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Abstract 

Robotics is a relatively young field of studies in modern technology and it has 

tremendously grown during the past fifty years. Manipulators are categorized as a group 

of robots designed to accomplish the manipulation tasks without direct contact by a 

human. Generating an optimized algorithm to transform high-level motion tasks to low-

level description that are understandable by the robots, including manipulators, has been 

one of the most interesting problems in this field. Motion planning in robotics, is referred 

to the process of breaking down a desired movement task into discrete motions in order 

to satisfy some specific criteria and optimize some certain variables during the motion 

from the start point to the goal point. Although various types of problems in robot motion 

planning have been investigated; trajectory planning for the manipulators in partially-

known environment with respect to the amount of energy consumption has not been fully 

addressed. This aspect of motion planning can be of great importance in optimizing the 

path planner algorithms while satisfying their collision free attribute. This study attempts 

to develop a comprehensive mathematical model for robot-actuator system dynamics to 

include the energy consumption level as a variable in the cost function of the path planner 

algorithm. For this purpose, the manipulator’s general equation of motion is derived 

using the Lagrange equations. Same approach has been taken to develop the equation of 

motion of the robot’s actuators which are considered to be DC motors at each joint of the 

manipulator. The fourth order of Runge-Kutta algorithm is used to solve the coupled 

governing differential equations of the system. The output of the modeling phase of the 

study is fed to the graph search algorithm as an input. Graph search algorithm deals with 

the start-to-goal node problem in which the best path in a network of nodes is desired. D* 
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Lite algorithm is one the most well-known algorithms in dealing efficiently with the 

partially-known environment motion planning problems. The advantages of D* Lite 

algorithm over the other famous algorithms such as A* are investigated, the best path 

generation procedure is thoroughly discussed, and the implementation of the algorithm is 

deliberated. A modification on D* Lite algorithm is proposed here to enhance the 

efficiency of the best path generation method and the alternative procedure is provided 

correspondingly. A MATLAB framework is designed to define the robot and its 

workspace and the manipulator equation of motion is developed using MATLAB classes 

to transform the user input values into the state space variables of the system. Several 

scenarios have been simulated using the developed framework to verify the path planner 

effectiveness in avoiding the pre-known and partially-known obstacles while minimizing 

the amount of consumed energy by the manipulator during its motion from the start node 

to the goal node. 
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Chapter 1. Introduction 

One of the main concerns in industry since the very beginning of its history has 

been saving the labor and reducing the cost of operation. In many applications such as 

working in highly constrained and dangerous environments (Lacevic and Rocco 2010), 

surgeries (Kroh et al. 2011), space explorations (Moosavian and Papadopoulos 2007), 

and rescue operations in natural disasters (Murphy 2004), using human operator can be 

dangerous or inefficient. Robot manipulators, as one of the robots categories, are created 

from sequence of link, joint, and end-effector combinations (Moosavian et al. 2011), 

which are designed to manipulate materials and objects without direct contact of human. 

Generating appropriate and optimized algorithms to convert high-level tasks from 

human into low-level description has been one of the most important research topics in 

the robotic related studies. “Motion Planning” is a step-by-step procedure that 

accomplishes this conversion and produces the valid configurations (or paths) for this 

purpose. Motion planning is basically doing some sort of collision avoidance, start-to-

goal task. In fact, it would be much more than it seems. Motion planning involves 

different coupled procedures such as computing collision-free configurations, 

coordinating the motions of the robots (in case of cooperative robots), modeling with 

respect to the physical properties, and object manipulation (Latombe 1991). Dealing with 

these tasks can be much more complicated in case of unknown or partially-known 

environments.  

The motivation of this work is to develop and implement a MATLAB based 

software to model manipulators with respect to their physical properties and finding an 
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optimal collision free trajectory. Modeling the joints motors and considering the energy 

consumption in finding the path with the minimum cost makes this software as close as 

possible to a real problem. A modification is applied on one of the newest search 

algorithm to make it incredibly fast and efficient. The capability of developed algorithm 

in finding the best path in a dynamic environment is also studied and the comparison 

results are reported subsequently. 

1.1. Definitions 

1.1.1. Robot Manipulator 

Robot manipulators or robotic arms are categorized as a group of robots with a set 

of electronically controlled links and joints that are designed for manipulation of objects 

or materials without direct contact of human (Lewis, Abdallah, and Dawson 1993). The 

interconnection of the manipulator links through hinges (or joints) allow a relative 

movement between two consecutive links by means of the actuators on each joint. The 

number of degrees of freedom (DOF) of a manipulator can be determined by its number 

of joints. Industrial robot manipulators has typically six degrees of freedom, three for 

determining the position of the end effector and three for specifying its orientation. Robot 

manipulators can be either on a fixed base or moving base which determines its mobility 

and its dexterity level (Moosavian et al. 2011). Another categorization of manipulators is 

based on the flexibility of their links; the interconnected links of the robot can be either 

rigid or highly flexible. In the second case, the robotic arm is named a continuum robot 

manipulator (Robinson and Davies 1999) which is not within the scope of this study. 
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1.1.2. Motion Planning 

Motion planning can be interpreted as a branch of algorithms that focuses on 

modeling, solving and analyzing the possible motion(s) from a start to a goal satisfying 

some specific criteria. Motion planning involves some steps that need to be done for 

accomplishing the planning task such as: defining the state space which includes 

capturing all possible positions and configuration, providing the time sequences and 

actions that indicates how the states change during time sequences, defining start and 

goal states, and describing the criteria that need to be satisfied. In every motion planning 

problem these steps should be taken to come up with a solution that results manipulation 

an object (that can be a mobile robot or the end effector of a fixed-based manipulator) 

from the start point to the goal point (Barraquand and Latombe 1991) 

1.1.2.1. Geometric Representation 

In geometric representation of the problem the goal is to model the problem in a 

way that the input and output is definable in search algorithm. In the geometric 

representation, two kinds of entities exist: obstacles and the robot.   

1.1.2.2. Configuration Space 

A set of possible configuration of the robot is considered as the robot 

configuration space that defines the topology of continuous motion of the robot. Work 

space is another word that can be used interchangeably for the explained concept. 

 Obstacle Space: A set of disallowed configuration of the robot that causes 

collision of robot and obstacle. 
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 Free Space: It is difficult to compute the free space explicitly and it is usually 

defined as the complement of obstacle space. Free space is a set of feasible 

configuration that avoid the obstacles. Both obstacle space and free space are a 

subset of configuration space.  

1.1.2.3. Pathfinding Algorithm 

Pathfinding algorithm is a subdivision of search algorithms that finds the shortest 

(or least cost) path, given a set of roots from the start point to the goal point. There are 

many pathfinding algorithms in the literature that some of them are discussed in section 

1.4. 

1.1.3. Robot Dynamics 

The kinematic models of a robot manipulator relate the motion of the rigid body 

of the robot to the motion of its joints. In another word, in kinematic model of the robot, 

the source of joint level trajectories are unknown and the joints motion level can be 

assigned with any value (Spong and Vidyasagar 1989). The assigned value to the joints 

motion may not be feasible for the robot in the real world and this aspect of robot motion 

cannot be considered in the kinematic model. Most of the robot manipulators are driven 

by the applied torques (forces, in the case of sliding actuators) through the electric, 

pneumatic, or hydraulic actuators. The dynamics of a robot relates these actuator forces 

to the robot motion. To make the dynamic model as accurate as possible, the actuators 

dynamics should be included in final formulations. Therefore, the robot dynamics 

involves two main parts:  
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 The robot body dynamics that includes the robot physical characteristics 

and the relation between the body motion and the applied forces by the 

joint actuators. 

 The actuators dynamics that includes the actuators physical and electrical 

(hydraulic and pneumatic in other cases) characteristics. The actuator 

dynamics describes the relation between their input and the joint motions. 

The robot dynamics and its formulation are provided in chapter Chapter 2. 

1.2. Thesis Statement 

This research focuses on trajectory planning of robot manipulators in pre-known, 

partially-known, and unknown environment in which the trajectory with the least energy 

consumption cost is searched using D* Lite algorithm. To implement D* Lite algorithm 

for trajectory planning for a robotic arm, the method is expected to find the optimal 

trajectory in an environment with pre-defined obstacles or with dynamic cost paths (in 

case of partially-know environment). 

This work contributes novelty in developing a MATLAB based framework to 

implement one of the best graph search algorithms for robot trajectory planning. The 

implemented method and the corresponding simulated algorithm solves the previous 

works drawbacks as follow: 

 Many of the previous work in trajectory/path planning of fixed 

based/mobile robots addressed the problem using easy-to-implement 

methods like A* algorithm which are not capable of solving the trajectory 
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planning problem in most cases because of their high processing time and 

also the changes in the paths’ cost during the robot motion 

 Most of the related research focused on the trajectory planning using the 

kinematic model of the robot to locate the robot or its end effector 

position. The kinematic models lack the feasibility evaluation of proposed 

trajectory by classic planners 

 Considering the actuators model in the final formulation of the robot 

dynamics to make the problem as close as possible to the real world 

problems is an inevitable task which is neglected in many of the 

trajectory/path planning studies 

Therefore, the following tasks, which can also be considered as contributions, 

have been defined for this study: 

 Implementing the modified D* Lite search algorithm to find the least cost 

trajectory for a robotic arm in a pre-known and partially-known 

environment 

 Developing a comprehensive mathematical model for the robot and its 

actuators dynamics 

 Developing a MATLAB framework to implement the mathematical model 

and the search algorithm 

 Performing various simulation with different scenarios to investigate the 

efficiency of the modified D* Lite algorithm and presenting the 

comparative results with those of other common algorithm like A* 
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1.3. Thesis Overview 

This thesis is divided into five chapters. The introduction is provided on chapter 

one. Literature review of related works in motion planning and modeling of the robots 

can be found in section 1.4 of introduction. Chapter two provides the details of 

mathematical molding of the robot, the theoretical foundations of graph search algorithm, 

and also the procedure of the path planning implementation. Chapter three provides in-

depth explanation and details on developing the MATLAB framework for the path 

planner of the manipulators and the simulation process. Chapter four presents the results 

of the simulation of eight different scenarios to investigate the successfulness of the 

search algorithm in optimized path planning and re-planning. Chapter five gives a 

summary of the research that has been done, provides the conclusion remarks and 

outlines the possible future works on this study. 

1.4. Related Work 

Motion planning of the robots from the fix based manipulators to mobile robots 

have been always one of the most interesting topics of research in this field. Optimized 

motion planning with regards to the energy consumption of the actuators of the robot 

takes this problem to a whole new level of challenge in which robot modeling plays a big 

role in defining the cost function of the search algorithm. This section covers some of the 

related research that has been done, highlights their findings and bolds the problems that 

have not been addressed so far. 

Motion planning can be categorized into two main groups; motion planning in 

static environment and motion planning in dynamic environment. The first part of this 

section reviews some of the best works in this field of research. When it comes to robot 
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motion planning, most of the research articles focus on the mobile robots which is not 

within the scope of this study. However, any mobile robot in terms of motion planning, 

can be considered as single body system that is concentrated in its center of gravity. 

Assuming the manipulator’s end-effector same as the center of gravity of the mobile 

robots and assuring the robotic arm does not have any collision with the obstacle(s) in its 

workspace, these two problems are interchangeable. 

The last part of this section reviews some of the dominant research in modeling 

the robot; robot kinematics and dynamics. 

1.4.1. Motion Planning In Static Environment 

1.4.1.1. Known Environment 

In a static and known environment, all the information about the obstacles, costs 

and other needed features for finding the optimal path is known and as a result the least 

cost path is computable before the robot starts its motion. 

In one of the first attempts in solving the path planning problems, (Dijkstra 1959) 

presented a solution to find the path with the minimum length between two pre-defined 

nodes in a set of given nodes which are connected by branches. He assumed that at least 

one path exists between any two nodes and the length of each branch is given prior to 

path planning process. Dividing the nodes to three sets of investigated nodes with the 

path of minimum length form the start node, to-be-selected nodes that contains the 

candidate nodes for adding into the path in the first set, and uninvestigated nodes which 

includes all other nodes that are yet to be considered, is the first step of Dijkstra’s 

algorithm. In this algorithm, the branches are also divided into three sets; the branches 
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making the minimal path from the start node and the nodes in the first set of the nodes, 

the branches to be placed in the first set of branches which lead to the second set of 

nodes, and finally the rest of the branches that include both rejected and unconsidered 

ones. Placing all nodes and branches in the uninvestigated set and switching between the 

other two sets based on the total length of paths, best path with minimum length between 

the start and the goal node can be detected. 

(Hart et al. 1968) proposed an algorithm called A* which is basically an extension 

to Dijkstra’s algorithm. A* is a one of the most popular and easy-to-implement 

algorithms in pathfinding problems (Zeng and Church 2009). In A* algorithm Hart et al 

used the heuristic approach to deal with the problem of finding the path through graphs in 

which they described how to develop a mathematical theory of graph searching and 

satisfy the optimality property of searching based on heuristic information. 

The abovementioned algorithm aims for the optimum value of a function, “f”, that 

is calculable according to two node-related properties, the distance from the start point, 

“g”, and heuristic distance to the goal point, “h”. The selection of “h” for different 

purposes like admissibility, heuristic effectiveness, or computational efficiency, lets the 

algorithm to optimize the desired property. 

One of the approaches to prepare the framework for the graph search algorithms 

in dealing with the trajectory planning and navigation problems is the occupancy grid 

method and probabilistic representation. Occupancy grid representation is a method in 

which a multidimensional process is employed to break the space in cells, where each 

cell contains probabilistic estimate of its state (Elfes 1989). The decision making for 
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different applications is based on the optimal estimate of the state of each cell which is 

given by the “maximum a posteriori” (MAP) decision rule. A cell is occupied if the 

probability of being occupied is higher than being empty (𝑃[𝑠(𝐶) = 𝑂𝐶𝐶] > 𝑃[𝑠(𝑐) =

𝐸𝑀𝑃]), and the cell is empty or unknown if 𝑃[𝑠(𝐶) = 𝑂𝐶𝐶] < 𝑃[𝑠(𝑐) = 𝐸𝑀𝑃] 

or  𝑃[𝑠(𝐶) = 𝑂𝐶𝐶] = 𝑃[𝑠(𝑐) = 𝐸𝑀𝑃], respectively. In path planning or obstacle 

avoidance applications for instance, using potential functions and mapping algorithms 

like SLAM (Leonard and Durrant-Whyte 1991) would be a solution to the problem (Shen 

et al. 2011). 

Another most commonly employed method in path planning problems is 

randomized query processing in which the location of the robot (in the case of mobile 

robots) or the robot configuration (in the case of robotic arms) is generated randomly and 

then their accessibility will be questioned. One of the most important features of this 

method is its effectiveness in dealing with the robots with many degrees of freedom, 

where the traditional planners fail to find the best path or they encounter an extremely 

time-consuming process. Randomized motion/path planning includes four major steps: 

Sampling, generating a random set of configurations/locations. Simple Permeation, 

connecting the generated configurations/locations. Resampling, trying to generate more 

random configurations/locations near those with few connected neighbours. Complex 

Permeation, using a more complex planner to connect the randomly generated 

configurations/locations (Kavraki et al. 1995). This method is perfectly implemented in 

(Vande Weghe et al. 2007) for the path planning of a redundant manipulator called The 

Barrett Whole Arm Manipulator (WAM). 
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1.4.1.2. Partially/Unknown Environment 

Robot path planning can be categorized into two groups, the problems that all the 

information about the framework and obstacles are given and pre-known; and the ones in 

which there are some uncertainties about the environment. In this section, the literatures 

related to the second type is reviewed. 

The interesting feature of the problems with partially or unknown environment is 

the possibility of using feedback control in path planning algorithm. This means with the 

information that the robots sensors feed to the system, there is no need to know the exact 

shape of obstacles and they do not even have to be stationary. The first step in dealing 

with these sort of problems is to find out whether the goal is reachable or not. In another 

word, the possibility of goal access based on the local information (sensor feedback) 

should be investigated (Lumelsky and Stepanov 1987). 

In attempt to deal with the motion planning problems with unknown environment, 

(Stentz 1994) proposed D* algorithm, an innovative method for finding the best path in 

an unknown or partially known environment. D* is an informed incremental search 

algorithm and has been widely used for mobile robots and vehicle automatic navigation. 

The name D* is chosen for this algorithm because it resembles A* except that node-to-

node the cost values can be changed during the navigation. Like A*, D* algorithm has a 

list called OPEN list that is used to keep track of changes in cost function. Each node has 

also a tag 𝑡(𝑥), such that  𝑡(𝑥) = 𝑁𝐸𝑊, 𝑡(𝑥) = 𝑂𝑃𝐸𝑁 and 𝑡(𝑥) = 𝐶𝐿𝑂𝑆𝐸𝐷. The node’s 

tag indicates whether the node is a new node, on the open list, or already analyzed. 



12 

 

D* Lite is also an incremental heuristic search algorithm built on LPA* which 

combines A* algorithm and Dynamic SWSF-FP (Koenig et al. 2004). LPA* determines 

the shortest paths between the start node and the goal node while the path costs change. 

On the other hand, D* Lite finds the least cost path between the current node and the goal 

node while the costs change and the robot moves toward the goal node. D* Lite perfectly 

works in a partially or unknown environment and the nature of changes in path costs does 

not affect its robustness in finding the best path (Koenig and Likhachev 2002). 

1.4.2. Motion Planning In Dynamic Environment 

Motion planning of autonomous mobile robots using potential field method is one 

of the most common approach in dealing with the path planning task of robots in a 

stationary environment with fixed location of start point, goal point, and obstacles. (Ge 

and Cui 2002) proposed a new method for finding the best start-to-goal path in a dynamic 

environment where the location of the obstacles and the goal node can change during the 

robot motion. They defined the attractive potential function as a combination of the 

distance between the location of the robot and the target, and the difference between the 

robot’s velocity and the target’s velocity. To define the repulsive function, they take into 

account an intuitive approach to predict the whether the obstacle is avoidable or not. The 

motion planning task is basically minimizing the combined potential function of 

attractive function and repulsive function to move toward the goal while avoiding the 

moving obstacles. 

 Another main stream in dealing with the path planning problem in dynamic 

environment includes the re-planning or adaptive path planning where the best path is 

usually determined using the prior information about the environment and updating the 
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solution when the changes happen (Van den Berg et al. 2006). Taking the same approach, 

(Belkhouche 2009) introduced the virtual plane concept and use of kinematic-based 

reactive path planning of wheeled mobile robots. 

1.4.3. Robot Modeling 

Robots in general can be classified into main groups of mobile robots and fixed-

base robots. There is a rich literature for modeling the robots and providing the robot 

statics and its dynamics. Deriving the mechanics of a robot and its control for different 

purposes (such as motion planning) is not a new science and has begun long time ago 

(Craig 1986). Robot kinematics deal with the motion of the robot regardless the forces 

that cause the motion while its dynamics is a huge field of study committed to discuss the 

forces required to make a motion happen.   

1.4.3.1. Robot Kinematics 

Developing the robot kinematics for different type of robots, including mobile 

robots, manipulators, continuum robotic arms, and humanoid robots, requires taking 

different approaches. (Chirikjian 1993) introduced a new technique for dealing with the 

inverse kinematics of hyper-redundant manipulators. He used a general numerical 

technique, “back bone curve” method to solve the differential inverse kinematics 

equation of hyper-redundant manipulators. (Chirikjian et al. 1994) also developed a 

modal approach for solving the inverse kinematics of infinitely redundant manipulators 

based on the “back bone curve” method. These techniques were implemented on a 

robotic arm with 30 DOF. 



14 

 

 (Tolani et al. 2000) proposed a new method for solving the inverse kinematics 

problem by using a combination of analytical and numerical approaches. In the proposed 

method, the robot is subdivided to smaller kinematic units. Then, the inverse kinematics 

problem is solved using analytical method, numerical method, or a combination of these 

two. As a result, the best possible solution for the inverse kinematics of the whole robot 

body can be obtained with significantly higher speed. This algorithm is more efficient 

and reliable than the Jacobian based methods and allows the user to go through all the 

possible analytical and numerical solutions using the redundancy parameters of the robot. 

(Tchon and Muszynski 2000) developed a new method for deriving the 

manipulators kinematics which is called “instantaneous kinematics”. This method 

develops the kinematics formulation of mobile manipulators by considering the 

kinematics as a map function from a Hilbert space of joint positions into manipulator’s 

task space. This map function basically acts from a Hilbert space which is product of 

controls and manipulators joint position (𝑋 = 𝐿𝑚
2 [0, 𝑇] × 𝑅𝑝) into coordinate space of the 

manipulator’s end-effector that can be defined as a function of joint position and 

manipulator posture (𝑌 = 𝑅𝑟). They also introduced an analytic Jacobian as a derivative 

of the kinematics by using the tangent map. This innovative approach resulted in 

introduction of instantaneous dexterity matrix, measure of mobile manipulator’s 

dexterity, and providing its manipulability ellipsoid. 

Kinematic modeling of mobile robots plays a significant role in modeling mobile 

manipulator where a robotic arm is mounted on a mobile platform. (Indiveri 2009) 

studied kinematics, singularity analysis, and motion planning of a mobile robot with N 

Swedish wheels. These group of wheels, because of special alignment of their rollers 



15 

 

provide an extra degree of freedom in comparison with the traditional rolling wheels. 

Accordingly, their kinematic modeling requires a special approach. Providing the 

geometric model of an N-wheeled robot with the assumption of identical wheels, the 

author developed a transformation matrix relating the desired robot’s velocity, (𝑉𝑐𝑑 , 𝜔𝑑)
𝑇 

to joint velocities (�̇�𝑑). 

1.4.3.2. Robot Dynamics 

Developing the dynamics of robots as multibody systems is based on classical 

mechanics which the simplest version of it can be found in Newton’s equations published 

in 1686 (Newton 1687). The rigid body concept was introduced by Euler (Euler 1775). 

The equations he developed for modeling constraints and joints are known as Newton-

Euler equations. In 1743 d’Alembert published his studies on system of constrained rigid 

bodies and for the first time identified the difference between the applied and reaction 

forces (Alembert 1743). Lagrange provided the mathematical formulation of d’Alembert 

principle by combining d’Alembert idea with virtual work principle (Lagrange 1788). 

Considering robot arms as a system of rigid bodies flexible bodies in continuum 

robotic manipulators), the dynamics equations relate the kinematic variables of the arm 

(position, velocity, and acceleration) to the applied forces on the links and torques at the 

joints. As indicated above, Newton-Euler equations are widely used to express the 

relationship between the robot motion and the applied forces on it. In most of the 

formulations for this purpose, the vector cross product is implemented to develop the 

final model. (Balafoutis et al. 1988) proposed two new algorithms to replace the cross 

product operation by an orthogonal second-order Cartesian tensor that can be more easily 
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computed. They showed that these methods are applicable to all kinds of robotic arms 

with rigid links. 

The dynamics equation of serial manipulators can be applied to the manipulators 

with parallel links if an efficient dynamical model is provided for real-time control. 

(Cheng et al. 2003) developed an easy-to-implement scheme for computing the dynamics 

equations of redundantly actuated parallel manipulators. Using the Lagrange-d’Alembert 

formulation, Cheng et al. reformulated PD control algorithm and implement it for 

trajectory control of a 2 DOF parallel manipulator which was designed for performing 

high speed assembly tasks. 

In attempt to model hyper-redundant manipulators, (Chirikjian 1994) developed 

an efficient formulation to approximate “snake-like” manipulators with large number of 

degrees of freedom. His method replace the old-fashioned dynamics modeling that 

require serial computations which has direct relationship with number of degrees of 

freedom of the manipulator. Chirikjian utilized the continuum mechanics to approximate 

inertial properties of the hyper-redundant manipulator. He also used the same concept to 

rewrite the conservation of momentum equations and angular momentum balance 

equation. To apply the driven equations from the continuum mechanics on the actual 

manipulator the author projected the dynamics on an imaginary cut in the continuum 

model where the forces and moments can be matched to those of actual hyper-redundant 

manipulator. The developed formulation was applied to two practical problems for the 

hyper-redundant robots. 
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One of the major challenges in robotics field is of course whole-robot motion 

modeling and controls in respect to the dynamic properties of the robots. There are lots of 

published articles on the kinematics of the robots and its redundancy (Bertram et al. 

2006) and (Kanoun et al. 2011). Based on the robot posture behaviour and task dynamics, 

(Khatib et al. 2004) developed a task-oriented framework to deal with coordination and 

control of the human-like robots. Khatib et al. works on this field make the offline 

processing possible. Offline processing is required in so many tasks such as 

reconstruction of the desired trajectory. Providing a framework to simplify these kind of 

adjustments, the controller can easily avoid the conflicts between the multiple desired 

tasks (behaviors, in case of humanoid robots). 
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Chapter 2. Theoretical Foundations and Mathematical Models 

2.1. Introduction 

In this chapter, the mathematical model of the robot motion and theoretical 

foundations of the search algorithm for finding the best path for the robot motion is 

provided. The first section deals with the robot’s motion and the corresponding 

formulations that describe the general motion of an n-link manipulator. The second 

section provides the DC motor’s equation of motion and studies the relation between the 

motor’s variables and robot’s variables. The third section addresses the solution to the 

coupled differential equations of the robot and the joint actuators. Finally, in the last 

section, the cost function, which is basically based on the energy consumption and the 

output of the solved equations, is defined and the search algorithm for finding the best 

path for the manipulator is discussed. 

2.2. Generalized Equation of Motion 

In order to make the calculations easier to do and summarizing the geometry 

features of the problem, Jacobian matrix (J) of the manipulator should be derived at the 

desired time span. Jacobian matrix consists of elements which are the partial derivatives 

of kinematic equations. In another word, the relation between a joint velocity and any 

other point on the robot is fully described by the Jacobian matrix. Equation (2-3) provides 

the formulation for calculating this matrix. 

For obtaining the kinematic equations of the robot, the transformation matrix 

(𝐴𝑖−1,𝑖) should be determined which is presented in equation (2-1). Equation (2-2) shows 
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the relation between the linear velocity, angular velocity, joint velocity, and the Jacobian 

matrix. 

Table 2.1. Denavit-Hartenberg Parameters 

Parameter Axis Description 

𝑎𝑖 𝑥𝑖 Length of Link - Length of common normal between 𝑧𝑖−1 and 𝑧𝑖 

𝛼𝑖 𝑥𝑖 Twist of Link - Angle between 𝑧𝑖−1 and 𝑧𝑖 

𝑑𝑖 𝑧𝑖−1 Offset of Link - Offset distance between the common normal of axes 

𝜃𝑖 𝑧𝑖−1 Angle of Joint - Angle between the common normal of axes 

 

𝐴𝑖−1,𝑖 = [

cos 𝜃𝑖 −sin 𝜃𝑖 . cos 𝛼𝑖 sin 𝜃𝑖 . sin 𝛼𝑖 𝑎𝑖 . cos 𝜃𝑖
sin 𝜃𝑖 𝑐𝑜𝑠 𝜃𝑖 . cos 𝛼𝑖 −cos 𝜃𝑖 . sin 𝛼𝑖 𝑎𝑖 . sin 𝜃𝑖
0 sin 𝛼𝑖 cos 𝛼𝑖 𝑑𝑖
0 0 0 1

] (2-1)   

(
𝑉𝑒
𝑒

𝜔𝑒
𝑒) = [

𝑅𝑒𝑜 0
0 𝑅𝑒𝑜

] 𝐽𝑜�̇� = 𝑅𝑒𝑜𝐽𝑜�̇� = 𝐽𝑒�̇� (2-2)   

Expanding 𝐽𝑒 in equation (2-2): 

𝐽𝑒 = [
⋯ 𝑅𝑒𝑜(𝑧𝑖

0 × 𝑑𝑖𝑒
0 ) ⋯ 𝑅𝑒𝑜(𝑧𝑗

0) ⋯

⋯ 𝑅𝑒𝑜(𝑧𝑖
0) ⋯ 0 ⋯

] = [
⋯ 𝑧𝑖

𝑒 × 𝑑𝑖𝑒
𝑒 ⋯ 𝑧𝑗

𝑒 ⋯

⋯ 𝑧𝑖
𝑒 ⋯ 0 ⋯

] (2-3)   

In which, 𝑑𝑖 is the distance between a point on the manipulator and the corresponding 

joint. Accordingly, 𝑧𝑖 is the vector of direction for each angular velocity (Figure 2.1). 
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Figure 2.1. Needed parameters for Jacobian calculation 

 

Hamilton’s principle for a conservative system indicates that for the path of the 

system between two states from time 𝑡1 to 𝑡2 there is a stationary value for the integral 

(Goldstein 1965). 

𝐼 = ∫ 𝐿 𝑑𝑡
𝑡2

𝑡1

 
(2-4)   

Where 

𝐿(𝑞, �̇�, 𝑡) = 𝑇(𝑞, �̇�) − 𝑉(𝑞) (2-5)   

In which, T is the kinetic energy and V is the potential energy. That is, 

𝛿𝐼 = 0 (2-6)    

Solving equation (2-6) yields Lagrange equations of motion for the system which can be 

expressed in: 

𝑑

𝑑𝑡

𝜕𝐿

𝜕�̇�𝑖
−
𝜕𝐿

𝜕𝑞𝑖
= 0 

(2-7)     

Rewriting equation (2-7) in existence of external forces such as applied torques at the 

joints (𝜏𝑖), 

𝑑

𝑑𝑡

𝜕𝑇

𝜕�̇�𝑖
−
𝜕𝑇

𝜕𝑞𝑖
+
𝜕𝑉

𝜕𝑞
= 𝜏𝑖 

(2-8)     

𝐹0 

𝐹𝑒 
𝐹𝑖 

𝑑𝑖,𝑒 

𝑞𝑖+1

\𝑑𝑜𝑡  

𝑧𝑖 

\𝑑𝑜𝑡  

�̇�𝑖+1

\𝑑𝑜𝑡  𝑉𝑒

\𝑑𝑜𝑡  
𝑧𝑒

\𝑑𝑜𝑡  

𝑧0 
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Substituting the expression for kinetic energy and potential energy of an n-link 

manipulator into Lagrange equations, it yields the general equation of motion for an n-

link manipulator, equation (2-9). 

𝐷(𝑞)�̈� + �̇�𝑇𝐶(𝑞)�̇� + 𝐹𝑉�̇� + 𝐹𝑆𝑠𝑔𝑛(�̇�) + 𝐺(𝑞) = 𝜏  (2-9)    

Where 𝐷, 𝐶, 𝐹𝑉, 𝐹𝑆, and 𝐺 can be calculated using equations (2-10) to (2-16). 

𝐷 =∑[𝑚𝑖𝐽𝑉𝐶𝑖
(𝑞)𝑇𝐽𝑉𝐶𝑖

(𝑞) + 𝐽𝜔𝑖(𝑞)
𝑇𝑅𝑜𝑖𝐼𝑖𝑅𝑜𝑖

𝑇 𝐽𝜔𝑖(𝑞)]

𝑛

𝑖=1

 (2-10)   

𝐶𝑖𝑗𝑘 = 𝐶𝑗𝑖𝑘 = {
𝜕

𝜕𝑞𝑖
(𝑑𝑘𝑗) +

𝜕

𝜕𝑞𝑗
(𝑑𝑖𝑘) −

𝜕

𝜕𝑞𝑘
(𝑑𝑖𝑗)} , 𝐶𝑖𝑘 =∑𝐶𝑖𝑗𝑘

𝑛

𝑗=1

   (2-11)   

𝐹𝑉 =

[
 
 
 
𝑓𝑉1 0 … 0

0 𝑓𝑉2  0

⋮  ⋱ ⋮
0 0 … 𝑓𝑉𝑛]

 
 
 

 
(2-12)  

𝐹𝑆 =

[
 
 
 
𝑓𝑆1 0 … 0

0 𝑓𝑆2  0

⋮  ⋱ ⋮
0 0 … 𝑓𝑆𝑛]

 
 
 

 
(2-13)  

𝑇 =
1

2
�̇�𝑖  

𝑇𝐷�̇�𝑖 
(2-14)  

𝑉 =∑−𝑔𝑇𝑟𝑐𝑖𝑚𝑖

𝑛

𝑖=1

 
(2-15)  

𝐺𝑘 =
𝜕𝑉

𝜕𝑞𝑘
 

(2-16)   

 

 

 



22 

 

Table 2.2. List of Parameters in general equation of motion of the robot 

Name Explanation 

𝑚𝑖 Robot’s links mass 

𝑎𝑖 Robot’s links length 

𝑓𝑉𝑖 Viscous friction coefficient 

𝑓𝑆𝑖 Coulomb friction coefficient  

𝑔 Acceleration of gravity 

Table 2.3. List of variables in general equation of motion of the robot  

Name Explanation 

𝑞𝑖 Rotation angle of each joint 

𝜏𝑖 Input torque 

Extended calculation for derivation of (2-9), (2-10) and (2-11) are provided in 

Appendix B. 

2.3. DC Motor’s Equation of Motion 

DC motors are one of the common actuators in robotic and control systems. These 

type of actuators are directly connected to the wheels, drums or cables and provide rotary 

or linear motion. The schematic electric equivalent of the armature and the rotor’s free-

body diagram are depicted in Figure 2.2. 

 

Figure 2.2. Schematic diagram of a DC motor’s armature and rotor 

𝑅 𝐿 

𝑇 𝜃 

𝐽 

𝑏�̇� 

𝑖 𝑒 
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The applied voltage to the motor’s armature (𝑉) is the input of the system and the 

angular velocity of the shaft is the output. It is assumed that the rotor and the shaft are 

rigid. It is also assumed that there is viscous friction between the rotor and the load. The 

friction is proportional to the shaft’s angular velocity, equation (2-19). 

Assuming that the strength of magnetic field is constant, the generated torque by 

DC motors is generally proportional to the armature current (𝑖) by a constant factor (𝐾𝑡). 

𝑇 = 𝐾𝑡𝑖 (2-17)    

The back electromotive force (EMF), 𝑒, is proportional to the shaft’s angular velocity by 

a constant factor (𝐾𝑒). 

𝑒 = 𝐾𝑒�̇� (2-18)    

Using Newton’s second law and Kirchhoff’s voltage law, from the Figure 2.2 the below 

equations can be derived: 

𝐽�̈� + 𝐵�̇� + 𝜏 = 𝐾𝑡𝑖 (2-19)    

𝐿
𝑑

𝑑𝑡
𝑖 + 𝑅𝑖 = 𝑉 − 𝐾𝑒�̇� 

(2-20)    

Finally, by choosing the angular velocity of the shaft and electric current as the state 

variables, the governing equations (2-19) and (2-20) can be expressed in the state-space 

form: 

𝑑

𝑑𝑡
[

𝜃
 
 

̇

𝑖

] =

[
 
 
 −
𝐵

𝐽

𝐾𝑡
𝐽

−
𝐾

𝐿
−
𝑅

𝐿]
 
 
 
[

𝜃
 
 

̇

𝑖

] +

[
 
 
 
0
 
 
1
𝐿⁄ ]
 
 
 
𝑉 (2-21)    

𝑦 = [1 0] [

𝜃
 
 

̇

𝑖

] 
(2-22)    
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Table 2.4. List of parameters in governing equation of a DC motor 

Name Explanation 

𝐽 Rotor’s moment of inertia 

𝑏 Motor viscous friction constant 

𝐾𝑒 Electromotive force constant 

𝐾𝑡 Motor torque constant 

𝑅 Electric resistance 

𝐿 Electric inductance 

Table 2.5. List of variables in governing equation of a DC motor 

Name Explanation 

�̇� Joint’s angular velocity 

𝑖 Armature current 

𝑉 Armature voltage (input) 

2.4. Solving the Coupled Differential Equations 

To calculate the energy consumption between two states of each actuator on the 

joints of the robot, the solution to the differential equation (2-20) should be provided. In 

order to solve this equation and to find the graph of armature’s current in respect to the 

time, three coupled equations (2-9), (2-19), and (2-20) should be solved simultaneously. 

Rewriting equation (2-19) using equation (2-9) and isolating �̈�: 

�̈� = (
𝐾𝑡

𝐷(𝜃) + 𝐽
) 𝑖 − (

𝑐(𝜃) + 𝐵

𝐽 + 𝐷(𝜃)
) �̇� − (

𝐺(𝜃)

𝐷(𝜃) + 𝐽
) (2-23)    

Isolating 
𝑑

𝑑𝑡
𝑖 in equation (2-20): 

𝑑

𝑑𝑡
𝑖 = −

𝑅

𝐿
𝑖 −

𝐾𝑒
𝐿
�̇� +

𝑉

𝐿
 (2-24)    



25 

 

In which all the variables are vectors with the length associated with the number of joints 

and actuators. The above governing equation can be expressed in state-space form: 

𝑑

𝑑𝑡
[
𝜃
�̇�
𝑖
] =

[
 
 
 
 
0 1 0

0 −(
𝑐(𝜃) + 𝐵

𝐷(𝜃) + 𝐽
) (

𝐾𝑡
𝐷(𝜃) + 𝐽

)

0 −
𝐾𝑒
𝐿

−
𝑅

𝐿 ]
 
 
 
 

[
𝜃
�̇�
𝑖
] + [

0
0
1

𝐿

] 𝑉 + 𝑁𝐺𝑇⃗⃗⃗⃗⃗⃗ ⃗⃗  ⃗ (2-25)    

In which 𝑉 is the input vector and 𝑁𝐺𝑇⃗⃗⃗⃗⃗⃗ ⃗⃗  ⃗ (Nonlinear Gravitational Terms) can be 

calculated using equation (2-26). 

𝑁𝐺𝑇⃗⃗⃗⃗⃗⃗ ⃗⃗  ⃗ =

[
 
 
 
 

0
 

− (
𝐺(𝜃)

𝐷(𝜃) + 𝐽
)

 
0 ]

 
 
 
 

 (2-26)    

One of the greatest methods for solving ODEs like equation (2-25) is the Runge-

Kutta algorithm which provides numerical approximation to the solution of the 

differential equation. Runge-Kutta is based on a Taylor series expansion of the function 

to be integrated about the mid-point of the time step. This method is known to be very 

accurate for a wide range of problems and specifically behaves very well for the 

simulation purposes. The Runge-Kutta methods are a general class of predictor-corrector 

algorithms. The forth order method is the most popular one which is addressed and used 

for the simulations in this study. 

Given a vector 𝜙𝑛 of unknowns (i.e. the variables in equation (2-25)) at time 𝑡𝑛, and the 

first order differential equation 

𝑑

𝑑𝑡
𝜙 = 𝑓(𝜙, 𝑡) (2-27)    

The fourth order Runge-Kutta estimate for 𝜙𝑛+1 is given by 
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𝑘1 = Δ𝑡𝑓(𝜙𝑛, 𝑡𝑛) 

𝑘2 = Δ𝑡𝑓 (𝜙𝑛 +
𝑘1

2
⁄ , 𝑡𝑛 +

Δ𝑡
2⁄ ) 

𝑘3 = Δ𝑡𝑓 (𝜙𝑛 +
𝑘2

2
⁄ , 𝑡𝑛 +

Δ𝑡
2⁄ ) 

𝑘4 = Δ𝑡𝑓(𝜙𝑛 + 𝑘3, 𝑡𝑛 + Δ𝑡) 

 

(2-28)    

𝜙𝑛+1 = 𝜙𝑛 +
1
6⁄ (𝑘1 + 2𝑘2 + 2𝑘3 + 𝑘4) (2-29)    

Rewriting equation (2-27) for three coupled differential equation like (2-25) 

𝑑

𝑑𝑡
𝜃 = 𝑓(𝑡, �̇�) 

𝑑

𝑑𝑡
�̇� = 𝑔(𝑡, 𝜃, �̇�, 𝑖) 

𝑑

𝑑𝑡
𝑖 = ℎ(𝑡, �̇�, 𝑖) 

(2-30)    

And solving the above ODEs using the Runge-Kutta algorithm, 

{

𝑘𝑛1 = 𝑓(𝑡𝑛, �̇�𝑛)

𝑙𝑛1 = 𝑔(𝑡𝑛, 𝜃𝑛, �̇�𝑛, 𝑖𝑛)

𝑚𝑛1 = ℎ(𝑡𝑛 , �̇�𝑛, 𝑖𝑛)

 

{
 
 

 
 𝑘𝑛2 = 𝑓 (𝑡𝑛 +

Δ𝑡
2⁄ , �̇�𝑛 +

𝑙𝑛1
2
⁄ )

𝑙𝑛2 = 𝑔 (𝑡𝑛 +
Δ𝑡

2⁄ , 𝜃𝑛 +
𝑘𝑛1

2
⁄ , �̇�𝑛 +

𝑙𝑛1
2
⁄ , 𝑖𝑛 +

ℎ𝑛1
2
⁄ )

𝑚𝑛2 = ℎ (𝑡𝑛 +
Δ𝑡

2⁄ , �̇�𝑛 +
𝑙𝑛1

2
⁄ , 𝑖𝑛 +

ℎ𝑛1
2
⁄ )

 

{
 
 

 
 𝑘𝑛3 = 𝑓 (𝑡𝑛 +

Δ𝑡
2⁄ , �̇�𝑛 +

𝑙𝑛2
2
⁄ )

𝑙𝑛3 = 𝑔 (𝑡𝑛 +
Δ𝑡

2⁄ , 𝜃𝑛 +
𝑘𝑛2

2
⁄ , �̇�𝑛 +

𝑙𝑛2
2
⁄ , 𝑖𝑛 +

ℎ𝑛2
2
⁄ )

𝑚𝑛3 = ℎ (𝑡𝑛 +
Δ𝑡

2⁄ , �̇�𝑛 +
𝑙𝑛2

2
⁄ , 𝑖𝑛 +

ℎ𝑛2
2
⁄ )

 

{

𝑘𝑛4 = 𝑓(𝑡𝑛 + Δ𝑡, �̇�𝑛 + 𝑙𝑛2)

𝑙𝑛4 = 𝑔(𝑡𝑛 + Δ𝑡, 𝜃𝑛 + 𝑘𝑛2, �̇�𝑛 + 𝑙𝑛2, 𝑖𝑛 + ℎ𝑛2)

𝑚𝑛4 = ℎ(𝑡𝑛 + Δ𝑡, �̇�𝑛 + 𝑙𝑛2, , 𝑖𝑛 + ℎ𝑛2)

 

 

(2-31)    

And the Runge-Kutta estimations are 

𝜃𝑛+1 = 𝜃𝑛 +
Δ𝑡

6⁄ (𝑘𝑛1 + 2𝑘𝑛2 + 2𝑘𝑛3 + 𝑘𝑛4) 

�̇�𝑛+1 = �̇�𝑛 +
Δ𝑡

6⁄ (𝑙𝑛1 + 2𝑙𝑛2 + 2𝑙𝑛3 + 𝑙𝑛4) 

𝑖𝑛+1 = 𝑖�̇� +
Δ𝑡

6⁄ (ℎ𝑛1 + 2ℎ𝑛2 + 2ℎ𝑛3 + ℎ𝑛4) 

(2-32)    
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The final values for the variables in equation (2-32) can be derived by doing the 

estimations for specific number steps. 

𝑁𝑠𝑡𝑒𝑝𝑠 =
𝑡𝑓𝑖𝑛𝑎𝑙

Δ𝑡
 (2-33)    

Solving the differential equations associated with dynamics of the robot and the 

actuating motors motion results in considering the dynamics characteristics and 

corresponding energy consumption in the cost function. Of course, this consideration is 

not available when the cost function is solely based on kinematics. Using the forth order 

of Runge-Kutta method for solving the differential equations of the joints motion and the 

armatures currents will give a very close approximation of system’s behavior in hand 

which is a basis for graph search algorithm. 

2.5. Graph Traversal Algorithm 

Graph traversal algorithms deal with the problems that are expressible in terms of 

a search over a graph including finding reachable nodes, finding best reachable nodes, 

and finding the best path through a network of nodes. There are many search algorithm 

that address these type of problems.  

The graph search algorithm can be categorized into two main groups of informed 

search and uninformed search. A* is the most famous and easy-to-implement algorithm 

in informed search algorithm category (Hart et al. 1968) which  is best-first algorithm and 

solves the problem by searching and sorting all the possible paths to the goal node. 

Breadth-first search algorithm (BFS) and depth-first search algorithm (DFS) are 

two best known uniformed algorithms. BFS is a graph traverse algorithm that finds 
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shortest path from the known source node to all other nodes in terms of their distance 

from the source. Similarly, DFS traverse the graph and initially allows checking the 

vertices only and mark them as “in progress” nodes and “unvisited” nodes. DFS 

algorithm’s principle can be simplified in: go forward (depth) while there is the 

possibility to do so, otherwise go back. The backtrack marks the nodes as “done” and 

finds the path between the start and goal nodes (Figure 2.3). 

     

     

Figure 2.3. DFS search algorithm – sample graph traverse 

In this study it is assumed that some of the reachable nodes are known and some 

are dynamic (partially known environment). Incremental heuristic search methods are a 

type of graph search algorithm that use both incremental and heuristic search to speed up 

the search process. Incremental method enables using the previous searches to solve the 

current problem (search) faster. Heuristic search algorithms, which are mainly based on 

A*, use heuristic information of each node in the form of its distance to the goal node to 

focus the search on reaching the goal node. D* Lite algorithm is one of the most recent 
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and most efficient search algorithms for unknown or partially known environment 

(Koenig and Likhachev 2002). 

 

Figure 2.4. Incremental heuristic algorithms foundation 

2.5.1. D* Lite Search Algorithm 

D* Lite is basically an incremental version of A* algorithm for searching in 

unknown or partially known environment. In fact, D* and its alternatives have been 

widely used for mobile robots navigation in different type of terrains. Such navigation 

practices include the implemented search system on Mars rovers for “Spirit” and 

“Opportunity” on Mars (Ferguson and Stentz 2006). 

D* Lite algorithm implements same navigation method as D* but it is 

significantly shorter, at least as efficient as D*, and also different in terms of algorithm 

(Nosrati et al. 2012). D* Lite maintains two estimates of cost in each node, g and rhs. 

- g: the objective function value 

- rhs: one-step look-forward of the objective function value 

The status of “consistency” is also defined for each node such that: 

- Consistent if 𝑔 = 𝑟ℎ𝑠 

- Inconsistent if 𝑔 ≠ 𝑟ℎ𝑠 

How to use previous search 

results efficiently

Heuristic

Search
Incremental

Search

Artificial Intelligence Algorithm Theory

How to search using heuristic 

info. to guide the search
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Inconsistent nodes on the “open list” have the priority to be processed. On the graph tree, 

node b is the “Successor” of node a, and node a is the “Predecessor” of node b if there is 

a direct path from node a to node b.  

The rhs value of a node is computable based on the g value of its successor nodes 

and the path cost to those nodes.  

𝑟ℎ𝑠(𝑢) = 𝑚𝑖𝑛𝑝∈𝑆𝑢𝑐𝑐(𝑢)(𝑐𝑜𝑠𝑡(𝑢, 𝑝) + 𝑔(𝑝)) (2-34)    

The key value (priority) of each node on the open list is the summation of the heuristic 

value, h, and minimum of its g and rhs values. In case of tie between two nodes the 

secondary key value would be considered as the tie-breaker. 

𝑘𝑒𝑦(𝑢) = [min(𝑔(𝑢), 𝑟ℎ𝑠(𝑢)) + ℎ(𝑆𝑡𝑎𝑟𝑡, 𝑢);min (𝑔(𝑢), 𝑟ℎ𝑠(𝑢))] (2-35)    

D* Lite algorithm consists of five main procedures: Initialization, Main 

Procedure, Key Value Calculation, Node Update, and Best Path Computation (Koenig 

and Likhachev 2002). The initialization procedure includes creating the open list, setting 

all the nodes’ g and rhs values infinity or any relatively high number in comparison with 

the cost value, setting the goal node’s rhs value to zero and inserting the goal node to the 

open list. Unlike A*, D* Lite algorithm starts the nodes processing with the “goal” node. 
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Figure 2.5. D* Lite Initialization procedure  

Key Value Calculation procedure computes the key value of the input node to the 

procedure and return it to the caller procedure. The formulation of the key value can be 

found in equation (2-35). 

 

Figure 2.6.  D* Lite Key Value Calculation procedure 

End

U = {}

rhs(u)=g(u)=  

rhs(goal)=0 

U.Insert (goal,Key(goal))

Start

Initialization 

Procedure

End

Node S

Key(S) [Equation 2-35]

Return(Key(s))

Start

Key Value 

Calculation Procedure
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Update procedure assigns the rhs values to the node under process, remove it 

from the initial list of nodes, and if the g value and rhs value are not the same, put it on 

the open list calculating its key value. 

 

Figure 2.7. D* Lite Node Update procedure 

 

 

 

U.Remove(u)

u   goal

rhs(u) [Equation 2-34]

u ϵ U

Start

Node Update 

Procedure

g(u) rhs(u)

U.Insert(u,key(u))

End

Yes

No

Yes

Yes

No

No
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In Best Path Computation procedure the consistency status of the nodes is 

processed and appropriate function is applied to them accordingly. If the node is under-

consistent then it changes to over-consistent and the changed cost will be propagated to 

the neighbouring nodes. 

 

Figure 2.8. D* Lite Best Path Computation procedure 

 

 

 

g(u)=rhs(u)

TopKey < Key(start) or rhs(start)   g(start)

U.Pop

g(u)>rhs(u) 

Start

Best Path 

Computation 
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Update Nodes

End

Yes

No

Yes

g(u)=  
No
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The Main procedure, according to its name, is the main procedure of the D* Lite 

algorithm that its function is to repeat the best-path-finding and changes-scanning 

procedures until the robot reaches the goal. 

 

Figure 2.9. D* Lite Main procedure 

On next few pages the D* Lite algorithm for a simple 12-node example is 

implemented. In this example it is assumed that non-diagonal path cost is 1.0, the 

diagonal path cost is 1.4, and the path cost to or from the obstacle nodes is infinity. Also, 

Initialization

Best Path Computation

Start

Main Procedure

any changes in the graph

Apply the changes

Yes

Yes

𝑆𝑠𝑡𝑎𝑟𝑡 ≠ 𝑆𝑔𝑜𝑎𝑙  

𝑔(𝑆𝑠𝑡𝑎𝑟𝑡 ) = ∞ 

𝑆𝑠𝑡𝑎𝑟𝑡 = 𝑎𝑟𝑔𝑚𝑖𝑛𝑝∈𝑆𝑢𝑐𝑐(𝑢)(𝑐𝑜𝑠𝑡(𝑆𝑠𝑡𝑎𝑟𝑡 ,𝑝) + 𝑔(𝑝)) 

Update Nodes

End

No Possible Path

No

No

No
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the heuristic value is not considered in this example. A modification in Update Nodes 

procedure of the D* Lite algorithm is proposed and its major effect in raising the 

efficiency is discussed. 
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Figure 2.10. D* Lite implementation example, START-GOAL path searching 

In Figure 2.10 the D* Lite graph search algorithm for a 12-node network of nodes 

is depicted. The process starts with the GOAL node (node #1) and setting its rhs value to 

zero using Initialization procedure. All other nodes in this step have the rhs and g values 

of infinity. Form the Main procedure next function call is Best Path Computation 

procedure in which the minimum item should be popped off from the open list (node #1). 

At this point, GOAL node is over-consistent (g>rhs) so the g value should change to rhs 

value (g=rhs). 

On step 3, the neighbouring nodes of the current node (GOAL) are popped and 

added to the open list (nodes). Calling Node Update procedure, rhs values of these nodes 

are updated. Then, Best Path Computation procedure pops the minimum item off the 

open list (node #2) and make it consistent (g=rhs). This process will continue until the 

START node is off the open list, consistent and the top key on the open list is not less 

than the START’s key value (step 14). There are still some nodes on the open list (node 

#10 and #12) which are not to be processed since the algorithm reaches the start node. In 

larger graph trees there may be some nodes that are not even listed on the open list.  

2.5.1.1. A Modification to D* Lite Search Algorithm (MPD* Lite) 

According to the procedures of the D* Lite algorithm, after reaching the start 

node, the best path can be obtained by following the gradient of g values from the start 
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node. In another word, the g values of all the neighbouring nodes should be compared to 

each other and sorted from one node to another and the best path is revealed just after this 

comparison and sorting process. Although D* Lite is an algorithm capable of solving a 

wide range of dynamic graph search problems with really low processing needs, a 

modification in finding the best path after processing the nodes increases its efficiency 

significantly. 

In this study it is proposed that by adding a “store” function in the Node Update 

procedure, there is no need to decide about the best path in post-processing phase of 

graph search. According to Figure 2.11, an event (dashed ellipse) is added to the original 

Node Update procedure of D* Lite algorithm which is called “Store the Best Neighbour 

Node”. After calculating the rhs value of the node under process, a property is added to 

the node with above mentioned name in which the best neighbour, in terms of calculating 

the rhs value, is stored. By this simple modification to the original Node Update 

procedure, generation of the best path with respect to the pre-defined cost function is 

simply stocking the nodes from the start node to the goal based. Simply, the next node on 

the path is the best neighbour of the current node on the path. This process is depicted in 

Figure 2.12.  
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Figure 2.11. MPD* Lite Node Update procedure 

 

Figure 2.12. The best path between the start and goal nodes using MPD* Lite algorithm 

2.5.1.2. Re-planning 

Following up the example on page 36, assume that on the way to GOAL form 

START, access to the node #5 is not possible (𝑟ℎ𝑠 = ∞). In such situation the change in 

path cost is identified and the re-planning procedure (part of Main procedure) is required. 
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Figure 2.13. D* Lite implementation example, re-planning procedure 

The first step in re-planning is to call Node Update procedure to update the rhs 

value of the node #5 to infinity and put it on the open list since it is identified as an 

obstacle by the robot (step 1). Also, all the predecessors of this node need to be updated 
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with new rhs values (step 2-4). Following up the Best Path Computation procedure from 

step 5 to step 14, the new best path from the current location of the robot is computed. At 

the last step, the node corresponding to current location of the robot (node #8) is 

consistent and its key value is less than the lowest one on the open list. Although START 

node is on the open list, these two conditions assure that the obtained path is the best path 

from the current location to the goal node. 

As discussed in this section, D* Lite is capable of solving goal-directed path 

planning problem in an unknown or dynamic environments. D* Lite is not associated 

with any kind of assumptions for changes in the graph’s features or path costs. The cost 

of the path connecting two neighbour nodes can go up or down, the changes can be near 

to the node under process or far away from it, whether the changes are because of the 

terrain alterations or the robot’s sensors estimations. D* Lite is not as easy as A* to 

implement but not as difficult as D*, using both algorithms’ main features for speeding 

up the graph search. The implementation of the proposed modified algorithm, MPD* 

Lite, in MATLAB is extensively explained in Chapter Chapter 3. 

2.5.2. Cost Function 

Optimized path planning is one of the major problems in robotics and the ability 

to find a collision free trajectory is a requirement in many application of the fixed-based 

or mobile robots. The majority of methods that have been used for this purpose are inly 

based on heuristic values. Defining a cost function that relates the robot states to 

performance and takes its dynamic features into consideration, saves a significant amount 

of energy while satisfies the collision free condition. In this study a cost function 
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combining the length of graph traverse, energy consumption by the robot’s actuators, and 

heuristic value is defined to find the optimal trajectory. 

 

Figure 2.14. The relationship between the cost function and the robot modeling 
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Chapter 3. Developing the Simulation Framework 

The previous chapter provided the foundations for developing the dynamic model 

of the robot and its actuators and also delivered the procedure of implementing an 

efficient algorithm, MPD* Lite for finding the best path in a partially-known 

environment. 

In order to implement the proposed modeling and algorithm, a MATLAB 

framework is designed including the robot’s kinematic and dynamic modeling, MPD* 

Lite algorithm implementation, and the robot motion simulation. The framework consists 

of several classes containing different types of methods, functions, and properties. The 

overall steps that have been done for collision free and energetically optimized path 

planning of the manipulators can be categorized as follows: 

 Robot dynamics, a class that contains several functions and properties for doing 

the needed calculation based on the provided equations in section 2.2 

 Motor dynamics, a class that contains the functions for developing the equations 

in section 2.3, solving the coupled differential equations, and calculating the 

energy consumption 

 Occupancy analysis, group of classes and sub-classes for generating the random 

configuration and identifying the not reachable configuration 

 Search algorithm, a class that does the graph search using the MPD* Lite 

algorithm and finds the best path for the robot motion accordingly 

 Robot motion simulation, a class that deals with the presentation of the results 

with appropriate graphic properties 
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3.1. Assumptions 

In development of the robot dynamics and its simulation, it is assumed that the 

degree of freedom of the robot is equal to the number of the links of the robot. In another 

word, it is assumed that the actuators on each joint are single function actuators adding 

only one degree of freedom to the manipulator. Furthermore, it is assumed that some of 

the obstacles are pre-defined and the robot has some information about their location and 

size. Although, the size and location can be modified during the robot motion or the new 

obstacle may be added to the occupied nodes. 

For modeling the DC motor as the actuators acting on the joints, there are some 

assumption that are the main restriction of the provided model in chapter Chapter 2: 

 It is assumed that the magnetic field is constant and as a result the flux is 

assumed to flow straight inside the motor which can be expressed in form 

of equation (2-17). 

 It is also assumed that the motors are frictionless or the friction forces can 

be neglected to simplify the motor’s dynamic model. This assumption is 

compromised in calibrating the final energy consumption by assigning 

different weights for the consumed energy at each joint. 

 It is also assumed that the actuators have a self-lock mechanism that stops 

their motion when they reach each node on the path.  

3.2. Robot Dynamics 

Robot Dynamics class contains the methods for developing the dynamic model 

equations of the robot based on the pre-defined manipulator by the user. Number of the 
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links, length of each link, mass of each link, the start configuration of the robot, and its 

other features are not constrained and can be set to any value by the user. 

Table 3.1. Methods of Robot Dynamics class 

Methods Description Input Output 

DHMatrix Computes Denavit-Hartenberg 

matrix 

configuration,  

two link IDs 

Denavit-Hartenberg 

matrix 

Jacobian Computes the Jacobian matrix Robot object, 

configuration, link ID 

Jacobian matrix 

JSymbolic Computes the Jacobian matrix 

in symbolic format 

Robot object, link ID Symbolic Jacobian 

matrix 

InertiaMatrix Computes the inertia matrix of 

the robot (D) 

Robot Dyn. object,  

Robot object, config. 

Inertia matrix 

DSymbolic Computes the inertia matrix in 

symbolic format 

Robot Dyn. object,  

Robot object 

Symbolic inertia 

matrix 

ChrisMatrix Computes the Christoffel matrix 

of the robot (C) 

Robot Dyn. obj., Robot 

obj., config.,  

joints velocity 

Christoffel matrix 

CSymbolic Computes the Christoffel matrix 

in symbolic format 

Robot Dyn. obj.,  

Robot object 

Symbolic 

Christoffel matrix 

GMatrix Computes the gravity vector Robot Dyn. object, 

Robot object, config. 

Gravity vector 

elements 

GSymbolic Computes the gravity vector in 

symbolic format 

Robot object Symbolic gravity 

vector 

Coe Computes the coefficients 

needed for solving the 

differential equation 

Robot obj., friction cst., 

motor torque cst. 

The coefficients in 

the diff. equations 

The symbolic methods and their output in Robot Dynamics class are evaluated in 

methods of Motor Dynamics class and used as an input for the for solving the differential 

equations. Further details are provided in appendices. 
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3.3. Motor Dynamics 

Motor Dynamics class basically generates the differential equation associated 

with the motor dynamics, evaluates the equations provided by Robot Dynamics class, and 

solves the coupled equations in order to find the energy consumption for graph traverse 

between two given nodes. For this purpose, all the links features such as length, mass, 

and configuration are stored in the cell arrays and fed into the symbolic methods in Robot 

Dynamics class. The workflow and the relationship between the Robot Dynamics and 

Motor Dynamics classes is depicted in Figure 3.1.  

 

Figure 3.1.  Workflow of computation of energy consumption 
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implementing the new search algorithm. All the MATLAB scripts including the modified 

classes can be found in Appendix A. In this section, the occupancy analysis procedure is 

described and the relationship between the classes in this procedure and other procedures 

of the framework is discussed. 

3.4.1. Node 

Node class is developed to set all the properties of the randomly generated nodes 

which are mentioned in Table 3.2.Except the first four, all the properties are defined to 

get the nodes prepared for the new search algorithm (MPD* Lite). There are some 

functions added to this class for calculating the rhs values and the key values. Two more 

functions are also added for sorting the rhs values (sort_key) and to decide about the best 

neighbour of the nodes (Cost_New). There is also a function (g_Update) for updating the 

g value of the nodes after each graph search step. 

Table 3.2. Properties of Node class 

Properties Description Corresponding Function 

ID The ID of the node Node object 

P x, y, z values of the node Node object 

All_Nghbrs An array of node’s neighbours Node object 

Config An array of corresponding configuration of 

the robot for the node 

Node object 

g The g value of the node g_Update 

rhs The rhs value of the node Calc_rhs, Cost_New 

key The key value of the node Calc_key 

Cost_2_Succ The cost for traversing form the node to its 

successor 

Calc_rhs 

Best_Neighbour_ID Contains the ID of the node’s best 

neighbour 

Node object 

Cost_Change Default = 0; changes to 1 when the “best 

neighbour” of the node is changed 

Cost_New 
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3.4.2. Neighbour 

This class is to check if the input trajectory is collision free or not. After checking 

the collision free status of the trajectory associated with the neighbour, the cost function 

of each link of the robot will be calculated and stored as one of the properties of the 

neighbour node. There is also a function for generating the inverse trajectory in case the 

path is inverted between two given nodes. 

3.4.3. PRM, Tip Distribution, and Occupancy 

The classes RRT, TD_Grid, TD_Cell, and OccupancyGrid are defined to generate 

the random configurations of the robot (RRT) using the location of the manipulator’s tip 

(TD_Grid). The occupied cells are identified and the collision status of the configurations 

are checked in TD_Cell and OccupancyGrid classes, respectively. The relationship 

between these classes has been shown in Figure 3.2. 

 

Figure 3.2. Workflow of generating the collision-free nodes 
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selected. In this study, a modified version of D* Lite (MPD* Lite) is the algorithm that 

has been implemented for this purpose. Finding the best path between two given nodes 

includes two main procedures of graph search and generating the best path. According to 

section 2.5.1, in the graph search procedure, all the needed nodes are checked and the 

Open List and Free Nodes list are created accordingly. The best path would be a path 

generated using the nodes on the Free Nodes list that guarantees the minimum cost for 

the robot motion from the start node to the goal node. A MATLAB class, DSLite, is 

developed for searching the robot’s workspace and finding the best path (if exists) 

between any two nodes. 

3.5.1. Open List and Free Nodes List 

The main process in graph search phase of DSLite is to find the nodes that need to 

be checked, labeling them either for the Open List or the Free Nodes list, and sorting 

them based on the cost function. Starting with the goal node on the Open List, DSLite, 

pops all of its neighbour, calculates their rhs and labels the goal node as their best 

neighbour if the rhs values are finalized based on the goal node. 

Calculating the key value of all the goal node’s neighbours, putting them on the 

Open List and sorting them based on the key value, the next node will be selected for 

processing. At this point the goal node is on the Free Nodes list and its neighbours are on 

the Open List. Continuing this procedure, adding the processed nodes to the Free Nodes 

list, the graph search phase is finished when the start node is added to the Free Nodes list 

(Figure 3.3). 
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Figure 3.3. Procedure of MPD* Lite algorithm implementation 
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section. Adding the start node as the first node of the best path, the rest of the nodes of 

the path are added consecutively using their Best Neighbour ID property. There is no 

need to use a loop for comparing all the neighbours’ rhs value which saves a lot of 

processing time and make the best path finding procedure much faster and more efficient. 

The workflow of the best path generation procedure is depicted in  

 

Figure 3.4. Procedure of the best path generation 
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3.6. The Robot Motion Simulation 

As described in sections 3.2 to 3.5, the best path between two given locations 

(START and GOAL) for a robotic arm with pre-defined features in a partially-known 

environment can be computed. This method can be implemented on a real mobile or fix-

based robot which is not part of this study. To investigate the performance of the 

proposed algorithm and verify the dynamic model of the robot a MATLAB framework is 

developed to simulate the robot motion and present the corresponding results. 

Development of this framework includes two main procedures of initialization and 

presenting the results which are described as follows. 

3.6.1. Initialization 

The initialization procedure for doing the environment pre-process, finding the 

best path, and the robot motion simulation starts with defining the robot’s links and their 

mass, length and initial configuration. Defining the robot, next steps are locating the 

preliminary obstacles, identifying the collision free nodes, and generating an appropriate 

tip distribution according to user defined density. Going through these steps which is 

called the pre-processing phase, the initial position and configuration of the robot is 

determined and the roadmap is ready for the robot simulation. 

The pre-processing phase is the most process time demanding step of the 

developed framework which converts the collected information from the environment to 

a set of data usable for the search algorithm and robot motion. Although preparing the 

road map requires a considerable amount of processing time, it only needs to be done one 

time for a robot-environment system. 
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Figure 3.5.  Workflow of pre-processing phase 
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best path procedure and returns an array containing the nodes of the best path with their 

assigned properties. More details may be found in Appendix A. 

3.6.2.2. Plotting Class 

Plot_2D class is a MATLAB class that is developed to deal with simulation of the 

robot and presenting the results. Feeding in the best path found from the previous step, 

and other needed objects like Robot, PRM, and DSLite, the plotting class simulates the 

robot motion. It also plots simultaneous joints motion and energy consumption graphs. 

The user can decide what type of output and how much information is to be plotted as the 

final result. The result presentation for different purposes are discussed in chapter 

Chapter 4. 

 

Figure 3.6. Workflow of Plot_2D class for presenting the result 
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Chapter 4. Result and Discussion 

In the previous chapters, the mathematical model and theoretical foundations have 

been presented. Implementation procedure of the search algorithm and developing the 

MATLAB framework has been also provided. In this chapter, the results of applying the 

search algorithm on some typical manipulation problems are presented, the performance 

of A*, D* Lite and MPD* Lite algorithms are compared to each other, and the re-

planning procedure results are discussed. All the simulations in this chapter have been 

done in MATLAB operating on a PC with the configuration details listed on Table 4.1. 

Table 4.1. Configuration of the computing system and environment lay 

Model Dell Inspiron N5010  

Processor Intel Core i5-460M 2.53 GHz  

Memory 4.00 GB  

Operating System Windows 8.1 Pro  

Environment MATLAB R2013a  

The simulation of the implemented method provides a tool that can be used to 

investigate the efficiency of the proposed search algorithm (MPD* Lite) and also enables 

to get an idea about the energy consumption of a robot during its motion for 

accomplishing a task. Although there may be much more possible scenarios and result 

presentation methods that can be replaced by the ones presented in this chapter, the 

selected results for the content of following sections are the most concise and informative 

ones which highlight the advantages of the implemented algorithm and procedures. 

Moreover, the result may be later used as a guide for future direction of this study. 



55 

 

 

Figure 4.2. A snapshot of the simulation framework in MATLAB 

4.1. A Comparison Between A*, D* Lite and MPD* Lite Search Algorithms 

In this section, the efficiency of the MPD* Lite algorithm in finding the best path 

on several scenarios is investigated through comparing the processing time with that of 

D* Lite and A* algorithm which is also one of the most well-known graph search 

methods (Zeng and Church 2009). 

4.1.1. The Computational Complexity 

One of the ways to compare the search methods and evaluate them in terms of 

their processing time is their worst-case time, computational complesity or memory 

complexity (in the case they are implemented using a computer programming language). 

If a search problem can be  expressed  by O(n) (or a linear space), then it is quite 

obvious that solving this problem at least needs time O(n), but it often takes much more 
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than that.  That is, to check a space with size of n nodes, it will at least take n steps to 

examine all over the space. Another issue about the computational complexity is that, 

always the worst-case should be considered for the evaluation purposes. The average-

case would be closer to reality but to show which algorithm is more efficient in all sort of 

problems, the verdict should be done based on the worst-case scenario. 

There are some assumptions associated with deriving the computational 

complexity for the search algorithms. For the graph traversal algorithms, it is assumed 

that the nodes tree has a depth of d and an average branching factor b. The depth can be 

simply considered as the number of levels in the nodes network from the start node to the 

goal node. The other factor, b, in the proposed method of this thesis is equal to the 

number of neighbours of each node in the graph.  

Another assumption for finding the computational complexity of the search 

algorithms would be the number of expansion needed to reach the optimal path to the 

goal node. In general, the search methods stop and indicate that they reached the goal 

node once they pop a path with string of nodes to the goal node not when the path is on 

the queue of the sorting process. Thus, to make sure that the found path is the optimal 

path, the algorithm should expand one more time and make the depth d+1 (Arora and 

Barak 2009). 

A* as an informed search algorithm or a best-first search would have the 

computational complexity of 𝑂(𝑏𝑑+1), (Arora and Barak 2009). This degree of 

complexity can be easily proved by considering the worst-case in which the goal node is 

at the far, right corner node of the network (Arora and Barak 2009). In this case, the 
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graph traversal algorithm, A*, has to search all the nodes, and one more expansion at the 

end to verify the stopping condition. As a result, the processing time of A* algorithm has 

an exponential relationship with the number of nodes (namely neighbours of each node 

and the number of levels to the goal node). This relationship is investigated subsequently 

in the section 4.1.2.  

To derive the computational complexity of D* Lite algorithm and MPD* Lite 

algorithm and compare them with the complexity of A*, the approach has to be different. 

For this purpose, the implemented MATLAB program is investigated on its steps 

complexity which is equivalent to computational complexity of D* Lite algorithm and 

MPD* Lite algorithm (Ramalingam and Reps 1996). In such investigation the number of 

nodes is considered as the input of the algorithm and the worst-case scenario is developed 

accordingly (Lu et al. 2011).  

The computational complexity as a matter of fact is a function of number of the 

nodes (N), obstacles (P), average number of neighbours (b), number of degree of freedom 

of the robot (DOF), and the changes on the node network (C). The computational 

complexity of MPD* Lite algorithm based on the coding in Appendix A, is presented in 

Table 4.2.  

As it is presented in the Table 4.2, the modified D* Lite algorithm has the 

computational complexity of 𝑂(𝑁2) as shown in the Appendix A, which defines a 

polynomial relationship between the computational cost and number of nodes. The only 

difference between D* Lite algorithm and the modified version, is their procedures for 

finding the best path and its generation. To calculate the computational cost of finding 
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and generating the best path for D* Lite algorithm, as shown in the Appendix A, the 

Table 4.2 would need to be updated to 2 × 𝑏 × 𝑁3  +  10 × 𝑃 × 𝑏 × 𝑁2  +  5 × 𝑁 

and 3 × 𝑏 × 𝑁2  +  9 × 𝑏 × 𝑁 +  5 × 𝑁2  +  3 × 𝑁, respectively. These changes yield 

the computational complexity of 𝑂(𝑁3) for D* Lite algorithm. 

Table 4.2. Computational Complexity Analysis of MPD* Lite 

Procedure Worst-case Computational Cost 

Robot configuration 𝐷𝑂𝐹 

Obstacle configuration 𝑃 

Obstacle avoidance 
11 × 𝑃 × 𝑏 × 𝑁 + 15 × 𝑃 × 𝑏 + 8 ×
𝑃 × 𝐷𝑂𝐹2 × 𝑁  

Start node and goal node initialization 2 

Map initialization 5 × 𝑁 

Finding the best path 
𝑁2 + 2 × 𝑏 × 𝑁2 + 10 × 𝑁 + 
12 × 𝑏 

Generating the best path 
8 × 𝑁2 + 3 × 𝑁 × 𝑏 + 2 × 𝑁2 + 
3 × 𝑁 

Change input 𝐶 

TOTAL 

(2𝑏 + 11)𝑁2  

+(11𝑃. 𝑏 + 8𝑃. 𝐷𝑂𝐹2 + 3𝑏 + 18)𝑁 

+15𝑃. 𝑏 + 12𝑏 + 𝐷𝑂𝐹 + 𝑃 + 𝐶 + 2 

4.1.2. Implementation of Search Algorithms on Pre-defined Graphs 

In order to compare the efficiency of above mentioned algorithm in terms of 

finding the best path and their processing time, five path planning problems are defined 

for A*, D* Lite and MPD* Lite algorithms and the results are presented (Figure 4.3). 



59 

 

 
1 

 

 
2 

 

 
3 

 
4 

 
5 

Figure 4.3. Five defined scenarios for comparing A*, D* Lite, and MPD* Lite algorithms efficiency 
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Table 4.3. Comparison between MPD* Lite, D* Lite, and A* algorithms performance: processing time 

Scenario 
Number of 

total nodes 

Best path 

length 

(node) 

Processing time 

MPD* Lite 

(seconds) 

Processing time 

D* Lite 

(seconds) 

Processing time 

A* 

(seconds) 

1 91 3 0.125 0.348 0.094 

2 91 7 0.344 1.553 0.891 

3 91 10 1.031 8.564 78.125 

4 182 13 1.063 9.678 593.218 

5 273 21 3.047 40.849 2450.375 

 

 

Table 4.4. Comparison between MPD* Lite and A* search algorithms performance: open list size 

Scenario 
Number of 

total nodes 

Best path 

length 

(node) 

Open list  

MPD* Lite 

(node) 

Open list  

D* Lite  

(node) 

Open list 

A* 

(node) 

1 91 3 13 9 7 

2 91 7 56 155 208 

3 91 10 91 216 11179 

4 182 13 102 344 20431 

5 273 21 271 1388 43806 
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(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 4.4. MPD* Lite, D* Lite, and A* graphs: open list size 

a) Relationship between the processing time and length of the best path using MPD* Lite 

b) Relationship between the processing time and length of the best path using D* Lite 

c) Relationship between the processing time and length of the best path using A* 

d) Comparative graph for the processing time of five pre-defined scenarios 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 4.5. MPD* Lite, D* Lite, and A* graphs: processing time 

a) Relationship between the size of the open list and length of the best path using MPD* Lite 

b) Relationship between the size of the open list and length of the best path using D* Lite 

c) Relationship between the size of the open list and length of the best path using A* 

d) Comparative graph for the size of the open list of five pre-defined scenarios 
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According to the results presented in Table 4.3, 0, Figure 4.4, and Figure 4.5, it 

can be inferred that both open list size and processing time, which are basically the 

governing factors that affect computational complexity of the algorithms, have 

exponential relationship with the number of nodes (namely number of all nodes and the 

length of the best path between the start node and the goal node) in A* algorithm. On the 

other hand, the computational complexity of D* Lite and MPD* Lite algorithms, 

according to the same results, has a polynomial relationship with the number of nodes. 

Although this polynomial relationship can be different for these two algorithms (e.g. 

different order of polynomial relationship), they both perform much faster than A* graph 

search algorithm.  

4.2. Energetically Optimized Path 

In the previous section, the superiority of the proposed search algorithm to one of 

the most commonly used algorithm (A*) has been investigated and the corresponding 

results have been presented. In this section, the main concentration is on dealing with the 

dynamic model of the robot and the path planning of the manipulator’s tip considering 

the consumed energy during its motion from the start node to the goal node. In another 

word, the best path between these two nodes is to be found based on the total energy 

consumption of the robot’s actuators and as a result the best path would be the path with 

the minimum energy consumption. 

For modeling the robot’s actuators, the dynamic model of DC motors are used as 

discussed in section 2.3. It is assumed that all the actuators are the same with similar 

characteristics. The parameters used for the simulation of the robot and calculating the 

energy consumption are listed on Table 4.5. 
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Table 4.5. DC motors parameters 

Parameter Description Value 

𝑅𝑎 Electric resistance 1 Ω 

𝐿𝑎 Electric inductance 0.5 𝐻 

𝑘𝑡 Motor torque constant 0.01 𝑁.𝑚. 𝐴𝑚𝑝−1 

𝑘𝑒 Electromotive force constant 0.02 𝑉. 𝑟𝑎𝑑−1. 𝑠−1 

𝑏 Motor viscous friction constant 0.1  𝑁.𝑚. 𝑠 

𝑘𝑝 PD-Control gain constant 0.8 

In following, five different cases of manipulation problems are defined and the 

corresponding results are presented. Each case can be considered as a subgroup of robotic 

manipulation task in assemble lines, inspection process, field search, or any other 

industrial purposes. 

4.2.1. Case 1: Typical object manipulation 

In this case, a classic manipulation task is defined for a three-link robotic arm. 

The start and the goal nodes (Table 4.6), are set on the right side and the left side of the 

obstacle, respectively. Defining such initialization, provides a typical manipulation task 

for the manipulator that can be found in many assembly lines (Navarro-Gonzalez et al. 

2015). 

The robot tip starts its motion from node #4 on the right-hand side of a big 

obstacle that can be considered as a divider of two different sections in an assembly lines. 

The manipulator’s tip passes sixteen nodes to reach the final node (node #31) on the left-

hand side of the obstacle. The best path, green bold line in Figure 4.6, shows the 

optimized path that minimizes the energy consumption by the DC motors at three joints 

of the robot. Two depicted graphs in Figure 4.6, shows the rotation angle of the revolute 

joints of the robot and the consumed energy of the DC motors mounted on these three 

joints. The accumulative energy consumption level is the highest in joint #1 and it is 
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minimum in joint #3 which totally matches the expected results in the real world. More 

details on Case 1 can be found in Figure 4.6 and Table 4.6. 

 

Figure 4.6. Case 1:object manipulation, energetically optimized path for the manipulator 

Table 4.6. Case 1 - detailed result information 

Variable Value 

Total number of nodes 87 

Start Node 4 

Goal Node 31 

Joint #1 energy consumption 32.77 

Joint #2 energy consumption 16.90 

Joint #3 energy consumption 3.93 

Total energy consumption 53.61 

Best path length (nodes) 16 

Pre-processing time (s) 44.250 
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4.2.2. Case 2: Large obstacle avoidance  

Another typical manipulation problem for robotic arms is their maneuverability in 

a workspace with big obstacles that limit the free space of the robot. In the defined 

scenario (Figure 4.7), the start and the goal nodes are set to be at two opposite corners of 

the workspace (node #37 and node #36). The robot needs to tangle to avoid any collision 

with the large surrounding obstacle. The robot’s links would be large enough if there is 

not such obstacle restraining the workspace. In similar cases, the pre-process phase of 

path planning plays a big role in finding the most efficient solution. Correspondingly, a 

greater number of free nodes are created to make sure that the robot can complete the 

manipulation task with the minimum cost. It is observable that the best path is generated 

to minimize the rotation of the first joint and the energy consumption accordingly. 

 

Figure 4.7. Case 2: tight workspace, energetically optimized path for the manipulator 
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Table 4.7. Case 2 - detailed result information 

Variable Value 

Total number of nodes 42 

Start Node 37 

Goal Node 36 

Joint #1 energy consumption 25.68 

Joint #2 energy consumption 11.64 

Joint #3 energy consumption 2.22 

Total energy consumption 39.54 

Best path length (nodes) 11 

Pre-processing time (s) 22.063 

4.2.3. Case 3: Crowded workspace 

Robot’s motion in a crowded workspace is another challenge that the 

manipulators might encounter while accomplishing their assigned tasks. Maintaining the 

best path with the minimum energy consumption and avoiding collision with the 

obstacles is the desired goal in this scenario. Six obstacles in different sizes and shapes 

are defined (Figure 4.8) to make the workspace as tight as possible. The robot’s mission 

is to take an object from a location between two of these obstacles in the right corner of 

the workspace and drop it in another corner of the workspace while avoiding any 

collision with the pre-defined obstacles. The robotic arm in this scenario has four links 

with the same length to improve the maneuverability of the robot. The energy 

consumption graphs, best path, and the processing time for finding the best path can be 

found in Figure 4.8 and Table 4.8. 
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Figure 4.8. Case 3: crowded workspace, energetically optimized path for the manipulator 

Table 4.8. Case 3 - detailed results information 

Variable Value 

Total number of nodes 86 

Start Node 77 

Goal Node 79 

Joint #1 energy consumption 62.88 

Joint #2 energy consumption 33.39 

Joint #3 energy consumption 13.27 

Joint #4 energy consumption 3.52 

Total energy consumption 113.1 

Best path length (nodes) 11 

Pre-processing time (s) 42.781 
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4.2.4. Case 4: Inter-zonal manipulation 

Another type of manipulator that is considered in this study is a robotic arm with 

several small links and one or two long link(s). Such configuration of robotic arms 

maximize the dexterity of the robot while maintaining the goal reachability of the arm’s 

tip. Using such configuration enables the robot to perfectly do the manipulation task from 

the far corner of one zone to another zone, while avoiding the zones divider and other 

obstacles. Based on the workspace conditions, manipulation task, and other possible 

requirement during the manipulation, the longer links can be replaced by prismatic links. 

In this case, a robot manipulator with four shorter links and one longer link is 

defined. Two big divider obstacles are also placed on two sides of the workspace to shape 

two different zones of the workspace. In Figure 4.9, the robot’s tip path is shown by the 

green line connecting the best path nodes. According to the provided graph, link #1, 

consumes the highest energy among the five links and it totally matches the expected real 

results. More detailed information can be found in Table 4.9 
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Figure 4.9. Case 4: inter-zonal manipulation, energetically optimized path for the manipulator 

Table 4.9. Case 4 - detailed results information 

Variable Value 

Total number of nodes 158 

Start Node 35 

Goal Node 130 

Joint #1 energy consumption 270.1 

Joint #2 energy consumption 167.6 

Joint #3 energy consumption 91.85 

Joint #4 energy consumption 46.35 

Joint #5 energy consumption 15.9 

Total energy consumption 591.8 

Best path length (nodes) 16 

Pre-processing time (s) 124.453 



70 

 

4.2.5. Case 5: Path planning in a tight workspace 

Maneuverability of a manipulator in a tight workspace is another feature that 

should be taken into consideration for dealing with the manipulation problems. In this 

case, a manipulator similar to the one in section 4.2.4 is defined. The defined manipulator 

has six smaller links and one longer link with a length two times of the other ones. The 

start node and the goal node are defined on opposite sides of the workspace. According to 

the rotation graph of the robot’s links, the actuators have to undergo several direction 

change in their rotation. These direction changes enables the robot, with rather big size of 

the links, to accomplish the manipulation task from one side of the workspace to the other 

side while avoiding the predefined obstacles. CPU time for finding the best path using the 

proposed algorithm is as small as 0.4 second which put this algorithm among the best in 

dealing with optimization problems. 

 

Figure 4.10. Case 5: path planning in tight workspace, energetically optimized path for the manipulator 
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Table 4.10. Case 5 - detailed results information 

Variable Value 

Total number of nodes 152 

Start Node 17 

Goal Node 16 

Total energy consumption 1702 

Best path length (nodes) 13 

CPU time 0.41 s 

Pre-processing time (s) 210.125 

As mentioned in sections 3.5 and 3.6, there are some fixed pre-processing 

computational cost such as node generation, obstacle avoidance procedure, and map 

prepration. Correspondingly, the pre-processing time of the defined scenarios in Figure 

4.3 section (4.1) are not included in the result tables as they do not affect the comparison 

between the search algorithms. However, for clarification purposes, the pre-processing 

time for MPD* Lite algorithm which is applied on eight different cases, is included in the 

presented results in sections 4.2 and 4.3. 

4.3. Re-planning Using MPD* Lite Algorithm 

As discussed in sections 3.5.1 to 3.5.3, one of the main features of D* Lite 

algorithm is its ability to generate a new path for the robot navigation based on the pre-

processed node map. In many cases in real practices of the manipulation using robotic 

arms, the robot may encounter unexpected changes that can effect on the generated path, 

its calculated cost, and the possibility of tracking the generated path. In some cases the 

path may have higher cost that result in corresponding modifications of the path features. 

In some other cases, the path could be totally changed and the robot may have to take a 

new route to reach the goal node. 



72 

 

In this section three scenarios are defined to examine the capability of the search 

algorithm in finding a new path for the robot. The scenarios are defined somehow to 

cover the most common problems in manipulation when the robot deals with unexpected 

changes in its way to the goal node. For this purpose, the robot manipulators with the 

parameters same as those mentioned in Table 4.5, are defined and the search algorithm is 

applied in order to finding the best path for the manipulation of the robot’s tip from the 

start node to the goal node. The results of the search algorithm and the simulation of the 

robot motion are presented accordingly in following scenarios. These typical cases can 

also be considered as a best-path-search problem in mobile robot navigation. In such 

case, the robot manipulator’s tip with a fixed base can be replaced with the center of 

gravity of a mobile robot. 

4.3.1. Case 1: Wrong estimation of obstacles’ features 

In some cases, a wrong estimation of obstacles’ size, shape or location can cause a 

big failure in accomplishing a mission by the robot. It’s important to utilize the 

approaches that make the robot capable of dealing with such cases.  

In the below scenario a robot with four identical links is defined in a workspace 

with two detected obstacles. The goal is to do a safe manipulation from the start node on 

the right-hand side of the workspace (node #67) to the goal node on the upper part of the 

workspace between the obstacles (node #89). The initial best path is shown with a red 

line in Figure 4.11. It is observable that the robot trajectory is so close to the obstacle and 

this may cause trouble if there is a case of wrong estimation in determining the obstacle 

size or shape. Node #52 and its neighbouring nodes on the initial path can be assigned as 

part of the obstacle or their cost value can be changed to higher values. As a result D* 
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Lite search algorithm starts searching the neighbouring nodes to find a new best path with 

the minimum cost from the start node to the goal node. The new best path is shown with 

a green line in Figure 4.11. In the new search there is no need to include all the generated 

nodes, but the algorithm does the needed modification on the best path by searching the 

neighbouring nodes until the goal node is reached. More details on the procedure of find 

the new path can be found in section 3.5.3. 

 

Figure 4.11. Re-planning: Case 1 - wrong estimation in obstacle features 
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4.3.2. Case 2: Detecting new obstacles 

In a workspace with routine tasks for the robot, it is quite simple to detect all the 

obstacles and define all the cost values on the node map. In many other cases that the 

robot has to take the paths for the first time, it is totally possible to miss some obstacles in 

pre-processing phase. In such cases the robot has to change its route in its navigation 

toward the goal node. The path might be completely changed or it may undergo some 

changes in its direction. 

In case 2, the robotic arm shown in Figure 4.12, detects a new obstacle on its way 

to the goal node (node #66) in the left-hand side of the workspace (shown with a red 

square). Accordingly all the nodes beside the new obstacle will have a change in their 

cost value. The robot cannot take any path containing the nodes in the boundary of the 

new obstacle (nodes 20, 23, 27, and 60). In this case the new path is totally different from 

the path that was generated as the best path before detecting the new obstacle. In Figure 

4.12 the workspace, starting point, goal node, the old path, and the new best path are 

shown. The rotation graph, energy consumption graph and more details can also be found 

in the below figure. 
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Figure 4.12. Re-planning: Case 2 - detecting new obstacles 

 

 

4.3.3. Case 3: Avoiding special conditions 

Manipulation in hazardous workspace is one of the classic everyday tasks for the 

robotic arms. These type of manipulation has to be done with the minimum human 

intervention. High radiation level, moisture, or excessive heat can cause failure in 

electronics or mechanical component of the robot. To avoid such failures a common 

practice is to define some areas as an obstacle in the workspace. 
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In the below scenario a robotic arm is to do a manipulation task in a workspace 

with extreme level of heat. The blue triangular obstacle are the areas with intolerable 

temperature for the robot. According to Figure 4.13, the robot initially takes a route near 

one of the obstacles. This path is provided by the search algorithm as the best path with 

minimum amount of consumed energy. However, one of the nodes in this path is located 

too close to the obstacle and as a result may cause the robot fail due to high level of heat. 

Consequently, the robot has to change its route to avoid this condition. The search 

algorithm searches the neighbouring nodes for the possible alternative paths. The red and 

green paths in Figure 4.13 show the initial and the alternative best path, respectively. 

 

Figure 4.13. Re-planning: Case 3 - avoiding special conditions 
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Chapter 5. Conclusions and Recommendations for Future Work 

Using robots with different shapes, sizes and characteristics for delivering wide 

range of tasks from repetitive simple manipulation to doing maintenance in hazardous 

workspaces, has been always an interesting and challenging problem for the engineers. In 

this study, the problem of optimized motion planning for the robotic arms in partially 

known environment is addressed and a modified search algorithm is proposed and 

applied for this purpose. 

The manipulators parameters and variables are defined and the mathematical 

model of the robot motion is developed by solving the Lagrange equations for the 

manipulator. Similarly, the dynamic model and the corresponding equations of the DC 

motors at each joint of the robot are developed and the relationship between the input 

voltage of the motors, the electric current and the rotation angle is expressed. The 

coupled differential equation system for modeling the robot and the motors is presented 

and its solution using the fourth order of Runge-Kutta algorithm is extensively discussed. 

Solving the differential equations of the robot motion and the joint’s actuator dynamic 

model, enables the search algorithm to include the energy consumption in the cost 

function associated with the graph traverse problem. 

Graph search algorithms deal with the problems in which the goal is defined to 

discover the reachable nodes, the best reachable nodes or the best path in a network of 

nodes. D* Lite is one of the most well-known recent search algorithms and being one of 

the best in dealing with the partially-known environment search problems. The 

capabilities and the advantages of D* Lite algorithm over the other well-known 
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algorithms is highlighted and the procedures for finding the best path using this algorithm 

is widely discussed. A modification on the D* Lite algorithm is proposed in this thesis 

and the appropriate alternative procedure is offered. The re-planning method of the graph 

traverse algorithm in a partially-known or unknown environment is also explained 

through an example. Moreover, a road map is presented that clearly shows the 

relationship between the robot modeling, dynamic model of the actuators, kinematic 

model of the robot, cost function, and the search algorithm. The best path for the 

manipulation between the start node and the goal node considering the output cost from 

the modeling phase of the study, is created using the offered procedure. 

The implementation of the proposed search algorithm on the modeled robot and 

workspace is done in MATLAB. A framework is designed to define the robot and model 

its kinematics and dynamics equation of motion. The MATLAB framework consists of 

several classes that contain different functions, methods, and properties through which 

the user can completely define and change different attributes of the robot and its 

workspace. Robot’s dynamics and motor’s dynamics classes are designed to interpret the 

user input values to the needed variables for the calculations of the robot’s motion based 

on the derived equations from the robot modeling. The Matlab search algorithm class is 

basically a group of sub-classes defined for doing the graph search using the proposed 

algorithm in section 2.5.1. Generating the best path using the dynamics classes and the 

graph search class, the desired output is derived. The simulation class uses the search 

algorithm output as an input to run the simulation of the robot’s motion. In this class, 

several functions and methods are defined to show the motion of the robot during the 

manipulation from the start node to the goal node. The output figures which can be 
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considered as the post-processed result of this study, include the rotation graph of the 

robot’s joints and the cumulative energy consumption of each joint form the beginning of 

the manipulation to the final robot’s configuration at the goal node.  

The original contributions of this study can be listed as: 

 Developing a MATLAB framework for modeling the manipulators based 

on the user-defined parameters 

 Deriving the coupled equations system of the manipulator-DC motor 

system as a single state space 

 Proposing a solution to the governing equations of the robot by using a 

control method for the voltage-rotation relationship and defining a 

calibrated energy consumption variable as one of the terms in the cost 

function of the model 

 Proposing a modification to the best path generation procedure of D* Lite 

algorithm  

 Implementing the D* Lite algorithm and also the Modified D* Lite in 

MATLAB as a motion planner for the manipulators 

 Developing a MATLAB based simulator for presenting the robot motion 

and the search algorithm results using the online graph generation 

The only limitation for the current study, due to the lack of robotics equipment, is 

that the developed framework is not implemented on a real system to verify the results. 

This study can be expanded by: 
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 Changing the inverse kinematics method to make it more efficient for the 

robots with higher DOF (more than six). 

 Using a more advanced control method for controlling the velocity-current 

of the actuators for desired motion of the robot. 

 Developing the occupancy analysis for the 3D workspaces. 

 Developing an interactive framework in a lower level programming 

language like C# or C++ to enhance the efficiency of the framework. 
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A. Appendix – MATLAB M-file Scripts 

In this section the MATLAB m-file script of the robot modeling, optimized path planning, and simulations is provided. Basic 

functions and classes for defining the workspace of the robot like Point.m, TD_Grid, Neighbour.m, and PRM.m which are not 

included here, can be found in (Fallahinejad Ghajari 2015). However, they are mostly modified to be applicable in the proposed 

optimized path planning of the manipulator using D* Lite algorithm. The following m-file script are developed in MATLAB 

environment and organized under three sections of Robot Modeling, Optimized Path Planning, and Simulation.  

A.1. Robot Modeling 

Node.m

classdef Node < handle 1 

    properties 2 

        ID = -1; 3 

        P = Point(); 4 

        All_Nghbrs; 5 

        Config; 6 

        g; 7 

        rhs; 8 

        key; 9 

        Cost_2_Succ; 10 

        Best_Neighbour_ID; 11 

        rhs_new; 12 

        Cost_Change; 13 

    end     14 
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    methods(Access = public) 15 

        function nd = Node(ID_in,P_in,Config_in) 16 

            nd.ID = ID_in; 17 

            nd.P = P_in; 18 

            nd.All_Nghbrs = Neighbour.empty; 19 

            nd.Config = Config_in; 20 

            nd.g = 1e10; 21 

            nd.rhs = 1e10; 22 

            nd.key = 1e10; 23 

            nd.Cost_2_Succ = 1e10; 24 

            nd.Best_Neighbour_ID = 0; 25 

            nd.rhs_new = 0; 26 

            nd.Cost_Change = 0; 27 

        end         28 

        function Value = All_Neighbours_Length(nd) 29 

            Value = int32(0); 30 

            Value = size(nd.All_Nghbrs,2); 31 

        end         32 

        function value = Is_Nghbr(nd,Nghbr_in) 33 

            m = size(nd.All_Nghbrs,2); 34 

            for i = 1:m 35 

                if (nd.All_Nghbrs(i).Id == Nghbr_in.Id) 36 

                    value = 1; 37 

                    return 38 

                end 39 

            end 40 

            value = 0; 41 

        end         42 

        function Add_Nghbr(nd,Nghbr_in) 43 

            if( Nghbr_in.Id == nd.ID || Is_Nghbr(nd,Nghbr_in)==1 ) 44 

                return 45 

            end 46 

            m = size(nd.All_Nghbrs,2); 47 

            nd.All_Nghbrs(m+1) = Nghbr_in; 48 

        end         49 

        function rhs_value = Calc_rhs(nd, Succ_g, Cost2Succ) 50 

            temp_rhs = Succ_g + Cost2Succ; 51 

            if (temp_rhs < nd.rhs) 52 
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                rhs_value = 1; 53 

                nd.rhs = temp_rhs; 54 

                nd.Cost_2_Succ = Cost2Succ; 55 

            else 56 

                rhs_value = 0; 57 

            end 58 

        end         59 

        function key_value = Calc_key(nd, h) 60 

            key_value = min(nd.rhs,nd.g) + h; 61 

            nd.key = key_value; 62 

        end         63 

        function g_value = g_Update(nd) 64 

            if (nd.g > nd.rhs) 65 

                g_value = nd.rhs; 66 

                nd.g = g_value; 67 

            else 68 

                g_value = 1e10; 69 

                nd.g = g_value; 70 

            end 71 

        end         72 

        function New_Cost_Value = Cost_New(nd, Nrhs) 73 

            if (Nrhs > nd.rhs) 74 

                nd.Cost_Change = 1; 75 

            end 76 

            nd.rhs = Nrhs; 77 

            New_Cost_Value = Nrhs; 78 

        end         79 

        function [nd,idx] = sort_key(nd,varargin) 80 

         [~,idx] = sort([nd.key],varargin{:}); 81 

         nd = nd(idx); 82 

        end 83 

    end 84 

end85 
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Robot.m

classdef Robot < handle 1 

    properties 2 

        All_Links; 3 

        No_Links; 4 

        Origin; 5 

    end     6 

    methods 7 

        function Rbt = Robot(All_Links_in , No_Links_in, Origin_in) 8 

            Rbt.All_Links = All_Links_in; 9 

            Rbt.No_Links = No_Links_in; 10 

            Rbt.Origin = Origin_in; 11 

        end         12 

        function end_effector = End_Effector(Rbt, config) 13 

            A = zeros(Rbt.No_Links, 4, 4);             14 

            for i = 1:Rbt.No_Links 15 

                theta = 0; 16 

                d = 0;                 17 

                if (Rbt.All_Links(i).is_prismatic == 1) 18 

                    theta = Rbt.All_Links(i).theta; 19 

                    d = config(i); 20 

                else 21 

                    theta = config(i); 22 

                    d = Rbt.All_Links(i).d; 23 

                end                 24 

                st = sin(theta); 25 

                ct = cos(theta); 26 

                sa = sin(Rbt.All_Links(i).alpha); 27 

                ca = cos(Rbt.All_Links(i).alpha);                 28 

                A(i,1,1) = ct; 29 

                A(i,1,2) = -st * ca; 30 

                A(i,1,3) = st * sa; 31 

                A(i,1,4) = Rbt.All_Links(i).a * ct;                 32 

                A(i,2,1) = st; 33 

                A(i,2,2) = ct * ca; 34 

                A(i,2,3) = -ct * sa; 35 
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                A(i,2,4) = Rbt.All_Links(i).a * st;                 36 

                A(i,3,2) = sa; 37 

                A(i,3,3) = ca; 38 

                A(i,3,4) = d;                 39 

                A(i,4,4) = 1; 40 

            end             41 

            T(1:4,1:4) = A(Rbt.No_Links,1:4,1:4); 42 

            for i = Rbt.No_Links-1 : -1 : 1 43 

                A_temp(1:4,1:4) = A(i,1:4,1:4); 44 

                T = A_temp * T; 45 

            end 46 

            end_effector = Point(T(1,4) + Rbt.Origin.x,... 47 

                T(2,4) + Rbt.Origin.y,... 48 

                T(3,4) + Rbt.Origin.z); 49 

        end         50 

        function link_position = Link_Position(Rbt, config, Link_ID, percentage) 51 

            A = zeros(Link_ID, 4, 4);             52 

            for i = 1:Link_ID 53 

                theta = 0; 54 

                d = 0; 55 

                a = 0; 56 

                 57 

                if (Rbt.All_Links(i).is_prismatic == 1) 58 

                    theta = Rbt.All_Links(i).theta; 59 

                    a = Rbt.All_Links(i).a; 60 

                    if (i == Link_ID) 61 

                        d = percentage * config(i); 62 

                    else 63 

                        d = config(i); 64 

                    end 65 

                else 66 

                    theta = config(i); 67 

                    d = Rbt.All_Links(i).d; 68 

                    if (i == Link_ID) 69 

                        a = Rbt.All_Links(i).a * percentage; 70 

                    else 71 

                        a = Rbt.All_Links(i).a; 72 
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                    end 73 

                end                 74 

                st = sin(theta); 75 

                ct = cos(theta); 76 

                sa = sin(Rbt.All_Links(i).alpha); 77 

                ca = cos(Rbt.All_Links(i).alpha);                 78 

                A(i,1,1) = ct; 79 

                A(i,1,2) = -st * ca; 80 

                A(i,1,3) = st * sa; 81 

                A(i,1,4) = a * ct;                 82 

                A(i,2,1) = st; 83 

                A(i,2,2) = ct * ca; 84 

                A(i,2,3) = -ct * sa; 85 

                A(i,2,4) = a * st;                 86 

                A(i,3,2) = sa; 87 

                A(i,3,3) = ca; 88 

                A(i,3,4) = d;                 89 

                A(i,4,4) = 1; 90 

            end             91 

            T(1:4,1:4) = A(Link_ID,1:4,1:4); 92 

            for i = Link_ID-1 : -1 : 1 93 

                A_temp(1:4,1:4) = A(i,1:4,1:4); 94 

                T = A_temp * T; 95 

            end             96 

            link_position = Point(T(1,4) + Rbt.Origin.x,... 97 

                T(2,4) + Rbt.Origin.y,... 98 

                T(3,4) + Rbt.Origin.z); 99 

        end 100 

        function Rnd_No = Rand_Real(Rbt) 101 

            seed = 1; 102 

            rand('seed',seed); 103 

            randn('seed',seed); 104 

            Rnd_No = rand(1,Rbt.No_Links); 105 

        end         106 

        function Rnd_No = Rand_Real_Beta(Rbt,seed) 107 

            rand('seed',seed); 108 

            randn('seed',seed); 109 

            beta_rand = betarnd(0.5,0.5,1,Rbt.No_Links); 110 
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            beta_rand = max(beta_rand,0); 111 

            beta_rand = min(beta_rand,01); 112 

            Rnd_No = beta_rand; 113 

        end         114 

        function Rnd_Config = Rand_Config_gen(Rbt,seed) 115 

            Rnd_Config = zeros(1,Rbt.No_Links); 116 

            Random_Numbers = Rand_Real_Beta(Rbt,seed); 117 

            for i = 1:Rbt.No_Links 118 

                Rob_Max = Rbt.All_Links(i).Location_Max; 119 

                Rob_Min = Rbt.All_Links(i).Location_Min; 120 

                Rnd_Config(1,i) = Random_Numbers(i)*(Rob_Max - Rob_Min) + Rob_Min; 121 

            end 122 

        end         123 

        function is_collision_free = Is_collision_free(Rbt, OccGrdNow, Config_in) 124 

            is_collision_free = 0; 125 

            for j = 1:Rbt.No_Links 126 

                dL_min = min( min(OccGrdNow.dx, OccGrdNow.dy), OccGrdNow.dz); 127 

                if (Rbt.All_Links(j).is_prismatic == 1) 128 

                    n = 3*(Rbt.All_Links(j).Location_Max / dL_min); 129 

                else 130 

                    n = 3*( Rbt.All_Links(j).a / dL_min ); 131 

                end 132 

                for k = 0: 1/n :1 133 

                    link_position_percent = Rbt.Link_Position(Config_in, j, k); 134 

                    if ( OccGrdNow.Is_Occupied(link_position_percent) == 1 ) 135 

                        return; 136 

                    end 137 

                end 138 

            end 139 

            is_collision_free = 1; 140 

        end         141 

    end     142 

end143 
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Robot_Dynamics.m

classdef Robot_Dynamics < handle     1 

    properties 2 

        Dummy; 3 

    end     4 

    methods         5 

        function RbtDyn = Robot_Dynamics() 6 

            RbtDyn.Dummy = 0; 7 

        end         8 

        function DHM = DHMatrix(RbtNow, config, no_1, no_2)             9 

            n = RbtNow.No_Links; 10 

            A = zeros(4,4,(2*n-1));             11 

            theta = zeros(n); 12 

            alpha = zeros(n); 13 

            d = zeros(n); 14 

            a = zeros(n);             15 

            for i = 1:n                 16 

                if (RbtNow.All_Links(i).is_prismatic == 1) 17 

                    theta(i) = RbtNow.All_Links(i).theta; 18 

                    d(i) = config(i); 19 

                else 20 

                    theta(i) = config(i); 21 

                    d(i) = RbtNow.All_Links(i).d; 22 

                end 23 

                a(i) = RbtNow.All_Links(i).a; 24 

                alpha(i) = RbtNow.All_Links(i).alpha;                 25 

                st = sin(theta(i)); 26 

                ct = cos(theta(i)); 27 

                sa = sin(RbtNow.All_Links(i).alpha(i)); 28 

                ca = cos(RbtNow.All_Links(i).alpha(i));                 29 

                A(1,1,i) = ct; 30 

                A(1,2,i) = -st * ca; 31 

                A(1,3,i) = st * sa; 32 

                A(1,4,i) = a(i) * ct;                 33 

                A(2,1,i) = st; 34 

                A(2,2,i) = ct * ca; 35 
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                A(2,3,i) = -ct * sa; 36 

                A(2,4,i) = a(i) * st;                 37 

                A(3,2,i) = sa; 38 

                A(3,3,i) = ca; 39 

                A(3,4,i) = d(i);                 40 

                A(4,4,i) = 1; 41 

            end  42 

            Theta = theta(1); 43 

            LOMc = a(1)*cos(theta(1)); 44 

            LOMs = a(1)*sin(theta(1)); 45 

            cnt = 2;             46 

            for i = (n+1):(2*n-1) 47 

                Theta = Theta + theta(cnt); 48 

                LOMc = LOMc + a(cnt)*cos(Theta); 49 

                LOMs = LOMs + a(cnt)*sin(Theta);                 50 

                st = sin(Theta); 51 

                ct = cos(Theta); 52 

                ca = 1; 53 

                sa = 0;                 54 

                A(1,1,i) = ct; 55 

                A(1,2,i) = -st * ca; 56 

                A(1,3,i) = st * sa; 57 

                A(1,4,i) = LOMc;                 58 

                A(2,1,i) = st; 59 

                A(2,2,i) = ct * ca; 60 

                A(2,3,i) = -ct * sa; 61 

                A(2,4,i) = LOMs;                 62 

                A(3,2,i) = sa; 63 

                A(3,3,i) = ca; 64 

                A(3,4,i) = d(i);                 65 

                A(4,4,i) = 1;                 66 

                cnt = cnt + 1; 67 

            end             68 

            if (no_1 == 0) 69 

                if (no_2 == 1) 70 

                    DHM = A(:,:,1); 71 

                else 72 

                    DHM = A(:,:,(n-1)+no_2); 73 
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                end 74 

            else 75 

                DHM = A(:,:,no_2); 76 

            end 77 

        end         78 

        function Jacob = Jacobian(RbtNow, config, id)             79 

            n = RbtNow.No_Links; 80 

            J = zeros(6,n,n);             81 

            z = [0;0;1];             82 

            theta = zeros(n); 83 

            alpha = zeros(n); 84 

            d = zeros(n); 85 

            a = zeros(n);             86 

            Theta = 0; 87 

            LOMc = 0; 88 

            LOMs = 0; 89 

            cnt = 1;             90 

            for i = 1:n                 91 

                if (RbtNow.All_Links(i).is_prismatic == 1) 92 

                    theta(i) = RbtNow.All_Links(i).theta; 93 

                    d(i) = config(i); 94 

                else 95 

                    theta(i) = config(i); 96 

                    d(i) = RbtNow.All_Links(i).d; 97 

                end 98 

                a(i) = RbtNow.All_Links(i).a; 99 

                alpha(i) = RbtNow.All_Links(i).alpha;                 100 

                if (i>1) 101 

                    regLMC = 0.5*a(i-1)*cos(Theta); 102 

                    regLMS = 0.5*a(i-1)*sin(Theta); 103 

                else 104 

                    regLMC = 0; 105 

                    regLMS = 0; 106 

                end 107 

                Theta = Theta + theta(i); 108 

                LOMc = LOMc + 0.5*a(i)*cos(Theta) + regLMC; 109 

                LOMs = LOMs + 0.5*a(i)*sin(Theta) + regLMS;                 110 

                cc = 1; 111 
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                tt = 0; 112 

                tempLMc = 0; 113 

                tempLMs = 0;                 114 

                for j = 1:id 115 

                    dd = [LOMc - tempLMc ; LOMs - tempLMs ; 0]; 116 

                    tt = tt + theta(cc); 117 

                    tempLMc = tempLMc + a(cc)*cos(tt); 118 

                    tempLMs = tempLMs + a(cc)*sin(tt);                     119 

                    J(1:3,j,i) = cross(z , dd); 120 

                    J(4:6,j,i) = z;                     121 

                    cc = cc + 1; 122 

                end 123 

            end             124 

            Jacob = J(:,:,id); 125 

        end         126 

        function JSym = JSymbolic(RbtNow, id)             127 

            n = RbtNow.No_Links; 128 

            J = sym(zeros(6,n,n));             129 

            z = [0;0;1];             130 

            theta = sym(zeros(1,n)); 131 

            alpha = sym(zeros(1,n)); 132 

            d = sym(zeros(1,n)); 133 

            a = sym(zeros(1,n)); 134 

             135 

            Theta = 0; 136 

            LOMc = 0; 137 

            LOMs = 0;             138 

            for i = 1:n                 139 

                theta(i) = sym(sprintf('theta%d',i)); 140 

                alpha(i) = sym(sprintf('alpha%d',i)); 141 

                d(i) = sym(sprintf('d%d',i)); 142 

                a(i) = sym(sprintf('a%d',i));                 143 

                if (i>1) 144 

                    regLMC = 0.5*a(i-1)*cos(Theta); 145 

                    regLMS = 0.5*a(i-1)*sin(Theta); 146 

                else 147 

                    regLMC = 0; 148 
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                    regLMS = 0; 149 

                end 150 

                Theta = Theta + theta(i); 151 

                LOMc = LOMc + 0.5*a(i)*cos(Theta) + regLMC; 152 

                LOMs = LOMs + 0.5*a(i)*sin(Theta) + regLMS;                 153 

                cc = 1; 154 

                tt = 0; 155 

                tempLMc = 0; 156 

                tempLMs = 0;                 157 

                for j = 1:id 158 

                    dd = [LOMc - tempLMc ; LOMs - tempLMs ; 0]; 159 

                    tt = tt + theta(cc); 160 

                    tempLMc = tempLMc + a(cc)*cos(tt); 161 

                    tempLMs = tempLMs + a(cc)*sin(tt);                     162 

                    J(1:3,j,i) = cross(z , dd); 163 

                    J(4:6,j,i) = z;                     164 

                    cc = cc + 1; 165 

                end 166 

            end             167 

            JSym = J(:,:,id); 168 

        end         169 

        function D = InertiaMatrix(RbtDyn, RbtNow, config)             170 

            n = RbtNow.No_Links; 171 

            D_temp = zeros(n,n); 172 

             173 

            I = zeros(3,3,n); 174 

            J = zeros(6,n,n); 175 

            Jv = zeros(3,n,n); 176 

            Jw = zeros(3,n,n);             177 

            theta = zeros(n); 178 

            alpha = zeros(n); 179 

            d = zeros(n); 180 

            a = zeros(n); 181 

            M = zeros(n);             182 

            R = zeros(n,n,n);             183 

            for i = 1:n 184 

                if (RbtNow.All_Links(i).is_prismatic == 1) 185 
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                    theta(i) = RbtNow.All_Links(i).theta; 186 

                    d(i) = config(i); 187 

                else 188 

                    theta(i) = config(i); 189 

                    d(i) = RbtNow.All_Links(i).d; 190 

                end 191 

                a(i) = RbtNow.All_Links(i).a; 192 

                alpha(i) = RbtNow.All_Links(i).alpha; 193 

                M(i) = RbtNow.All_Links(i).mass;;                 194 

                st = sin(theta); 195 

                ct = cos(theta); 196 

                R(:,:,i) = [ct st 0; -st ct 0; 0 0 1]; 197 

            end             198 

            for i = 1:n 199 

                I(3,3,i) = (1/12) * RbtNow.All_Links(i).mass * (RbtNow.All_Links(i).a)^2; 200 

            end             201 

            for i = 1:n 202 

                J(:,:,i) = RbtDyn.Jacobian(RbtNow, config, i); 203 

                Jv(:,:,i) = J(1:3, 1:n, i); 204 

                Jw(:,:,i) = J(4:6, 1:n, i); 205 

            end             206 

            for i = 1:n                207 

                jv = Jv(:,:,i); 208 

                jw = Jw(:,:,i); 209 

                r = R(:,:,i); 210 

                ii = I(:,:,i); 211 

                D_temp = D_temp + (M(i) * (jv' * jv)) + (jw' * r * ii * r' * jw); 212 

            end             213 

            D = D_temp; 214 

        end         215 

        function DSym = DSymbolic(RbtDyn, RbtNow)             216 

            n = RbtNow.No_Links; 217 

            D_temp = sym(zeros(n,n));             218 

            I = sym(zeros(3,3,n)); 219 

            J = sym(zeros(6,n,n)); 220 

            Jv = sym(zeros(3,n,n)); 221 

            Jw = sym(zeros(3,n,n));             222 

            theta = sym(zeros(1,n)); 223 
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            alpha = sym(zeros(1,n)); 224 

            d = sym(zeros(1,n)); 225 

            a = sym(zeros(1,n)); 226 

            M = sym(zeros(1,n));             227 

            R = sym(zeros(n,n,n));             228 

            for i = 1:n 229 

                theta(i) = sym(sprintf('theta%d',i)); 230 

                alpha(i) = sym(sprintf('alpha%d',i)); 231 

                d(i) = sym(sprintf('d%d',i)); 232 

                a(i) = sym(sprintf('a%d',i)); 233 

                M(i) = sym(sprintf('m%d',i));                 234 

                st = sin(theta(i)); 235 

                ct = cos(theta(i)); 236 

                R(:,:,i) = [ct st 0; -st ct 0; 0 0 1];                 237 

                I(3,3,i) = (1/12) * M(i) * a(i)^2; 238 

            end             239 

            for i = 1:n 240 

                J(:,:,i) = RbtDyn.JSymbolic(RbtNow, i); 241 

                Jv(:,:,i) = J(1:3, 1:n, i); 242 

                Jw(:,:,i) = J(4:6, 1:n, i); 243 

            end             244 

            for i = 1:n 245 

                jv = Jv(:,:,i); 246 

                jw = Jw(:,:,i); 247 

                r = R(:,:,i); 248 

                ii = I(:,:,i); 249 

                D_temp = D_temp + (M(i) * (jv' * jv)) + (jw' * r * ii * r' * jw); 250 

            end             251 

            DSym = D_temp;             252 

        end         253 

        function CSym = CSymbolic(RbtDyn, RbtNow)             254 

            n = RbtNow.No_Links;             255 

            CSym = sym(zeros(n,n)); 256 

            CSym_temp = sym(zeros(n,n)); 257 

            C_elem = sym(zeros(n,n,n)); 258 

            theta_d = sym(zeros(1,n));             259 

            for i = 1:n 260 

                theta_d(i) = sym(sprintf('theta_d%d',i)); 261 
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            end             262 

            DS = RbtDyn.DSymbolic(RbtNow);             263 

            for i = 1:n 264 

                for j = 1:n 265 

                    for k = 1:n 266 

                        diff_elem1 = diff(DS(k,j),sprintf('theta%d',i)); 267 

                        diff_elem2 = diff(DS(k,i),sprintf('theta%d',j)); 268 

                        diff_elem3 = diff(DS(i,j),sprintf('theta%d',k)); 269 

                        C_elem(i,j,k) = (1/2) * (diff_elem1 + diff_elem2 - diff_elem3); 270 

                    end 271 

                end 272 

            end             273 

            for i = 1:n 274 

                for k = 1:n 275 

                    CSym_temp(i,k) = sum(C_elem(i,:,k)); 276 

                end 277 

            end             278 

            for i = 1:n 279 

                CSym(:,i) = CSym_temp(:,i)*theta_d(i); 280 

            end 281 

        end         282 

        function C = ChrisMatrix(RbtDyn, RbtNow, config, d_theta)             283 

            n = RbtNow.No_Links;             284 

            LengthArg = cell(1,n); 285 

            MArg = cell(1,n); 286 

            ThetaArg = cell(1,n); 287 

            Theta_dArg = cell(1,n);             288 

            CFunc = matlabFunction(RbtDyn.CSymbolic(RbtNow));             289 

            for i = 1:n 290 

                LengthArg{i} = RbtNow.All_Links(i).a; 291 

                ThetaArg{i} = config(i); 292 

                Theta_dArg{i} = d_theta(i); 293 

                if (i == 1)  294 

                    continue; 295 

                end 296 

                MArg{i} = RbtNow.All_Links(i).mass; 297 

            end             298 

            C = CFunc(LengthArg{:}, MArg{:}, ThetaArg{:}, Theta_dArg{:}); 299 
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        end         300 

        function GSym = GSymbolic(RbtNow)             301 

            n = RbtNow.No_Links; 302 

            g = 9.81; 303 

            GSym = sym(zeros(n,1));             304 

            theta = sym(zeros(1,n)); 305 

            alpha = sym(zeros(1,n)); 306 

            d = sym(zeros(1,n)); 307 

            a = sym(zeros(1,n)); 308 

            m = sym(zeros(1,n)); 309 

            V = sym(zeros(1,n));             310 

            Theta = 0; 311 

            LOMc = 0; 312 

            LOMs = 0;             313 

            for i = 1:n                 314 

                theta(i) = sym(sprintf('theta%d',i)); 315 

                alpha(i) = sym(sprintf('alpha%d',i)); 316 

                d(i) = sym(sprintf('d%d',i)); 317 

                a(i) = sym(sprintf('a%d',i)); 318 

                m(i) = sym(sprintf('m%d',i));                 319 

                if (i>1) 320 

                    regLMC = 0.5*a(i-1)*cos(Theta); 321 

                    regLMS = 0.5*a(i-1)*sin(Theta); 322 

                else 323 

                    regLMC = 0; 324 

                    regLMS = 0; 325 

                end 326 

                Theta = Theta + theta(i); 327 

                LOMc = LOMc + 0.5*a(i)*cos(Theta) + regLMC; 328 

                LOMs = LOMs + 0.5*a(i)*sin(Theta) + regLMS;                 329 

                V(i) = -1*[0 -g 0]*[LOMc;LOMs;0]*m(i); 330 

                GSym(i) = diff(V(i),theta(i));                 331 

            end 332 

        end         333 

        function G = GMatrix(RbtNow, RbtDyn, config)             334 

            n = RbtNow.No_Links;             335 

            LengthArg = cell(1,n); 336 

            MArg = cell(1,n); 337 
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            ThetaArg = cell(1,n);             338 

            GFunc = matlabFunction(RbtDyn.GSymbolic);             339 

            for i = 1:n 340 

                LengthArg{i} = RbtNow.All_Links(i).a; 341 

                ThetaArg{i} = config(i); 342 

                MArg{i} = RbtNow.All_Links(i).mass; 343 

            end             344 

            G = GFunc(LengthArg{:}, MArg{:}, ThetaArg{:}); 345 

        end         346 

        function [coe1, coe2, coe3, coe_w, coe_dw] = Coe(RbtNow, kt, B)             347 

            n = RbtNow.No_Links;             348 

            J = zeros(1,n); 349 

            coe1 = sym(zeros(1:n)); 350 

            coe2 = sym(zeros(1:n)); 351 

            coe3 = sym(zeros(1:n)); 352 

            coe_w = sym(zeros(n)); 353 

            coe_dw = sym(zeros(n));             354 

            DSym = RbtDyn.DSymbolic(RbtNow); 355 

            CSym = RbtDyn.CSymbolic(RbtNow); 356 

            GSym = RbtDyn.DSymbolic(RbtNow);             357 

            for i = 1:n 358 

                coe1(i) = kt / (J(i)+DSym(i,i)); 359 

                coe2(i) = (B+CSym(i,i)) / (J(i)+DSym(i,i)); 360 

                coe3(i) = GSym(i) / (J(i)+DSym(i,i));                 361 

                for j = 1:n 362 

                    if (j==i) 363 

                        continue; 364 

                    end 365 

                    coe_w(i,j) = CSym(i,j) / ((J(i)+DSym(i,i))); 366 

                    coe_dw(i,j) = DSym(i,j) / ((J(i)+DSym(i,i)));  367 

                end 368 

            end 369 

        end             370 

        function [inv_cmat, cc_mat] = Thetad_Eq(RbtDyn, RbtNow, Theta, Theta_d, I, kt, B)             371 

            n = RbtNow.No_Links;             372 

            [coe1, coe2, coe3, coe_w, coe_dw] = RbtDyn.Coe(RbtNow, kt, B); 373 

            coe1 = matlabFunction(coe1); 374 

            coe2 = matlabFunction(coe2); 375 
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            coe3 = matlabFunction(coe3); 376 

            coe_w = matlabFunction(coe_w); 377 

            coe_dw = matlabFunction(coe_dw);             378 

            LengthArg = cell(1,n); 379 

            MArg = cell(1,n);                         380 

            for i = 1:n 381 

                LengthArg{i} = RbtNow.All_Links(i).a;                 382 

                MArg{i} = RbtNow.All_Links(i).mass; 383 

            end             384 

            CC = zeros(n); 385 

            Coe_Mat = zeros(n); 386 

            cc_mat = zeros(1,n); 387 

            for i = 1:n                 388 

                coe1_val = coe1{i}(LengthArg{i:n}, MArg{i:n}, Theta{:}); 389 

                coe2_val = coe2{i}(LengthArg{i:n}, MArg{i:n}, Theta{:}, Theta_d{i}); 390 

                coe3_val = coe3{i}(LengthArg{i:n}, MArg{i:n}, Theta{:});                 391 

                if (i==n) 392 

                    coe2_val = coe2{i}(LengthArg{i:n}, MArg{i:n}, Theta{:}); 393 

                end                 394 

                coe_dw_val = zeros(n); 395 

                coe_w_val = zeros(n); 396 

                for j = 1:n 397 

                    if (j==i) 398 

                        continue; 399 

                    end 400 

                    coe_dw_val(i,j) = coe_dw{i,j}(LengthArg{j:n}, MArg{i:n}, Theta{:}); 401 

                    coe_w_val(i,j) = coe_w{i,j}(LengthArg{:}, MArg{i:n}, Theta{:}, Theta_d{i}); 402 

                    CC(i) = CC(i) + coe_w_val(i,j)*Theta_d{j}; 403 

                    Coe_Mat(i,j) = coe_dw_val(i,j); 404 

                end                 405 

                Coe_Mat(i,i) = 1; 406 

                cc_mat(i) = coe1_val*I{i} - coe2_val*Theta_d{i} - coe3_val - CC(i); 407 

            end             408 

            inv_cmat = inv(Coe_Mat); 409 

        end 410 

    end 411 

end412 
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Motor_Dynamics.m

classdef Motor_Dynamics_PControl < handle     1 

    properties 2 

        Dynamics_Cost; 3 

    end     4 

    methods         5 

        function MtrDyn = Motor_Dynamics(Dynamics_Cost_in) 6 

            MtrDyn.Dynamics_Cost = Dynamics_Cost_in; 7 

        end         8 

        function Pow = EnergyCost(RbtDyn, RbtNow, node_1, node_2)             9 

            dt = 1e-3;  10 

            Ra = 1;  11 

            La = 0.5;  12 

            kt = 0.01;  13 

            kv = 0.02;  14 

            B = 0.1;  15 

            Va = 5*ones(RbtNow.No_Links);  16 

            kp = 0.8;  17 

            Pow_Con = 0; 18 

            n = RbtNow.No_Links;             19 

            LengthArg = cell(1,n); 20 

            Theta = cell(1,n); 21 

            Theta_End = zeros(1,n); 22 

            Theta_Diff = zeors(1,n); 23 

            Sign_Diff = zeros(1,n); 24 

            Steps = zeros(1,n); 25 

            MArg = cell(1,n);             26 

            for i = 1:n 27 

                LengthArg{i} = RbtNow.All_Links(i).a; 28 

                MArg{i} = RbtNow.All_Links(i).mass; 29 

                Theta{i} = node_1.Config(i); 30 

                Theta_End(i) = node_2.Config(i); 31 

                Theta_Diff(i) = Theta_End(i) - Theta{i}; 32 

                Sign_Diff(i) = sign(Theta_Diff(i)); 33 

                Steps(i) = round(abs(Theta_Diff(i)/dt)); 34 

            end             35 
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            Steps_Max = max(Steps); 36 

            Theta_d = cell(n,Steps_Max); 37 

            I = cell(n,Steps_Max);             38 

            for i = 1:n 39 

                Theta_d{i,1} = Sign_Diff*0.001; 40 

                I{i,1} = 0; 41 

            end             42 

            for nn = 1:Steps_Max                 43 

                k = zeros(4,n); 44 

                l = zeros(4,n); 45 

                m = zeros(4,n);                 46 

                uTheta = Theta; 47 

                uI = cell(n,Steps_Max); 48 

                uTheta_d = cell(n,Steps_Max);                 49 

                for j = 1:4 50 

                    for i = 1:n                         51 

[Inv_CMmat , CC_Mat] = RbtDyn.Thetad_Eq(RbtNow, uTheta{:}, uTheta_d{:,nn}, 52 

uI{:,nn}, kt, B); 53 

                        k(j,i) = uTheta_d{i,nn}; 54 

                        l(j,i) = Va(i)/La - (Ra/La)*uI{i,nn} - (kv/La)*uTheta_d{i,nn}; 55 

                        m(j,i) = Inv_CMmat*CC_Mat(i);                         56 

                        if (j==3) 57 

                            uTheta{i} = Theta{i} + k(j,i); 58 

                            uI{i,nn} = I{i,nn} + l(j,i); 59 

                            uTheta_d{i,nn} = Theta_d{i,nn} + m(j,i); 60 

                        else 61 

                            uTheta{i} = Theta{i} + 0.5*k(j,i); 62 

                            uI{i,nn} = I{i,nn} + 0.5*l(j,i); 63 

                            uTheta_d{i,nn} = Theta_d{i,nn} + 0.5*m(j,i); 64 

                        end                         65 

                    end 66 

                    SS_A = Inv_CMmat; 67 

                    SS_B = CC_Mat;                     68 

                end                 69 

                SS_C = l(:,1:n); 70 

                SS_D = 0; 71 

                for i = 1:n                     72 

                    if (abs(Theta{i} - Theta_End(i))<(pi/36)) 73 
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                        I{i,nn+1} = 0; 74 

                        Theta_d{i,nn+1} = 0; 75 

                        continue; 76 

                    end 77 

                    Motor_tf = ss2tf(SS_A,SS_B,SS_C,SS_D);                     78 

                    Theta{i} = Theta{i} + (1/6)*(k(1,i) + 2*k(2,i) + 2*k(3,i) + k(4,i)); 79 

                    I{i,nn+1} = I{i,nn} + (1/6)*(l(1,i) + 2*l(2,i) + 2*l(3,i) + l(4,i)); 80 

                    Theta_d{i,nn+1} = Theta_d{i,nn} + (1/6)*(m(1,i) + 2*m(2,i) + 2*m(3,i) + m(4,i));                     81 

                    Va(nn,i) = kp*Motor_tf(i) + Theta_d{i,nn+1};                     82 

                    Pow_Con = Pow_Con + Ra*I{i,nn}*I{i,nn};                     83 

                end 84 

            end             85 

            Pow = Pow_Con; 86 

        end 87 

    end 88 

end89 

A.2. Optimized Path Planning 

Path.m

classdef Path < handle 1 

    properties  2 

        Path_Nodes;  3 

        Path_Cost = 0; 4 

        Path_rhs = 0; 5 

        Goal; 6 

        Reached = 0; 7 

        Previous_Cost2Node; 8 

        CostActual; 9 

    end     10 

    methods 11 

        function Pth = Path(Start,Goal) 12 

            Pth.Path_Nodes = Node.empty(0,0); 13 

            Pth.Path_Nodes(1) = Start; 14 
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            Pth.Goal = Goal; 15 

            Pth.Path_Cost = Cost2Node(Pth,Start); 16 

            Pth.Previous_Cost2Node = Cost2Node(Pth,Start);  17 

            Pth.CostActual=1e10;  18 

        end         19 

        function value = Is_In_Path(Pth,Node_in) 20 

            value = 1; 21 

            m = size(Pth.Path_Nodes,2); 22 

            for i=1:m 23 

                if (Pth.Path_Nodes(i) == Node_in) 24 

                    return 25 

                end 26 

            end 27 

            value = 0;   28 

            if(Node_in == Pth.Goal) 29 

                Pth.Reached = 1; 30 

                value = 2; 31 

            end 32 

        end         33 

        function Value = Cost2Node(Pth,Node_in)  34 

            Path_Cost_To_Goal = Node_in.P.distcalc(Pth.Goal.P); 35 

            Value = Path_Cost_To_Goal; 36 

        end         37 

        function Value = Length(Pth) 38 

            Value = int32(0); 39 

            Value = size(Pth.Path_Nodes,2); 40 

        end         41 

        function Value = Last_Node(Pth) 42 

            Value = Pth.Path_Nodes(Length(Pth)); 43 

        end         44 

        function Value = Add_Node(Pth,Node_in,Cost_Two_Lasts_in)           45 

            if Is_In_Path (Pth,Node_in) == 1 46 

                Value = 0; 47 

                return 48 

            end 49 

            m = size(Pth.Path_Nodes,2); 50 

            Pth.Path_Nodes(m+1) = Node_in; 51 

            tempVal = Cost2Node(Pth,Node_in); 52 
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            Pth.Path_Cost = (Pth.Path_Cost - Pth.Previous_Cost2Node ) + Cost_Two_Lasts_in + tempVal;  53 

            Pth.Previous_Cost2Node = tempVal; 54 

            Pth.Path_rhs = Pth.Path_rhs + Cost_Two_Lasts_in; 55 

            Value = 1;             56 

        end         57 

        function CopyPth = Clone(Pth)  58 

            CopyPth = Path(Pth.Path_Nodes(1),Pth.Goal); 59 

            CopyPth.Path_Nodes = Pth.Path_Nodes; 60 

            CopyPth.Path_Cost = Pth.Path_Cost; 61 

            CopyPth.Path_rhs = Pth.Path_rhs; 62 

            CopyPth.Reached = Pth.Reached; 63 

            CopyPth.Previous_Cost2Node = Pth.Previous_Cost2Node;             64 

        end 65 

        function [Pth,idx] = sort(Pth,varargin)  66 

          [~,idx] = sort([Pth.Path_Cost],varargin{:});  67 

          Pth = Pth(idx); 68 

        end         69 

        function [Pth,idx] = sortFinal(Pth,varargin)  70 

          [~,idx] = sort([Pth.CostActual],varargin{:});  71 

          Pth = Pth(idx); 72 

        end         73 

        function [Pth,idx] = sort_rhs(Pth,varargin)  74 

          [~,idx] = sort([Pth.Path_rhs],varargin{:});  75 

          Pth = Pth(idx); 76 

        end         77 

    end     78 

end79 
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MPDSLite.m

classdef DSLite < handle  1 

    properties 2 

        All_Nodes;  3 

        Open_List;  4 

        Free_Nodes;  5 

        No_Path; 6 

    end     7 

    methods         8 

        function Dslo = DSLite(All_Nodes_in) 9 

            Dslo.All_Nodes = All_Nodes_in; 10 

            Dslo.Open_List = Node.empty; 11 

            Dslo.Free_Nodes = Node.empty; 12 

            Dslo.No_Path = 0; 13 

        end         14 

        function Best_Path = Find_Path(Dslo,RbtNow,POWER,Goal,Start)             15 

            Best_Path = Path(Start,Goal); 16 

            loop = 1; 17 

            Dslo.Open_List(1) = Goal; 18 

            Goal.rhs = 0; 19 

            StartIsInFree = 0 20 

            while (loop == 1) 21 

                Node_Current = Dslo.Open_List(1); 22 

                m = Node_Current.All_Neighbours_Length(); 23 

                g_val = g_Update(Node_Current); 24 

                h = Node_Current.P.distcalc(Goal.P); 25 

                Calc_key(Node_Current, h);                 26 

                Free_Nodes_Length = size(Dslo.Free_Nodes,2); 27 

                Dslo.Free_Nodes(Free_Nodes_Length + 1) = Node_Current;                 28 

                Open_List_Length = size(Dslo.Open_List,2); 29 

                if (Open_List_Length > 1) 30 

                    Dslo.Open_List = Dslo.Open_List(2:Open_List_Length); 31 

                else 32 

                    Dslo.Open_List = Node.empty; 33 

                end                 34 

                for i = 1:m 35 
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                    ID_Neighbour = Node_Current.All_Nghbrs(i).Id; 36 

                    Node_Neighbour = Dslo.All_Nodes(ID_Neighbour); 37 

                    Cost2Neighbour = Node_Current.All_Nghbrs(i).Cost; 38 

                    h = Node_Neighbour.P.distcalc(Goal.P); 39 

                    changed = Calc_rhs(Node_Neighbour, g_val, Cost2Neighbour); 40 

                    Calc_key(Node_Neighbour, h); 41 

                    if (changed == 1) 42 

                        Node_Neighbour.Best_Neighbour_ID = Node_Current.ID; 43 

                    end                     44 

                    Is_In_Open_List = 0; 45 

                    Is_In_Free_Nodes = 0;                     46 

                    for j = 1:size(Dslo.Open_List,2) 47 

                        if (Dslo.Open_List(j).ID == Node_Neighbour.ID) 48 

                            Is_In_Open_List = 1; 49 

                        end 50 

                    end                     51 

                    for j = 1:size(Dslo.Free_Nodes,2) 52 

                        if (Dslo.Free_Nodes(j).ID == Node_Neighbour.ID) 53 

                            Is_In_Free_Nodes = 1; 54 

                        end 55 

                    end                     56 

                    if (Is_In_Open_List == 0 && Is_In_Free_Nodes == 0) 57 

                        Dslo.Open_List(size(Dslo.Open_List,2) + 1) = Node_Neighbour; 58 

                    end 59 

                end                 60 

                Dslo.Open_List = sort_key(Dslo.Open_List);                 61 

                if(size(Dslo.Open_List,2) == 0) 62 

                    Dslo.No_Path = 1; 63 

                    if (Node_Current.ID == Start.ID)  64 

                        Dslo.No_Path = 0; 65 

                    end 66 

                    break; 67 

                end  68 

                for i = 1:size(Dslo.Free_Nodes,2) 69 

                    if (Start.ID == Dslo.Free_Nodes(i).ID) 70 

                        StartIsInFree = 1; 71 

                        break; 72 

                    end 73 
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                end  74 

                if (StartIsInFree == 1 && Start.rhs == Start.g && Start.key < Dslo.Open_List(1).key) 75 

                    loop = 0; 76 

                end 77 

            end 78 

            loop = 1; 79 

            check = 0; 80 

            already_done = 0; 81 

            cc = 0; 82 

            temp_id = zeros(1,size(Dslo.Free_Nodes,2)); 83 

            Best_Path.Add_Node(Start,Start.Cost_2_Succ);             84 

            Curr_Node = Start; 85 

            m = Curr_Node.All_Neighbours_Length(); 86 

            while (loop == 1)                 87 

                if (Dslo.No_Path == 1) 88 

                    display('**********************************************') 89 

display(['There is no path between NODE #', num2str(Start.ID), ' and       ', 'NODE #', 90 

num2str(Goal.ID)]) 91 

                    display('**********************************************') 92 

                    Best_Path = Path(Start,Goal); 93 

                    break; 94 

                end                 95 

                Free_Nodes_Length = size(Dslo.Free_Nodes,2); 96 

                counter = 0; 97 

                temp_neighbours = Node.empty; 98 

                for i = 1:Free_Nodes_Length 99 

                    for j = 1:size(temp_id,2) 100 

                        if (Dslo.Free_Nodes(i).ID == temp_id(j)) 101 

                            already_done = 1; 102 

                            break; 103 

                        end 104 

                    end 105 

                    for j = 1:m 106 

                        if (Dslo.Free_Nodes(i).ID == Curr_Node.All_Nghbrs(j).Id) 107 

                            if (Dslo.Free_Nodes(i).ID ~= Curr_Node.ID && already_done == 0) 108 

                                counter = counter + 1; 109 

                                cc = cc + 1; 110 

                                check = 1; 111 
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                                temp_id (cc) = Dslo.Free_Nodes(i).ID; 112 

                                temp_neighbours(counter) = Dslo.Free_Nodes(i); 113 

                            end 114 

                        end 115 

                    end 116 

                    already_done = 0; 117 

                end 118 

                if (check == 1) 119 

                    BP_Length = Best_Path.Length; 120 

                    B2add_id = Best_Path.Path_Nodes(BP_Length).Best_Neighbour_ID; 121 

                    for i = 1:counter 122 

                        if (temp_neighbours(i).ID == B2add_id) 123 

                            Node2Add = temp_neighbours(i); 124 

                            Best_Path.Add_Node(Node2Add,Node2Add.Cost_2_Succ); 125 

                            check = 0; 126 

                        end 127 

                    end 128 

                end                 129 

                Curr_Node = Node2Add; 130 

                m = Curr_Node.All_Neighbours_Length();                 131 

                if (Curr_Node.ID == Goal.ID) 132 

                    Best_Path.Add_Node(Curr_Node,Curr_Node.Cost_2_Succ); 133 

                    break; 134 

                end 135 

            end             136 

display(['The final size of the open list is:  ', num2str(size(Dslo.Free_Nodes,2) + 137 

size(Dslo.Open_List,2))]) 138 

        end 139 

        function New_Path = Find_New_Path(Dslo,Goal,Start,Changed_Nodes,CCN) 140 

            New_Path = Path(Start,Goal); 141 

            loop = 1;             142 

            for i = 1:CCN 143 

                g_Update(Changed_Nodes(i)); 144 

            end             145 

            for i = 1:CCN 146 

                Node_Current = Changed_Nodes(i); 147 

                while (loop == 1) 148 

                    m = Node_Current.All_Neighbours_Length(); 149 
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                    g_Update(Node_Current); 150 

                    h = Node_Current.P.distcalc(Goal.P); 151 

                    Calc_key(Node_Current, h);                     152 

                    if (Node_Current.g ~= Node_Current.rhs) 153 

                        Dslo.Open_List(size(Dslo.Open_List,2) + 1) = Node_Current; 154 

                    end                     155 

                    Is_In_Free_Nodes = 0; 156 

                    for j = 1:size(Dslo.Free_Nodes,2) 157 

                        if (Dslo.Free_Nodes(j).ID == Node_Current.ID) 158 

                            Is_In_Free_Nodes = 1; 159 

                        end 160 

                    end                     161 

                    if (Is_In_Free_Nodes == 0) 162 

                        Free_Nodes_Length = size(Dslo.Free_Nodes,2); 163 

                        Dslo.Free_Nodes(Free_Nodes_Length + 1) = Node_Current; 164 

                    end                     165 

                    for j = 1:m 166 

                        ID_Neighbour = Node_Current.All_Nghbrs(j).Id; 167 

                        Node_Neighbour = Dslo.All_Nodes(ID_Neighbour);                         168 

                        if (Node_Neighbour.ID == Goal.ID || Node_Neighbour.Cost_Change == 1) 169 

                            continue; 170 

                        end                         171 

                        Node_Neighbour.rhs = 1e10; 172 

                        mm = Node_Neighbour.All_Neighbours_Length(); 173 

                        for k = 1:mm 174 

                            id_neighbour = Node_Neighbour.All_Nghbrs(k).Id; 175 

                            cost2neighbour = Node_Neighbour.All_Nghbrs(k).Cost; 176 

                            node_neighbour = Dslo.All_Nodes(id_neighbour); 177 

                            g_neighbour = node_neighbour.g; 178 

                            h = Node_Neighbour.P.distcalc(Goal.P); 179 

                            changed = Calc_rhs(Node_Neighbour, g_neighbour, cost2neighbour); 180 

                            Calc_key(Node_Neighbour, h); 181 

                            if (changed == 1) 182 

                                Node_Neighbour.Best_Neighbour_ID = node_neighbour.ID; 183 

                            end 184 

                        end                         185 

                        if (Node_Neighbour.rhs >= 1e10)  186 

                            for k = 1:mm 187 
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                                id_neighbour = Node_Neighbour.All_Nghbrs(k).Id; 188 

                                cost2neighbour = Node_Neighbour.All_Nghbrs(k).Cost; 189 

                                node_neighbour = Dslo.All_Nodes(id_neighbour); 190 

                                g_save = node_neighbour.g; 191 

                                g_neighbour = g_Update(node_neighbour); 192 

                                h = Node_Neighbour.P.distcalc(Goal.P); 193 

                                changed = Calc_rhs(Node_Neighbour, g_neighbour, cost2neighbour); 194 

                                Calc_key(Node_Neighbour, h); 195 

                                if (changed == 1) 196 

                                    Node_Neighbour.Best_Neighbour_ID = node_neighbour.ID; 197 

                                end 198 

                                node_neighbour.g = g_save; 199 

                            end 200 

                        end  201 

                        Is_In_Open_List = 0; 202 

                        for k = 1:size(Dslo.Open_List,2) 203 

                            if (Dslo.Open_List(k).ID == Node_Neighbour.ID) 204 

                                Is_In_Open_List = 1; 205 

                            end 206 

                        end                         207 

                        if (Is_In_Open_List == 0 && Node_Neighbour.rhs ~= Node_Neighbour.g) 208 

                            Dslo.Open_List(size(Dslo.Open_List,2) + 1) = Node_Neighbour; 209 

                        end 210 

                    end                     211 

                    Dslo.Open_List = sort_key(Dslo.Open_List);                     212 

                    Node_Current = Dslo.Open_List(1); 213 

                    Open_List_Length = size(Dslo.Open_List,2); 214 

                    if (Open_List_Length > 1) 215 

                        Dslo.Open_List = Dslo.Open_List(2:Open_List_Length); 216 

                    else 217 

                        Dslo.Open_List = Node.empty; 218 

                    end                     219 

                    if(size(Dslo.Open_List,2) == 0) 220 

                        Dslo.No_Path = 1; 221 

                        if (Node_Current.ID == Start.ID || (StartIsInFree == 1 && Start.rhs == Start.g)) 222 

                            Dslo.No_Path = 0; 223 

                        end 224 

                        break; 225 
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                    end                     226 

                    for j = 1:size(Dslo.Free_Nodes,2) 227 

                        if (Start.ID == Dslo.Free_Nodes(j).ID) 228 

                            StartIsInFree = 1; 229 

                            break; 230 

                        end 231 

                    end                     232 

                    if (StartIsInFree == 1 && Start.rhs == Start.g && Start.key < Dslo.Open_List(1).key) 233 

                        loop = 0; 234 

                    end 235 

                end 236 

            end 237 

            loop = 1; 238 

            check = 0; 239 

            already_done = 0; 240 

            cc = 0; 241 

            temp_id = zeros(1,size(Dslo.Free_Nodes,2)); 242 

            New_Path.Add_Node(Start,Start.Cost_2_Succ);             243 

            Curr_Node = Start; 244 

            m = Curr_Node.All_Neighbours_Length(); 245 

            while (loop == 1)                 246 

                if (Dslo.No_Path == 1) 247 

                    display('**********************************************') 248 

display(['There is no path between NODE #', num2str(Start.ID), ' and ', 'NODE #', 249 

num2str(Goal.ID)]) 250 

                    display('**********************************************') 251 

                    New_Path = Path(Start,Goal); 252 

                    break; 253 

                end                 254 

                Free_Nodes_Length = size(Dslo.Free_Nodes,2); 255 

                counter = 0; 256 

                temp_neighbours = Node.empty; 257 

                for j = 1:Free_Nodes_Length 258 

                    for k = 1:size(temp_id,2) 259 

if (Dslo.Free_Nodes(j).ID == temp_id(k) && temp_id(k) ~= 260 

Curr_Node.Best_Neighbour_ID) 261 

                            already_done = 1; 262 

                            break; 263 
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                        end 264 

                    end 265 

                    for k = 1:m 266 

                        if (Dslo.Free_Nodes(j).ID == Curr_Node.All_Nghbrs(k).Id) 267 

                            if (Dslo.Free_Nodes(j).ID ~= Curr_Node.ID && already_done == 0) 268 

                                counter = counter + 1; 269 

                                cc = cc + 1; 270 

                                check = 1; 271 

                                temp_id (cc) = Dslo.Free_Nodes(j).ID; 272 

                                temp_neighbours(counter) = Dslo.Free_Nodes(j); 273 

                            end 274 

                        end 275 

                    end 276 

                    already_done = 0; 277 

                end 278 

                if (check == 1) 279 

                    BP_Length = New_Path.Length; 280 

                    B2add_id = New_Path.Path_Nodes(BP_Length).Best_Neighbour_ID; 281 

                    for j = 1:counter 282 

                        if (temp_neighbours(j).ID == B2add_id) 283 

                            Node2Add = temp_neighbours(j); 284 

                            New_Path.Add_Node(Node2Add,Node2Add.Cost_2_Succ); 285 

                            check = 0; 286 

                        end 287 

                    end 288 

                end                 289 

                Curr_Node = Node2Add; 290 

                m = Curr_Node.All_Neighbours_Length();                 291 

                if (Curr_Node.ID == Goal.ID) 292 

                    New_Path.Add_Node(Curr_Node,Curr_Node.Cost_2_Succ); 293 

                    break; 294 

                end 295 

            end 296 

        end 297 

    end 298 

end299 
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DSLight.m

classdef DSLite_Old < handle 1 

    properties 2 

        All_Nodes; 3 

        Open_List; 4 

    end 5 

    methods 6 

        function Dslt = DSLite_Old(All_Nodes_in) 7 

            Dslt.All_Nodes = All_Nodes_in; 8 

            Dslt.Open_List = Path.empty(0,0); 9 

        end 10 

        function Best_Path = Find_Path(Dslt,Goal,Start) 11 

            Dslt.Open_List = Path.empty(0,0); 12 

            Path_Temp = Path(Goal,Start); 13 

            Dslt.Open_List(1) = Path_Temp; 14 

            loop = 1; 15 

            out = 0; 16 

            Goal.rhs = 0; 17 

            while (loop == 1) 18 

                Length_Best_Path = Dslt.Open_List(1).Length(); 19 

                Node_Current = Dslt.Open_List(1).Path_Nodes(Length_Best_Path); 20 

                m = Node_Current.All_Neighbours_Length(); 21 

                Is_Any_Path_Added = 0; 22 

                Path_Best_Now = Dslt.Open_List(1).Clone; 23 

                g_val = g_Update(Node_Current); 24 

                if (Node_Current.ID == Start.ID) 25 

                    break 26 

                end 27 

                for i = 1:m 28 

                    ID_Neighbour = Node_Current.All_Nghbrs(i).Id; 29 

                    Cost2Neighbour = Node_Current.All_Nghbrs(i).Cost; 30 

                    Node_Neighbour = Dslt.All_Nodes(ID_Neighbour); 31 

                     32 

                    Path_Temp = Path_Best_Now.Clone(); 33 

                    Is_In_Path = Path_Temp.Is_In_Path(Node_Neighbour); 34 

                    Calc_rhs(Node_Neighbour, g_val, Cost2Neighbour); 35 
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                    if (Is_In_Path == 1) 36 

                    elseif (Is_In_Path == 0) 37 

                        if (Is_Any_Path_Added == 0) 38 

                            Dslt.Open_List(1).Add_Node(Node_Neighbour, Cost2Neighbour); 39 

                            Is_Any_Path_Added = 1; 40 

                        else 41 

                            Path_Temp.Add_Node(Node_Neighbour, Cost2Neighbour); 42 

                            Open_List_Length = size(Dslt.Open_List,2); 43 

                            Dslt.Open_List(Open_List_Length + 1) = Path_Temp; 44 

                        end 45 

                    else 46 

                        if (Is_Any_Path_Added == 0) 47 

                            Dslt.Open_List(1).Add_Node(Node_Neighbour,Cost2Neighbour); 48 

                            if (Dslt.Open_List(1).Path_rhs < Dslt.Open_List(2).Path_rhs) 49 

                                out = 1; 50 

                            end 51 

                            Is_Any_Path_Added = 1; 52 

                        else 53 

                            Path_Temp.Add_Node(Node_Neighbour,Cost2Neighbour); 54 

                            if (Dslt.Open_List(1).Path_rhs < Dslt.Open_List(2).Path_rhs) 55 

                                out = 1; 56 

                            end 57 

                            Open_List_Length = size(Dslt.Open_List,2); 58 

                            Dslt.Open_List(Open_List_Length + 1) = Path_Temp; 59 

                        end 60 

                        if (out == 1) 61 

                            Is_Any_Path_Added = 1; 62 

                            loop = 0; 63 

                        end 64 

                    end 65 

                end 66 

                if Is_Any_Path_Added == 0 67 

                    Dslt.Open_List(1).Path_rhs = Dslt.Open_List(1).Path_rhs + 1e50; 68 

                end 69 

                m = size(Dslt.Open_List,2); 70 

                All_Dead_Ends = 1; 71 

                if mod(m,500)==0 72 

                    display(['The current size of the open list is:  ', num2str(m)]) 73 
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                end 74 

                for i = 1:m 75 

                    if (Dslt.Open_List(i).Path_Cost < 1e50) 76 

                        All_Dead_Ends = 0; 77 

                    end 78 

                end 79 

                if All_Dead_Ends == 1 80 

                    loop = 0; 81 

                end 82 

                Dslt.Open_List = sort_rhs(Dslt.Open_List); 83 

            end 84 

            Open_List_Length = size(Dslt.Open_List,2); 85 

            display(['The final size of the open list is:  ', num2str(Open_List_Length)]) 86 

            for i = 1:Open_List_Length 87 

                Dslt.Open_List(i).CostActual = Dslt.Open_List(i).Path_Cost/Dslt.Open_List(i).Reached; 88 

            end 89 

            Dslt.Open_List = sortFinal(Dslt.Open_List); 90 

            Best_Path = Dslt.Open_List(1); 91 

            display(['The total cost of the best path is:  ', num2str(Dslt.Open_List(1).CostActual)]) 92 

        end 93 

    end 94 

end95 
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DStarLight_Robot.m

figure; 1 

close all;  2 

t1 = cputime;  3 

subplot(3,2,[1 3 5]) 4 

shiftx = 0.035; 5 

shifty = 0.035; 6 

for i = 1:size(All_Nodes,2) 7 

    x1 = All_Nodes(i).P.x; 8 

    y1 = All_Nodes(i).P.y; 9 

    strID = num2str(i); 10 

    text(x1+shiftx, y1+shifty, strID, 'FontSize', 6.75); 11 

    All_Nodes(i).All_Neighbours_Length(); 12 

    for j = 1:All_Nodes(i).All_Neighbours_Length() 13 

        IDnghbr = All_Nodes(i).All_Nghbrs(j).Id; 14 

        x2 = All_Nodes(IDnghbr).P.x; 15 

        y2 = All_Nodes(IDnghbr).P.y; 16 

        X = [x1 x2]; 17 

        Y = [y1 y2]; 18 

        line(X,Y,'LineStyle','-',... 19 

            'LineWidth',.5,... 20 

            'Color','k',... 21 

            'Marker','o',... 22 

            'MarkerEdgeColor','b',... 23 

            'MarkerFaceColor','g',... 24 

            'MarkerSize',4.4); 25 

        hold on; 26 

    end 27 

end 28 

xlabel('x') 29 

ylabel('y')  30 

hold on; 31 

for i = 1:TD_GrdNow.nox 32 

    for j = 1:TD_GrdNow.noy 33 

        x = (double(i-1) * TD_GrdNow.Walking_Dist); 34 

        y = (double(j-1) * TD_GrdNow.Walking_Dist); 35 
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        w = TD_GrdNow.Walking_Dist; 36 

        h = TD_GrdNow.Walking_Dist; 37 

        rectangle('Position',[x,y,w,h],... 38 

            'LineStyle',':'); 39 

        hold on 40 

    end 41 

end 42 

hold on 43 

alpha(.5); 44 

for i = 1:OccGrdNow.nox 45 

    for j = 1:OccGrdNow.noy 46 

        x = (double(i-1) * OccGrdNow.dx + OccGrdNow.Origin_Point.x); 47 

        y = (double(j-1) * OccGrdNow.dy + OccGrdNow.Origin_Point.y); 48 

        w = OccGrdNow.dx; 49 

        h = OccGrdNow.dy; 50 

        if (OccGrdNow.Grid(i,j,1) == 1) 51 

            rectangle('Position',[x,y,w,h],'FaceColor','b'); 52 

        end 53 

        hold on 54 

    end 55 

end  56 

%% Point_List1  57 

m = 10; 58 

x1 = points_list1(1).x; 59 

y1 = points_list1(1).y; 60 

x2 = points_list1(m).x; 61 

y2 = points_list1(m).y; 62 

X = [x1 x2]; 63 

Y = [y1 y2]; 64 

line(X,Y,'LineWidth',1.5,'Color',[0 1 1]); 65 

hold on; 66 

for i = 1:m-1 67 

    x1 = points_list1(i).x; 68 

    y1 = points_list1(i).y; 69 

    x2 = points_list1(i+1).x; 70 

    y2 = points_list1(i+1).y; 71 

    X = [x1 x2]; 72 

    Y = [y1 y2]; 73 
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    line(X,Y,'LineWidth',1.5,'Color',[0 1 1]); 74 

    hold on; 75 

end 76 

axis square 77 

axis([0,10,0,10]) 78 

Plot_Before_Best_Path = cputime - t1; 79 

display(['The CPU time for plotting the prepared map is:  ', num2str(Plot_Before_Best_Path), ' s'])  80 

%% DStar Light  81 

xlabel('x') 82 

ylabel('y') 83 

DSLITE = DSLite(All_Nodes); 84 

POWER = Power(1);  85 

start_node = input('What is the ID of the START node?  '); 86 

goal_node = input('What is the ID of the GOAL node?  '); 87 

CCN = 0;  88 

for i = 1:size(All_Nodes,2)  89 

    All_Nodes(i).g = 1e10; 90 

    All_Nodes(i).rhs = 1e10; 91 

    All_Nodes(i).Best_Neighbour_ID = 0; 92 

    All_Nodes(i).Cost_Change = 0; 93 

    m = All_Nodes(i).All_Neighbours_Length(); 94 

end  95 

t2 = cputime; 96 

path_best = DSLITE.Find_Path(RbtNow,POWER,All_Nodes(goal_node),All_Nodes(start_node)); 97 

DSL_time = cputime - t2  98 

plt2D = NEWPlot_Path_2D(CCN); 99 

if (DSLITE.No_Path ~= 1)     100 

    path_new = 0; 101 

    plt2D.Plot(path_best, path_new, rrt, RbtNow, All_Nodes, DSLITE, POWER, 1, 0, 0, DSL_time);     102 

    CCN = input('How many nodes cost in the best path do you wish to change?  '); 103 

    if (CCN >= 1) 104 

        id = zeros(1,CCN); 105 

        Changed_Nodes = Node.empty; 106 

        for i = 1:CCN 107 

            id(i) = input(['ID ', num2str(i), ': What is the ID of the node?  ']); 108 

            NewCost = input(['New Cost ', num2str(i), ': What is the new cost of this node?  ']); 109 

            Changed_Nodes(i) = All_Nodes(id(i)); 110 

            All_Nodes(id(i)).Cost_New(NewCost); 111 
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        end         112 

        t3 = cputime; 113 

        path_new = DSLITE.Find_New_Path(All_Nodes(goal_node),All_Nodes(start_node),Changed_Nodes,CCN); 114 

        DSL_NewPath = cputime - t3;         115 

        plt2D.CCN = CCN; 116 

        plt2D.Plot(path_best, path_new, rrt, RbtNow, All_Nodes, DSLITE,POWER, 1, 1, 0, DSL_NewPath); 117 

    end 118 

end119 

A.3. Simulation 

Scenario.m

clc; 1 

clear classes; 2 

close all;  3 

%% D* Lite, MPD* Lite & A* Comparison  4 

% L(1) = Link(1, 0, 0, 1.5, 2*pi, 0, 0, 1, 1, 1); 5 

% L(2) = Link(1, 0, 0, 1.5, 2*pi, 0, 0, 1, 2, 1); 6 

% L(3) = Link(1, 0, 0, 1.5, 2*pi, 0, 0, 1, 3, 1);  7 

% m = size(L,2); 8 

% robot_origin = Point(5,5,0); 9 

% RbtNow = Robot(L, m, robot_origin);  10 

% points_list1 = [Point(0.5,1.5,0),Point(1.5,1.5,0),Point(1.5,0.5,0),Point(0.5,0.5,0)]; 11 

% points_list2 = [Point(8.5,1.5,0),Point(9.5,1.5,0),Point(9.5,0.5,0),Point(8.5,0.5,0)]; 12 

% points_list3 = [Point(0.5,9.5,0),Point(1.5,9.5,0),Point(1.5,8.5,0),Point(0.5,8.5,0)]; 13 

% points_list4 = [Point(8.5,9.5,0),Point(9.5,9.5,0),Point(9.5,8.5,0),Point(8.5,8.5,0)];  14 

% OccGrdNow = OccupancyGrid(10,10,1,Point(0,0,0),60,60,1); 15 

% OccGrdNow.Mark_2D_Polygon(points_list1); 16 

% OccGrdNow.Mark_2D_Polygon(points_list2); 17 

% OccGrdNow.Mark_2D_Polygon(points_list3); 18 

% OccGrdNow.Mark_2D_Polygon(points_list4);  19 

% Density_in = 3;  20 

%% Scenario #1_MPD* Lite  21 

% L(1) = Link(1, 0, 0, 1.5, 2*pi, 0, 0, 1, 1, 1); 22 
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% L(2) = Link(1, 0, 0, 1.5, 2*pi, 0, 0, 1, 2, 1); 23 

% L(3) = Link(1, 0, 0, 1.5, 2*pi, 0, 0, 1, 3, 1);  24 

% m = size(L,2); 25 

% robot_origin = Point(5,5,0); 26 

% RbtNow = Robot(L, m, robot_origin);  27 

% points_list1 = [Point(3.5,9.5,0),Point(6.5,9.5,0),Point(6.5,6,0),Point(3.5,6,0)];  28 

% OccGrdNow = OccupancyGrid(10,10,1,Point(0,0,0),60,60,1); 29 

% OccGrdNow.Mark_2D_Polygon(points_list1);  30 

% Density_in = 1;  31 

%% Scenario #2_MPD* Lite  32 

% L(1) = Link(1, 0, 0, 1.5, 2*pi, 0, 0, 1, 1, 1); 33 

% L(2) = Link(1, 0, 0, 1.5, 2*pi, 0, 0, 1, 2, 1); 34 

% L(3) = Link(1, 0, 0, 1.5, 2*pi, 0, 0, 1, 3, 1);  35 

% m = size(L,2); 36 

% robot_origin = Point(5,5,0); 37 

% RbtNow = Robot(L, m, robot_origin);  38 

% points_list1 = 39 

[Point(1,1,0),Point(1,9.5,0),Point(9.5,9.5,0),Point(9.5,1,0),Point(8.5,1,0),Point(8.5,4,0),Point(6.5,4,0),P40 

oint(6.5,6,0),Point(3.5,6,0),Point(3.5,8,0),Point(1.5,8,0),Point(1.5,2,0),Point(7.5,2,0),Point(7.5,1,0)];  41 

% OccGrdNow = OccupancyGrid(10,10,1,Point(0,0,0),60,60,1); 42 

% OccGrdNow.Mark_2D_Polygon(points_list1);  43 

% Density_in = 1;  44 

%% Scenario #3_MPD* Lite  45 

% L(1) = Link(1, 0, 0, 1, 2*pi, 0, 0, 1, 1, 1); 46 

% L(2) = Link(1, 0, 0, 1, 2*pi, 0, 0, 1, 2, 1); 47 

% L(3) = Link(1, 0, 0, 1, 2*pi, 0, 0, 1, 3, 1); 48 

% L(4) = Link(1, 0, 0, 1, 2*pi, 0, 0, 1, 4, 1); 49 

% m = size(L,2); 50 

% robot_origin = Point(5,5,0); 51 

% RbtNow = Robot(L, m, robot_origin);  52 

% points_list1 = [Point(1,1,0),Point(3,1,0),Point(2,2,0)]; 53 

% points_list2 = [Point(1,8,0),Point(3,8,0),Point(2,7,0)]; 54 

% points_list3 = [Point(4.5,2,0),Point(4.5,3,0),Point(5.5,3,0),Point(5.5,2,0)]; 55 

% points_list4 = [Point(4.5,6,0),Point(4.5,7,0),Point(5.5,7,0),Point(5.5,6,0)]; 56 

% points_list5 = [Point(7,1,0),Point(9,1,0),Point(8,2,0)]; 57 

% points_list6 = [Point(7,8,0),Point(9,8,0),Point(8,7,0)];  58 

% OccGrdNow = OccupancyGrid(10,10,1,Point(0,0,0),60,60,1); 59 

% OccGrdNow.Mark_2D_Polygon(points_list1); 60 
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% OccGrdNow.Mark_2D_Polygon(points_list2); 61 

% OccGrdNow.Mark_2D_Polygon(points_list3); 62 

% OccGrdNow.Mark_2D_Polygon(points_list4); 63 

% OccGrdNow.Mark_2D_Polygon(points_list5); 64 

% OccGrdNow.Mark_2D_Polygon(points_list6);  65 

% Density_in = 1;  66 

%% Scenario #4_MPD* Lite  67 

% L(1) = Link(1, 0, 0, 1, 2*pi, 0, 0, 1, 1, 1); 68 

% L(2) = Link(1, 0, 0, 1, 2*pi, 0, 0, 1, 2, 1); 69 

% L(3) = Link(1, 0, 0, 1, 2*pi, 0, 0, 1, 3, 1); 70 

% L(4) = Link(1, 0, 0, 1, 2*pi, 0, 0, 1, 4, 1); 71 

% L(5) = Link(1, 0, 0, 2, 2*pi, 0, 0, 1, 5, 1);  72 

% m = size(L,2); 73 

% robot_origin = Point(5,5,0); 74 

% RbtNow = Robot(L, m, robot_origin);  75 

% points_list1 = [Point(0.5,3.5,0),Point(0.5,6.5,0),Point(3,6.5,0),Point(3,3.5,0)]; 76 

% points_list2 = [Point(7,3.5,0),Point(7,6.5,0),Point(9.5,6.5,0),Point(9.5,3.5,0)];%  77 

% OccGrdNow = OccupancyGrid(10,10,1,Point(0,0,0),60,60,1); 78 

% OccGrdNow.Mark_2D_Polygon(points_list1); 79 

% OccGrdNow.Mark_2D_Polygon(points_list2);  80 

% Density_in = 2;  81 

%% Scenario #5_MPD* Lite  82 

% L(1) = Link(1, 0, 0, 0.75, 2*pi, 0, 0, 1, 1, 1); 83 

% L(2) = Link(1, 0, 0, 0.75, 2*pi, 0, 0, 1, 2, 1); 84 

% L(3) = Link(1, 0, 0, 0.75, 2*pi, 0, 0, 1, 3, 1); 85 

% L(4) = Link(1, 0, 0, 0.75, 2*pi, 0, 0, 1, 4, 1); 86 

% L(5) = Link(1, 0, 0, 0.75, 2*pi, 0, 0, 1, 5, 1); 87 

% L(6) = Link(1, 0, 0, 0.75, 2*pi, 0, 0, 1, 6, 1); 88 

% L(7) = Link(1, 0, 0, 1.5, 2*pi, 0, 0, 1, 7, 1);  89 

% m = size(L,2); 90 

% robot_origin = Point(5,5,0); 91 

% RbtNow = Robot(L, m, robot_origin);  92 

% points_list1 = 93 

[Point(1,1,0),Point(1,4,0),Point(3,4,0),Point(3,3,0),Point(5,3,0),Point(5,2,0),Point(7,2,0),Point(7,4,0),Po94 

int(9,4,0),Point(9,1,0)]; 95 

% points_list2 = 96 

[Point(1,6,0),Point(1,9,0),Point(9,9,0),Point(9,6,0),Point(7,6,0),Point(7,8,0),Point(5,8,0),Point(5,7,0),Po97 

int(3,7,0),Point(3,6,0)];  98 
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% OccGrdNow = OccupancyGrid(10,10,1,Point(0,0,0),60,60,1); 99 

% OccGrdNow.Mark_2D_Polygon(points_list1); 100 

% OccGrdNow.Mark_2D_Polygon(points_list2);  101 

% Density_in = 3;  102 

%% Scenario #1_MPD* Lite - New Path  103 

% L(1) = Link(1, 0, 0, 1.5, 2*pi, 0, 0, 1, 1, 1); 104 

% L(2) = Link(1, 0, 0, 1.5, 2*pi, 0, 0, 1, 2, 1); 105 

% L(3) = Link(1, 0, 0, 1.5, 2*pi, 0, 0, 1, 3, 1);  106 

% m = size(L,2); 107 

% robot_origin = Point(5,5,0); 108 

% RbtNow = Robot(L, m, robot_origin);  109 

% points_list1 = [Point(6.5,6,0),Point(7.5,6,0),Point(7.5,8,0),Point(6.5,8,0)]; 110 

% points_list2 = [Point(2.5,6,0),Point(3.5,6,0),Point(3.5,8,0),Point(2.5,8,0)];%  111 

% OccGrdNow = OccupancyGrid(10,10,1,Point(0,0,0),60,60,1); 112 

% OccGrdNow.Mark_2D_Polygon(points_list1); 113 

% OccGrdNow.Mark_2D_Polygon(points_list2);  114 

% Density_in = 1;  115 

%% Scenario #2_MPD* Lite - New Path  116 

% L(1) = Link(1, 0, 0, 1.5, 2*pi, 0, 0, 1, 1, 1); 117 

% L(2) = Link(1, 0, 0, 1.5, 2*pi, 0, 0, 1, 2, 1); 118 

% L(3) = Link(1, 0, 0, 1.5, 2*pi, 0, 0, 1, 3, 1);  119 

% m = size(L,2); 120 

% robot_origin = Point(5,5,0); 121 

% RbtNow = Robot(L, m, robot_origin);  122 

% points_list1 = [Point(0.5,1.5,0),Point(1.5,1.5,0),Point(1.5,0.5,0),Point(0.5,0.5,0)]; 123 

% points_list2 = [Point(8.5,1.5,0),Point(9.5,1.5,0),Point(9.5,0.5,0),Point(8.5,0.5,0)]; 124 

% points_list3 = [Point(0.5,9.5,0),Point(1.5,9.5,0),Point(1.5,8.5,0),Point(0.5,8.5,0)]; 125 

% points_list4 = [Point(8.5,9.5,0),Point(9.5,9.5,0),Point(9.5,8.5,0),Point(8.5,8.5,0)];  126 

% OccGrdNow = OccupancyGrid(10,10,1,Point(0,0,0),60,60,1); 127 

% OccGrdNow.Mark_2D_Polygon(points_list1); 128 

% OccGrdNow.Mark_2D_Polygon(points_list2); 129 

% OccGrdNow.Mark_2D_Polygon(points_list3); 130 

% OccGrdNow.Mark_2D_Polygon(points_list4);  131 

% Density_in = 1;  132 

%% Scenario #3_MPD* Lite - New Path  133 

% L(1) = Link(1, 0, 0, 1.5, 2*pi, 0, 0, 1, 1, 1); 134 

% L(2) = Link(1, 0, 0, 1.5, 2*pi, 0, 0, 1, 2, 1); 135 

% L(3) = Link(1, 0, 0, 1.5, 2*pi, 0, 0, 1, 3, 1);  136 
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% m = size(L,2); 137 

% robot_origin = Point(5,5,0); 138 

% RbtNow = Robot(L, m, robot_origin);  139 

% points_list1 = [Point(0.5,0.5,0),Point(0.5,9.5,0),Point(3,5,0)]; 140 

% points_list2 = [Point(9.5,0.5,0),Point(9.5,9.5,0),Point(7,5,0)];  141 

% OccGrdNow = OccupancyGrid(10,10,1,Point(0,0,0),100,100,1); 142 

% OccGrdNow.Mark_2D_Polygon(points_list1); 143 

% OccGrdNow.Mark_2D_Polygon(points_list2);  144 

% Density_in = 1;  145 

%% Scenario #4_MPD* Lite - New Path  146 

% L(1) = Link(1, 0, 0, 1, 2*pi, 0, 0, 1, 1, 1); 147 

% L(2) = Link(1, 0, 0, 1, 2*pi, 0, 0, 1, 2, 1); 148 

% L(3) = Link(1, 0, 0, 1, 2*pi, 0, 0, 1, 3, 1); 149 

% L(4) = Link(1, 0, 0, 1, 2*pi, 0, 0, 1, 4, 1); 150 

% L(5) = Link(1, 0, 0, 1, 2*pi, 0, 0, 1, 5, 1); 151 

% L(6) = Link(1, 0, 0, 1, 2*pi, 0, 0, 1, 6, 1); 152 

% L(7) = Link(1, 0, 0, 1, 2*pi, 0, 0, 1, 7, 1);  153 

% m = size(L,2); 154 

% robot_origin = Point(5,5,0); 155 

% RbtNow = Robot(L, m, robot_origin);  156 

% points_list1 = [Point(7,7,0),Point(7,7.5,0),Point(7.5,7.5,0),Point(7.5,7,0)];  157 

% OccGrdNow = OccupancyGrid(10,10,1,Point(0,0,0),60,60,1); 158 

% OccGrdNow.Mark_2D_Polygon(points_list1);  159 

% Density_in = 1;  160 

TD_GrdNow = TD_Grid(OccGrdNow, Density_in); 161 

t0 = cputime; 162 

rrt = RRT(TD_GrdNow, OccGrdNow); 163 

All_Nodes = rrt.Valid_Nodes_generator(RbtNow, OccGrdNow, TD_GrdNow); 164 

allnodes = cputime - t0; 165 

display(['The CPU time for pereparing the map is:  ', num2str(allnodes), ' s']) 166 
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Simulation.m

classdef NEWPlot_Path_2D < handle 1 

    properties 2 

        CCN; 3 

        hprevious; 4 

        hprevious2; 5 

    end     6 

    methods 7 

        function plt_2d = NEWPlot_Path_2D(CCN_in) 8 

            plt_2d.CCN = CCN_in; 9 

        end         10 

function Plot(plt_2d, path_best, path_new, RRTNow, RbtNow, All_NodesNow, DSLITE, POWER, drawPath, 11 

drawTraj, drawTDG, CPUtime) 12 

            if (drawPath == 1) 13 

                if (plt_2d.CCN == 0) 14 

                    m = size(path_best.Path_Nodes,2); 15 

                    for i = 1:m-1 16 

                        x1 = path_best.Path_Nodes(i).P.x; 17 

                        y1 = path_best.Path_Nodes(i).P.y; 18 

                        x2 = path_best.Path_Nodes(i+1).P.x; 19 

                        y2 = path_best.Path_Nodes(i+1).P.y; 20 

                        X = [x1 x2]; 21 

                        Y = [y1 y2]; 22 

                        line(X,Y,'LineWidth',2.5,'Color',[0 0.8 0],'Marker','S','MarkerSize',2.25); 23 

                        hold on; 24 

                    end 25 

                else 26 

                    m = size(path_best.Path_Nodes,2); 27 

                    for i = 1:m-1 28 

                        x1 = path_best.Path_Nodes(i).P.x; 29 

                        y1 = path_best.Path_Nodes(i).P.y; 30 

                        x2 = path_best.Path_Nodes(i+1).P.x; 31 

                        y2 = path_best.Path_Nodes(i+1).P.y; 32 

                        X = [x1 x2]; 33 

                        Y = [y1 y2]; 34 

                        line(X,Y,'LineWidth',2.5,'Color','r','Marker','S','MarkerSize',2.25); 35 
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                        hold on; 36 

                    end 37 

                    mm = size(path_new.Path_Nodes,2); 38 

                    for i = 1:mm-1 39 

                        x1 = path_new.Path_Nodes(i).P.x; 40 

                        y1 = path_new.Path_Nodes(i).P.y; 41 

                        x2 = path_new.Path_Nodes(i+1).P.x; 42 

                        y2 = path_new.Path_Nodes(i+1).P.y; 43 

                        X = [x1 x2]; 44 

                        Y = [y1 y2]; 45 

                        line(X,Y,'LineWidth',2.5,'Color',[0 0.8 0],'Marker','S','MarkerSize',2.25); 46 

                        hold on; 47 

                    end 48 

                end 49 

            end 50 

            X_link_tips = zeros(RbtNow.No_Links+1,1); 51 

            Y_link_tips = zeros(RbtNow.No_Links+1,1); 52 

            Z_link_tips = zeros(RbtNow.No_Links+1,1);             53 

            X_link_tips(1) = RbtNow.Origin.x; 54 

            Y_link_tips(1) = RbtNow.Origin.y; 55 

            Z_link_tips(1) = RbtNow.Origin.z;             56 

            pause(1); 57 

            if (drawTraj == 1) 58 

                if (plt_2d.CCN == 0)                     59 

                    m = size(path_best.Path_Nodes,2); 60 

                    sampleNum = 3; 61 

                    Theta_thresh = 200; 62 

                    color = ['g','b','k','r','m','y','c']; 63 

                    Pow_tmp = cell(m-1,RbtNow.No_Links); 64 

                    Pow_plot = cell(m-1,RbtNow.No_Links); 65 

                    toText = cell(RbtNow.No_Links); 66 

                    for i = 1:m-1 67 

                        No_Nghbrs = path_best.Path_Nodes(i).All_Neighbours_Length(); 68 

                        ID_next_node = path_best.Path_Nodes(i+1).ID; 69 

                        for j = 1:No_Nghbrs 70 

                            if path_best.Path_Nodes(i).All_Nghbrs(j).Id == ID_next_node 71 

                                Traj_tmp = path_best.Path_Nodes(i).All_Nghbrs(j).Traj; 72 

                                Traj_tmp_plot = Traj_tmp;                             73 
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                                Node_begin = path_best.Path_Nodes(i); 74 

                                Node_end = DSLITE.All_Nodes(path_best.Path_Nodes(i).All_Nghbrs(j).Id);                                 75 

                                for k = 1:RbtNow.No_Links 76 

                                    Pow_tmp{i,k} = POWER.MotorPower(RbtNow, Node_begin, Node_end, k); 77 

                                end 78 

                            end 79 

                        end                    80 

                        for k = 1:RbtNow.No_Links 81 

                            if (k>1) 82 

                                Traj_tmp_plot(:,k) = Traj_tmp_plot(:,k) + Traj_tmp_plot(:,k-1); 83 

                            end 84 

                        end 85 

                        Traj_tmp_plot = wrapToPi(Traj_tmp_plot)*180/pi;                   86 

                        for k = 1:RbtNow.No_Links 87 

                            for l = 2:sampleNum*size(Traj_tmp,1) 88 

Pow_plot{i,k}(l) =  89 

Pow_tmp{i,k}(l*floor((size(Pow_tmp{i,k},2)/size(Traj_tmp,1)/sampleNum))); 90 

                            end 91 

                            if (i>1) 92 

                                Pow_plot{i,k}(:) = Pow_plot{i,k}(:) + Pow_plot{i-1,k}(end); 93 

                            end 94 

                        end                    95 

                        no_steps = size(Traj_tmp,1); 96 

                        for j = 1:no_steps 97 

                            config_tmp = Traj_tmp(j,:); 98 

                            for k = 1:RbtNow.No_Links                             99 

                                htheta = subplot(3,2,2); 100 

                                axis(htheta,[1 (no_steps-1)*(m-1)+1 -Theta_thresh Theta_thresh]) 101 

                                set(htheta, 'XTickLabel', []) 102 

                                grid on 103 

                                xlabel('Time') 104 

                                ylabel('Angle (\theta)') 105 

                                if (j<no_steps) 106 

                                    x_theta = [j+(i-1)*(no_steps-1) j+1+(i-1)*(no_steps-1)]; 107 

                                    y_theta = Traj_tmp_plot(j:j+1,k); 108 

                                    htheta(k) = line(x_theta,y_theta,'color',color(k),'LineWidth',1.5); 109 

                                end 110 

                                hold on;                     111 
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                                hpower = subplot(3,2,4); 112 

axis(hpower, [0 no_steps*sampleNum*(m-1) 0 max([Pow_plot{:}]) + 113 

0.1*max([Pow_plot{:}])]) 114 

                                set(hpower, 'XTickLabel', []) 115 

                                grid on 116 

                                xlabel('Time') 117 

                                ylabel('Calibrated Energy (j)') 118 

                                for l = 1:sampleNum 119 

x_pow = [(l-1)+(j-1)*(sampleNum)+(i-1)*sampleNum*no_steps , l+(j-120 

1)*(sampleNum)+(i-1)*sampleNum*no_steps]; 121 

                                    if (j==no_steps && l==sampleNum) 122 

y_pow = [Pow_plot{i,k}(l+(j-1)*(sampleNum)),Pow_plot{i,k}(l+(j-123 

1)*(sampleNum))]; 124 

                                    else 125 

                                        y_pow = Pow_plot{i,k}(l+(j-1)*(sampleNum):l+1+(j-1)*(sampleNum)); 126 

                                    end 127 

                                    hpower(l) = line(x_pow,y_pow,'color',color(k),'LineWidth',1.5); 128 

                                end                                 129 

                                hTextBox = uicontrol('style','text'); 130 

                                set(hTextBox,'Units','normalized') 131 

                                set(hTextBox,'Position',[0.57 0 0.35 0.35]) 132 

                                set(hTextBox, 'HorizontalAlignment','left') 133 

                                set(hTextBox, 'FontSize',10,'FontWeight','bold') 134 

                                PowerEnd = zeros(1,RbtNow.No_Links); 135 

                                BP_Nodes = zeros(1,m); 136 

                                ss = ''; 137 

                                for l = 1:m 138 

                                    BP_Nodes(l) = path_best.Path_Nodes(l).ID; 139 

                                    s1 = num2str(BP_Nodes(l)); 140 

                                    s2 = '-'; 141 

                                    if (l == m) 142 

                                        s2 = ''; 143 

                                    end 144 

                                    ssText = strcat(ss,s1,s2); 145 

                                    ss = ssText; 146 

                                end 147 

                                for l = 1:RbtNow.No_Links 148 
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toText{l} = ['Joint #',num2str(l),' Angle: 149 

',num2str(Traj_tmp_plot(j,l),4)]; 150 

toText{l+RbtNow.No_Links+1} = ['Joint #',num2str(l),' Energy 151 

Cosumption: ',num2str(Pow_plot{i,l}(j*sampleNum),4)]; 152 

                                    PowerEnd(l) = Pow_plot{i,l}(j*sampleNum);                                      153 

                                end 154 

                                TotalEnergy = sum(PowerEnd); 155 

toText{2*RbtNow.No_Links+3} = ['Total Energy Consumption: 156 

',num2str(TotalEnergy,4)]; 157 

toText{2*RbtNow.No_Links+4} = ['CPU Time For Finding The Best Path Using 158 

MPD* Lite: ',num2str(CPUtime,4),' s']; 159 

toText{2*RbtNow.No_Links+5} = ['START node: 160 

',num2str(path_best.Path_Nodes(1).ID),'   ---   ',... 161 

                                    'GOAL node: ',num2str(path_best.Path_Nodes(end).ID)]; 162 

toText{2*RbtNow.No_Links+6} = ['The Best Path Between Start and Goal:  163 

',ssText]; 164 

toText{2*RbtNow.No_Links+8} = '**Energy Consumption Values Are 165 

Calibrated*';                                 166 

                                set(hTextBox,'String',toText)                                 167 

                                link_tip = RbtNow.Link_Position(config_tmp, k, 1); 168 

                                X_link_tips(k+1) = link_tip.x; 169 

                                Y_link_tips(k+1) = link_tip.y; 170 

                                Z_link_tips(k+1) = link_tip.z; 171 

                                hold on;                                172 

                                hl(k) = subplot(3,2,[1 3 5]); 173 

hl(k) = line(X_link_tips(k:k+1),Y_link_tips(k:k+1),...           174 

'LineWidth',2,'Color','b','Marker','o','MarkerSize',2,'MarkerFaceColor','g') 175 

                            end                             176 

                            pause(0.05);                             177 

                            if(j == no_steps) 178 

                                pause(0.01); 179 

                            end                             180 

                            if(i == m-1 && j == no_steps) 181 

                                plt_2d.hprevious = hl; 182 

                            else 183 

                                delete(hl); 184 

                            end 185 

                        end 186 
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                    end 187 

plt_2d.hprevious2 = 188 

line(X_link_tips,Y_link_tips,'LineWidth',2.8,'Color','b','Marker','o','MarkerSize',5,'M189 

arkerFaceColor','g')          190 

                else                  191 

                    delete(plt_2d.hprevious) 192 

                    delete(plt_2d.hprevious2) 193 

                    htheta = subplot(3,2,2); 194 

                    delete(htheta) 195 

                    hpower = subplot(3,2,4); 196 

                    delete(hpower)                     197 

                    m = size(path_new.Path_Nodes,2); 198 

                    sampleNum = 5; 199 

                    Theta_thresh = 225; 200 

                    color = ['g','b','k','r','m','y','c']; 201 

                    Pow_tmp = cell(m-1,RbtNow.No_Links); 202 

                    Pow_plot = cell(m-1,RbtNow.No_Links); 203 

                    toText = cell(RbtNow.No_Links); 204 

                    for i = 1:m-1                         205 

                        No_Nghbrs = path_new.Path_Nodes(i).All_Neighbours_Length(); 206 

                        ID_next_node = path_new.Path_Nodes(i+1).ID; 207 

                        for j = 1:No_Nghbrs 208 

                            if path_new.Path_Nodes(i).All_Nghbrs(j).Id == ID_next_node 209 

                                Traj_tmp = path_new.Path_Nodes(i).All_Nghbrs(j).Traj; 210 

                                Traj_tmp_plot = Traj_tmp;                                 211 

                                Node_begin = path_new.Path_Nodes(i); 212 

                                Node_end = DSLITE.All_Nodes(path_new.Path_Nodes(i).All_Nghbrs(j).Id);       213 

                                for k = 1:RbtNow.No_Links 214 

                                    Pow_tmp{i,k} = POWER.MotorPower(RbtNow, Node_begin, Node_end, k); 215 

                                end 216 

                            end 217 

                        end                         218 

                        for k = 1:RbtNow.No_Links 219 

                            if (k>1) 220 

                                Traj_tmp_plot(:,k) = Traj_tmp_plot(:,k) + Traj_tmp_plot(:,k-1); 221 

                            end 222 

                        end 223 

                        Traj_tmp_plot = wrapToPi(Traj_tmp_plot)*180/pi;                         224 
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                        for k = 1:RbtNow.No_Links 225 

                            for l = 2:sampleNum*size(Traj_tmp,1) 226 

Pow_plot{i,k}(l) =  227 

Pow_tmp{i,k}(l*floor((size(Pow_tmp{i,k},2)/size(Traj_tmp,1)/sampleNum))); 228 

                            end 229 

                            if (i>1) 230 

                                Pow_plot{i,k}(:) = Pow_plot{i,k}(:) + Pow_plot{i-1,k}(end); 231 

                            end 232 

                        end                      233 

                        no_steps = size(Traj_tmp,1); 234 

                        for j = 1:no_steps 235 

                            config_tmp = Traj_tmp(j,:); 236 

                            for k = 1:RbtNow.No_Links                                 237 

                                htheta = subplot(3,2,2); 238 

                                axis(htheta,[1 (no_steps-1)*(m-1)+1 -Theta_thresh Theta_thresh]) 239 

                                set(htheta, 'XTickLabel', []) 240 

                                grid on 241 

                                xlabel('Time') 242 

                                ylabel('Angle (\theta)') 243 

                                if (j<no_steps) 244 

                                    x_theta = [j+(i-1)*(no_steps-1) j+1+(i-1)*(no_steps-1)]; 245 

                                    y_theta = Traj_tmp_plot(j:j+1,k); 246 

                                    htheta(k) = line(x_theta,y_theta,'color',color(k),'LineWidth',1.5); 247 

                                end 248 

                                hold on;                                 249 

                                hpower = subplot(3,2,4); 250 

axis(hpower, [0 no_steps*sampleNum*(m-1) 0 max([Pow_plot{:}]) + 251 

0.1*max([Pow_plot{:}])]) 252 

                                set(hpower, 'XTickLabel', []) 253 

                                grid on 254 

                                xlabel('Time') 255 

                                ylabel('Calibrated Energy (j)') 256 

                                for l = 1:sampleNum 257 

x_pow = [(l-1)+(j-1)*(sampleNum)+(i-1)*sampleNum*no_steps , l+(j-258 

1)*(sampleNum)+(i-1)*sampleNum*no_steps]; 259 

                                    if (j==no_steps && l==sampleNum) 260 

y_pow = [Pow_plot{i,k}(l+(j-1)*(sampleNum)),Pow_plot{i,k}(l+(j-261 

1)*(sampleNum))]; 262 
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                                    else 263 

                                        y_pow = Pow_plot{i,k}(l+(j-1)*(sampleNum):l+1+(j-1)*(sampleNum)); 264 

                                    end 265 

                                    hpower(l) = line(x_pow,y_pow,'color',color(k),'LineWidth',1.5); 266 

                                end                                 267 

                                hTextBox = uicontrol('style','text'); 268 

                                set(hTextBox,'Units','normalized') 269 

                                set(hTextBox,'Position',[0.57 0 0.35 0.35]) 270 

                                set(hTextBox, 'HorizontalAlignment','left') 271 

                                set(hTextBox, 'FontSize',10,'FontWeight','bold') 272 

                                PowerEnd = zeros(1,RbtNow.No_Links); 273 

                                BP_Nodes = zeros(1,m); 274 

                                ss = ''; 275 

                                for l = 1:m 276 

                                    BP_Nodes(l) = path_new.Path_Nodes(l).ID; 277 

                                    s1 = num2str(BP_Nodes(l)); 278 

                                    s2 = '-'; 279 

                                    if (l == m) 280 

                                        s2 = ''; 281 

                                    end 282 

                                    ssText = strcat(ss,s1,s2); 283 

                                    ss = ssText; 284 

                                end 285 

                                for l = 1:RbtNow.No_Links 286 

toText{l} = ['Joint #',num2str(l),' Angle: 287 

',num2str(Traj_tmp_plot(j,l),4)]; 288 

toText{l+RbtNow.No_Links+1} = ['Joint #',num2str(l),' Energy 289 

Cosumption: ',num2str(Pow_plot{i,l}(j*sampleNum),4)]; 290 

                                    PowerEnd(l) = Pow_plot{i,l}(j*sampleNum);                                      291 

                                end 292 

                                TotalEnergy = sum(PowerEnd); 293 

toText{2*RbtNow.No_Links+3} = ['Total Energy Consumption: 294 

',num2str(TotalEnergy,4)]; 295 

toText{2*RbtNow.No_Links+4} = ['CPU Time For Finding The "NEW" Best Path 296 

Using MPD* Lite: ',num2str(CPUtime,4),' s']; 297 

toText{2*RbtNow.No_Links+5} = ['START node: 298 

',num2str(path_new.Path_Nodes(1).ID),'   ---   ',... 299 

                                    'GOAL node: ',num2str(path_new.Path_Nodes(end).ID)]; 300 
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toText{2*RbtNow.No_Links+6} = ['The "NEW" Best Path Between Start and Goal:  301 

',ssText]; 302 

toText{2*RbtNow.No_Links+8} = '**Energy Consumption Values Are 303 

Calibrated*';                                 304 

                                set(hTextBox,'String',toText)                                 305 

                                link_tip = RbtNow.Link_Position(config_tmp, k, 1); 306 

                                X_link_tips(k+1) = link_tip.x; 307 

                                Y_link_tips(k+1) = link_tip.y; 308 

                                Z_link_tips(k+1) = link_tip.z; 309 

                                hold on;                                 310 

                                hl(k) = subplot(3,2,[1 3 5]); 311 

hl(k) = line(X_link_tips(k:k+1),Y_link_tips(k:k+1),...       312 

'LineWidth',2,'Color','b','Marker','o','MarkerSize',2,'MarkerFaceColor','g') 313 

                            end                             314 

                            pause(0.05);                             315 

                            if(j == no_steps) 316 

                                pause(0.01); 317 

                            end                             318 

                            if(i == m-1 && j == no_steps) 319 

                                plt_2d.hprevious = hl; 320 

                            else 321 

                                delete(hl); 322 

                            end 323 

                        end 324 

                    end 325 

plt_2d.hprevious2 = 326 

line(X_link_tips,Y_link_tips,'LineWidth',2.8,'Color','b','Marker','o','MarkerSize',5,'M327 

arkerFaceColor','g')                328 

                end 329 

            end                      330 

            x_data = zeros(RRTNow.Tot_Nodes,1); 331 

            y_data = zeros(RRTNow.Tot_Nodes,1); 332 

            z_data = zeros(RRTNow.Tot_Nodes,1); 333 

            if (drawTDG == 1) 334 

                for i = 1:RRTNow.Tot_Nodes 335 

                    x_data(i) = All_NodesNow(i).P.x; 336 

                    y_data(i) = All_NodesNow(i).P.y; 337 

                    z_data(i) = All_NodesNow(i).P.z; 338 
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                end 339 

                figure; 340 

                axis equal 341 

                hold on 342 

                scatter(x_data,y_data,'.'); 343 

            end 344 

        end 345 

    end 346 

end347 
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B. Appendix – Sample Calculation for Modeling the Robot 

This section provides a sample calculation for deriving the mathematical model for robot dynamics and the final couple 

differential equations for the manipulator-DC motor system. The modeling and corresponding calculation is provided for a three-link 

manipulator with revolute joints (3 DOF). 

 

Figure B.1. A manipulator with three DOF, three revolute joints 

The transformation matrix between three given links can be generated based on Table 2.1 and equation (2-1) as follows: 

x1

y0

z0

x2

x3

x0

y1

y3

y2

z1

z2

z3
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𝐴01 = [

cos 𝜃1 −sin 𝜃1 0 ℓ1. cos 𝜃1
sin 𝜃1 cos 𝜃1 0 ℓ1. sin 𝜃1
0 0 1 0
0 0 0 1

] (B-1)   

𝐴12 = [

cos 𝜃2 −sin 𝜃2 0 ℓ2. cos 𝜃2
sin 𝜃2 cos 𝜃2 0 ℓ2. sin 𝜃2
0 0 1 0
0 0 0 1

] (B-2)   

𝐴23 = [

cos 𝜃3 −sin 𝜃3 0 ℓ3. cos 𝜃3
sin 𝜃3 cos 𝜃3 0 ℓ3. sin 𝜃3
0 0 1 0
0 0 0 1

] (B-3)   

𝐴02 = [

cos( 𝜃1 + 𝜃2) − sin(𝜃1 + 𝜃2) 0 ℓ1. cos 𝜃1 +ℓ2. cos( 𝜃1 + 𝜃2)
sin(𝜃1 + 𝜃2) cos( 𝜃1 + 𝜃2) 0 ℓ1. sin 𝜃1 +ℓ2. sin( 𝜃1 + 𝜃2)

0 0 1 0
0 0 0 1

] (B-4)    

 

𝐴03 = [

cos ( 𝜃1 + 𝜃2 + 𝜃3) − sin(𝜃1 + 𝜃2 + 𝜃3)
sin(𝜃1 + 𝜃2 + 𝜃3) cos ( 𝜃1 + 𝜃2 + 𝜃3)

0
0

0
0

   … 

0 ℓ1. cos 𝜃1 +ℓ2. cos ( 𝜃1 + 𝜃2) + ℓ3. cos ( 𝜃1 + 𝜃2 + 𝜃3)
0 ℓ1. sin 𝜃1 +ℓ2. sin ( 𝜃1 + 𝜃2) + ℓ3. sin ( 𝜃1 + 𝜃2 + 𝜃3)
1
0

0
0

] 

(B-5)   

The distance vectors of the robot’s links, based on the equations (B-1) to (B-5), can be expressed as: 
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𝑑01
0 =

[
 
 
 
 
ℓ1
2
. cos 𝜃1

ℓ1
2
. sin 𝜃1

0 ]
 
 
 
 

 (B-6)   

𝑑02
0 =

[
 
 
 
 ℓ1. cos 𝜃1 +

ℓ2
2
. cos ( 𝜃1 + 𝜃2)

ℓ1. sin 𝜃1 +
ℓ2
2
. sin ( 𝜃1 + 𝜃2)

0 ]
 
 
 
 

 (B-7)   

𝑑03
0 =

[
 
 
 
 ℓ1. cos 𝜃1 +ℓ2. cos ( 𝜃1 + 𝜃2) +

ℓ3
2
. cos ( 𝜃1 + 𝜃2 + 𝜃3)

ℓ1. sin 𝜃1 +ℓ2. sin ( 𝜃1 + 𝜃2) +
ℓ3
2
. sin ( 𝜃1 + 𝜃2 + 𝜃3)

0 ]
 
 
 
 

 (B-8)   

𝑑12
0 =

[
 
 
 
 
ℓ2
2
. cos( 𝜃1 + 𝜃2)

ℓ2
2
. sin ( 𝜃1 + 𝜃2)

0 ]
 
 
 
 

 (B-9)    

𝑑23
0 =

[
 
 
 
 
ℓ3
2
. cos ( 𝜃1 + 𝜃2 + 𝜃3)

ℓ3
2
. sin ( 𝜃1 + 𝜃2 + 𝜃3)

0 ]
 
 
 
 

 (B-10)   

𝑑13
0 =

[
 
 
 
 ℓ2. cos ( 𝜃1 + 𝜃2) +

ℓ3
2
. cos ( 𝜃1 + 𝜃2 + 𝜃3)

ℓ2. sin ( 𝜃1 + 𝜃2) +
ℓ3
2
. sin ( 𝜃1 + 𝜃2 + 𝜃3)

0 ]
 
 
 
 

 (B-11)    



 

143 

 

According to equation (2-3), the Jacobian matrices can be derived as:  

𝐽1 = [
𝐽𝑉𝐶1
𝐽𝜔𝐶1

] = [
𝑧0
0 × 𝑑01

0 0 0

𝑧0
0 0 0

] (B-12)   

𝐽2 = [
𝐽𝑉𝐶2
𝐽𝜔𝐶2

] = [
𝑧0
0 × 𝑑02

0 𝑧1
0 × 𝑑12

0 0

𝑧0
0 𝑧1

0 0
] (B-13)   

𝐽3 = [
𝐽𝑉𝐶3
𝐽𝜔𝐶3

] = [
𝑧0
0 × 𝑑03

0 𝑧1
0 × 𝑑13

0 𝑧2
0 × 𝑑23

0

𝑧0
0 𝑧1

0 𝑧2
0 ] (B-14)    

Which yields: 

𝐽1 = [
𝐽𝑉𝐶1
𝐽𝜔𝐶1

] =

[
 
 
 
 
 
 −
ℓ1
2
. sin 𝜃1 0 0

ℓ1
2
. cos 𝜃1 0 0

0
0
1

0
0
0

0
0
0]
 
 
 
 
 
 

 (B-15)   

𝐽2 = [
𝐽𝑉𝐶2
𝐽𝜔𝐶2

] =

[
 
 
 
 
 
 − (ℓ1. sin 𝜃1 +

ℓ2
2
. sin ( 𝜃1 + 𝜃2)) −

ℓ2
2
. sin ( 𝜃1 + 𝜃2) 0

ℓ1. cos 𝜃1 +
ℓ2
2
. cos ( 𝜃1 + 𝜃2)

ℓ2
2
. cos ( 𝜃1 + 𝜃2) 0

0
0
1

0
0
1

0
0
0]
 
 
 
 
 
 

 (B-16)   
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𝐽3 = [
𝐽𝑉𝐶3
𝐽𝜔𝐶3

] =

[
 
 
 
 
 
 
 − (ℓ1. sin 𝜃1 +ℓ2. sin ( 𝜃1 + 𝜃2) +

ℓ3
2
. sin ( 𝜃1 + 𝜃2 + 𝜃3))

ℓ1. sin 𝜃1 +ℓ2. sin ( 𝜃1 + 𝜃2) +
ℓ3
2
. sin ( 𝜃1 + 𝜃2 + 𝜃3)

0
0
0
1

 … 

−(ℓ2. sin ( 𝜃1 + 𝜃2) +
ℓ3
2
. sin ( 𝜃1 + 𝜃2 + 𝜃3)) −

ℓ3
2
. sin ( 𝜃1 + 𝜃2 + 𝜃3)

ℓ2. cos ( 𝜃1 + 𝜃2) +
ℓ3
2
. cos ( 𝜃1 + 𝜃2 + 𝜃3)

ℓ3
2
. cos ( 𝜃1 + 𝜃2 + 𝜃3)

0
0
0
1

0
0
0
1 ]

 
 
 
 
 
 
 

 

 

(B-17)    

Using the general equation for kinetic energy and potential energy of an n-link manipulator and substituting into Lagrange’s 

equations, yield the general equation of motion of an n-link manipulator. The Lagrangian is expressed in equation (B-18). 

𝐿 = 𝑇 − 𝑉 (B-18)    

Using Hamilton’s principle the equation of motion can be stablished: 

𝑑

𝑑𝑡

𝜕𝐿

𝜕�̇�𝑖
−
𝜕𝐿

𝜕𝑞𝑖
= 𝜏𝑖 (B-19)    

In which 𝐿 is the Lagrangian and 𝜏𝑖 is the applied torque on each joint. 
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The potential energy and kinetic energy can also be expressed as: 

𝑉(𝑞) =∑𝑚𝑖 [
0
0
𝑔
]

𝑇

𝑟𝑐𝑔𝑖(𝑞)

𝑛

𝑖=1

 (B-20)    

𝑇(𝑞, �̇�) =
1

2
�̇�𝑇𝐷�̇� =

1

2
∑∑𝑑𝑖𝑗�̇�𝑖�̇�𝑗

𝑛

𝑗=1

𝑛

𝑖=1

 (B-21)    

Substituting  𝑉(𝑞) and 𝑇(𝑞, �̇�) into equation (B-18): 

𝐿 =
1

2
∑∑𝑑𝑖𝑗�̇�𝑖�̇�𝑗

𝑛

𝑗=1

𝑛

𝑖=1

− ∑𝑚𝑖 [
0
0
𝑔
]

𝑇

𝑟𝑐𝑔𝑖(𝑞)

𝑛

𝑖=1

 (B-22)    

Applying Lagrange’s equation 

𝑑

𝑑𝑡

𝜕𝐿

𝜕�̇�𝑘
=
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕�̇�𝑘
) =

𝑑

𝑑𝑡

𝜕

𝜕�̇�𝑘
[
1

2
∑∑𝑑𝑖𝑗�̇�𝑖�̇�𝑗

𝑛

𝑗=1

𝑛

𝑖=1

] 

=
𝑑

𝑑𝑡
[
1

2
∑𝑑𝑖𝑘�̇�𝑖

𝑛

𝑖=1

+
1

2
∑𝑑𝑘𝑗�̇�𝑗

𝑛

𝑗=1

] 

(B-23)    

Knowing that 𝑑𝑖𝑗 is symmetric 

𝑑

𝑑𝑡

𝜕𝐿

𝜕�̇�𝑘
=
𝑑

𝑑𝑡
[∑𝑑𝑘𝑗�̇�𝑗

𝑛

𝑗=1

] =∑𝑑𝑘𝑗�̈�𝑗

𝑛

𝑗=1

+ ∑
𝜕𝑑𝑘𝑗

𝜕𝑞𝑖

𝑛

𝑖,𝑗=1

�̇�𝑖�̇�𝑗 (B-24)    
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And 

𝜕𝐿

𝜕𝑞𝑘
=

𝜕

𝜕𝑞𝑘
[
1

2
∑∑𝑑𝑖𝑗�̇�𝑖�̇�𝑗

𝑛

𝑗=1

𝑛

𝑖=1

− ∑𝑚𝑖 [
0
0
𝑔
]

𝑇

𝑟𝑐𝑔𝑖(𝑞)

𝑛

𝑖=1

] (B-25)    

Substituting equations (B-24) and (B-25) into equation (B-19) gives 

∑𝑑𝑘𝑗�̈�𝑗

𝑛

𝑗=1

+ ∑ [
𝜕𝑑𝑘𝑗

𝜕𝑞𝑖
�̇�𝑖�̇�𝑗 −

1

2

𝜕

𝜕𝑞𝑘
𝑑𝑖𝑗�̇�𝑖�̇�𝑗]

𝑛

𝑖,𝑗=1

+
𝜕𝑉

𝜕𝑞𝑘
= 𝜏𝑘 (B-26)    

Using the symmetry of the 𝑑𝑖𝑗, equation (B-26) can be expanded as 

∑𝑑𝑘𝑗�̈�𝑗

𝑛

𝑗=1

+
1

2
∑ {

𝜕

𝜕𝑞𝑖
(𝑑𝑘𝑗) +

𝜕

𝜕𝑞𝑗
(𝑑𝑘𝑖) −

𝜕

𝜕𝑞𝑘
(𝑑𝑖𝑗)}

𝑛

𝑖,𝑗=1

�̇�𝑖�̇�𝑗 +
𝜕𝑉

𝜕𝑞𝑘
= 𝜏𝑘 (B-27)    

 

Equation (B-27) is comparable to the general equation of motion in chapter Chapter 2 of this article 

𝐷(𝑞)�̈� + �̇�𝑇𝐶(𝑞)�̇� + 𝐹𝑉�̇� + 𝐹𝑆𝑠𝑔𝑛(�̇�) + 𝐺(𝑞) = 𝜏 (B-28)    

 In which 

∑𝑑𝑘𝑗�̈�𝑗

𝑛

𝑗=1

≡ 𝐷(𝑞)�̈� (B-29)    
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𝐶(𝑞) ≡  {
𝜕

𝜕𝑞𝑖
(𝑑𝑘𝑗) +

𝜕

𝜕𝑞𝑗
(𝑑𝑘𝑖) −

𝜕

𝜕𝑞𝑘
(𝑑𝑖𝑗)} (B-30)    

𝐺(𝑞) =
𝜕𝑉

𝜕𝑞𝑘
 (B-31)    

 

 

 

Table B.1. Principle matrices of general equation of motion 

Principle 

Element 
Size Description 

𝐷(𝑞) 𝑛 × 𝑛 Inertia Matrix 

𝐶(q) 𝑛 × 𝑛 × 𝑛 Christoffel Symbol Matrix 

𝐺(q) 𝑛 Gravity Vector 

𝜏 𝑛 Torque Vector 

 

The inertia matrix of the robot in equation (B-28) can be calculated using equation (B-29). For a three DOF manipulator as the 

one in Figure B.1, this matrix can be expressed as the multiplication of group of matrices as follows:l  
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𝐷(𝜃) =∑[𝑚𝑖𝐽𝑉𝐶𝑖
(𝜃)𝑇𝐽𝑉𝐶𝑖

+ 𝐽𝜔𝑖(𝜃)
𝑇𝑅𝑜𝑖𝐼𝑖𝑅𝑜𝑖

𝑇 𝐽𝜔𝑖(𝜃)]

𝑛

𝑖=1

  

= 𝑚1 [
−
ℓ1
2
. sin 𝜃1

ℓ1
2
. cos 𝜃1 0

0 0 0
0 0 0

]

[
 
 
 
 −
ℓ1
2
. sin 𝜃1 0 0

ℓ1
2
. cos 𝜃1 0 0

0 0 0]
 
 
 
 

 

+[
0 0 1
0 0 0
0 0 0

] [
cos 𝜃1 −sin 𝜃1 0
sin 𝜃1 cos 𝜃1 0
0 0 1

] [

0 0 0
0 0 0

0 0
𝑚1ℓ1

2

12

] [
cos 𝜃1 sin 𝜃1 0
− sin 𝜃1 cos 𝜃1 0

0 0 1

] [
0 0 0
0 0 0
1 0 0

] 

+𝑚2

[
 
 
 
 − (ℓ1. sin 𝜃1 +

ℓ2
2
. sin ( 𝜃1 + 𝜃2)) ℓ1. cos 𝜃1 +

ℓ2
2
. cos ( 𝜃1 + 𝜃2) 0

−
ℓ2
2
. sin ( 𝜃1 + 𝜃2)

ℓ2
2
. cos ( 𝜃1 + 𝜃2) 0

0 0 0]
 
 
 
 

[
 
 
 
 − (ℓ1. sin 𝜃1 +

ℓ2
2
. sin ( 𝜃1 + 𝜃2)) −

ℓ2
2
. sin ( 𝜃1 + 𝜃2) 0

ℓ1. cos 𝜃1 +
ℓ2
2
. cos ( 𝜃1 + 𝜃2)

ℓ2
2
. cos ( 𝜃1 + 𝜃2) 0

0 0 0]
 
 
 
 

 

+[
0 0 1
0 0 0
0 0 0

] [
cos 𝜃2 −sin 𝜃2 0
sin 𝜃2 cos 𝜃2 0
0 0 1

] [

0 0 0
0 0 0

0 0
𝑚2ℓ2

2

12

] [
cos 𝜃2 sin 𝜃2 0
− sin 𝜃2 cos 𝜃2 0

0 0 1

] [
0 0 0
0 0 0
1 0 0

] 

+𝑚3

[
 
 
 
 
 − (ℓ1. sin 𝜃1 +ℓ2. sin ( 𝜃1 + 𝜃2) +

ℓ3
2
. sin ( 𝜃1 + 𝜃2 + 𝜃3)) ℓ1. sin 𝜃1 +ℓ2. sin ( 𝜃1 + 𝜃2) +

ℓ3
2
. sin ( 𝜃1 + 𝜃2 + 𝜃3) 0

−(ℓ2. sin ( 𝜃1 + 𝜃2) +
ℓ3
2
. sin ( 𝜃1 + 𝜃2 + 𝜃3)) ℓ2. cos ( 𝜃1 + 𝜃2) +

ℓ3
2
. cos ( 𝜃1 + 𝜃2 + 𝜃3) 0

−
ℓ3
2
. sin ( 𝜃1 + 𝜃2 + 𝜃3)

ℓ3
2
. cos ( 𝜃1 + 𝜃2 + 𝜃3) 0]

 
 
 
 
 

 . 

[
 
 
 
 − (ℓ1. sin 𝜃1 +ℓ2. sin ( 𝜃1 + 𝜃2) +

ℓ3
2
. sin ( 𝜃1 + 𝜃2 + 𝜃3)) −(ℓ2. sin ( 𝜃1 + 𝜃2) +

ℓ3
2
. sin ( 𝜃1 + 𝜃2 + 𝜃3)) −

ℓ3
2
. sin ( 𝜃1 + 𝜃2 + 𝜃3)

ℓ1. sin 𝜃1 +ℓ2. sin ( 𝜃1 + 𝜃2) +
ℓ3
2
. sin ( 𝜃1 + 𝜃2 + 𝜃3) ℓ2. cos ( 𝜃1 + 𝜃2) +

ℓ3
2
. cos ( 𝜃1 + 𝜃2 + 𝜃3)

ℓ3
2
. cos ( 𝜃1 + 𝜃2 + 𝜃3)

0 0 0 ]
 
 
 
 

 

+[
0 0 1
0 0 0
0 0 0

] [
cos 𝜃2 −sin 𝜃2 0
sin 𝜃2 cos 𝜃2 0
0 0 1

] [

0 0 0
0 0 0

0 0
𝑚2ℓ2

2

12

] [
cos 𝜃2 sin 𝜃2 0
− sin 𝜃2 cos 𝜃2 0

0 0 1

] [
0 0 0
0 0 0
1 0 0

] 

(B-32)    
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The actuator’s equation of motion can be expressed as 

�̈� =
𝐾𝑡
𝐽
𝑖 −

𝑏

𝐽
�̇� −

𝜏

𝐽
 (B-33)    

𝑑

𝑑𝑡
𝑖 = −

𝑅

𝐿
𝑖 −

𝐾𝑒
𝐿
�̇� +

𝑉

𝐿
 (B-34)    

Rewriting (B-33) for the first joint of the manipulator yields 

�̈�1 =
𝐾𝑡
𝐽1
𝑖1 −

𝑏

𝐽1
�̇�1 −

𝜏1
𝐽1

 (B-35)    

Expanding the above equation using equation (B-28) 

�̈�1 =
𝐾𝑡
𝐽1
𝑖1 −

𝑏

𝐽1
�̇�1 −

1

𝐽1
((𝐷11�̈�1 + 𝐷12�̈�2 + 𝐷13�̈�3) + (𝐶11�̇�1 + 𝐶12�̇�2 + 𝐶13�̇�3) + 𝐺1) (B-36)    

Rewriting the above equation gives 

�̈�1 = (
𝐾𝑡

𝐽1 + 𝐷11
) 𝑖1 − (

𝑏 + 𝐶11
𝐽1 + 𝐷11

) �̇�1 − (
𝐷12

𝐽1 + 𝐷11
) �̈�2 − (

𝐷13
𝐽1 + 𝐷11

) �̈�3 − (
𝐶12

𝐽1 + 𝐷11
) �̇�2 − (

𝐶13
𝐽1 + 𝐷11

) �̇�3 − (
1

𝐽1 + 𝐷11
)𝐺1 (B-37)    

The state space equations of the first joint of the robot can be developed as 
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{
 
 

 
 
𝑑

𝑑𝑡
𝜃1 = 𝜔1

𝑑

𝑑𝑡
𝑖1 = −

𝑅

𝐿
𝑖1 −

𝐾𝑒
𝐿
𝜔1 +

𝑉

𝐿
𝑑

𝑑𝑡
𝜔1 = (

𝐾𝑡
𝐽1 + 𝐷11

) 𝑖1 − (
𝑏 + 𝐶11
𝐽1 + 𝐷11

)𝜔1 − (
𝐷12

𝐽1 + 𝐷11
) �̇�2 − (

𝐷13
𝐽1 + 𝐷11

) �̇�3 − (
𝐶12

𝐽1 + 𝐷11
)𝜔2 − (

𝐶13
𝐽1 + 𝐷11

)𝜔3 − (
1

𝐽1 + 𝐷11
)𝐺1

 (B-38)    

Same steps can be taken to derive the state space equations of the other joints. In order to solve the above differential equations 

for all three joints simultaneously, the coupled differential equations of the joints’ angular velocity have to be uncoupled. For this 

purpose, these equations can be redrafted as: 

{

�̇�1 = Γ1 − Α1�̇�2 − Β1�̇�3
�̇�2 = Γ2 − Α2�̇�1 − Β2�̇�3
�̇�3 = Γ3 − Α3�̇�1 − Β3�̇�2

 (B-39)    

In which Α𝑖 , Β𝑖 and Γ𝑖 are all functions of 𝜃. Summarizing the above coupled equations in matrix form yields 

[𝐶𝐶]. [

�̇�1
�̇�2
�̇�3

] = [

Γ1
Γ2
Γ3

] (B-40)    

Which results in 

{

�̇�1 = [𝐶𝐶]
−1(1, : ). [Γ]

�̇�2 = [𝐶𝐶]
−1(2, : ). [Γ]

�̇�3 = [𝐶𝐶]
−1(3, : ). [Γ]

 (B-41)    
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The solution for the differential equations of the first joint using Runge-Kutta algorithm can be developed as follows: 

{
 
 

 
 𝜃1𝑛+1 = 𝜃1𝑛 +

ℎ

6
(𝑘11 + 2𝑘12 + 2𝑘13 + 𝑘14)

𝑖1𝑛+1 = 𝑖1𝑛 +
ℎ

6
(𝑙11 + 2𝑙12 + 2𝑙13 + 𝑙14)

𝜔1𝑛+1 = 𝜔1𝑛 +
ℎ

6
(𝑚11 + 2𝑚12 + 2𝑚13 +𝑚14)

 

{
  
 

  
 
𝑘11 = 𝜔1𝑛

𝑘12 = 𝜔1𝑛 +
1

2
ℎ𝑘11

𝑘13 = 𝜔1𝑛 +
1

2
ℎ𝑘12

𝑘14 = 𝜔1𝑛 + ℎ𝑘13

 

{
 
 
 

 
 
 𝑙11 = −

𝑅

𝐿
𝑖1𝑛 −

𝐾𝑒
𝐿
𝜔1𝑛 +

𝑉

𝐿

𝑙12 = −
𝑅

𝐿
(𝑖1𝑛 +

1

2
ℎ𝑙11) −

𝐾𝑒
𝐿
(𝜔1𝑛 +

1

2
ℎ𝑚11) +

𝑉

𝐿

𝑙13 = −
𝑅

𝐿
(𝑖1𝑛 +

1

2
ℎ𝑙12) −

𝐾𝑒
𝐿
(𝜔1𝑛 +

1

2
ℎ𝑚12) +

𝑉

𝐿

𝑙14 = −
𝑅

𝐿
(𝑖1𝑛 + ℎ𝑙13) −

𝐾𝑒
𝐿
(𝜔1𝑛 +

1

2
ℎ𝑚13) +

𝑉

𝐿

 

{
 
 

 
 
𝑚11 = [𝐶𝐶]

−1(1, : ). [Γ] (𝜔1𝑛)

𝑚12 = [𝐶𝐶]
−1(1, : ). [Γ] (𝑘11 , 𝑚11)

𝑚13 = [𝐶𝐶]
−1(1, : ). [Γ] (𝑘12 , 𝑚12)

𝑚14 = [𝐶𝐶]
−1(1, : ). [Γ] (𝑘13 , 𝑚13)

 

 

(B-42)    
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