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ABSTRACT 

Yongxin County is located in the west of Jiangxi Province, China, within the middle 

reaches of the Heshui River Basin. The Heshui River provides the primary water resource 

for local economic activities. In recent years, there has been an increase in water demand 

in Yongxin County due to rapid economic development and rapid population growth. 

Water quality management has also been a major concern for local governments, which is 

not only affecting economic development but also threatening the sustainability of water 

resources. The local area has encountered local economic development problems with 

environmental concerns about water shortages and pollution. This research intends to 

provide strategies for supporting sustainable planning within the basin in the County under 

uncertainties, focusing on integrated water resources management.  

An inexact two-stage fuzzy gradient chance-constrained programming (ITSFGP) method 

for water resources management is proposed to analyze the tradeoffs between economic 

development and environmental policies. The uncertainties associated with decision 

makers’ preferences are expressed as fuzzy sets to quantitatively reflect the 

interrelationships between system benefits and violation risks. To better examine the 

multiple objectives and uncertainties in the water management system, an inexact two-

stage fuzzy gradient chance-constrained fractional programming (ITSFGFP) water 

resources management model is developed. The proposed model is capable of 

incorporating ratio optimization and measuring system efficiency.  

The results show that the priority of local development should be fisheries, forestry and 

industrial activities. Subareas 1, 3 and 4 would be dominant sectors in local economic 
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income. Portions of cropping and livestock, such as paddy and pig farming should be 

limited when the water supply is insufficient. When the decision makers prefer to be 

optimistic, the economic development of subareas 1, 3 and 4 should be considered first. If 

the decision makers wish to be conservative, the economic development of subareas 2 and 

5 would be prior. When considering both economic development and water conservation 

objectives, the development of paddy and dry framing in subarea 1 and pig farming in 

subarea 1 and 3 should be limited. This study provides a valuable scientific basis for local 

sustainable development, especially for water resources and water quality management. 
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1. Introduction 

Yongxin County, is located within the middle reaches of the Heshui River Basin. It 

belongs to Ji’an City, in the west of Jiangxi Province in China. The Heshui River, a 

tributary of the Ganjiang River, originates in Wugong Mountain, and goes through 

Lianhua County, Yongxin County, and Jian County from the west to the east, flowing into 

the Ganjiang River (Mance, 2007). The Heshui River is Yongxin’s major water source, 

supporting water consumption of local economic and municipal activities. The main 

economic activities contributing to the local economy include cropping, fisheries, 

livestock husbandry, forestry and industrial activities.  

As the economic development of Yongxin County and local population rapidly 

increase, the economic activities have been expanding each year, resulting in significant 

threats to the environment. There has been an increase in water demand in Yongxin County 

due to the expansion of economic activities, resulting in a severe shortage of water in the 

local area. Existing water planning patterns cannot satisfy the economic production 

structures due to variable and insufficient incoming water. Water shortages and 

unreasonable water allocation patterns can also cause water quality problems, such as soil 

loss, high nutrients discharge (eutrophication), and high oxygen content in river bodies. 

The need to optimize economic production patterns and reasonable water allocation 

strategies for water resources based on the regulated economic production target is urgent 

for the Heshui River of Yongxin County to support sustainable economic and 

environmental development. 

Meanwhile, due to random features of future events and dynamic inherent 
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uncertainties in environmental systems, the water resources and quality management 

system is fraught with multiple complexities and uncertainties. A number of challenges, 

such as data availability, algorithmic analysis of solutions, computational requirements, 

and results analysis, still need to be addressed when developing environmental 

optimization models and limit the practical applications of the models. Many factors, such 

as water quality standards, might be easily biased by decision makers. Multiple conflicting 

objectives, such as maximizing the system benefit and minimizing water consumption, are 

simultaneously considered by water managers for governing real-world water systems. 

The previous studies cannot effectively reflect the interactive effects among a variety of 

uncertainties, and rarely tackled multi-types of uncertainties coexisting within an 

individual parameter. The methods do not adequately explore the interrelationships among 

multiple objectives, system efficiency analysis, and the desired preferences of decision 

makers under high level of multi-uncertainties. Therefore, it is necessary to achieve 

effective environmental management decision support to ensure regional sustainable 

economic development and environmental conservation, comprehensively accounting for 

various uncertainties, multiple conflicting objectives and the characteristics of decision 

makers.  

This study assesses recent environmental conditions in the Heshui River Basin, and 

investigates the environmental effects of planned economic activities. The study aims to 

generate effective optimization planning for water resources management, incorporating 

hybrid mathematical programming methods involving multiple objectives and 

uncertainties due to the complexities of the Heshui River system. Systematic planning of 

economic production patterns and water allocation schemes, and water quality constraints 
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will be incorporated within an optimization framework. The study will effectively tackle 

the interaction between pre-regulated economic benefits and the associated environmental 

penalties attributed to water allocation schemes, and reflect the tradeoffs between 

economic revenues and system-failure risk. 

An inexact two-stage fuzzy gradient chance-constrained programming (ITSFGP) 

water resources management model was developed to optimized water resources 

allocation and thus maximize the system net benefit under satisfied water quantity and 

water quality constraints. The ITSFGP model is capable of accounting for various 

uncertainties that existing in the water resources management system in Yongxin County 

For instance, both spatial uncertainties and temporal variations exist simultaneously in 

system components, such as economic production targets, system benefits and penaltis. 

The uncertainties associated with decision makers’ preferences would be quantitatively 

reflected. Also, other impact factors in the water system related to water demand for 

economic activities, environmental capacities, and the amount of regional water inflow 

would be considered in the ITSFGP model. An inexact two-stage fuzzy gradient chance-

constrained fractional programming (ITSFGFP) method is proposed for water resources 

management in Heshui River Basin. The ITSFGFP model is formulated to address dual 

conflicting objectives, i.e. economic development and water conservation, within a ratio 

optimization framework. It is capable of measuring system efficiency and providing 

optimal and scientific supports for the local sustainable development.  

In summary, ITSFGP and ITSFGFP water resources management models will be 

developed using system analysis approaches. Two-stage stochastic programming (TSP) is 
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useful for tackling water resources management due to the random characteristics of total 

water inflow in the system which can be interpreted as probabilistic distributions. 

Corrective actions for water allocation schemes can be taken with the occurrence of future 

random events. The method could tackle the interactions between pre-regulated economic 

production targets and the associated environmental penalties. Interval programming (IP) 

could handle uncertainties those cannot be presented as distribution functions, especially 

in real-world problems because they are characterized by insufficient and poor information. 

Uncertainties can be expressed as intervals with crisp lower and upper bounds. Fuzzy 

gradient chance-constrained programming (FGCCP), based on traditional fuzzy set theory, 

is improved to effectively illustrate the decision makers’ aspiration preferences. It is 

flexible to balance the optimism and pessimism of decision makers, and reliable to analyze 

violation risks in the environmental system. Fractional programming (FP) is useful when 

accounting for optimization of ratios. Multiple conflicting objectives could be 

incorporated within the objective function of the optimization framework. Therefore, it is 

effective to account for the system efficiency and analyze the interactions among multi-

objectives and multi-uncertainties.  

The study proposes the following objectives: 

 Conduct extensive literature review and site studies to assess the current 

environmental conditions and the interrelationships in the environmental system. The 

complexities and various uncertainties of the water system will be investigated. A 

variety of data will be collected and analyzed for the configuration of water resources 

management optimization models.  
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 Develop an inexact two-stage fuzzy gradient chance-constrained programming water 

resources management optimization model for the Heshui River Basin. The developed 

model will provide the linkage between the pre-defined economic production targets 

and environmental penalties. It will also consider decision makers’ preferences in 

decision making processes. Uncertainties will be represented as probability 

distributions, interval numbers and fuzzy sets. Alternative decisions for regional 

sustainable economic development and environmental conservation will be generated. 

 Propose an inexact two-stage fuzzy gradient chance-constrained fractional 

programming method and develop an inexact two-stage fuzzy gradient chance-

constrained fractional programming water resources management model of the 

Heshui River Basin. The method is capable of accounting for problems with multiple 

objectives, reflecting the dynamic features of ratio optimization, and effectively 

measuring system efficiency. Decisions will be provided to compare objectives of 

multiple aspects by considering economic and environmental criteria related to the 

systems’ sustainability. 

The study will be the first attempt to integrate inexact two-stage stochastic 

programming with fuzzy gradient chance-constrained programming and fractional 

programming within a water resources management optimization framework. It will 

account for multiple uncertainties and multiple objectives of the study area. The models 

will conduct comprehensive investigation of economic production structures and 

environmental policies, and effectively address the hybrid complexities and uncertainties. 

The introduced fractional programming allows decision makers to analyze multiple 

conflicting objectives corresponding to the decision makers’ preferences. The solutions 
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are valuable for justification and adjustment of the existing economic and environmental 

development and for the identification of desired economic production patterns and water 

allocation strategies. Optimal strategies are provided for decision makers to investigate the 

tradeoffs between economic development and environmental penalties under various 

uncertainties and to analyze the relationships among system net benefits and system 

violation risk.   
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2. Literature Review 

2.1 Interval mathematical programming 

Interval analysis was first proposed by Moore (1979) and Alefeld and Herzberger 

(1983), to address optimization problems with uncertainties in the system. Interval 

mathematical programming (IMP) originated from interval analysis to solve optimization 

problems when available information was insufficient or unsatisfactory. The uncertainty 

parameters or unsatisfactory information were expressed as interval numbers with 

deterministic lower and upper bounds but with unknown probability distributions or 

membership functions. Interval mathematical programming was widely applied in real-

world optimization problems because it is far more difficult to obtain deterministic and 

precise stochastic characteristics information (i.e probability distribution) for modeling. 

Thus, IMP is more robust to address optimization problems with interval parameters 

instead of deterministic information with specific distributions.  

IMP improved on existing methods by incorporating a number of features: (a) the 

method will not result in complicated intermediate models, and thus would not require 

more computations, (b) the uncertainties can be directly introduced into the optimization 

process and (c) the uncertainties can be presented as interval numbers, and the stochastic 

characteristics of parameters for modeling would not be required, which is particularly 

useful and effective for practical applications since it is more difficult for 

managers/engineers to obtain distribution information than to define a fluctuation interval 

(Huang et al., 1995).  
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IMP has been applied in a number of environmental optimization problems. For 

example, a multi-objective linear programming model was developed by Steuer (1976) 

using interval criteria weights. Tanaka et al. (1984) formulated an interval linear 

programming model with uncertainties in the objective function. Jansson (1988) 

introduced a self-validating method to solve interval linear problems with interval 

parameters. Inuiguchi et al. (1990) formulated a multi-objective programming model with 

IMP using order relationships. A multi-objective linear programming problem with 

interval coefficients was solved by Urli and Nadeau (1990) by converting non-

deterministic objective functions and constraints into deterministic parameters using 

interactive approaches. In 1991, Inuiguchi and Kume proposed four formulations to 

address an interval linear goal programming problem. Matloka (1992) developed a 

relevant solution algorithm to study generalization of interval linear programming 

methods. Based on the previous study, Huang et al. (1998 and 2005) developed a number 

of advanced IMP methods by applying several interactive IMP approaches to practical 

optimization problems. IMP was incorporated with many optimization methods, such as 

linear, mixed-integer, fuzzy, stochastic and dynamic programming. Interval parameters 

were directly incorporated into the optimization processes, with the solutions presented as 

stable intervals (Mance, 2007). The interactive IMP methods can effectively address 

complicated practice problems containing interval parameters combined with other 

uncertainties and reflect the dynamic, interactive and uncertain features of various 

environmental systems. In addition, Chanas and Kuchta (1996) introduced preference 

relationships to address an interval linear programming problem involving interval 

coefficients within the objective function. Tong (1994) proposed maximum value range 
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and minimum value range inequalities to solved problems by converting interval linear 

programming into conventional linear programming. Sugimoto et al. (1995) developed a 

quadratic programming model with interval constraints and solved with a parallel 

relaxation method. Bass et al. (1997) studied a water resources management system to 

address climate change adaptation optimal planning problems using a multi-objective 

interval programming method.  

IMP has been investigated and advanced by many researchers in recent years. In 2000, 

Chen and Chang gave a study on solid waste generation prediction in the city of Tainan, 

Taiwan, by formulating a grey fuzzy dynamic modeling. Sengupta et al. (2001) proposed 

the concept of acceptability index to handle models with interval coefficients by 

transforming inequality constraints to equivalent forms. Cheng et al. (2003) integrated an 

interval mixed integer linear programming with multi-criteria decision analysis to address 

an optimal waste flow allocation problem in a landfill site. Grey integer programming-

based game theory was introduced by Davila et al. (2005) to a landfill optimization 

problem in the Lower Rio Grande Valley. The tradeoffs between system cost and benefit 

of two competing landfills were analyzed. Luo et al. (2007) combined IMP with stochastic 

dynamic programming to handle practical problems. Jiang et al. (2008) investigated a 

complicated nonlinear interval programming problem with uncertain objective function 

and constraints. Koa and Chang (2008) presented two mixed integer programming models, 

integrating with deterministic and interval methods, for energy optimization problems of 

the power plant in Michigan City, Indiana. Li et al. (2009) developed a constraint-softened 

interval-fuzzy linear programming method with uncertainty and applied it to 

environmental management systems to analyze system violation risk. Liu et al. (2009) 
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applied a dual-interval parameter linear programming model into a solid waste 

management optimization problem. Rosenberg and Lund (2009) developed an interval-

parameter mixed integer linear programming model accounting for a water management 

optimization problem in Amman.  

2.2 Two-stage stochastic programming 

Two-stage stochastic programming (TSP) is a branch of resource programming, 

based on the concept of resource. The fundamental idea of resource programming is the 

ability to take corrective action after a random event has occurred (Edirisinghe and Ziemba 

1994; Dai et al. 2000). TSP was effective for optimization problems where an analysis of 

policy scenarios was desired and the data were mostly uncertain (Anderson 1968; Birge 

and Louveaux 1988; Edirisinghe and Ziemba 1994; Beraldi et al. 2000; Zhao 2001). In 

TSP, an initial decision is made in the first-stage prior to the realized occurrence of random 

future events. When the random future events occur, a resource or corrective action, 

referring to the second-stage decision, is taken to optimize the anticipated benefit or 

minimize the expected cost according to the realization of uncertain variables. There are 

two features of TSP, one is that the uncertain inputs for modeling can be expressed as 

probabilistic distributions to describe how likely the random event occurs, and the other is 

the sequent decisions generated at the later planning stage.  

TSP has been widely investigated and explored in applications, solution algorithms 

and methodologies. TSP with resource was introduced by Beale (1955) and Dantzig (1955). 

Chames et al. (1965) studied TSP problems using deterministic equivalents to define 

constrained generalized medians and hyper medians. Ermoliev and Shor (1968) proposed 
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a random walk method for solving TSP problems. Mobasheri and Harboe (1970) 

developed a two-stage stochastic programming model for the optimization design and 

operation of a multi-purpose reservoir system. Several theories and methods have been 

discussed and explored for solving two-stage stochastic programming problems in 

different fields (Berkovich 1970, 1971, Kall 1979, Cassidy et al. 1973, Louveaux 1980, 

Birge and Louveaux 1988, Wang and Adams 1986, Sritharan et al. 1988, Sen 1993, Lustig 

et al. 1991, Higle and Sen 1991, Laporte and Louveaux 1993, Edirisinghe and Ziemba 

1994, Vladimirou and Zenios 1997, Ruszczynski and Swietanowski 1997, Shapiro and 

Homem-de-Mello 1998, Cheung and Chen 1998, Bailey et al. 1999, Caree and Schultz 

1999). Advanced methods have been developed for modelling TSP problems. For example, 

Beraldi et al. (2000) proposed parallel algorithms for solving two-stage stochastic linear 

programming problems with robustness constraints. In the same year, Huang and Loucks 

(2000) presented a TSP optimization model with interval parameters for water resources 

management. The model transformed a complex real-world environmental system into 

several simple scenarios with approximating probabilistic uncertainty.  

Darby-Dowman et al. (2000) developed a TSP model for a vegetable crop to 

determine optimization of planting plans. In 2002, Nürnberg and Romisch developed a 

TSP model with respect to the problem of electric power production management, 

considering different lengths of period planning. Luo et al. (2003) studied climate change 

adaptation through waste trading by presenting an inexact nonlinear TSP programming. A 

TSP model incorporated with mixed integer programming was developed by Albornoz et 

al. (2004) for an energy optimization problem along with optimal planning of the thermal 

power plant expansion. Takriti and Ahmed (2004) developed a robust two-stage stochastic 
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programming model for the system cost variability. Cho (2005) presented a log-barrier 

method, which could be used to handle two-stage quadratic stochastic programming 

models. Leung and Wu (2005) formulated a TSP model for cross-border distribution 

problems with various scenarios under uncertainty. Maqsood et al. (2005) integrated a TSP 

optimization model into the framework for fuzzy and interval programming to optimize a 

water resources management system. Li et al. (2006) studied regional air quality problems 

by developing a TSP model combined with fuzzy-stochastic robust programming. A 

branch-and-cut method was introduced by Shiina et al (2007) to solve fixed charge 

resource problems by the anticipated resource function property. Bosch et al. (2007) 

advanced conventional two-stage stochastic programming by presenting probabilistic 

constraints in the second-stage decision making process. Liu (2007) provided an 

approximation method for two-stage fuzzy random programming, leading to finite-

dimensional resource problems. Barreiros and Cardoso (2008) developed a numerical 

approach for solving TSP problems to improve the optimal objective function, using the 

fundamental deterministic problem instead of the solution to first-stage problems. Guo et 

al. (2008) studied a municipal solid waste management problem under uncertainty by 

incorporating TSP with interval and semi-infinite programming. Lu et al. (2008) analyzed 

water allocation problems by developing an inexact two-stage stochastic programming 

model containing rough-interval parameters. Penuel et al. (2010) introduced an integer 

decomposition algorithm for a stochastic scenario-based facility location problem, 

reducing second-stage activation costs. A heuristic approximation strategy was proposed 

by Karuppiah et al. (2010) to decrease scenarios numbers in two-stage stochastic 

programming. Ntaimo (2010) proposed a disjunctive decomposition method and 
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developed two-stage mixed 0-1 stochastic integer programming models with uncertainty 

resources. 

2.3 Fuzzy gradient chance-constrained programming  

Fuzzy set theory was first proposed by Zadeh (1965). Fuzzy mathematical 

programming is derived from fuzzy set theory and has been further developed for solving 

problems with uncertain characterizations of events and observations. Since the 1960s, 

numerous models and algorithms for fuzzy mathematical programming have been 

investigated to handle optimization problems in fuzzy environment. For example, Jamison 

and Lodwick (2001) developed an algorithm for fuzzy programming through a penalty 

method to obtain the optimal solution. Multi-objective fuzzy programming was presented 

by Stanciulescu et al. (2003). Inuiguchi et al. (2003) integrated interval programming with 

fuzzy linear programming to conduct duality theorems. Liu (1999, 2000, 2001, and 2002) 

proposed different frameworks for fuzzy chance-constrained programming and 

dependent-chance programming based on several fuzzy programming models. Also, Liu 

and Liu (2002) introduced the expected value operator and model for fuzzy parameters 

through the credibility measure. Karsak and Kuzgunkaya (2002) presented a fuzzy multi-

objective programming method for flexible manufacturing systems. Huang (2006) 

advanced the conventional fuzzy chance-constrained programming by creating averages 

of the possibility and necessity measures, based on the concept of a credibility measure. 

Zhang et al. (2012) investigated optimization problems for power energy systems with a 

credibility chance constrained programming model.  

Recently, an advanced fuzzy programming method has been explored on the basis of 
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possibility measure and necessity measure. The improved methodology, called mλ-

measure, was initially introduced by Yang and Iwamura (2008). “In fuzzy set theory, the 

possibility measure and the necessity measure are two types of non-additive measures to 

describe the chance of a fuzzy event” (Yang et al., 2011). Mλ-measure is defined as a linear 

combination of possibility measure and necessity measure to balance optimism and 

pessimism, in which the fuzzy gradient parameter λ represents the decision makers’ 

preferences according to their characters (Yang and Iwamura, 2008). The necessity of a 

fuzzy event refers as the impossibility of the opposite event, and thus, a fuzzy event is 

more likely to occur when the necessity of the fuzzy event is larger. If the necessity equals 

1, then the fuzzy event must occur (Yang et al., 2011). In terms of the possibility measure, 

the fuzzy event may fail even if the possibility of the fuzzy event achieves 1 and the fuzzy 

event does not necessarily occur (Yang et al., 2011). Thus, generally speaking, the property 

of the possibility measure is more suitable for optimistic decision-makers, who are 

optimistic about the potential risks. Conversely, if the decision-makers are conservative 

and pessimistic and care about the potential risks, they may prefer the necessity measure 

as a chance measure to make decisions. Due to the complication of real-world issues, 

decision-makers are neither absolutely adventurous nor absolutely conservative, while 

decision-makers prefer to be eclectic when making decisions in some cases (Yang and 

Iwamura, 2008). The advantage of the mλ-measure method over the conventional fuzzy 

programming method is to balance the optimism and pessimism of decision-makers 

through a linear combination of possibility measure and necessity measure to describe how 

likely a fuzzy event is to occur (Yang and Iwamura, 2008). 

Yang and Iwamura (2008) initially introduced and defined the concept of the mλ-
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measure, who considered the fuzzy mathematical programming from other perspective. In 

decision-making systems, the properties of possibility measure and necessity measure 

were analyzed; also, the relationship between the desired preference of decision-makers 

and the linear combination of possibility and necessity measure was discussed. Several 

mathematical properties of the mλ-measure were presented and demonstrated, such as 

continuity, monotonicity, subadditivity, and boundary. The mλ-measure was introduced 

within fuzzy chance-constrained programming models, involving objective functions and 

constraints. Optimal solutions for the models are obtained through a hybrid genetic 

algorithm and sensitivity analysis concerning parameters is discussed. Iwamura et al. 

(2009) further defined the λ credibility measure, and explored differences between the 

credibility measure and λ credibility measure. Some useful applications of the λ credibility 

measure based on the Sugeno integral or Choquet integral were also provided (T. 

Murofushi and M. Sugeno, 1989). Yang et al. (2011) applied the mλ-measure into a multi-

objective freight train routing problem with fuzzy information. A min–max chance-

constrained programming model is presented for optimal train routing. A hybrid algorithm, 

including a potential route algorithm, fuzzy simulation and search algorithm was designed 

to solve the problem. The algorithm and models were applied to numerical experiments. 

Recently, Dai et al. (2014) incorporated the mλ-measure with fuzzy chance-constrained 

programming and interval mathematical programming to develop an interval parameter 

mλ-measure based fuzzy chance-constrained programming optimization model. The 

advanced model was applied to handle a problem with respect to the long-term planning 

of carbon capture, utilization and storage management. A series of optimal solutions were 

generated under different risk levels, and the tradeoffs between system costs and constraint 
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violation risks were discussed based on decision making characteristics.  

The mλ-measure method is currently under development as an innovative fuzzy 

mathematical programming methodology, which is capable of reflecting the balance 

between a decision-maker’s optimism and pessimism. The system violation risks can be 

described with different linear combinations of possibility and necessity measures. The 

mλ-measure can be incorporated with other optimization mathematical programming, such 

as fuzzy chance-constrained, interval, and mixed integer programming, to address 

complicated practical problems under multiple uncertainties and generate applicable 

decision schemes.  

2.4 Fractional programming  

Fractional programming (FP) is an effective tool accounting for optimization of ratio 

between two quantities and has been investigated and widely applied in many practical 

management problems. It is capable of quantifying the efficiency of a system, such as 

cost/time, cost/volume, or cost/profit systems (Stancu-Minasian and Pop, 2003). 

Conflicting objectives (e.g. economics and the environment) in the optimization 

framework can be compromised with ratio optimization. The solutions generated from 

ratio optimization problems would be selected with better achievements per resource unit, 

and the multiple objectives formulated in ratios would facilitate the management of 

solutions (Lara and Stancu-Minasian, 1999). FP has an advantage over traditional 

optimization methods. It compares multiple objectives from various aspects through the 

original magnitudes and provides an unprejudiced measure for system efficiency. It 

addresses system inputs or outputs, and measures the efficiency of a management system 
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that is related to output/input ratios (Zhu and Huang, 2011). FP proved to be a natural way 

of approaching economic and environmental criteria related to the systems’ sustainability 

(Zhu and Huang, 2011).  

Numerous volumes of literature exist regarding FP methods and their applications in 

many fields. For example, Isbell and Marlow (1956) presented an example of fractional 

programming for the distribution of fire to forces in the field among several types of targets. 

Charnes and Cooper (1962) solved a linear fractional programming problem by converting 

the problem into two linear programming problems. Charnels et al. (1978) presented a 

nonlinear programming model for measuring the efficiency of decision making units in 

public programs to improve planning and control. Schaible (1981) provided a detailed 

outline on major areas of applications for fractional programming and some basic theory 

like dual relationships, as well as different algorithmic approaches (e.g. primal, dual, and 

parametric solution methods). Kornbluth and Steuer (1981) advanced goal programming 

incorporating linear fractional criteria to present a connection between goal and multi-

objective linear fractional programming. Several algorithms for solving fractional 

programming problems were investigated and applied to demonstrate their efficiency and 

sustainability (Schaible 1976, Ferland and Potvin 1985, Shigeno et al. 1995, Quesada and 

Grossmann 1995, Chen 2005). Schaible and Ibaraki (1983) reviewed major developments 

in fractional programming, focusing on applications and algorithms. Research literature 

studying fractional programming was provided by Stancu-Minasian (1999). 

 FP has been developed by integrating with programming methods to address 

optimization management problems in many areas. Fractional programming was analyzed 
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by Lara and Stancu-Minasian (1999) to support for sustainability of agricultural systems. 

Chakraborty and Gupta (2002) proposed a solution procedure using a fuzzy set theoretical 

approach for equivalent multi-objective linear fractional programming problems. Gomez 

et al. (2006) formulated a linear fractional goal programming model by considering the 

economic aspects and other targets of the decision-makers for optimized scheduling of a 

timber harvest problem in Cuba. Mehra et al. (2007) developed a new method to solve 

fractional programming problems in cases, which embedded two concepts of (α, β) - 

acceptable optimal solutions and (α, β)-acceptable optimal value in fuzzy environments. 

Tantawy (2008) proposed a new procedure for solving linear fractional programming 

problems. An iterative method based on the conjugate gradient projection method was 

introduced, by finding a sequence of feasible points, to reach the optimal point.  

Chang (2009) proposed a linearization strategy to formulate a fuzzy multiple 

objective fractional programming model for a real-world case, simplifying the 

computational complexities to obtain the highest membership value for the fractional 

objective function. Hladik (2010) integrated a linear fractional programming problem with 

interval parameters and proposed a unified approach based on duality theory for achieving 

optimal acceptable values. A multi-objective fractional goal programming model was 

formulated by Fasakhodi et al. (2010), involving two optimization ratios of “net 

return/water consumption” and “labor employment/water consumption”, for supporting 

the water resource sustainability and optimal crop patterns in a rural framing system. Zhu 

and Huang (2011) developed a stochastic linear fractional programming approach, 

incorporating chance-constrained programming within the optimization framework, 

accounting for municipal solid waste sustainability management problems in a fuzzy 
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environment. The optimal solutions achieved by the integrated method showed 

interrelationships among different objectives in the system schemes, such as system 

efficiency, system cost and system-failure risk. Zhu and Huang (2013) formulated a 

dynamic stochastic fractional programming model to address capacity expansion problems 

from electric power systems. The conflicting multi-objectives (e.g. maximize renewable 

energy generation and minimize system cost) were involved in the ratio optimization 

framework. Mishra and Singh (2013) developed a linear fractional programming approach 

to solve a multi-objective linear programming problem for an agricultural system. The 

concept of conflict and non-conflict between objectives was proposed for computing 

appropriate aspiration levels of the optimization system. Guo et al. (2014) developed a 

fuzzy chance-constrained linear fractional programming method for analyzing sustainable 

agricultural water resources management problems under various uncertainties. The 

multiple alternative solutions were obtained and discussed to identify the desirable 

optimization plans for crop water allocation. Zhu et al. (2014) incorporated fractional 

programming with mixed-integer programming method containing interval parameters 

accounting for a long-term sustainable planning problem of an energy management system. 

The hybrid model reflected various complexities of the energy system, such as the power 

generation expansion, imprecise information, and system efficiency. Zhou et al. (2014) 

developed fractional programming, integrated with two-stage stochastic and chance-

constrained programming, and applied the advanced model into a water quality 

management problem. A series of optimal solutions were obtained under different levels 

of significance. Alternative decisions can be identified according to the desired balance 

between economics and the environment. 
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2.5 Previous studies of the Heshui River Basin 

Research such as land use planning, forest ecosystem management, flood frequency 

control, water flow measurement, flow direction analysis, water level prediction, and 

rainfall-runoff distribution has been conducted in the Heshui River Basin in Yongxin 

County. For example, Yu et al. (2011) investigated water levels forecasting in the Heshui 

River Basin with artificial neural network training algorithms, such as standard back-

propagation (BP), gradient descent with adaptive learning rate (GDA), and one fuzzy c-

means (FCM) clustering based artificial neutral network (ANN) model. Satisfactory 

results have been obtained and compared based on the performance of the training 

algorithms. Asadnia et al. (2014) investigated water levels prediction for the Heshui River 

Basin, China, through an advanced particle swarm optimization method in an artificial 

neural network. Remote sensing techniques were also applied in environment management. 

Le et al. (2007) applied GPS, GIS and RS techniques to monitor the land use status in Jian 

City. The land use type changes were investigated for appropriate land use planning and 

land protection. Zhang and Huang (2009) applied digital elevation models in the Heshui 

River Basin to provide the channel network through a hydrological correction method. The 

topographic information, drainage features and surrounding terrain were incorporated 

through the advanced method. In terms of climate change adaptation, Qin and Lu (2014) 

studied how climate change impacts flood frequency in the Heshui River Basin, using a 

coupled Long Ashton Research Station Weather Generator (LARS-WG) and Semi-

distributed Land Use–Based Runoff Processes (SLURP) approach. Tao et al. (2012) 

analyzed the economic values of the forest ecosystem in the Heshui River Basin in Jiangxi 

Province, involving environmental factors, such as basic supply, soil-water conversation, 
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climate regulations, environment purification, and biological habitats. Yan et al. (2014) 

developed a model based on the theory of dissipative structures to analyze the Yongxin 

ecosystem resilience of forests and adaptation to climate change. The results, achieved 

through the analytic hierarchy process, the coefficient of variation method and remote 

sensing approach, were useful in forest conversation and climate change mitigation.  

Research on the Heshui River Basin and Yongxin County have been presented 

involving uncertainty parameters and optimization programming methods when analyzing 

environmental problems. For instance, Li and Huang (2007) applied interval programming 

integrated with multi-stage stochastic programming into water resources management 

problems in the Heshui River Basin. The model considered uncertainties such as interval 

numbers and probability distribution functions to reflect the dynamics of uncertainties in 

the water management system. Zhang and Huang (2011) developed an interval credibility 

constrained programming model for agricultural water planning in Yongxin County. Lu et 

al. (2012) explored optimal agricultural land-use planning based on various water 

suppliers under uncertainty. Li et al. (2014) formulated an optimization model involving 

functional intervals and probability distributions for obtaining optimal agricultural water 

allocation patterns in Yongxin County. The advanced model was effective for functional 

information with input parameters due to the functional intervals instead of crisp intervals. 

However, few of the research considered the complex uncertainties co-existing in the 

environmental system. Most research conducted on the Heshui River Basin and Yongxin 

County only considered agricultural system of the environment system instead of 

analyzing the whole Heshui River Basin and Yongxin County. There are a lack of studies 
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involving activities supporting the local economy, such as livestock, forestry and fisheries 

and industrial activities. Little research on water quality issues and water resources 

management problems, and many key components in decision-making process (e.g. 

decision makers’ preference, multi-objectives, and system violation risk) cannot be 

simultaneously reflected. Deterministic optimization techniques are not effective in 

reflecting the dynamic features of the real-world environmental system, especially in 

China rural areas. The environment systems are complex and contain various uncertain 

parameters and it is difficult to obtain sufficient information to present as precise and 

deterministic numbers. Multiple conflicting objectives exist in real-world environmental 

systems needed to be address. To effectively analyze the optimization problems and 

improve the applicability of optimization models, several optimization approaches need to 

be integrated to achieve optional satisfactory management strategies for sustainable 

system development under different risk levels. The dynamic features and random 

characteristics of natural events could be considered and incorporated in a comprehensive 

optimization model. The aspiration preferences of decision makers, as a critical component 

in optimization management, could also be considered when developing optimization 

models.  

2.6 Summary 

Mathematical programming methodologies have been demonstrated as useful tools 

to address environmental optimization problems in many areas. For example, energy 

systems, solid waste management, air quality control, water quality and water resources 

management. There has been much research conducted to investigate environmental 
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optimization problems using mathematical programming methods (e.g. interval, two-stage 

stochastic, fuzzy mathematical and fractional programming). Generally, one mathematical 

programming is integrated with other programming methods to develop hybrid models 

accounting for multiple types of uncertainties in the optimization system.  

However, due to random features of future events and dynamic inherent uncertainties 

in environmental systems, the water resources management system is fraught with 

complexities and uncertainties. Multi-uncertainties and multi-objectives exist 

simultaneously in real-world environmental systems. Meanwhile, many challenges, such 

as data availability, algorithmic analysis of solutions, computational requirements, and 

results analysis, that limiting practical applications of the models, still need to be addressed 

in developing environmental optimization models and. The previous studies can rarely be 

tackled multi-types of uncertainties coexisting within an individual parameter. The 

methods do not adequately explore the interaction among multi-objectives, multi-

uncertainties and system efficiency analysis. The aspiration preferences of decision 

makers are critical in the decision making process. However, few studies considered the 

characteristics of decision makers but only focused on maximizing system benefits. 

Previously in China, local authorities only preferred to achieve high benefits with the 

increasing severity of water shortages. There is a concept called green GDP in China. 

People turn attention to achieving higher system benefits while consuming less 

environmental resources in order to achieve high system efficiency of water utilization.  

A large number of environmental optimization studies have been proposed to model 

water quality and water resources management systems under uncertainty with respect to 
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water quality management and water resource allocation optimization problems. The 

studies were based on stochastic, interval and fuzzy mathematical programming, as well 

as their integrations. Two-stage stochastic programming could address problems with 

random input information with probabilistic distributions. It is effective for addressing 

water resources management due to the random characteristics of total water inflow in the 

system. Corrective actions can be taken after the realization of random future events. 

Interval programming could handle the uncertainties that cannot be presented as 

distribution functions, especially in real-world problems characterized with insufficient 

poor information. Fuzzy gradient chance-constrained programming, based on fuzzy set 

theory, is improved to effectively illustrate the aspiration preferences of decision makers. 

The optimization models based on fuzzy gradient chance-constrained programming is 

flexible and reliable to balance the optimism and pessimism of decision makers, as well 

as to reflect the violating risks of the environmental systems. Fractional programming is 

useful in accounting for optimization of ratios. Multiple conflicting objectives could be 

taken into consideration when developing the optimization models. Therefore, it is 

effective to reflect the efficiency of complicated system and analyze the interrelationships 

among multi-objectives. Alternative solutions can be provided to decision makers to 

properly compromise the conflicts among multi-objectives and achieve maximum system 

efficiency.  

Consequently, innovative integrated inexact programming methodologies are desired 

to be explored in terms of water quality and water resources management problems. By 

integrating two-stage stochastic, interval, fuzzy gradient chance-constrained with 

fractional programming, the advanced methodology has advantages over conventional 
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mathematical methodologies, such as considering multi-types of uncertainties within an 

individual parameter, effectively reflecting the decision-makers’ preferences, 

compromising conflicting multi-objectives and measuring system efficiency.  
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3. Study area 

3.1 Overview of study system 

3.1.1 Natural conditions 

The study area, Yongxin County, is located in the mountain-river-lake region in the 

upper reaches of the Ganjiang River (Mance, 2007). Yongxin County, belongs to Ji’an 

City in the western part of Jiangxi Province in China, ranging from 113°50' to 114°29' in 

longitude and 26°47' to 27°14' in latitude (Qian et al., 2011). The study area is 56 km in 

length from north to south and 65 km in width from east to west, with a total area of 2195 

km2 (Tan, 2011). A map of Yongxin County is presented in Figure 3.1. 
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Figure 3.1 Location of the Yongxin County and the Heshui River Basin (Huang et al. 2010) 
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3.1.2 Hydrologic 

The river channel in this area is mainly fed by the Heshui River. The Heshui River, a 

tributary of the Ganjiang River, originates in Wugong Mountain, and flows through 

Lianhua County, Yongxin County, and Ji’an County from the west to the east to entering 

the Ganjiang River (Mance, 2007). It has a total length of 225 km, with 77 km flowing 

through Yongxin County from west to east (Mance, 2007). There are several small 

tributaries that flow into the Heshui River within Yongxin County, including Wenzu River, 

Linggang River, Longyuankou River, and Rongjiang River (Mance, 2007). The Heshui 

River with several small tributaries and forms the Heshui River system in this area. The 

Heshui River is Yongxin’s the major water source, supporting the water consumption of 

local economic and municipal activities (Qian et al., 2011).  

3.1.3 Topography 

Yongxin County is located in the middle section of Luoxiao Mountain, which is in 

the contact zone of Wanyang Mountain and Wugong Mountain. According to historical 

records, this area was affected by tectonic movements, especially in the late Cretaceous, 

and massive block movements also occurred in this area (Qian et al., 2011). The 

topography in the area consists of mountains with steep slopes and narrow canyons in the 

north and south, hilly land in the east and west, and a large flood plain in the center 

(Government of Yongxin, 2005; Huang et al., 2006).  

The mountains elevation changes from 120 to over 1000 m (Tan, 2011). There are 

multiple mountains higher than 1000 m in the north and south. The mountain peaks are 
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relatively low in the central area, sloping to the north and south; and the slopes are very 

steep. The special terrain topography with the Heshui River flowing from east to west 

formed an asymmetric basin geomorphology 

3.1.4 Climate 

The study area is in the subtropical zone and has subtropical monsoon humid climate, 

characterized by abundant rainfall and sunlight, mild weather and four distinct seasons. 

The average sun radiation per year is 106,564.5 Cal/cm2 and the average duration of 

sunlight per year is 1787.9 hours (Tan, 2011). The area has relatively short spring and fall 

and a relatively long summer and winter. This results in a short frost season and long 

production season. Yongxin County normally benefits from an average of 281 days 

without frost each year (Nie, 2010). 

Due to the influence of seasonal winds, precipitation and temperature, the County is 

subject to drought, flooding, and natural disasters (Tan, 2011). The average annual 

temperature is around 18.2 ºC, with a maximum temperature of 39.0 ºC and a minimum 

temperature of -8.0 ºC (China Meteorological Administration NMIC, 2009; Nie, 2010). 

According to local historical records, the highest temperature of this area reached 40 ºC in 

years 1963 and 1967. The coldest temperature recorded was - 6.6 ºC, occurring in January 

of 1967. 

The average annual rainfall in Yongxin County is approximately 1530 mm. The 

highest daily rainfall is 188.1 mm. “The rainfall in the southeast is greater than that of the 

rest of the region, with approximately 1600.0 mm per year, and reaching as high as 2154.0 
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mm in record years” (Tan, 2011). There is an average of 173 days of rain per year in the 

County, mainly occurs from April to June, and the average evaporation per year for the 

area is 1089.6 mm (Tan, 2011).  

3.1.5 Soil  

The soil types in Yongxin County include paddy, meadow, red, limestone, purple, 

mountain yellow, mountain red, mountain red-brown, and mountain meadow soil (Mance, 

2007). Paddy soil is the main soil type used for cultivation, accounting for 90% of the 

agricultural land in this area (Mance, 2007). “Paddy soil is a combination of other types 

of soil created through manual work and long-term irrigation and rice planting, and is 

suitable for rice planting, but can also be used for rapeseed, sunflowers and other cash 

crops” (Mance, 2007). 

3.1.6 Socio-economic  

Yongxin County consists of twenty three townships, and its capital is located in the 

Town of Hechuan (Tan, 2011). A map of administrative townships of Yongxin County is 

shown in Figure 3.2. The study area is spatially divided into 5 subareas according to the 

local environmental conditions and administrative organization of the County. Yongxin 

has a population of approximately 5.1× 105, in which the majority is employed in cropping. 

In 2013, the Gross Domestic Product (GDP) of Yongxin County reached 7.1 billion RMB, 

and the government’s total financial revenue was over 741 million RMB (Government of 

Yongxin, 2012). The mean GDP per capita was approximately 13,923 RMB. The total 

social retail sales of consumer goods was around 2,129 billion RMB and the investment 
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in fixed assets amounted to 7,075 billion RMB (Government of Yongxin, 2012). The 

disposable income of urban residents was 35,111 RMB per capita and the rural net income 

was approximately 4,952 RMB per capita (Government of Yongxin, 2012).  

In Yongxin County, cropping and industry are the main economic activities, where 

the cropping activity brings the highest GDP contribution. Paddy fields, dry farming and 

vegetables and fruits farms are the main cropping activities in the area, providing grain to 

human and livestock in the county, as well as benefiting the economy. Grassland covers 

about 6.1%, which is capable to sustaining the development of livestock husbandry 

activity. There are three main livestock raised in the area, including pig, cattle and poultry 

(e.g. chicken, duck and goose) (Tan, 2011). In 2011, the total output of grain in Yongxin 

County was 294,000 tons, and the mulberry area amounted to 2.9 million acres as well as 

the area of vegetable was 10.4 acres (Government work report, 2012). The livestock 

production in 2011 was also developed, with 310,000 pigs and 39,000 cattle produced 

(Government work report, 2012). Fisheries activity also benefits the economic 

development of Yongxin County from its fish products. “The secondary industry includes 

mining, manufacture, construction and transportation, while the tertiary industry mainly 

consists of tourism, merchandise, and catering services” (Lu, 2010). In 2012, the annual 

cement production was 96,700 tons, and the amount of light leather produced was 

13,456,000 square meters. The amount of raw chemical medicines was about 1813 tons 

(Yongxin Bureau of Statistics, 2013). The tertiary industry increased its output at a rate of 

14.9% in 2012 with an increased value of approximate 2.0 billion RMB (Yongxin Bureau 

of Statistics, 2013). Table 3.1 presents the economic activities production targets in each 

subarea of the study region (Nie, 2010).  
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Figure 3.2 Administrative townships of Yongxin County (Mance, 2007) 
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Table 3.1 Economic activity production targets  

 Subarea 

1 2 3 4 5 

Targets for cropping activities (km2) 

Paddy farming (63.6, 66) (33.9, 35.2) (84.7, 88) (108.6, 112.8) (35.7, 37.1) 

Dry farming (88.2, 91.6) (48.5, 50.3) (117.9, 122.4) (150.6, 156.4) (51.2, 53.1) 

Fruits/vegetables  (21.5, 22.4) (3.9, 4) (9.8, 10.2) (16.6, 17.2) (5.3, 5.6) 

Targets for fisheries activities (km2) 

Fish farming (1.6, 1.7) (0.8, 0.9) (4.9, 5.1) (3.9, 4.1) (1.3, 1.4) 

Targets for livestock husbandry activities (103 head) 

Pig (62.6, 64.2) (11.1, 11.3) (83.6, 85.8) (66.7, 68.4) (51.1, 52.4) 

Cattle (0.9, 1) (0.5, 0.6) (3.7, 3.8) (2.8, 2.9) (1.8, 1.9) 

Poultry (390, 400) (80.2, 82.2) (691.2, 708.9) (798.6, 819.1) (401.4, 411.7) 

Targets for forestry activities (km2) 

Forestry (24.9, 25.9) (29.1, 30.2) (33.2, 34.6) (35.4, 36.7) (15.6, 16.2) 

Targets for industrial activities (RMB104) 

Mining 

industries 

(1037,1044.6) (254, 255.8) (1296, 1305.6) (1296, 1305.6) (518.5, 522.3) 

Manufacturing 

industries 

(8634.5, 8698.5) (5227,5548.8) (9520, 9590.6) (6177.5, 6223.3) (7403.5,7355) 

Construction 

industries  

(14601.5,14709.7) (5508,5548.8) (18252,18387.2) (19078,19219.4) (7301, 7355) 

Transportation 

industries 

(2100.5, 2116.6) (740, 745.4) (2592, 2611.2) (2565, 2584) (1134,1142.4) 

Other industries (1598.5, 1610.3) (551, 555) (1998, 2012.8) (2079, 2094.4) (799, 805) 
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3.2 Problem Statement 

The rapidly developing economy and increasing population in Yongxin County has 

brought significant threats to the regional environment. Although strengthening the local 

economy is the priority of local strategic plans, sustainable development is crucial and 

preferred in an effort to coordinate relevant economic and environmental factors (Cai et 

al., 2009). Therefore, effective water allocation and waste-load mitigation plans are 

desired for the local economy planners and water managers. 

Heshui River Basin is the main water resource in Yongxin County supplying water 

for regional economic activities, such as cropping activities, fisheries, livestock husbandry, 

forestry and industrial activities. Water resources are crucial for rural development. 

However, due to economic development and population growth in the county, there has 

been drastic increase in water demand in the study area, resulting in a severe water shortage. 

Insufficient water is leading to a number of problems, such as retarded growth of crops, 

degradation of livestock and forestry, and low industrial production. Unreasonable 

planning of available water in Yongxin County is another problem. According to national 

policies in recent years, the economic structures in rural China has been regulated and 

adjusted. Production in Yongxin County has increased to improve annual revenue. 

Therefore, the planning of water resources needs to be adjusted based on the regulated 

economic structures. Optimal economic production patterns and appropriate water 

allocation strategies for multiple water users are critical for regional sustainable 

development.  

Water shortages and unreasonable water allocation also cause water quality problems. 
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There has been a considerable increase in the amount of water (e.g. sediments, fertilizers, 

and pesticides) that were discharged into the Heshui River. Deterioration of river water 

quality, from pollutants discharged from various economic activities, has been another 

challenge. High nutrients (nitrogen and phosphorous) in fertilizers and pesticides are 

discharged into the river bodies, which result in the eutrophication problems and an 

increase in organics in water. Soil loss resulted from the agricultural runoff and 

deforestation has also been a serious issue. Many factors, such as water quality standards, 

may be hard to obtain and for decision makers to make decisions according to their 

experience and judgement. Thus, it is necessary to consider the desired preferences of 

decision makers in the decision-making process.  

Historically, local Chinese authorities preferred to achieve high benefits; however, 

with the increasing severity of water shortage and water quality deterioration, people turn 

attention to achieving high system efficiency when managing the water system, which 

denotes to achieving high economic benefits and consuming limited environmental 

resources. Dual conflicting objectives have to be considered and integrated within the 

optimization framework to support the sustainable regional development.  

Given the complexities and dynamic features of the environmental system in the 

Heshui River Basin, an effective optimization planning for water resources and water 

quality management is desired. Systematic planning of economic production patterns and 

water allocation schemes, and water quality requirements should be incorporated within a 

general optimization framework. Optimal decisions according to the decision makers’ 

aspiration preferences should be provided for supporting the decision making processes, 
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and multiple conflicting objectives should be considered to maintain the sustainable local 

economic development and environmental conservation.  
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4. An inexact two-stage fuzzy gradient chance-constrained programming water 

resources management model 

4.1 Background 

Intensive increases in water demand in Yongxin County and associated water quality 

problems in the Heshui River Basin are threatening the regional sustainable development 

of the environment. A number of economic activities are expanding due to the economic 

development, and population growth in the county continues. Meanwhile, a large amount 

of water pollutants have been discharged into river bodies, resulting in an increasing 

amount of nitrogen, phosphorous and organic content in water. Soil loss is serious due to 

deforestation and cropping runoffs. The pollution load capacities are decreasing. 

Identification of sustainable development strategies from appropriate water resources and 

water quality management is needed to conserve the water system in Yongxin County.  

In water resources management, the economic targets in each subarea in the county 

are pre-regulated before the realization of random total water inflow. When the amount of 

total water inflow is realized, the economic activities need to be adjusted to satisfy the 

available water quantity. The improved economic production schemes need to satisfy the 

water quantity and mitigate the penalties due to inadequate available water. They must 

satisfy the water quality requirements. In the modeled water resources management system, 

the profits from economic activities based on the pre-defined economic targets can be 

regarded as system benefits. The system costs refer to the penalties from deficient 

economic productions due to insufficient water supply. The objective of the desired water 

management system is to maximize the net system benefit while satisfying the water 
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quantity and water quality requirements.  

Development of an integrated inexact optimization model for water resources and 

water quality management is fraught with challenges accounting for inherent uncertainties 

and interrelationships to provide optimal sustainable development strategies. There are 

many complexities and uncertainties with respect to water resources and water quality 

management. Many key system components have interactive effects on each other. The 

economic, environmental, and social targets are in conflict. This is particularly true in rural 

Chinese areas, where soil loss, pollution discharged, and eutrophication threaten the 

environment; Economic development increases water demand and land utilization. Due to 

the insufficient and imprecise information in rural areas and random natural events, and 

different aspiration preferences of decision makers, multi-uncertainties and multi-

objectives need to be considered in decision making processes. For example, the pre-

regulated economic targets and net benefits of economic activities cannot be presented as 

deterministic numbers. They are usually estimated by decision makers based on historical 

experience and knowledge. The incoming water inflow is a random event, which cannot 

be realized in the first stage.  

An inexact two-stage fuzzy gradient chance-constrained programming model is 

proposed in the Heshui River Basin in Yongxin County for optimal water resource 

planning and water quality management by considering various uncertainties and 

complexities in the modeling water resources management system. The model addresses 

uncertainties presented as probability distributions and interval numbers, and accounts for 

the characteristics of decision makers. The tradeoffs between economic targets and 
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environmental requirements will be reflected in the model. The balance between optimism 

and pessimism in decision making process will be addressed. The system risk levels or 

risks of violating the constraints will be reflected. The results will be alternatives for 

decision makers to obtain optimal development strategies for water resource planning and 

economic production structures under multi-uncertainties.  

4.2 Methodology 

4.2.1 Two-stage stochastic programming 

Two-stage stochastic programming (TSP) effective accounts for water resources 

management problems where the right-hand side parameters are presented as random 

events with probability distributions. This method can effectively reflect tradeoffs between 

economic development and environmental protection policies, as well as relationships 

between long-term pre-defined production strategies and short-term corrective 

adjustments. “In the TSP optimization framework, decision variables are divided into two 

subsets: those that must be determined previous to the realizations of random variables are 

known and those (recourse variables) that are determined after the realized values of the 

random variables are available” (Li et al., 2006). A general TSP model can be expressed 

by the following formula (Birge and Louveaux, 1997): 

Max f = cx – E [Q(x, §)] 

Subject to:   Ax ≤ b 

x ≥ 0 
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where x represents the 𝑛1 × 1 vector of the first-stage expected decisions made before the 

observation of random events; c, b, and A represents the n1×1, m1×1 , and m1× n1 matrices, 

respectively, cx are the first-stage benefits and Q(x, §) is the optimal value, for any given 

Ω, of the nonlinear program as follows (Li, 2012): 

Min q(y, §) 

Subject to T (§) x + W (§) y = h (§) 

y ≥ 0 

where y denotes the second-stage decision variables (i.e. resource variables), which 

depend on the first-stage random vector. When random variables are observed, the second-

stage model parameters h (§) and T (§) become known with reasonable dimensions, where 

h (§) is m2 ×1, and T (§) is m2 × n1. q(y,§) denotes the second-stage cost function. The pre-

regulated decision is made in the first-stage before the environment can be observed. 

Corrective actions are taken to adjust any discrepancy between h (§) and T (§) x to 

minimize the second-stage cost q(y,§). Thus the constraint W (§) y = h (§) - T (§) x, y ≥ 0 

is satisfied.  

Generally, the two-stage stochastic programming model with resource can be 

formulated as follows (Mance, 2007): 

max𝑓 = 𝑐𝑥 − 𝐸[min {𝑞(𝑦, §)|T(§)x +  W(§)y = h(§)}] 

Subject to:   Ax ≤ b 
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x ≥ 0 

Ω = {§1, §2… §L} represents the random event §l, denoted by a discrete and finite 

distribution, pl denotes the probability of occurrence of the lth scenario § l (pl ≥ 0, 

and∑ 𝑝𝑙 = 1𝐿
𝑙 ). The expected value of the second-stage value function (penalty) can be 

presented as (Mance, 2007):  

E[𝑄(𝑥, §)] = 𝐸[min 𝑞(y, §)] =  ∑𝑝𝑙𝑄(𝑦, §𝑙)

𝐿

𝑙

 

The two-stage stochastic model can be reformulated as a deterministic optimization 

model in the following (Li, 2011):  

Max 𝑓 = 𝑐𝑥 − ∑𝑝𝑙   𝑄 (𝑦, §𝑙)

𝐿

𝑙=1

 

Subject to:   Ax ≤ b 

T (§l) x + W (§l) y = h (§l), ∀ 𝑙 = 1,2… . . L 

x ≥ 0 

y (§l) ≥ 0 

4.2.2 Fuzzy gradient chance-constrained programming 

 Fuzzy set theory, introduced by Zadeh (1965) has been developed and widely used 

in human decision making to solve a variety of real-world problems under uncertainty.  
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Two approaches account for the uncertainties: probability and possibility (Liu and 

Iwamura, 1998). It can be difficult to obtain the probability distribution for the acquired 

data (uncertainties), which may result from errors from weak sources of information, 

especially in a large-scale modeling. Possibility theory is a mathematical counterpart of 

probability theory, which deals with uncertainty by means of fuzzy sets (Dubois et al., 

2004). “Probability theory uses a single number (i.e., the probability) to describe the 

chance of an event; while possibility theory is a mathematical theory to address certain 

types of uncertainty and is an alternative to probability theory, which uses two different 

functions to describe how likely an event is to occur: the possibility measure and the 

necessity measure” (Zadeh, 1978). The possibility measure and the necessity measure are 

basic tools to construct mathematical models for fuzzy programming (Yang and Iwamura, 

2008).  

Let   be a triangular fuzzy variable and let 𝑡, 𝑡, 𝑡 and r be real numbers (Zhang 

and Huang, 2009). The fuzzy membership function µ of   is given by: 

μ(𝑟) =  

{
 
 

 
 
𝑟 − 𝑡

𝑡 − 𝑡
  𝑖𝑓 𝑡 ≤ 𝑟 ≤ 𝑡

𝑟 − 𝑡

𝑡 − 𝑡
 𝑖𝑓 𝑡 ≤ 𝑟 ≤ 𝑡

0      𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

f is the function in X with real values and the maximum and the minimum value of f 

are expressed as sup (f) and inf (f), respectively. “The possibility of the fuzzy event 

wherein § ≤ r is the possibility that there exists at least one value x of   that satisfies x 

≤ r” (Radko, 1997). It is defined as (Dubois et al., 1988): 
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    sup sup | ,
r

Pos r x x x R x r  

The necessity measure for the fuzzy event wherein  ≤ r is defined as: 

     


  


     1 1 sup
r

Nec r Pos r x  

The possibility of the fuzzy event wherein   > r can be expressed as (Zhang and 

Huang, 2010): 

Pos{ > r} =

{
 
 

 
 1 𝑖𝑓 𝑟 ≤ 𝑡

𝑡 − 𝑟

𝑡 − 𝑡
0 𝑖𝑓 𝑟 ≥ 𝑡

𝑖𝑓 𝑡 ≤ 𝑟 ≤ 𝑡 

The necessity of the fuzzy event wherein   > r can be expressed as (Zhang and 

Huang, 2010): 

Nec{ > r} =

{
 

 
1 𝑖𝑓 𝑟 ≤ 𝑡

𝑡 − 𝑟

𝑡 − 𝑡
 𝑖𝑓 𝑡 ≤ 𝑟 ≤ 𝑡

0 𝑖𝑓 𝑟 ≥ 𝑡

 

Generally speaking, there is a chance that a fuzzy event may fail even though its 

possibility achieves 1 (Yang and Iwamura, 2008). For instance, let  = (𝑡, 𝑡, 𝑡) be a 

triangular fuzzy variable. Pos {  ≤ t} = 1, which means the state is totally possible. 

However, the fuzzy event would not hold if the value of   lies in the interval [𝑡, 𝑡], 

because the possibility measure cannot reflect differences among the fuzzy events in this 
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case even though the possibility achieves 1. If the necessity equals 1, the fuzzy event must 

hold (Yang and Iwamura, 2008). For instance, Nec { ≤ r} = 1 if and only if r ≥ ξ. All the 

realization values of   satisfy the fuzzy inequality. Therefore, the fuzzy event { < r} 

must hold.  

As for human decision making, the aforementioned property can reflect that the 

possibility measure is much suitable for optimistic decision-makers, who are optimistic 

about the potential risk. If the decision-makers are conservative and pessimistic, they may 

choose the necessity measure as a chance measure to make decisions. The necessity 

measure of a fuzzy event is the impossibility of its opposite event (Yang et al., 2011). The 

larger the necessity, the more likely a fuzzy event is to occur. If the necessity equals 1, the 

fuzzy event must hold (Yang and Iwamura, 2008).  

In practical problems, decision-makers are neither absolutely adventurous nor 

absolutely conservative, while in some cases decision-makers prefer to be eclectic when 

making decisions. To balance the optimism and pessimism, a combination of possibility 

measure and necessity measure is used to address problems describing the chance of a 

fuzzy event occurring (Yang and Iwamura, 2008).  

The mλ-measure is determined by the linear combination of the possibility and 

necessity, and is defined as (Yang and Iwamura, 2008): 

𝑀λ{ξ > r} = λP𝑜𝑠{ξ > r} + (1 − λ)𝑁𝑒𝑐{ξ > r} 

where the fuzzy gradient parameter λ ϵ [0, 1], is predetermined by the decision-makers 

according to their characteristics (optimistic or pessimistic). The larger the fuzzy gradient 
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parameter λ, the smaller 1 - λ value, and the more adventurous the decision-maker. If the 

decision-maker is optimistic, the fuzzy gradient parameter λ is preferred to be as close as 

possible to 1. Otherwise, the fuzzy gradient parameter λ should be close to 0 when the 

decision-maker is pessimistic and cares about potential risk. When the fuzzy gradient 

parameter λ equals 1, the mλ-measure degenerates to the possibility measure; and when 

the fuzzy gradient parameter λ equals 0, the mλ-measure degenerates to the necessity 

measure; and the mλ-measure degenerates to the possibility measure if the fuzzy gradient 

parameter λ equals 0.5, as presented by Liu and Liu (2002).  

Thereby, the mλ-measure of the fuzzy event wherein  > r, can be expressed as: 

Mλ { > r} =

{
 
 

 
 
1                                 𝑖𝑓 𝑟 ≤ 𝑡

𝜆+(1−𝜆)(
𝑡−𝑟

𝑡−𝑡
)                  𝑖𝑓 𝑡≤𝑟≤𝑡

𝜆 
𝑡−𝑟

𝑡−𝑡
                                 𝑖𝑓 𝑡≤𝑟≤𝑡

0                                𝑖𝑓 𝑟 ≥ 𝑡

 

To better illustrate the three measures, the fuzzy membership function of , and the 

differences among the possibility, necessity, and mλ-measure of the fuzzy event, wherein 

�̃� ≥ 𝑟 are shown in the Figure 4.1 (Dai et al., 2014),  is designed as a triangular fuzzy 

set (𝑡, 𝑡, 𝑡).  
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Figure 4.1 Fuzzy membership, possibility, necessity and mλ-measure of a fuzzy set 

  

t       t            𝑡̅ t       t            𝑡̅ 

t       t            𝑡̅ t       t            𝑡̅ 
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The fuzzy gradient chance-constrained programming is used to address problems 

with fuzzy uncertainties. It effectively generates alternative solutions based on the 

aspiration preferences of decision-makers. The formulation for a conventional fuzzy 

gradient chance-constrained programming model is as follows: 

Max f = cx 

Subject to:   Mλ {Ax ≤ �̃�} ≥ α 

x ≥ 0 

where x is the vector of decision variables, c and A denotes the coefficient in the objective 

and constraint, respectively;  �̃� expresses a fuzzy set, and α (0≤ α≤ 1) denotes the level 

of credibility (pre-determined confidence level). The higher the α, the more satisfied the 

constraint. Based on the aforementioned equation, the flexible λ credibility for Ax ≤ �̃� can 

be defined as: 

Mλ {𝐴𝑥 ≤  �̃�} =

{
 
 

 
 
1                                 𝑖𝑓 𝐴𝑥 ≤ 𝑏

𝜆+(1−𝜆)(
𝑏−𝐴𝑥

𝑏−𝑏
)                  𝑖𝑓 𝑏≤𝐴𝑥≤𝑏

𝜆 
𝑏−𝐴𝑥

𝑏−𝑏
                                 𝑖𝑓 𝑏≤𝐴𝑥≤𝑏

0                                𝑖𝑓 𝐴𝑥 ≥ 𝑏

 

It is usually assumed the pre-determined confidence level in the optimization process 

for management and planning is no less than 0.5 (Yang and Iwamura, 2008; Zhang et al., 

2011). Thus, the constraint can be re-written as: 

Mλ {𝐴𝑥 ≤  �̃�} = 𝜆 + (1 − 𝜆) (
𝑏−𝐴𝑥

𝑏−𝑏
) = 

𝑏−𝜆𝑏−(1−𝜆)𝐴𝑥

𝑏−𝑏
 ≥ 𝛼 
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Or Mλ {𝐴𝑥 ≤  �̃�} = 𝜆 
𝑏−𝐴𝑥

𝑏−𝑏
   ≥ 𝛼 

Therefore, the conventional fuzzy gradient chance-constrained programming model 

can be transformed into a deterministic model as follows: 

Max f = cx 

Subject to:   𝐴𝑥 ≤  
𝑏−𝜆𝑏−(𝑏−𝑏)𝛼

1−𝜆
 or 

𝜆�̅�−(�̅�−𝑏)𝛼

𝜆
 

x ≥ 0 

The solutions can be generated for the model when the fuzzy gradient parameter λ 

and the confidence level are determined.  

4.2.3 Inexact two-stage fuzzy gradient chance-constrained programming 

In real-world optimization problems, various factors, such as fuzzy information, pre-

regulated policy, and the attitudes of the decision-makers, should be considered in 

environmental optimization problems. The information that can be obtained from the real-

world optimization problems is usually not satisfactory and cannot be deterministic. Thus, 

an inexact two-stage fuzzy gradient chance-constrained programming model is developed 

and is effective in accounting for uncertainties presented as interval numbers with 

deterministic lower and upper bounds but unknown distribution functions. The fuzzy 

information in the right-hand side coefficients can be addressed, where the system 

parameters and decision variables are intervals. The model can also balance the aspiration 

preferences of different decision-makers, which can be optimistic or pessimistic.  
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Max 𝑓±= 𝑐±𝑥± − ∑ 𝑝𝑙   𝑄(𝑦
±,  §𝑙

±)𝐿
𝑙=1  

Subject to:  𝐴±𝑥±  ≤  b̃ 

T (§𝑙
±

) x± + W (§𝑙
±

) y± = h (§𝑙
±

), ∀ 𝑙 = 1,2… . . 𝐿 

𝑥± ≥ 0, 𝑦±(§𝑙
±)  ≥ 0 

where 𝑥± and y± denote the interval first-stage and second-stage variables, respectively, 

𝐶±𝑋± are the first-stage system benefits, §𝑙
±

 is the second-stage random event with an 

occurrence probability level 𝑝𝑙   (pl ≥ 0, and  ∑ 𝑝𝑙 = 1𝐿
𝑙 ), ∑ 𝑝𝑙   𝑄(𝑦1

±,  §𝑙
±)𝐿

𝑙=1  is the 

second-stage resource cost, �̃� denotes the fuzzy right-hand-side coefficients with triangle 

fuzzy membership functions fully determined by the triplet (𝑏, 𝑏, 𝑏), the fuzzy gradient 

parameter λ ϵ [0, 1] is pre-determined by the decision-makers according to their 

characteristics (optimistic or pessimistic) and the parameter α is the pre-determined 

confidence level of the fuzzy event 𝐴±𝑥±  ≤ 𝑏.  

4.3 Model development 

4.3.1 Model configuration 

An inexact two-stage fuzzy gradient chance-constrained programming model is 

developed in this study to facilitate the identification of long-term strategies of water 

resources management and economic production patterns for sustainable economic and 

environmental development in Yongxin County and incorporate decision makers’ 

preferences. The model will account for various uncertainties and their interactions will 



50 
 

be effectively reflected within the optimization framework, such as interval parameters, 

fuzzy sets and uncertainties with probability distributions. The primary economic activities 

in the study area include cropping, fisheries, livestock, and forestry and industrial activities. 

Cropping activities include paddy farming, dry land farming and fruits/vegetables farming. 

Fisheries refers to fish and prawn framing activities. Livestock husbandry framing 

includes pig, cattle and poultry. Industrial activities denotes mining, manufacturing, 

construction, transportation and other industries. The planning horizon is one year. 

The problem is to obtain desired optimization strategies for water resource allocation 

of various economic activities considering economic and environmental tradeoffs, and to 

provide linkages between pre-regulated targets and economic implications. It also aims to 

manage the optimism and pessimism of decision makers’ preferences. Sensitivity analysis 

will be conducted to respond to risk violation levels. 

Thus, the objective of this model is to optimized water resources allocation and thus 

maximize the system net benefit. The system net benefits is calculated as the differences 

between economic benefits and water shortage penalties. The economic benefits denote 

the profits of the economic production pre-determined by the first-stage decisions 

regarding as the water resource allocation targets. The penalties denote the reduction of 

system benefits due to stagnation of economic activities when the water allocation target 

is not met under a given water inflow level. The penalties are determined by the second-

stage decisions regarding as water resource allocation schemes. The first-stage decision 

variables, i.e., economic production targets, should be pre-determined prior to the 

realization of random variables, and the second-stage decision variables regarding the 
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water resource allocation schemes will be determined after the disclosure of random 

uncertainties. Thus, economic development and environmental mitigation schemes can be 

adjust through the control of decision variables.  

The constraints include water quantity, water quality and technical constraints. The 

local water quantity and quality requirements are reflected in the constraints. The 

pollutants are mainly nitrogen, phosphorous and soil loss from runoff due to economic 

activities. Total nitrogen (TN), total phosphorous (TP), total dissolved nitrogen, total 

dissolved phosphorous, total soil loss (TSL) and chemical oxygen demand (COD) are 

chosen as six pollutant indicators. 

There are many uncertainties existing in multi-formats. For example, the total water 

inflow varies with years, which can be considered a stochastic event in the model. The 

uncertain parameters interpreted as random variables with probability distributions. The 

economic production targets and net benefits are subjected to local development strategies, 

which are usually estimated by decision makers based on historical experiences and 

government policies. The available data, which is inefficient to provide an exact 

distribution or any detailed information, are considered as intervals. Cropping activities 

are the main industries supporting the local economy in rural areas like Yongxin County. 

The nitrogen and phosphorous discharged from cropping runoff is continuously increasing 

due to excessive application of fertilizers and pesticides, resulting in the eutrophication 

and increased organic content of river bodies. The maximum nitrogen and phosphorous 

loss can hardly be presented as deterministic value, thus it is reasonable to regard them as 

fuzzy sets based on historical experimental observations of experts.  
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4.3.2 Model formulation 

The objective of this model is to optimized water resources allocation and thus 

maximize the system net benefit. The system net benefits is calculated as the differences 

between economic benefits and water shortage penalties. The economic benefits denote 

the profits of the economic production pre-determined by the first-stage decisions 

regarding as the water resource allocation targets. The penalties denote the reduction of 

system benefits due to stagnation of economic activities when the water allocation target 

is not met under a given water inflow level. Accordingly, the objective function can be 

formulated as follows: 

𝑀𝑎𝑥 𝑓± =∑ ∑ (𝑁𝐴𝑖𝑗
± ∙ 𝑇𝐴𝑖𝑗

± + 𝑁𝐹𝑖𝑗
± ∙ 𝑇𝐹𝑖𝑗

± + 𝑁𝐿𝑖𝑗
± ∙ 𝑇𝐿𝑖𝑗

± + 𝑁𝑊𝑖𝑗
± ∙ 𝑇𝑊𝑖𝑗

± + 𝑁𝐼𝑖𝑗
±

𝑗𝑖

∙ 𝑇𝐼𝑖𝑗
±)

−∑ ∑ ∑ (𝑝𝑙 ∙ 𝐶𝐴𝑖𝑗
± ∙ 𝐷𝐴𝑖𝑗

± + 𝑝𝑙 ∙ 𝐶𝐹𝑖𝑗
± ∙ 𝐷𝐹𝑖𝑗

± + 𝑝𝑙 ∙ 𝐶𝐿𝑖𝑗
± ∙ 𝐷𝐿𝑖𝑗

± + 𝑝𝑙
𝑙𝑗𝑖

∙ 𝐶𝑊𝑖𝑗
± ∙ 𝐷𝑊𝑖𝑗

± + 𝑝𝑙 ∙ 𝐶𝐼𝑖𝑗
± ∙ 𝐷𝐼𝑖𝑗

±) 

Subject to: 

(1) Water quantity constraint 

∑∑[𝑊𝐴𝑖𝑗
± ∙ (𝑇𝐴𝑖𝑗

± − 𝐷𝐴𝑖𝑗𝑙
± ) +𝑊𝐹𝑖𝑗

± ∙ (𝑇𝐹𝑖𝑗
± − 𝐷𝐹𝑖𝑗𝑙

± ) +𝑊𝐿𝑖𝑗
± ∙ (𝑇𝐿𝑖𝑗

± − 𝐷𝐿𝑖𝑗𝑙
± )

𝑗𝑖

+𝑊𝑊𝑖𝑗
± ∙ (𝑇𝑊𝑖𝑗

± − 𝐷𝑊𝑖𝑗𝑙
± ) +∙ 𝑊𝐼𝑖𝑗

± ∙ (𝑇𝐼𝑖𝑗
± − 𝐷𝐼𝑖𝑗𝑙

± )]  ≤  𝑄𝑙 ∀𝑙 

(2) Total soil loss  
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∑[(𝑇𝐴𝑖𝑗
± − 𝐷𝐴𝑖𝑗𝑙

± ) ∗ 𝑆𝐿𝑖 + (𝑇𝑊𝑖𝑗
± − 𝐷𝑊𝑖𝑗𝑙

± ) ∗ 𝑊𝑆]

𝑖

  ≤  𝑇𝑆𝐿𝑗𝑙
±  ∀𝑗, 𝑙 

(3) Total dissolved nitrogen loss 

∑[(𝑇𝐴𝑖𝑗
± − 𝐷𝐴𝑖𝑗𝑙

± ) ∗ 𝑅𝑁𝑖 + (𝑇𝐹𝑖𝑗
± − 𝐷𝐹𝑖𝑗𝑙

± ) ∗ 𝐹𝑁]

𝑖

 ≤  𝑇𝑁𝐿𝑗𝑙
±  ∀𝑗, 𝑙 

(4) Total dissolved phosphorous loss 

∑[(𝑇𝐴𝑖𝑗
± − 𝐷𝐴𝑖𝑗𝑙

± ) ∗ 𝑅𝑃𝑖 + (𝑇𝐹𝑖𝑗
± − 𝐷𝐹𝑖𝑗𝑙

± ) ∗ 𝐹𝑃]

𝑖

 ≤  𝑇𝑃𝐿𝑗𝑙
±  ∀𝑗, 𝑙 

(5) Total nitrogen loss 

∑(𝑇𝐴𝑖𝑗
± − 𝐷𝐴𝑖𝑗𝑙

± ) ∗ (𝑆𝐿𝑖 ∗ 𝐴𝑁)  ≤

𝑖

 𝑇𝐴𝑁𝑗𝑙
±̃ ∀𝑗, 𝑙 

(6) Total phosphorous loss 

∑(𝑇𝐴𝑖𝑗
± − 𝐷𝐴𝑖𝑗𝑙

± ) ∗ (𝑆𝐿𝑖 ∗ 𝐴𝑃)  ≤

𝑖

 𝑇𝐴𝑃𝑗𝑙
±̃ ∀𝑗, 𝑙 

(7) Total COD discharge 

∑[(𝑇𝐹𝑖𝑗
± − 𝐷𝐹𝑖𝑗𝑙

± ) ∙ 𝐶𝑂𝐷𝐹 + (𝑇𝐿𝑖𝑗
± − 𝐷𝐿𝑖𝑗𝑙

± ) ∙ 𝐶𝑂𝐷𝐿𝑖 + (𝑇𝐼𝑖𝑗
± − 𝐷𝐼𝑖𝑗𝑙

± ) ∙ 𝐶𝑂𝐷𝐼𝑖]

𝑖

≤ 𝑇𝐶𝑂𝐷𝑗𝑙
± ∀𝑗, 𝑙 

(8) Technical constraints 
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0 ≤  𝐷𝐴𝑖𝑗𝑙
± ≤ 𝑇𝐴𝑖𝑗

±  ∀ 𝑖, 𝑗, 𝑙 

0 ≤  𝐷𝐹𝑖𝑗𝑙
± ≤  𝑇𝐹𝑖𝑗

± ∀ 𝑖, 𝑗, 𝑙 

0 ≤  𝐷𝐿𝑖𝑗𝑙
± ≤  𝑇𝐿𝑖𝑗

±  ∀ 𝑖, 𝑗, 𝑙 

0 ≤  𝐷𝑊𝑖𝑗𝑙
± ≤ 𝑇𝑊𝑖𝑗

± ∀ 𝑖, 𝑗, 𝑙 

0 ≤  𝐷𝐼𝑖𝑗𝑙
± ≤  𝑇𝐼𝑖𝑗

± ∀ 𝑖, 𝑗, 𝑙 

where 

Cropping activity: 

i = 1 for paddy farm 

i = 2 for dry farm 

i = 3 for fruits/vegetables farm 

Fisheries activity: 

 i = 1 for fish and prawn farming  

Livestock husbandry activity: 

 i = 1 for hogs farm 

 i = 2 for cattle farm 
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 i = 3 for poultry farm  

Forestry activity: 

 i = 1 for forestry activity 

Industrial activity: 

 i = 1 for mining industry 

 i = 2 for manufacturing industry 

 i = 3 for construction industry 

 i = 4 for transportation industry 

 i = 5 for other industry 

j= the number of subareas of study county (j = 1, 2, 3, 4, 5) 

k = the planning period with 1 year horizon (k = 1)  

l=the total water inflow level  

 l = 1 for low flow 

 l = 2 for medium flow 

 l = 3 for high flow 

pl = the probability of occurrence of total water inflow level l 
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NAij = net benefit from cropping activity i in subarea j (104 RMB/km2) 

NFij = net benefit from fisheries activity i in subarea j (104 RMB/km2) 

NLij = net benefit from livestock husbandry activity i in subarea j (104 RMB/103 head) 

NWij = net benefit from forestry activity i in subarea j (104 RMB/km2) 

NIij = net benefit from industrial activity i in subarea j (RMB/km2) 

TAij = the water allocation target for cropping activity i in subarea j (km2/yr) 

TFij = the water allocation target for fisheries activity i in subarea j (km2/yr) 

TLij = the water allocation target for livestock husbandry activity i in subarea j (103 head) 

/yr 

TWij = the water allocation target for forestry activity i in subarea j (km2/yr) 

TIij = the water allocation target for industrial activity i in subarea j (104 RMB/yr) 

DAijl = the decision variable representing the amount by which water allocation target is 

not met when the seasonal flow is Q (km2) 

DFijl = the decision variable representing the amount by which water allocation target is 

not met when the seasonal flow is Q (km2) 

DLijl = the decision variable representing the amount by which water allocation target is 

not met when the seasonal flow is Q (103 head) 
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DWijl = the decision variable representing the amount by which water allocation target is 

not met when the seasonal flow is Q (km2) 

DIijl = the decision variable representing the amount by which water allocation target is 

not met when the seasonal flow is Q (104 RMB) 

CAij = the reduction of net benefit (penalty) for cropping activity i in subarea j when per 

unit of water not delivered (104 RMB/km2) (Cij > NBij) 

CFij = the reduction of net benefit (penalty) for fisheries activity i in subarea j when per 

unit of water not delivered (104 RMB/km2) (Cij > NBij) 

CLij = the reduction of net benefit (penalty) for livestock husbandry activity i in subarea j 

when per unit of water not delivered (104 RMB/103 head/yr) (Cij > NBij) 

CWij = the reduction of net benefit (penalty) for forestry activity i in subarea j when per 

unit of water not delivered (104 RMB/km2) (Cij > NBij) 

CIij = the reduction of net benefit (penalty) for industrial activity i in subarea j when per 

unit of water not delivered (RMB/km2) (Cij > NBij) 

Ql = random variable equal to total water inflow (m3) 

WAij = the unit water consumption/demand by cropping activity i in subarea j (m3/km2) 

WFij = the unit water consumption/demand by fisheries activity i in subarea j (m3/km2) 

WLij = the unit water consumption/demand by livestock husbandry activity i in subarea j 



58 
 

(m3/103 head) 

WWij = the unit water consumption/demand by forestry activity i in subarea j (m3/km2) 

WIij = the unit water consumption/demand by industrial activity i in subarea j (m3/104 head) 

SLi = soil loss from cropping activity i (t/ km2/yr) 

WS = soil loss from forestry activity (t/ km2/yr) 

TSLjl = maximum allowable soil loss from economic activity in subarea j (t/yr) 

RNi = dissolved nitrogen content from cropping activity i runoff flow (kg/km2/yr) 

FN = dissolved nitrogen loss from fisheries farming activity (kg/km2/yr) 

TNLjl = maximum allowable dissolved nitrogen loss from economic activity in subarea j 

(kg/yr) 

RPi = dissolved phosphorous content from cropping activity i runoff flow (kg/km2/yr) 

FP = dissolved phosphorous loss from fisheries farming activity (kg/km2/yr) 

TPLjl = maximum allowable dissolved phosphorous loss from economic activity in subarea 

j (kg/yr) 

AN = nitrogen content of soil (%) 

𝑇𝐴𝑁𝑗𝑙̃  = maximum allowable nitrogen loss from economic activity in subarea j (kg/yr) 
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AP = phosphorous content of soil (%) 

𝑇𝐴𝑃𝑗𝑙̃  = maximum allowable phosphorous loss from economic activity in subarea j (kg/yr) 

CODF = COD discharge from fisheries framing (kg/km2/yr) 

CODLi = COD discharge from livestock husbandry activity i (kg/head/yr) 

CODIi = COD discharge from industrial activity i (kg/ RMB) 

TCODjl = maximum allowable COD loss from economic activity in subarea j (kg/yr) 

E [·] = expected value of a random variable 

�̃� expressed fuzzy sets 

To determine the optimal value of first-stage decision variables 𝑇𝐴𝑖𝑗
± , 𝑇𝐹𝑖𝑗

±,  𝑇𝐿𝑖𝑗
± , 

 𝑇𝑊𝑖𝑗
±, 𝑇𝐼𝑖𝑗

±, a set of decision variables y are introduced. The interval parameters 𝑇𝐴𝑖𝑗
± , 

𝑇𝐹𝑖𝑗
±, 𝑇𝐿𝑖𝑗

± , 𝑇𝑊𝑖𝑗
±, 𝑇𝐼𝑖𝑗

± can be expressed as deterministic numbers:  

𝑇𝐴𝑖𝑗=𝑇𝐴𝑖𝑗
− + 𝑦1 ∗ ∆𝑇𝐴𝑖𝑗 

𝑇𝐹𝑖𝑗=𝑇𝐹𝑖𝑗
− + 𝑦2 ∗ ∆𝑇𝐹𝑖𝑗 

𝑇𝐿𝑖𝑗=𝑇𝐿𝑖𝑗
− + 𝑦3 ∗ ∆𝑇𝐿𝑖𝑗 

𝑇𝑊𝑖𝑗 =𝑇𝑊𝑖𝑗
− + 𝑦4 ∗ ∆𝑇𝑊𝑖𝑗 

𝑇𝐼𝑖𝑗=𝑇𝐼𝑖𝑗
− + 𝑦5 ∗ ∆𝑇𝐼𝑖𝑗 
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According to Fan and Huang (2012), the aforementioned model can be transformed 

into two sub-models. The first sub-model, referring to the lower bound value of the 

objective function, is shown below:  

𝑀𝑎𝑥 𝑓− =∑ ∑ [𝑁𝐴𝑖𝑗
− ∙ (𝑇𝐴𝑖𝑗

− + ∆𝑇𝐴𝑖𝑗 ∗ 𝑦1) + 𝑁𝐹𝑖𝑗
− ∙ (𝑇𝐹𝑖𝑗

− + ∆𝑇𝐹𝑖𝑗 ∗ 𝑦2) + 𝑁𝐿𝑖𝑗
−

𝑗𝑖

∙ (𝑇𝐿𝑖𝑗
− + ∆𝑇𝐿𝑖𝑗 ∗ 𝑦3) + 𝑁𝑊𝑖𝑗

− ∙ (𝑇𝑊𝑖𝑗
− + ∆𝑇𝑊𝑖𝑗 ∗ 𝑦4) + 𝑁𝐼𝑖𝑗

−

∙ (𝑇𝐼𝑖𝑗
− + ∆𝑇𝐼𝑖𝑗 ∗ 𝑦5)]

−∑ ∑ ∑ (𝑝𝑙 ∙ 𝐶𝐴𝑖𝑗
+ ∙ 𝐷𝐴𝑖𝑗

+ + 𝑝𝑙 ∙ 𝐶𝐹𝑖𝑗
+ ∙ 𝐷𝐹𝑖𝑗

+ + 𝑝𝑙 ∙ 𝐶𝐿𝑖𝑗
+ ∙ 𝐷𝐿𝑖𝑗

+ + 𝑝𝑙
𝑙𝑗𝑖

∙ 𝐶𝑊𝑖𝑗
+ ∙ 𝐷𝑊𝑖𝑗

+ + 𝑝𝑙 ∙ 𝐶𝐼𝑖𝑗
+ ∙ 𝐷𝐼𝑖𝑗

+) 

Subject to: 

∑∑(𝑊𝐴𝑖𝑗
+ ∙ ∆𝑇𝐴𝑖𝑗 ∗ 𝑦1 +𝑊𝐹𝑖𝑗

+ ∙ ∆𝑇𝐹𝑖𝑗 ∗ 𝑦2 +𝑊𝐿𝑖𝑗
+ ∙ ∆𝑇𝐿𝑖𝑗 ∗ 𝑦3 +𝑊𝑊𝑖𝑗

+ ∙ ∆𝑇𝑊𝑖𝑗

𝑗𝑖

∗ 𝑦4 +𝑊𝐼𝑖𝑗
+ ∙ ∆𝑇𝐼𝑖𝑗 ∗ 𝑦5)

−∑∑(𝑊𝐴𝑖𝑗
− ∙ 𝐷𝐴𝑖𝑗𝑙

+ +𝑊𝐹𝑖𝑗
− ∙ 𝐷𝐹𝑖𝑗𝑙

+ +𝑊𝐿𝑖𝑗
− ∙ 𝐷𝐿𝑖𝑗𝑙

+ +𝑊𝑊𝑖𝑗
− ∙ 𝐷𝑊𝑖𝑗𝑙

+

𝑗𝑖

+𝑊𝐼𝑖𝑗
− ∙ 𝐷𝐼𝑖𝑗𝑙

+ )

≤ 𝑄𝑙
−

−∑∑(𝑊𝐴𝑖𝑗
+ ∙ 𝑇𝐴𝑖𝑗

− +𝑊𝐹𝑖𝑗
+ ∙ 𝑇𝐹𝑖𝑗

− +𝑊𝐿𝑖𝑗
+ ∙ 𝑇𝐿𝑖𝑗

− +𝑊𝑊𝑖𝑗
+ ∙ 𝑇𝑊𝑖𝑗

−

𝑗𝑖

+𝑊𝐼𝑖𝑗
+ ∙ 𝑇𝐼𝑖𝑗

−)    ∀𝑙 
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∑[(𝑇𝐴𝑖𝑗
− + ∆𝑇𝐴𝑖𝑗 ∗ 𝑦1 − 𝐷𝐴𝑖𝑗𝑙

+ ) ∗ 𝑆𝐿𝑖 + (𝑇𝑊𝑖𝑗
− + ∆𝑇𝑊𝑖𝑗 ∗ 𝑦4 − 𝐷𝑊𝑖𝑗𝑙

+ ) ∗ 𝑊𝑆]

𝑖

≤ 𝑇𝑆𝐿𝑗𝑙
−  ∀𝑗, 𝑙 

∑[(𝑇𝐴𝑖𝑗
− + ∆𝑇𝐴𝑖𝑗 ∗ 𝑦1 − 𝐷𝐴𝑖𝑗𝑙

+ ) ∗ 𝑅𝑁𝑖 + (𝑇𝐹𝑖𝑗
− + ∆𝑇𝐹𝑖𝑗 ∗ 𝑦2 − 𝐷𝐹𝑖𝑗𝑙

+ ) ∗ 𝐹𝑁]

𝑖

≤ 𝑇𝑁𝐿𝑗𝑙
−  ∀𝑗, 𝑙 

∑[(𝑇𝐴𝑖𝑗
− + ∆𝑇𝐴𝑖𝑗 ∗ 𝑦1 − 𝐷𝐴𝑖𝑗𝑙

+ ) ∗ 𝑅𝑃𝑖 + (𝑇𝐹𝑖𝑗
− + ∆𝑇𝐹𝑖𝑗 ∗ 𝑦2 − 𝐷𝐹𝑖𝑗𝑙

+ ) ∗ 𝐹𝑃]

𝑖

≤ 𝑇𝑃𝐿𝑗𝑙
−  ∀𝑗, 𝑙 

∑(𝑇𝐴𝑖𝑗
− + ∆𝑇𝐴𝑖𝑗 ∗ 𝑦1 − 𝐷𝐴𝑖𝑗𝑙

+ ) ∗ (𝑆𝐿𝑖 ∗ 𝐴𝑁)

𝑖

≤
𝛼 (𝑇𝐴𝑁𝑗𝑙 − 𝑇𝐴𝑁𝑗𝑙) + 𝜆 ∙ 𝑇𝐴𝑁𝑗𝑙 − 𝑇𝐴𝑁𝑗𝑙

𝜆 − 1
 ∀𝑗, 𝑙 

∑(𝑇𝐴𝑖𝑗
− + ∆𝑇𝐴𝑖𝑗 ∗ 𝑦1 − 𝐷𝐴𝑖𝑗𝑙

+ ) ∗ (𝑆𝐿𝑖 ∗ 𝐴𝑃)

𝑖

≤ 
𝛼 (𝑇𝐴𝑃𝑗𝑙 − 𝑇𝐴𝑃𝑗𝑙) + 𝜆 ∙ 𝑇𝐴𝑃𝑗𝑙 − 𝑇𝐴𝑃𝑗𝑙

𝜆 − 1
 ∀𝑗, 𝑙 

∑[(𝑇𝐹𝑖𝑗
− + ∆𝑇𝐹𝑖𝑗 ∗ 𝑦2 − 𝐷𝐹𝑖𝑗𝑙

+ ) ∙ 𝐶𝑂𝐷𝐹 + (𝑇𝐿𝑖𝑗
− + ∆𝑇𝐿𝑖𝑗 ∗ 𝑦3 − 𝐷𝐿𝑖𝑗𝑙

+ ) ∙ 𝐶𝑂𝐷𝐿𝑖
𝑖

+ (𝑇𝐼𝑖𝑗
− + ∆𝑇𝐼𝑖𝑗 ∗ 𝑦5 − 𝐷𝐼𝑖𝑗𝑙

+ ) ∙ 𝐶𝑂𝐷𝐼𝑖] ≤  𝑇𝐶𝑂𝐷𝑗𝑙
− ∀𝑗, 𝑙 

0 ≤ 𝐷𝐴𝑖𝑗𝑙
+ ≤ 𝑇𝐴𝑖𝑗

− + ∆𝑇𝐴𝑖𝑗 ∗ 𝑦1∀ 𝑖, 𝑗, 𝑙 

0 ≤ 𝐷𝐹𝑖𝑗𝑙
+ ≤ 𝑇𝐹𝑖𝑗

− + ∆𝑇𝐹𝑖𝑗 ∗ 𝑦2 ∀ 𝑖, 𝑗, 𝑙 
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0 ≤ 𝐷𝐿𝑖𝑗𝑙
+ ≤ 𝑇𝐿𝑖𝑗

− + ∆𝑇𝐿𝑖𝑗 ∗ 𝑦3 ∀ 𝑖, 𝑗, 𝑙 

0 ≤ 𝐷𝑊𝑖𝑗𝑙
+ ≤ 𝑇𝑊𝑖𝑗

− + ∆𝑇𝑊𝑖𝑗 ∗ 𝑦4 ∀ 𝑖, 𝑗, 𝑙 

0 ≤ 𝐷𝐼𝑖𝑗𝑙
+ ≤ 𝑇𝐼𝑖𝑗

− + ∆𝑇𝐼𝑖𝑗 ∗ 𝑦5 ∀ 𝑖, 𝑗, 𝑙 

where the fuzzy gradient parameter λ ϵ [0, 1], is determined by the decision-makers 

according to their characteristics (optimistic or pessimistic), where α (0 ≤ α ≤ 1) denotes 

the level of credibility (predetermined confidence level) to reflect the satisfaction of 

constraints  

The optimal solution for y1opt, y2opt, y3opt, y4opt, y5opt, and the second-stage decision 

variables 𝐷𝐴𝑖𝑗𝑙𝑜𝑝𝑡
+ ,   𝐷𝐹𝑖𝑗𝑙𝑜𝑝𝑡

+ ,   𝐷𝐿𝑖𝑗𝑙𝑜𝑝𝑡
+ , 𝐷𝑊𝑖𝑗𝑙𝑜𝑝𝑡

+ ,  𝐷𝐼𝑖𝑗𝑙𝑜𝑝𝑡
+ . The values of 𝑇𝐴𝑖𝑗 ,  𝑇𝐹𝑖𝑗 , 

 𝑇𝐿𝑖𝑗 ,   𝑇𝑊𝑖𝑗 ,  𝑇𝐼𝑖𝑗  f rom the f i rst  sub-model can be calculated as  follows: 

𝑇𝐴𝑖𝑗=𝑇𝐴𝑖𝑗
− + 𝑦1𝑜𝑝𝑡 ∗ ∆𝑇𝐴𝑖𝑗 

𝑇𝐹𝑖𝑗=𝑇𝐹𝑖𝑗
− + 𝑦2𝑜𝑝𝑡 ∗ ∆𝑇𝐹𝑖𝑗 

𝑇𝐿𝑖𝑗=𝑇𝐿𝑖𝑗
− + 𝑦3𝑜𝑝𝑡 ∗ ∆𝑇𝐿𝑖𝑗 

𝑇𝑊𝑖𝑗 =𝑇𝑊𝑖𝑗
− + 𝑦4𝑜𝑝𝑡 ∗ ∆𝑇𝑊𝑖𝑗 

𝑇𝐼𝑖𝑗=𝑇𝐼𝑖𝑗
− + 𝑦5𝑜𝑝𝑡 ∗ ∆𝑇𝐼𝑖𝑗 

The second sub-model, referring to the upper bound value of the objective function, 

is shown below: 
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𝑀𝑎𝑥 𝑓+ =∑ ∑ [𝑁𝐴𝑖𝑗
+ ∙ 𝑇𝐴𝑖𝑗 + 𝑁𝐹𝑖𝑗

+ ∙ 𝑇𝐹𝑖𝑗 + 𝑁𝐿𝑖𝑗
+ ∙ 𝑇𝐿𝑖𝑗 + 𝑁𝑊𝑖𝑗

+ ∙ 𝑇𝑊𝑖𝑗 + 𝑁𝐼𝑖𝑗
+

𝑗𝑖

∙ 𝑇𝐼𝑖𝑗]

−∑ ∑ ∑ (𝑝𝑙 ∙ 𝐶𝐴𝑖𝑗
− ∙ 𝐷𝐴𝑖𝑗

− + 𝑝𝑙 ∙ 𝐶𝐹𝑖𝑗
− ∙ 𝐷𝐹𝑖𝑗

− + 𝑝𝑙 ∙ 𝐶𝐿𝑖𝑗
− ∙ 𝐷𝐿𝑖𝑗

− + 𝑝𝑙
𝑙𝑗𝑖

∙ 𝐶𝑊𝑖𝑗
− ∙ 𝐷𝑊𝑖𝑗

− + 𝑝𝑙 ∙ 𝐶𝐼𝑖𝑗
− ∙ 𝐷𝐼𝑖𝑗

−) 

Subject to:  

−∑∑(𝑊𝐴𝑖𝑗
+ ∙ 𝐷𝐴𝑖𝑗𝑙

− +𝑊𝐹𝑖𝑗
+ ∙ 𝐷𝐹𝑖𝑗𝑙

− +𝑊𝐿𝑖𝑗
+ ∙ 𝐷𝐿𝑖𝑗𝑙

− +𝑊𝑊𝑖𝑗
+ ∙ 𝐷𝑊𝑖𝑗𝑙

− +𝑊𝐼𝑖𝑗
+ ∙ 𝐷𝐼𝑖𝑗𝑙

− )

𝑗𝑖

≤ 𝑄𝑙
+

−∑∑(𝑊𝐴𝑖𝑗
− ∙ 𝑇𝐴𝑖𝑗 +𝑊𝐹𝑖𝑗

− ∙ 𝑇𝐹𝑖𝑗 +𝑊𝐿𝑖𝑗
− ∙ 𝑇𝐿𝑖𝑗 +𝑊𝑊𝑖𝑗

− ∙ 𝑇𝑊𝑖𝑗

𝑗𝑖

+𝑊𝐼𝑖𝑗
− ∙ 𝑇𝐼𝑖𝑗)    ∀𝑙 

∑[(𝑇𝐴𝑖𝑗 − 𝐷𝐴𝑖𝑗𝑙
− ) ∗ 𝑆𝐿𝑖 + (𝑇𝑊𝑖𝑗 − 𝐷𝑊𝑖𝑗𝑙

− ) ∗ 𝑊𝑆]

𝑖

≤ 𝑇𝑆𝐿𝑗𝑙
+  ∀𝑗, 𝑙 

∑[(𝑇𝐴𝑖𝑗 − 𝐷𝐴𝑖𝑗𝑙
− ) ∗ 𝑅𝑁𝑖 + (𝑇𝐹𝑖𝑗 − 𝐷𝐹𝑖𝑗𝑙

− ) ∗ 𝐹𝑁]

𝑖

≤ 𝑇𝑁𝐿𝑗𝑙
+  ∀𝑗, 𝑙 

∑[(𝑇𝐴𝑖𝑗 − 𝐷𝐴𝑖𝑗𝑙
− ) ∗ 𝑅𝑃𝑖 + (𝑇𝐹𝑖𝑗) ∗ 𝐹𝑃]

𝑖

≤ 𝑇𝑃𝐿𝑗𝑙
+  ∀𝑗, 𝑙 

∑(𝑇𝐴𝑖𝑗 − 𝐷𝐴𝑖𝑗𝑙
− ) ∗ (𝑆𝐿𝑖 ∗ 𝐴𝑁) ≤ 

𝑖

𝛼 (𝑇𝐴𝑁𝑗𝑙 − 𝑇𝐴𝑁𝑗𝑙) + 𝜆 ∙ 𝑇𝐴𝑁𝑗𝑙 − 𝑇𝐴𝑁𝑗𝑙

𝜆 − 1
 ∀𝑗, 𝑙 
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∑(𝑇𝐴𝑖𝑗 − 𝐷𝐴𝑖𝑗𝑙
− ) ∗ (𝑆𝐿𝑖 ∗ 𝐴𝑃) ≤

𝑖

 
𝛼 (𝑇𝐴𝑃𝑗𝑙 − 𝑇𝐴𝑃𝑗𝑙) + 𝜆 ∙ 𝑇𝐴𝑃𝑗𝑙 − 𝑇𝐴𝑃𝑗𝑙

𝜆 − 1
 ∀𝑗, 𝑙 

∑[(𝑇𝐹𝑖𝑗 − 𝐷𝐹𝑖𝑗𝑙
− ) ∙ 𝐶𝑂𝐷𝐹 + (𝑇𝐿𝑖𝑗 − 𝐷𝐿𝑖𝑗𝑙

− ) ∙ 𝐶𝑂𝐷𝐿𝑖 + (𝑇𝐼𝑖𝑗 − 𝐷𝐼𝑖𝑗𝑙
− ) ∙ 𝐶𝑂𝐷𝐼𝑖]

𝑖

≤ 𝑇𝐶𝑂𝐷𝑗𝑙
+ ∀𝑗, 𝑙 

0 ≤ 𝐷𝐴𝑖𝑗𝑙
− ≤ 𝐷𝐴𝑖𝑗𝑙

+ ≤ 𝑇𝐴𝑖𝑗∀ 𝑖, 𝑗, 

0 ≤ 𝐷𝐹𝑖𝑗𝑙
− ≤ 𝐷𝐹𝑖𝑗𝑙

+ ≤ 𝑇𝐹𝑖𝑗  ∀ 𝑖, 𝑗, 

0 ≤ 𝐷𝐿𝑖𝑗𝑙
− ≤ 𝐷𝐿𝑖𝑗𝑙

+ ≤ 𝑇𝐿𝑖𝑗  ∀ 𝑖, 𝑗, 𝑙 

0 ≤ 𝐷𝑊𝑖𝑗𝑙
− ≤ 𝐷𝑊𝑖𝑗𝑙

+ ≤ 𝑇𝑊𝑖𝑗 ∀ 𝑖, 𝑗, 𝑙 

0 ≤ 𝐷𝐼𝑖𝑗𝑙
− ≤ 𝐷𝐼𝑖𝑗𝑙

+ ≤ 𝑇𝐼𝑖𝑗 ∀ 𝑖, 𝑗, 𝑙 

4.3.3 Confidence level and the fuzzy gradient  

Linguistic terms are always used in the data acquisition process of practical problems 

to consider the decision makers’ subjective judgement in the management and planning 

process. A semantic correspondence for the different degrees of confidence level has been 

established to interpret decision maker’s desires in linguistic terms and better promote the 

application of the model (Jimenez et al., 2007). The confidence levels of the fuzzy 

constraints are presented by eleven semantic scales (Zhang and Huang, 2011). The 

linguistic description and corresponding degrees of confidence are listed in Table 4.1. The 

constraints should be satisfied and not violated in terms of the water resources 
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management of the Heshui River Basin in Yongxin County. Therefore, 0.7 and 0.9 are 

determined as confidence levels, which indicate the constraints are not be violated and 

practically satisfied. 

The advantage of the model is its capability to reflect the decision makers’ preferences 

and the violation risks of the system. The confidence level α represents the satisfaction 

level of the constraint. The higher the value of α is, the more satisfactory the constraint is. 

The fuzzy gradient parameter λ can reflect the decision makers’ desirable preferences. The 

larger the fuzzy gradient parameter λ is, the more adventurous the decision-maker is. In 

other words, if the decision-maker is optimistic, the fuzzy gradient parameter λ is preferred 

to be as close as possible to 1. Otherwise, the fuzzy gradient parameter λ should be as close 

to 0 when the decision-maker is pessimistic and cares about potential risk. Two scenarios 

(α = 0.9, 0.7) will be conducted for investigating the uncertainties in the decision makers’ 

judgements and preferences, where five aspiration preferences for the fuzzy gradient 

parameter λ (0.3, 0.4 and 0.5) are selected at each confidence level to analyze decision 

makers’ preferences and the associated decision alternatives.  
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Table 4.1 Eleven scales of linguistic description and confidence level 

Confidence level α Linguistic 

description 

Constraint violation 

risk 

Linguistic 

description 

0 Completely UC 1 Completely VC 

0.1 Partially UC 0.9 Partially VC 

0.2 Almost UC 0.8 Almost VC 

0.3 Very UC 0.7 Very VC 

0.4 Quite UC 0.6 Quite VC 

0.5 Neither SC or UC 0.5 Neither IC or VC 

0.6 Quite SC 0.4 Quite IC 

0.7 Very UC 0.3 Very IC 

0.8 Almost SC 0.2 Almost IC 

0.9 Partially SC 0.1 Partially IC 

1 Completely SC 0 Completely IC 

UC: Unsatisfied Constraint; SC: Satisfied Constraint; VC: Violated Constraint; IC: 

Inviolated Constraint (Zhang and Huang, 2011). 
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4.4 Data collection 

Extensive data collection were conducted to characterize the study system. 

Hydrological and meteorological records were collected from local observation stations. 

The study area was divided into several subareas based on investigations of multiple field 

trips as well as technical documents from local authorities. Economic and pollution-related 

coefficients were obtained through extensive literature review of the previous studies 

(Zhang and Wang, 2002; SEP A, 2002; JBQTS, 2003; Mance, 2007; Chen et al., 2009; 

Nie, 2010; Murray and Ray, 2010; Tan, 2011;  Zhang, 2011). Moreover, questionnaire 

surveys among various stakeholders were conducted to include their expertise and 

knowledge. 

The data can hardly be deterministic or offer enough precision due to insufficient and 

poor information, error in prediction and assumptions of linear regression (Li et al., 2013). 

According to the variety of data sources and qualities, uncertainties were interpreted in 

different formats to effectively reflect the complexities and uncertainties in real-world 

problems.  The inputs of the optimization model, such as economic targets, economic 

benefits and costs, and water demand were represented as intervals. Probability 

distributions of the total water inflow were obtained based on the historic records of annual 

water inflow. Furthermore, the vagueness of the environmental capacities such as 

maximum total nitrogen and maximum total phosphorous are encoded as triangular fuzzy 

sets based on expert consultations, as shown in Table 4.11 and 4.12.  

 

The economic parameters of the model consist of the economic production targets 

and the benefit and cost data of the following five economic activities:  
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(1) cropping activities  

i. paddy farming 

ii. dry farming 

iii. fruits/vegetables farming 

(2) fisheries activities 

(3) livestock husbandry activities 

i. pig 

ii. cattle 

iii. poultry 

(4) forestry activities 

(5) industrial activities 

i. mining industries 

ii. manufacturing industries 

iii. construction industries 

iv. transportation industries 

v. other industries 

The benefits refer to profits achieved from economic activities and the costs 

representing the penalties associated with the deficit in the pre-regulated targets. Table 4.2 

shows the benefits of the economic activities. The economic parameters are estimated as 

intervals based on historical information provided by local authorities. Table 4.3 to Table 

4.12 present the physical parameters involved in the model; water quality impacts and 

water consumption from the economic activities, as well as the probability of incoming 

water. The nitrogen and phosphorous content of soil is 0.25% and 0.1%. The nitrogen and 
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phosphorous discharge from fisheries farming activity is 4200 kg/km2 and 580 kg/km2. 

The parameters are mainly related to soil loss, nutrient discharge, and climate and 

hydrological conditions. The information is insufficient and is estimated as interval values 

based on technical documents from local authorities and a literature review.  

The data related to pollutant control include the maximum allowable pollutant 

discharge in five subareas from each economic activity, which denote the right-hand-side 

of the water quality constraints. There are six pollution indicators involved in the model: 

(1) maximum allowable soil loss 

(2) maximum allowable total nitrogen loss 

(3) maximum allowable total phosphorous loss 

(4) maximum allowable dissolved nitrogen loss 

(5) maximum allowable dissolved phosphorous loss 

(6) maximum allowable total COD discharge 
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Table 4.2 Net benefits of economic activities  

 Subarea 

1 2 3 4 5 

Net benefit of cropping activities (RMB104/km2) 

Paddy farming (209, 249) (180, 214) (176, 209) (192, 228) (184, 219) 

Dry farming (121, 144) (113, 133) (102, 120) (106, 127) (106, 127) 

Fruits/vegetables  (385, 443) (310, 319) (376, 434) (284, 327) (323, 371) 

Net benefit of fisheries activities (RMB/km2) 

Fish farming (451, 531) (451, 531) (451, 531) (451, 531) (451, 531) 

Net benefit of livestock husbandry activities (RMB104/103 head) 

Pig (111.4, 128.9) (101.9,118) (101.9,118) (113, 130.2) (116.1, 134.2) 

Cattle (646.1,746.2) (608.3,703.2) (534.7,617.3) (482.9,558.3) (660.1, 762.2) 

Poultry (3.9, 4.4) (4.6, 5.3) (3.5, 4.1) (3.6, 4.1) (4.6, 5.3) 

Net benefit of forestry activities (RMB/km2) 

Forestry (17, 22) (17, 22) (17, 22) (17, 22) (17, 22) 
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Table 4.3 Water demands of economic activities  

 Subarea 

1 2 3 4 5 

Water demand of cropping activities (103 m3/km2) 

Paddy farming (646, 729) (646, 729) (646, 729) (646, 729) (646, 729) 

Dry farming (136, 153) (136, 153) (136, 153) (136, 153) (136, 153) 

Fruits/vegetables  (204, 230) (204, 230) (204, 230) (204, 230) (204, 230) 

Water demand of fisheries activities (103 m3/km2) 

Fish farming (89.9, 116) (89.9, 116) (89.9, 116) (89.9, 116) (89.9, 116) 

Water demand of livestock husbandry activities (103 m3/103 head) 

Pig (4.5, 5.4) (4.5, 5.4) (4.5, 5.4) (4.5, 5.4) (4.5, 5.4) 

Cattle (7.5, 9) (7.5, 9) (7.5, 9) (7.5, 9) (7.5, 9) 

Poultry (0.4, 0.5) (0.4, 0.5) (0.4, 0.5) (0.4, 0.5) (0.4, 0.5) 

Water demand of forestry activities (103 m3/km2) 

Forestry (0.9, 1.1) (0.9, 1.1) (0.9, 1.1) (0.9, 1.1) (0.9, 1.1) 

Water demand for industrial activities (m3/RMB104) 

Mining industries (91, 103) (91, 103) (91, 103) (91, 103) (91, 103) 

Manufacturing industries (109, 123) (109, 123) (109, 123) (109, 123) (109, 123) 

Construction industries  (82, 92) (82, 92) (82, 92) (82, 92) (82, 92) 

Transportation industries (48, 55) (48, 55) (48, 55) (48, 55) (48, 55) 

Other industries (68, 77) (68, 77) (68, 77) (68, 77) (68, 77) 
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Table 4.4 Total water inflow (105 m3)  

Water inflow level Low Medium High 

Total water inflow (1599, 1699) (1719, 1827) (1839, 1955) 

Probability 0.2 0.6 0.2 
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Table 4.5 Soil loss from cropping and forestry activities (t/km2) 

Activity Soil loss 

Paddy farming 760 

Dry farming 500 

Fruits/vegetables  250 

Forestry  90 
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Table 4.6 Nitrogen and phosphorous in runoff from cropping activities (kg/km2) 

Activity Nitrogen in runoff Phosphorous in runoff 

Paddy farming 550 50 

Dry farming 800 125 

Fruits/vegetables  490 60 
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Table 4.7 COD discharge from fisheries, livestock, and industry activities  

Activity COD discharge 

Fisheries (t/km2) 74 

Livestock (t/103 head)  

Pig 48 

Cattle 69 

Poultry 0.50 

Industry (kg/RMB104)  

Mining  1.94 

Manufacturing 2.98 

Construction 1.19 

Transportation 0.17 

Other 0.17 
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Table 4.8 Maximum allowable soil loss from cropping and forestry activities (103 t) 

Subarea Low Medium High 

1 (128, 192) (128, 192) (128, 192) 

2 (272, 408) (272, 408) (272, 408) 

3 (184, 276) (184, 276) (184, 276) 

4 (216, 324) (216, 324) (216, 324) 

5 (400, 600) (400, 600) (400, 600) 
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Table 4.9 Maximum allowable dissolved nitrogen loss from cropping and fisheries activities (103 

kg) 

Subarea Low Medium High 

1 (256, 384) (256, 384) (256, 384) 

2 (544, 816) (544, 816) (544, 816) 

3 (368, 552) (368, 552) (368, 552) 

4 (432, 648) (432, 648) (432, 648) 

5 (800, 1200) (800, 1200) (800, 1200) 
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Table 4.10 Maximum allowable dissolved phosphorous loss from cropping and fisheries 

activities (103kg) 

Subarea Low Medium High 

1 (51.2, 76.8) (51.2, 76.8) (51.2, 76.8) 

2 (108.8, 163.2) (108.8, 163.2) (108.8, 163.2) 

3 (73.6, 110.4) (73.6, 110.4) (73.6, 110.4) 

4 (86.4, 129.6) (86.4, 129.6) (86.4, 129.6) 

5 (160, 240) (160, 240) (160, 240) 
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Table 4.11 Maximum allowable nitrogen loss from cropping activities (t) 

Subarea Low Medium High 

1 (128, 160, 192) (128, 160, 192) (128, 160, 192) 

2 (272, 340, 408) (272, 340, 408) (272, 340, 408) 

3 (184, 230, 276) (184, 230, 276) (184, 230, 276) 

4 (216, 270, 324) (216, 270, 324) (216, 270, 324) 

5 (400, 500, 600) (400, 500, 600) (400, 500, 600) 
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Table 4.12 Maximum allowable phosphorous loss from cropping activities (t) 

Subarea Low Medium High 

1 (57.6, 72, 86.4) (57.6, 72, 86.4) (57.6, 72, 86.4) 

2 (122.4, 153, 183.6) (122.4, 153, 183.6) (122.4, 153, 183.6) 

3 (82.8, 103.5, 124.2) (82.8, 103.5, 124.2) (82.8, 103.5, 124.2) 

4 (97.2, 121.5, 145.8) (97.2, 121.5, 145.8) (97.2, 121.5, 145.8) 

5 (180, 225, 270) (180, 225, 270) (180, 225, 270) 
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4.5 Results analysis 

Feasible results are obtained by solving the inexact two-stage fuzzy gradient chance-

constrained water resources management model using the aforementioned solution 

algorithm. Optimized economic targets of each activity are generated under three levels of 

incoming water flow. The total system net benefits, total target incomes and total costs due 

to the deficit allocation of water are obtained under different confidence levels. The total 

target income denotes the revenue from economic activities, which is determined in the 

first-stage decisions based on the optimized economic production targets. The costs 

generated in the system are due to the water allocation deficit. The economic targets cannot 

be satisfied because of insufficient water inflow. Water allocation schemes can be obtained 

in the second-stage decision process based on the different incoming water levels. 

Alternative solutions are provided according to the different decision makers’ preferences 

to investigate the tradeoffs between economic and environmental objectives as well as 

support decision making processes for sustainable development of the study area.  

4.5.1 First stage decisions  

The generated decisions are sensitive to uncertainties in the formulated model 

because the solutions obtained are mostly non-zero interval numbers. The target 

variables y1, y2, y3, y4, y5 are designed to identify the economic production targets in the 

first stage decision process. The economic target is represented as 𝑇 =𝑇− + 𝑦 ∗ ∆𝑇. 

The solutions to the target variables are capable of determining the optimal economic 

target values in the range of [𝑇𝑋−, 𝑇𝑋+]. The generated optimal economic targets 

reflect a compromise between economic development and environmental policies to 
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obtain the maximum system net benefit. If the value of the target variable y approaches 

0, the economic target of the activity approaches its lower bound. If the value of the 

target value variable y approaches 1, the economic target approaches its upper bound. 

The optimal results for the target variables y are presented in Table 4.13.   
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Table 4.13 The optimal solutions of target variables y 

 Subarea 

1 2 3 4 5 

Targets for cropping activities (km2) 

Paddy farming 0 0 0 0 0 

Dry farming 1 1 1 1 1 

Fruits/vegetables farming 1 1 1 1 1 

Targets for fisheries activities (km2) 

Fish farming 1 1 1 1 1 

Targets for livestock husbandry activities (103 head) 

Pig 0 1 0 1 1 

Cattle 1 1 1 1 1 

Poultry 1 1 1 1 1 

Targets for forestry activities (km2) 

Forestry 1 1 1 1 1 

Targets for industrial activities (RMB104) 

Mining industries 1 1 1 1 1 

Manufacturing industries 1 1 1 1 1 

Construction industries  1 1 1 1 1 

Transportation industries 1 1 1 1 1 

Other industries 1 1 1 1 1 
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According to the optimal results, the economic targets for portions of the cropping 

activity, livestock husbandry activity and all fisheries, forestry, and industrial activity 

would approach their upper bounds. The optimized economic targets for paddy farming 

and pig farming in subareas 1 and 3 would approach their lower bounds. Based on the 

tradeoffs between economic development and environmental conversation, the results 

obtained could indicate that the priorities of local development in Yongxin County should 

be fisheries, and forestry and industrial activities and the development of cropping 

activities and livestock husbandry should be limited. The development of dry farming and 

fruits/vegetables farming, cattle and poultry should be considered first, and pig farming, 

and paddy farming should be restricted.  

The optimized targets of each economic activity are shown in Figure 4.2 in terms of 

individual economic activity. As for cropping activity, dry farming would be the primary 

activity (55%), followed by paddy farming (38%), and fruits/vegetables (7%). As for 

livestock activity, poultry (89%) would be the major activity. This may be because of the 

relatively high net benefit of poultry activity. The optimized targets of fisheries and 

forestry activity would be 13.19 km2, and 143.64 km2, respectively. As for industrial 

activity, the dominant sector would be construction (53%) (i.e. water conservation 

facilities, power facilities, and housing construction), which approximately equals RMB 

6.52 × 108. The second largest sector would be the manufacturing industry (30%), 

including the production of copper, leather, medical, and cocoon products. The mining, 

transportation and other industries would account for 4%, 7% and 6%, respectively.  
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Figure 4.2 (1) Optimized targets segments of cropping activity 
  

Cropping 
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Figure 4.2 (2) Optimized targets segments of livestock activity 
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Figure 4.2 (3) Optimized targets segments of industrial activity 

  



88 
 

According to the lower and upper bounds of the net benefit for each economic activity 

(Table 3.1), as well as the generated economic target variables, the lower and upper bounds 

of the targeted income of each economic activity could be computed. The total targeted 

income would be RMB [3.11, 3.44] × 109. In details, the targeted incomes for cropping, 

industrial, livestock, fisheries and forestry activities are RMB [1.34, 1.58] × 109, 1.23 × 109, 

[4.54, 5.25] × 108, [5.95, 7.00] × 107, and [2.44, 3.16] × 109, respectively. The contributions 

to the targeted income from all economic activities are presented in Figure 4.3. Cropping 

and industrial activity are major sources of local targeted incomes, accounting for 43% 

and 40% in lower bound model, respectively. In the upper bound model, the proportion of 

cropping activity increases to 46%, followed by industrial activity (36%) and livestock 

(15%). Fisheries and forestry activity only contribute for 2% and 1%, respectively.  
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Figure 4.3 (1) Lower bound of targeted income segments of each economic activity 
  

cropping 

cropping 
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Figure 4.3 (2) Upper bound of targeted income segments of each economic activity 

  

cropping 

cropping 
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Figure 4.4 shows the distribution of targeted income for each economic activity 

within five subareas. Subarea 4 would obtain the highest cropping targeted income, which 

would be RMB [4.23, 5.02] × 108. The fisheries targeted incomes in subareas 3 and 4 would 

be higher than that in other subareas. The targeted incomes from forestry would change 

slightly among five subareas, falling in the range of RMB [2.75, 8.08] × 106. The majority 

of targeted income from livestock comes from subareas 1, 3, 4 and 5, which are in the 

range of RMB [9.13, 15.16] × 107. Subareas 1, 3, 4 would obtain the majority of targeted 

incomes from industrial activity, which would be RMB 2.82 × 108, 3.39 × 108, and 3.14 × 

108 respectively. Cropping and industrial activity would be the dominant economic sectors, 

and subareas 1, 3 and 4 would be the dominant sectors contributing targeted incomes.  
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Figure 4.4 (1) Targeted income from each activity in five subareas (lower bound) 

  

Cropping 
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Figure 4.4 (2) Targeted income from each activity in five subareas (upper bound) 
  

Cropping 
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4.5.2 Second stage decisions 

Due to random events occurring in the second stage, the planning strategies generated 

in the first stage should be adjusted to respond to changes in natural conditions. According 

to the three levels of incoming water, the economic production deficits would be generated 

due to insufficient supply water. The results shown the economic targets of fisheries, 

forestry and industrial activities could be satisfied under three levels of water inflow. 

However, the economic targets for cropping and livestock activity would not be fully 

satisfied. The water allocation deficits from cropping activity (α = 0.9, λ = 0.5) under three 

water inflow levels are presented in Figure 4.5. As for cropping activity, the water 

allocation deficits are in the range of [225.18, 279.45] km2. The deficits occurred in paddy 

farming. The priority for local cropping activity development would be dry farming and 

fruits/vegetables farming. The development of paddy farming would be limited. With the 

increase in water inflow levels, the water allocation deficits for cropping activity would 

decrease. There would be more water supplied for cropping activity with increasing water 

levels. As for livestock activity, the economic production deficits fall within the range of 

[0, 47.27] 103 head. The deficits occurred in pig farming, which indicates the local 

development of livestock should consider cattle and poultry first, and move to pig farming. 

There is no change in livestock production deficits under three water inflow levels, which 

means the economic targets cannot be achieved even if the water inflow level is high. 

There may be other factors influencing the production of pig framing, such as water quality 

constraint. Considering the water allocation deficits in five subareas, the water allocation 

deficits mainly occurred in cropping activity. The optimal solutions for water allocation 

deficits in cropping activity under three water inflow levels with various confidence 
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degrees and fuzzy gradient parameters, are shown in Table 4.14.  

 

 
Figure 4.5 Water allocation deficits of cropping activity under three water inflow levels (α = 

0.9, λ = 0.5) 
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Table 4.14 The optimal solutions of water allocation deficits under different α and λ (km2) 

Subarea α=0.9 λ=0.5 α=0.9 λ=0.4 α=0.9 λ=0.3 

level level level 

 Target L M H L M H L M H 

1 63.6 60.5 60.5 60.5 61.1 61.1 61.1 61.5 61.5 61.5 

2 33.9 [0,  

33.9] 

[0,  

17.9] 

0 [0,  

33.9] 

[0,  

16.4] 

0 [0,  

33.9] 

[0,  

15.3] 

0 

3 84.7 [67,  

84.7] 

[67, 

84.7] 

[67, 

84.7] 

[67.7,  

84.7] 

[67.7, 

84.7] 

[67.7, 

84.7] 

[68.3,  

84.7] 

[68.3, 

84.7] 

[68.3, 

81.4] 

4 108.6 97.8 97.8 97.8 98.7 98.7 98.7 99.4 99.4 99.4 

5 35.7 [0,  

2.6] 

0 0 [0,  

1.1] 

0 0 0 0 0 

Subarea α=0.7 λ=0.5 α=0.7 λ=0.4 α=0.7 λ=0.3 

level level level 

 Target L M H L M H L M H 

1 63.6 53.8 53.8 53.8 55.4 55.4 55.4 56.7 56.7 56.7 

2 33.9 [0,  

33.9] 

[0,  

33.9] 

[0,  

17.4] 

[0,  

33.9] 

[0,  

31.5] 

[0,  

12.9] 

[0,  

33.9] 

[0, 28.2] [0, 9.7] 

3 84.7 [57.2,  

84.7] 

[57.2, 

84.7] 

[57.2, 

84.7] 

[59.6,  

84.7] 

[59.6, 

84.7] 

[59.6, 

84.7] 

[61.4,  

84.7] 

[61.4, 

84.7] 

[61.4,  

84.7] 

4 108.6 86.4 86.4 86.4 89.3 89.3 89.3 91.3 91.3 91.3 

5 35.7 [0,  

20.7] 

[0,  

2.1] 

0 [0,  

16.15] 

0 0 [0,  

12.9] 

0 0 
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The cropping water allocation deficits within the five subareas would generally 

decrease with increasing water inflow levels. In subareas 1 and 4, the water allocation 

deficits would be almost constant under three water inflow levels, indicating the available 

water cannot fully support the economic production targets. As for subarea 2, the water 

allocation deficit would be equal to the economic target when the water inflow level is low, 

implying the economic target would be unsatisfied. However, when the available water 

increases from low to medium and high, the water allocation deficits would reduce 

dramatically. Subarea 2 is relatively sensitive to the variation of incoming water, and when 

there is sufficient water for cropping production, subarea 2 would be considered as a 

priority than subareas 1 and 4. In terms of subarea 3, the economic targets would be hardly 

completed under three water inflow levels, hence the local development of subarea 3 

should be restrictive. In subarea 5, the water allocation deficits are the smallest, and the 

economic targets can be almost completely satisfied, which illustrating the local 

development of subarea 5 would be considered first rather than other subareas in the study 

area.  

4.5.3 Alternative decisions based on decision makers’ preferences 

Feasible solutions are generated under different combinations of confidence levels 

and λ fuzzy gradient parameter. The objective functions, which denote the total system net 

benefits could also be obtained from the formulated lower and upper bound models. The 

optimized objective functions are presented in Figure 4.6. In the lower bound model, the 

total system net benefits would be in the range of RMB [2.13, 2.14] × 109 with a confidence 

level α equals 0.9, and would be RMB [2.50, 2.15] × 109 under α = 0.7. In the upper bound 
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model, the total system net benefits would fall in the range of RMB [2.78, 2.82] × 109 with 

a confidence level α equals 0.9, and would be RMB [2.83, 2.95] × 109 under α = 0.7. The 

system net benefits tend to be lower and in a smaller range when the confidence level α 

increases. The higher the value of α, the more satisfactory the constraint and the lower the 

system violation risk. This relationship can clearly reflect the tradeoffs between the 

economic development and system risk level. If the decision makers prefer to obtain high 

system benefits, the risk of system violation will be high. If the decision maker is likely to 

obtain a lower violation risk from the system, the system benefits achieved will be 

relatively low. The feasible solutions also show the system net benefits would decrease 

with a decreasing λ parameter in the lower and upper models. λ is used to describe the 

combination of possibility measure and necessity measure. When λ is low, the decision 

maker seeks a necessity measure, and the results generated would be conservative and 

pessimistic under relatively low system violation risks. On the contrary, if the decision 

maker prefers to be optimistic and adventurous, the value of λ would be high, resulting in 

higher system net benefits under higher violation risk.   
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Figure 4.6 (1) Total system net benefits (lower bound) 
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Figure 4.6 (2) Total system net benefits (upper bound) 
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To illustrate the tradeoffs between economic development and system violation risk 

according to the characteristics of decision makers, the expected value of the total target 

benefit and total cost of the system can be calculated and presented in Figure 4.7. The total 

target benefit denotes the economic benefits from economic production. The total cost 

denotes the loss from unsatisfied economic production due to insufficient available water 

supply. The system target benefits would be in the range of RMB [2.56, 2.94] × 109 with a 

confidence level α equals 0.9, and would be RMB [2.56, 3.05] × 109 under α = 0.7. The 

system target benefits would be in a smaller range when the confidence level increases. 

Similarly, the total the system costs with a lower α would be relatively low corresponding 

to higher system benefits, which would be RMB [5.81, 8.19] × 109 under α = 0.7 and RMB 

[7.39, 8.15] × 109 under α = 0.9. The contributions of the system target benefits and costs 

could be generated from each activity. Given the confidence level α = 0.9 and λ = 0.5 as 

an example, the target benefit segments and total costs segments are presented in Figure 

4.8. The economic production structure would be adjusted according to the natural random 

condition variations. Industrial activity would be the dominant sector in the local economic 

development, which accounts for 42% - 48% of the total target benefit. Cropping activity 

(33% - 37%) would also be developed in the study area (rural China) to maintain the 

economy. The following activity is livestock (16% - 18%), and fisheries and forestry 

contribute little to the local economy. Cropping activity (91% - 100%) would be the major 

cost due to water allocation deficit. The water demand from cropping is high while there 

is insufficient water supporting the cropping activity. Also, large amounts of water 

pollutants (i.e. nitrogen, phosphorous, and soil loss) would be generated because of 

cropping production. Thus, the production of cropping activity should be limited, 
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especially when the water supply is insufficient in the local area. With the increasing 

severity of water shortages in rural area China, the development of industrial activity is 

the inevitable economic production trend.   
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Figure 4.7 (1) Expected value of system target benefit (lower bound) 
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Figure 4.7 (2) Expected value of system target benefit (upper bound) 
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Figure 4.7 (3) Expected value of system total cost (lower bound) 
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Figure 4.7 (4) Expected value of system total cost (upper bound) 
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Figure 4.8 (1) Target benefit segments (lower bound) (α=0.9, λ=0.5) 

  

cropping 
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Figure 4.8 (2) Target benefit segments (upper bound) (α=0.9, λ=0.5) 

  

cropping 
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Figure 4.8 (3) System cost segments (lower bound) (α=0.9, λ=0.5) 

  

cropping 
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As for water allocation deficits in the five subareas (Table 4.14), the economic targets 

in subareas 1, 3 and 4 cannot be fully satisfied whether the decision makers are optimistic 

or pessimistic. When the value of α is relatively low and λ is relatively high, denoting that 

the decision makers are desired to be optimistic, the economic production deficits of 

subareas 1, 3 and 4 are relatively lower than those when decision makers are conservative. 

The development of subareas 1, 3 and 4 would be prior when decision makers prefer to be 

optimistic. On the contrary, the economic production deficits of subareas 2 and 5 would 

be relatively lower under a higher α and lower λ. The development of subarea 2 and 5 

would be considered first when decision makers wish to be conservative in the decision 

making process. 
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4.6 Summary 

In the study, an inexact regional two-stage fuzzy gradient chance-constrained 

programming (ITSFGP) model was developed water resources management model. The 

fuzzy gradient chance-constrained programming (FGP) is an innovative method through 

developing a linear combination of the possibility and the necessity in order to flexibly 

reflect the decision makers’ preferences and to balance the uncompromising measures of 

possibility and necessity. FGP was incorporated with the conventional ITSP framework to 

reflect the two-stage decision making process and tackle multiple uncertainties in the 

formats of intervals, probability distributions of random events and possibility 

distributions of fuzzy sets. The developed model can illustrate the relationships between 

pre-regulated economic policies and the corresponding environmental penalties attributed 

to an insufficient supply of water. It can also provide alternative solutions to support the 

decision making process according to the aspiration preferences of decision makers. The 

model can be solved by transforming into two deterministic sub-models, which generate 

interval solutions and objective functions with lower and upper bounds.  

The water resources management model was applied to the Heshui River Basin in 

Yongxin County, Jiangxi Province, China. The results include stable intervals of objective 

functions and decision variables under different risk violation levels for the constraints and 

different aspiration preferences of decision makers. Five primary economic activities are 

included in the study, cropping, fisheries, livestock, and forestry and industrial activities. 

Two confidence levels (α = 0.9, 0.7) and five aspiration preferences of fuzzy gradient 

parameter λ (0.3, 0.4 and 0.5) are considered to analyze the sensitivity of decision makers’ 
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characteristics, and examine the tradeoffs between system benefits and system risk levels. 

Decision alternatives have been provided for local economic development strategies and 

water resource allocation patterns. The targeted income, system net benefit and total costs 

under various confidence levels and λ fuzzy gradient parameter have been analyzed. 

Different economic production targets and water allocation plans correspond to the 

decision makers’ preferences and water inflow level variations, leading to various system 

net benefits and system violation risk levels. 
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5. An inexact two-stage fuzzy gradient chance-constrained fractional programming 

water resources management model 

5.1 Background 

The increasing demand for adequate quantities and quality of water in Yongxin 

County has been a critical problem, which needs to be managed and controlled for 

sustainable development of the local environmental system. With the rapid growth of the 

economy and population, water consumption and pollution is continuously increasing. In 

recent years, the adjustment of the economic structures of Yongxin County resulted in 

changes in water resource allocation and pollutant load capacities. The sustainable 

development of socio-economic and environmental system has been threatened by water 

shortage, unreasonable water allocation, and poor water quality. A comprehensive and 

effective water resources management plan is needed for local government and water 

managers.  

Water resources management is related to many social, environmental, physical and 

technical factors. “In water resources management, uncertainties that exist in many system 

parameters could intensify the conflict-laden issue of water allocation among competing 

municipal, industrial and agricultural interests” (Huang and Chang, 2003). The interests 

and objectives from different stakeholder groups are usually conflicting and need to be 

compromised to generate optimal solutions based on different decision makers’ 

preferences. The previous proposed inexact two-stage fuzzy gradient chance-constrained 

programming water resources management model considered the uncertainties as interval 

numbers, fuzzy sets and probability distributions. The model can address linear 
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optimization with individual objective. However, in practical problems, multiple 

objectives coexist in an environmental problem, which needs to be balanced and satisfied 

at the same time. Some multiple objectives are conflicting, such as economic production 

and environmental conservation. “Using ratios in the formulation of a problem assures that 

only the solutions with better achievements per unit of resource would be selected and also 

combining the objectives in ratios facilitates the management of solutions” (Lara and 

Stancu-Minasian, 1999). Therefore, an advanced approach is proposed, which is capable 

of addressing a situation where a ratio between physical and/or economical functions; for 

example cost/time, cost/volume, cost/profit, or other quantities that measure the efficiency 

of a system (Stancu-Minasian and Pop, 2003).  

Factional programming has been developed and applied to water resources and water 

quality management optimization problems. For example, Fasakhodi et al. (2010) 

formulated a multi-objective fractional goal programming model, involving two 

optimization ratios of “net return/water consumption” and “labor employment/water 

consumption”, for supporting the sustainability of water resources and optimal crop 

patterns in a rural framing system. Mishra and Singh (2013) developed a linear fractional 

programming approach to solve a multi-objective linear programming problem for an 

agricultural system, and proposed conflict and non-conflict objectives to assess 

appropriate aspiration levels of the optimization system. Guo et al. (2014) developed a 

fuzzy chance-constrained linear fractional programming method for generating 

sustainable agricultural water resources management strategies under various uncertainties. 

Zhou et al. (2014) advanced fractional, integrated with two-stage stochastic and chance-

constrained programming, and investigated the model in a water quality management 
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problem.  

Fractional programming is incorporated into the previous proposed optimization 

model to reflect the dynamic features of ratio optimization and to measure system 

efficiency. The advanced model will allow decision makers to compare multiple objectives 

from various aspects through the original magnitudes. Both economic and environmental 

criteria related to the systems’ sustainability would be considered. An inexact two-stage 

fuzzy gradient chance-constrained fractional programming (ITSFGFP) water resources 

management model will be formulated and applied in the case study of the Heshui River 

Basin in Yongxin County for supporting sustainable development of the local economy 

and environment. The results will optimize the total economic revenues per unit water 

consumption through effectively water resource allocation under multi-uncertainties 

5.2 Methodology 

5.2.1 Linear fractional programming 

A general linear fractional programming problem can be expressed in the following 

formula (Zhu and Huang, 2011): 

Max 𝑓(x) =  
𝑐𝑥 + 𝛼

𝑑𝑥 + 𝛽
 

Subject to:  Ax ≤ b 

x ≥ 0 

where the decision variable column vector in the numerator and denominator of the goal 
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fraction x ϵ Rn, the technical coefficients in the numerator and denominator of the objective 

c and d are row vectors with n components, α and β are scalar constants, the technical 

coefficient A in the left hand side of the constraints form a real 𝑚 × 𝑛 matrix, and the 

right hand side column vector b ϵ Rm (Zhu and Huang, 2011).  

According to Charnes and Cooper (1962), it is assumed dx +β > 0 for all feasible x 

in S and the objective function is continuously differentiable. The aforementioned problem 

model can be transformed into a linear programming problem as follows: 

Let 𝑥𝑗
∗ = 𝑟 ∙ 𝑥𝑗  (∀𝑗), 

Max g(𝑥1
∗, 𝑥2

∗, ⋯ , 𝑥𝑛
∗ , 𝑟) = ∑ 𝑐𝑗𝑥𝑗

∗ + 𝛼 ∙ 𝑟𝑛
𝑗=1  

Subject to: ∑ 𝑎𝑖𝑗𝑥𝑗
∗ ≤ 𝑏𝑖 ∙

𝑛
𝑗=1  𝑟,   𝑖 = 1,2,⋯𝑚 

∑𝑑𝑗𝑥𝑗
∗ +  𝛽 ∙ 𝑟 = 1

𝑛

𝑗=1

 

𝑥𝑗
∗ ≥ 0, 𝑗 = 1,2,⋯ , 𝑛 

r ≥ 0 

The aforementioned linear programming problem can be solved using simplex 

algorithm. Thus, the optimal solution to the previous model can be obtained through 

transformation 𝑥𝑗 = 𝑥𝑗
∗ ⁄ 𝑟 (∀ 𝑗).  
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5.2.2 Inexact two-stage fractional programming 

In two-stage stochastic and fractional programming, probability distribution 

functions in the right-hand-side coefficients can be addressed. However, in the real-world 

problem, the inputs cannot be deterministic numbers but are presented as interval 

uncertainties with deterministic lower and upper bounds. Thus, inexact linear 

programming has been introduced into the two-stage fractional model and an inexact two-

stage fractional model has been developed. In the inexact two-stage fractional model, 

system parameters and decision variables are intervals and the formula for the inexact two-

stage fractional model is: 

Max 𝑓±= 
𝐶1
±𝑥±−∑ 𝑝𝑙   𝐷1

±𝑦𝑙
±𝐿

𝑙=1

𝐶2
±𝑥±−∑ 𝑝𝑙   𝐷2

±𝑦𝑙
±𝐿

𝑙=1

 

Subject to: 𝐴±𝑥± + 𝐴′
±
𝑦𝑙
± ≤ 𝑏± 

             𝑥± ≥ 0, 𝑦𝑙
±  ≥ 0 

where  𝑥± and 𝑦𝑙
± are the interval variables in the first-stage and second-stage decision 

process, respectively,  𝐶1
± , 𝐶2

±
, 𝐷1

±, 𝐷2
±  are coefficients in the numerator and 

denominator of the objective, 𝐴±, 𝐴′
±

 are coefficients in the constraint, and 𝑏± denotes 

the set of random events with occurrence probability level 𝑝𝑙   (pl ≥ 0, and∑ 𝑝𝑙 = 1𝐿
𝑙 ).  

5.2.3 Inexact two-stage fuzzy gradient chance-constrained fractional programming 

An inexact two-stage fuzzy gradient chance-constrained fractional programming 

model is developed to tackle ratio optimization problems under multiple uncertainties in 
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the right-hand-side ad left-hand-side coefficients. The model can be presented as: 

Max 𝑓± = 
𝐶1
±𝑥±−∑ 𝑝𝑙   𝑄(𝑦1

±, §𝑙
±)𝐿

𝑙=1

𝐶2
±𝑥±−∑ 𝑝𝑙   𝑄(𝑦2

±, §𝑙
±)𝐿

𝑙=1

 

Subject to:  𝐴±𝑥±  ≤
𝑏−𝜆𝑏−(𝑏−𝑏)𝛼

1−𝜆
 

T (§𝑙
±

) x± + W (§𝑙
±

) y± = h (§𝑙
±

), ∀ 𝑙 = 1,2… . . 𝐿 

𝑥± ≥ 0, 𝑦±(§𝑙
±)  ≥ 0 

where 𝑥± and y± denote the interval variables in the first-stage and second-stage decision 

process, respectively, 𝐶1
±𝑥±, 𝐶2

±𝑥±  are the first-stage system benefits; §𝑙
±

 is the 

second-stage random event with the occurrence probability level 𝑝𝑙   (pl ≥ 0, and∑ 𝑝𝑙 = 1𝐿
𝑙 ), 

∑ 𝑝𝑙   𝑄(𝑦1
±,  §𝑙

±)𝐿
𝑙=1  is the second-stage resource cost,  �̃� denotes the fuzzy event in the 

right-hand-side with triangle fuzzy membership functions determined by the triplet (𝑏, 𝑏, 𝑏) 

where the fuzzy gradient parameter λ± ϵ [0, 1], is predetermined by the decision-makers 

according to their characteristics (optimistic or pessimistic) and the parameter α is the 

confidence level of the fuzzy event 𝐴±𝑥±  ≤ �̃�.  

5.3 Model development 

Based on the fractional programming, the proposed inexact two-stage fuzzy gradient 

chance-constrained programming model can be improved by incorporating ratio 

optimization within the objective function to reflect the dynamic features of multi-

objectives and multi-uncertainties in the water resources management system.  
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In the model, five primary economic activities (cropping, fisheries, livestock, forestry, 

and industrial activities) are considered in five subareas. Specifically, cropping activities 

include paddy farming, dry land farming and fruits/vegetables farming. Fisheries refers to 

fish and prawn framing activities. Livestock husbandry framing includes pig, cattle and 

poultry. Industrial activities include mining, manufacturing, construction, transportation 

and other industries. Three levels of incoming water inflow are investigated and six water 

pollution indicators (total soil loss, total dissolved nitrogen, total dissolved phosphorous, 

total nitrogen, total phosphorous, and total COD discharge) are involved to indicate the 

water quality requirements. The planning horizon is one year. 

The incoming water inflow is considered as a stochastic event that expressed as 

probability distributions. System parameters such as economic targets, benefits and 

penalties of economic activities, and water demand of economic activities are represented 

as interval numbers, and some environmental capacities (e.g. maximum allowable nitrogen 

and phosphorous loss) are presented as fuzzy sets.  

The ratio objective of this model is to optimize the total economic revenues per unit 

water consumption through effectively water resource allocation. Decision variables are 

designed to control economic and environmental concerns, such as the first-stage decision 

variables (economic production targets) determined before the observation of random 

variables and second-stage decision variables regarding as water resource allocation 

schemes generated after the realization of random uncertainties. 

Max f± = 
𝑁𝑒𝑡 𝑏𝑒𝑛𝑒𝑓𝑖𝑡

𝑊𝑎𝑡𝑒𝑟 𝑐𝑜𝑛𝑠𝑢𝑚𝑝𝑡𝑖𝑜𝑛
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Net benefit =∑ ∑ (𝑁𝐴𝑖𝑗
± ∙ 𝑇𝐴𝑖𝑗

± + 𝑁𝐹𝑖𝑗
± ∙ 𝑇𝐹𝑖𝑗

± + 𝑁𝐿𝑖𝑗
± ∙ 𝑇𝐿𝑖𝑗

± + 𝑁𝑊𝑖𝑗
± ∙ 𝑇𝑊𝑖𝑗

± + 𝑁𝐼𝑖𝑗
±

𝑗𝑖

∙ 𝑇𝐼𝑖𝑗
±)

−∑ ∑ ∑ (𝑝𝑙 ∙ 𝐶𝐴𝑖𝑗
± ∙ 𝐷𝐴𝑖𝑗

± + 𝑝𝑙 ∙ 𝐶𝐹𝑖𝑗
± ∙ 𝐷𝐹𝑖𝑗

± + 𝑝𝑙 ∙ 𝐶𝐿𝑖𝑗
± ∙ 𝐷𝐿𝑖𝑗

± + 𝑝𝑙
𝑙𝑗𝑖

∙ 𝐶𝑊𝑖𝑗
± ∙ 𝐷𝑊𝑖𝑗

± + 𝑝𝑙 ∙ 𝐶𝐼𝑖𝑗
± ∙ 𝐷𝐼𝑖𝑗

±) 

Water consumption

=∑∑∑[𝑝𝑙 ∙ 𝑊𝐴𝑖𝑗
± ∙ (𝑇𝐴𝑖𝑗

± − 𝐷𝐴𝑖𝑗𝑙
± ) + 𝑝𝑙 ∙ 𝑊𝐹𝑖𝑗

± ∙ (𝑇𝐹𝑖𝑗
± − 𝐷𝐹𝑖𝑗𝑙

± )

𝑙𝑗𝑖

+ 𝑝𝑙 ∙ 𝑊𝐿𝑖𝑗
± ∙ (𝑇𝐿𝑖𝑗

± − 𝐷𝐿𝑖𝑗𝑙
± ) + 𝑝𝑙 ∙ 𝑊𝑊𝑖𝑗

± ∙ (𝑇𝑊𝑖𝑗
± − 𝐷𝑊𝑖𝑗𝑙

± ) + 𝑝𝑙 ∙ 𝑊𝐼𝑖𝑗
±

∙ (𝑇𝐼𝑖𝑗
± − 𝐷𝐼𝑖𝑗𝑙

± )] 

where  

pl = the probability of occurrence of total water inflow level l 

NAij = net benefit from cropping activity i in subarea j (104 RMB/km2) 

NFij = net benefit from fisheries activity i in subarea j (104 RMB/km2) 

NLij = net benefit from livestock husbandry activity i in subarea j (104 RMB/103 head) 

NWij = net benefit from forestry activity i in subarea j (104 RMB/km2) 

NIij = net benefit from industrial activity i in subarea j (RMB/km2) 

TAij = the water allocation target for cropping activity i in subarea j (km2/yr) 
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TFij = the water allocation target for fisheries activity i in subarea j (km2/yr) 

TLij = the water allocation target for livestock husbandry activity i in subarea j (103 head/yr)   

TWij = the water allocation target for forestry activity i in subarea j (km2/yr) 

TIij = the water allocation target for industrial activity i in subarea j (104 RMB/yr) 

DAijl = the decision variable representing the amount by which water allocation target is 

not met when the seasonal flow is Q (km2) 

DFijl = the decision variable representing the amount by which water allocation target is 

not met when the seasonal flow is Q (km2) 

DLijl = the decision variable representing the amount by which water allocation target is 

not met when the seasonal flow is Q (103 head) 

DWijl = the decision variable representing the amount by which water allocation target is 

not met when the seasonal flow is Q (km2) 

DIijl = the decision variable representing the amount by which water allocation target is 

not met when the seasonal flow is Q (104 RMB) 

CAij = the reduction of net benefit (penalty) for cropping activity i in subarea j when per 

unit of water not delivered (104 RMB/km2) (Cij > NBij) 

CFij = the reduction of net benefit (penalty) for fisheries activity i in subarea j when per 

unit of water not delivered (104 RMB/km2) (Cij > NBij) 
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CLij = the reduction of net benefit (penalty) for livestock husbandry activity i in subarea j 

when per unit of water not delivered (104 RMB/103 head) (Cij > NBij) 

CWij = the reduction of net benefit (penalty) for forestry activity i in subarea j when per 

unit of water not delivered (104 RMB/km2) (Cij > NBij) 

CIij = the reduction of net benefit (penalty) for industrial activity i in subarea j when per 

unit of water not delivered (RMB/km2) (Cij > NBij) 

Ql = random variable equal to total water inflow (m3) 

WAij = the unit water consumption/demand by cropping activity i in subarea j (m3/km2) 

WFij = the unit water consumption/demand by fisheries activity i in subarea j (m3/km2) 

WLij = the unit water consumption/demand by livestock husbandry activity i in subarea j 

(m3/103 head) 

WWij = the unit water consumption/demand by forestry activity i in subarea j (m3/km2) 

WIij = the unit water consumption/demand by industrial activity i in subarea j (m3/104 head) 

(a) Constraints 

(1) Water quantity constraint 

∑∑[𝑊𝐴𝑖𝑗
± ∙ (𝑇𝐴𝑖𝑗

± − 𝐷𝐴𝑖𝑗𝑙
± ) +𝑊𝐹𝑖𝑗

± ∙ (𝑇𝐹𝑖𝑗
± − 𝐷𝐹𝑖𝑗𝑙

± ) +𝑊𝐿𝑖𝑗
± ∙ (𝑇𝐿𝑖𝑗

± − 𝐷𝐿𝑖𝑗𝑙
± )

𝑗𝑖

+𝑊𝑊𝑖𝑗
± ∙ (𝑇𝑊𝑖𝑗

± − 𝐷𝑊𝑖𝑗𝑙
± ) +∙ 𝑊𝐼𝑖𝑗

± ∙ (𝑇𝐼𝑖𝑗
± − 𝐷𝐼𝑖𝑗𝑙

± )] ≤ 𝑄𝑙  ∀ 𝑙 
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(2) Total soil loss  

∑[(𝑇𝐴𝑖𝑗
± − 𝐷𝐴𝑖𝑗𝑙

± ) ∗ 𝑆𝐿𝑖 + (𝑇𝑊𝑖𝑗
± − 𝐷𝑊𝑖𝑗𝑙

± ) ∗ 𝑊𝑆]

𝑖

≤ 𝑇𝑆𝐿𝑗𝑙
±   ∀ 𝑗, 𝑙 

where  

SLi = soil loss from cropping activity i (t/ km2/yr) 

WS = soil loss from forestry activity (t/ km2/yr) 

TSLjl = maximum allowable soil loss from economic activity in subarea j (t/yr) 

(3) Total dissolved nitrogen loss 

∑[(𝑇𝐴𝑖𝑗
± − 𝐷𝐴𝑖𝑗𝑙

± ) ∗ 𝑅𝑁𝑖 + (𝑇𝐹𝑖𝑗
± − 𝐷𝐹𝑖𝑗𝑙

± ) ∗ 𝐹𝑁]

𝑖

≤ 𝑇𝑁𝐿𝑗𝑙
±   ∀ 𝑗, 𝑙 

where 

RNi = dissolved nitrogen content from cropping activity i runoff flow (kg/km2/yr) 

FN = dissolved nitrogen loss from fish farming activity (kg/km2/yr) 

TNLjl = maximum allowable dissolved nitrogen loss from economic activity in subarea j 

(kg/yr) 

(4) Total dissolved phosphorous loss 

∑[(𝑇𝐴𝑖𝑗
± − 𝐷𝐴𝑖𝑗𝑙

± ) ∗ 𝑅𝑃𝑖 + (𝑇𝐹𝑖𝑗
± − 𝐷𝐹𝑖𝑗𝑙

± ) ∗ 𝐹𝑃]

𝑖

≤ 𝑇𝑃𝐿𝑗𝑙
±   ∀ 𝑗, 𝑙 
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where 

RPi = dissolved phosphorous content from cropping activity i runoff flow (kg/km2/yr) 

FP = dissolved phosphorous loss from fish farming activity (kg/km2/yr) 

TPLjl = maximum allowable dissolved phosphorous loss from economic activity in subarea 

j (kg/yr) 

(5) Total nitrogen loss 

∑(𝑇𝐴𝑖𝑗
± − 𝐷𝐴𝑖𝑗𝑙

± ) ∗ (𝑆𝐿𝑖 ∗ 𝐴𝑁) ≤

𝑖

𝑇𝐴𝑁𝑗𝑙
±̃  ∀ 𝑗, 𝑙 

where 

AN = nitrogen content of soil (%) 

𝑇𝐴𝑁𝑗𝑙̃  = maximum allowable nitrogen loss from economic activity in subarea j (kg/yr) 

(6) Total phosphorous loss 

∑(𝑇𝐴𝑖𝑗
± − 𝐷𝐴𝑖𝑗𝑙

± ) ∗ (𝑆𝐿𝑖 ∗ 𝐴𝑃) ≤

𝑖

𝑇𝐴𝑃𝑗𝑙
±̃ ∀𝑗, 𝑙 

where 

AP = phosphorous content of soil (%) 

𝑇𝐴𝑃𝑗𝑙̃  = maximum allowable phosphorous loss from economic activity in subarea j (kg/yr) 
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(7) Total COD discharge 

∑[(𝑇𝐹𝑖𝑗
± − 𝐷𝐹𝑖𝑗𝑙

± ) ∙ 𝐶𝑂𝐷𝐹 + (𝑇𝐿𝑖𝑗
± − 𝐷𝐿𝑖𝑗𝑙

± ) ∙ 𝐶𝑂𝐷𝐿𝑖 + (𝑇𝐼𝑖𝑗
± − 𝐷𝐼𝑖𝑗𝑙

± ) ∙ 𝐶𝑂𝐷𝐼𝑖]

𝑖

≤ 𝑇𝐶𝑂𝐷𝑗𝑙
±  ∀ 𝑗, 𝑙 

where  

CODF = COD discharge from fish framing (kg/km2/yr) 

CODLi = COD discharge from livestock husbandry activity i (kg/head/yr) 

CODIi = COD discharge from industrial activity i (kg/RMB) 

TCODjl = maximum allowable COD loss from economic activity in subarea j (kg/yr) 

(8) Technical constraints 

0 ≤  𝐷𝐴𝑖𝑗𝑙
± ≤ 𝑇𝐴𝑖𝑗

±   ∀ 𝑖, 𝑗, 𝑙 

0 ≤  𝐷𝐹𝑖𝑗𝑙
± ≤ 𝑇𝐹𝑖𝑗

±  ∀ 𝑖, 𝑗, 𝑙 

0 ≤  𝐷𝐿𝑖𝑗𝑙
± ≤ 𝑇𝐿𝑖𝑗

±   ∀ 𝑖, 𝑗, 𝑙 

0 ≤  𝐷𝑊𝑖𝑗𝑙
± ≤ 𝑇𝑊𝑖𝑗

±  ∀ 𝑖, 𝑗, 𝑙 

0 ≤  𝐷𝐼𝑖𝑗𝑙
± ≤ 𝑇𝐼𝑖𝑗

±  ∀ 𝑖, 𝑗, 𝑙 

To recognize the optimal values of first-stage decision variables 𝑇𝐴𝑖𝑗
± , 𝑇𝐹𝑖𝑗

±, 𝑇𝐿𝑖𝑗
± , 
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𝑇𝑊𝑖𝑗
±,  𝑇𝐼𝑖𝑗

±, a set of decision variables y are introduced. The interval parameters 𝑇𝐴𝑖𝑗
± , 

𝑇𝐹𝑖𝑗
±, 𝑇𝐿𝑖𝑗

± , 𝑇𝑊𝑖𝑗
±, 𝑇𝐼𝑖𝑗

± can be expressed as deterministic numbers:  

𝑇𝐴𝑖𝑗 = 𝑇𝐴𝑖𝑗
− + 𝑦1 ∗ ∆𝑇𝐴𝑖𝑗 

𝑇𝐹𝑖𝑗 = 𝑇𝐹𝑖𝑗
− + 𝑦2 ∗ ∆𝑇𝐹𝑖𝑗 

𝑇𝐿𝑖𝑗 = 𝑇𝐿𝑖𝑗
− + 𝑦3 ∗ ∆𝑇𝐿𝑖𝑗 

𝑇𝑊𝑖𝑗 = 𝑇𝑊𝑖𝑗
− + 𝑦4 ∗ ∆𝑇𝑊𝑖𝑗 

𝑇𝐼𝑖𝑗 = 𝑇𝐼𝑖𝑗
− + 𝑦5 ∗ ∆𝑇𝐼𝑖𝑗 

According to Charnes and Cooper (1962), ∑ ∑ ∑ [𝑝𝑙 ∙ 𝑊𝐴𝑖𝑗
± ∙ (𝑇𝐴𝑖𝑗

± − 𝐷𝐴𝑖𝑗𝑙
± ) +𝑙𝑗𝑖

𝑝𝑙 ∙ 𝑊𝐹𝑖𝑗
± ∙ (𝑇𝐹𝑖𝑗

± − 𝐷𝐹𝑖𝑗𝑙
± ) + 𝑝𝑙 ∙ 𝑊𝐿𝑖𝑗

± ∙ (𝑇𝐿𝑖𝑗
± − 𝐷𝐿𝑖𝑗𝑙

± ) + 𝑝𝑙 ∙ 𝑊𝑊𝑖𝑗
± ∙ (𝑇𝑊𝑖𝑗

± − 𝐷𝑊𝑖𝑗𝑙
± ) +

𝑝𝑙 ∙ 𝑊𝐼𝑖𝑗
± ∙ (𝑇𝐼𝑖𝑗

± − 𝐷𝐼𝑖𝑗𝑙
± )] > 0 for all feasible 𝐷𝐴𝑖𝑗𝑙

± ,  𝐷𝐹𝑖𝑗𝑙
± , 𝐷𝐿𝑖𝑗𝑙

± , 𝐷𝑊𝑖𝑗𝑙
± , 𝐷𝐼𝑖𝑗𝑙

±  and the 

objective function is continuously differentiable. The aforementioned model can be 

transformed to a linear programming problem as follows: 
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Max  𝑔± = ∑∑(𝑁𝐴𝑖𝑗
± ∙ ∆𝑇𝐴𝑖𝑗 ∙ 𝑦1

∗ + 𝑁𝐹𝑖𝑗
± ∙ ∆𝑇𝐹𝑖𝑗 ∙ 𝑦2

∗ + 𝑁𝐿𝑖𝑗
± ∙ ∆𝑇𝐿𝑖𝑗 ∙ 𝑦3

∗ +𝑁𝑊𝑖𝑗
±

𝑗𝑖

∙ ∆𝑇𝑊𝑖𝑗 ∙ 𝑦4
∗ + 𝑁𝐼𝑖𝑗

± ∙ ∆𝑇𝐼𝑖𝑗 ∙ 𝑦5
∗)

−∑∑∑(𝑝𝑙 ∙ 𝐶𝐴𝑖𝑗
± ∙ 𝐷𝐴𝑖𝑗𝑙

∗± + 𝑝𝑙 ∙ 𝐶𝐹𝑖𝑗
± ∙ 𝐷𝐹𝑖𝑗𝑙

∗± + 𝑝𝑙 ∙ 𝐶𝐿𝑖𝑗
± ∙ 𝐷𝐿𝑖𝑗𝑙

∗± + 𝑝𝑙
𝑙𝑗𝑖

∙ 𝐶𝑊𝑖𝑗
± ∙ 𝐷𝑊𝑖𝑗𝑙

∗± + 𝑝𝑙 ∙ 𝐶𝐼𝑖𝑗
± ∙ 𝐷𝐼𝑖𝑗𝑙

∗±)

+∑∑(𝑁𝐴𝑖𝑗
± ∙ 𝑇𝐴𝑖𝑗

− + 𝑁𝐹𝑖𝑗
± ∙ 𝑇𝐹𝑖𝑗

− + 𝑁𝐿𝑖𝑗
± ∙ 𝑇𝐿𝑖𝑗

− + 𝑁𝑊𝑖𝑗
± ∙ 𝑇𝑊𝑖𝑗

− + 𝑁𝐼𝑖𝑗
±

𝑗𝑖

∙ 𝑇𝐼𝑖𝑗
−) ∗ 𝑟 

Subject to 

∑∑(𝑊𝐴𝑖𝑗
± ∙ ∆𝑇𝐴𝑖𝑗 ∙ 𝑦1

∗ +𝑊𝐹𝑖𝑗
± ∙ ∆𝑇𝐹𝑖𝑗 ∙ 𝑦2

∗ +𝑊𝐿𝑖𝑗
± ∙ ∆𝑇𝐿𝑖𝑗 ∙ 𝑦3

∗ +𝑊𝑊𝑖𝑗
± ∙ ∆𝑇𝑊𝑖𝑗 ∙ 𝑦4

∗

𝑗𝑖

+𝑊𝐼𝑖𝑗
± ∙ ∆𝑇𝐼𝑖𝑗 ∙ 𝑦5

∗)

−∑ ∑ (𝑊𝐴𝑖𝑗
± ∙ 𝐷𝐴𝑖𝑗𝑙

∗± +𝑊𝐹𝑖𝑗
± ∙ 𝐷𝐹𝑖𝑗𝑙

∗± +𝑊𝐿𝑖𝑗
± ∙ 𝐷𝐿𝑖𝑗𝑙

∗± +𝑊𝑊𝑖𝑗
± ∙ 𝐷𝑊𝑖𝑗𝑙

∗±

𝑗𝑖

+𝑊𝐼𝑖𝑗
± ∙ 𝐷𝐼𝑖𝑗𝑙

∗±)

≤ [𝑄𝑙
±

−∑∑(𝑊𝐴𝑖𝑗
± ∙ 𝑇𝐴𝑖𝑗

− +𝑊𝐹𝑖𝑗
± ∙ 𝑇𝐹𝑖𝑗

− +𝑊𝐿𝑖𝑗
± ∙ 𝑇𝐿𝑖𝑗

− +𝑊𝑊𝑖𝑗
± ∙ 𝑇𝑊𝑖𝑗

−

𝑗𝑖

+𝑊𝐼𝑖𝑗
± ∙ 𝑇𝐼𝑖𝑗

−)] ∗ 𝑟 ∀ 𝑙 
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∑(𝑆𝐿𝑖 ∙ ∆𝑇𝐴𝑖𝑗 ∙ 𝑦1
∗ +𝑊𝑆 ∙ ∆𝑇𝑊𝑖𝑗 ∙ 𝑦4

∗)

𝑖

−∑(𝑆𝐿𝑖 ∙ 𝐷𝐴𝑖𝑗𝑙
∗± +𝑊𝑆 ∙ 𝐷𝑊𝑖𝑗𝑙

∗±)

𝑖

≤ [𝑇𝑆𝐿𝑗𝑙
± −∑(𝑆𝐿𝑖 ∙ 𝑇𝐴𝑖𝑗

− +𝑊𝑆 ∙ 𝑇𝑊𝑖𝑗
−)

𝑖

] ∗ 𝑟 ∀𝑗, 𝑙 

∑(𝑅𝑁𝑖 ∙ ∆𝑇𝐴𝑖𝑗 ∙ 𝑦1
∗ + 𝐹𝑁 ∙ ∆𝑇𝐹𝑖𝑗 ∙ 𝑦2

∗)

𝑖

−∑(𝑅𝑁𝑖 ∙ 𝐷𝐴𝑖𝑗𝑙
∗± + 𝐹𝑁 ∙ 𝐷𝐹𝑖𝑗𝑙

∗±)

𝑖

≤ [𝑇𝑁𝐿𝑗𝑙
± −∑(𝑅𝑁𝑖 ∙ 𝑇𝐴𝑖𝑗

− + 𝐹𝑁 ∙ 𝑇𝐹𝑖𝑗
−)

𝑖

] ∗ 𝑟 ∀𝑗, 𝑙 

∑(𝑅𝑃𝑖 ∙ ∆𝑇𝐴𝑖𝑗 ∙ 𝑦1
∗ + 𝐹𝑃 ∙ ∆𝑇𝐹𝑖𝑗 ∙ 𝑦2

∗)

𝑖

−∑(𝑅𝑃𝑖 ∙ 𝐷𝐴𝑖𝑗𝑙
∗± + 𝐹𝑃 ∙ 𝐷𝐹𝑖𝑗𝑙

∗±)

𝑖

≤ [𝑇𝑃𝐿𝑗𝑙
± −∑(𝑅𝑃𝑖 ∙ 𝑇𝐴𝑖𝑗

− + 𝐹𝑃 ∙ 𝑇𝐹𝑖𝑗
−)

𝑖

] ∗ 𝑟  ∀𝑗, 𝑙 

∑ (𝑆𝐿𝑖 ∙ 𝐴𝑁 ∙ ∆𝑇𝐴𝑖𝑗 ∙ 𝑦1
∗ − 𝑆𝐿𝑖 ∙ 𝐴𝑁 ∙ 𝐷𝐴𝑖𝑗𝑙

∗±)𝑖 ≤ (
𝛼(𝑇𝐴𝑁𝑗𝑙−𝑇𝐴𝑁𝑗𝑙)+𝜆∙𝑇𝐴𝑁𝑗𝑙−𝑇𝐴𝑁𝑗𝑙

𝜆−1
−

∑ 𝑆𝐿𝑖 ∙ 𝐴𝑁 ∙ 𝑇𝐴𝑖𝑗
−

𝑖 ) ∗ r ∀𝑗, 𝑙 

∑ (𝑆𝐿𝑖 ∙ 𝐴𝑃 ∙ ∆𝑇𝐴𝑖𝑗 ∙ 𝑦1
∗ − 𝑆𝐿𝑖 ∙ 𝐴𝑃 ∙ 𝐷𝐴𝑖𝑗𝑙

∗±)𝑖 ≤ (
𝛼(𝑇𝐴𝑃𝑗𝑙−𝑇𝐴𝑃𝑗𝑙)+𝜆∙𝑇𝐴𝑃𝑗𝑙−𝑇𝐴𝑃𝑗𝑙

𝜆−1
−

∑ 𝑆𝐿𝑖 ∙ 𝐴𝑃 ∙ 𝑇𝐴𝑖𝑗
−

𝑖 ) ∗ r ∀𝑗, 𝑙 
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∑(𝐶𝑂𝐷𝐹 ∙ ∆𝑇𝐹𝑖𝑗 ∙ 𝑦2
∗ + 𝐶𝑂𝐷𝐿𝑖 ∙ ∆𝑇𝐿𝑖𝑗 ∙ 𝑦3

∗ + 𝐶𝑂𝐷𝐼𝑖 ∙ ∆𝑇𝐼𝑖𝑗 ∙ 𝑦5
∗)

𝑖

−∑(𝐶𝑂𝐷𝐹 ∙ 𝐷𝐹𝑖𝑗𝑙
∗± + 𝐶𝑂𝐷𝐿𝑖 ∙ 𝐷𝐿𝑖𝑗𝑙

∗± + 𝐶𝑂𝐷𝐼𝑖 ∙ 𝐷𝐼𝑖𝑗𝑙
∗±)

𝑖

≤ [𝑇𝐶𝑂𝐷𝑗𝑙
± −∑(𝐶𝑂𝐷𝐹 ∙ 𝑇𝐹𝑖𝑗

− + 𝐶𝑂𝐷𝐿𝑖 ∙ 𝑇𝐿𝑖𝑗
− + 𝐶𝑂𝐷𝐼𝑖 ∙ 𝑇𝐼𝑖𝑗

−)

𝑖

] ∗ 𝑟 ∀𝑗, 𝑙 

∑∑∑(𝑝𝑙 ∙ 𝑊𝐴𝑖𝑗
± ∙ ∆𝑇𝐴𝑖𝑗 ∙ 𝑦1

∗ + 𝑝𝑙 ∙ 𝑊𝐹𝑖𝑗
± ∙ ∆𝑇𝐹𝑖𝑗 ∙ 𝑦2

∗ + 𝑝𝑙 ∙ 𝑊𝐿𝑖𝑗
± ∙ ∆𝑇𝐿𝑖𝑗 ∙ 𝑦3

∗ + 𝑝𝑙
𝑙𝑗𝑖

∙ 𝑊𝑊𝑖𝑗
± ∙ ∆𝑇𝑊𝑖𝑗 ∙ 𝑦4

∗ + 𝑝𝑙 ∙ 𝑊𝐼𝑖𝑗
± ∙ ∆𝑇𝐼𝑖𝑗 ∙ 𝑦5

∗)

−∑∑∑(𝑝𝑙 ∙ 𝑊𝐴𝑖𝑗
± ∙ 𝐷𝐴𝑖𝑗𝑙

∗± + 𝑝𝑙 ∙ 𝑊𝐹𝑖𝑗
± ∙ 𝐷𝐹𝑖𝑗𝑙

∗± + 𝑝𝑙 ∙ 𝑊𝐿𝑖𝑗
± ∙ 𝐷𝐿𝑖𝑗𝑙

∗±

𝑙𝑗𝑖

+ 𝑝𝑙 ∙ 𝑊𝑊𝑖𝑗
± ∙ 𝐷𝑊𝑖𝑗𝑙

∗± + 𝑝𝑙 ∙ 𝑊𝐼𝑖𝑗
± ∙ 𝐷𝐼𝑖𝑗𝑙

∗±)

+∑∑∑(𝑝𝑙 ∙ 𝑊𝐴𝑖𝑗
± ∙ 𝑇𝐴𝑖𝑗

− + 𝑝𝑙 ∙ 𝑊𝐹𝑖𝑗
± ∙ 𝑇𝐹𝑖𝑗

− + 𝑝𝑙 ∙ 𝑊𝐿𝑖𝑗
± ∙ 𝑇𝐿𝑖𝑗

− + 𝑝𝑙
𝑙𝑗𝑖

∙ 𝑊𝑊𝑖𝑗
± ∙ 𝑇𝑊𝑖𝑗

− + 𝑝𝑙 ∙ 𝑊𝐼𝑖𝑗
± ∙ 𝑇𝐼𝑖𝑗

−) ∗ 𝑟 = 1 

𝐷𝐴𝑖𝑗𝑙
∗± − ∆𝑇𝐴𝑖𝑗 ∙ 𝑦1

∗ ≤ 𝑇𝐴𝑖𝑗
− ∗ 𝑟 ∀𝑖, 𝑗, 𝑙 

𝐷𝐹𝑖𝑗𝑙
∗± − ∆𝑇𝐹𝑖𝑗 ∙ 𝑦2

∗ ≤ 𝑇𝐹𝑖𝑗
− ∗ 𝑟 ∀𝑖, 𝑗, 𝑙 

𝐷𝐿𝑖𝑗𝑙
∗± − ∆𝑇𝐿𝑖𝑗 ∙ 𝑦3

∗ ≤ 𝑇𝐿𝑖𝑗
− ∗ 𝑟 ∀𝑖, 𝑗, 𝑙 

𝐷𝑊𝑖𝑗𝑙
∗± − ∆𝑇𝑊𝑖𝑗 ∙ 𝑦4

∗ ≤ 𝑇𝑊𝑖𝑗
− ∗ 𝑟 ∀𝑖, 𝑗, 𝑙 

𝐷𝐼𝑖𝑗𝑙
∗± − ∆𝑇𝐼𝑖𝑗 ∙ 𝑦5

∗ ≤ 𝑇𝐼𝑖𝑗
− ∗ 𝑟 ∀𝑖, 𝑗, 𝑙 
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0 ≤  𝐷𝐴𝑖𝑗𝑙
∗±   ∀𝑖, 𝑗, 𝑙 

0 ≤  𝐷𝐹𝑖𝑗𝑙
∗±   ∀𝑖, 𝑗, 𝑙 

0 ≤  𝐷𝐿𝑖𝑗𝑙
∗±    ∀𝑖, 𝑗, 𝑙 

0 ≤  𝐷𝑊𝑖𝑗𝑙
∗± ∀𝑖, 𝑗, 𝑙 

0 ≤  𝐷𝐼𝑖𝑗𝑙
∗±    ∀𝑖, 𝑗, 𝑙 

𝑟 ≥  0 

0 ≤   
𝑦1
∗

𝑟
≤  1 

0 ≤   
𝑦2
∗

𝑟
≤  1 

0 ≤   
𝑦3
∗

𝑟
≤  1 

0 ≤  
 𝑦4
∗

𝑟
≤  1 

0 ≤  
𝑦5
∗

𝑟
≤  1 

According to Fan and Huang (2012), the interval model can be transformed into two 

deterministic sub-models. The first sub-model, referring to the lower bound value of the 

objective function, is as follows:  
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Max  𝑔− = ∑∑(𝑁𝐴𝑖𝑗
− ∙ ∆𝑇𝐴𝑖𝑗 ∙ 𝑦1

∗ + 𝑁𝐹𝑖𝑗
− ∙ ∆𝑇𝐹𝑖𝑗 ∙ 𝑦2

∗ + 𝑁𝐿𝑖𝑗
− ∙ ∆𝑇𝐿𝑖𝑗 ∙ 𝑦3

∗ + 𝑁𝑊𝑖𝑗
−

𝑗𝑖

∙ ∆𝑇𝑊𝑖𝑗 ∙ 𝑦4
∗ + 𝑁𝐼𝑖𝑗

− ∙ ∆𝑇𝐼𝑖𝑗 ∙ 𝑦5
∗)

−∑∑∑(𝑝𝑙 ∙ 𝐶𝐴𝑖𝑗
+ ∙ 𝐷𝐴𝑖𝑗𝑙

∗+ + 𝑝𝑙 ∙ 𝐶𝐹𝑖𝑗
+ ∙ 𝐷𝐹𝑖𝑗𝑙

∗+ + 𝑝𝑙 ∙ 𝐶𝐿𝑖𝑗
+ ∙ 𝐷𝐿𝑖𝑗𝑙

∗+ + 𝑝𝑙
𝑙𝑗𝑖

∙ 𝐶𝑊𝑖𝑗
+ ∙ 𝐷𝑊𝑖𝑗𝑙

∗+ + 𝑝𝑙 ∙ 𝐶𝐼𝑖𝑗
+ ∙ 𝐷𝐼𝑖𝑗𝑙

∗+)

+∑∑(𝑁𝐴𝑖𝑗
− ∙ 𝑇𝐴𝑖𝑗

− + 𝑁𝐹𝑖𝑗
− ∙ 𝑇𝐹𝑖𝑗

− + 𝑁𝐿𝑖𝑗
− ∙ 𝑇𝐿𝑖𝑗

− + 𝑁𝑊𝑖𝑗
− ∙ 𝑇𝑊𝑖𝑗

− + 𝑁𝐼𝑖𝑗
−

𝑗𝑖

∙ 𝑇𝐼𝑖𝑗
−) ∗ 𝑟 

∑∑(𝑊𝐴𝑖𝑗
− ∙ ∆𝑇𝐴𝑖𝑗 ∙ 𝑦1

∗ +𝑊𝐹𝑖𝑗
− ∙ ∆𝑇𝐹𝑖𝑗 ∙ 𝑦2

∗ +𝑊𝐿𝑖𝑗
− ∙ ∆𝑇𝐿𝑖𝑗 ∙ 𝑦3

∗ +𝑊𝑊𝑖𝑗
− ∙ ∆𝑇𝑊𝑖𝑗 ∙ 𝑦4

∗

𝑗𝑖

+𝑊𝐼𝑖𝑗
− ∙ ∆𝑇𝐼𝑖𝑗 ∙ 𝑦5

∗)

−∑ ∑ (𝑊𝐴𝑖𝑗
− ∙ 𝐷𝐴𝑖𝑗𝑙

∗+ +𝑊𝐹𝑖𝑗
− ∙ 𝐷𝐹𝑖𝑗𝑙

∗+ +𝑊𝐿𝑖𝑗
− ∙ 𝐷𝐿𝑖𝑗𝑙

∗+ +𝑊𝑊𝑖𝑗
− ∙ 𝐷𝑊𝑖𝑗𝑙

∗+

𝑗𝑖

+𝑊𝐼𝑖𝑗
− ∙ 𝐷𝐼𝑖𝑗𝑙

∗+)

− [𝑄𝑙
−

−∑∑(𝑊𝐴𝑖𝑗
− ∙ 𝑇𝐴𝑖𝑗

− +𝑊𝐹𝑖𝑗
− ∙ 𝑇𝐹𝑖𝑗

− +𝑊𝐿𝑖𝑗
− ∙ 𝑇𝐿𝑖𝑗

− +𝑊𝑊𝑖𝑗
− ∙ 𝑇𝑊𝑖𝑗

−

𝑗𝑖

+𝑊𝐼𝑖𝑗
− ∙ 𝑇𝐼𝑖𝑗

−)] ∗ 𝑟 ≤ 0 ∀ 𝑙 
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∑(𝑆𝐿𝑖 ∙ ∆𝑇𝐴𝑖𝑗 ∙ 𝑦1
∗ +𝑊𝑆 ∙ ∆𝑇𝑊𝑖𝑗 ∙ 𝑦4

∗)

𝑖

−∑(𝑆𝐿𝑖 ∙ 𝐷𝐴𝑖𝑗𝑙
∗+ +𝑊𝑆 ∙ 𝐷𝑊𝑖𝑗𝑙

∗+)

𝑖

− [𝑇𝑆𝐿𝑗𝑙
− −∑(𝑆𝐿𝑖 ∙ 𝑇𝐴𝑖𝑗

− +𝑊𝑆 ∙ 𝑇𝑊𝑖𝑗
−)

𝑖

] ∗ 𝑟 ≤ 0 ∀𝑗, 

∑(𝑅𝑁𝑖 ∙ ∆𝑇𝐴𝑖𝑗 ∙ 𝑦1
∗ + 𝐹𝑁 ∙ ∆𝑇𝐹𝑖𝑗 ∙ 𝑦2

∗)

𝑖

−∑(𝑅𝑁𝑖 ∙ 𝐷𝐴𝑖𝑗𝑙
∗+ + 𝐹𝑁 ∙ 𝐷𝐹𝑖𝑗𝑙

∗+)

𝑖

− [𝑇𝑁𝐿𝑗𝑙
− −∑(𝑅𝑁𝑖 ∙ 𝑇𝐴𝑖𝑗

− + 𝐹𝑁 ∙ 𝑇𝐹𝑖𝑗
−)

𝑖

] ∗ 𝑟 ≤ 0 ∀𝑗, 𝑙 

∑(𝑅𝑃𝑖 ∙ ∆𝑇𝐴𝑖𝑗 ∙ 𝑦1
∗ + 𝐹𝑃 ∙ ∆𝑇𝐹𝑖𝑗 ∙ 𝑦2

∗)

𝑖

−∑(𝑅𝑃𝑖 ∙ 𝐷𝐴𝑖𝑗𝑙
∗+ + 𝐹𝑃 ∙ 𝐷𝐹𝑖𝑗𝑙

∗+)

𝑖

− [𝑇𝑃𝐿𝑗𝑙
− −∑(𝑅𝑃𝑖 ∙ 𝑇𝐴𝑖𝑗

− + 𝐹𝑃 ∙ 𝑇𝐹𝑖𝑗
−)

𝑖

] ∗ 𝑟 ≤ 0  ∀𝑗, 𝑙 

∑ (𝑆𝐿𝑖 ∙ 𝐴𝑁 ∙ ∆𝑇𝐴𝑖𝑗 ∙ 𝑦1
∗ − 𝑆𝐿𝑖 ∙ 𝐴𝑁 ∙ 𝐷𝐴𝑖𝑗𝑙

∗+)𝑖 − (
𝛼(𝑇𝐴𝑁𝑗𝑙−𝑇𝐴𝑁𝑗𝑙)+𝜆∙𝑇𝐴𝑁𝑗𝑙−𝑇𝐴𝑁𝑗𝑙

𝜆−1
−

∑ 𝑆𝐿𝑖 ∙ 𝐴𝑁 ∙ 𝑇𝐴𝑖𝑗
−

𝑖 ) ∗ r ≤ 0 ∀𝑗, 𝑙 

∑ (𝑆𝐿𝑖 ∙ 𝐴𝑃 ∙ ∆𝑇𝐴𝑖𝑗 ∙ 𝑦1
∗ − 𝑆𝐿𝑖 ∙ 𝐴𝑃 ∙ 𝐷𝐴𝑖𝑗𝑙

∗+)𝑖 − (
𝛼(𝑇𝐴𝑃𝑗𝑙−𝑇𝐴𝑃𝑗𝑙)+𝜆∙𝑇𝐴𝑃𝑗𝑙−𝑇𝐴𝑃𝑗𝑙

𝜆−1
−

∑ 𝑆𝐿𝑖 ∙ 𝐴𝑃 ∙ 𝑇𝐴𝑖𝑗
−

𝑖 ) ∗ r ≤ 0 ∀𝑗, 𝑙 
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∑(𝐶𝑂𝐷𝐹 ∙ ∆𝑇𝐹𝑖𝑗 ∙ 𝑦2
∗ + 𝐶𝑂𝐷𝐿𝑖 ∙ ∆𝑇𝐿𝑖𝑗 ∙ 𝑦3

∗ + 𝐶𝑂𝐷𝐼𝑖 ∙ ∆𝑇𝐼𝑖𝑗 ∙ 𝑦5
∗)

𝑖

−∑(𝐶𝑂𝐷𝐹 ∙ 𝐷𝐹𝑖𝑗𝑙
∗+ + 𝐶𝑂𝐷𝐿𝑖 ∙ 𝐷𝐿𝑖𝑗𝑙

∗+ + 𝐶𝑂𝐷𝐼𝑖 ∙ 𝐷𝐼𝑖𝑗𝑙
∗+)

𝑖

− [𝑇𝐶𝑂𝐷𝑗𝑙
− −∑(𝐶𝑂𝐷𝐹 ∙ 𝑇𝐹𝑖𝑗

− + 𝐶𝑂𝐷𝐿𝑖 ∙ 𝑇𝐿𝑖𝑗
− + 𝐶𝑂𝐷𝐼𝑖 ∙ 𝑇𝐼𝑖𝑗

−)

𝑖

] ∗ 𝑟

≤ 0 ∀𝑗, 𝑙 

∑∑∑(𝑝𝑙 ∙ 𝑊𝐴𝑖𝑗
− ∙ ∆𝑇𝐴𝑖𝑗 ∙ 𝑦1

∗ + 𝑝𝑙 ∙ 𝑊𝐹𝑖𝑗
− ∙ ∆𝑇𝐹𝑖𝑗 ∙ 𝑦2

∗ + 𝑝𝑙 ∙ 𝑊𝐿𝑖𝑗
− ∙ ∆𝑇𝐿𝑖𝑗 ∙ 𝑦3

∗ + 𝑝𝑙
𝑙𝑗𝑖

∙ 𝑊𝑊𝑖𝑗
− ∙ ∆𝑇𝑊𝑖𝑗 ∙ 𝑦4

∗ + 𝑝𝑙 ∙ 𝑊𝐼𝑖𝑗
− ∙ ∆𝑇𝐼𝑖𝑗 ∙ 𝑦5

∗)

−∑∑∑(𝑝𝑙 ∙ 𝑊𝐴𝑖𝑗
− ∙ 𝐷𝐴𝑖𝑗𝑙

∗+ + 𝑝𝑙 ∙ 𝑊𝐹𝑖𝑗
− ∙ 𝐷𝐹𝑖𝑗𝑙

∗+ + 𝑝𝑙 ∙ 𝑊𝐿𝑖𝑗
− ∙ 𝐷𝐿𝑖𝑗𝑙

∗+

𝑙𝑗𝑖

+ 𝑝𝑙 ∙ 𝑊𝑊𝑖𝑗
− ∙ 𝐷𝑊𝑖𝑗𝑙

∗+ + 𝑝𝑙 ∙ 𝑊𝐼𝑖𝑗
− ∙ 𝐷𝐼𝑖𝑗𝑙

∗+)

+∑∑∑(𝑝𝑙 ∙ 𝑊𝐴𝑖𝑗
− ∙ 𝑇𝐴𝑖𝑗

− + 𝑝𝑙 ∙ 𝑊𝐹𝑖𝑗
− ∙ 𝑇𝐹𝑖𝑗

− + 𝑝𝑙 ∙ 𝑊𝐿𝑖𝑗
− ∙ 𝑇𝐿𝑖𝑗

− + 𝑝𝑙
𝑙𝑗𝑖

∙ 𝑊𝑊𝑖𝑗
− ∙ 𝑇𝑊𝑖𝑗

− + 𝑝𝑙 ∙ 𝑊𝐼𝑖𝑗
− ∙ 𝑇𝐼𝑖𝑗

−) ∗ 𝑟 = 1 

𝐷𝐴𝑖𝑗𝑙
∗+ − ∆𝑇𝐴𝑖𝑗 ∙ 𝑦1

∗ ≤ 𝑇𝐴𝑖𝑗
− ∗ 𝑟   ∀𝑖, 𝑗, 𝑙 

𝐷𝐹𝑖𝑗𝑙
∗+ − ∆𝑇𝐹𝑖𝑗 ∙ 𝑦2

∗ ≤ 𝑇𝐹𝑖𝑗
− ∗ 𝑟   ∀𝑖, 𝑗, 𝑙 

𝐷𝐿𝑖𝑗𝑙
∗+ − ∆𝑇𝐿𝑖𝑗 ∙ 𝑦3

∗ ≤ 𝑇𝐿𝑖𝑗
− ∗ 𝑟   ∀𝑖, 𝑗, 𝑙 

𝐷𝑊𝑖𝑗𝑙
∗+ − ∆𝑇𝑊𝑖𝑗 ∙ 𝑦4

∗ ≤ 𝑇𝑊𝑖𝑗
− ∗ 𝑟   ∀𝑖, 𝑗, 𝑙 

𝐷𝐼𝑖𝑗𝑙
∗+ − ∆𝑇𝐼𝑖𝑗 ∙ 𝑦5

∗ ≤ 𝑇𝐼𝑖𝑗
− ∗ 𝑟   ∀𝑖, 𝑗, 𝑙 
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0 ≤ 𝐷𝐴𝑖𝑗𝑙
∗+   ∀𝑖, 𝑗, 𝑙 

0 ≤ 𝐷𝐹𝑖𝑗𝑙
∗+   ∀𝑖, 𝑗, 𝑙 

0 ≤ 𝐷𝐿𝑖𝑗𝑙
∗+    ∀𝑖, 𝑗, 𝑙 

0 ≤ 𝐷𝑊𝑖𝑗𝑙
∗+  ∀𝑖, 𝑗, 𝑙 

0 ≤ 𝐷𝐼𝑖𝑗𝑙
∗+    ∀𝑖, 𝑗, 𝑙 

𝑟 ≥ 0 

0 ≤  
𝑦1
∗

𝑟
≤  1 

0 ≤  
𝑦2
∗

𝑟
≤  1 

0 ≤  
𝑦3
∗

𝑟
≤  1 

0 ≤  
𝑦4
∗

𝑟
≤  1 

0 ≤  
𝑦5
∗

𝑟
≤  1 

The optimal solution for y1opt, y2opt, y3opt, y4opt, y5opt, and the second-stage decision 

variables 𝐷𝐴𝑖𝑗𝑙𝑜𝑝𝑡
+ ,  𝐷𝐹𝑖𝑗𝑙𝑜𝑝𝑡

+ ,  𝐷𝐿𝑖𝑗𝑙𝑜𝑝𝑡
+ ,   𝐷𝑊𝑖𝑗𝑙𝑜𝑝𝑡

+ ,   𝐷𝐼𝑖𝑗𝑙𝑜𝑝𝑡
+  were obtained from the first 

sub-model. The value of  𝑇𝐴𝑖𝑗 ,  𝑇𝐹𝑖𝑗 ,  𝑇𝐿𝑖𝑗 ,  𝑇𝑊𝑖𝑗 ,  𝑇𝐼𝑖𝑗  can also calculated by the 
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following equations.  

𝑇𝐴𝑖𝑗= 𝑇𝐴𝑖𝑗
− + 𝑦1𝑜𝑝𝑡 ∗ ∆𝑇𝐴𝑖𝑗 

𝑇𝐹𝑖𝑗= 𝑇𝐹𝑖𝑗
− + 𝑦2𝑜𝑝𝑡 ∗ ∆𝑇𝐹𝑖𝑗 

𝑇𝐿𝑖𝑗= 𝑇𝐿𝑖𝑗
− + 𝑦3𝑜𝑝𝑡 ∗ ∆𝑇𝐿𝑖𝑗 

𝑇𝑊𝑖𝑗= 𝑇𝑊𝑖𝑗
− + 𝑦4𝑜𝑝𝑡 ∗ ∆𝑇𝑊𝑖𝑗 

𝑇𝐼𝑖𝑗= 𝑇𝐼𝑖𝑗
− + 𝑦5𝑜𝑝𝑡 ∗ ∆𝑇𝐼𝑖𝑗 

The second sub-model, referring to the upper bound value of the objective function, 

is as follows: 

Max  𝑔+ = −∑∑∑(𝑝𝑙 ∙ 𝐶𝐴𝑖𝑗
− ∙ 𝐷𝐴𝑖𝑗𝑙

∗− + 𝑝𝑙 ∙ 𝐶𝐹𝑖𝑗
− ∙ 𝐷𝐹𝑖𝑗𝑙

∗− + 𝑝𝑙 ∙ 𝐶𝐿𝑖𝑗
− ∙ 𝐷𝐿𝑖𝑗𝑙

∗− + 𝑝𝑙
𝑙𝑗𝑖

∙ 𝐶𝑊𝑖𝑗
− ∙ 𝐷𝑊𝑖𝑗𝑙

∗− + 𝑝𝑙 ∙ 𝐶𝐼𝑖𝑗
− ∙ 𝐷𝐼𝑖𝑗𝑙

∗−)

+∑∑(𝑁𝐴𝑖𝑗
+ ∙ 𝑇𝐴𝑖𝑗 + 𝑁𝐹𝑖𝑗

+ ∙ 𝑇𝐹𝑖𝑗 + 𝑁𝐿𝑖𝑗
+ ∙ 𝑇𝐿𝑖𝑗 + 𝑁𝑊𝑖𝑗

+ ∙ 𝑇𝑊𝑖𝑗 + 𝑁𝐼𝑖𝑗
+

𝑗𝑖

∙ 𝑇𝐼𝑖𝑗) ∗ 𝑟 
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−∑ ∑ (𝑊𝐴𝑖𝑗
+ ∙ 𝐷𝐴𝑖𝑗𝑙

∗− +𝑊𝐹𝑖𝑗
+ ∙ 𝐷𝐹𝑖𝑗𝑙

∗− +𝑊𝐿𝑖𝑗
+ ∙ 𝐷𝐿𝑖𝑗𝑙

∗− +𝑊𝑊𝑖𝑗
+ ∙ 𝐷𝑊𝑖𝑗𝑙

∗− +𝑊𝐼𝑖𝑗
+ ∙ 𝐷𝐼𝑖𝑗𝑙

∗−)
𝑗𝑖

≤ [𝑄𝑙
+

−∑∑(𝑊𝐴𝑖𝑗
+ ∙ 𝑇𝐴𝑖𝑗 +𝑊𝐹𝑖𝑗

+ ∙ 𝑇𝐹𝑖𝑗 +𝑊𝐿𝑖𝑗
+ ∙ 𝑇𝐿𝑖𝑗 +𝑊𝑊𝑖𝑗

+ ∙ 𝑇𝑊𝑖𝑗

𝑗𝑖

+𝑊𝐼𝑖𝑗
+ ∙ 𝑇𝐼𝑖𝑗)] ∗ 𝑟 ∀ 𝑙 

−∑(𝑆𝐿𝑖 ∙ 𝐷𝐴𝑖𝑗𝑙
∗− +𝑊𝑆 ∙ 𝐷𝑊𝑖𝑗𝑙

∗−)

𝑖

≤ [𝑇𝑆𝐿𝑗𝑙
+ −∑(𝑆𝐿𝑖 ∙ 𝑇𝐴𝑖𝑗 +𝑊𝑆 ∙ 𝑇𝑊𝑖𝑗)

𝑖

] ∗ 𝑟 ∀𝑗, 𝑙 

−∑(𝑅𝑁𝑖 ∙ 𝐷𝐴𝑖𝑗𝑙
∗− + 𝐹𝑁 ∙ 𝐷𝐹𝑖𝑗𝑙

∗−)

𝑖

≤ [𝑇𝑁𝐿𝑗𝑙
+ −∑(𝑅𝑁𝑖 ∙ 𝑇𝐴𝑖𝑗 + 𝐹𝑁 ∙ 𝑇𝐹𝑖𝑗)

𝑖

] ∗ 𝑟  ∀𝑗, 𝑙 

−∑(𝑅𝑃𝑖 ∙ 𝐷𝐴𝑖𝑗𝑙
∗− + 𝐹𝑃 ∙ 𝐷𝐹𝑖𝑗𝑙

∗−)

𝑖

≤ [𝑇𝑃𝐿𝑗𝑙
+ −∑(𝑅𝑃𝑖 ∙ 𝑇𝐴𝑖𝑗 + 𝐹𝑃 ∙ 𝑇𝐹𝑖𝑗)

𝑖

] ∗ 𝑟  ∀𝑗, 𝑙 

∑ (−𝑆𝐿𝑖 ∙ 𝐴𝑁 ∙ 𝐷𝐴𝑖𝑗𝑙
∗− )𝑖 ≤ (

𝛼(𝑇𝐴𝑁𝑗𝑙−𝑇𝐴𝑁𝑗𝑙)+𝜆∙𝑇𝐴𝑁𝑗𝑙−𝑇𝐴𝑁𝑗𝑙

𝜆−1
− ∑ 𝑆𝐿𝑖 ∙ 𝐴𝑁 ∙ 𝑇𝐴𝑖𝑗𝑖 ) ∗ r ∀𝑗, 𝑙 

∑ (−𝑆𝐿𝑖 ∙ 𝐴𝑃 ∙ 𝐷𝐴𝑖𝑗𝑙
∗− )𝑖 ≤ (

𝛼(𝑇𝐴𝑃𝑗𝑙−𝑇𝐴𝑃𝑗𝑙)+𝜆∙𝑇𝐴𝑃𝑗𝑙−𝑇𝐴𝑃𝑗𝑙

𝜆−1
− ∑ 𝑆𝐿𝑖 ∙ 𝐴𝑃 ∙ 𝑇𝐴𝑖𝑗𝑖 ) ∗ r ∀𝑗, 𝑙 

−∑(𝐶𝑂𝐷𝐹 ∙ 𝐷𝐹𝑖𝑗𝑙
∗− + 𝐶𝑂𝐷𝐿𝑖 ∙ 𝐷𝐿𝑖𝑗𝑙

∗− + 𝐶𝑂𝐷𝐼𝑖 ∙ 𝐷𝐼𝑖𝑗𝑙
∗−)

𝑖

≤ [𝑇𝐶𝑂𝐷𝑗𝑙
+ −∑(𝐶𝑂𝐷𝐹 ∙ 𝑇𝐹𝑖𝑗 + 𝐶𝑂𝐷𝐿𝑖 ∙ 𝑇𝐿𝑖𝑗 + 𝐶𝑂𝐷𝐼𝑖 ∙ 𝑇𝐼𝑖𝑗)

𝑖

] ∗ 𝑟 ∀𝑗, 𝑙 
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−∑∑∑(𝑝𝑙 ∙ 𝑊𝐴𝑖𝑗
+ ∙ 𝐷𝐴𝑖𝑗𝑙

∗− + 𝑝𝑙 ∙ 𝑊𝐹𝑖𝑗
+ ∙ 𝐷𝐹𝑖𝑗𝑙

∗− + 𝑝𝑙 ∙ 𝑊𝐿𝑖𝑗
+ ∙ 𝐷𝐿𝑖𝑗𝑙

∗− + 𝑝𝑙 ∙ 𝑊𝑊𝑖𝑗
+

𝑙𝑗𝑖

∙ 𝐷𝑊𝑖𝑗𝑙
∗− + 𝑝𝑙 ∙ 𝑊𝐼𝑖𝑗

+ ∙ 𝐷𝐼𝑖𝑗𝑙
∗−)

+∑∑∑(𝑝𝑙 ∙ 𝑊𝐴𝑖𝑗
+ ∙ 𝑇𝐴𝑖𝑗 + 𝑝𝑙 ∙ 𝑊𝐹𝑖𝑗

+ ∙ 𝑇𝐹𝑖𝑗 + 𝑝𝑙 ∙ 𝑊𝐿𝑖𝑗
+ ∙ 𝑇𝐿𝑖𝑗 + 𝑝𝑙

𝑙𝑗𝑖

∙ 𝑊𝑊𝑖𝑗
+ ∙ 𝑇𝑊𝑖𝑗 + 𝑝𝑙 ∙ 𝑊𝐼𝑖𝑗

+ ∙ 𝑇𝐼𝑖𝑗) ∗ 𝑟 = 1 

𝐷𝐴𝑖𝑗𝑙
∗− ≤ 𝐷𝐴𝑖𝑗𝑙𝑜𝑝𝑡

∗+ ≤ 𝑇𝐴𝑖𝑗 ∗ 𝑟   ∀𝑖, 𝑗, 𝑙 

𝐷𝐹𝑖𝑗𝑙
∗− ≤ 𝐷𝐹𝑖𝑗𝑙𝑜𝑝𝑡

∗+ ≤ 𝑇𝐹𝑖𝑗 ∗ 𝑟   ∀𝑖, 𝑗, 𝑙 

𝐷𝐿𝑖𝑗𝑙
∗− ≤ 𝐷𝐿𝑖𝑗𝑙𝑜𝑝𝑡

∗+ ≤ 𝑇𝐿𝑖𝑗 ∗ 𝑟   ∀𝑖, 𝑗, 𝑙 

𝐷𝑊𝑖𝑗𝑙
∗− ≤ 𝐷𝑊𝑖𝑗𝑙𝑜𝑝𝑡

∗+ ≤ 𝑇𝑊𝑖𝑗 ∗ 𝑟   ∀𝑖, 𝑗, 𝑙 

𝐷𝐼𝑖𝑗𝑙
∗− ≤ 𝐷𝐼𝑖𝑗𝑙𝑜𝑝𝑡

∗+ ≤ 𝑇𝐼𝑖𝑗 ∗ 𝑟   ∀𝑖, 𝑗, 𝑙 

0 ≤ 𝐷𝐴𝑖𝑗𝑙
∗−   ∀𝑖, 𝑗, 𝑙 

0 ≤ 𝐷𝐹𝑖𝑗𝑙
∗−   ∀𝑖, 𝑗, 𝑙 

0 ≤ 𝐷𝐿𝑖𝑗𝑙
∗−    ∀𝑖, 𝑗, 𝑙 

0 ≤ 𝐷𝑊𝑖𝑗𝑙
∗−  ∀𝑖, 𝑗, 𝑙 

0 ≤ 𝐷𝐼𝑖𝑗𝑙
∗−    ∀𝑖, 𝑗, 𝑙 

𝑟 ≥ 0 
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5.4 Data collection 

The environmental and social-economic information of the Heshui River Basin in 

Yongxin County and the basic data (e.g. economic targets, benefits of economic activities, 

and water consumptions) were collected through field trip, estimation and experience from 

decision makers (water managers) and experts, surveys from different stakeholder groups 

with their interests and objectives, and an extensive literature review on previous research 

(e.g. government reports, technical documents of local authorities, published articles). The 

confidence level equals 0.9, which denotes the constraint is almost satisfied. The fuzzy 

gradient parameter λ is chosen as 0.5, which denotes the neutral attitude of decision makers.  

5.5 Results analysis 

Solutions from the inexact two-stage fuzzy gradient chance-constrained fractional 

programming model are obtained using the aforementioned solution algorithm. Most of 

the objective functions and decision variables are intervals and sensitive to inputting 

uncertainties.  

5.5.1 First stage decisions 

The target variables y1, y2, y3, y4, y5 are generated and presented in Table 5.1 for the first 

stage decision making process. The results show the economic targets of fisheries, forestry 

and industrial activities would approach their upper bounds. The economic targets from 

paddy and dry farming in cropping activity would approach their lower bounds. The 

priorities for local development in Yongxin County should be fisheries, forestry and 

industrial activities whereas, the development of cropping l activities and livestock 
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husbandry should be limited. In terms of cropping activity and livestock husbandry, the 

development of fruits/vegetables farming, cattle and poultry should be considered first, 

and pig, paddy and dry farming should be limited.  

The lower and upper bounds for targeted incomes were in the range of RMB [3.08, 

3.41] × 109. The targeted incomes for cropping, industrial, livestock, fisheries and forestry 

activity are RMB [1.31, 1.55] × 109, 1.23 × 109, [4.54, 5.25] × 108, [5.95, 7.00] × 107, and 

[2.44, 3.16] × 109, respectively. The lower and upper bounds of the contributions to 

targeted income from cropping, fisheries, livestock, forestry and industrial activities are 

presented in Figure 5.1.  
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Table 5.1 The optimal solutions of target variables y 

 Subarea 

1 2 3 4 5 

Targets for cropping activities (km2) 

Paddy farming 0 0 0 0 0 

Dry farming 0 0 0 0 0 

Fruits/vegetables  1 0 1 0 0 

Targets for fisheries activities (km2) 

Fish farming 1 1 1 1 1 

Targets for livestock husbandry activities (103 head) 

Pig 0 1 0 1 1 

Cattle 1 1 1 1 1 

Poultry 1 1 1 1 1 

Targets for forestry activities (km2) 

Forestry 1 1 1 1 1 

Targets for industrial activities (RMB104) 

Mining industries 1 1 1 1 1 

Manufacturing industries 1 1 1 1 1 

Construction industries  1 1 1 1 1 

Transportation industries 1 1 1 1 1 

Other industries 1 1 1 1 1 
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Figure 5.1 (1) Targeted income segments (lower bound) 

  

cropping 42.60% 
42.80% 
 
  

cropping 
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Figure 5.1 (2) Targeted income segments (upper bound) 

  

cropping 

cropping 45.530% 
42.80% 
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Cropping and industrial activities are the major sources of local targeted incomes, 

which account for approximately 42% and 40% in the lower bound model, respectively. 

In the upper bound model, the proportion of cropping activity increases to 45.53%, 

followed by industrial activity (36.11%) and livestock (15.38%). Fisheries and forestry 

activity would contribute slightly, only accounting for about 2% and 1%, respectively. The 

distribution of targeted incomes from each economic activity and within five subareas is 

shown in Figure 5.2 in terms of the targeted incomes in each subarea. Subareas 1, 3 and 4 

would be dominant sectors for targeted incomes. Subarea 4 would obtain the highest 

cropping targeted income, which would be RMB [4.15, 4.93] × 108. The fisheries targeted 

income in subareas 3 and 4 would be higher than that in other subareas. The targeted 

incomes from forestry, among the five subareas, would be changed slightly and would fall 

in the range of RMB [2.75, 8.08] × 106. The majority targeted incomes from livestock come 

from subareas 1, 3, 4 and 5, which would be in the range of RMB [9.13, 15.16] × 107. As 

for industrial activity, subareas 1, 3 and 4 would obtain the dominant targeted incomes, 

which would be RMB 2.82 × 108, and 3.39 × 108, 3.14 × 108, respectively.  
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Figure 5.2 (1) Targeted income from each activity in five subareas (lower bound) 

  

cropping 
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Figure 5.2 (2) Targeted income from each activity in five subareas (upper bound) 
  

cropping 
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5.5.2 Second stage decisions 

In the second stage decision making process, the random event has been realized and 

corrective actions have been taken to adjust the pre-regulated targets. The water allocation 

deficits are generated for the cropping and livestock activities. The expected value of the 

deficits and pre-regulated levels in the lower and upper bounds of the cropping and 

livestock activities are presented in Figure 5.3. The water allocation deficit for cropping 

would be [420, 420.65] km2. The deficit level for livestock would be approximately [0, 

47.27] 103 head. The optimal solutions for water allocation deficit are presented in Table 

5.2. The deficits in cropping activity focus on paddy farming, and subarea 3 in dry farming, 

which indicates the local development of paddy farming should be limited compared to 

dry farming and fruits/vegetables. As for dry farming, the priority development should be 

subareas 1, 2, 4 and 5. In terms of livestock activity, the deficit occurs in pig farming in 

subareas 1 and 3, meaning the pig farming development in subareas 1 and 3 should be 

limited in comparison to cattle and poultry when there is insufficient water supply.  
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Figure 5.3 Expected value of water allocation deficit  

  

cropping 

Cropping (lower bound) Cropping (upper bound) 
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Table 5.2 The optimal solutions of water allocation deficit in lower and upper bound 

Economic activity  Lower bound  Upper bound 

 Low Medium High  Low Medium High 

Paddy 

farming 

(km2) Target Deficit Deficit Deficit Deficit Deficit Deficit 

Subarea 1 63.6 63.6 63.6 63.6 63.6 63.6 63.6 

Subarea 2 33.9 33.9 33.9 33.9 33.9 33.9 33.9 

Subarea 3 84.7 84.7 84.7 84.7 84.7 84.7 84.7 

Subarea 4 108.6 108.6 108.6 108.6 108.6 108.6 108.6 

Subarea 5 35.7 35.7 35.7 35.7 35.7 35.7 35.7 

Dry 

farming 

Subarea 1 88.2 0 0 0 0 0 0 

Subarea 2 48.5 0 0 0 0 0 0 

Subarea 3 117.9 94.2 94.2 94.2 93.5 93.5 93.5 

Subarea 4 150.6 0 0 0 0 0 0 

Subarea 5 51.2 0 0 0 0 0 0 

Pig 

farming 

Subarea 1 62.6 18.4 18.4 18.4  

 

0 0 0 

Subarea 2 11.3 0 0 0 0 0 0 

Subarea 3 83.6 28.9 28.9 28.8 0 0 0 

Subarea 4 68.4 0 0 0 0 0 0 

Subarea 5 52.4 0 0 0  0 0 0 
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5.5.3 Comparison between ITSFGP and ITSFGFP 

(1) First stage decisions 

Table 5.3 shows a comparison between target variables y in the first stage in the 

ITSFGFP and ITSFGP models. The target variables in fisheries, livestock, forestry and 

industrial activities would not change in the two models and would be given priority in 

local developments. Whereas, the value of y in cropping activity varies with the optimal 

model ratio. In the ITSFGFP model, the economic targets from dry farming and the targets 

in subareas 2, 4 and 5, from fruits/vegetables farming would approach their lower bound. 

The targets in cropping activity tend to be limited in ITSFGFP model. The targeted income 

in the ITSFGFP and ITSFGP models are presented in Figure 5.4. The targeted income in 

the ITSFGFP model is higher than the ITSFGP model. The targeted income distribution 

patterns in the two models are similar in Figure 5.5. Industry and cropping are the 

dominant economic activities in both models. The portion of industry in the ITSFGFP 

model is a little higher than the ITSFGP model while the portion of cropping activity is 

lower.  
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Table 5.3 Comparison of target variables between ITSFGFP and ITSFGP model 

y ITSFGP  ITSFGFP 

 Paddy 

farming 

Dry 

farming 

Fruits/vegetables  Paddy 

farming 

Dry 

farming 

Fruits/vegetables 

Subarea 1 0 1 1  0 0 1 

Subarea 2 0 1 1 0 0 0 

Subarea 3 0 1 1 0 0 1 

Subarea 4 0 1 1 0 0 0 

Subarea 5 0 1 1 0 0 0 
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Figure 5.4 Comparison of targeted income between ITSFGFP and ITSFGP model  
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Figure 5.5 (1) Comparison of targeted income distribution between ITSFGFP and ITSFGP 

model (lower bound)  

cropping 
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Figure 5.5 (2) Comparison of targeted income distribution between ITSFGFP and ITSFGP 

model (upper bound) 

 
  

cropping 
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(2) Second stage decisions 

The comparison of water allocation deficit levels in cropping activity between the 

ITSFGFP and ITSFGP models is shown in Figure 5.6. The optimal solutions for water 

deficit in the ITSFGFP model are higher than in the ITSFGP model. The deficit mainly 

focuses on cropping activity. In the ITSFGFP model, less cropping activity, especially 

paddy farming, would be developed due to insufficient water supply. The priority for 

cropping development is low, which might result in more water pollutants and higher water 

demand during cropping activity. The comparison between system net benefits, water 

consumption, and system efficiency between the ITSFGFP and ITSFGP models are shown 

in Figure 5.7. The system efficiency is measured as system net benefit per unit water 

consumption. The ITSFGP model obviously leads to a higher system net benefit than the 

ITSFGFP model. The water consumption in the ITSFGP model is approximately [1.38, 

1.72] × 108 m3, which is significantly higher than in the ITSFGFP model [0.85, 2.00] × 108 

m3. However, as shown in Figure 5.7 (3), the net benefit per unit of water consumption 

obtained in the ITSFGFP model is approximately [17.56, 29.95] RMB/m3, which is much 

higher than the benefit obtained from the ITSFGP model, which is about [15.52, 16.22] 

RMB/m3. In ITSFGP model, the system net benefit and water consumption is relatively 

high, while the ITSFGFP model results in a lower system net benefit but a higher system 

efficiency for water consumption. 
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Figure 5.6 Comparison of water allocation deficit between ITSFGFP and ITSFGP model   
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Figure 5.7 (1) Comparison of net benefits between ITSFGFP and ITSFGP model   
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Figure 5.7 (2) Comparison of water consumption between ITSFGFP and ITSFGP model   
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Figure 5.7 (3) Comparison of system efficiency between ITSFGFP and ITSFGP model   
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Compared with the ITSFGP model, the ITSFGFP model could be more effective and 

useful for addressing the sustainable water resources management problem, providing 

rational optimal solutions to reflect tradeoffs between economic development and 

environmental policies, and providing interrelationships between economic benefit and 

system violation risk, especially when involving multiple conflicting objectives in one 

optimization framework. The system efficiency can be measured in the ITSFGFP model, 

by providing robust solutions for decision making processes to maximize the economic 

income as well as minimizing the environmental resource consumption.  
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5.6 Summary 

In the study, an inexact two-stage fuzzy gradient chance-constrained fractional 

programming method has been proposed and an inexact two-stage fuzzy gradient chance-

constrained fractional programming (ITSFGFP) water resources management model has 

been developed for the Heshui River Basin.  

The model is an improvement upon the previous inexact two-stage fuzzy gradient 

chance-constrained programming (ITSFGP) model by incorporating the fractional 

programming. In the previous model, water quantity was represented as a constraint and 

as a random event to be determined in the second stage. In the advanced model, the water 

quantity constraint is considered as an objective. Dual conflicting objectives are addressed 

within the ratio optimization and system efficiency is measured.  

Interval solutions have been obtained by solving the ITSFGFP model. The priorities 

for local development should be a focus on fisheries, forestry and industrial activities, as 

well as portions of cropping and livestock. The paddy farming and dry farming in cropping 

activity, and pig farming in livestock activity should be limited when water supply is 

insufficient. Detailed results regarding the targeted incomes, system benefits, total target 

benefits and total costs in five subareas have been analyzed. A comparison between the 

optimal ratio model and linear model has also been investigated to examine the advantages 

and effectiveness of the optimal ratio model The results revealed that the optimal ratio 

model could not only provide interaction between pre-regulated economic targets and 

environmental penalties, but  could compromise conflicting dual objectives without 

modifying their original magnitudes. The optimal ratio model can generate a higher system 
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efficiency for water consumption, and provide in-depth analysis of the interactive effects 

among multiple system factors (economic benefits, water consumption, system violation 

risk, and system efficiency). The solutions provide valuable supports for local decision 

makers to generate cost-effective and sustainable water resources management strategies.  
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6. Conclusion 

6.1 Summary 

In this research, an inexact two-stage fuzzy gradient chance-constrained 

programming (ITSFGP) water resources management model has been developed for the 

Heshui River Basin in Yongxin County, China. Five economic activities associated with 

their water pollutants and water demand have been considered within five subareas and 

integrated into an optimization framework. Various uncertainties have been involved in 

the model, represented as intervals, probability distributions and fuzzy sets. The model can 

effectively provide interactions between pre-regulated economic targets and 

environmental penalties, and reflect the tradeoffs between economic development and 

environmental conservation. Three levels (low, medium, high) for water inflow were 

considered due to the random events. Interval solutions were obtained by transforming the 

ITSFGP model into two deterministic sub-models. Alternative results could be generated 

according to decision maker’s aspiration preferences.  

An inexact two-stage fuzzy gradient chance-constrained fractional programming 

(ITSFGFP) water resources management model has been developed, and its solution 

algorithms were proposed. Fractional programming, which is capable of addressing ratio 

optimization, has been integrated into the optimization framework. Dual conflicting 

objectives (i.e. economic benefit and water consumption) were effectively addressed, and 

system efficiency was measured. Interval solutions were obtained through solving the 

model. A comparison between the optimal ratio model and linear model has been 

investigated to analyze the effectiveness of the optimal ratio model.  
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According to results of the two models, the local priorities for local development 

should be fisheries, forestry and industrial activities. Subareas 1, 3 and 4 would be 

dominant sectors for local economic income. Portions of cropping and livestock, such as 

paddy farming and pig farming should be limited when the water supply is insufficient. 

When decision makers prefer to be optimistic, the economic development of subareas 1, 3 

and 4 should be considered first. If the decision makers wish to be conservative, the 

economic development of subareas 2 and 5 should be chosen as priorities. Desired 

economic production strategies and water allocation plans have been provided by both 

models. Considering the preferences of decision makers, when decision makers wish to be 

optimistic, larger system net benefits will be obtained but the system violation risk will 

also be large. When considering dual objectives, which are economic development and 

water conservation, the development of paddy farming, dry farming cropping in subarea 1 

and pig farming livestock in subareas 1 and 3 should be limited when there is insufficient 

water supply. The optimal ratio model generated more system efficiency than the linear 

model because both economic and water resource targets were considered and 

incorporated within the optimization framework to compromise dual conflicting objectives. 

The optimal ratio model could be more effective in addressing the sustainable water 

resources management problem and provide balance among various conflicting objectives. 

Interrelationships between system benefit and system violation risk could be reflected 

within the optimization framework. The results can provide a scientific basis for solutions 

to sustainable water resources management, maximizing the economic benefit in the 

system while the system benefit per unit water consumption can be maximized. It can 

generate alternatives for decision making, which lead to satisfied environmental quality 
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and maximum economic development.  

6.2 Research achievements 

The development of an inexact two-stage fuzzy gradient chance-constrained 

programming (ITSFGP) water resources management model for the Heshui River Basin 

in Yongxin County, China, is a significant contribution to analyzing local water system 

and supporting the sustainability of local water resources management. The model is 

flexible to alternative solutions in decision making processes according to the aspiration 

preferences of decision makers. It provides an effective linkage between pre-regulated 

economic targets and associated environmental penalties caused by violations of 

environmental conditions. This method is an extension of the existing mathematical 

methods by integrating fuzzy gradient chance-constrained programming and is effective 

to reflect the tradeoffs between system benefits and system-failure risks.  

As a first attempt to apply inexact two-stage fuzzy gradient chance-constrained 

fractional programming (ITSFGFP) to a water resources management model in the Heshui 

River Basin, the ITSFGFP model could effectively tackle multiple conflicting objectives 

involving economic and environmental concerns. The system efficiency could be 

effectively reflected and measured. The improvement upon the ITSFGP model could 

enhance the effectiveness and robustness of the optimization efforts and provide cost-

effective decision supports for local sustainable water resources management.  

6.3 Recommendations for future research 

(1) The proposed models could be improved by integrating other optimization 
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methods and simulation models to improve the capabilities in accounting for complex 

multiple uncertainties. For example, multi-stage programming, which is developed from 

two-stage stochastic programming, could be introduced to handle various probabilistic 

uncertainties under different stages and reflect the interaction within the system 

components. Mixed-integer programming could be applied to address variables which are 

expressed as integer. Interval programming could also improve a fuzzy-boundary interval 

programming, which is capable of incorporating uncertainties that can be presented as 

intervals with fuzzy boundaries.   

(2) Fuzzy uncertainties in the proposed models were expressed as triangular 

membership functions in water quality constraints. A triangular fuzzy set is represented as 

the maximum, minimum and most likely value set. However, in real world problems, there 

are many other types of membership functions which could be considered to account for 

complicated uncertainties and generate robust solutions.  

(3) The natural environmental conditions of water management system in the Heshui 

River Basin in Yongxin County are complex and dynamic. The data required for the water 

planning model are extensive. Thus, some data are less accurate due to large uncertainties. 

Investigation and verification should be carried on to enhance the reliability of the model. 

The quality of the modeling inputs should be improved to obtain robust decision results.  

(4) The model could be improved according to the local policies and current 

conditions to achieve timely solutions for decision making. The parameters may be 

modified due to changes in natural environmental conditions and local policies. Thus, the 

proposed model has to be adapted before applying in the practice.  
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(5) The proposed models could be applied in a wide range. They can not only address 

water resources management problems, but can be extended to other fields in engineering, 

such as air pollution control, solid waste management and energy systems planning.  
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