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ABSTRACT

Many different platforms, techniques, and concepts can be employed while modeling

and reasoning with Bayesian networks (BNs). A problem domain is modeled initially

as a directed acyclic graph (DAG), denoted B, and the strengths of relationships

are quantified by conditional probability tables (CPTs). Testing whether two sets X

and Z of variables are conditionally independent given another set Y of variables

is fundamental to BN modeling and inference. There are two well-known methods,

called d-separation and m-separation, for this task.

The founder of BNs suggested d-separation as a method for testing independen-

cies. The crux of the linear implementation of d-separation is to determine all nodes

reachable from X via active paths. We propose inaugural separation (i-separation)

as a new method for testing independencies in BNs. i-Separation has several theo-

retical and practical advantages. There are at least five ways in which i-separation

is simpler than d-separation, of which the most important is that “blocking” works

in an intuitive fashion. An empirical evaluation shows that i-separation tends to be

faster than d-separation in large BNs.

In practice, d-separation is often utilized, since it has linear-time complexity. How-

ever, many have had difficulties in understanding d-separation in BNs. m-Separation

is an equivalent method that is easier to understand by transforming the problem

from directed separation in BNs into classical separation in undirected graphs. Two

main steps of this transformation are pruning the BN and adding undirected edges.
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We propose u-separation as an even simpler method for testing independencies in

a BN. Our approach also converts the problem into classical separation in an undi-

rected graph. However, our method is based upon the novel concepts of inaugural

variables and rationalization. u-Separation can prune fewer edges from the BN and

add fewer undirected edges. Thereby, the primary advantage of u-separation over m-

separation is that m-separation can prune unnecessarily and add superfluous edges.

Hence, u-separation is a simpler method in this respect.
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Chapter 1

INTRODUCTION

Uncertainty management is an important task within artificial intelligence (AI). In-

telligent agents deal with uncertainty in real world application whenever there is

conflicting or missing information [Pea88]. Different frameworks in AI can be uti-

lized for modeling and reasoning under uncertainty, including fuzzy logic [R13] and

rule based systems [BS+84]. Bayesian networks (BNs) [Pea88] have become a pop-

ular framework within the AI uncertainty community. After their foundation by

Pearl [Pea88], many have used BNs in a variety of applications. The first systems

using BNs were applied to problems in medical diagnosis [Hec90,SFB89], map learn-

ing [DBC+90], language understanding [CG89, CG91, Gol90], vision [LAB89], and

heuristic search [HM89]. Recent applications of BNs have shown superior perfor-

mance in a variety of AI applications, including bioinformatics, fault monitoring, and

speech recognition [KF09,Dar09].

BNs have become a large segment of the AI uncertainty community. However,

BNs have been also known for being difficult to understand. The techniques in BNs

rely on graph theory and probability theory. Probability theory provides a rigorous

mathematical foundation, which is an important advantage of BNs compared to other

frameworks. Nevertheless, for those “probabilistically unsophisticated, BNs can be
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a discouraging study” [Cha91]. New frameworks and concepts have been proposed

to simplify the understanding of BNs [BOdS15, BOdSss]. In this thesis, we propose

two new concepts as simplifications of an important task within BNs, called testing

independencies. We start with a gentle introduction with an intuitive example and

explanation of BNs.

1.1 Motivation and Applications

We begin our discussion with a simple toy example taken from [KF09]. Suppose we

work in a company which desires to hire an intelligent student as its new employee.

The company can not test the intelligence of the student directly. However, to aid

the decision of hiring, the company has access to the student’s SAT score. We know

that the intelligence of a person is certainly not defined only by a SAT score, since

many factors can determine the true meaning of intelligence. Thus, we model the

problem as two random variables intelligence, denoted i, and SAT, denoted s, with

a probability space. The advantage of using probability values is that they represent

degrees of belief. By forming beliefs we can then make decisions. For our example,

we assume that each of one of these variables can take two values. The values i

can assume are in {1, 0}, where 1 represents high intelligence and 0 represents low

intelligence. Similarly, s can either be high score 1, or low score 0. Thus, s can

take the values in {1, 0}. Our joint probability distribution for this model can have

4 possible outcomes, as illustrated in Table 1.1. For example, when the student has

high intelligence and high score, we believe that this information is 24% accurate.

We can represent the same joint probability distribution in a more natural way.

By using the chain rule of conditional probability we have that

P (i, s) = P (i) · P (i|s).
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Table 1.1: Example of a joint probability distribution over random variables intelli-
gence i and SAT s.

i s P (i, s)
0 0 0.665
0 1 0.035
1 0 0.06
1 1 0.24

We now can represent the same model in a way more compatible with causality. That

is, we say that the SAT score is determined by the student’s intelligence. Instead of

specifying the values for P (i, s), we can specify the values of P (i) and P (i|s). For

instance, the joint probability distribution in Table 1.1 can be represented by the

prior distribution over i in Table 1.2 (i) and the conditional probability table (CPT)

of s given i in Table 1.2 (ii). Note that if we match the common attribute i in tables

(i) and (ii) of Table 1.2 and multiply the respective probabilities, we obtain the the

same joint probability distribution in Table 1.1. That is, we are still modeling the

same problem.

Table 1.2: Representing the joint probability distribution in Table 1.1 by the prior
distribution P (i) over i in (i) and the CPT P (s|i) of s given i in (ii).

(i)

i P (i)
0 0.7
1 0.3

(ii)

i s P (s|i)
0 0 0.95
0 1 0.05
1 0 0.20
1 1 0.80

The CPT P (s|i) states that the chance of a student with a low intelligence is

very unlikely to obtain a high score SAT, since P (s = 1|l = 0) = 0.05. On the

other hand, a student with high intelligence is more likely to get a high SAT score,

P (s = 1|i = 1) = 0.8, but yet not certain. To represent this model, in Figure 1.1 we

depict a node for each random variable i and s along with a directed edge representing

the dependence in this model. Figure 1.1 along with (i) and (ii) of Table 1.2 represents
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a simple Bayesian Network over variables i and s.

Figure 1.1: Representing random variables i and s (from [KF09]).

Now, let us imagine a slightly more complex scenario, where course difficulty, grade

of a course, and quality of a recommendation letter also play a role in this model.

Let us assume that the company also have access to the student’s grade of a course,

denoted g. The grade can assume values A, B, or C, respectively represented by the

values in {1, 2, 3}. The grade depends on the intelligence of the student i, and the

course difficulty, denoted d. The course could be easy or hard, represented by {1, 0},

respectively. Let us also say that the student asks from his professor a recommendation

letter, denoted l, which can assume the values in {1, 0}, representing strong and weak

recommendations. However, the professor only takes into consideration the student’s

grade on the course when he writes the letter. Thus, the quality of the letter depends

only on the value of the grade.

Figure 1.2 shows a BN for variables d, g, i, l, and s. A BN is represented by a

directed acyclic graph (DAG), denoted B. Each node in the DAG represents a vari-

able in the problem domain. The probability distributions quantify the dependence

between variables and are represented by directed edges from each of the variables

that may influence the node. The strength of relationships is quantified by conditional

probability tables (CPTs), representing the subjective estimation of the conditional

probability.

The specification of a joint probability distribution could require a large number

of values. For instance, for Figure 1.2, where all variables are binary with exception of

trinary variable g, the complete joint probability distribution is specified by 24×3 = 48

probability values. The directed edges in a BN specify independence assumptions

that hold between the random variables of the problem domain. These independence

4



Figure 1.2: The Student BN from [KF09].

assumptions determine what probability information is necessary to specify the prob-

ability distribution among the random variables in the network [KF09]. Then, for a

BN, we need to specify the prior of roots and the conditional probabilities for non-

root variables by giving all possible combinations of their direct predecessors (their

parents). For example, in Figure 1.2, we specify the priors P (d) for variable d and

P (i) for variable i. Furthermore, we specify the conditional probabilities of P (g|d, i)

for variable g, P (l|g) for variable l, and P (s|i) for variable s. That is, we only speci-

fied 26 probability values for the BN Figure 1.2. This value, 26, is much smaller than

48 needed for the joint probability distribution.

BNs allow us to calculate the conditional probabilities of the nodes given the

values observed in the real world. For instance, in our current example in Figure

1.2, if we observe that SAT is high (s = 1), but the recommendation letter is of low

quality (l = 0), we can calculate the conditional probability of the difficulty of the

class being high (d = 1) given these observations. For this case, it can be verified
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that it is 48%. In real world applications, the BNs usually consist of hundreds or

thousands of nodes with different observations as new information is available.

One important aspect of BNs is that connections in the DAG could show some

interesting causal connections. For instance, we know that the difficulty of a class does

not affect the intelligence of a student. That is, d and i are conditionally independent

given no observations. Now, let us say we received a strong recommendation letter

from the professor and we know that the SAT of the student is low. That is, l = 1

and s = 0. Knowing these observations, naturally, our belief that the difficulty of

the class was easy increases. How did that assumption in our mind happen? Once

we observed that the student has a low score SAT, our belief that s/he has a low

intelligence increased. However, we also observed a strong recommendation letter.

Since the quality of the letter is only influenced by the grade of the class, our belief that

the class was easy increases. In summary, the difficulty of the class is conditionally

dependent on intelligence, provided observations of the recommendation letter and

SAT. This interesting feature in our toy example indicates a sound principle, since

the testing of independence I({d}, {l, s}, {i}) does not hold in the BN of Figure 1.2.

We denote I(X, Y, Z) to test whether two sets X and Z of variables are condition-

ally independent given a third set Y of variables. The task of testing independencies in

BNs is especially useful in inference algorithms. Variable elimination (VE) [ZP94] and

lazy propagation (LP) [MJ99] test independencies in a BN B to safely remove irrele-

vant tables before number crunching. This can dramatically improve the performance

when answering a requested query. For example, consider again the BN in Figure 1.2.

We could ask the probability of receiving a strong recommendation letter once we ob-

served that the student has high intelligence, namely, query P (l|i = 1). Before the

VE algorithm multiplies the CPTs unnecessarily, it performs tests of independence

in all variables in the DAG. For those variables where the test of independence holds,

the respective probability tables are unnecessary to answer the query. For instance,
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CPTS P (i) and P (s|i) are irrelevant for the answering query P (l|i = 1), since the

tests of independence I(l, i, i) and I(l, i, is) hold in the BN. Observe that the DAG

guides numeric computation.

Pearl [Pea93] states that d-separation was perhaps the most important contribu-

tion to the founding of BNs. d-Separation [Pea86] is a graphical method for deciding

which conditional independence relations are implied by the DAG of a BN. To test

I(X, Y, Z), d-separation checks whether every path from X to Z is “blocked.” d-

Separation considers every variable on each of these paths. Each variable is classified

into one of three categories. This classification may involve consulting variables not

appearing on the path itself. Even though the complexity of d-separation is linear in

the number of edges in the BN [GVP89], many have had difficulties in understanding

d-separation [Pea09], perhaps due to the following two drawbacks. First, the same

variable can assume different classifications depending on the path being considered.

Second, sometimes a path is not “blocked” by Y even though it necessarily traverses

Y .

m-Separation [LDLL90, ZP94], an equivalent method for testing independencies

in a BN, seeks to avoid the confusion associated with the directionality of edges in

a DAG, by turning the problem into classical separation in an undirected graph. m-

Separation tests I(X, Y, Z) with four simple steps. First, in step (i), a sub-DAG is

built by pruning the DAG of the BN. In step (ii) the sub-DAG is moralized. The

moralization [ZP94] of a DAG involves adding an undirected edge between every

pair of variables with a common child and then dropping directionality. Step (iii)

involves deleting variables in the set Y and incident edges from the undirected graph

constructed. Finally, in step (iv), we say I(X, Y, Z) holds by m-separation if there

does not exist a path from any variable in the set X to any variable in the set Z.
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1.2 Research Contributions

One main contribution of this thesis is a novel method for testing independencies in

BNs called inaugural separation (i-separation) [BdSOG16b], which is a simplification

of d-separation. We introduce the notion of an inaugural variable and establish that

any path from a variable in X to a variable in Z of I(X, Y, Z) involving an inaugural

variable, or a descendant of an inaugural variable, is blocked. This means that these

paths do not have to be considered by d-separation and can be pruned from the DAG.

Our next key result is that only the variables in Y of independence I(X, Y, Z) need

to be considered on the remaining paths. Finally, “blocking” works in the intuitive

way in i-separation.

We introduce undirected separation (u-separation) [BdSOG16a] as a simplification

of m-separation. In order to apply traditional separation in an undirected graph, we

prove that only inaugural variables and their descendants need to be pruned from the

DAG. Next, we suggest the notion of rationalization as a refinement of moralization.

Unlike moralization, rationalization only adds an undirected edge between parents of

a common child when the common child is in Y and the parents are not in the set Y of

I(X, Y, Z). In contrast, m-separation can add edges that do not change connectivity

in the graph. Furthermore, m-separation can add an edge in step (ii) only to delete it

in step (iii). We establish that u-separation is equivalent to m-separation and point

out that u-separation can prune fewer variables than m-separation and add fewer

undirected edges than m-separation.

Given the prominence of d-separation [Pea86, Pea93], the novel methods of i-

separation and u-separation provide a clearer understanding of BNs. From a practical

perspective, our experimental results indicate that i-separation is especially effective

in large BNs.

In summary, d-separation was proposed by Pearl [Pea88] as a graphical method

for testing independencies in BNs. The i-separation algorithm is a refinement of d-
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separation that does not explore certain active paths that are doomed to become

blocked. Although, one favourable feature of d-separation is that it has a linear im-

plementation, Pearl [Pea88] admits many find d-separation confusing. Consequently,

m-separation was proposed to transform the problem of directed separation into clas-

sical separation in an undirected graph. Thus, m-separation is much simpler to un-

derstand. As a second main contribution of this thesis, we proposed u-separation as

a simplification of m-separation and show that m-separation can perform redundant

work.

1.3 Thesis Structure

The remaining parts of this thesis are organized as follows. In Chapter 2, d-separation

and m-separation are reviewed. The i-separation algorithm is given in Chapter 3,

along with equivalence between d-separation and i-separation, advantages, and ex-

perimental results. Chapter 4 presents u-separation, the equivalence between m-

separation and u-separation, and advantages of u-separation. Conclusions are given

in Chapter 5.
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Chapter 2

BACKGROUND

We review Bayesian networks and two common methods for testing independencies.

2.1 Bayesian Networks

In the field of artificial intelligence (AI), uncertainty management is one of the tasks

required when implementing an expert system. A system is said to hold uncertainty

when it has missing information or conflicting information. Different approaches can

be used when reasoning under uncertainty, including fuzzy logic [R13], rule based sys-

tems [BS+84], and Bayesian network (BN) [Pea88]. BNs are a sound set of tools with

foundations on probability theory and graph theory. In BNs, a problem domain is

modeled as a directed acyclic graph (DAG) and a set of conditional probability tables

(CPTs). One of the key features of BNs is the formal relationship between the DAG

and the set of CPTs. In this way, a BN can compactly represent the joint proba-

bility distribution for the problem domain. Moreover, the graphical representation

is appealing for users when modeling complex systems. BNs have been applied to a

broad range of real-world applications, including processor fault diagnosis [PSBD98],

analysing HIV mutations [DSC+06], spacecraft landing [Ser06], prediction of sports

matches outcomes [KN09,RS00], and ranking system for games [GMH07].
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Before giving a formal definition of BNs, we first define pertinent notation.

Let U = {v1, v2, . . . , vn} be a finite set of variables. Let B denote a directed acyclic

graph (DAG) on U .

Example 1. Consider the finite set of binary variables U = {a,b,c,d,e,f,g,h, i,j}.

Figure 2.1 shows a DAG on U .

Each node in DAG represents a variable of U and each directed arc between

two nodes in the DAG represents the dependencies that hold amongst the variables

[Pea09].

Figure 2.1: The DAG of a BN B modified from [KM13].

A directed pathin a DAG from v1 to vk is a sequence of distinct vertices v1, v2, . . . , vk

with arcs (vi, vi+1) in B, i = 1, 2, . . . , k − 1. A undirected path in a DAG from v1 to

vk is a sequence of distinct vertices v1, v2, . . . , vk with either arcs (vi, vi+1) or (vi+1, vi)

in B, i = 1, 2, . . . , k − 1. A path in an undirected graph is defined similarly.

Example 2. Consider the DAG depicted in Figure 2.1. (a, d), (d, g) is a directed

path from variable a to variable g. It can be verified that (a, d), (b, d), (b, e), (e, g) is

an undirected path from a to g.

For each vi ∈ U , the ancestors of vi, denoted An(vi), are those variables having a

directed path to vi, while the descendants of vi, denoted De(vi), are those variables
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to which vi has a directed path. For a set X ⊆ U , we define An(X) and De(X) in

the obvious way.

Example 3. The ancestors of variable g are the set An(g) = {a, b, d, e}, since

those variables have a directed path to g in the DAG depicted in Figure 2.1. It can be

verified that the descendants of g are the set De(g) = {h}.

The children Ch(vi) and parents Pa(vi) of vi are those vj such that (vi, vj) ∈ B

and (vj, vi) ∈ B, respectively.

Example 4. Consider the BN B illustrated in Figure 2.1. The children of variable

d is the set Ch(d) = {f, g}, since there are directed edges (d, f) and (d, g) in B. It

can be verified that the parents of d is the set Pa(d) = {a, b}.

Each variable vi in U is associated with a finite domain dom(vi). For instance, the

domain of the binary variable a is dom(a) = {0, 1}. Let V be the Cartesian product

of dom(v), where v ∈ U , namely:

V = dom(v1)× dom(v2)× · · · × dom(vn).

Example 5. Consider the finite set of binary variables U = {a,b,c,d,e,f,g,h, i,j}.

Here,

V = {(0, 0, 0, 0, 0, 0, 0, 0, 0, 0), (0, 0, 0, 0, 0, 0, 0, 0, 0, 1), . . . , (1, 1, 1, 1, 1, 1, 1, 1, 1, 1)}.

A potential is a function φ on V such that φ(w) ≥ 0 for each w ∈ V , and φ(w) > 0

for at least one w ∈ V . Henceforth, we say φ is on U instead of V . A joint probability

distribution is a potential P on U , denoted P (U), that sums to one. For disjoint

X, Y ⊆ U , a conditional probability table (CPT) P (X|Y ) is a potential over X ∪ Y

that sums to one for each value y of Y .
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Example 6. Table 2.1 (i) shows the CPT P (a) over variable a. Similarly, Table 2.1

(ii) shows a CPT P (c|a) over variables a and c.

Table 2.1: Examples of CPTs of BN in Figure 2.1: (i) P (a) and (ii) P (c|a).

(i)

a P (a)
0 0.15
1 0.85

(ii)

a c P (c|a)
0 0 0.95
0 1 0.05
1 0 0.40
1 1 0.60

A singleton set {v} may be written as v. Similarly, the set {v1, v2, . . . , vn} may

be written as v1v2 · · · vn, and X ∪ Y as XY .

We now formally define Bayesian networks.

Definition 1. A Bayesian network (BN) [Pea88] is a DAG B on U together with

CPTs P (v1|Pa(v1)), P (v2|Pa(v2)), . . ., P (vn|Pa(vn)).

Example 7. Figure 2.1 shows a BN with CPTs P (a), P (b), P (c|a), P (d|a, b), P (e|b),

P (f |c, d, e), P (g|d, e), P (h|f, g), P (i|c), and P (j|i). CPTs P (a) and P (c|a) are

shown in Table 2.1 (i) and (ii), respectively. The remaining CPTs are not provided.

The probability distributions quantify the dependence between variables and are

represented by directed arcs of each of the variables that may influence the node.

The weight of each arch oriented toward the node is quantified by the assigned CPT

representing the subjective estimation of the conditional probability. For instance,

the CPT P (c|a) in Table 2.1 (ii) quantifies the dependence between variables a and

c in the DAG Figure 2.1. We call B a BN, if no confusion arises. The product of the

CPTs for B on U is a joint probability distribution P (U) [Pea88].

Let X, Y , and Z be pairwise disjoint sets of variables in a BN B. We say X and Z

are conditionally independent [Pea88] given Y holding in P (U), denoted IP (X, Y, Z),

13



if

P (X, Y, Z) =
P (XY ) · P (Y Z)

P (Y )
.

It is known that if I(X, Y, Z) holds in B, then IP (X, Y, Z) holds in P (U). If needed,

the property that I(X, Y, Z) is equivalent to I(X − Y, Y, Z − Y ) can be applied to

make the three sets pairwise disjoint; otherwise, I(X, Y, Z) is not well-formed [Pea88].

Testing independencies plays an important role in BN inference. A common task

in inference is to compute posterior probabilities given evidence (observed values of

variables), a task also known as belief update. Inference algorithms, including variable

elimination [ZP94] and lazy propagation [MJ99], test independencies in a given BN

B to safely remove irrelevant potentials, thus avoiding redundant number crunching.

Testing independencies is also an important task on different frameworks, besides

BNs, including influence diagrams, object-oriented Bayesian networks, and causal-

ity. Shachter [Sha98] introduced an algorithm, called Bayes Ball, which has linear

complexity for checking independencies in BNs and influence diagrams. Influence

diagrams [Sha86, JN07] extend BNs model to specialize on decision making under

uncertainty. In fact, an influence diagram is a BN along with extra concepts, in-

cluding decision variables, informational precedence relations, and preference rela-

tions [Jen88]. Bayes Ball makes inference faster on influence diagrams [Sha98].

Testing independencies are the basis of another popular framework, called object-

oriented Bayesian networks (OOBNs) [KP97, HM97, KF09]. OOBNs are used to

facilitate the modeling of a problem domain by breaking general concepts into smaller

ones. The idea is to use independencies in order to factorize parts of a distribution

into smaller parts [KF09].

Studies on causality [Pea09, Pea16] propose a new perspective when considering

cause-effect relationships. One of the key features of this new viewpoint on causality
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is the use of an extended BN model, called a causal model. Analyzing a causal model

allows the discovery of relationships previously only discovered through controlled

experiments. This practical advantage has a direct impact on social and health sci-

ences. At the core of this result, testing independencies is an important concept.

Here, d-separation is the main technique for testing independences in causal models.

2.2 Testing independencies with d-Separation

Directed separation (d-separation) [Pea86] continues to be useful today in a wide

range of subject areas, including causal inference in statistics [Pea16], cause and cor-

relation in biology [Shi16], extrapolation across populations [PB14], handling missing

data [MP14], bioinformatics [Nea09], and deep learning [GBC16]. The d-separation

algorithm is a graphical method for determining which conditional independence re-

lations are implied by the DAG of a BN. In practice, d-separation is often utilized,

since it has linear-time complexity in the number of edges in the BN [GVP89].

Before the formal definition of d-separation, we first define pertinent notation.

On an undirected path, there are three kinds of variable v: (i) a sequential variable

means v is a parent of one of its neighbours and a child of the other; (ii) a divergent

variable is when v is a parent of both neighbours; and (iii) a convergent variable is

when v is a child of both neighbours.

Example 8. Consider the undirected path (a, d), (b, d), (b, e), (e, g) from variable a to

variable g in the BN B in Figure 2.1. Variable e is sequential, since e is a parent of

neighbour g and a child of other its neighbour b. Variable b is divergent, since b is a

parent of both neighbours d and e. Finally, variable d is convergent, since d is a child

of both neighbours a and b.

A variable v is either open or closed. A variable is open if it is not closed. A

sequential or divergent variable is closed, if v ∈ Y , where Y is the conditioning set in
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the independence test I(X, Y, Z). A convergent variable is closed, if (v∪De(v))∩Y =

∅.

Example 9. Let us examine the undirected path (a, d),(b, d),(b, e),(e, g) in the BN B

in Figure 2.1. Consider the test I(a, de, g). Here Y = {d, e}. Sequential variable e

is closed, since e ∈ Y . Divergent variable b is open, since b /∈ Y . Lastly, convergent

variable d is open, since (v ∪De(v)) = {d, f, g, h} and {d, f, g, h} ∩ Y 6= ∅.

A path with at least one closed variable is blocked ; otherwise, it is active.

Example 10. Path (a, d), (b, d), (b, e), (e, g) is blocked in Example 9, since it contains

the closed sequential variable e.

d-Separation tests independencies in DAGs and can be presented as follows [Dar09].

Definition 2. Let X, Y , and Z be pairwise disjoint sets of variables in a BN B. We

say X and Z are d-separated by Y , denoted I(X, Y, Z), if all undirected paths from

X to Z are blocked.

Example 11. Let us test I(a, de, g) in the BN B of Figure 2.1 using d-separation.

It can be verified that there are 10 undirected paths from a to g. Path (a, d), (d, g) is

blocked, since sequential variable d is closed. Similarly, the path (a, c), (c, f), (d, f),

(d, g) is blocked, since divergent variable d is closed. Moreover, the path (a, c), (c, f),

(f, h), (g, h) is blocked, since convergent variable h is closed. It can be verified that

the other 7 paths are blocked. Therefore, I(a, de, g) holds in B by d-separation.

Example 12. Let us test I(a, e, g) in the BN B of Figure 2.1 using d-separation. Path

(a, c), (c, f), (d, f), (d, g) is blocked, since convergent variable f is closed. Moreover,

path (a, d), (d, g) is active, since sequential variable d /∈ Y = {e}. It can be verified

that the other 8 paths are blocked. Since not every undirected path from X to Z is

closed, I(a, e, g) does not hold in B by d-separation.
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2.3 Testing independencies with m-Separation

Moral graph separation (m-separation) [LDLL90,ZP94] is an equivalent method to d-

separation for testing independencies in DAGs. By avoiding the confusion associated

with the directionality of edges in a DAG, m-separation is often utilized to teach

testing independencies in BNs. In general, m-separation is a method for pedagogical

purposes only, since it can not be performed in linear time [GVP89].

We first define pertinent notation to m-separation.

The moralization [LS88] of a DAG is the undirected graph formed by adding an

undirected edge between each pair of parents of a common child and then dropping

directionality.

Example 13. Moralization of the DAG depicted in Figure 2.2 (i) adds undirected

edge (a, b), since a and b have a common child d. Similarly, the undirected edge (d, e)

is added, since d and e have a common child g. Directionality is then dropped. The

resulting undirected graph is illustrated in Figure 2.2 (ii).

(i) (ii)

Figure 2.2: The moralization of DAG in (i) is the undirected graph in (ii).

m-Separation is an equivalent method to d-separation for testing independencies

in BNs.

Definition 3. Let X, Y , and Z be pairwise disjoint sets of variables in a BN B.

m-Separation tests I(X, Y, Z) with four steps: (i) prune B onto XY Z ∪ An(XY Z);
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(ii) construct the moralization of the sub-DAG from (i); (iii) delete Y and its incident

edges from the undirected graph built in (ii); and (iv) if there exists a path from (any

variable in) X to (any variable in) Z in (iii), then I(X, Y, Z) does not hold; otherwise,

I(X, Y, Z) holds.

Example 14. Consider testing I(a, de, g) using m-separation in the BN B of Fig-

ure 2.1. In step (i), the sub-DAG constructed on {a, d, e, g} ∪ An({a, d, e, g}) =

{a, b, d, e, g} is illustrated in Figure 2.3 (i). In step (ii), the moralization of the sub-

DAG is depicted in Figure 2.3 (ii), where undirected edges (a, b) and (d, e) were added

and then directionality was dropped. In step (iii), variables d and e and their incident

edges (a, d), (b, d), (b, e), (d, e), (d, g), and (e, g) are deleted, yielding the undirected

graph in Figure 2.3 (iii). Since there does not exist a path from a to g in Figure 2.3

(iii), I(a, de, g) holds in B by m-separation.

(i) (ii) (iii)

Figure 2.3: When testing I(a, de, g) in the BN B in Figure 2.1, m-separation builds
the sub-DAG in (i), determines the moralization in (ii), and deletes Y = {d, e} and
the incident edges, giving (iii).

Example 15. Consider testing I(a, e, g) using m-separation in the BN B of Figure

2.1. In step (i), the sub-DAG constructed is illustrated in Figure 2.4 (i). In step (ii),

the moralization of the sub-DAG is depicted in Figure 2.4 (ii), where undirected edges

(a, b) and (d, e) were added and then directionality was dropped. In step (iii), variable

e and the incident edges (b, e), (d, e), and (e, g) are deleted, giving Figure 2.4 (iii).

Since there exists a path from a to g in Figure 2.4 (iii), I(a, e, g) does not hold in B
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by m-separation.

(i) (ii) (iii)

Figure 2.4: When testing I(a, e, g) in the BN B in Figure 2.1, m-separation builds
the sub-DAG in (i), determines the moralization in (ii), and deletes Y = {e} and the
incident edges, yielding (iii).
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Chapter 3

i-SEPARATION

Inaugural separation (i-separation) [BdSOG16b] is proposed as a novel method for

testing independencies in BNs.

A variable vk is called a v-structure [Pea09] in the DAG of a BN B, if B contains

directed edges (vi, vk) and (vj, vk), but not a directed edge between variables vi and

vj.

Example 16. Consider the BN B of Figure 2.1. Variable h is a v-structure, since B

contains directed edges (f, h) and (g, h), and does not contain a directed edge between

variables f and g. Variable f is also a v-structure, since B contains directed edges

(c, f) and (e, f), and does contain a directed edge between variables c and e. Similarly,

d and g are also v-structures.

3.1 Inaugural Variables

We begin by introducing the central notion of an inaugural variable.

Example 17. Given an independence I(X, Y, Z) to be tested in a BN B, a variable

v is inaugural, if either of the following two conditions are satisfied: (i) v is a v-
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structure and

({v} ∪De(v)) ∩XY Z = ∅; (3.1)

or (ii) v is a descendant of a variable satisfying (i).

Example 18. Consider testing I(a, de, g) in the BN B of Figure 2.1. Variable f is

inaugural, since it is a v-structure and, by (3.1),

({f} ∪ {h}) ∩ {a, d, e, g} = ∅.

Consequently, by condition (ii), h is also inaugural, since h is a descendant of f . On

the contrary, variable d is a v-structure, but is not inaugural, since

({d} ∪ {f, g, h}) ∩ {a, d, e, g} 6= ∅.

We denote by V the set of all inaugural variables.

3.2 Serial Variables

The concept of a serial variable is needed in i-separation.

Definition 4. Consider any undirected path . . . , (vi, vj), (vj, vk), . . . passing through

variable vj in the DAG of a BN B. We call vj serial, if at most one of vi and vk is

in Pa(vj).

Example 19. Referring to the BN in Figure 2.1, consider the path (a, d), (d, g)

passing through variable d. Since a ∈ Pa(d) and g /∈ Pa(d), d is serial. On the other

hand, variable d is not serial on the path (a, d), (d, b), since a, b ∈ Pa(d).

Note that sequential variables are serial, as are divergent variables.
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3.3 Testing independencies with i-Separation

We now formally introduce i-separation.

Definition 5. Let X, Y , and Z be pairwise disjoint sets of variables in a BN B.

Then i-separation tests I(X, Y, Z) by first pruning inaugural variables from B. For

every undirected path from X to Z in the resulting sub-DAG, if there exists a variable

in Y that is serial, then I(X, Y, Z) holds; otherwise, I(X, Y, Z) does not hold.

We use two examples to illustrate i-separation.

Example 20. Let us test I(a, de, g) in the BN B of Figure 2.1 using i-separation.

Inaugural variables f and h are pruned, yielding the sub-DAG in Figure 3.1 (i). Here,

there are two undirected paths from a to g, as shown in (ii) and (iii) of Figure 3.1.

In (ii), e ∈ Y and e is serial. In (iii), d ∈ Y and d is serial. Therefore, I(a, de, g)

holds by i-separation.

(i) (ii) (iii)

Figure 3.1: i-Separation prunes inaugural variables f and h from the BN B of Figure
2.1 when testing I(a, de, g), and then classifies only variables d and e in the two paths
in (ii) and (iii). Similarly, f and h are pruned when testing I(a, e, g) with i-separation,
and then only e is classified in (ii).

Example 21. Let us test I(a, e, g) in the BN B of Figure 2.1 using i-separation.

Pruning inaugural variables f and h yields the sub-DAG in Figure 3.1 (i). There are
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two undirected paths from a to g, as shown in (ii) and (iii) of Figure 3.1. In (ii),

e ∈ Y and e is serial. However, in (iii), there does not exist a variable in Y that is

serial. Therefore, I(a, e, g) does not hold by i-separation.

3.4 Equivalence of i-Separation and d-Separation

We now present one main result of this thesis.

Theorem 1. Independence I(X, Y, Z) holds in a BN B by d-separation if and only if

I(X, Y, Z) holds in B by i-separation.

Proof. (⇒) Suppose I(X, Y, Z) holds in B by d-separation. By definition, all paths

in B from X to Z are blocked. Thereby, all paths in B from X to Z not involving

inaugural variables are blocked. By definition, I(X, Y, Z) holds in B by i-separation.

(⇐) Suppose I(X, Y, Z) holds in B by i-separation. By definition, all paths in B

from X to Z not involving inaugural variables are blocked. Let V be the set of all

inaugural variables in B. Consider any undirected path in B from X to Z involving

at least one inaugural variable v ∈ V . Without loss of generality, there are two cases

to consider.

(i) (v1, v),(v, v2), where v1, v2 /∈ V . This means that (v1, v) and (v2, v) are directed

edges in B; otherwise, v1 and v2 are members of De(v), which, by (3.1), means that

v1, v2 ∈ V . By (3.1), (v ∪ De(v)) ∩ Y = ∅. Thus, v is a closed convergent variable.

Therefore, this path involving an inaugural variable v is blocked in d-separation.

(ii) (v1, v),(v, v2), where v1 /∈ V and v2 ∈ V . Here, v1 /∈ V means that (v1, v) is

a directed edge in B. First, suppose that (v2, v) is a directed edge in B. Therefore,

v is a closed convergent variable. Thus, this path involving an inaugural variable v

is blocked in d-separation. Second, suppose that (v, v2) is a directed edge in B. By

(3.1), De(v)∩XY Z = ∅. Thus, any undirected path from X using (v1, v),(v, v2) and

continuing to Z necessarily traverses a convergent variable v′. Now, v′ ∈ De(v). Since
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v′ is inaugural, by (3.1), (v′ ∪De(v′)) ∩XY Z = ∅. Thus, (v′ ∪De(v′)) ∩ Y = ∅. By

definition, v′ is a closed convergent variable. Thus, this path involving an inaugural

variable v is blocked in d-separation.

By (i) and (ii), I(X, Y, Z) holds in B by d-separation.

Example 22. I(a, de, g) holds in B of Figure 2.1 by d-separation in Example 11, and

I(a, de, g) holds in B by i-separation in Example 20.

Example 23. I(a, e, g) does not hold in B of Figure 2.1 by d-separation in Example

12, and I(a, e, g) does not hold in B by i-separation in Example 21.

Corollary 1. When testing independence I(X, Y, Z) in a BN B, if an undirected path

. . . , (vi, vj), (vj, vk), . . . from X to Z passes through an inaugural variable v in B, then

this path is blocked by a closed convergent variable.

Example 24. When testing I(a, de, g) in the BN B of Figure 2.1 with d-separation,

the path (a, c), (c, f), (f, h), (g, h) passes through inaugural variable f , for instance.

By Corollary 1, this path is blocked in d-separation by a closed convergent variable,

which is variable h in this instance.

3.5 Advantages

Salient features of i-separation compared to m-separation are described in this section.

When testing I(X, Y, Z) in a BN B, by Theorem 1, any path involving an inaugural

variable can be ignored.

Example 25. When testing I(a, de, g) in the BN in Figure 2.1, there are 10 undi-

rected paths from a to g. By Theorem 1, 8 of these paths can be ignored, since they

involve inaugural variables f or h. Only the two undirected paths of Figure 3.1 (ii)

and (iii) need to be considered when testing I(a, de, g).
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In the paths not involving inaugural variables, i-separation classifies a variable

only if it belongs to Y .

Example 26. Recall the path in Figure 3.1 (ii) when testing I(a, e, g). d-Separation

will classify variables d, b, and e but i-separation will classify only e, since e ∈ Y .

For the variables in Y on the paths not involving inaugural variables, i-separation

classifies only serial variables.

Example 27. Recall testing I(a, e, g) in B of Figure 2.1. i-Separation classifies only

whether e is serial in Figure 3.1 (ii).

Recall that d-separation classifies a variable into one of three categories, namely,

sequential, divergent, and convergent. It should be noted that in d-separation a vari-

able can assume different classifications depending upon the path being considered.

When testing I(a, de, g) in B of Figure 2.1, variable d can be closed sequential, open

convergent, and closed divergent, as illustrated in Figure 3.2, respectively.

(i) (ii) (iii)

Figure 3.2: In d-separation, when testing I(a, de, g) in B of Figure 2.1, variable d is
closed sequential in (i), open convergent in (ii), and closed divergent in (iii).

Most importantly, the notion of “blocking” is sometimes counter-intuitive in d-

separation.

Example 28. Recall the three paths in Figure 3.2 considered by d-separation when

testing I(a, de, g) in B of Figure 2.1. Even though each of the three paths from variable

25



a to variable g necessarily traverses through variable d, only the paths in (i) and (iii)

are considered “blocked.”

Example 28 emphasizes that even though the path in Figure 3.2 (ii) necessarily

traverses through variable d, the path is not considered as “blocked” by d. In i-

separation, “blocking” works in the intuitive fashion.

Example 29. In testing I(a, de, g), i-separation checks for a serial variable in Y

blocking each path of Figure 3.1 (ii) and (iii). Variable e blocks the paths in (ii),

since e ∈ Y and e is serial. Variable d blocks the paths in (iii), since d ∈ Y and d is

serial.

One last advantage in testing whether a path is active or blocked is that i-

separation only considers the variables on this path, whereas with d-separation it

may be necessary to consult the descendants of some of these variables.

Example 30. When testing I(a, f, e) in B of Figure 2.1, consider the path (a, d),

(b, d), (b, e). Here, i-separation will only examine variables b and d on the path, but

d-separation will also consult variables f , g, and h that are not on the path, since

checking whether convergent variable d is closed requires examining De(d).

i-Separation also offers practical savings in addition to theoretical benefits, as

discussed in the next section.

3.6 Experimental Results

[GVP89] provide a linear-time complexity algorithm for implementing d-separation.

Rather than checking whether every path between X and Z is blocked, the imple-

mentation determines all variables that are reachable from X on active paths. If a

variable in Z is reached, then I(X, Y, Z) does not hold.
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The linear implementation of d-separation given in Algorithm 2 [KF09] has two

phases. Phase I determines the ancestors An(Y ) of Y in the BN B using Algorithm 1,

called ANCESTORS. Phase II uses the output of Phase I to determine all variables

reachable from X via active paths. This is more involved, since the algorithm must

keep track of whether a variable v is visited from a child, denoted (↑, v), or visited

from a parent, denoted (↓, v). In Algorithm 2, L is the set of variables to be visited,

R is the set of reachable variables via active paths, and V is the set of variables that

have been visited.

Algorithm 1 [KF09] Determines the ancestors of W in the BN B.

1: procedure Ancestors(W ,B)
2: L← W . Nodes to be visited
3: An← ∅ . Ancestors of W
4: while L 6= ∅ do
5: Select some v from L
6: L← L− {v}
7: if v /∈ An then
8: L← L ∪ Pa(v)

9: An← An ∪ {v}
10: return An

Example 31. Let us apply Algorithm 2 to test I(nedbarea,markgrm, dgv5980) in

the Barley BN [KR02] illustrated in Figure 3.3. Phase I determines A = {partigerm,

jordinf, frspdag, saatid, markgrm} in line 4. In Phase II, lines 6 and 7 set L =

{(↑, nedbarea)}. After initializing V and R to be empty, the main loop starts on line

10.

Select (↑, nedbarea) on line 11. As (↑, nedbarea) /∈ V on line 13 and nedbarea /∈

Y on line 14, variable nedbarea is reachable, yielding R = {nedbarea} on line 15.

Next, set V = {(↑, nedbarea)} on line 16. Since (↑, nedbarea) satisfies line 17, on

lines 18 and 19, L = {(↑, komm)}. Then, lines 20 and 21 set L = {(↑, komm),

(↓, nmin)}. This ends the iteration for (↑, nedbarea).

Starting the next iteration of the while loop, select (↑, komm). It can be verified at
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the end of this iteration, we have L = {(↓, nmin), (↓, nedbarea), (↓, aar mod)} and

R = {nedbarea, komm}.

Select (↓, nmin) on line 11 for the next iteration. Again, it can be verified that

at the end of the iteration, we will have obtained L = {(↓, nedbarea), (↓, aar mod),

(↓, jordn), (↓,mod nmin)} and

R = {nedbarea, komm, nmin}. (3.2)

Algorithm 2 [KF09] Find nodes reachable from X given Y via active paths in a
BN B.

1: procedure Reachable(X,Y ,B)
2: . Phase I: insert Y and all ancestors of Y into A
3: An(Y )← Ancestors(Y,B)
4: A← An(Y ) ∪ Y
5: . Phase II: traverse active paths starting from X
6: for v ∈ X do . (Node,direction) to be visited
7: L← L ∪ {(↑, v)}
8: V ← ∅ . (Node,direction) marked as visited
9: R← ∅ . Nodes reachable via active path
10: while L 6= ∅ do . While variables to be checked
11: Select (d, v) in L
12: L← L− {(d, v)}
13: if (d, v) /∈ V then
14: if v /∈ Y then
15: R← R ∪ {v} . v is reachable

16: V ← V ∪ {(d, v)} . Mark (d, v) as visited
17: if d =↑ and v /∈ Y then
18: for vi ∈ Pa(v) do
19: L← L ∪ {(↑, vi)}
20: for vi ∈ Ch(v) do
21: L← L ∪ {(↓, vi)}
22: else if d =↓ then
23: if v /∈ Y then
24: for vi ∈ Ch(v) do
25: L← L ∪ {(↓, vi)}
26: if v ∈ A then
27: for vi ∈ Pa(v) do
28: L← L ∪ {(↑, vi)}
29: return R
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The rest of the example follows similarly, yielding all reachable variables

R = {nedbarea, komm, nmin, aar mod, jordn,

mod nmin, ntilg, . . . , aks vgt}. (3.3)

It can be verified that dgv5980 /∈ R. Therefore, the independence

I(nedbarea,markgrm, dgv5980) holds.

The linear implementation of d-separation considers all active paths until they

become blocked. The key improvement is the identification of a class of active paths

that are doomed to become blocked. By Corollary 1, any path from X to Z involving

an inaugural variable is blocked.

Given an independence I(X, Y, Z), Algorithm 3 determines the set of inaugural

variables in B.

Algorithm 3 Find all inaugural variables in a BN B, given independence I(X, Y, Z).

1: procedure All-Inaugurals(X,Y ,Z,B)
2: I ← ∅ . All inaugural
3: I∗ ← ∅ . Temporary result
4: V ′ ← all v-structures in B
5: An(XY Z)← Ancestors(XY Z,B)
6: V ← V ′ − (An(XY Z) ∪XY Z)
7: for v ∈ V do
8: An(v)← Ancestors({v},B)
9: if An(v) ∩ V = ∅ then
10: I∗ ← I∗ ∪ {v}
11: I ← I∗ ∪De(I∗)
12: return I

Example 32. Consider the Barley BN depicted in Figure 3.3. With respect to the

independence I(nedbarea,markgrm, dgv5980), algorithm 3 returns all inaugural vari-

ables, including nmin and aar mod.

Algorithm 3 can be inefficient, since some inaugurals may not be reachable from

X using active paths. For instance, in Figure 3.3, inaugural variable ngtilg is not
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Figure 3.3: When testing I(nedbarea,markgrm, dgv5980) in the Barley BN, the
traversal of paths from nedbarea to dgv5980 can be stopped once they encounter
either inaugural variables aar mod or nmin.

reachable from nedbarea using active paths. Thereby, a more efficient approach is to

mimic the linear implementation of d-separation, except stopping the traversal of an

active path if it encounters an inaugural variable or it becomes blocked.

In an active path from X to Z, a variable is neither closed, nor inaugural. There-

fore, a variable v to be tested can be considered inaugural, if it is a v-structure and
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v /∈ XY Z ∪ An(XY Z). This test is given in Algorithm 4.

Algorithm 4 Test if a reachable variable v is inaugural.

1: procedure Inaugural(v,A,B)
2: if v /∈ A then . If v not in XY Z ∪ An(XY Z)
3: if v is v-structure in B then . If v is a v-structure
4: return true . v is inaugural

5: return false

The implementation of i-separation is presented in Algorithm 5.

Example 33. Let us apply Algorithm 5 to test I(nedbarea,markgrm, dgv5980) in the

Barley BN depicted in Figure 3.3. Phase I is the same as in Example 31. In Phase II,

lines 5 and 6 determine A = {komm, partigerm, jordinf, frspdag, saatid, rokap,

jordtype, nedbarea,markgrm, dgv5980}. In Phase III, lines 8 and 9 set L = {(↑

, nedbarea)}. After setting V = ∅ and R = ∅, the main loop starts on line 12.

Select (↑, nedbarea) in line 13. Now R = {nedbarea}. Here, (↑, komm) is

added to L, but not (↓, nmin), since nmin ∈ I. It can be verified that selecting

(↑, komm) results in R = {nedbarea, komm} and L = {(↓, nedbarea)}. Hence,

selecting (↓, nedbarea), results in L = ∅. Since dgv5980 /∈ R, the independence

I(nedbarea,markgrm, dgv5980) holds.

Observe that, in Example 33, i-separation does not add variable nmin to the set

of nodes to be visited, since nmin is inaugural. In contrast, d-separation adds nmin

to the set of nodes that are reachable as in (3.2), then subsequently adds jordn and

mod nmin to the reachable set R in (3.3).

We now report an empirical comparison of d-separation and i-separation. Both

methods were implemented in the Python programming language. The experiments

were conducted on a 2.3 GHz Inter Core i7 with 8 GB RAM. The evaluation was

carried out on 18 real-world or benchmark BNs listed in the first column of Table

3.1. The second column of Table 3.1 reports characteristics of each BN. For each

BN, 1000 independencies I(X, Y, Z) were randomly generated, where X, Y , and Z
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Algorithm 5 Find nodes reachable from X given Y via active paths in a BN B not
involving inaugural variables.

1: procedure i-Reachable(X, Y, Z,B)
2: . Phase I: compute all ancestors of Y
3: An(Y )← Ancestors(Y,B)
4: . Phase II: insert all ancestors of XY Z into A
5: An(XY Z)← Ancestors(XY Z,B)
6: A← XY Z ∪ An(XY Z)
7: . Phase III: traverse active paths starting from X
8: for v ∈ X do
9: L← {L ∪ (↑, v)} . Visit v from child

10: V ← ∅
11: R← ∅
12: while L 6= ∅ do
13: Select (d, v) from L
14: L← L− {(d, v)}
15: if (d, v) /∈ V then
16: V ← V ∪ {(d, v)}
17: . Is v serial?
18: if v /∈ Y then
19: R← R ∪ {v}
20: if d =↑ then . up from child
21: for vi ∈ Pa(v) do
22: if !(Inaugural(vi, A,B)) then . Not inaugural
23: L← L ∪ {(↑, vi)}
24: for vi ∈ Ch(v) do
25: if !(Inaugural(vi, A,B)) then . Not inaugural
26: L← L ∪ {(↓, vi)}
27: else . Down from parent
28: for vi ∈ Ch(v) do
29: if !(Inaugural(vi, A,B)) then . Not inaugural
30: L← L ∪ {(↓, vi)}
31: . Is v convergent?
32: if d =↓ and v ∈ (Y ∪ An(Y )) then
33: for vi ∈ Pa(v) do
34: L← L ∪ {(↑, vi)}
35: return R

are singleton sets, and tested by d-separation and by i-separation. The total time

in seconds required by d-separation and i-separation are reported in the third and

fourth columns, respectively. The percentage of time saved by i-separation is listed
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in the fifth column.

Table 3.1: Comparison of d-separation and i-separation with 1000 randomly generated
independencies in each BN.

BN |N | Time
d-Sep (s)

Time
i-Sep (s)

Time
Savings

Child 20 0.751 1.003 -34%
Insurance 27 1.544 1.876 -22%
Water 32 1.374 1.742 -27%
Mildew 35 1.272 1.287 -1%
Alarm 37 0.9698 1.077 -11%
Barley 48 2.838 3.259 -15%
Hailfinder 56 1.620 1.9876 -23%
Hepar2 70 3.9817 6.438 -62%
Win95pts 76 1.3366 1.4293 -7%
Pathfinder 135 7.964 14.2821 -79%
Munin1 186 12.9175 11.1387 14%
Andes 223 24.607 23.0223 6%
Diabetes 413 134.571 120.0226 11%
Pigs 441 16.739 10.7111 36%
Link 724 91.707 56.661 38%
Munin2 1003 57.536 38.396 33%
Munin4 1038 145.388 76.899 47%
Munin3 1041 140.15 63.163 55%

From Table 3.1, the implementation of i-separation is slower than that of d-

separation on all BNs with 135 or fewer variables. The main reason is that Algorithm

2 only computes An(Y ), while Algorithm 5 computes An(Y ) as well as An(XY Z).

In small networks, the time required to compute An(XY Z) is greater than the time

saved by exploiting inaugural variables.

Table 3.1 also shows that i-separation is faster than d-separation on all BNs with

186 or more variables. Time savings appear to be proportional to network size, as

larger networks can have more paths. Thus, the time taken by i-separation to compute

An(XY Z) is less than the time required to check paths unnecessarily.

Example 34. Consider the Barley network in Figure 3.3. One randomly generated

independence was I(nedbarea,markrm, dgv5980). Here, nmin and aar mod are in-
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augural variables. Thus, i-separation only considers 4 tests, namely (↑, nedbarea),

(↓, nmin), (↑, komm), (↓, aar mod). No other nodes can be reached via active paths

while ignoring inaugural variables. In sharp contrast, d-separation would consider

these 4 tests as well as (↓,mod nmin), since both nmin and aar mod are open sequen-

tial variables. Thus, d-separation will continue exploring reachable variables along

these active paths, until eventually determining that each active path is blocked by a

closed convergent variable.
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Chapter 4

u-SEPARATION

In this chapter, we present another main contribution of this thesis.

Our simplification of m-separation, called undirected separation (u-separation)

[BdSOG16a], requires the notion of inaugural variables, which have been previously

introduced, and a refinement of moralization.

4.1 Rationalization

The concept of rationalization is needed in u-separation.

Definition 6. The rationalization of a DAG with respect to an independence I(X, Y, Z)

is the undirected graph constructed by adding an undirected edge between parents vi

and vj of a common child vk, only if vk ∈ Y and vi, vj /∈ Y , and then dropping

directionality.

Example 35. Given the DAG in Figure 4.1 (i) and the independence I(a, de, g), the

rationalization is in Figure 4.1 (ii). Here, an undirected edge (a, b) was added between

variables a and b, since common child d ∈ Y = {d, e} and parents a, b /∈ Y = {d, e}.

Directionality was then dropped.

Note the key difference between moralization and rationalization. Moralization of
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(i) (ii)

Figure 4.1: When testing I(a, de, g) in the DAG in (i), rationalization gives (ii).

Figure 2.3 (i) adds undirected edges (a, b) and (d, e) as shown in Figure 2.3 (ii). In

contrast, rationalization of Figure 4.1 (i) only adds undirected edge (a, b) in Figure

4.1 (ii).

4.2 Testing independencies with u-Separation

We now formally introduce u-separation.

Definition 7. Let X, Y , and Z be pairwise disjoint sets of variables in a BN B.

Then, u-separation tests I(X, Y, Z) with four steps: (i) prune all inaugural variables

from B; (ii) construct the rationalization of the sub-DAG in (i); (iii) delete Y and its

incident edges from the undirected graph built in (ii); and (iv) if there exists a path

from (any variable in) X to (any variable in) Z in (iii), then I(X, Y, Z) does not

hold; otherwise, I(X, Y, Z) holds.

We use two examples to highlight u-separation.

Example 36. Let us test I(a, de, g) in the BN B of Figure 2.1 using u-separation. By

Example 18, f and h are the only inaugural variables. Thus, step (i) of u-separation

prunes inaugural variables f and h from B, yielding the sub-DAG in Figure 4.2 (i).

In step (ii), the rationalization of the constructed sub-DAG gives the undirected graph

in Figure 4.2 (ii). Variables d and e and their incident edges are deleted in step (iii),
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yielding Figure 4.2 (iii). In step (iv), there does not exist a path from a to g. Thus,

I(a, de, g) holds in B by u-separation.

(i) (ii) (iii)

Figure 4.2: When testing I(a, de, g) in the BN B in Figure 2.1, u-separation builds
the sub-DAG in (i) by pruning all inaugural variables, determines the rationalization
in (ii), and deletes Y = {d, e} and the incident edges, yielding (iii).

Example 37. Let us test I(a, e, g) in the BN B of Figure 2.1 using u-separation. Step

(i) of u-separation prunes inaugural variables f and h from B, yielding the sub-DAG

in Figure 4.3 (i). In step (ii), the rationalization of the constructed sub-DAG yields

the undirected graph in Figure 4.3 (ii). Variable e and its incident edges are deleted

in step (iii), yielding Figure 4.3 (iii). Since there exists a path from a to g in Figure

4.3 (iii), I(a, e, g) does not hold in B by u-separation.
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(i) (ii) (iii)

Figure 4.3: When testing I(a, e, g) in the BN B in Figure 2.1, u-separation builds the
sub-DAG in (i) by pruning all inaugural variables, determines the rationalization in
(ii), and deletes Y = {e} and the incident edges, yielding (iii).

4.3 Equivalence of u-Separation and m-Separation

We introduce pertinent notation to establish the equivalence of u-separation and m-

separation. Given independence I(X, Y, Z) to be tested in a BN B on U , we define

the following set:

W = U − (XY Z ∪ An(XY Z)). (4.1)

In other words, W is the set of all variables pruned from B when m-separation builds

the sub-DAG in step (i).

Lemma 1. Given I(X, Y, Z) to be tested in a BN B, let V be the set of all inaugural

variables. Let W be the set of all variables pruned by m-separation in step (i). Then,

V ⊆ W .

Proof. Let v ∈ V . By (3.1), (v ∪ De(v)) ∩ XY Z = ∅. Thus, v ∩ XY Z = ∅ and

De(v) ∩XY Z = ∅. Now, De(v) ∩XY Z = ∅ implies that v /∈ An(XY Z). Thus, as

v /∈ XY Z and v /∈ An(XY Z), v ∈ W .
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Lemma 1 implies that every variable pruned by u-separation is also pruned by

m-separation.

Example 38. Given I(a, de, g) to be tested in the BN B of Figure 2.1, step (i) of

u-separation constructs the sub-DAG in Figure 4.2 (i) by pruning V = {f, h}. On the

other hand, step (i) of m-separation builds the sub-DAG in Figure 2.3 (i) by pruning

W = {c, f, i, j, h}. By Lemma 1, V ⊆ W .

Now, we consider the set of variables pruned by m-separation but not by u-

separation. Given I(X, Y, Z) to be tested in a BN B. Let V be the set of all inaugural

variables. Let W be the set of all variables pruned by m-separation in step (i). Then

the set S of variables pruned by m-separation but not by u-separation is defined as:

S = W − V. (4.2)

Lemma 2. Let I(X, Y, Z) be an independence to be tested in a BN B. Then S ∩ (XY Z∪

An(XY Z)) = ∅, where S is defined in (4.2).

Proof. By (4.1), W ∩ (XY Z ∪ An(XY Z)) = ∅. Now, by (4.2), S ⊆ W . Hence, the

claim follows.

Recall that S denotes the set of variables pruned by m-separation but not by

u-separation. Lemma 2 means that none of these variables appear in I(X, Y, Z) nor

are ancestors of variables therein.

Example 39. Consider W and V from Example 38 when testing I(a, de, g) in the BN

B of Figure 2.1. Then, V = {f, h}, W = {c, f, i, j, h}, and S = {c, i, j}. Moreover,

{a, d, e, g} ∪ An({a, d, e, g}) = {a, b, d, e, g}. As promised by Lemma 2, {c, i, j} ∩

{a, b, d, e, g} = ∅.

Lemma 3. Given I(X, Y, Z) to be tested in a BN B, let S be defined as in (4.2).

Then no variable in S is a v-structure in B.
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Proof. By contradiction, suppose v ∈ S is a v-structure in B. By (4.2), v /∈ V . Then,

by (3.1), (v ∪De(v)) ∩XY Z 6= ∅. Thus, either

v ∩XY Z 6= ∅ (4.3)

or

De(v) ∩XY Z 6= ∅, (4.4)

or both, hold. Suppose (4.3) holds. Then v ∈ XY Z. By Lemma 2, S ∩ (XY Z ∪

An(XY Z)) = ∅. A contradiction, since by assumption v ∈ S. Now suppose (4.4)

holds. Then there exists a v′ ∈ De(v) such that v′ ∈ XY Z. Since v ∈ An(v′), we

know v ∈ An(XY Z). A contradiction to Lemma 2, since by assumption v ∈ S.

Lemma 3 implies that there are no v-structures among the variables pruned by

m-separation but not by u-separation.

Example 40. Consider S = {c, i, j} from Example 39 when testing I(a, de, g) in the

BN B of Figure 2.1. No variable in S is a v-structure in B.

We now show the equivalence of u-separation and m-separation.

Theorem 2. Testing independence I(X, Y, Z) in a BN B with m-separation is equiv-

alent to testing independence I(X, Y, Z) in B with u-separation.

Proof. We establish the equivalence between m-separation and u-separation by show-

ing the equivalence of their corresponding steps.

Consider the sub-DAGs built in step (i) of m-separation and u-separation. All

paths are the same between the two sub-DAGs, except for those involving variables

in S. We now show that these paths do not affect the result of testing I(X, Y, Z). By

contradiction, suppose there is an undirected path from X to Z involving S. Then
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there exists two undirected edges (v1, s1) and (v2, s2) on this path, where s1, s2 ∈ S

and v1, v2 /∈ S. Note that s1 and s2 may be the same variable. Now (v1, s1) must be

a directed edge in B. Otherwise, s1 would be parent of v1, and thus would not be

pruned by step (i) in m-separation. Similarly, (v2, s2) also must be a directed edge

in B. This immediately implies that there exists a variable s3 on the path such that

s3 ∈ S and s3 is a v-structure in B. A contradiction to Lemma 3. Therefore, there

does not exist an undirected path from X to Z going through S.

Now consider the undirected edges added to the sub-DAGs in step (ii) of u-

separation. By Lemma 3, S does not contain v-structures in B. Therefore, the set of

v-structures considered is the same for both m-separation and u-separation. For any

v-structure v with v ∈ Y of I(X, Y, Z), both rationalization and moralization will

add an edge connecting its parents. The only difference is the case when v-structure

v is not in Y . This means variable v is not deleted in step (iii). Let (v1, v) and (v2, v)

be directed edges in B, namely, v1 and v2 are parents of v in B, with no directed

edge between v1 and v2. There are two cases to consider. Suppose that neither v1

nor v2 are in Y . This means that v1 and v2 both are not deleted in step (iii). Hence,

adding edge (v1, v2) is redundant, since there already is an undirected path (v1, v),

(v, v2) from v1 to v2. Now suppose that at least one of v1 and v2 are in Y . In this

case, either v1 or v2, or both, are deleted in step (iii) along with their incident edges.

Thus, adding edge (v1, v2) is wasteful in step (ii), since it will be deleted in step (iii).

Therefore, in either case, adding (v1, v2) is immaterial.

Steps (iii) and (iv) are the same in both methods.

Theorem 2 establishes that testing independence with u-separation is equivalent

to testing independence with m-separation.

Example 41. Consider the BN B in Figure 2.1. I(a, de, g) holds by m-separation in

Example 14 and holds by u-separation in Example 36. Similarly, I(a, e, g) does not

hold by m-separation in Example 15 and does not hold by u-separation in Example
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37.

4.4 Advantages

Salient features of u-separation compared to m-separation are described in this sec-

tion.

In its attempt to transform directed separation in DAGs into classical separation

in undirected graphs, m-separation can be heavy-handed in two aspects. First, in

step (i), m-separation can prune variables from the BN unnecessarily. Variables not

affecting the outcome of the separation test do not need to be pruned. Doing so is

wasteful.

Example 42. Consider testing I(a, de, g) in the BN B of Figure 2.1 using

m-separation. Here, variables {c, f, h, i, j} are pruned, yielding the sub-DAG in Fig-

ure 2.3 (i). Closer inspection reveals that variables c, i, and j would not affect the

separation test between variables a and g. Thus, it was wasteful of m-separation to

prune these three variables.

u-Separation corrects this shortcoming by pruning only inaugural variables from

the BN. In Example 42, when testing I(a, de, g), u-separation only prunes variables

{f, h} instead of {c, f,h,i, j}.

The second undesirable characteristic of m-separation is that moralization can be

excessive. More specifically, moralization may add edges to the undirected graph that

have no bearing on the outcome of the separation test.

Example 43. Recall how m-separation tests I(a, de, g) in Example 14. Step (ii) of

m-separation includes adding undirected edge (d, e), while step (iii) involves deleting

edge (d, e).

Example 43 demonstrates that m-separation can add an edge in step (ii) only to

delete it in step (iii).
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Example 44. Recall how m-separation tests I(a, e, g) in Example 15. Step (ii) of m-

separation involves adding undirected edge (a, b). However, edge (a, b) is immaterial

in Figure 2.4 (ii), since edges (a, d) and (b, d) are also present in step (iv).

Example 44 shows that m-separation can add edges that do not change connec-

tivity. u-Separation remedies this failing by introducing the notion of rationalization.

Lemma 4. Given I(X, Y, Z) to be tested in a BN B, the set of all edges added by

rationalization is a subset of those added by moralization.

Proof. The claim follows directly from the definitions of moralization and rational-

ization.

The important point of Lemma 4 is that rationalization is a refinement of mor-

alization. When testing I(X, Y, Z), m-separation adds an undirected edge between

variables with a common child, whereas u-separation does so only when the child is

in Y and the parents are not in Y . This means that a variable that is a v-structure

will be subsequently deleted, and the dependence between the parents of the variable

is encoded by the edge added between them.

Example 45. Recall Example 36 where I(a, de, g) is tested using u-separation. Only

the edge (a, b) is added by u-separation, compared to m-separation which added the

edges (a, b) and (d, e).

It is worth mentioning that moralization is ideally suited when applied for building

a join tree [LS88] of a given DAG. For this purpose, moralization ensures that a clique

containing all variables in each CPT of the BN is formed in the undirected graph.

On the other hand, when applied for testing independencies in BN, moralization can

be overkill.

As a simplification of m-separation, u-separation is also a method for teaching

how to test independencies in BNs. Hence, an experimental study for u-separation

compared to m-separation is not provided.
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Chapter 5

CONCLUSIONS

Bayesian networks (BNs) are a framework for dealing with uncertainty based on

graph theory and probability theory. The graph theory provides a visual aid for

modeling an accurate understanding of the problem domain. The probability theory

provides a rigorous mathematical foundation, which is an important advantage of

BNs compared to other uncertainty management frameworks. The task of testing

independencies plays an important role in BN inference algorithms, including VE

and LP. There are two well-known methods, called d-separation and m-separation,

for this task.

In this thesis, we propose two new methods for testing independencies in BNs. The

first, called inaugural separation (i-separation), is primarily based upon the notion

of an inaugural variable. Here, the main idea is that any path from X to Z in

I(X, Y, Z) involving an inaugural variable is blocked. Therefore, these paths do not

need to be checked and can be safely removed from the BN. In the remaining paths,

only variables in Y of I(X, Y, Z) need to be considered. Only one kind of variable,

called serial, is utilized in i-separation. Finally, blocking works in an intuitive way.

On a path, i-separation only considers whether or not variables in Y are serial. In

stark contrast, d-separation considers whether all variables on all paths are sequential,
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divergent, or convergent. Moreover, a variable can take on a different classification

depending on the path.

Inaugural variables can be exploited when testing independencies in practice. By

Corollary 1, since no active path from X to Z can involve an inaugural variable,

inaugural variables can be considered unreachable (visited but not reachable). A

more efficient approach is to mimic the linear implementation of d-separation, except

stopping the traversal of an active path if it encounters an inaugural variable or it

becomes blocked. Our experimental results indicate that i-separation is especially

effective in large BNs. Future work can try to improve upon i-separation. More

specifically, i-separation may visit irrelevant variables before reaching an inaugural

variable. For example, when testing I(sort,markgrm, dgv5980) in Figure 3.3, i-

separation visits variable srtprot before reaching inaugural variable protein. It can be

verified that there is no active path from sort to dgv5980 involving variable srtprot.

Therefore, it will be fruitful to consider only “relevant” paths from X to Z when

testing independencies.

We have suggested u-separation as the second method for testing independencies

in BNs. Our emphasis here, like that of m-separation, is on simplicity rather than

speed. We have demonstrated how u-separation is simpler than m-separation. By

utilizing the notion of inaugural variables, Lemma 1 ensures that u-separation will

never prune more variables than m-separation. This means that m-separation can

prune variables unnecessarily to apply separation in undirected graphs, as Example

38 shows. Moreover, our analysis shows how m-separation’s use of moralization is

wasteful. An edge added in step (ii) can be deleted in step (iii), as illustrated in

Example 43. Furthermore, Example 44 highlights how m-separation can add an edge

that is extraneous. To overcome this excessiveness, u-separation suggests the use of

rationalization rather then moralization. Rationalization is better suited for testing

independencies in BNs, whereas moralization is perfectly suited for building a join
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tree in BN inference. One limitation of u-separation as a teaching tool is that it still

requires understanding inaugural variables.
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