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Abstract 

Radiography is a non-destructive technique that uses penetrating radiation, such as 

X-rays, to image the internal structure of an object by providing projections of the 

material content on a two-dimensional screen. Computer Tomography (CT) uses 

multiple-projections to reconstruct a pixelated cross-section image. The number of 

projections in CT has to be at least equal to the number of reconstructed pixels in order 

to be able to reconstruct a non-ambiguous image. However, often imaged objects have a 

known or uniform material content and are examined to detect anomalies or defects. 

Such known information can be used to reconstruct tomographic images using a limited 

number of projections, i.e. less than those required in CT, even though the corresponding 

inverse problem is incomplete (number of knowns is less than the number of unknowns). 

This thesis examines several methods to reconstruct tomographic images from 

limited objects of nominally known structure, using the few radiographic projections 

typically available in radiographic inspection. The methods are applied to both simulated 

phantoms and available mammograms, at different levels of incompleteness. Credibility-

of-solution indicators are developed to measure how close a solution is to the actual 

configurations. It is shown that both least-squares solutions and iterative methods are 

able to detect anomalies using limited number of projections.   
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CHAPTER ONE: INTRODUCTION 

1.1 Background 

Radiography is an imaging technology which uses penetrating radiation to view the 

internal structure of objects. It is commonly used in medical radiography and industrial 

examination. In radiography, a limited number of projections are acquired to assist in 

interpreting the provided integrated (along the radiation path, see Chapter 2) image 

information [1]. Computed tomography (CT) is a complex radiography process in which 

a large number of projections at many orientations around a cross-section of an object 

are digitally acquired, from which a pixelated slice image of the cross-section is 

numerically reconstructed [2]. Due to its physical complexity (need for radiation 

exposure at many directions), and numerical demands (image reconstruction), CT is used 

only when information provided by radiography, or other imaging techniques, do not 

deliver the needed information. More details about radiography and tomography are 

given in Chapter 2.  

In many instances, radiographed objects have known nominal material, or uniform 

content, and are radiographed to detect, locate and size anomalies or defects. These 

known information, represent in effect additional information that can be used to 

reconstruct tomographic images using the available limited number of radiograph 

projections, without resorting to acquiring the data required for full tomography. 

Numerical image reconstruction is an inverse problem, in which physical parameters (the 

attenuation coefficients of radiation in pixels) are computed using available 

measurements (projection data), as explained in more details in Chapter 3. The inverse 

problem in radiography and CT are linear problems (as shown in Chapter 2), expect that 
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for the latter the number of knowns (measurements) is sufficiently larger than the 

number of unknowns (pixel attenuation coefficients) to reconstruct an unambiguous slice 

image. In radiography, where the number of projections is limited, image reconstruction 

constitutes an incomplete inverse problem that can only be solved credibly by the 

imposition of constraints on the solution. Chapter 3 provides a short review of the 

inverse problem, focusing on solution methods for solving incomplete problems. 

 

1.2 Objectives 

The main goal of this thesis is to numerically reconstruct an image from limited 

radiographic projections, i.e. solving the associated incomplete (underdetermined) 

inverse problem. This is achieved by following three aspects: 

1. Identifying existing methods for solving incomplete inverse problems. 

2. Assessing the capabilities and limitations of the identified methods by applying 

them to idealized hypothetical test problems of increasing complexities.  

When complexities of theoretical problems are increasing, trade-off need to be 

evaluated between time efficiency and accuracy. 

3. Applying the above developed methods to the realistic problem of 

mammography. Numerical algorithms implemented using MATLAB routines R 2012 a 

[3]. 

 

1.3 Outline 

In Chapter 2, a review of the basics of radiography and some of its techniques is 

presented, along with a description of the image reconstruction as inverse problem in 
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computed tomography. Chapter 3 introduces the inverse problem, and reviews various 

solution methods that can be used to solve inverse problems. The solution methods of 

Chapter 3 are implemented and assessed for solving the image reconstruction problem in 

dual orthogonal radiography of a 2 × 2 pipe rack in Chapter 4. Image reconstruction for a 

human head theoretical phantom from at least two projections is presented in Chapter 5. 

In Chapter 6, mammography projections available in a medical library are used to 

reconstruct three-dimensional images of the breast. A summary, conclusions and 

recommendation for future work are given in Chapter 7.  
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CHAPTER TWO: RADIATION IMAGING 

This Chapter reviews the different concepts of imaging with penetrating radiation 

using radiography and tomography, to demonstrate the capabilities of various techniques 

and the opportunities and challenges they present for future development. The basics of 

radiography are presented, followed by a review of some of its techniques. Computed 

tomography is then discussed as a technique and as an inverse problem.   

 

2.1 Radiography 

X-ray radiography is a non-destructive way to view the internal structure of an 

object by projecting on a screen or a film the imprints of x-rays that traversed the object. 

Changes in material density and / or composition affect the attenuation of X-rays, hence 

their projected intensity [4]. 

In radiography, the object being examined is placed between an X-ray generator 

and a detection panel, as schematically shown in Figure 2.1 [5]. A fraction of the 

incident X-rays is absorbed, or scattered away from the image panel, resulting in a 

detected signal that depends on the object’s density and composition. Therefore, the 

image projected on the detection panel provides a two-dimensional representation of 

object’s structure in the direction perpendicular to the incident radiation. 

Material and structure detection with X-ray radiation offer numerous advantages 

that other examination methods cannot achieve. Unlike magnetic, electrical and 

microwave techniques, it can be used to examine any type of material, regardless of its 

electromagnetic properties. It does need, as in the case of ultrasonic imaging, direct 

contact with the inspected object [6]. 
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Figure 2.1 A schematic diagram demonstrating the concept of radiography [5]. 

 

Radiography relies on recording the intensity of radiation transmitted through an 

object [1]. When a radiation beam travels through a material, its intensity is attenuated 

due to the absorption and / or scattering of radiation. This attenuation process is 

governed by the Beer-Lambert law [7]: 

𝐼(𝑋) = 𝐼0exp(−µ𝑋) =  𝐼0exp (−∫0
𝑋
µ(𝑥)𝑑𝑥)                               (2.1) 

where 𝐼(𝑋)  is the intensity of radiation after the beam travels a distance X in the 

examined material. 𝐼0  is the intensity of the incident radiation beam, and µ(𝑥) is the 

attenuation coefficient of the material present at distance x within the material. In 

radiography, the intensity of the beam is recorded outside the object. The internal 

characteristic of the object’s material is determined by the value of µ(𝑥), which is a 

function of the material density and composition, for a given source energy and type [5]. 

It is clear from Eq. (2.1) that radiography provides an integral indication of µ(𝑥) along 

the distance of travel X. Numerically, this integral value is determined by the projection, 

P: 
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P  = − ln
𝐼(𝑋)

𝐼0
 = ∫ µ(𝑥) 𝑑𝑥

𝑋

0
                                          (2.2) 

where P is the projection of radiographic intensity. The value of P is determined by the 

measured attenuated intensity, 𝐼(𝑋) and the intensity in air, 𝐼0, when attenuation in air is 

negligible. The projection, P , can be represented in the discretized form for elements of 

width 𝛥𝑥, along the radiating path: 

𝑃  =  ∑ µ𝑖
𝑛
1                                                         (2.3) 

where µ𝑖  is the attenuation coefficients in element i, and n is the total number of 

elements along the radiation path. 

The integral information provided by P of Eq. (2.2) or (2.3) is not sufficient to 

determine the spatial distribution of the internal details of an object, because the 

integration/summation process compresses all the information along the length X into a 

single value. Therefore, often more than one projection is recorded at different exposure 

angles. In many applications, two projections are used to localize distinct features within 

an object [8]. This dual-projection process is also used in stereography [9]. 

 

2.2 Dual view / limited multiple view radiography 

When two or more radiographic projections are recorded at different orientations, 

information about the position of an anomaly in an object can be deduced [10]. This 

technique is used in medical [10, 11], industrial [5] and security applications for the 

detection of contraband [5]. The information deduced radiography is enriched as the 

number of projections increases, because of the affirmative data provided by the 

additional radiographs. When two orthogonal views are applied, dual view radiography 

resemble the Japanese puzzle. 
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2.2.1 Japanese Puzzle and Discrete Tomography (DT) 

Nonograms, also known as the Japanese puzzles, can be treated as an image 

reconstruction problem. There are several types of Japanese puzzles, but the one that 

resembles dual view digital binary imaging is depicted in the example shown in Figure 

2.2. This is a typical example of a binary image. In this puzzle, one has to determine 

whether each element corresponding to a pixel is white (0) or black (1). The information 

provided is in terms of a series of numbers on the left side and top of the puzzle, 

indicating the total number of black square in the corresponding line of pixels [12]. 

These numbers resemble the projections of Eq. (2.3) in radiography, but assuming that 

each pixel is either empty or full. Solving a Japanese puzzle is, therefore, a binary 

tomographic image reconstruction problem from two orthogonal (horizontal and vertical) 

projections. The binalization action of the pixels, which is in essence as constraint on the 

solution of the puzzle, leads to the result value only 0 and 1.  

 

 

Figure 2.2 Nonogram [5]. 

 

Ryser reported the necessary and sufficient conditions for the existence of a binary 

solution that satisfies the given two orthogonal projections. The same author also 
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introduced a reconstruction algorithm, called the polynomial time algorithm [13]. Gale 

explored a network flow problem and transportation networks, used to present necessary 

and sufficient conditions for the possible existence of a binary matrix with prescribed 

rows and columns [14]. 

 

 

Figure 2.3 Network flow map [15]. 

 

The network flow problem is analogous to Hitchcock’s transportation problem, 

which optimizes the shipping flow from a number of supply destinations ‘sources’ to a 

set of receiving destinations ‘sinks’, to minimize the cost of transportation [16]. For the 

two orthogonal projections problem, the projection in the horizontal level is treated as 

the ‘sources’, and the vertical projections as the ‘sinks’. Then, a network is generated, 

with the nodes number of sources and sinks being their measurements, respectively. The 

source nodes and their corresponding beams in the first orientation are numbered from 2 

to N, with N being the number of projections in the horizontal direction, while the `sink' 

nodes and their corresponding numbers in the vertical orientation are numbered 

numbering from N + 1 to N + M. By structuring this framework, a direct network flow 
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chart is generated. From the Figure 2.3, the value between source and source nodes with 

the value between sink nodes and sink are the value of projection respectively. Therefore, 

the arcs between source nodes and sink nodes are representations of element ‘1’ in the 

original binary matrix [5]. The solution of the image reconstruction is provided by 

looking for distributions of network arcs. Batenburg created an evolutionary algorithm 

that combines the extensive use of network flow algorithms by choosing a suitable 

evaluation function [17]. The methods of solving Nonograms may provide certain 

reference and thought for solving general complicated image reconstruction problems. 

 

2.2.2 Mammography 

Mammography is a medical imaging process that uses limited view radiography, 

by acquiring two or three radiographs of the breast at different directions.  

Mammographs were typically film-base, but digital mammography is increasingly used. 

In digital mamography, the system is equipped with a digital receptor and a computer 

instead of a film cassette [18]. Digital mammography are stored in a computer and 

viewed on a computer monitor, enabling the implementation of magnification, 

orientation, brightness algorithms to enhance diagnosis [18]. Mammography usually 

involves two radiographs of each breast from different angles: top to bottom (CC view) 

and side to side (MLO view). The breast is pulled away from the body, compressed, and 

held between two glass plates to ensure that the whole breast is viewed. Breast cancer, 

which is denser than most healthy nearby breast tissue, appears as irregular white areas, 

so-called shadows [18]. 
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2.2.3 Tomosynthesis 

Tomosynthesis is a technique used in digital mammography to improve the quality 

of an image by reducing the complexity that arises from overlapping of tissue structures. 

Digital tomosynthesis creates series of 3-D images of the breast using X-rays [18]. In 

tomosynthesis, the x-ray detection system remains stationary and records a series of 

images as the x-ray tube is rotated to different angular positions from the breast, as 

schematically shown in Figure 2.4. The images are processed between exposures and 

transferred to synthesize tomograms of different planes within the breast [20]. Additional 

computer filtering methods can be used to further suppress out-of-plane blurred 

structures [21]. 

 

 

Figure 2.4 Tomosynthesis demonstration [20]. 
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The main advantage of tomosynthesis is that it grasps multiple X-ray views of each 

breast from many angles. The breast is positioned the same way it is in a conventional 

mammography, but only a little pressure is applied to avoid overlapping of the breast 

tissue. A breast cancer can be hidden in the overlapping tissue and not shown on the 

mammogram from general digital mammography. The X-ray tube moves in an arc 

around the breast while dozens of images are taken during examination. Then the 

information is sent to a computer, where it is assembled to produce clear, highly focused 

3-dimensional images throughout the breast. With tomosynthesis, breast cancers are 

easier to observe in dense breast tissue [20]. 

 

2.3 Computed Tomography  

In computed tomography, projections images are recorded at many different angles, 

and used to numerically produce cross-sectional slice images of an object [22]. By 

recording projections along the axis of the object, multiple two-dimensional slice images 

are obtained and can be rendered into three-dimensional models of the object. Figure 2.5 

gives a simple schematic of parallel beam computed tomography. After scanning around 

the object or human body, the measured projections are fed into computed program that 

constructs the attenuation coefficients at various pixels within the imaged section, which 

can then be used to characterize objects’ nature.  
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Figure 2.5 A schematic showing basic of computed tomography [5]. 

 

The action of scanning and reconstructing process demands high quantity of 

measurements and is time-consuming, preventing wide scale usage of CT in industrial 

applications.   
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CHAPTER THREE: INVERSE PROBLEMS 

3.1 Introduction  

Image reconstruction is an inverse problem, because it is a process of calculating 

and inferring from a set of observations (measurements) the physical or theoretical 

parameters that generated the observation [1]. The solution of an inverse problem 

requires the formulation of the forward problem.  

For a linear system, the forward problem can be expressed as: 

y =A x                                                             (3.1) 

where y is a vector of length M of the observed measurements, x is a vector of length N 

of the theoretical or physical measurements, and A is an M × N model matrix that relates 

the observations to the parameters.  The inverse problem is then: 

x =𝑨−𝟏y                                                     (3.2) 

In radiography, the projections of Eq. (2.3) form the measurement vector y, and 

the attenuation coefficients, µ𝑖, represent the unknown vector x. In order to be able 

to solve the linear inverse problem of Eq. (3.2), the matrix A has to be a full rank matrix 

[1]. Then, one of the following conditions may exist:  

1. M = N (fully-determined system): 

A unique solution for x is obtained by direct inverting the matrix A. However, in practice, 

due to measurements uncertainties, caused by noise and statistical variability, the 

solution is unique only for a given set of measurements.  

2. M > N (over-determined system): 

In such a system, the additional number of measurements over the number of unknowns, 

help reduce the impact of measurement uncertainties on the solution, by in effect 
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providing repeated redundant measurements. This is the case in CT image reconstruction 

[23]. An approximate solution can then be obtained using the well-known least squares 

method, which minimizes the difference between the estimated measurements, Ax, and 

the actual ones, y: 

𝑚𝑖𝑛𝑥║Ax − y║                                                  (3.3) 

where ║║(𝐿2 norm) is a norm that designates difference between Ax and y.  

The resulting solution provided that 𝐴  has a full column rank [1], is: 

x = (𝑨𝑻𝑨)−𝟏𝑨𝑻 𝒚                                                  (3.4) 

3. M < N (under-determined system): 

Here, the number of measurements is neither sufficient to provide a unique solution nor 

to compensate for measurement uncertainties. The inverse problem is then incomplete, 

and has many possible solutions. Section 3.2 presents some of the solution methods that 

can be used for incomplete inverse problems. Since each method, in effect, generates a 

different solution, a method to measure the credibility of a solution is needed. Section 

3.3 suggests methods to measure the credibility of an obtained solution.  

 

3.2 Solving Incomplete Problems 

There are several ways to solve an underdetermined incomplete problem. Such a 

problem has many possible solutions. However, priori information, constraints and 

expert judgement about the nature of the imaged object can be used to obtain a reliable 

solution. Below is a review of some of the methods be used for this purpose. 
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3.2.1 Least-Squares Solution 

The least-squares method, Eq. (3.5) can be used to produce the solution that 

corresponds to the minimum residual error, i.e. this solution produces modeled 

measurements, Ax, that best marches the measurements y [1]. This mathematically 

expressed as: 

𝑚𝑖𝑛 ║Ax − y║, A ∊ 𝑅𝑚 ×𝑛, y ∊ 𝑅𝑚                                    (3.5) 

where ∣∣. ∣∣2 denotes the Euclidean vector norm, which generalized term is 𝐿2 norm[24]. 

R stands for real and m is the number of rows. The least-squares solution is a special 

case of singular-value decomposition, but it is numerically easier to calculate [1]. Least 

squares methods makes very efficient use of the data [25]. Good results can be obtained 

with relatively small data sets.  

3.2.2 Pseudo-Inverse 

In an incomplete problem, the matrix A is not a full-rank matrix, i.e. it is rank-

deficient. However, the singular value decomposition method, (which results in a so-

called pseudo-inverse or Moore-Penrose inverse) can provide a suitable solution. This is 

done via a pseudo-inverse matrix 𝑨+, such that [26, 27]: 

A 𝑨+ A = A                                                   (3.6) 

𝑨+ A 𝑨+  =  𝑨+                                                  (3.7) 

(𝑨𝑨+)𝑇  = A 𝑨+ (A𝑨+ is Hermitian)                                  (3.8) 

(𝑨+𝑨)𝑇 =  𝑨+A (𝑨+A is Hermitian)                                  (3.9) 

If A has linearly independent columns, then 𝑨𝑻A is invertible, and 𝑨+ can be 

expressed as: 

𝑨+  =  (𝑨𝑇𝑨)−1 A                                              (3.10) 
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Then 𝑨+A = I, with I being the identical matrix, and one has a so-called left inverse. 

Also, if A has linear independent rows, the A 𝑨𝑇 is invertible, 𝑨+can be computed 

as follows: 

𝑨+  =  𝑨𝑇 (𝑨𝑨𝑇)−1                                               (3.11) 

with A 𝑨𝑻 = I, and the solution is called right inverse. 

If the matrix A does neither have linear independent rows nor linear independent 

columns, a solution can be still found using singular value decomposition [1]. In singular 

value decomposition (SVD), the coefficient matrix A is decomposed to: 

A = U S  𝑽𝑇                                                            (3.12) 

where U  is an orthogonal matrix whose columns are formed by the eigenvectors of A𝑨𝑇, 

and V  is an orthogonal matrix consisting of the eigenvectors of 𝑨𝑇𝑨. With A being an M 

× N matrix, U  is an M × M matrix, S  is M × N, and V  is N × N  (𝑉𝑇is N × N). Then the 

solution can be expressed as [1]: 

x = V  𝑺+𝑼𝑇𝒚                                                      (3.13) 

where 𝑺+ is a diagonal matrix whose elements are the reciprocal of the corresponding 

diagonal elements of S. When A is not a square matrix, then the inversion 𝑨+ given by 

Eq. (3.13), is a pseudo-inverse solution [1]. 

By using the pseudo inverse, the solution to the least square problem of Eq. (3.5) 

with minimum norm is x = 𝑨+ × y. 

3.2.3 Convex Optimization (CVX) 

This is a modeling system that allows constraints and objectives to be specified 

using standard expression syntax [28], as convex optimization problem includes least-
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squares problems and linear programs as special cases. The model below is a convex 

optimization (CVX) problem: 

𝑚𝑖𝑛 ║Ax − y║, A ∊ 𝑅𝑚 ×𝑛, y ∊ 𝑅𝑚                            (3.5) 

 Subject to l  < x  < u                                                       (3.14) 

Where l and u are given data vectors with the same dimension as x. The vector inequality 

x < u  means component wise, i.e., 𝑥𝑖 < 𝑢𝑖 for all i. However, least squares theory is 

applied to solve CVX problem when additional constraint is not available, so the toolbox 

of CVX in Matlab [3] always generates a solution identical to pseudo inverse and least 

squares solutions.  

3.2.4 Twomey-Phillips Solution 

The Twomey-Phillips solution relies on an initial estimate of the solution, 

iteratively updated via the matrix formulation [1]: 

𝒙𝑘+1 = 𝒙𝑘 + γ 𝑮−2 (𝒚 − 𝑨 𝒙𝒌)                               (3.15) 

where k is iteration number, γ is a parameter that controls the changing rate from step k 

to step k+1, and  𝑮−2is a regularization identity matrix typically equal to the identity 

matrix. 

Unlike the Bayesian iterative method, discussed in Section 3.2.5, all elements of 

the solution vector x change simultaneously rather than one by one. This results in a 

more aggressive iterative process. 

3.2.5 The Bayesian Method 

Bayesian probability evaluates a hypothesis (a solution) using prior probability [1].  

According to the Bayesian’s theory, posterior probability can be computed as follows: 
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P(𝑥 ∣ 𝑦) =
𝑃(𝑦∣𝑥)×𝑃(𝑥)

𝑃(𝑦)
                                           (3.16) 

P(𝑥 ∣ 𝑦)𝑃(𝑦) = 𝑃(𝑦 ∣ 𝑥)𝑃(𝑥)                                     (3.17) 

where x stands for the hypothesis which would be influenced by the real measurements 

data and y is the real measurements data, P(x) is the prior probability that indicates the 

probability of x happening before y is observed, P(y) is the marginal probability and 

𝑃(𝒚 ∣ 𝒙) is the probability of observing y given x. In summary, the posterior probability 

of a hypothesis is determined by both prior information P(x) and the likelihood P(y ∣ x). 

For the linear problem y = Ax, a Bayesian iterative scheme based on proclaiming 

equiprobable distributions for both measurements y and solution x is given by [1]: 

𝑥𝑗
(𝑘+1)

=𝑥𝑗
(𝑘)

×∑
𝐴𝑖𝑗

∑ 𝐴𝑛𝑗
𝑚
𝑛=1

𝑚
𝑖=1 ×

𝑦𝑖

�̂�
𝑖
(𝑘)                                    (3.18) 

where k is the iteration number and 𝑦�̂� is the i
th

 element calculated from forward model. 

This is a successive iterative approximation process that provides mild solution 

adjustment between iterations, while avoiding matrix inversion altogether. In radiation 

imaging, the elements in matrix A are always nonnegative, which ensures a nonnegative 

solution, when initiating the iterative process with a nonnegative initial guess. The initial 

guess can be a prior nominal solution providing the ability to generate a solution closer 

to the expected nominal one. 

3.2.6 The Monte Carlo method 

The Bayesian hypothesis can be written as the form of joint probability, allowing a 

Monte Carlo random simulation [1]: 

P(𝑥, 𝑦) = P(𝑥 ∣ 𝑦)𝑃(𝑦) = 𝑃(𝑦 ∣ 𝑥)𝑃(𝑥)                           (3.19) 

The posterior probability can be written as follows [1]: 
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P(𝑥 ∣ 𝑦) = 𝑃0𝑒𝑥𝑝[−𝑆(𝑥 ∣ 𝑦)]                                         (3.20) 

𝑆(𝑥 ∣ 𝑦) = ∑
((∑ 𝐴𝑖𝑗𝑥𝑗

𝑛
𝑗=1 −𝑦𝑖))

2

𝜎𝑖
2

𝑚
𝑖=1                                          (3.21) 

In above formula, 𝑃0  is a constant of normalization, 𝜎𝑖
2  is the variance of a 

measurement 𝑦𝑖  and exp [𝑆(𝑥 ∣ 𝑦)] is known as the “misfit function” that measures 

misfit between observed measurements and data predicted by a set of model parameters. 

The first random walk starts with an initial vector 𝒙𝟎, based on prior information 

about x when available. A pre-set boundary for elements in x is assigned, such as 𝑥𝑚𝑖𝑛 ≤ 

x ≤ 𝑥𝑚𝑎𝑥, with the unknown vector having a length n, where min and max designates, 

respectively, lower and upper bounds for x. Then a single value 𝑋𝑘 that contains 

randomly selected element generated from a uniformly distribution, 0 ≤ δ ≤ 1, j = 1, 2,⋯ 

N, is constructed. A random step procedure from 𝒙(𝑘) to 𝒙(𝑘+1) is achieved by [1]: 

𝑥𝑗
(𝑘+1)

=

{
 
 

 
 𝑥𝑗

(𝑘)
+ 𝑋𝑘 (

𝑥𝑚𝑎𝑥−𝑥𝑗
(𝑘)

𝑥
𝑗
(𝑘) )           if Y ≥ 0.5

𝑥𝑗
(𝑘)
− 𝑋𝑘 (

𝑥𝑗
(𝑘)
−𝑥𝑚𝑖𝑛

𝑥
𝑗
(𝑘) )            if Y < 0.5

                               (3.22) 

where Y is a single random number from a uniform distribution within [0, 1]. Two 

options can be used: one is performing a random selection process with changing all 

elements of 𝒙(𝑘), and the other one is changing one element or a subset of elements of 

𝒙(𝑘) once a time. This procedure is based on the Markov chain, meaning that the 

probability of moving forward from 𝒙(𝑘) to 𝒙(𝑘+1) in a given random walk is 

independent from the previous random walks. 

After each random walk, unacceptable 𝒙(𝑘+1) values are rejected: 

{
If 𝑆(𝒙(𝑘+1) ∣ 𝒚)  ≤ 𝑆(𝒙(𝑘) ∣ 𝒚), accept 𝒙(𝑘+1)

If 𝑆(𝒙(𝑘+1) ∣ 𝒚)  > 𝑆(𝒙(𝑘) ∣ 𝒚), accept  𝒙(𝑘+1) with probability exp[−∆𝑆(𝒙(𝑘+1) ∣ 𝒚)]
   (3.23) 
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where S (𝒙 ∣ 𝒚)  is the misfit function defined by Eq. (3.20), and ∆S (𝒙(𝑘+1) ∣ 𝒚)= 

S(𝒙(𝑘+1) ∣ 𝒚) −S(𝒙(𝑘+1) ∣ 𝒚). The second step is accomplished by generating a random 

number, δ , uniformly from the interval [0,1] so that: 

{
If δ ≤  ∆S(𝒙(𝑘+1) ∣ 𝒚) , set is accepted  

If δ >  ∆S(𝒙(𝑘+1) ∣ 𝒚) , set is rejected    
                             (3.24) 

If set of 𝒙(𝑘+1) is rejected, a new step of sampling is generated to repeat this selection 

procedure before proceeding to a new random walk.  

3.2.7 Back Projection 

This is a straightforward method in which a projection value is distributed among 

the pixels in the image in the path of the projection ray. An image results when all 

projections are projected back into image pixels [1]. The produced image from simple 

backprojection always has a foggy background, since each pixel is assigned a value even 

when it does not contribute to the projection value. A star effect is also associated with 

high density pixels, as their effect is spread among adjacent pixels [29]. Therefore, 

filtered backprojecting is more widely used, to provide proper weighting to contributing 

pixels. It is typically realized via Fourier filtering in the frequency domain [1]. However, 

filtered backprojection requires many projections to be meaningful, while simple back 

projection will produce an image with as little as two projections, though the image may 

not be insightful. 

3.3 Solution Credibility 

Since an incomplete problem has many possible solutions, a measure must be 

developed to measure the credibility of the solution, i.e. how close as solution is to the 
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real solution. This section presents some approaches proposed to measurer the credibility 

of an obtained solution. 

3.3.1 Information Entropy 

Entropy is a measure of the unpredictability of information content, or degree of 

disorder [1]. It refers to uncertainty. The information entropy of a solution should be 

similar to that of the input data [1]. 

Shannon [30] defined information entropy, Η, for a discrete random variable X 

with possible values {𝑥1, …, 𝑥𝑛} and probability mass function P(X) as : 

H(𝑿)=E [I(𝑿)] = E [−In(P(𝑿))]                                     (3.25) 

where E is the expected value operator, and I is the information content. This entropy 

can be explicitly written as: 

H(𝑿)=∑ 𝑃(𝑥𝑖)𝐼(𝑥𝑖)
𝑛
𝑖=1  = −∑ 𝑃(𝑥𝑖)

𝑛
𝑖=1 [𝑙𝑜𝑔𝑏 𝑃(𝑥𝑖)]                         (3.26) 

For equal-distribution of x, the above formula can be written as: 

H = −∑ (
𝑥𝑖

𝑥𝑠𝑢𝑚
)𝑛+

𝑖=1 [In (
𝑥𝑖

𝑥𝑠𝑢𝑚
) –

𝐼𝑛 𝛽𝑖

𝑛+
]                                     (3.27) 

where 𝑥𝑠𝑢𝑚  = ∑ 𝑥𝑖
𝑛+

𝑖=1  is used as one normalization constant, 𝑛+  is summation of 

nonnegative coefficients in terms of x, and 𝛽𝑖 is the distribution coefficient with respect 

to which entropy is defined. When entropy is defined as with uniform distribution, 

then 𝛽𝑖 =1 for all i. This normalization process of x provides a probability distribution of 

its elements. Therefore, the information entropy can be expressed as: 

𝐻1 = −∑ (
𝑥𝑗

𝑥𝑠𝑢𝑚
)𝑛+

𝑗=1 [In (
𝑥𝑗

𝑥𝑠𝑢𝑚
)]                                    (3.28) 

Similarly, entropy can be defined in order to increase the ability of discrimination: 
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𝐻2 = − ∑ ((
𝑥𝑗−�̅�

𝑥𝑠𝑢𝑚
) [In (

𝑥𝑗

𝑥𝑠𝑢𝑚
)])𝑛

𝑗=1                                  (3.29) 

where �̅� is the numerical average value of x, or �̅� =
∑ 𝑥𝑗
𝑛
𝑗=1

𝑛
. 

Similarly, the input information entropy, which is the information entropy for y, is 

defined as: 

 𝐻3  = −∑ (
𝑦𝑖

𝑦𝑠𝑢𝑚
)𝑚+

𝑖=1 [In (
𝑦𝑖

𝑦𝑠𝑢𝑚
)]                                    (3.30) 

and 

𝐻4 = − ∑ ((
𝑦𝑖−�̅�

𝑦𝑠𝑢𝑚
) [In (

𝑦𝑖

𝑦𝑠𝑢𝑚
)])𝑚

𝑖=1                                  (3.31) 

where �̅� is the numerical average value of measurement y, or  �̅� =
∑ 𝑦𝑖
𝑚
𝑖=1

𝑚
. 

3.3.2 Aggregation Comparison 

In an under-determined / incomplete problem, there is not enough supporting 

information to provide a unique solution. However, an under-determined problem can be 

made into a complete or even an over-determined problem by collapsing the number of 

its unknowns into a set of a dimension equal to or less than the number of available 

measurements. In imaging, this is accomplishable by joining adjacent pixels into larger 

pixels, resulting in a coarser image. The coarse solution can be used to evaluate the finer 

solution obtained for the incomplete problem, with the view that the closer the finer 

solution to the coarser one, the more credible is the finer solutions. The sum of pixel 

solution in a finer image should be equal to the solution for the corresponding coarse 

pixel. The coarse solution is best obtained by the least square solution of Eq. (3.6), 

because it provides a solution that best matches available measurements without any 

prior information or constraints.  



23 
 

In testing solution methods in problems of known solutions, the credibly of a 

solution for an incomplete problem can be directly determined by comparison to the 

known solution. 

 

3.4 Summary 

In this chapter, different methods for solving incomplete inverse problem are 

presented, and two ways for examining solution credibility are suggested. In next chapter, 

imaging of a 2 × 2 pipe-rack with two orthogonal radiographs problem is solved by the 

methods presented in this Chapter.  
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CHAPTER FOUR: APPLICATION TO PIPE-RACK IMAGIG WITH DUAL 

ORTHOGONAL RADIOGRAPHY 

To appreciate the challenges associated with solving an incomplete radiographic 

problem, an idealized simple yet challenging problem was considered. The problem was 

the imaging of a 2 × 2 pipe-rack with two orthogonal radiographs. The setup is described 

in next Section, along with its forward model and the methods used to solve the 

associated incomplete inverse problem. In Section 4.2, the results for a simplified 

configuration where a single flaw existed along the radiation path of radiograph are 

presented. Section 4.3 gives the results for different multiple defect segments, examined 

also when flaws masking each other along the path of the incident radiation, providing 

ambiguous indications that may be interpreted in one radiograph as a single large flaw. 

Lessons learned from this exercise are presented in Section 4.5. 

 

4.1 Setup 

The setup used in this exercise is shown in Figure 4.1. It consisted of a 2 × 2 pipe-

array, imaged with two orthogonal projections of idealized parallel beams. For simplify, 

each beam was considered to consist of six rays, three crossing pipe-pair along its 

passage. Using digital imaging, a total of twelve radiographic values, labelled as y1 to y12, 

can be recorded, as shown in Figure 4.1. All pipes were assumed to have the same 

diameter (900 mm inner diameter and 1000 mm outer diameter [31]), are empty (without 

fluid inside) and are made of steel. The aim was to use the projection values to determine 

the material contents of the four segments crossed by each of the twelve rays, resulting in 

32 unknowns, four of which are shown for the y1 projection, and labelled as points 1 to 4, 
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in Figure 4.1. This is an incomplete inverse problem, since the number of unknowns (32) 

exceeds the number of known (12). The supplementary information associated with this 

problem is that the nominal material is known (steel), and the sought unknowns are zero 

(when a segment is fully eroded) and cannot exceed the attenuation coefficient for steel 

(when a segment is intact).  

A forward problem needs to be formulated for pipe-rack radiography, before 

attempting to solve the inverse problem. This is achieved via the radiographic-projection 

model of Eq. (2.3), which relates the numerical value of a projection, P, to the 

attenuation coefficient of the incident radiation. It should be noted that this model does 

not account for radiation that may be scattered towards the radiographic plates, which 

can lead to image blurring [32]. In other words, this is an idealized forward model, but is 

typically used in radiation imaging as was indicated when discussing computed 

tomography in Section 2.3. 

 

 

Figure 4.1 A 2 × 2 pipe-array model with projections. 
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The forward model for projection, corresponding to y1 in Figure 4.1, assuming the 

pipe is empty, and ignoring radiation attenuation in the empty space is given. The 

measurements are modelled, according to Eq. (2.3), as: 

𝑃1 = µ1𝑡1 + µ2𝑡2 + µ3𝑡3 + µ4𝑡4                                        (4.1) 

where µi is the attenuation coefficient in the pipe segment i crossed by the radiation and 

ti is its thickness. Defects in a pipe can either be due to pipe thinning, where ti is reduced 

while µ𝑖  = µ𝑠𝑡𝑒𝑒𝑙 in a segment i, or caused by corrosion where µ𝑖 < µ𝑠𝑡𝑒𝑒𝑙 but ti remains 

equal to the nominal pipe thickness. In order to accommodate both cases, a solution is 

sought for the dimensionless value xi = µ𝑖 ti in each segment i. 

The value for µ𝑠𝑡𝑒𝑒𝑙  is determined assuming a photon energy of 1.25 MeV; the 

photon energy of a colbaly-60 gamma source typically used in industrial radiography 

[33]. The NIST XCOM: Photon Cross Sections Database gives attenuation coefficient 

per unit mass of 5.350× 10−2 cm2/g for iron, the main component in steel, at 1.25 MeV 

[34]. Using an iron density of 7.8 g/cm3, then  

µ𝑠𝑡𝑒𝑒𝑙  = 5.350× 10−2 cm2/g × 7.8g/cm3 = 0.4173/cm 

As the geometry of Figure 4.1 indicates, the distance that the radiation beam travels in 

each pipe-wall segment is the same and is equal to the pipe thickness of 50 mm (5 cm). 

Therefore, the nominal value for 𝑥𝑖 is: 

xnominal = 0.4173 × 5 = 2.0865 

The 12 projections shown in Figure 4.1 can be presented in the matrix for as: y = A 

x , where A is a 12 × 32 matrix, relating 12 measurements (projections) to 32 unknowns 

(attenuations coefficients in each pipe segment). The matrix A is shown in Figure 4.2, 

where a zero value indicates that the projection corresponding to an element on matrix A 
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does not cross the pipe segment while a value of 1 indicates radiation crossing the 

segment.  

 

Figure 4.2 Matrix of coefficients, A, for the pipe-rack problem, of Figure 4.1.  

 

For testing purposes, some pipe segments were assumed to be defective, i.e. 

with𝑥𝑖 < xnominal, other anomaly segment might also has 𝑥𝑖 > xnominal , in order to make 

our simulation more comprehensive. The forward for this situation is then generated 

using y = A x to produce the projection values in y, and the inverse problem is solved in 

an attempt to recover the 𝑥 values for the defect segments. Since these 𝑥 values were 

assumed to be known to begin with, the solution values are compared to the know values 

to test the solution methodology.  

The credibility of an obtained solution was measured by the information entropy of 

Eqs. (3.28) and (3.29). Solution credibility was also assessed using the aggregation 

approach described in Section 3.3.2. For this purpose, an over-determined solution was 

obtained by assuming that all segments in the same pipe have the same 𝑥 value, with all 

segments in a pipe aggregated into one segment. This reduced the number of unknowns 

from 32 to 4. With 12 available projections, one then has an over-determined problem. A 

least squares solution for this over-determined was then generated. The aggregated 
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solution was compared to the solution obtained for the over-determined problem. The 

smaller the difference, ∆, between the two solutions, the more reliable the solution is for 

the incomplete problem.  

In sections 4.2 to 4.5, methods introduced in chapter 3 were tested. Section 4.2 

focused on 2 × 2 pipe-array model with a single flaw. In Section 4.3 and Section 4.4, the 

number of anomalous segments increased to four and eight, respectively. 

 

4.2 Testing with a Single Flaw 

To test the methods presented in Chapter 3, a single-flaw problem in the 2 × 2 

pipe-array was considered. The value of 𝑥𝑖  was reduced to 2.0000, from the nominal 

value of  𝑥𝑛𝑜𝑚𝑖𝑛𝑎𝑙= 2.0865 of Eq. (3.1), to represent thinning in a pipe. The position of 

this segment is shown in the actual image of Figure 4.3, corresponding to 𝑥2 and is 

detected by beams 𝑦1and𝑦9 of Figure 4.1. An 8×4 pixels image, result in a 32-element 

vector x, was reconstructed using twelve measurements synthesized using the actual 

values of x.  

A series of images were reconstructed using the methods reported in Chapter 3, 

and compared to the actual solution. The backprojection method was not applicable here 

due to the circular nature of the examined objects, which meant that the two sets of 

projections did not cover the same image segments, as Figure 4.1 shows. For the iterative 

methods (Twomey-Phillips, Bayesian) and Monte Carlo method, solutions were obtained 

using two different initial estimates. The first initial estimate, labeled as (1) for all three 

methods was a vector x with all 𝑥𝑖  equal to 𝑥𝑛𝑜𝑚𝑖𝑛𝑎𝑙 . The second initial estimate (2) 

assumed that the flaw location was known, determined by the intersection of the paths of 
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observed projections, but with an assumed 𝑥𝑎𝑛𝑜𝑚𝑎𝑙𝑦 = 1.9000 at this location. For all 

two initial estimates, solution convergence was considered to have been attained when 

∣𝑥𝑗
(𝑘+1)

− 𝑥𝑗
(𝑘)
∣ < 10−7 for all j, with k being the iteration number. Convergence was 

arrived at after 642, 12 and 52 iterations, for the Twomey-Phillips (1), Bayesian (1), and 

Monte Carlo (1) methods, respectively, and after 1, 13 and 61 iterations for the Twomey-

Phillips (2), Bayesian (2) and Monte Carlo (2) methods. However, Monte Carlo method 

was stopped when ∣𝑥𝑗
(𝑘+1)

− 𝑥𝑗
(𝑘)
∣ < 10−3  for all j, to stop each aggressive iterative 

process, and the gentler Bayesian iterative method until solution convergence is reached. 

The parameter γ, in Eq. (3.15) for the Twomey-Phillips method was given a small value 

of 0.001, to allow for a mild effect of the initial estimate on the solution; higher values 

were found to considerably distort the solution.  In the remaining solutions in this thesis 

γ = 0.001 for the Twomey-Phillips method, unless otherwise mentioned. 

The results are graphically presented in Figure 4.3, showing that the anomalous 

point 𝑥2 was distinguishable in all methods.  The first initial estimate with the nominal 

configuration, though detected the location of the anomaly, 𝑥2, it also produced some 

other incorrect indications. The same can be said for the pseudo inverse, CVX solutions. 

On the other hand, solutions with second initial estimate overemphasized the presence of 

the anomaly.  
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Actual solution                      CVX 

      

Pseudo inverse / Least squares     Twomey-Phillips (1) 

       

Bayesian (1)                       Monte Carlo (1) 

      

Twomey-Phillips (2)                  Bayesian (2) 

                                      

                                       Monte Carlo (2)               

Figure 4.3 Images Reconstructed using various solutions for the single-flaw problem in the 

2 × 2 pipe rack, with (1) referring to first initial estimate, (2) referring to second initial 

estimate. 
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In reality, one would not have the actual solution to compare with. Therefore, the 

credibility of a solution was measured using the information entropy and aggregation 

indicators, introduced in Section 3.3. The input information entropies, which are the 

information entropies for y, were calculated by Eqs (3.30) and (3.31), resulting in: 

𝐻3 = −∑ (
𝑦𝑖

𝑦𝑠𝑢𝑚
)12

𝑖=1 [In (
𝑦𝑖

𝑦𝑠𝑢𝑚
)] = 3.5850 

and 

𝐻4 = − ∑ ((
𝑦𝑖−�̅�

𝑦𝑠𝑢𝑚
) [In (

𝑦𝑖

𝑦𝑠𝑢𝑚
)])12

𝑖=1  = 0.0104 

where �̅� is the numerical average value of measurement y, or  �̅� =
∑ 𝑦𝑖
12
𝑖=1

12
. 

For solution’s information entropies, the formula of Eqs (3.28) and (3.29) were 

applied to each of the obtained solution, such that: 

𝐻1 = −∑ (
𝑥𝑗

𝑥𝑠𝑢𝑚
)32

𝑗=1 [In (
𝑥𝑗

𝑥𝑠𝑢𝑚
)] 

and 

𝐻2 = −∑ (
𝑥𝑗−�̅�

𝑥𝑠𝑢𝑚
)32

𝑗=1 [In (
𝑥𝑗

𝑥𝑠𝑢𝑚
)] 

where �̅� is the numerical average value of x, or �̅� =
∑ 𝑥𝑗
32
𝑗=1

32
. 

The relative difference between the output and input information entropies was 

used to facilitate comparison: 

𝑅1 = 
𝐻1

𝐻3
 ;  𝑅2 = 

𝐻2

𝐻4
                                             (4.2) 

The values for 𝑅1 and 𝑅2 are reported in Table 4.1 for each solution.  

Aggregation comparison is another tool to evaluate the credibility of solutions. An 

aggregated solution was obtained by reducing the number of unknowns from 32 to 4, to 

produce an over-determined problem. This was accomplished by lumping the segments 
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of each pipe in Figure 4.1 into a single value. The Least-squares method was used to find 

the aggregated solution, which was [16.6055; 16.6632; 16.6632; 16.7208]. This solution 

correctly identified the anomaly in the first pipe, as evident by the reduced value in 

comparison the other values. The difference between the aggregated solution and that 

obtained by summing the corresponding values in an incomplete solution was expressed 

in a single value, ∆. For instance, a summed solution for the pseudo inverse solution is 

[16.6272; 16.6704; 16.6704; 16.7136], which differs from the aggregated solution by the 

vector δ = [0.0217; 0.0072; 0.0072; -0.0072], giving: 

∆ = 
𝛿1

2+𝛿2
2+ 𝛿3

2+𝛿4
2

4
                                                  (4.3) 

Given that the actual solution is known, another parameter, ∆1, was computed to 

quantify the difference between solution from a method and the actual solution. An 

expression similar to that of Eq. (4.3) was used to calculate ∆1, but using all 32 values of 

the solution: 

∆1 = 
𝛿1

2+𝛿2
2+ ⋅⋅⋅+𝛿32

2

32
                                                    (4.4) 

Table 4.1 summarizes the solution credibility indicators for the results shown in 

Figure 4.3. The Table shows that the information entropy ratios,  𝑅1 and 𝑅2. Note that 

the entropy ratio 𝑅1 is slightly greater than 1, which indicates that the degree of disorder 

between the input data and the output is not magnified by much. On the other hand, 𝑅2 

has a large value, which reflects a large magnification of the discrimination entropy, i.e. 

the solution has much more deviation from its average value than in the input data. 

Nevertheless, both 𝑅1 and 𝑅2 are insensitive to methods used, indicating that all methods 

convey input to output information entropy in the same manner, which means 

information entropy is not meaningful for measuring solution credibility. 
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The difference parameters, ∆, as Table 4.1 shows were small for pseudo inverse 

and CVX solutions and iterative solutions with the first initial estimate using the 

Twomey-Phillips and Bayesian methods. The smallest ∆ was generated from Monte 

Carlo method with third estimate, followed by other iterative methods with third estimate. 

This is in agreement with the result of Figure 4.3. Iterative solutions with second initial 

estimate had higher ∆ values, due to the overemphasis of the anomalous point 𝑥2  as 

Figure 4.3 showed. The difference ∆1 from the actual solution showed a similar trend, 

confirming the adequacy of using ∆ as a measure of solution credibility. However, the 

Monte Carlo method with the second initial estimate had a larger ∆ value than other 

methods, but it had the smallest ∆1 value, which means that this solution is the most 

closet to the actual solution.  

The result of Figure 4.3 and Table 4.1 shows that all methods can indicate the 

location of an anomaly, though with some ambiguity as they also produce false 

indications. Generally, when taking the nominal value as an initial estimate, the 

Twomey-Phillips method and Bayesian method provided solutions similar to that of the 

pseudo inverse and CVX methods. 
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Table 4.1 Information entropy ratio and difference from aggregated solution, ∆, and actual 

solution, ∆1, for different methods for the single-flaw problem in the 2 × 2 pipe rack. 

Method 

 

Difference Ratio 

of Entropy, 𝑅1 

 

Difference Ratio 

of Entropy, 𝑅2 

 

∆ ∆1 

Pseudo Inverse 1.3947  160.25 0.00016 0.00013 

CVX 1.3947  160.25 0.00016 0.00013 

Twomey-

Phillips (1) 

1.3947  160.25 0.00016 0.00013 

Twomey-

Phillips (2) 

1.3947  160.24 0.0023 0.000175 

Bayesian (1) 1.3947  160.25 0.00016 0.00013 

Bayesian (2) 1.3947  160.24 0.0024 0.000189 

Monte Carlo 

(1) 

1.3947  160.23 0.0084 0.00084 

Monte Carlo 

(2) 

1.3947  160.25 0.0074 0.000028 
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4.3 Testing with Four Anomalies 

Multiple flaws were examined to see whether the solution methods were still able 

to locate anomalous segments. First a configuration with four anomalies was studied, in 

which two anomalies, masking each other along the path of the incident radiation, were 

simulated. The four anomaly segments corresponded to 𝑥2, 𝑥14, 𝑥17 and 𝑥24, which were 

given values 1.8000, 1.9000, 2.2000, 2.0000 respectively, as shown in the actual 

configuration of Figure 4.4.  This case not only has thinning flaws, but also included an 

anomaly segment with values larger than the nominal value of 2.0865 to further 

challenge the solution methods. Due to the multiplicity of the anomalies, no adequate 

initial estimate can be made for the location of the anomalies based on radiographic 

indications. Therefore, two initial estimate, with nominal values was tested for the 

iterative methods, for which the convergence conditions was of ∣𝑥𝑗
(𝑘+1)

− 𝑥𝑗
(𝑘)
∣ < 10−7 

for all j, where k designates the iteration number. Convergence was reached at k = 2115, 

21 and 66, for the Twomey-Phillips, Bayesian and Monte Carlo methods, respectively. 

Results are shown in Figure 4.4.  

As Figure 4.4 shows, the anomalous point 𝑥2  was distinct in all methods. 

Anomalous point 𝑥14 can also be identified for all methods except for the solution with 

Monte Carlo (1) method. The only anomalous point 𝑥17 with a larger attribute appeared 

only in the Monte Carlo solution along with many other false indications. The last 

anomaly, 𝑥24 was ambiguously reflected in all solutions. Note that 𝑥17 and 𝑥24 masked 

each other along one of the projections. The high attribute for 𝑥17 compensated for the 

lower value for 𝑥24 , confusing the solution process. Overall, however, the other two 

anomalies were identified, except for the solution by Monte Carlo method. 
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Actual solution                              CVX 

      

Pseudo inverse                    Twomey-Phillips  

      

Bayesian                            Monte Carlo     

   Figure 4.4 Images Reconstructed using various solutions for the four anomalies problem 

in the 2 × 2 pipe rack. 

 

The difference parameter, ∆, as Table 4.2 shows, was same for pseudo inverse and 

CVX solutions and iterative solutions with the nominal initial estimate using the 

Twomey-Phillips and Bayesian methods, which is in agreement with the results of 

Figure 4.4. The higher ∆ for the Monte Carlo and Monte Carlo (2) also confirmed the 

poor quality of its solutions as Figure 4.4 showed. The ∆1 difference from the actual 

solution showed same trend, demonstrating again the adequacy of using ∆ as a measure 
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of solution credibility. For information entropy, both 𝑅1  and 𝑅2  are insensitive to the 

methods used, as was repeat case for the single-flaw case of Section 4.2. 

 

Table 4.2 Information entropy ratio and difference from aggregated solution, ∆, and actual 

solution, ∆1, for different methods for the four anomalies segments problem in the 2 × 2 

pipe rack. 

Method 𝑅1 𝑅2 ∆ ∆1 

Pseudo 

Inverse/ Least 

squares 

1.3948 32.807 0.0043 0.002 

CVX 1.3948 32.807 0.0043 0.002 

Twomey-

Phillips  

1.3948 32.807 0.0043 0.002 

Bayesian  1.3947 32.805 0.0043 0.002 

Monte Carlo  1.3946 32.781 0.0176 0.0046 
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4.4 Testing with Eight Anomalies 

For further testing, eight anomalies were considered with some mutually masking 

each other along the path of incident radiations. Values of 1.8000, 1.9000, 2.0000, 

2.0000, 1.9000, 1.8000, 2.0000 and 2.0000 were attributed to anomalous points 𝑥2, 𝑥3, 

𝑥9, 𝑥11, 𝑥14, 𝑥17, 𝑥24, 𝑥30, as shown in the actual image of Figure 4.5. Unlike the four 

anomalies case of Section 4.4, all anomalies had values less than the nominal value of 

2.0865, indicating pipe thinning. In Section 4.4, one initial estimate with nominal values 

was used in iterative solutions, and the same convergence criterion was applied. 

Convergence was reached at iterations of 2119, 21 and 58 for the Twomey-Phillips, 

Bayesian and Monte Carlo methods, respectively. Results are shown in Figure 4.5.  

As Figure 4.5 shows, anomalies of 𝑥2, 𝑥3, 𝑥14were distinguishable by all methods. 

Anomalious point 𝑥11 can also be identified in all solutions except for the solution with 

Monte Carlo method, while the rest of anomalies were ambiguous. A number of false 

indications was produced by all methods. Note that points masked each other along same 

projections occurred in this case, confusing the solution process. For Monte Carlo 

method, aberrancy of all points occurred again, by high attribute for some points 

compensated for the lower value other points, causing serious aberrancy. 
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Actual solution                    CVX 

      

Pseudo inverse/ least squares                Twomey-Phillips 

      

Bayesian                           Monte Carlo  

Figure 4.5 Images Reconstructed using various solutions for the eight anomalies problem in 

the 2 × 2 pipe rack. 

 

As in the case with four anomalies of Section 4.3, the solution difference parameter 

∆, reported in Table 4.3, was same for all solutions, except for the solution with Monte 

Carlo method. A much higher ∆-value for the Monte Carlo method and also confirmed 

the poor quality of its solution in Figure 4.5. The ∆1 difference from the actual solution 

showed a similar trend except Monte Carlo, demonstrating again the adequacy of using ∆ 

as a measure of solution credibility. As to information entropy ratio, the change for both 
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𝑅1  and 𝑅2  from one method to the other was insignificant to warrant using it as a 

measure of solution credibility. 

 

Table 4.3 Information entropy ratio and difference from aggregated solution, ∆, and actual 

solution, ∆1, for different methods for the eight anomalies problem in the 2 × 2 pipe rack. 

Method 𝑅1 𝑅2 ∆ ∆1 

Pseudo Inverse 1.3947 29.435 0.0022 0.0044 

CVX 1.3947 29.435 0.0022 0.0044 

Twomey-

Phillips  

1.3947 29.435 0.0022 0.0044 

Bayesian  1.3947 29.435 0.0022 0.0044 

Monte Carlo  1.3946 29.419 0.0119 0.0086 
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4.5 Conclusions 

In this chapter, different methods were applied to solve a 2 × 2 pipe-rack problem 

with dual radiographic projections. Solution credibility was evaluated using information 

entropy and comparison with an aggregated solution. However, the change in 

information entropy for different methods was found to be insignificant to act as a 

meaningful measure for solution credibility and is abandoned when assessing results in 

the incoming sections. On the other hand, comparisons with an aggregated solution 

proved to be an adequate measure of solution credibility. It was found that the non-

iterative pseudo-inverse (and its equivalent least squares) and CVX solutions are 

effective ways to generate solution without any a priori information. As to the iterative 

Twomey-Phillips and Bayesian methods produced, solutions like those of the non-

iterative methods, when nominal uniform initial estimate was used. However, if an initial 

estimate identified correctly the location of an anomaly, solutions from Twomey-Phillips 

and Bayesian methods tended to overemphasize the anomalous point. Although the 

Monte Carlo method produced the best solution for single-flaw case, it was not 

successful when the number of anomalies increased. A number of false indications were 

produced by all methods with the rise of the number of anomalies. The solution process 

was confused when anomalous points masked each other along same projections. In next 

Chapter, 2-D and 3-D head phantom reconstruction is investigated as an incomplete 

inverse problem with higher complexity.  
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CHAPTER FIVE: IMAGE RECONSTRUCTION FOR HEAD PHANTOM  

In this Chapter, a medical phantom is studied. This is a theoretical phantom 

consisting of one large ellipse (representing the brain), enclosing several smaller ellipses 

(representing features or anomalies in the brain). This head phantom is generated by 

Matlab [3], and presented in Sections 5.1. Two-dimensional image reconstruction for this 

phantom is discussed in Section 5.2. In Section 5.3, a 3-D head phantom model is 

examined. 

5.1 Introduction 

The head phantom generated by Matlab was used to test the numerical 

effectiveness of the image reconstruction algorithms presnted in Chapter 3 in a more 

complex configuration than that presented in Chapter 4. The phantom discussed here is 

presented as a grayscale intensity image, consisting of one large ellipse (representing the 

brain) containing several smaller ellipses (representing features in the brain). It is known 

as the 'Shepp-Logan' phantom, and is widely employed in tomography studies. It’s 

modifed form provides more visual contrast for better visualization [3]. The Matlab 

command “phantom(def, n)” generates a grayscale intensity image for a two-dimensional 

head phantom [3], where ‘def’ specifies the type of head phantom ('Shepp-Logan' or  

'Modified Shepp-Logan' (default)) and ‘n’, is a scalar that specifies the number of rows 

and columns in a square image (256 is the defaults value). For the 3-D head phantom, the 

Matlab function “phantom3d (def,n)” generates a 3-D head phantom intensity image, 

with def’ and ‘n’ as dedfined for the 2-D command [35].  

The 'Modified Shepp-Logan' (Matlab’s default option) was used in this Chapter. 

The required input projection data were generated according to Eq. (2.3). The grayscale 
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intensity image-intensity values generated by 'Modified Shepp-Logan' Matlab command  

were multiplied by the lengh of a radiation beam, i, travels in a pixel, j and summed 

along the direction of the beam to provide a corresponding projection value, 𝑃𝑖 . The 

projection values were then assembled into the measurement vector, y. The matrix A in 

the forward model: y = Ax, consisted of the 𝑙𝑖𝑗 values, or zeros when a beam did not 

cross a pixel. The vector x is the grayscale value in each pixel. Note that all beams in a 

projection were assumed to be parallel to each other.  

The size of the 2-D head phantom studied in Section 5.2, was limited to 109 × 109 

pixels. Two projections with angle of 0 °  and 105.5 °  were applied, with 109 

measurements in each projection. Then, A is a 218 × 11,881 matrix, relating 218 

measurements to 11,881 unknowns. A third projection at angle 90° was used in one of 

the example of Section 5.2, to add an extra 109 measurements, producing 327 × 11881 A 

matrix, relating 327 measurements to 11881 unknowns. Even with this relatively limited 

size, it was not possible to execute the pseudo-inverse due to memory limitations, but its 

equivalent least-squares method was applicable. Also, both the attractive Bayesian and 

Monte Carlo methods become very time consuming. It was not possible to attain 

convergence, even after five days on a Core-i7 4700 M processor. Therefore, only the 

least squares method and iterative Twomey-Phillips methods were applied in both 2-D 

and 3-D reconstructions. The credibility of the reconstructed images was assessed using 

the original (known) image, instead of information entropy and aggregation comparison 

introduced in Section 3.3, as it is a more convenient and direct way to evaluate 

reconstruction results.  



44 
 

In Section 5.3, 3-D phantom reconstruction is presented, with projections limited 

to two with direction vectors (0,0,-1) and (3,2,1), to reconstruct a phantom within 109 × 

109 × 109 voxels. In each projection, a measurements square with size of 109 × 109 was 

assumed. In its forward model: y = A x, A is a 23762 × 1295029 matrix, relating 23,762 

measurements to 1,295,029 unknowns. 

 

5.2 Two-dimensional Image Reconstruction 

In this section, least squares method and Twomey-Phillips method are used to form 

image reconstruction from both two projections and three projections with specific 

angles. For the Twomey-Phillips method, two initial estimates were created. The first 

initial estimate was uniform for all pixel values, and second initial estimate was from 

unfiltered backprojection solution. 

A matrix size reduction process was applied, based on the fact that if a projected 

value is equal to zero, voxels corresponding to this value are equal to zero. Therefore, 

rows in the system matrix corresponding to this projection value were eliminated from 

the system matrix, and the corresponding values in the reconstructed image were 

assigned a zero value. For case with two projections, A was reduced from a 218 × 

11,881matrix to a 176 × 8,369 matrix. For reconstruction with three projections, A was 

reduced from a 327 × 11,881matrix to a 176 × 6,959 matrix. 

As Figure 5.1 shows, a poor image was generated by least squares method from 

two projections. Not only the small ellipses features of the head were not distinguishable, 

but even the skull (the biggest ellipse with white color) is not clear. This is an example 

where the measurement best matching provided by the least squares methods was not 
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sufficient to produce an acceptable image, due to the high degree of incompleteness of 

this problem (8,369 unknowns versus 176 projection values). In attempt to obtain a 

better image, a third projection orientation was added, resulting in the image shown in 

the right-hand-side of Figure 5.1. The reconstructed image from three projections 

reflected, though crudely, the shape and locations of ellipse features. 

 

   

Figure 5.1 2-D Actual phantom image (left) and reconstruction image by least squares 

method (middle) from two projections and three projections (right). 

 

Figure 5.2 shows the unfiltered backprojection solution from two projections and 

three projections, respectively, which was used as the second initial estimates in the 

Twomey-Phillips method. Figure 5.3 shows the images reconstructed from two 

projections with the two initial estimates: uniform values and a solution from the 

unfiltered back projection method. The convergence conditions was of ∣𝑥𝑗
(𝑘+1)

− 𝑥𝑗
(𝑘)
∣ < 

10−5 for all j, where k designates the iteration number, and was reached at k = 1984 and 

2919, for the two initial estimates, respectively. As shown in Figure 5.3, solutions from 

both initial estimates were similar to solution of least squares method, which were not 

acceptable. 
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.  

      

Figure 5.2 Unfiltered backprojection solutions from two projections (left) and three 

projections (right). 

 

           

Figure 5.3 Actual phantom image (left) and reconstruction images by Twomey-Phillips 

method from two projections, with uniform initial estimate (middle) and unfiltered back 

projection (right). 

 

In attempt to obtain a better solution, the value of 𝛾 in Eq. (3.15) for the Twomey-

Phillips method was increased to give the initial estimate more influence on the solution. 

Values of 0.01 and 0.05 were assigned to 𝛾 to generated two additional solutions. Same 

convergence criterion was applied and was reached at k = 2608 and 4, respectively. The 

solution with 𝛾 = 0.01 was quite similar with the solutions shown in Figure 5.3 with 𝛾 = 

0.001, which means increasing the value of the parameter γ from 0.001 to 0.01, did not 

affect the solution difference. However, for 𝛾 = 0.05, solution was not meaningful. 
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Figure 5.4 Actual phantom image (left) and reconstruction images by Twomey-Phillips 

method with unfiltered back projection initial estimate from two projections, as 𝛾 = 0.01 

(middle) and 𝛾 = 0.05 (right). 

 

When a third projection orientation was added, solutions from Twomey-Phillips 

method with two initial estimates and different value of 𝛾 were generated, as shown in 

Figure 5.5 and 5.6. Figure 5.5 shows the images reconstructed from three projections 

with the two initial estimates: uniform values and a solution from the unfiltered back 

projection method. The convergence conditions was of ∣𝑥𝑗
(𝑘+1)

− 𝑥𝑗
(𝑘)
∣ < 10−5 for all j, 

where k designates the iteration number, and was reached at k = 263 and 7404, for the 

two initial estimates, respectively. As shown in Figure 5.5, solutions from both initial 

estimates were similar to solution of least squares method, with crude reflections on the 

shape and locations of ellipse features. As shown in Figure 5.6, 𝛾 values of 0.01 and 0.05, 

with same convergence criterion as above reached at k = 2 in both case, showed that a 

high 𝛾-value distorts the solution significantly.  
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Figure 5.5 Actual phantom image (left) and reconstruction images by Twomey-Phillips 

method from three projections, with uniform initial estimate (middle) and unfiltered back 

projection (right). 

 

            

Figure 5.6 Actual phantom image (left) and reconstruction images by Twomey-Phillips 

method with unfiltered back projection initial estimate from three projections, as 𝛾 = 0.01 

(middle) and 𝛾 = 0.05 (right). 

 

The result of Figure 5.1 to 5.6 showed that all methods were failed to indicate the 

exact configuration of head phantom from very limited projections with specific angle. 

However, with an additional projection added, the solutions were able to reflect shape 

and locations of ellipse features roughly. This conclusion was confirmed by the values of 

solution difference ∆1  for all solutions in Table 5.1, from two and three projections. 

Solutions of three projections generally had lower solution difference than that of two 

projections. With 𝛾 = 0.05, resulting in a large value of ∆1, and consequently a false 
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solution. Apparently, Twomey-Phillips method has the ability to forget the initial 

estimate rapidly, as two initial estimates did not have enough influence on the solutions. 

 

Table 5.1 Solution difference from actual solution, ∆1, for different methods and conditions 

of 2-D phantom. 

Method ∆1 by two projections ∆1 by three projections 

Least squares  0.0372 0.0315 

Twomey-Phillips with 

uniform initial estimate 

𝛾 =0.001 

0.0372 0.0315 

Twomey-Phillips with 

backprojection initial 

estimate 𝛾 =0.001 

0.0372 0.0315 

Twomey-Phillips with 

backprojection initial 

estimate 𝛾 =0.01 

0.0372 0.0358 

Twomey-Phillips with 

backprojection initial 

estimate 𝛾 =0.05 

1.7624 4.2889 

 

  



50 
 

5.3 Three-dimensional Image Reconstruction 

Here, a 3-D phantom with 109 × 109 × 109 voxels was studied. The number of 

projections was limited to two, with orientaion directors of (0,0,-1) and (3,2,1). In each 

projection, a measurements square with size of 109 × 109 was applied. For the forward 

model: y = Ax, A is a 23,762 × 1,295,029 matrix, relating 23,762 measurements to 

1,295,029 unknowns. 

In the Twomey-Phillips method, two initial estimates were applied. The first 

estimate was uniform for all voxel values. Due to difficulty of obtaining backprojection 

solution in 3-D case, the second estimate was from least squares solution. The same 

convergence criterion as in Section 5.2 and γ value of 0.001 were used for the Twomey-

Phillips method. An additional reconstruction by the Twomey-Phillips method with the 

second initial estimate and a higher 𝛾 of 0.01was also provided, to examine the effect of 

giving the initial estimate more influence on the solution. Note that same matrix size 

reduction process was applied, as mentioned in Section 5.2. In three-dimensional 

phantom reconstruction, A was reduced from a 23,762 × 1,295,029 matrix to a 11,672 × 

473,839 matrix. 

In Figure 5.7, one representative layer, was selected to demonstrate a typical layer 

configuration from different directions In the z-direction (top to bottom direction), the 

image had 109 layers, which are shown in Figure 5.8. Ellipses in the phantom were 

regarded as an identifying feature, to assess the quality of reconstructed images. 
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Figure 5.7 Typical layers in the z, x, and y direction in the modified Shepp-Logan phantom. 

 

 

Figure 5.8  3-D 'Shepp-Logan' phantom with 109 layers in the z direction. 

 

Figure 5.9 illustrates the images reconstructed by the least squares method and the 

Twomey-Phillips method with two initial estimates and different values of parameter 𝛾 

in z-direction. The first image is original image (typical layer in Figure 5.3), followed by 

solution from least square method. For Twomey-Phillips method, three solutions were 

generated: (1) solution from the first uniform initial estimate with 𝛾 = 0.001, (2) from 

second initial estimate with 𝛾 =0.001, and (3) with the second initial estimate with 𝛾 
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=0.01. Convergence conditions was ∣𝑥𝑗
(𝑘+1)

− 𝑥𝑗
(𝑘)
∣ <10−5 for all j, where k designates 

the iteration number, reached at iterations number k = 2303, 1242 and 1134, for 

Twomey-Phillips (1), (2), (3) respectively. Figure 5.10 and Figure 5.11 demonstrate 

different views from the x- and y-directions with corresponding solutions, respectively. 

As Figure 5.9 shows, in the z-direction (same layer as in Figure 5.7), solutions 

from Twomey-Phillips method with two initial estimats and with the least squares 

method are similar. In comparison  with the actual image, three ellipses that represent 

brain features can be distinguished, though smaller ellipses were invisible. Distortion of 

configurations occurred in the other two directions, with ambiguous ellipses feature 

presented. Visually, the change of 𝛾 from 0.001 to 0.01 did not affect the solution in a 

significant way, which indicates the initial estimate was close to the least sqaures 

solution. Figure 5.12 shows all layers in the z-direction for the solution obtained with 

least squares method. 
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Actual                         Least squares 

    

Twomey-Phillips (1)             Twomey-Phillips (2) 

 

Twomey-Phillips (3) 

Figure 5.9 Images for 'Shepp-Logan' phantom section in the z-direction, with sequence of 

Actual image, followed by solution from least squares method and solutions of Twomey-

Phillips method with first uniform initial estimate and 𝛾 = 0.001 (Twomey-Phillips (1)), 

with second initial estimate and 𝛾 = 0.001 (Twomey-Phillips (2)), and solution with the 

second initial estimate wand 𝛾 = 0.01 (Twomey-Phillips (3)). 
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Actual                         Least squares  

     

Twomey-Phillips (1)             Twomey-Phillips (2) 

   

Twomey-Phillips (3) 

Figure 5.10 Images for 'Shepp-Logan' phantom section in the x-direction, with sequence of 

Actual image, followed by solution from least squares method and solutions of Twomey-

Phillips method with first uniform initial estimate and 𝛾 = 0.001 (Twomey-Phillips (1)), 

with second initial estimate and 𝛾 = 0.001 (Twomey-Phillips (2)), and solution with the 

second initial estimate wand 𝛾 = 0.01 (Twomey-Phillips (3)). 
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Actual                         Least squares 

    

Twomey-Phillips (1)             Twomey-Phillips (2) 

 

Twomey-Phillips (3) 

Figure 5.11 Images for 'Shepp-Logan' phantom section in the y-direction, with sequence of 

Actual image, followed by solution from least squares method and solutions of Twomey-

Phillips method with first uniform initial estimate and 𝛾 = 0.001 (Twomey-Phillips (1)), 

with second initial estimate and 𝛾 = 0.001 (Twomey-Phillips (2)), and solution with the 

second initial estimate wand 𝛾 = 0.01 (Twomey-Phillips (3)). 
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Figure 5.12 Reconstructed 'Shepp-Logan' 3-D phantom with 109 layers in the z-direction 

with least squares method. 

 

Table 5.2 gives the solution difference from actual solution, ∆1, for the various 

methods and conditions applied in this Section. As the Table shows, solutions from the 

Twomey-Phillips method with first uniform initial estimate, second initial estimate from 

least squares methods gave the same value of ∆1, but a slightly smaller than that from the 

least squares method. Increasing the value of the parameter γ from 0.001 to 0.01, did not 

affect the solution difference. The ∆1 values reported in Table 5.2, agreed therefore with 

the visual observations discussed above. 
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Table 5.2 Solution difference from actual solution, ∆1, for different methods and conditions 

for 3-D phantom. 

Method ∆1 

Least squares  0.0223 

Twomey-Phillips with uniform initial estimate. 𝛾 

=0.001 

0.0222 

Twomey-Phillips with least squares initial estimate. 

𝛾 =0.001 

0.0222 

Twomey-Phillips with least squares initial estimate. 

𝛾 =0.01 

0.0222 

 

As the result reported in Figures 5.9 to 5.12 and Table 5.2, the 3-D image 

reconstruction solutions from Twomey-Phillips method with first initial estimate, with 

uniform value, and second initial estimate from least squares methods, were similar to 

that of least squares method, but have a slightly smaller solution difference. Image 

ellipses were identifiable in different layers, which indicated good quality of 

reconstruction in these layers. Improvement of reconstruction quality from 3-D case, 

versus the 2-D case, can be attributed to increasing number of projection affected by a 

given feature in the actual configuration. In other words, in the 3-D space, a volume has 

affected more projection points than in the 2-D case, resulting in a better 3-D image 

reconstruction. 
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5.4 Conclusions 

In this Chapter, the least squares and Twomey-Phillips methods were implemented 

to reconstruct both 2-D and 3-D head phantom images by very limited radiographic 

projections. Solution quality was assessed using the original (known) image. For the 2-D 

head phantom, both least squares and iterative Twomey-Phillips methods failed to 

reconstruct exact phantom configurations, but adding an extra projection helped 

somewhat in showing crudely some features. In 3-D phantom reconstruction, ellipse 

features were identifiable by all solution methods with only two radiographic projections, 

although some image distortion occurred. Solutions with the Twomey-Phillips method 

with a uniform initial estimate and an initial estimate from least squares methods were 

similar to that of least squares method, but had a slightly smaller solution difference in 

the three-dimensional reconstruction. Significant solution quality improvement from 2-D 

to 3-D reconstruction was observed and is attributed to the influence of volume features 

on more projection points than in the 2-D case. In the following Chapter 6, a case of 

mammography images is studies, as a practical application for solving an incomplete 

inverse problem. 
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CHAPTER SIX: IMAGE RECONSTRUCTION IN MAMMOGRAPHY 

In this Chapter, independently produced projections from digitized mammography 

projections (radiographs) are utilized. Section 6.1 introduces the source of the 

mammography image used in this work. Section 6.2 describes the process of preparing a 

radiographic mammogram for use in image reconstruction in three dimensions. Section 

6.3 presents the forward model for the problem. Reconstruction results are given in 

Sections 6.4 to 6.6. 

 

6.1 Mammography 

Mammography is an X-ray imaging process used to examine female human breast 

tissue for the presence of tumors. Screening mammography typically involves taking two 

views of a breast, from top to bottom (Cranial-Caudal view, CC) and from an oblique or 

angled view (mediolateral-oblique, MLO) [36]. Some auxiliary views may be also 

acquired. The Cranial-Caudal (CC) view images each breast from top to bottom. The 

mediolateral-oblique (MLO) view is an angle view of the entire breast. In the MLO view, 

the pectoral (chest) muscle is depicted obliquely from the top to the level of the nipple or 

further down. Breast compression is applied before imaging. A breast’s nipple should be 

visible in a mammogram, and a small marker (that may be used) should also be visible, 

as a sign that the whole breast is radiographed. Other supplementary views, such as 

themediolateral view (ML) may also be taken from the center of the chest outward. A 

lateromedial view (LM) is also a supplementary image of the breast taken from the outer 

side of the breast inward toward the center of the chest. Figure 7.1 shows typical 



60 
 

mammography views: MLO, CC. These mammograms in Figure 6.1 were obtained from 

the library of the University of Malaya, Malaysia [37].  

 

               

Figure 6.1 Mammography views from left to right: mediolateral-oblique (MILO), 

craniocaudal (CC) [33]. 

6.2 Processing  

In this section, the steps used to make a mammogram suitable for use in image 

reconstruction are described. 

6.2.1 Image Digitizing  

The command “imread” in Matlab was used to reads the provided grayscale 

mammograms [3]. It returns values as arrays containing the image data, in the form of a 

M × N matrix, B. 
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6.2.2 Imcomplement 

In order to acquire projections of radiographic intensity, the Matlab command 

“imcomplement (IM)” was used to compute the complement of the target image, given 

as “IM”. In the complement of a binary image, zeros become ones and ones become 

zeros; i.e. black and white are reversed. In the output image, dark areas become lighter 

and light areas become darker. Figure 6.2 shows the output Mammography view after 

imcomplement of the images of Figure 6.1. 

               

 

Figure 6.2 Mammography view after imcomplement of the images of Figure 6.1. 

6.2.3 Projection Inensity  

A grayscale value on the pixel of a digitized image corresponds to the radiation 

intensity I in Eq. (2.2). This is transformed into radiographic projection value as follows. 

The range of grayscale value is from 0 to 255, with the maximum value corresponding to 
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the background, i.e. the unattenuated radiation, after imcomplementation.  In order to be 

able to take the logarithm of each value, a value of 1 is added to the grayscale value of 

each pixel. The operation of transformation format, from uint8 (Unsigned Integers of 8 

bits) to double, makes it possible to add 1 to each pixel’s grayscale value, since 

calculations cannot be performed with thee Uint8 format. Therefore, a projection value 

𝑃𝑖 is calculated as:  

𝑃𝑖=− ln
𝐼

𝐼0
 =−ln

𝑉

𝑉0
                                                  (6.1) 

where V is the grayscale value in an image pixel and 𝑉0 is the grayscale value of the 

background. The image imcomplement produces a value of 255 for the background. 

Then with all pixels’ grayscale value increases by a value of one, the value of 

background changes to 256, and the zero values become ones. The projection of intensity 

can then be calculated using the grayscale value ratio of specific pixel and background. 

For example, for grayscale value of 156, the projection of intensity assigned is: 

𝑃𝑖 = −ln
𝐼

𝐼0
  = −ln

𝑉

𝑉0
 = −ln

156+1

256
 = 0.4889 

6.2.4 Letter Removal 

Mammograms contain alphanumerical letters designating A, B in the MLO and CC 

image respectively. These letters were erased before further measurement processing. 

The removal of the letters in the image was done manually by visually identifying the 

place of letters in a mammogram and replacing with background values.            

6.2.5 Chest Tissue in-Image Removal 

The MLO image contains a view of part of the chest tissue (pectoral muscle) not 

related to breast tissue.  It is removed by wiping it out and replaces its value with 
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background values. As shown in Figure 6.3, left mammogram is the MLO view before 

chest tissue removal and left one is same view after chest tissue removal.  

         

Figure 6.3 Mammography view: Left before removal, right after removal. 

6.2.6 Adjustment and Integration 

  Image reconstruction requires input projection images over a squared areas of 

equal size. This is the input request of program for building cubic system matrix. Due to 

the difference in image size of views of mammographic views, the projection image 

domains for the MLO and CC views were expanded into two equal-area squares, as 

shown in Fig 6.4. To develop this square, extra pixels (outside a mammogram) were 

filled with zero values. Identifiable markers (nipples) in both views were used as centers 

of the image reconstruction domain, corresponding to origin of spatial coordinates. 

The size of images was also reducing to a manageable extent, using a process 

called “ integrated collapse”. It was realized by concentrating certain number of pixels in 

a mamogram into one pixel, by taking the average value of the collapsed pixels, and 
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assigned it to the new bigger pixel. Figure 6.4 shows  the original CC and MLO views 

after being  reduced to 109 × 109 pixels, from 872 × 872 pixels. 

 

         

      Figure 6.4 Measurements adjustment and integration of CC and MLO views for the 

images of Figure 6.3. 

 

6.3 Forward Model 

The required input projection data were generated according to Eq. (2.3). The 

grayscale intensity image-intensity values generated by Section 6.2.3 were multiplied by 

the length a radiation beam, i, travels in a voxel, j,  and summed along the direction of 

the beam to provide a corresponding projection value, 𝑃𝑖 . The projection values were 

then assembled into the measurement vector, y.  The matrix A in the forward model: y = 

A x, consisted of the 𝑙𝑖𝑗 values, or zeros when a beam did not cross a voxel. The vector x 

is the grayscale value intensity in each voxel. Note that all beams in a projection were 

assumed to be parallel to each other. 

6.3.1 Matrix Size Reduction  

A matrix size reduction process was applied, as in Section 5.2. The sizes of 

original measurement vector y , coefficient matrix A and unknowns x were 23,762 × 1, 
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23,762 × 1,295,029 and 1,295,029 × 1 respectively. After eliminating zero projection 

values and the corresponding elements, the sizes of y, A, and x were significantly 

reduced to 2,319 × 1, 2,319 × 48,894, 48,894 × 1, respectively. 

6.3.2 Incidence Angle Optimization 

The direction  (orientation) of the MLO view is neither measured nor reported. 

Therefore, the incidence angle (direction vector) was to be assumed for the MLO view. 

In determining this orienation, advance was taken of the fact that elements of rows in the 

matrix A corresponding to a non-zero projection value should not be all zero. Therefore, 

if a direction is assumed and resulted in some rows of matrix A of elements that are all  

equal to zero, that diection was definitely a wrong direction. Accordingly, an optimal 

direction vector representing the angle of MLO view was chosen such that it resulted in a 

minimal number of all-zero rows in A. For the MLO mamogram, of Figure 6.1, the 

direction vector for the optimal MLO vector was found to be (3,2,1), with the CC view 

designatd a  (0,0,-1) vector. 

6.3.3 Compress Ratio  

In mammography, compression action is necessity for MLO view, but not in the 

CC view. This caused a change in the shape of the breast among the two views. In 

generating a forward model, the effect of breast compression was ignored for 

simplification. 
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6.4 Image Reconstruction Results 

Typical layer slices (middle section of 3-D cube model) in different directions are 

presented here to demonstrate solutions using different methods and initial estimates. 

Figure 6.5 shows a typical layer of reconstructed images for the least squares method, 

and the Twomey-Phillips method with uniform initial estimate and a least squares initial 

estimate. Note that as in Chapter 5, due to the large problem size, other methods reported 

in Chapter 3 were not used. The parameter 𝛾 in Eq. (3.15) was set to 0.001 and the 

convergence conditions was of ∣𝑥𝑗
(𝑘+1)

− 𝑥𝑗
(𝑘)
∣ < 10−5 for all j, where k designates the 

iteration number, and was reached at k = 8368 and 7384, for the above two estimates, 

respectively. As shown in Figure 6.5, the solutions from Twomey-Phillips method with 

both initial estimates were similar to each other. Compared to the solution from least 

squares method, brighter spots regions were distinguishable in the Twomey-Phillips 

solutions. However, the exact hemisphere configurations or features of the breast were 

not identifiable in both methods. 

 

     

   Figure 6.5 Reconstruction typical layer in z-direction from least squares method (left), 

Twomey-Phillips method with uniform initial estimate (middle) and Twomey-Phillips 

method with least squares initial estimate (right). 
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Figure 6.6 Reconstruction typical layer in x-direction from least squares method (left), 

Twomey-Phillips method with uniform initial estimate (middle) and Twomey-Phillips 

method with least squares initial estimate (right). 

 

   

Figure 6.7 Reconstruction typical layer in y-direction from least squares method (left), 

Twomey-Phillips method with uniform initial estimate (middle) and Twomey-Phillips 

method with least squares initial estimate (right). 

 

Figures 6.6 and 6.7 demonstrate same 3-D reconstruction solutions from the 

methods above in the x and y directions. The solutions in Figure 6.6 from Twomey-

Phillips method with both initial estimates were similar to each other.  As in Figure 6.5., 

brighter spots were distinguishable in the Twomey-Phillips solutions, and the 

hemispheric configurations and abnormal features of the breast were identifiable in 

Figure 6.7. Notice that some false indications occurred in the top right-hand corner in 



68 
 

squared images of both methods. This may be an artifact due to ignoring breast 

compression in the MLO view, which shorten the breast in the x direction and prolonged 

in the y direction, that result in an error accumulation that seemed to have been reflected 

as a localized artifact at the corner of the image. 

The results of Twomey-Phillips method with least squares initial estimate but 

different values of parameter 𝛾 in different directions are graphically presented in Figure 

6.8 to Figure 6.10. Same convergence criterion was applied as above, and convergence 

was reached at k = 23772 and 105 for 𝛾 = 0.01 and 𝛾 = 0.05, respectively. The solution 

from Twomey-Phillips method with 𝛾 = 0.01 was similar to that showed in Figure 6.5 to 

Figure 6.7 with for 𝛾  = 0.001. Interestingly, however, the solution with 𝛾  = 0.05 

produced more distinct tissue features. This indicated that when the initial guess has 

more influence on the solution, it can provide image with more contrast. Also, false 

indications occurred in the top right- hand corner in squared images of both conditions. 

 

     

Figure 6.8 Reconstruction typical layer in z-direction by Twomey-Phillips method with 

least squares initial estimate: 𝛾 = 0.01 (left) and 𝛾 = 0.05 (right). 
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Figure 6.9 Reconstruction typical layer in x-direction by Twomey-Phillips method with 

least squares initial estimate: 𝛾 = 0.01 (left) and 𝛾 = 0.05 (right). 

 

    

Figure 6.10 Reconstruction typical layer in y-direction by Twomey-Phillips method with 

least squares initial estimate: 𝛾 = 0.01 (left) and 𝛾 = 0.05 (right). 

 

6.5 Coarse Solution and Solution Credibility 

The solution difference, ∆, of Section 3.3.2, was used to examine the solution 

credibility. To obtain a coarse solution, integration collapse was applied, as mentioned in 

Section 6.2.6. Generally, every 4 × 4 × 4 unknowns in space were integrated into one 

coarse unknown. Thus, the number of coarse unknowns was reduced to 19,863, less than 

the number of measurements, converting the under-determined problem into an over-
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determined one. Figure 6.7 shows the coarse solution for a typical layer (middle section), 

obtained with the least squares method. 

 

     

Figure 6.11 Aggregation solution of typical layer in three directions (z, x, y) from least 

squares method. 

 

Table 6.1 gives the solution difference, ∆, for different methods used in 

mammography image reconstruction. As the Table shows, the Least squares method 

produced a solution with higher ∆ than the other methods. Solutions from Twomey-

Phillips method, with both initial estimates and 𝛾 = 0.001, generated the most reliable 

solutions, as confirmed by the reconstruction images in Figure 6.5. When 𝛾 changed 

from 0.001 to 0.01, the solution difference slightly increased. However, when 𝛾 jumped 

from 0.001 to 0.05, high solution difference was generated by the Twomey-Phillips 

method with least squares initial estimate, although it provided the most distinct 

reconstruction image among solutions in Figures 6.8 to 6.10, indicating its incredibility. 
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Table 6.1 Solution difference from aggregated solution, ∆, by different methods and 

conditions in mammography reconstruction. 

Method ∆ 

Least squares  0.0373 

Twomey-Phillips method with uniform 

initial estimate and 𝛾 = 0.001 

0.0218 

Twomey-Phillips method with least 

squares initial estimate and 𝛾 = 0.001 

0.0218 

Twomey-Phillips method with least 

squares initial estimate and 𝛾 = 0.01 

0.0225 

Twomey-Phillips method with least 

squares initial estimate and 𝛾 = 0.05 

0.2251 

 

 

6.6 Conclusions 

The trial made to reconstruct a 3-D image from from only two digiized 

mammography projections, generated images that resembled the expected breast 

configuration. Solutions by the Twomey-Phillips method with a uniform initial estimate 

and an initial estimate from least squares methods were similar to that of least squares 

method, but had a slightly smaller solution difference, as was the case in Chapter 5 for 

the Shepp-Logan head phantom.  
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CHAPTER SEVEN: CONCLUSIONS 

7.1 Summary 

This thesis examined several methods to reconstruct tomographic images from 

limited (typically two) radiographic projections available in radiographic inspection. The 

methods were applied to three cases: a pipe-rack problem, a standard simulated head 

phantom and mammography. Non-iterative and iterative methods were used. The non-

iterative methods included least squares inversion, pseudo-inverse and convex 

optimization method, while Twomey-Phillips, Bayesian and Monte Carlo methods were 

used for the iterative methods. However, the large size of the head phantom and the 

mammography problems, made it impractical to apply the pseudo-inverse, Bayesian and 

Monte Carlo methods. It was also found that convex optimization method always 

generate solutions as same as that of pseudo inverse. Therefore, only the least squares 

and the Twomey-Phillips methods were applied to reconstruct 3-D images. The initial 

estimate need in the iterative methods was either based on a uniform nominal solution, 

basic backprojection or a least-squares solution. Since the three case studies are 

incomplete problems, with many possible solutions, a number of solution credibility 

indicators were developed and assessed, including information entropy and aggregated 

solutions. 

 

7.2 Conclusions 

In the pipe-rack problem, it was shown that both least-squares and iterative 

methods were able to detect anomalies using limited number of projections. The 

availability of a nominal estimate of the object’s content resulted in a better definition of 
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reconstructed anomalies. Information entropy was abandoned for use in measuring 

solution credibility because it was insensitive the resulting solutions. On the contrary, the 

aggregated solution was successful as a measure of solution credibility. Two-

dimensional reconstruction of the head phantom was not successful when two 

projections were used, but somewhat a better image was produced with an additional 

projection. Improved image reconstruction was observed in the 3-D case of the head 

phantom with all solution methods. This was attributed to the increase in the number of 

projections affected by a given feature in the actual configuration in the 3-D case. In 

mammography, both the least squares method and the Twomey-Phillips method were 

able to reconstruct approximately the hemispheric shape configuration of the breast. 

 

7.3 Future Work 

Future work should focus on forward model, particularly in mammography. The 

forward model should attempt to simulate the effect of breast compression in the MLO 

projection in mammography. Also, the forward model should more faithfully represent 

the cone beams used in mammography, instead of the parallel beam employed in this 

work. Methods to enable 3-D visualization and rotation should also be applied for better 

display of the reconstructed images. In addition, other means for measuring solution 

credibility and providing initial estimates for the iterative solution should be explored. 

An effort should also be made to examine whether a combination of inversion method 

can further enhance the image quality, for example the Bayesian method may be applied 

to the final solution of another method to introduce a gentle modification to the solution.  



74 
 

Image enhancement and processing methods may also help improve the appearance of 

the reconstructed image.  
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APPENDIX A 

Section 1: Partial Matlab Code for 2 × 2 Pipes Examination (Twomey-Phillips 

method with single-flaw case) 

clc; 
clear all; 

  
A=[1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0; 
   0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0; 
   0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0; 
   0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0; 
   0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0; 
   0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0; 
   1 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0; 
   0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0; 
   0 1 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0; 
   0 0 1 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0; 
   0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1; 
   0 0 0 1 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0]; 
% 1 defect point  
 x=[2.0865;2.0000;2.0865;2.0865;2.0865;2.0865;2.0865;2.0865; 
    2.0865;2.0865;2.0865;2.0865;2.0865;2.0865;2.0865;2.0865; 
    2.0865;2.0865;2.0865;2.0865;2.0865;2.0865;2.0865;2.0865; 
    2.0865;2.0865;2.0865;2.0865;2.0865;2.0865;2.0865;2.0865]; 

  
y = A*x; 

  
x0 =[2.0865;1.9000;2.0865;2.0865;2.0865;2.0865;2.0865;2.0865; 
  2.0865;2.0865;2.0865;2.0865;2.0865;2.0865;2.0865;2.0865; 
  2.0865;2.0865;2.0865;2.0865;2.0865;2.0865;2.0865;2.0865; 
  2.0865;2.0865;2.0865;2.0865;2.0865;2.0865;2.0865;2.0865]; 

  

  
z=0.001; 
x=x0+z*A'*(y-A*x0); 

  
for k=1:2000; 
    l=x; 
    x=x+z*A'*(y-A*x); 
    if l-x<10^(-7) 
        break 
    else 
        k=k+1; 
    end 
    disp(k); 
    d3=y-A*x; 
    d4=sqrt(sum(d3.^2))/size(d3,1); 
    disp(d4); 
end 
image(reshape(x,8,4)','CDataMapping','scaled') 
colorbar 
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Section 2: Partial Matlab Code for phantom testing (least squares method with 

three projections) 

clc; 
clear all; 
m = 109; 
P = phantom('Modified Shepp-Logan',m); 
P0=reshape(P,m^2,1); 
[A,b,x,theta,p,d] = paralleltomo(m,90,m,m-1); 
A1 = A; 
[A,b,x,theta,p,d] = paralleltomo(m,15.5,m,m-1); 
A2 = A; 
[A,b,x,theta,p,d] = paralleltomo(m,0,m,m-1); 
A3 = A; 
A = cat(1,A1,A2,A3); 

  
y = A*P0; 
%Matrix Reduce Method 
y0 = y;A0 = A;A10=A; 
%Reduce method 
id = find(y0(:,1)~=0);% find out y containing non-0 
y0(id,:) = [];% containing 0 part 
A0(id,:) = [];% containing 0 part 
i = find(sum(A0)==0); 
id1 = find(y(:,1)==0); 
y(id1,:) = [];% non-0 part 
A10(id1,:) = []; 
B = A10(:,i);  
x = lsqr(B,y);  
X_sol = zeros(m^2,1); 
for j=1:size(i,2); 
    X_sol(i(1,j),1)=x(j,1); 
End 

  
d=0; 
for j=1:109^2; 
    d=d+(P0(j)-X_sol(j))^2; 
end 
d1 = d/11881 
X_sol = reshape(X_sol,m,m); 
imshow(X_sol); 
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Section 3: Mammography simulation (Twomey-Phillips method with uniform 

estimate) 

clc; 
clear all; 
B1=imread('B.jpg');% B 
B2=imcomplement(B1); 
B2=rgb2gray(B2); 
imshow(B1), figure, imshow(B2); 
B3=(double(B2)+1)/256; 
B4=-log(B3); 
B4(70:89,175:194)=zeros(20); 
B5=im2uint8(exp(-B4)); 
imshow(B5); 
B6=zeros(880); 
B6(88:655,252:467)=B4; 
B7=reshape(sum(reshape(B6,8,[])),[],size(B6,2)); 
B8=(reshape(sum(reshape(B7',8,[])),[],size(B7,1)))'; 
B8=(B8/64); 
B9=zeros(109); 
B9=B8(1:109,1:109); 
B9(19:22,53:55)=0; 

  
A1=imread('A.jpg');%???A 
A1(70:89,175:194)=zeros(20); 
A2=imcomplement(A1); 
A2=rgb2gray(A2); 
imshow(A1), figure, imshow(A2); 
A3=(double(A2)+1)/256; 
A4=-log(A3); 
A4(70:89,175:194)=zeros(20); 
% Remove chest tissue 
for i=1:234; 
    A4(i,1:ceil(85-85/235*i))=0; 
end 
A5=im2uint8(exp(-A4)); 
imshow(A5); 
A6=zeros(880); 
A6(1:568,330:545)=A4(1:568,1:216); 
A7=reshape(sum(reshape(A6,8,[])),[],size(A6,2)); 
A8=(reshape(sum(reshape(A7',8,[])),[],size(A7,1)))'; 
A8=(A8/64); 
A9=zeros(109); 
A9=A8(1:109,1:109); 

  
S1=A9; 
S2=B9; 
n=109; 
v_list = [0 0 -1;3 2 1]; 
v_listnorm = sqrt(sum(v_list.^2,2)); 
m=size(v_list,1); 
v_list    = v_list./repmat(v_listnorm,1,3); 
r1_max    = (n-1)/2; 
u_max     = (n-1)/2; 
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[A,p_all] =  buildSystemMatrix(r1_max,u_max,v_list,[1 1],1); 
yr1 = reshape(S1,[],1); 
yr2 = reshape(S2,[],1); 
y = cat(1,yr1,yr2); 
y0 = y;A0 = A;A10=A; 

  
%Reduce method 
id = find(y0(:,1)~=0); 
y0(id,:)=[]; 
A0(id,:)=[]; 
i = find(sum(A0)==0); 
id1 = find(y(:,1)==0); 
y(id1,:) = []; 
A10(id1,:) = []; 
B = A10(:,i); 
C = size(find(sum(B,2)==0),1); 

  
a=sum(B9(:))/(length(find(B9~=0)));%average value of B9 in plane 
B9(B9~=0)=a/66; 

  
x0=repmat(a/66,size(B,2),1); 

  

  
% Twomey Phillips Formula 
k=0;z=0.001; 
x=x0+z*B'*(y-B*x0); 
d1=y-B*x0; 
d2=sqrt(sum(d1.^2))/size(d1,1); 
x(x<0)=0; 

  
for k=1:20000; 
    l=x; 
    x=x+z*B'*(y-B*x); 
    x(x<0)=0; 
    if l-x<10^(-5) 
        break 
    else 
        k=k+1; 
    end 
    disp(k); 
    d5=x-l; 
    d6=sqrt(sum(d5.^2))/size(d5,1); 
    disp(d6); 
    d3=y-B*x; 
    d4=sqrt(sum(d3.^2))/size(d3,1); 
    disp(d4); 
end 

  

  
x_sol = x; 
X_sol = zeros((2*r1_max+1)^3,1); 
for j=1:size(i,2); 
    X_sol(i(1,j),1)=x_sol(j,1); 
end 
X_sol = reshape(X_sol,(2*r1_max+1)*[1,1,1]); 
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figure 
plotLayers(X_sol) 
suptitle('Reconstruction'); 
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