experimental results for the early times but 

gradually deviates from it.  

The difference between the results for early times could be explained by two factors. The 

first factor is related to the friction between the fluid and side-walls which has not been 

considered in the analytical approach or WC-MPS method (Cochard, 2007). This issue 

arises since both the analytical and WC-MPS methods solve the dam-break problem in a 

two-dimensional space and do not consider the effect of side walls. 
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Figure 4-12: Front wave evolution on a slope of 0°. 

 

The second factor is the impact of gate opening on the fluid motion. In analytical solution 

and method1 the gate is removed instantaneously at time 0t =  which allows the fluid to 

flow without any hindrance, unlike the experiment and method2 where the gate opening 

takes place, which force the fluid to undergo a different flow pattern. This subject is 

illustrated for t=0.5s in Figure 4-9. 

With further development of the flow, results from method1 start to deviate from 

analytical solution and approach the experimental data. This behavior could be explained 

regarding the difference in assumptions. The analytical solutions consider the dam-break 

case as a steady state flow (infinite dam-break), whereas this problem contains the 

characteristics of a transient flow. Regarding this fact, results from method1 eventually 

incline towards experimental data. 

A similar pattern is observed regarding method2 and experimental results. Results from 

method2 start to depart from experimental findings over time. This conduct is a result of 
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friction factor exerted by the bed which was not applied to WC-MPS method. According 

to Figure 4-8, results obtained by WC-MPS method for the dam-break of a viscous fluid 

on a horizontal bed, are consistent with analytical approach and experimental studies. In 

the following sections, the dam-break case over inclined beds is discussed.  

 

 

 

Figure 4-13: Sketch of fluid flow for the horizontal case at time t=0.5s, a) method1 with 

instantaneous gate removal, b) method2 with the gate opening similar to the experimental 

studies. 
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4.4.2 Dam-break problem on a gentle slope (6 degrees) 

In regards to inclined beds, first the front wave evolution for the channel inclined at 6° is 

presented. Figure 4-10 demonstrates the WC-MPS method front waves (obtained from 

method1 and method2) as well as experimental studies and those predicted by analytical 

approaches on a slope of 6°. 

As it is evident by Figure 4-10, analytical predictions show a different pattern in early 

stage of flow development compared to the horizontal case. Huppert’s approach 

illustrates a slower trend where Debiane’s solution indicates a faster flow development. 

These discrepancies can be explained by the different assumptions and mathematical 

procedures which Huppert and Debiane employed. In Huppert’s solution, viscous stresses 

are the dominant term in the momentum equation whereas gravity acceleration is the 

dominant term in Debiane’s approach. 

Method1 and method2 from WC-MPS method show a similar behavior as the horizontal 

case in early and also further development of the flow. 

 

Figure 4-14: Front wave evolution on a slope of 6°. 
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4.4.3 Dam-break problem on steep slopes (12, 18 and 24 degrees) 

In regards to steep slopes, the front wave evolution for the channels inclined at 12, 18 and 

24 degrees are discussed. Figures 4-11, 4-12 and 4-13 present the WC-MPS method front 

waves (obtained from method1 and method2) as well as experimental studies and those 

predicted by analytical approaches for the channels inclined at 12°, 18° and 24°, 

respectively.  

Similar to the horizontal case, the experimental front positions show a delay in early 

stage of flow development compared with WC-MPS results and analytical solutions. This 

delay can be explained by the friction exerted from side-walls to the material and since 

the flow depth is comparable to its width, the effect of this friction is more apparent at 

this stage. 

 

 

Figure 4-15: Front wave evolution on a slope of 12°. 
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Figure 4-16: Front wave evolution on a slope of 18°. 

 

 

 

Figure 4-17: Front wave evolution on a slope of 24°. 
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In aforementioned figures, method1 and method2 illustrate different front wave positions 

which are related to the dissimilar techniques employed for gate removal. The influence 

of gate on development of the flow current for the channel inclined at 18° is shown in 

Figure 4-14. Effect of gate removal on development of flow pattern for the entire cases is 

illustrated in Appendix B. 

With further development of the flow, method1 and method2 from WC-MPS method 

show a similar behavior as the horizontal case. Method1 begins a gradual deviation from 

the analytical predictions while method2 diverges from experimental front positions. The 

divergence between experimental results, analytical predictions and WC-MPS method 

originates from the different assumptions and conditions in solving the dam-break 

problem. As mentioned before, assumption of an infinite dam-break and also lack of 

friction factor result in a faster front position for the analytical solutions, whereas WC-

MPS method was able to obtain more realistic results especially by considering the effect 

of gate opening. 
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Figure 4-18: Development of fluid flow for the channel inclined at 18°  at time t=0.5s, a) 

method1 with instantaneous gate removal, b) method2 with the gate opening similar to 

the experimental studies. 
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4.5 Discussion and Analysis 

In this section, the results obtained with the WC-MPS method in section 4.4 are 

discussed. First, the discrepancies between analytical solutions, experimental data and 

WC-MPS results are addressed and then the effect of bed slopes on development of 

different flow patterns is discussed. 

4.5.1 Discrepancies between analytical solutions, experimental and WC-MPS results 

In fluid mechanics, the validity of analytical and numerical solutions for a specific flow 

problem has to be proved by comparing with the corresponding experimental data. This 

comparison is important because considerable simplifications are made in obtaining 

analytical and numerical solutions for flow problems. Neglecting surface tension and 

contact line effects, neglecting bed roughness and friction, assuming a hydrostatic 

pressure and assuming a steady state flow in case of a transient flow; are the examples of 

abovementioned simplifications. Regarding simplifications and assumptions, there are 

four factors in this study which can be discussed: friction between the fluid and the side-

walls, effect of gate opening, assumption of steady state flow and bed roughness.  

During the early stage of dam-break, friction between the fluid and the side-walls and 

also gate removal can influence the initial development of the flow. The effect of friction 

exerted from side-walls to the material is just limited to the early stage because the flow 

depth is comparable to its width at the beginning of dam-break. Lobovský et al. (2014) 

indicate the importance of gate removal and its velocity in their study. According to 

them, the most important initial condition for the dam-break problem is the velocity of 

gate removal. The act of gate removal imposes a strong shear and a vertical jet to the 
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fluid which alter the shape of the free surface close to the gate. Due to the adhesion 

between the fluid and the surface of the gate, a rolling wave is created which travels 

towards the upstream (Lobovský et al., 2014). Shortly after the gate is completely 

opened, the main bulk of fluid will travel downstream and the free surface becomes 

smooth. From this moment onwards the entire phenomenon does not induce any 

significant waves and a convex parabolic shaped profile will be formed. The tip of this 

parabolic shaped front becomes sharper with an increased distance from the dam 

reservoir (Lobovský et al., 2014). One of the advantages of the proposed WC-MPS 

method is the ability of this approach to consider the gate removal which leads to a more 

realistic result. 

After the early stage of the dam-break, assumptions of steady state flow and bed 

roughness are the dominant factors in development of the flow. Analytical approaches 

consider the flow as a steady state flow which allows them to solve the problem by 

assuming a hydrostatic state. The hydrostatic condition simplifies the Navier-Stokes 

equation and as a result the gradient of pressure becomes only a function of body forces. 

This assumption will not hold during the very early phases of the flow development in 

the dam-break case. One of the advantages of WC-MPS method compared to analytical 

approaches is considering the characteristic of a transient flow into its solution procedure. 

In the case of bed roughness and friction factor, both the WC-MPS method and analytical 

predictions suffer a deficiency in their procedures. Dam-break problem is an unsteady 

non-uniform flow phenomenon in which, one of the key process parameters is friction 

factor. The friction factor can be used to calculate bottom shear stress and must be 

measured within the thin sub-layer close to the channel bed. This factor is frequently 
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either not described or its dynamic behavior is ignored (Schlütter, 1999). Although drag 

forces from bed roughness are often considered negligible in sufficiently deep flows, but 

these forces significantly affect the motion close to the front of flow where the depth of 

the moving layer becomes small (Hogg and Pritchard, 2004). Hogg and Woods (2001) 

demonstrated that although the initial development of fluid flows may be independent of 

basal drag, but later on the flows become strongly influenced by drag forces. Regarding 

this matter, the main difference between WC-MPS method and experimental studies can 

be explained by the bed friction factor which should be taken into account in future 

studies. 

Table 4-3 summarizes how the analytical, experimental and WC-MPS methods consider 

the four aforementioned factors. 

Table 4-3: Comparison between different methods and their assumptions 

           Factors 

 

Method 

Friction 

exerted from 

side walls 

Effect of 

gate opening 

Steady state 

flow (infinite 

dam-break) 

Bed 

roughness 

Analytical No No Yes No 

Experimental Yes Yes No Yes 

WC-MPS No Yes No No 
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4.5.2 Effect of bed slopes on development of different flow patterns 

According to Figure 4-15, several flow features can be observed through investigating the 

front wave evolution for different channel inclinations. For a channel with small 

inclination, the hydrodynamic regime occurs when gravity, pressure gradient and 

viscosity reach equilibrium. During the initial stages of the flow formation, the pressure 

gradient dominates gravity acceleration which results in a large flow profile curvature. 

During this phase, the front position changes similar to the horizontal dam-break case as 

a function of 1 5t . 

With evolution of the flow, the fluid spreads along the bed and allows the gravity term to 

become equal and then greater than the pressure term. During this stage, the dominant 

flow regime changes from a balance between gravity and pressure terms to a balance 

between gravity acceleration and viscous term. Throughout this transition, the flow 

reaches a balance between pressure gradient, gravity and viscosity. After the flow 

reached the balance between gravity acceleration and viscous term, the front position 

becomes a function of 1 3t .  

With increasing the slope, gravity acceleration rapidly becomes dominant to pressure 

gradient which leads to a shorter time for a balance between pressure gradient and 

viscosity. As a result, in larger inclinations compared to smaller ones, the front position is 

a function of 1 5t for a less limited time frame. Similar to the small inclinations, the flow 

passes through a transition to reach a balance between gravity acceleration and viscosity, 

in which, flow regime reaches a balance between pressure gradient, gravity acceleration 

and viscous term. After this phase, the dominant regime becomes a balance between 
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gravity acceleration and viscosity where the front position becomes a function of 1 3t . Yet 

again, it takes more time to reach this regime at lower slope angle. 

 

 

Figure 4-19: Effect of bed slope on dam-break problem 
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Chapter 5: Conclusion and Recommendations 

5.1 The Current WC-MPS Method 

The objective of this thesis was to develop and apply the weakly-compressible moving 

particle semi-implicit method for simulation of free-surface flows. This study aimed to 

examine the capability of the WC-MPS method to model the effect of bed slope on the 

dam-break problems of highly viscous fluids. WC-MPS method is a modified version of 

the original MPS method which was first introduced by Koshizuka et al. (1995) to 

simulate fluid flow problems. The weakly-compressible model in this study was first 

applied to a highly viscous horizontal dam-break problem and later on dam-breaks along 

various inclined beds. The proposed model was further modified to simulate the effect of 

gate removal for horizontal and inclined cases to obtain a more realistic solution. The 

major accomplishments of this study can be summarized as follow: 

1. Evaluation of the proposed weakly-compressible MPS method to simulate free-

surface highly viscous fluid flow in an open channel. For this purpose, dam-break 

problem on a horizontal plane was simulated and the results were compared and 

confirmed with analytical predictions and experimental studies. The comparison 

was made through investigating the evolution of front wave obtained by the 

model. 

2. Application of the proposed weakly-compressible MPS method to the dam-break 

problem along four inclined channels (6, 12, 18 and 24 degrees). The model was 

applied to study the flow of a highly viscous fluid over inclined beds and then 

examined the effect of various slopes on the evolution of gravity-driven flows. 
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The regimes predicted by Nakaya (1974), Huppert (1982) and Hunt (1982 and 

1984) were observed by comparing the WC-MPS results with analytical solution. 

A pressure gradient/viscosity regime, a transition regime and a gravity/viscosity 

regime. Results obtained from WC-MPS method showed a delay according to 

analytical predictions which can be explained by the transient characteristic of the 

dam-break problem which is not considered in the analytical solutions. 

3. Application of the gate opening process to the aforementioned dam-break cases to 

study the effect of gate removal on evolution of front wave. The new results 

obtained from WC-MPS method were compared with the experimental studies. 

The comparison illustrated a significant change in results which was validated by 

the experimental data. Considering the process of gate opening in the simulations 

resulted in models more similar to the experimental studies. The results obtained 

from experiments showed a slower evolution of the flow which can be explained 

by friction factor exerted by side walls and bed to the fluid. The friction factor 

was not considered in the dam-break cases simulated by WC-MPS method.  

5.2 Recommendations 

Based on the research work conducted for this study, the following recommendations are 

concluded: 

1. Although the simulation results obtained from different bed slopes show the 

ability of WC-MPS model to simulate open channel problems for a highly viscous 

fluid, a more thorough process is required to consider the characteristic of the free 
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surface particles. A further improvement on treatment of the free surface particles 

can lead to a more smoothed free surface and also a more precise simulation. 

2. Regarding the comparison with experimental studies, a technique is needed to 

consider the effect of friction into the simulations. A more comprehensive model 

can be employed to define the interaction between the fluid and solid boundaries 

such as walls or beds. This consideration will improve the simulations and lead to 

obtain results closer to real scenarios in the environment. 

3. There exist some more advance search algorithm (e.g., the tree search and the 

Bucket algorithm) that can be used for the MPS method that even have a lower 

order of computations. These methods can be used to increase the efficiency of 

the model in the future studies. 
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Appendix A 

 

Initial Setup: 

 

 

 

Table A.1: Case history of the simulations: H is the flow depth at the dam gate when the 

canal is inclined. 
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A.1 Channel slope angle: 0° 

 

 

Figure A.1: Initial setup for the horizontal dam-break case. 
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A.2 Channel slope angle: 6° 

 

 

Figure A.2: Initial setup of the dam-break case for the channel inclined at 6°. 
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A.3 Channel slope angle: 12° 

 

 

Figure A.3: Initial setup of the dam-break case for the channel inclined at 12°. 
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A.4 Channel slope angle: 18° 

 

 

Figure A.4: Initial setup of the dam-break case for the channel inclined at 18°. 
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A.5 Channel slope angle: 24° 

 

 

Figure A.5: Initial setup of the dam-break case for the channel inclined at 24°. 
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Appendix B 

 

Effects of different gate removal techniques on development of flow pattern 

at early stages for a viscous Newtonian fluid in WC-MPS method. 
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B.1 Channel slope angle: 0° 

 

 

 

Figure B.1: View of fluid flow for the horizontal case at time t=0.5s, a) method1 with 

instantaneous gate removal, b) method2 with the gate opening similar to the experimental 

studies. 
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B.2 Channel slope angle: 6° 

 

 
Figure B.2: View of fluid flow for the channel inclined at 6°  at time t=0.5s, a) method1 

with instantaneous gate removal, b) method2 with the gate opening similar to the 
experimental studies.  
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B.3 Channel slope angle: 12° 

 

 
Figure B.3: View of fluid flow for the channel inclined at 12°  at time t=0.5s, a) method1 

with instantaneous gate removal, b) method2 with the gate opening similar to the 
experimental studies.  
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B.4 Channel slope angle: 18° 

 

 
Figure B.4: View of fluid flow for the channel inclined at 18°  at time t=0.5s, a) method1 

with instantaneous gate removal, b) method2 with the gate opening similar to the 
experimental studies.  
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B.5 Channel slope angle: 24° 

 

 
Figure B.5: View of fluid flow for the channel inclined at 24°  at time t=0.5s, a) method1 

with instantaneous gate removal, b) method2 with the gate opening similar to the 
experimental studies. 
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