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ABSTRACT 

Control of unmanned aerial vehicles is a very active topic in research with 

lots of applications ranging from civilian to military. To control a UAV, its attitude 

is often controlled using gyroscopes, but to control its position, inertial sensors 

together with GPS are often used. However, obtaining accurate current position 

is difficult using inertial sensors because of the integration drift. GPS on the 

other hand is not functional in indoor applications since it cannot connect to GPS 

satellites. Since vision has been proved to be an inexpensive and consistent 

source of relative position information, vision-based control is getting more 

popular in UAVs recently, but then again, using vision in outdoor applications is 

challenging as the target can move fast and out of the vision sensor field of view. 

So, in order to keep the target inside the field of view, two algorithms are being 

developed and tested via simulation in this research. Using pan/tilt/zoom 

cameras or multi camera systems, the target is guaranteed to stay in vision 

system field of view and hence, the vision based pose estimation can provide 

the control system with proper relative position. Two case studies - vision-based 

mobile-target tracking of a quadrotor using a multi-camera vision sensor and 

vision-based mobile-target tracking of a tilting rotor aircraft equipped with a 

zooming camera - are presented in this research to show the applicability of 

these methods in UAV control.  
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CHAPTER 1. INTRODUCTION 

1.1. BACKGROUND OF VISION-BASED CONTROL 

Vision-based control is to use the information provided by a vision system 

in robotic applications to control a robot. It has been introduced to increase the 

flexibility and accuracy of robotics systems since it can provide the system with 

the information that can be extracted from vision (visual feedback). Vision-based 

control has been around since the early 1980 [1] but recently it has attracted 

significant attention due to enough and affordable computational power to make 

the process real-time. From simple pick and place tasks to real-time tracking of 

moving targets, visual servoing has been proved to be very effective in robotic 

applications.  

1.1.1. CAMERA CONFIGURATIONS 

Vision sensor can be attached directly to the robot end-effector (or 

similarly to a mobile robot) in which case it moves as the robot moves (eye in 

hand configuration). On the other hand, the camera can be fixed in the scene to 

observe the robot end-effector movement, the target and other objects that may 

affect or limit the robot movement. There are also other configurations including 

several cameras covering the scene (like Optitrack [2]), two cameras to provide 

3D pose data (stereo vision), or pan-tilt-zoom cameras attached to the end-

effector or observing it from the scene.  
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1.1.2. VISUAL SERVOING TECHNIQUES 

All vision-based control techniques aim to minimize an error. The error 

can be defined inside the image between the target image 2D point and its 

corresponding desired position in the image (Image Based Visual Servoing 

IBVS), or as a set of 3D parameters estimated from image measurements 

(Position Based Visual Servoing PBVS). Each technique has its own pros and 

cons; no strategy provides perfect stability. Good estimation is important in IBVS 

stability, but crucial in PBVS. Camera is considered a 2D sensor in IBVS which 

makes it robust to errors in calibration and image noise,while it’sconsidereda

3D sensor in PBVS, but on the other hand when the displacement to the target is 

large, so the target image is far from the image center or the feature points of the 

target are not easily distinguishable, IBVS may reach a local minimum [3]. These 

shortcomings have led to a lot of ongoing work and research for improvements. 

Some visual servo controls has been proposed to improve the behavior of basic 

IBVS and PBVS like Hybrid Visual Servo (21 2⁄ -D visual servoing), Partitioned 

Visual Servo, IBVS with Cylindrical Coordinates of Image Points, and switching 

between these techniques [4]. 

1.1.3. APPLICATIONS 

Many visual servoing systems use markers, known patterns, structures 

and other guides, etc.; hence they are limited to be used in laboratory and 

structured environments. But recent advances in camera systems, processing 

power and image processing techniques, as well as the availability and 

affordability of them, have led to significant improvements of vision-based control 
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and empowered it to apply in real-time applications especially in non-structured, 

cluttered and/or dynamic environments. In fact in those environments, visual 

servoing techniques are proven to be the only practical strategy for the 

applications that need an accurate localization of a target or the robot itself. 

Navigation and target tracking are other areas that visual servoing can be used 

effectively. A list of demonstrated applications as well as a list of potential 

applications has been presented in [5].  

1.2. BACKGROUND OF UNMANNED AERIAL VEHICLES 

An unmanned aerial vehicle (UAV) is an aircraft without a human pilot 

aboard [6]. They are classified under autonomous aircrafts, remotely piloted 

aircrafts and semi-autonomous aircrafts. These aircrafts have been deployed in 

a lot of applications, ranging from military and especial operations, to civil 

applications like surveillance, firefighting, policing, and non-military security work 

like pipeline inspection. One of the biggest advantages of using unmanned aerial 

vehicles is to reduce the human involvement in dangerous situations. 

There are many types of UAVs in use for different applications. There are 

different UAV categorizations based on their functions, their range/altitude or 

other characteristics, like the way the required lift power to fly is generated; 

fixed-wing UAVs and rotary-wing ones are two main groups of unmanned aerial 

vehicles in the later categorization. Although fixed-wing UAVs are more popular 

commercially, research groups and industry have shown a lot of interest in using 

rotary-wing (rotorcraft) UAVs lately. Their unique ability to take off and land 

vertically, along with other advantages rotorcrafts offer over the airplanes like in-
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place hover and low-speed flight in any direction, makes them favorable in a lot 

of applications, even though they are more complex in design, control and 

maintenance.  

Rotorcrafts are classified in 5 groups: Helicopter, Cyclogyro/Cyclocopter, 

Autogyro, Gyrodyne and Rotor kite. Traditionally, helicopters are still the most 

popular among rotorcrafts both manned and unmanned, but for unmanned 

applications, multicopters (rotorcrafts with four or more rotors) are getting more 

popular nowadays due to more stability, easier manufacturing and design as well 

as the overall cost. Quadrotors, hexacopters and octacopters are the most 

popular multicopters that are powered with four, six and eight rotors respectively. 

They are fast and agile, safe and stable, and they can hold camera equipment 

based on their size and power. A big advantage of multicopters with six rotors or 

more is if one motor stops to work, the rest can compensate for it to keep the 

rotorcraft operating. This feature alongside more power to lift heavier 

accessories and more stability and maneuverability makes them the favorite 

police/surveillance rotorcraft. 

1.3. MOTIVATION  

Control of unmanned aerial vehicles is currently a very active topic in 

research. To control a UAV, its attitude is often controlled using gyroscopes, but 

to control its position, inertial sensors together with GPS are often used. 

However, obtaining accurate current position is difficult using inertial sensors 

because of the integration drift. Small errors in acceleration and angular velocity 

measurement are integrated into progressively larger errors in velocity, which 
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are compounded into even greater errors in position, and since the new position 

is calculated from the previous calculated position, these errors accumulate 

proportionally to the time. So the position has to be corrected periodically using 

other sources of information like GPS. GPS on the other hand is not functional in 

indoorspacessinceitcan’tconnecttotheGPSsatellites,besides,regularGPS

doesn’tprovideveryreliablepositioninformationinoutdoorapplicationsaswell

especially in urban areas.  

Vision has been proved to be a consistent source of relative position 

information which makes it a good candidate for most of UAV applications. 

Hovering, target tracking, taking off and landing are all achievable if UAV relative 

pose to a reference is provided in feedback. Vision systems are able to estimate 

the relative pose to an object, but using vision in outdoor applications is 

challenging especially in target tracking, since the target can move fast and 

eventually get out of the vision sensor field of view. If the vision sensor loses the 

target, vision based pose estimation algorithms cannot provide the pose data 

and hence the target tracking task will fail.  

In order to keep the target inside the field of view, two algorithms are 

being developed and tested via simulation in this research. Using pan/tilt/zoom 

cameras or multi camera systems, the target is guaranteed to stay in vision 

system field of view and hence, the vision based pose estimation can provide 

the control system with proper relative position. Therefore, two case studies 

including position based visual servoing control strategies for a quadrotor and a 
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novel bi-copter with tilting rotors are presented in this research to show the 

applicability of these methods in UAV control. 

1.4. PROBLEM STATEMENT  

Unmanned aerial vehicles are being widely used in different applications 

since they reduce the human involvement in dangerous scenarios, but on the 

other hand, having a fully automated aerial vehicle is very challenging. The UAV 

needs to stay stable while flying and follow a desired path, e.g. following a 

target, without the presence of an expert pilot, and this task needs proper 

sensors and a reliable control strategy. Although based on the application, the 

level of autonomy and accuracy can vary significantly. 

A lot of challenges, from deriving the dynamic model and designing a 

proper controller, to measure and/or estimate the physical parameters that 

represent the system behavior, have to be addressed in UAV control. The 

following problem statement is formulated in this thesis to effectively deal with 

vision based UAV control of the two case studies: 

Develop control methodologies for a quadrotor and a bi-copter with tilting 

rotors that guaranty 

1- The stability of the UAV 

2- The ability to perform complex tasks like target tracking and 

performing specific maneuvers. 
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1.5. THESIS OUTLINE 

This thesis is organized as follows: Chapter 2 provides an in-depth 

literature survey of UAVs with the focus on rotary wing aircrafts, their control 

methodologies and different vision-based pose estimation techniques. In chapter 

3, the case of vision-based mobile target tracking of a quadrotor is being 

discussed. Chapter 4 presents the vision-based mobile target tracking of a tilt-

rotor aircraft. These chapters include the dynamic modeling of the system, 

control strategies and simulation. Finally in chapter 5, contributions made and 

future works are listed. 
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CHAPTER 2. LITERATURE SURVEY 

2.1 ROTARY-WING UAVS 

An unmanned aerial vehicle (UAV) is an aircraft without a human pilot 

aboard [6]. They are classified under two main types of autonomous aircrafts, 

and remotely piloted aircrafts, although there are some systems that combine 

remote pilot control and some levels of autonomy (semi-autonomous aircrafts). 

There are lots of applications these aircrafts has deployed for, ranging from 

military and especial operations, to civil applications like surveillance, firefighting, 

policing, and non-military security work like pipeline inspection. Some other 

areas that UAVs are getting popular are Commercial aerial surveillance, 

Commercial and motion picture filmmaking, Sports, Oil, gas and mineral 

exploration and production, Disaster relief, Scientific research, Military training, 

Search and rescue, Conservation, Animal rights, Forest fire detection, 

Archaeology, Cargo transport, etc. As it can be seen, in almost all of these 

applications the purpose is to reduce the human involvement in dangerous 

situations. 

A rotary-wing aircraft, or rotorcraft, is a flying machine that uses lift 

generated by rotor blades rotating around an axis. The International Civil 

Aviation Organization (ICAO) defines a rotorcraft as "supported in flight by the 

reactionsoftheairononeormorerotors”.Theyarealsocalled“VerticalTake-

OffandLanding(VTOL)”aircraftsduetotheirunique ability to take off and land 

vertically. Other advantages rotorcrafts offer over the airplanes are in-place 

hover, low-speed flight in any direction, in addition to fast forward flight 
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capability. On the other hand, much greater complexity in the piloting, 

mechanical design and maintenance, as well as dynamics modeling in the 

rotary-wing configuration in comparison to the fixed-wing case, explains why 

helicopters were introduced much later than airplanes. Airplanes are also able to 

achieve long lasting flights, long distance ranges and high forward speeds, 

which is not the case in regular rotorcrafts. 

The idea of an air vehicle dates back to the late 15th century, when in 

1488, Leonardo da Vinci drew sketches of his aircraft design called “Nonilvolo

umano” that means “Non-human flight” (Figure 2.1.a). But it wasn’t until the

World War I when the first modern UAV called Hewitt-Sperry Automatic Airplane 

was developed and tested by Elmer Sperry (Figure 2.1.b). 

During the World War II, both Axis (particularly Germany) and Allies 

developed different unmanned aircrafts, but no rotary-wing UAV designed until 

1950, when amateurs started to create control units for radio-controlled (RC)  

  

(a) (b) 
Figure 2.1: a) Da Vinci’s“Nonilvoloumano”,b)Hewitt-Sperry Automatic Airplane (Source: 

Wikipedia) 
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aircrafts in 1950s. Controllers were as basic as on/off control systems, or very 

basic speed control systems later in time. Then in 1960s, advances in transistor 

technology led to fully proportional servo systems for RC systems including 

aircrafts, and by the 1980s, hardware and electronics had become available in 

reasonable price, weight and size that made it possible to design multi-channel 

radio control widely available. Working to make the system smaller and cheaper 

continued and led to commercially available fully controlled rotorcrafts that weigh 

less than a pound for a few hundred dollars.  

The first radio-controlled helicopter was the fixed-pitch Bell Huey Cobra 

successfully flown in 1970 [7]. But it was 1991, the first year of the International 

Aerial Robotics Competition created by Prof. Robert Michelson from Georgia 

Tech, when academic interest in UAVs first can be seen. Since then, there are 

lots of research groups all around the world working on different types of UAVs. 

As mentioned before, due to the unique abilities VTOL aircrafts have, the main 

focus of a lot of these research groups is to design different controllers for 

various types of VTOL, or to modify them in order to improve their speed, 

maneuverability, stability, accuracy, reliability, as well as affordability.  

Rotorcrafts are classified in 5 groups [8]: Helicopter, 

Cyclogyro/Cyclocopter, Autogyro, Gyrodyne and Rotor kite. They may have one 

or more rotors, but the ones with odd number of rotors are less popular as the 

torque balance must to be taken into consideration in the design. Traditionally, 

helicopters are still the most popular among rotorcrafts both manned and 

unmanned, but for unmanned applications, multicopters (rotorcrafts with four or 
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more rotors) are getting more popular nowadays due to more stability, easier 

manufacturing and design as well as the overall cost. Quadrotors, which have 

four rotors, are the most popular multicopters on the market. They are fast, easy 

to manufacture and affordable. They also have great maneuverability and 

generate enough thrust to add accessories like different sensors. As the number 

of rotors increase, the overall power, speed and elevation increases. 

Hexacopters, which have 6 rotors, are more powerful, faster, and able to carry 

more overall payload, but on the other hand, they are more expensive, larger in 

size, which makes the rotorcraft harder to fly in confined spaces, and motor parts 

are more expensive. Octacopters powered with eight rotors have all the 

advantages of hexacopters but with more power, speed, durability and payload. 

They are very fast and agile, extremely powerful, very safe and stable, and they 

can reach exceptionally high elevations and hold heavy camera equipment, but 

they are even bigger, very expensive, and need more powerful batteries to be 

able to operate for a long time. A big advantage of multicopters with six rotors or 

more is if one motor stops to work, the rest can compensate for it to keep the 

rotorcraft operating. This feature alongside more power to lift heavier 

accessories and more stability and maneuverability makes them the favorite 

police/surveillance rotorcraft. 

Talking about VTOL, there are some other aircrafts with different lift 

mechanisms other than rotary-wings. Some of them are listed in [9] as 

convertiplanes, tiltrotors, tiltwings, tail-sitters, fan-in-wings and lift jets. 
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2.1. ROTARY-WING UAVS WITH TILTING ROTORS 

Among all the aircrafts mentioned above, tiltrotors have the unique ability 

to combine the vertical lift capability of a helicopter with the speed and range of a 

conventional fixed-wing aircraft. The lift is generated by one or more rotors 

mounted on rotating engine pods usually at the ends of a fixed wing. For vertical 

take-off and landing as well as hovering, the rotors are angled so the plane of 

rotation is horizontal, to generate the needed lift like a helicopter. As it gains 

speed, the rotors are progressively tilted forward, with the plane of rotation 

eventually becoming vertical. The lift in flying forward then is generated by the 

wings, while the rotors generate the needed thrust for flying forward as 

propellers.  

One of the first airplane designs for the ability to take off and land as well as low 

speed maneuvering, was developed in the U.S. by Henry Berliner in the early 

1920s [10]. This design resembled a fixed-wing biplane, except that it had a 

large diameter fixed-pitch propeller mounted on a vertical shaft near the tip of 

each wing (Figure 2.2). For forward flight, the shafts would be tilted forward. 

Reports indicate that the Berliner helicopter achieved forward speeds of about 

40 mph. While the propellers were not designed to convert fully to the 

conventional airplane mode, the Berliner side-by-side helicopter was an early 

example of the rotor arrangement used on current tilt rotor aircrafts. Other early 

designs shows the interest in tiltrotor due to their potential to perform complex 

maneuvers together with their ability to fly faster than other rotorcrafts, but they 

were all unsuccessful because of their highly unstable nature. 
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(a) (b) (c) 
Figure 2.2: a)Henry Berliner tiltpropeller helicopter, b) Platt LePage XR-1A lateral twin-rotor 

helicopter, c) XV-3 at Bell (Source: Wikipedia) 

Researches on tiltrotor aircrafts though continued by Boeing Vertol 

(Boeing Rotorcraft Systems) company and later in 1970s by Bell. In 1980, TRRA 

project XV-15 by Bell became the first tilt-rotor aircraft passed all the flight tests 

(Figure 2.3). Later developments are V-22 Osprey by Bell and Boeing in 1981, 

and then AW609 by Bell/Agusta in 1998. Bell has also developed a tiltrotor UAV, 

the TR918 Eagle Eye. Bell has also teamed up with Boeing and Lockheed 

Martin for a quad Tiltrotor and  Bell V-280 Valor. 

 

  
(a) (b) 

Figure 2.3: a) Bell XV-15 ground tiedown facility, b) Bell Eagle Eye (Source: United States Coast 

Guard website) 
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Unlike other types of aircrafts, there are not many different tiltrotor UAVs 

commercially available. Due to the fact that new aerial vehicles have no 

conventional design basis, many research groups build their own tilt-rotor 

vehicles according to their desired technical properties and objectives. For 

example, Arizona State University’s HARVee [11], Compigne University’s

BIROTAN [12] and Chiba University’s QTW UAV [13]. Some other recent

researches in tiltrotor UAVs are control of a Triple Tilting Rotor mini-UAV [14], 

Particle Swarm Optimization Method to control a tiltrotor UAV [15], Nonlinear 

Adaptive Internal Model Control for a Tiltrotor Aircraft Using Neural Networks 

[16], Model Predictive Attitude Control  of an unmanned tiltrotor [17], Back-

stepping control for stabilization [18], Transition flight control of a quad-tiltrotor 

[19], design a hybrid quad tiltrotor [20], Trajectory tracking of Quad TiltRotor [21] 

and adaptive control of a quad tiltrotor [22]. 

eVader (Figure 2.4) was developed in 2007 by Gary Gress [23]. It is a 

VTOL UAV which is targeted for operations in confined spaces, and in order to 

achieve this goal, it exploits a new mechanism of dual ducted fans with lateral 

and longitudinal rotortilting mechanism. Having enough uncorrelated inputs gives  

 

Figure 2.4: Prototype of Dual-fan VTOL air vehicle having lateral and longitudinal tilting rotors 
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Figure 2.5: Fans rotating around longitudinal (y-axis) and lateral (x-aixs) axes 

the aircraft to have all 6 degrees of freedom as shown in Figure 2.5. This 

mechanism utilizes the inherent gyroscopic properties of tilting rotors and driving 

torques of the fans for vehicle pitch control, and eliminates the need for external 

control elements or lift devices. It utilizes the inherent gyroscopic properties and 

driving torques of the fans for vehicle pitch control, and it eliminates the need for 

external control elements or lift devices. In fact the system generates pure and 

extensive moments rather than just forces to make it high maneuverable and 

agile [24]. 

2.2. ROTARY-WING UAVS WITH SHIFTING COG 

The most important advantage of eVader is the ability to work in confined 

spaces due to high maneuverability and controllability in all 6 degrees of 

freedom, but with the cost of high instability and design and control complexity 

due to the lateral rotation of rotors. In practice, having 5 degrees of freedom 

provides enough maneuverability in a confined space as a constant roll can be 

translated to 90 degrees change in yaw angle and then a pitch hover maneuver.  
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But with no lateral rotations of rotors, the aircraft has 4 degrees of 

freedom which makes it impossible to perform a pitch hover maneuver, which is 

hovering with zero linear and rotational speed along and around three axis, while 

flying at constant pitch angle. The extra uncorrelated input we need to gain the 

5th degree of freedom can be achieved by changing the center of gravity (COG). 

There has been a few researches available in control UAVs with shifting COG 

such as a robust 𝐻∞ gain scheduled hover to cruise conversion for a tiltrotor [25], 

Modeling and attitude control of an aircraft with COG variations [26], and control 

of hovering altitude with shifted COG [27], But none of the researches above are 

making use of shifting COG as an additional input. 

2.3. UAVS WITH PITCH-HOVER CAPABILITY 

As mentioned earlier, eVader is controllable in all 6 degrees of freedom 

which gives it the capability to Pitch hover, as well as Roll hover, in cost of 

higher complexity and instability. There are other ongoing researches on other 

different strategies and designs to control UAV’s more than 4 degrees of 

freedom and the researches about these unique designs are limited to their 

designer or respective research group. First the idea of Using Dual Propellers as 

Gyroscopes for Tilt-Prop Hover Control is seen in 2002 [28], and then in 2007, 

Lift fans are used as gyroscopes for controlling compact VTOL air vehicles [23]. 

Modeling and controlling the eVader is presented in [24] and in more detail in 

[29], and then in 2014, a Passive Stabilization technique has been proposed for 

eVader [30]. Different ongoing researches on these platforms are including 

classic and adaptive controllers as well as vision based ones. 
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2.4. VISON-BASED CONTROL OF UAVS 

To have a fully autonomous vehicle, able to operate indoor, accurate 

sensory data is needed. The rotation angles and velocities as well as linear 

velocities and 3D position are necessary to control the position of the aircraft in 

hover or tracking mode. Inertial Navigation System (INS) can provide the system 

with Angular velocities, Heading angles and linear velocities by having 3 axis 

gyroscope, magnetometer and accelerometer. They are very accurate making 

use of recent reliable filtering techniques, and very affordable too nowadays. 

3D position is needed to control position as well, but GPS only navigation 

has proved not to work properly. Knowing that even in outdoor operation, GPS 

databy itself isnotaccurateand reliableenough, it’s impossible tocontrol the

position of a vehicle indoor where GPS signals are not available or are very 

weak. To overcome this limitation, there have been different strategies to provide 

position feedback to the controller in indoor applications, such as using 

Bluetooth or Wi-Fi signals, light or magnetic fields, Inertial measurements (dead-

reckoning), visual sensors (including Laser Range finders and cameras), or a 

combination of them [31]. 

Visual servoing (VS) is a technique which uses feedback information 

extracted from a vision sensor to control the motion of a vehicle [3]. Different 

camera configuration can be seen in different applications. The vision data may 

be acquired from a camera that is mounted directly on a robot manipulator or on 

a mobile robot. In this case, camera moves as the robot itself or its manipulator 

moves (eye in hand configuration). The camera can be fixed in the workspace 
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too so that it can observe the robot motion (eye to hand configuration). Other 

configurations can be seen in researches and applications like several cameras 

mounted around the workspace to observe the robot motion (like Optitrack [2], 

[33]), or stereovision systems.  

As mentioned earlier, in order to create an autonomous UAV, precise 

knowledge of the aircraft position and orientation is needed. This info can be 

used to stabilize, hover the aircraft or for tracking an object. Many pose 

estimation algorithms, both iterative and non-iterative, have been developed and 

designed for control purposes. In [33], POSIT algorithm is developed to find the 

pose of object from a single image, which together with its alternatives are 

widely used in vision-based robotics. In [34], a feedback linearization and 

backstepping controller was designed to control a quadrotor, using Position-

based visual servoing to estimate the relative position of the quadrotor to a 

reference object. An Image-based visual servoing scheme is suggested to be 

used in a Lyapunov control algorithm using robust backstepping techniques, by 

Hamel and Mahony [35], and then they have developed a visual servo trajectory 

tracking for a quadrotor [36]. Some other recent researches that use vision data 

in UAV control are Vision-based pose estimation and control of a model 

helicopter which tries to control a quadrotor using position acquired by just vision 

sensors [37], Dynamic Feedback Controller of Euler Angles for a quadrotor using 

PBVS [38], Visual tracking control of a UAV with adaptive depth estimation [39], 

Vision-based control of a quadrotor at hover in unknown, GPS-denied 

environments [40], Vision-based navigation of a Micro Aerial Vehicle (MAV) in 
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unknown environments [41], Combining Stereo Vision and Inertial Navigation 

System for a Quad-Rotor UAV [42] and control and navigation of a hexacopter 

using vision feedback [43,44]. In [45] you can also find an image based visual 

servoing scheme for a UAV to land on a moving object. 

2.5. WIDE FIELD OF VIEW CAMERAS 

Vision based navigation and localization is widely used currently in a lot of 

robotic applications including the ones that are mentioned above, due to 

availability, reasonable cost and high accuracy using fast and powerful 

algorithms. Most of these robots although use cameras with constrained field of 

view because of their limited set of movement directions.  

But in a lot of potential applications, visual sensors with wider field of view 

are necessary especially when the robot needs to recognize the environment. In 

fact mobile robots often need 360° field of view of their surrounding environment 

for navigational tasks like localization, object identification, and path planning. 

Using cameras with wide field of view for robotic applications have been studied 

for several decades. There are several ways to get a wide field of view, such as 

using wide-angle lenses, spherical or conical mirrors, rotating a camera while 

imaging (panorama), photo mosaicing and using a set of several cameras with 

different angles. Some applications and researches employing wide angle 

lenses are: to estimate the danger at an intersection in real time [46], traffic mark 

recognition using color information and neural networks [47], robot navigation 

using a Wide Angle Foveated Vision Sensor (WAFVS) that represents and 

mimics a human eye by combining central and peripheral vision [48], visual 
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servoing of a 5-DOF mobile manipulator [49], visual servoing of a mobile robot in 

presence of tilt disturbances [50],  visual memory-based indoor navigation 

[51,52], the Karlsruhe humanoid head [53], multi camera based wide field of 

view [54, 55], robot navigation based on MR code landmark [56], wide angle and 

omni-directional photo combination [57], localization using ceiling lights [58] and 

pipeline inspection [59, 60]. 

However, using wide FOV visual sensors is very challenging due to their 

radial image distortion. It affects the perspective of the image, and also delivers 

lower resolutions closer to the edges of the image after undistortion. Another 

problem with using the wide FOV cameras is the system needs to deal with 

more visual information. There have been a lot of research to handle these 

problems recently as the vision based unmanned systems are getting more 

popular. Barth and Barrows in [61] proposed a fast panoramic imaging system to 

dealwith thedistortion,basedonthe fact that there’s lessdistortion in images

providedbyregularcameralenses,butpanoramicimagingcan’tbefastenough

in very agile dynamics such as aerial applications, moreover it adds extra 

disturbances to the system. Multi camera approaches including regular similar 

cameras with different angles [54, 55], combination of different types of cameras 

[57], or even designs inspired by arthropods and insects [62]. Some researchers 

have also worked on optimizing catadioptric sensors so they approximate a 

perspective camera but with less distortion [63, 64]. These methods acquire 

precise images; however they need to handle a huge amount of data processing 

and fusion. On the other hand, plenty of research has been done on undistortion 
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and camera calibration or to develop other methods to extract useful information 

out of photos taken by wide FOV cameras for control and navigation 

applications. In [65], neural network is used to recognize traffic marks from 

highly distorted images. Other researches include a nonparametric, model-

based radial lens distortion correction [66], a study on distortion and illumination 

in mobile robot tracking [67], using deformable visual contour for pose estimation 

[68], or using moments that are not sensitive to distortion [4, 69, 70, 71, 72, 73]. 

2.6. CAMERA/UAV POSE ESTIMATION USING IMAGES 

As stated previously, there are two general visual servoing strategies: 

Image-based and Position-based. Several researches have been done and 

currently are ongoing, deploying these methods for UAV control. Among image-

based techniques, Mahony suggested using linear features in visual servoing for 

a fixed-wing UAV in [74], and his work continued by his group later in [75, 76] 

where adaptive filtering and image-based visual servoing were used to control a 

ducted fan UAV and a quadrotor respectively. Another research using IBVS is 

autonomous landing on a moving target [77]. 

Like image-based technics, position-based visual servoing has been very 

popular too especially in scenarios where the actual 3D position and orientation 

of the UAV in world frame, or the relative 3D position and orientation of the UAV 

with respect to a fixed world frame point or object, or even a moving object are 

important to be known. In these technics, instead of minimizing a control law 

within the image space, the actual or relative pose (position and orientation) is to 

deal with. In [78], vision and IMU are used for autonomous hovering of an UAV. 
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Other examples of using PBVS for UAV control are vision based aerial refueling 

in [79], visual steering in unknown environments [80], autonomous landing [81, 

82, 83], pose estimation for outdoor navigation [84], ground target localization 

[85], tracking linear structured objects [86], following general objects [87], target 

detection [88], real-time pose estimation using deformable visual contour 

registration [89], and visual servoing of UAVs for power lines inspection [90]. 

There are also some researches using PBVS for more complex forms of vision 

sensors, like stereo visual servoing of UAVs [91], global pose estimation by 

matching onboard forward looking camera with satellite aerial images [92], and 

tracking an object using pan-tilt-zoom cameras [93, 94]. On the other hand, 

hybrid [95] and cooperative [96] approaches can be found among the ongoing 

researches. 

2.7. SWITCHING VISUAL SERVOING (FAR/CLOSE VISION-BASED 

TRACKING) 

Knowing the pros and cons of perspective and wide field of view cameras, 

one technique that can be used to avoid the limitations of each is a switching 

strategy between to different onboard vision sensors. When the target image is 

outofperspectivecamera’sfieldofvieworveryclose to the edges of the image, 

the visual sensor can automatically be switched to the FOV camera, and when 

the UAV gets close enough to the object so the target can be recognized in the 

perspective camera, it can switch back for a more accurate visual servoing [97]. 

This switching technic has also been deployed in multi-agent systems [98, 99] or 

in applications where the target or path might get unrecognizable due to present 
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obstacles or especial movements by robot as well [100, 101, 102]. It can be 

done in both eye to hand and eye in hand configurations, where in the first one, 

a number of cameras can be placed in different positions with different angles to 

cover the scene. This technique has also been used widely in surveillance 

applications [103, 104].  Another mean of switching strategy is to switch between 

vision-based and IMU based control. In this case when the target gets out of 

camera’sfieldofview,thecontrolwillbeswitchedtotheIMUbasedcontrol[105, 

106] which can be hovering stationary or landing in UAV control.  
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CHAPTER 3. CASE STUDY I: VISION-BASED MOBILE TARGET 

TRACKING OF A QUADROTOR 

In this chapter, a vision-based target tracking for a quadrotor is presented. 

At first, the coordinate frames are defined, and then the mathematical model of 

the quadrotor is discussed. The mathematical model is simulated in MATLAB 

Simulink afterwards and the proposed pose estimation is implemented in 

simulation too. Finally, the vision-based controller and the simulation results of 

the system are to be presented. 

The Q-ball X4 is a quadrotor rotary-wing aerial vehicle designed and 

constructed by Quanser. The platform is enclosed within a protective carbon 

fiber sphere, which makes it safe to operate in indoor situations like laboratories 

that are possibly surrounded with obstacles and other vehicles in close range for 

the operators, surroundings and quadrotor itself. This property makes this 

platform an ideal choice for UAV researches as well as other researches that 

include UAVs like cooperative air/ground vehicles operations [107]. The 

quadrotor is propelled by four motors fitted with 10-inch propellers which are 

configured as 2 pairs of counter rotating blades. 

Located at the centerofthequadrotor,Quanser’s on-board avionics data 

acquisition card (HiQ) and the embedded Gumstix computer can be found. They 

can measure the available on-board sensors including 3-axis accelerometer, 3-

axis gyroscope and 3-axis magnetometer, and drive the electrical motors with 
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pulse-width modulation (PWM) signals calculated by the ground station it’s

connected to via WiFi.  

Q-ball, like other quadrotors, is capable of maneuvering in 6 degrees of 

freedom (DOF). A quadrotor-fixed frame, denoted by 𝑄, is defined as shown in 

Figure 3.1. The 𝑘-axis points towards the back of the quadrotor. The 

translational position of the quadrotor is expressed with respect to the world 

(inertial) frame, 𝑊, by a translation vector, 𝒕𝑄
𝑤 , where 

 𝒕𝑤 𝑄 = [𝑋 𝑌 𝑍]𝑇 ∈ 𝑊 (3.1) 

𝒕𝑄
𝑤  is the translation vector relating frame 𝑊 to frame 𝑄. There also 

should be defined a rotation matrix, 𝑹𝑄
𝑤 , which expresses the quadrotor 

orientation between the two frames 

 𝑹𝑄
𝑤 = [

𝐶𝜙𝐶𝜓 𝐶𝜙𝑆𝜃𝑆𝜓 − 𝑆𝜙𝐶𝜃 𝑆𝜙𝑆𝜃 + 𝐶𝜙𝐶𝜃𝑆𝜓
𝑆𝜙𝐶𝜓 𝐶𝜙𝐶𝜃 + 𝑆𝜙𝑆𝜃𝑆𝜓 𝑆𝜙𝐶𝜃𝑆𝜓 − 𝐶𝜙𝑆𝜃
−𝑆𝜓 𝑆𝜃𝐶𝜓 𝐶𝜃𝐶𝜓

] (3.2) 

 

Figure 3.1: World (𝑊) and Quadrotor (𝑄) frames. Rotation around the axes of frame is expressed 

using Euler angles. The two frames are related through rotation matrix ( 𝑅𝑄
𝑤 ) and translation vector ( 𝑡𝑄

𝑤 ). 
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where 𝐶𝜃 and 𝑆𝜃 are cos 𝜃 and sin 𝜃 respectively. 

3.1. DYNAMIC MODEL 

In this section the derivation of dynamic model of the Qball-X4 is 

described. The nonlinear models are first described and then the linearized 

models are calculated to be used in controller development. Using the 

Newtonian Mechanic laws [108] and considering a few very common 

simplifications, the nonlinear model can be derived as will be shown in this 

section. The simplifying assumptions are as follows [109]: 

 Roll and pitch angles are decoupled 

 The Quadrotor is perfectly symmetric at its center 

 Coriolis and Gyroscopic effects are negligible 

 The Quadrotor operates in quasi-stationary state, a state similar to 

hovering; that means 𝜙 and 𝜃 are relatively small 

Q-ball nonlinear model has been provided in its manual [109] and can 

also be found in some other research works like [34], [110] and [111]. To avoid 

repetition, the Q-ball modelling is summarized with some details instead of going 

through the modelling process.  

3.1.1. ACTUATOR DYNAMICS 

There are four sets of motors and propellers configured in two counter-

rotating pairs. Figure 3.2 shows the direction of rotation of each motor/propeller, 

𝑚𝑖. The thrust generated by each propeller, 𝐹𝑖, is modeled by a first-order 

system 
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Figure 3.2: Model of the quadrotor (top view) showing the center of gravity (COG), direction of 

propeller rotation, and reactive torques (𝜏𝑖). 

 𝐹𝑖 = 𝐾𝑝
𝜔

𝑠+𝜔
𝑉𝑝𝑖; 𝑖 = 1,⋯ ,4 (3.3) 

where, 𝐾𝑝 is a thrust coefficient, 𝜔 is the actuator bandwidth, 𝑠 is the Laplace 

variable, and 𝑉𝑝𝑖 is the PWM input to motor 𝑚i . A state variable to represent the 

actuator dynamics, 𝜉𝑖, is defined as 

 𝜉𝑖 =
𝜔

𝑠+𝜔
𝑉𝑝𝑖; 𝑖 = 1,⋯ ,4 (3.4) 

Q-ball employs fixed-pitch propellers, so the motion of the quadrotor is 

induced by varying the thrust each motor generates. Thrusts are varied by 

changing the rotational speed of the rotors which are variables of 𝑉𝑝𝑖themselves. 

The voltage inputs to motors can be bundled to represent the inputs needed for 

each maneuver 

 𝑉𝑝1 = 𝑉𝑌 + 𝑉𝜃 + 𝑉𝜓 

 𝑉𝑝2 = 𝑉𝑌 − 𝑉𝜃 + 𝑉𝜓 

 𝑉𝑝3 = 𝑉𝑌 + 𝑉𝜙 − 𝑉𝜓 

m1 𝜏1 

m2 𝜏2 

m3 𝜏3 m4 𝜏4 

FRONT 

COG 
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 𝑉𝑝4 = 𝑉𝑌 − 𝑉𝜙 − 𝑉𝜓 (3.5) 

where 𝑉𝑌, 𝑉𝜙, 𝑉𝜃 and 𝑉𝜓 are the voltages required to change the altitude, roll 

angle, pitch angle and yaw angle respectively. Equation (3.5) and the way some 

specific maneuvers are achievable can be explained by using examples: for a 

positive change in pitch angle, the voltage to motor 𝑚1 should be increased, 

while the voltage to motor 𝑚2 should be decreased simultaneously, and for a 

positive change in attitude, the voltage to all the motors should be increased, 

equally. 

3.1.2. ROLL AND PITCH MOTIONS 

Roll (𝜙) and pitch (𝜃) angles are assumed to be decoupled for modelling 

purposes as it stated before, and the quadrotor is also considered to be 

symmetrical at its center. Then, using the model shown in Figure 3.3, one can 

derive equations of roll and pitch motions. The rotation around COG is brought 

by the difference in the moments generated by thrusts 𝐹1 and 𝐹2 from motors 𝑚1 

and 𝑚2 respectively 

 𝐽𝜃�̈� = Δ𝐹. 𝑙𝑝;  Δ𝐹 = 𝐹2 − 𝐹1  (3.6) 

where 𝑙𝑝 is the distance between center of gravity of the quadrotor and its 

motor/propeller assembly. Similarly, 

 𝐽𝜙�̈� = Δ𝐹. 𝑙𝑝;  Δ𝐹 = 𝐹4 − 𝐹3  (3.7) 

𝐽𝜃 and 𝐽𝜙 are the moment of inertia for pitch and roll motions, respectively. 
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Figure 3.3: Model of the quadrotor (side view) for deriving roll and pitch equations of motion 

Based on equations (3.6) and (3.7), the state space model for pitch and 

roll dynamics are 
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where 𝑠1 and 𝑠2 are augmented states to accommodate an integrator in the 

feedback controller design. 

3.1.3. YAW MOTION 

The difference in reactive torque that each propeller generates, makes 

the quadrotor to change its yaw angle. Reactive torque, 𝜏𝑖, is defined as the 

torque opposing direct torque generated in the same direction as the rotation of 

propellers (see Figure 3.2). Reactive torques are summed at the center of the 

quadrotor frame; non-zero sum results in yaw motion. For simplification, 𝜏𝑖 is 
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assumed to be generated directly by the propellers and is related to the PWM 

inputs, 𝑉𝑝𝑖, by 

 𝜏𝑖 = 𝐾𝜏𝑉𝑝𝑖 (3.10) 

where 𝐾𝜏 is the torque coefficient. Yaw motion is modeled by 

 𝐽𝜓�̈� = 𝜏1 + 𝜏2 − 𝜏3 − 𝜏4 (3.11) 

where 𝐽𝜓 is the moment of inertia for yaw motion. Combining (3.10) and (3.11) 

gives 

 𝐽𝜓�̈� = 𝐾𝜏Δ𝑉𝑝;  Δ𝑉𝑝 = 𝑉𝑝1 + 𝑉𝑝2 − 𝑉𝑝3 − 𝑉𝑝4 (3.12) 

Finally, yaw dynamics can be written in state-space form as follows 

 [
�̇�

�̈�
] = [

0 1
0 0

] [
𝜓

�̇�
] + [

0
𝐾𝜏

𝐽𝜓

] 𝛥𝑉𝑝 (3.13) 

3.1.4. HEIGHT MODEL 

By changing the thrusts generated by all four motors, the motion of Q-ball 

in vertical direction is affected. The dynamic equation of the height model of the 

Q-ball then can be written as 

 𝑀�̈� = 4𝐹 cos𝜙 cos 𝜃 − 𝑀𝑔 (3.14) 

where 𝐹 is the thrust generated by each propeller, 𝑀 is the total mass of the 

quadrotor, and 𝜙 and 𝜃 are roll and pitch angles, respectively. Observing the 

equation (3.14), it can be seen that if the roll and pitch angles are non-zero, the 
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overall thrust vector will not be perpendicular to the ground. In this equation, it 

also has been assumed that all motors are generating the same thrust, which in 

hoverandforchangingtheheight,it’sacommon and reasonable assumption. 

Both roll and pitch angles are expected to be close to zero during the 

flight, especially in hovering maneuver. The state space model then can be 

extracted by linearizing equation (3.14) around hovering point 
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3.1.5. X-Y POSITION MODEL 

The motion of the Qball-X4 along the X and Z axes is caused by the total 

thrust and by changing roll/pitch angles [109]. Assuming that the yaw angle is 

zero the dynamics of motion in X and Y axes can be written as 

 𝑀�̈� = −4𝐹 sin𝜙 (3.16) 

 𝑀�̈� = 4𝐹 sin 𝜃 (3.17) 

And their respective state-space models then are 
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3.1.6. MODEL DISCUSSION 

There are more accurate models that can be found in other research 

works like [34], [110] and [111],butsincethequadrotorinourresearchdoesn’t

need to perform very fast and aerobatic maneuvers, researches [109], [110], 

have shown that these simplified nonlinear and linear model versions are 

accurate enough for hovering and target tracking, which are the main maneuvers 

in this research work. Quadrotors are 6 degrees of freedom aircrafts that can 

move or change direction in 3D, but they have just 4 manipulated variables 

which makes them an underactuated system. It means that just four degrees of 

freedom of them can be controlled individually at the same time. In fact, moving 

in X direction and rotation around Z axis (pitch), as well as moving in Z direction 

and rotation around X axis (yaw) are strongly coupled, which means that the 

aircraft cannot change one of them without changing the other one. That’s to

say, to change the position in X or Z direction, pitch or roll angle should change, 

as they are functions of those angles, observing the equations (3.16) and (3.17). 

Hence, the system can be divided into 4 not coupled sub-systems: 

 Height model 

 Yaw model 

 X-Pitch model 

 Y-Roll model 

Consequently, the four inputs to the system can be re-bundled to express how 

each sub-model can be controlled. Equation (3.20) shows the new bundled set 

of inputs. 
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3.2. CLOSED-LOOP CONTROL OF THE Q-BALL 

In this section, the vision-based closed-loop control for the Q-ball is 

discussed. Closed-loop control strategies to control the Q-ball are first explained, 

and then the pose estimation of the quadrotor and feeding the results back to the 

control system is presented.  

As stated in literature survey, to control the position of a robot, knowing 

the current position of the robot manipulator with respect to a reference frame is 

necessary. Among the various techniques that are mentioned, a downward 

looking camera set, which contains one pinhole camera and one wide-angle 

camera, with the ability to switch between, has been chosen for our research 

due to its ability to keep theobject of interest in the camera system’s field of

view.  

The most common controller that can be found in quadrotor control 

research is cascade PD or LQR controllers [109-115]. In this strategy, four 

separate controllers (PD or LQR) are to be designed for the four sub-systems 

mentioned in the previous section.  

To provide the PD controller with feedback, the quadrotor velocity and 

angular velocity are also needed together with the data acquired from the vision 

system. The onboard 3D accelerometers and gyroscopes can provide those 
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data using Kalman Filters or other state estimation techniques. On the other 

hand, although the POSIT algorithm can calculate all position and orientation 

states, the pressure sensor available on-board provides a more accurate altitude 

(depth in vision systems), so as long as the quadrotor hovers at the certain 

height,or the target’saltitude remains unchanged, the control system can use 

the height measured by the IMU. Figure 3.4 presents the general control 

strategy chosen in this research. 

3.2.1. CASCADE PD CONTROLLER 

As mentioned in previous sections, the Q-ball system can be dealt with as four 

sub-systems, so to design a controller for the system, one can design four 

controllers to control each sub-system individually. The states to control for 

tracking purposes are 3D position and yaw angle that represents the heading 

angle of the system.  

 HOVERING 

The vision system, including the camera, image processing and pose 

estimation, provides the system with the Q-ball relative pose to the target for 

hovering. Using a joystick, the operator can define the desired position and 

orientation values to the controller, and the difference between the desired 

relative pose and the actual relative pose defines the error that controllers need 

to minimize, whether they are using PD, LQR or other strategies. 
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Figure 3.4: General Vision-Based Control Strategy 

Controlling the yaw and height sub-systems is very similar. The error is 

defined as follows: 

 𝐸𝜓 = 𝜓 − 𝜓∗ (3.21) 

 𝐸𝑌 = 𝑌 − 𝑌∗ (3.22) 

where 𝜓∗ and 𝑌∗ are the desired values for yaw angle and the altitude. Those 

amounts canbedefinedbyanoperatorusingajoystick,ortheinitialquadrotor’s

relative yaw and altitude with respect to the target object in the scene, which will 

be stored when the vision-based control starts to control the system. The PD 

controllers for these two subsystems are 

 𝑉𝜓 = −(𝑘𝑝𝜓𝐸𝜓 + 𝑘𝑑𝜓𝐸�̇�) (3.23) 

 𝑉𝑌 = 𝑘𝑝𝑌𝐸𝑌 − 𝑘𝑑𝑌𝐸�̇� (3.24) 

where 𝑉𝜓 and 𝑉𝑌 are the control output voltages, 𝑘𝑝𝜓 and 𝑘𝑝𝑌 are proportional 

gains and 𝑘𝑑𝜓 and 𝑘𝑑𝑌 are derivative gains of PD controllers. 
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Figure 3.5: Yaw/Height Sub-System Control Block Diagram 

Figure 3.5 demonstrates the block diagram of Yaw/Height control. 

To control the quadrotor in lateral and longitudinal directions is not as 

simple. As the system is under-actuated, and 𝑋 and pitch angle as well as Z and 

roll angle are highly coupled, we need to use cascade controllers to hover at a 

constant relative pose to the target. At first, the position errors (equations (3.25) 

and (3.26)) are getting minimized using PD or LQR controllers, and then the 

position control outputs are used as desired values for roll and pitch angles. The 

errors are defined as 

 𝐸𝑋 = 𝑋 − 𝑋
∗ (3.25) 

 𝐸𝑍 = 𝑍 − 𝑍
∗ (3.26) 

 𝐸𝜙 = 𝜙 − 𝜙
∗ (3.27) 

 𝐸𝜃 = 𝜃 − 𝜃∗ (3.28) 
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Figure 3.6: Cascade PD Controller for X-Z model 

And the controllers 

 𝜃∗ = −(𝑘𝑝𝑋𝐸𝑋 + 𝑘𝑑𝑋𝐸�̇�) (3.29) 

 𝜙∗ = −(𝑘𝑝𝑍𝐸𝑍 + 𝑘𝑑𝑍𝐸�̇�) (3.30) 

 𝑉𝜃 = −(𝑘𝑝𝜃𝐸𝜃 + 𝑘𝑑𝜃𝐸�̇�) (3.31) 

 𝑉𝜙 = −(𝑘𝑝𝜙𝐸𝜙 + 𝑘𝑑𝜙𝐸�̇�) (3.32) 

Note that PD controllers in all the block diagrams and equations above 

can be replaced by LQR controllers. The goal is then to find the optimal system 

input vector that minimizes the errors. 

 TARGET TRACKING 

Target tracking control is very similar to control in hovering mode except 

there is no operator in the loop to change the set points, and due to target 

movement, it’s possible for it to get outof camera’s field of view.Thedesired

relative position and yaw angle are given to the system when it starts to track the 

target by storing the current relative pose acquired by vision system and pose 

estimation, and the goal is to keep the relative pose equal to its initial amount as 

the target is moving.  
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While at any point all the object feature points need to be in the field of 

view to satisfy minimum points requirement of the POSIT algorithm, due to target 

movementtheimagepointsmightgetoutofthepinholecamera’sfieldofview.

In order to prevent this to happen, a slightly smaller frame inside the image 

frame is chosen, and when one or more image points gets out of this smaller 

frame, the system automatically switches to vision-based control using a wide-

angle camera. This guarantees that the vision system never loses any feature 

points and the POSIT algorithm can provide pose feedback continuously. There 

are two main problems to use a wide-angle camera: image deformation due to 

lens distortion, and less data as we get closer to the image edges because of 

fewer pixels after image undistortion. 

The algorithm for switching is presented in Figure 3.7. 

Any image points 
past the frame?

Pinhole 
Camera image

Switch to Wide-
angle

Camera
Yes

Image
Undistortion

POSIT

No

 

Figure 3.7: Switching algorithm 
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3.2.2. LQR CONTROL 

Linear Quadratic Regulator is an optimal control technique when the 

system dynamics are described by linear differential equations and the cost is 

described by a quadratic function [117]. The state vector for quadrotor LQR 

control consists of the pose and its derivatives, 

 𝑋 = [𝑥 𝑦 𝑧 �̇� �̇� �̇� 𝜙 𝜃 𝜓 �̇� �̇� �̇�] (3.33) 

and the state space model for the quadrotor system is 

 �̇� = 𝐴𝑋 + 𝐵𝑈 (3.34) 

The state-feedback matrix of gains is determined by the LQ approach as  

 𝐾𝑙𝑞𝑟(∞) = 𝑅−1𝐵𝑇𝑆(∞) (3.35) 

where 𝑆(∞) = 𝑆 is the solution of the Algebraic Riccati Equation (A.R.E.) 

 0 =  𝐴𝑇𝑆 + 𝑆𝐴 − 𝑆𝐵𝑅−1𝐵𝑇𝑆 + 𝑄  (3.36) 

that minimizes the linear quadratic cost function  

 𝐽∞ =
1

2
∫ (𝑋𝑇𝑄𝑋 + 𝑈𝑇𝑅𝑈)𝑑𝑡
∞

0
 (3.37) 

Using MATLAB function dlqr and by providing state-space matrices as 

well as matrices Q and R, the output is the LQR gain K. Equation (3.38) 

calculates the optimal input to the system. 

 𝑈 = −𝐾𝐿𝑄𝑅𝑋 (3.38) 
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Note that all the process above can be done offline before running the 

system, and having the LQR gain, calculating the optimal inputs to the model is 

as simple as multiplying the state vector and the LQR gain as equation (3.38) 

shows. 

3.3. SIMULATION  

This section presents the simulation of the vision-based control of Q-ball. 

It starts with the Q-ball model simulation and discussion, then the controller 

simulation is presented, the pose estimation using classic POSIT is simulated 

afterwards, and finally simulation results under different tests are presented and 

discussed. 

3.3.1. MODEL SIMULATION 

 YAW MODEL 

Equation (3.12) shows how yaw angle changes based on changes in the 

yaw model input, and figure 3.7 shows how to simulate the equation in Simulink 

environment. 

 HEIGHT MODEL 

Considering the equation (3.14), the height model can be simulated in 

Simulink as can be seen in Figure 3.8. The embedded MATLAB Function 

is to assure that the height never goes below zero, as it’s physically

impossible. 



41 
 

 

Figure 3.8: Yaw Model Simulation 

 

Figure 3.9: Height Model Simulation in Simulink 

 

Figure 3.10: X-Z Model Simulation 

 X-Z MODEL 

Equations (3.16) and (3.17) represent the mathematical model for X-Z 

model, and figure3.9showshowit’ssimulated. 

 ROLL AND PITCH MODELS 

Comparing equations (3.6) and (3.7) with equation (3.12), one can 

simulate roll and pitch models very similar to yaw model, but in this research, 
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based on equations (3.8) and (3.9), the state space model has been used to 

implement the mathematical equations of motion in Simulink environment. 

3.3.2. CONTROLLER SIMULATION 

 CASCADE CONTROL 

As stated in previous section, and following the equations (3.21) to (3.32), 

the controllers for height, yaw, and X-Z models are simulated as shown in 

figures 3.11 to 3.14, respectively: 

 

Figure 3.11 Roll Model; Pitch model implementation is exactly the same using the state space 

model 

 

Figure 3.12: Height Controller Simulation 

 

Figure 3.13: Yaw Controller Simulation 
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Figure 3.14 X-Z Controller Simulation 

 LQR CONTROL 

LQR gain matrix can be calculated offline before the simulation starts. 

Using dlqr command in MATLAB command window, 

[K,S,e] = dlqr(A,B,Q,R,N) 

 The output is the optimal LQR gain (K) if the gain matrices Q and R are 

designed and provided to the command as inputs, together with state space 

matrices A and B. Simulating the LQR controller is shown in Figure 3.15. 

 

Figure 3.15: LQR Control Simulation 
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3.3.3. POSE ESTIMATION SIMULATION 

To simulate the pose estimation in this work, first the image is simulated 

knowing the 3D pose of the quadrotor and the target, using camera perspective 

projection techniques. Perspective projection, maps three dimensional points to 

the two dimensional image plane. There are several 3D projection techniques, 

but in this research, knowing that the target moves on the ground (3-DOF), the 

simple perspective projection using camera matrix is chosen [116].  

Let 𝑿 = [𝑥 𝑦 𝑧]𝑇 be a representation of a 3D point. 𝒀 = [𝑢 𝑣]𝑇 

represents the image of this point in the pinhole camera and is acquired by 

observing the pinhole camera model and similar triangle rule (Figure 3.16). 

So, 

 𝑢 =
𝑓𝑥

𝑧
 and 𝑣 =

𝑓𝑦

𝑧
 (3.33) 

where f is the focal length of the pinhole camera. Knowing the intrinsic 

parameters of the camera, 𝑢 and 𝑣 can simply be transformed to the pixel 

information, to be used by POSIT algorithm. 

 

Figure 3.16: Camera Projection 
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The general structure to estimate the 6DOF pose of the quadrotor using 

vision is shown in figure 3.17. classicPOSIT algorithm needs the image 

coordinates of the feature points of the object given by equation (3.33), their 3D 

coordinates, and the camera intrinsic parameters specifically the focal length 

and the principal point [32]. 

The output of the classicPOSIT function is the rotation ( 𝑹𝑪 𝑶) and 

translation ( 𝒕𝑪 𝑶) matrices of the object frame, 𝑂, with respect to the camera 

frame, 𝐶. There are three steps to simulate the classicPOSIT algorithm: 

1- Simulate the image and the object points using the camera projection 

matrix 

2- Implement the classicPOSIT algorithm 

3- Transforming the rotation and translation matrices to the pose of the 

quad-rotor with respect to the object 

Camera intrinsic 
parameters

3D coordinates 
of feature points Use x,z, and 

ψ  for the 
controllers

CRO, CtOclassicPOSIT

Coordinate frame 
transformation & 

inverse kinematics

6DOF
estimates

Image 
coordinates of 
feature points

 

Figure 3.17: 6 DOF pose estimation structure 
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Figure 3.18: Vision-based 6-DOF Pose Estimation using classicPOSIT 

3.3.4. VISION-BASED TARGET TRACKING CONTROL OF Q-BALL 

SIMULATION 

Arranging the blocks mentioned in this section in a way to make a closed-

loop control presented in section 3.2, the final simulation of the controlled UAV 

can be seen in Figure 3.19. 

Additional blocks in Figure 3.19 are reference generator, control panel 

and quadcopter plot. Under the control panel, the size of the target, its position, 

its being stationary, moving manually using a joystick or on a predefined 

trajectory, and also flying mode (hovering or target tracking) can be chosen by 

an operator. The reference generator block is to let the quadrotor to fly, hover 

and being stabilized first when the operation starts, and then to save the initial 

quadrotor relative pose to the target as the desired pose. Using the desired 

pose, the output of the block is the errors to be minimized by the control block. 
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Figure 3.19: Vision-based target tracking of Q-ball in Simulink 

Quadrotor plot uses the Quadcopter model outputs to visualize how the 

UAV reacts to control inputs. It generates 3 plots. One 3D plot to show the 

quadrotor and the target in 3D (figure 3.20), one 2D that shows a top view of the 

quadrotor and the target trajectories (figure 3.21), and another 2D that shows the 

image points and their desired positions in the image frame (figure 3.22). 

 

Figure 3.20: 3D representation of the quadrotor and the target 
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Figure 3.21: Moving target (red) and quadrotor (black) trajectories (original in colour) 

 

Figure 3.22: Image, image points (red circles) and desired image points position in image plane 

(blue x) 
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In Figure 3.22, the camera switching system has chosen the Fisheye lens 

camera automatically, as the moving target is far from the quadrotor, and once it 

gets close enough, it switches back to pinhole camera for more accurate pose 

estimation. 

Figure 3.23 shows how quadrotor follows the target while the target 

trajectory is in infinity shape (∞). Note that the vision-based moving target 

tracking control starts at 𝑡 = 10 when the quadrotor is hovering. For a circular 

target trajectory, the X-Z plot is shown in figure 3.24. 

 

Figure 3.23: Target VS Quadrotor position 
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Figure 3.24: Target VS Quadrotor position (circular target trajectory) 

3.3.5. DISCUSSION 

Both cascade PD controller and LQR have shown in several research 

works and tests that they are able to control a quadrotor in hover mode and for 

target tracking, when tracking the target doesn’t need aggressive quadrotor

maneuvers that drops it out of the linearization conditions. In this research, a 

smart vision-based target tracking control is designed that employs a vision 

system including two cameras with different fields of views. The focus in this 

research was on not to lose any feature points in order to keep the pose 

estimation results valid. When the image points get too close to the image frame 

edges, the pose estimation system automatically switches to the wide angle lens 

camera with wider field of view and this way, the pose estimation system never 

loses any feature points.  
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The proposed vision-based target tracking control of the quadrotor then 

was simulated in Simulink. The included control panel block lets the operator to 

change the size of the object and its position in real time in order to simulate 

different conditions in a real world test situation. 

Although the image from the wide angle lens should get undistorted first 

and there are other problems with using very wide angle lens vision systems like 

less pixel density closer to the image frame, simulation shows that designed 

controllers make the UAV able to track the target that moves in various 

trajectories. 
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CHAPTER 4. CASE STUDY II: VISION-BASED MOBILE TARGET 

TRACKING OF A TILT-ROTOR AIRCRAFT 

In this chapter, vision-based target tracking of a tilting rotor aircraft is to 

be discussed. Tilting rotor aircrafts have advantages of rotary wing and fixed 

wing aircrafts combined. They can hover, take off and land vertically, and they 

are also able to move forward either very slow or very fast based on the 

application. But the particular tilting rotor aircraft that was studied in this research 

has the unique ability to change its position towards the longitudinal axis and its 

pitch angle, separately. In other words, it has 5 controllable degrees of freedom 

courtesy to an additional input, which makes it promising for indoor applications 

in confined spaces due to its higher maneuverability.  

This chapter is organized as follows: The nonlinear dynamic model of the 

tilting rotor aircraft is first discussed and formulated, and then the acquired 

nonlinear dynamic equations are linearized around hovering point. Afterwards, 

the closed loop control of the UAV is designed, and finally, the UAV is simulated 

in Simulink environment. The chapter ends with results discussion. 

4.1. DYNAMIC MODEL OF TILTING ROTOR UAVS 

The first step in designing a control system for a UAV is to derive its 

dynamic model that describes its dynamic behavior and the way it reacts to the 

input commands.  

In this section, the dynamic model of the tilting rotor UAV used in this 

research is discussed. 4Front Robotics has designed a UAV called Navig8, 
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that’s able to do the pitch hover maneuver through adding a sliding mass 

underneath the UAV. By moving the sliding mass, the UAV’s center of the

gravity (COG) will change, and a combination of the rotors tilting angle and the 

COG position empowers the UAV to do this complicated maneuver. The process 

will be discussed in detail in the following sections. Modeling tilting rotor UAVs 

has been discussed in previous researches. In [118], the dynamic model of a 

tilting rotor aircraft when the propellers have the same tilting angles is discussed 

and in [24], the dynamic model of the same UAV is extracted when the tilting 

rotors can have different angles laterally and longitudinally. Following the same 

approach of using the Newton-Euler formulation and by considering the extra 

input, the position of the sliding mass, and the forces and torques it induces to 

the system, we will come up with the dynamic model of the system used in this 

research.  

The modeling section starts with the general geometry and coordinate 

system discussion, followed by explanation of the nonlinear dynamic equations. 

The control affine forms of the equations are presented afterwards, and finally, 

the model is linearized around the hovering point. 

4.1.1. GENERAL GEOMETRY AND COORDINATE SYSTEM 

INTRODUCTION 

In this section the important points and coordinate systems which are 

employed during modeling are introduced. This schematic figure is used to 

demonstrate the geometry of the UAV. Figure 4.1 shows the coordinate systems  
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Figure 4.1: Schematic of the Navig8 with a body fixed frame B and the inertial frame E. The 

circular arrows indicate the direction of rotation of each propeller [16] 

and the general geometry of a tilting rotor UAV concept (designed by Gary 

Gress [23]). Two propellers that rotate in opposite directions and able to tilt 

around the y-axis of the system’scoordinatesindependently,generatethethrust

needed to lift and fly, and different moments around the COG as well that make 

the system able to perform the expected rotational maneuvers. 

𝐸 = {𝐸𝑥, 𝐸𝑦, 𝐸𝑧} represents the inertial frame and 𝐵 = {𝐵𝑥 , 𝐵𝑦, 𝐵𝑧} is the 

body frame chosen for the system. This UAV is a 6-DOF vehicle that can change 

its position along three coordinate axes, longitudinal x, lateral y and vertical z, 

and it also can change its attitude around those axes. The Euler angles that 

represent the rotation around the x, y and z axes are roll (𝜙), pitch (𝜃) and yaw 

(𝜓) respectively. By calling the rotor on the right hand side rotor number one, the 

angles 𝛼1 and 𝛼2 represent the tilting angles of the rotors number one and two, 

respectively, around the y axis. Rotor number one rotates counter clockwise, 

while rotor number two rotates in the opposite direction, clockwise. This enables 
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the system to control the total torque of the system around the z axis which is a 

big concern in all rotary wing aircrafts. 

To start the modeling, some common assumptions have to be made: 

 The UAV structure is rigid and symmetrical 

 The COG ofthesystemdoesn’tchangeinydirection 

 The propellers are fixed pitch, rigid, and the same size 

To derive the dynamic equations, the translational equations for the 

sliding mass and the rest of the UAV  are derived separately at first, and then 

they will be merged to get one general set of equations for translational motion. 

FromtheNewton’slawofmotionfortherigidbodywithouttheslidingmass, 

 (𝑀 −𝑚)�̇� = ∑𝑒𝑥𝑡𝑒𝑟𝑛𝑎𝑙 𝑓𝑜𝑟𝑐𝑒𝑠 + 𝒇𝒊 = (𝑀 −𝑚)𝒈𝑖 + 𝑻𝑖 +𝑫𝑖 + 𝒇𝒊 (4.1) 

And for the sliding mass, 

 𝑚(�̈� + 𝒓𝑖) = 𝑚(�̇�𝑖 + �̈�𝑖) = −𝒇𝑖 +𝑚𝒈𝑖 (4.2) 

where 𝑀 and 𝑚 are the total mass of the system (including the sliding 

mass) and the sliding mass respectively, 𝑽 ∈ 𝑅3 is the body linear velocity 

vector, 𝑷 ∈ 𝑅3 is the body position vector, 𝒇𝑖 is the force that is applied to the 

fuselage by the sliding mass, 𝒈𝑖 is the gravity vector, and 𝑻𝑖 and 𝑫𝑖 are the 

thrust and drag forces to the rigid body respectively. Equation (4.2) presents the 

Newton’s lawofmotionfor theslidingmass,and𝒓 is the sliding mass position 

expressed in the inertial frame. Index 𝑖 represents the vectors expressed in the 

inertial frame. 
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Considering equations (4.1) and (4.2) and by introducing vector 𝑭 as 

 𝑀�̇� +𝑚�̈�𝑖 = 𝑭 (4.3) 

The equations of motion for a rigid body subject to body force 𝑭 ∈  𝑅3 and 

torque 𝝉 ∈ 𝑅3 applied to the center of gravity are given by Newton-Euler 

equations with respect to the body coordinate system can be written as 

 [
𝑀[𝐼]3∗3
[0]3∗3

 
[0]3∗3
𝐼𝑝

] [�̇�
�̇�
] + [

𝑚�̈�𝑖

𝛀× 𝐼𝑝𝛀
] = [

𝑭
𝝉
] (4.4) 

where, 𝛀 ∈ 𝑅3 is the body angular velocity vector, 𝐼𝑝 ∈ 𝑅
3×3 is the body inertia 

matrix, and [𝐼]3×3 is an identity matrix.  

Note that both 𝑽 and 𝛀 are defined in body frame. To express the 

orientation of the vehicle in inertial frame, the Euler rotation theorem comes to 

the picture. Defining the 𝒒 vector including the position and orientation of the 

vehicle 

 𝒒 = [
𝑷
𝚯
] = [𝑥 𝑦 𝑧 𝜑 𝜃 𝜓]′ (4.5) 

the dynamic equations can be written as, 

 [
𝑽
𝛀
] = [

[𝐼]3∗3
0

 
0
Λ
] [�̇�
�̇�
] (4.6) 

where based on Euler rotation theorem, 

 Λ = [
1
0
0
  

0
𝑐𝜑
−𝑠𝜑

  

−𝑠𝜃
𝑠𝜑𝑐𝜃
𝑐𝜑𝑐𝜃

] (4.7) 
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4.1.2. TRANSLATIONAL DYNAMICS 

In this section, the translational dynamics for the UAV is discussed. Each 

propeller generates a thrust proportional to the square of its rotational speed 

based on the assumption made in previous section. This thrust can be defined in 

eachduct’scoordinate system as 

 𝑻𝑗
𝑑 = [0 0 𝑐𝑝𝜔𝑗

2]
𝑇
 ; 𝑗 = 1,2: 𝑑𝑢𝑐𝑡 𝑛𝑢𝑚𝑏𝑒𝑟 (4.8) 

But these thrusts need to be expressed in the inertial frame, i. To do so, 

three transform matrices are defined; two for transformation from the two ducts 

to the body frame which transform the thrust vectors to the force vectors applied 

totheUAV’scentreofgravity(COG), and one to transform from the body frame 

to the inertial frame. These transform matrices are defined as follows: 

 𝑅𝑑
𝑏
𝑗
= [

𝑐𝛼𝑗
0

−𝑠𝛼𝑗

  0   
1
0

𝑠𝛼𝑗
0
𝑐𝛼𝑗

] ; 𝑗 = 1,2: 𝑑𝑢𝑐𝑡 𝑛𝑢𝑚𝑏𝑒𝑟 (4.9) 

 𝑅𝑖
𝑏 = [

𝑐𝜃𝑐𝜓
−𝑐𝜑𝑠𝜓 + 𝑠𝜑𝑠𝜃𝑐𝜓
𝑠𝜑𝑠𝜓 + 𝑐𝜑𝑠𝜃𝑐𝜓

  

𝑐𝜃𝑠𝜓
𝑐𝜑𝑐𝜓 + 𝑠𝜑𝑠𝜓𝑠𝜃
−𝑠𝜑𝑐𝜓 + 𝑐𝜑𝑠𝜃𝑠𝜓

  

−𝑠𝜃
𝑐𝜃𝑠𝜑
𝑐𝜑𝑐𝜃

] (4.10) 

Now, the translational equations of motion in the inertial frame can be 

written as 

 𝑭 = ∑ 𝑅𝑏
𝑖𝑅𝑑

𝑏
𝑗
𝑻𝑗
𝑑2

𝑗=1 +𝑀𝒈 +𝑫 (4.11) 

where 𝑫 is the drag force applied to the moving UAV and it is proportional to the 

square of its translational velocity. The first term in the right hand side shows 
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how the thrusts generated in each duct apply to the center of gravity, and 𝒈 is 

the gravity matrix defined as 

 𝒈 = [0 0 𝑔]′ (4.12) 

and 𝑫, the drag force, 

 𝑫 = (
1

2
𝜌𝑉2𝑠(𝐶𝐷0 + 𝐶𝐷))

𝑽

𝑉
 (4.13) 

4.1.3. ROTATIONAL DYNAMICS 

In this section, all the moments applied to the vehicle are studied to 

extract the angular acceleration equations of motion. Five different external 

momentsareaffectingthisUAV’sangularaccelerations: 

 Gyroscopic Moments: one of the major torques that affects this 

type of rotary wing aircraft is the gyroscopic effect. The gyroscopic 

effect comes into the picture when a spinning object orientation 

changes, which is the case in tilting rotor UAVs.   

 Propeller Torques: due to the rotation of the rotors, the drag forces 

produce torques around blades aerodynamic venter. 

 Thrust Vectoring Moments: the moments generated due to the 

thrust each rotor generates and the physical displacement of the 

rotors and the aircraft COG. 

 Reactionary Torques: due to the counter torques of the rotors 

applied to the vehicle COG and the tilting angle of the rotors. 
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 Sliding Mass Induced Moments: the extra torque that the sliding 

mass position and movement induced to the vehicle 

The mentioned external moments are to be discussed in detail as follows. 

 GYROSCOPIC MOMENTS:  

The angular momentum generated by each rotor is calculated using 

equation (4.14), 

 𝒉𝑟𝑗 = 𝐼𝑟𝝎𝑗; 𝑗: 1,2 (4.14) 

where 𝐼𝑟 is the moment of inertia of each rotor and 𝜔 is its rotational speed. By 

differentiating this equation we acquire 

 �̇�𝑟𝑗 = 𝐼𝑟�̇�𝑗 + 𝛜′𝑗  × 𝐼𝑟𝝎𝑗 (4.15) 

where 𝝐𝑗 is the angular velocity of each duct relative to the fuselage due to tilting 

 𝛜𝑗 = [0 �̇�𝑗  0] (4.16) 

This leads to 

 �̇�𝑟𝑗 = [

𝐼𝑟𝜔𝑗�̇�𝑗
0
𝐼𝑟�̇�𝑗

] (4.17) 

and finally by transforming these gyroscopic moments from the duct frame to the 

body frame, the gyroscopic moments expressed in the body frame are acquired 

 𝝉𝑔𝑦𝑟𝑜 = ∑ 𝑅𝑑
𝑏
𝑗
�̇�𝑟𝑗

2
𝑗=1  (4.18) 
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 PROPELLER TORQUES:  

Moments due to drag of each rotor can be written as a function of the 

propeller speed. The signs of the two terms are different because the propellers 

rotate in different directions 

 𝑄𝑗 = 𝑘𝑗𝜔𝑗
2;    𝑘1𝑘2 < 0 (4.19) 

This drag moment is expressed in the duct frame, and in a vector form it 

appears as 

 𝑸𝑗 = 𝑄𝑗[0 0 1]
′ = 𝐾𝑗𝑻𝑗 (4.20) 

Finally to transform it from the duct frame to the body frame, the duct 

frame to body frame appears one more time 

 𝝉𝐷 = ∑ 𝐾𝑗𝑅𝑑
𝑏
𝑗
𝑻𝑗
𝑑2

𝑗=1  (4.21) 

 THRUST VECTORING MOMENTS: 

The torque on a particle can be defined as the cross product of the force 

generating it and the distance between the point that the force is applied to, to 

the point that the torque is generated. To calculate the torque generated by each 

rotor thrust around the COG of the UAV, first the displacement vector is defined 

 𝒅𝑗 = 𝒓𝑜𝑑𝑗 (4.22) 

These vectors are the physical distances in three body coordinate system 

axes between the ducts and the COG of the fuselage. Then, the moments 

generated by the rotors can be formulated as 
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 𝝉𝑇 = ∑ (𝒅𝑗 × 𝑅𝑑
𝑏
𝑗
𝑻𝑗
𝑑2

𝑗=1 ) (4.23) 

 REACTIONARY TORQUES: 

The reactionary torques are comprised of the counter torques 

experienced by the duct with respect to the vehicle’s COG and the tilting 

rotations of the ducts [24] 

 𝝉𝛼 = [
0

−𝐼𝑑(∝̈1+∝2̈)
0

] (4.24) 

where 𝐼𝑑 is the propeller group (including the fan and all its associated rotating 

components) inertia matrix. 

 SLIDING MASS INDUCED MOMENTS: 

Sliding mass generates torque on the center of gravity relative to its 

position 

 𝝉𝑠.𝑚 = 𝒓𝑏 × 𝒇𝑏 (4.25) 

where 𝒇𝑏 is the force the sliding mass generates in body frame and can be 

written as 

 𝒇𝑏 = 𝑚�̈�𝑏 + 𝛀 ×𝑚�̇�𝑏 −𝑚𝑅𝑖
𝑏𝒈𝒊 (4.26) 

And finally, the total torque around the UAV center of gravity can be 

acquired by adding these 5 terms together 

  𝝉 = 𝝉𝑔𝑦𝑟𝑜 + 𝝉𝛼 + 𝝉𝐷 + 𝝉𝑇 + 𝝉𝑠.𝑚 (4.27) 
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4.1.4. EQUATIONS IN CONTROL AFFINE FORM 

To deal with nonlinear systems to understand their behavior and to see 

how the system states affect each other, we need to write the system equations 

in control affine form. Using ideas from linear algebra, and by defining new 

inputs, equation (4.4) can be written in terms of linear combination of nonlinear 

terms. The expanded form of the nonlinear equations of motion can be found in 

equation (4.28) 

𝑀�̈� = [(𝑠𝜑𝑠𝜓 + 𝑐𝜑𝑐𝜓𝑠𝜃)𝑐𝑝(𝑐𝛼1𝜔1
2 + 𝑐𝛼2𝜔2

2) + 𝑐𝜓𝑐𝜃𝑐𝑝(𝑠𝛼1𝜔1
2 + 𝑠𝛼2𝜔2

2)] −

𝑚[�̈�𝑐𝜓𝑐𝜃 − 2�̇�(�̇�𝑠𝜓𝑐𝜃 + �̇�𝑐𝜓𝑠𝜃) − 𝑟[(�̈�𝑠𝜓 + �̇�
2𝑐𝜓)𝑐𝜃 + (�̈�𝑠𝜃 + �̇�

2𝑐𝜃)𝑐𝜓 −

2�̇��̇�𝑠𝜓𝑠𝜃]]  

𝑀�̈� = −[(𝑐𝜑𝑠𝜓 + 𝑠𝜑𝑐𝜓𝑠𝜃)𝑐𝑝(𝑐𝛼1𝜔1
2 + 𝑐𝛼2𝜔2

2) − 𝑠𝜓𝑐𝜃𝑐𝑝(𝑠𝛼1𝜔1
2 + 𝑠𝛼2𝜔2

2)] −

𝑚[�̈�𝑠𝜓𝑐𝜃 + 2�̇�(�̇�𝑐𝜓𝑐𝜃 − �̇�𝑠𝜓𝑠𝜃) + 𝑟[(�̈�𝑐𝜓 − �̇�
2𝑠𝜓)𝑐𝜃 − (�̈�𝑠𝜃 + �̇�

2𝑐𝜃)𝑠𝜓 −

2�̇��̇�𝑐𝜓𝑠𝜃]]  

𝑀�̈� = 𝑔 + [𝑐𝜑𝑐𝜃𝑐𝑝(𝑐𝛼1𝜔1
2 + 𝑐𝛼2𝜔2

2) − 𝑠𝜃𝑐𝑝(𝑠𝛼1𝜔1
2 + 𝑠𝛼2𝜔2

2) − 𝑚(�̈�𝑠𝜃 − 2�̇��̇�𝑐𝜃 +

𝑟(�̈�𝑐𝜃 − �̇�
2𝑠𝜃))  

𝐼𝑥Ω̇𝑥 = 𝑐𝐷(𝑠𝛼2𝜔2
2 − 𝑠𝛼1𝜔1

2) + (�̇�𝑐𝜑 + �̇�𝑐𝜃𝑠𝜑)(�̇�𝑠𝜑 − �̇�𝑐𝜃𝑐𝜑)(𝐼𝑍 − 𝐼𝑦)𝐼𝑟(�̇�1𝑠𝛼1 +

�̇�2𝑠𝛼2 + 𝜔1�̇�1𝑐𝛼1 +𝜔2�̇�2𝑐𝛼2) − 𝑐𝑝𝑑𝑦(𝑐𝛼1𝜔1
2 − 𝑐𝛼2𝜔2

2)  

𝐼𝑦Ω̇𝑦 = (�̇�𝑠𝜑 − �̇�𝑐𝜃𝑐𝜑)(�̇� − �̇�𝑠𝜃)(𝐼𝑥 − 𝐼𝑧) − 𝐼𝑑(�̈�1 + �̈�2) − 𝑐𝑝(𝑑𝑧(𝑠𝛼1𝜔1
2 +

𝑠𝛼2𝜔2
2) + 𝑑𝑥(𝑐𝛼1𝜔1

2 + 𝑐𝛼2𝜔2
2) + 𝑚𝑟[�̇�(�̇�𝑐𝜑 + �̇�𝑠𝜑𝑐𝜃) + 𝑔𝑐𝜑𝑐𝜃]  
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𝐼𝑧Ω̇𝑧 = 𝑐𝐷(𝑐𝛼2𝜔2
2 − 𝑐𝛼1𝜔1

2) + (�̇�𝑐𝜑 + �̇�𝑐𝜃𝑠𝜑)(�̇� − �̇�𝑠𝜃)(𝐼𝑥 − 𝐼𝑦) + 𝐼𝑟(�̇�1𝑐𝛼1 +

�̇�2𝑐𝛼2 − 𝜔1�̇�1𝑠𝛼1 −𝜔2�̇�2𝑠𝛼2) + 𝑐𝑝𝑑𝑦(𝑠𝛼1𝜔1
2 − 𝑠𝛼2𝜔2

2) − 𝑚𝑟[�̇�(�̇�𝑠𝜑 − �̇�𝑐𝜑𝑐𝜃) +

𝑔𝑠𝜑𝑐𝜃]  (4.28) 

where the Relation between �̇� and Euler angles can be found in equation (4.29) 

 {

�̈� = �̇��̇�𝑐𝜃 + �̈�𝑠𝜃 + Ω̇𝑥
�̈� = Ω̇𝑦𝑐𝜑 − Ω̇𝑧𝑠𝜑 − �̇��̇�𝑐𝜑𝑠𝜑(𝑠𝜃 − 𝑐𝜃)

�̈� = Ω̇𝑦𝑐𝜃𝑠𝜑 + Ω̇𝑧𝑐𝜃𝑐𝜑 − Ω̇𝑥𝑠𝜃 + �̈�𝑠𝜃 + �̇��̇�𝑐𝜃

 (4.29) 

By reviewing these equations of motion, it can be proved that the system 

is able to perform pitch hover maneuver. Hovering can be defined as the state 

that an aircraft can fly steadily while keeping its position and attitude invariant. 

To pitch hover means while the aircraft has a constant position while flying, it 

can change its pitch angle while other degrees of freedom are constant. The 

rates of changes are zero too in hovering maneuver, so by substitution of all the 

rates of changes, and also roll and yaw angles with zero, and having  

 𝛼1 = 𝛼2 = 𝜃 (4.30) 

equation (4.28) will reduce to 

 𝑚𝑟𝑔𝑐𝜃 = 𝑐𝑝𝜔
2(𝑑𝑥𝑐𝛼 + 𝑑𝑧𝑠𝛼) (4.31) 

which yields to 

 tan(𝜃) =
𝑐𝑝𝑑𝑧𝜔

2

𝑚𝑟𝑔−𝑐𝑝𝑑𝑥𝜔2
 (4.32) 
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This shows that by changing the position of sliding mass only, different 

pitch angles can be acquired while the aircraft hovers steadily. It’s a big

achievement for a UAV to be able to perform this maneuver especially during 

missions in confined spaces. It also gives the system the unique ability to take 

off from or land on slanted areas. 

4.1.5. ACTUATOR DYNAMICS 

To model the system more realistically, the actuator dynamics should be 

taken into account as well, as the physical inputs to the real system are PWM 

signals or voltages. The sliding mass actuator can be modeled as a linear 

actuator 

 �̈� = 𝑘𝑟𝑉𝑟 + 𝑔 sin 𝜃 − 𝑠𝑖𝑔𝑛(𝑘𝑟𝑉𝑟 + 𝑔 sin(𝜃))|𝑔𝜇𝑘 cos 𝜃| (4.33) 

where 𝑘𝑟 is the actuator gain and 𝜇𝑘 is the friction constant between the sliding 

mass and its track.  

The stepper motors that rotate the blades can be modeled as follows 

 𝐽𝑇𝑀�̇� = −
𝐾𝐸𝐾𝑀

𝑅
𝜔 − 𝑑𝜔𝜔

2 +
𝐾𝑀

𝑅
𝑉𝜔 (4.34) 

where 𝐽𝑇𝑀 is the total inertia of the rotors servo motor, 𝐾𝐸 is the servo motor 

voltage constant, 𝐾𝑀 is the servo motor torque constant and 𝑅 is the servo 

motor’s resistance. The actuators that are being used to change the tilting 

angles can be modeled as 

 𝑘1α�̇� + 𝛼 = 𝑘2𝛼𝑉𝛼 (4.35) 
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where 𝑘1α is the factor that shows how quick the servo motor is able to react to 

its input and 𝑘2𝛼 is servo motor input constant. 

4.1.6. MODEL LINEARIZATION 

In this section, the nonlinear equations acquired and discussed in 

sections 4.1.4 and 4.1.5 are linearized. First the linearization method is 

described and then the linearized model is presented. 

To linearize a nonlinear model, first the operating point for all the states 

should be defined. For hovering purposes, the model should be linearized 

around the hovering equilibrium of the UAV, and in a more general case, the 

value of all the states when this particular UAV performs its pitch hover 

maneuver. This equilibrium point is defined as where all the translational and 

rotational velocities together with Roll angle are zero and the rotational speed of 

the rotors, the tilting angles of the rotors and pitch and yaw angles are constant. 

In this hovering mode, the UAV flies still (hovering) with no changes in its 

position and orientation. 

There are different linearization methods used in UAV researches, but the 

most common way is to linearize the equations around the equilibrium point 

using a Taylor approximation. There are other linearization methods available 

too like black-box method, Analytical linearization, Forward-difference 

approximation (FDA), Center-difference approximation (CDA) and numerical 

methods. 
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For this research, a Taylor approximation method has been chosen. To 

linearize a nonlinear function 𝑓(𝑥) around the system equilibrium point 𝑥 = �̅� 

using this method, at first 𝑓(𝑥) can be rewritten using the Taylor series 

expansion of the function around the point �̅� 

 𝑓(𝑥) = 𝑓(�̅�) +
𝑑𝑓

𝑑𝑥
|𝑥=�̅�(𝑥 − �̅�) +

1

2

𝑑2𝑓

𝑑𝑥2
|𝑥=�̅�(𝑥 − �̅�)

2 +
1

6

𝑑3𝑓

𝑑𝑥3
|𝑥=�̅�(𝑥 − �̅�)

3 +⋯  (4.36) 

which can be approximated by  

 𝑓(𝑥) = 𝑓(�̅�) + 𝑎(𝑥 − �̅�) (4.37) 

for 𝑥 sufficiently close to �̅�, as the higher order terms will be very close to zero 

and can be dropped. 

Looking at the nonlinear equations in equation (4.28),it’sintuitivethatfor

a pitch hover maneuver at 𝜃 = 𝜃ℎ, the rotors tilting angles should be equal to 

−𝜃ℎ, so the hovering point is defined as 

 𝜃 = 𝜃ℎ 

 𝛼1 = 𝛼2 = −𝜃ℎ  

 𝜔1 = −𝜔1 = 𝜔ℎ  

 𝜑 = �̇� = �̈� = �̇� = �̈� = 𝜓 = �̇� = �̈� = �̇� = �̈� = 𝛼1̇ = 𝛼1̈ = 𝛼2̇ = 𝛼2̈ = 𝜔1̇ = 𝜔2̇ = 0  

 𝑟 = 𝑟ℎ (4.38) 
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where 𝑟ℎ is the position of sliding mass when the UAV is hovering at 𝜃ℎ angle. 

Using the Taylor series expansion, the nonlinear equations can be linearized as 

follows 

𝑀�̈� = −2𝑐𝑝𝜔ℎ
2(𝜃 − 𝜃ℎ) − 𝑐𝑝𝜔ℎ

2[(𝛼1 + 𝜃ℎ) + (𝛼2 + 𝜃ℎ)] − 𝑚𝑐𝜃𝑛�̈� + 𝑚𝑟𝑛𝑠𝜃𝑛�̈�  

𝑀�̈� = 2𝑐𝑝𝜔ℎ
2𝑐𝜃ℎ𝜑 −𝑚𝑟ℎ𝑐𝜃ℎ�̈�  

𝑀�̈� = −2𝑐𝑝𝜔ℎ[(𝜔1 − 𝜔ℎ) − (𝜔2 + 𝜔ℎ)] + 𝑚𝑠𝜃ℎ�̈� + 𝑚𝑐𝜃ℎ𝑟ℎ�̈�  

𝐼𝑥�̈� = 2(𝑐𝐷𝜔ℎ𝑠𝜃ℎ − 𝑐𝑝𝜔ℎ𝑑𝑦𝑐𝜃ℎ)[(𝜔1 − 𝜔ℎ) + (𝜔2 + 𝜔ℎ)] + (−𝑐𝑝𝜔ℎ
2𝑠𝜃ℎ𝑑𝑦 −

𝑐𝐷𝜔ℎ
2𝑐𝜃ℎ)[(𝛼1 + 𝜃ℎ) − (𝛼2 + 𝜃ℎ)] − 𝐼𝑟𝑠𝜃ℎ(�̇�1 + �̇�2) + 𝐼𝑟𝜔ℎ𝑐𝜃ℎ(�̇�1 − �̇�2) + 𝐼𝑥𝑠𝜃ℎ�̈�  

𝐼𝑦�̈� = −𝐼𝑑(�̈�1 + �̈�2) + 2𝑐𝑝𝜔ℎ(𝑑𝑧𝑠𝜃ℎ + 𝑑𝑥𝑐𝜃ℎ)[(𝜔1 − 𝜔ℎ) − (𝜔2 + 𝜔ℎ)] +

𝑐𝑝𝜔ℎ
2(𝑑𝑥𝑠𝜃ℎ − 𝑑𝑧𝑐𝜃ℎ)[(𝛼1 + 𝜃ℎ) + (𝛼2 + 𝜃ℎ)] − 𝑚𝑔𝑐𝜃ℎ(𝑟 − 𝑟ℎ) + 𝑚𝑔𝑟ℎ𝑠𝜃ℎ(𝜃 − 𝜃ℎ)  

𝐼𝑧�̈� = −2𝑐𝐷𝜔ℎ[(𝜔1 − 𝜔ℎ) + (𝜔2 + 𝜔ℎ)] + 𝑐𝑝𝜔ℎ
2𝑑𝑦[(𝛼1 + 𝜃ℎ) − (𝛼2 + 𝜃ℎ)] +

𝐼𝑟(�̇�1 + �̇�2) − 𝐼𝑟𝜔ℎ(�̇�1 − �̇�2) − 𝑚𝑔𝑟ℎ𝑐𝜃ℎ
2𝜑 + 𝐼𝑧�̈�𝑠𝜃ℎ (4.39) 

By substituting the values of states and their derivatives in these 

equations, the hovering rotational speed of the rotors and the sliding mass 

position can be calculated 

 𝜔ℎ = √
𝑀𝑔

2𝑐𝑝 cos𝜃ℎ
 

 𝑟ℎ =
𝑑𝑧𝑀

𝑚
𝜃ℎ (4.40) 
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Simulation shows the same system response to the same inputs while the 

system is in near pitch hover situation. Later in this chapter, the simulations of 

both nonlinear and linear systems are discussed. 

The same method has been used to linearize the actuator dynamics. At 

the pitch hover point, the equations (4.33), (4.34) and (4.35) can be linearized as 

 �̈� = 𝑘1𝑟�̇� + 𝑔𝜃 + 𝑘2𝑟𝑉𝑟 

 �̈� = 𝑘1𝛼�̇� + 𝑘2𝛼𝑉𝛼 

 𝜔1̇ =
1

𝐽𝑇𝑀
(−(

𝐾𝐸𝐾𝑀

𝑅
+ 2𝑑𝜔𝜔ℎ) (𝜔1 − 𝜔ℎ) +

𝐾𝑀

𝑅
(𝑉𝜔1 − 𝑉𝜔ℎ)) 

 𝜔2̇ =
1

𝐽𝑇𝑀
(−(

𝐾𝐸𝐾𝑀

𝑅
+ 2𝑑𝜔𝜔ℎ) (𝜔2 + 𝜔ℎ) −

𝐾𝑀

𝑅
(𝑉𝜔2 − 𝑉𝜔ℎ)) (4.41) 

where at hover 

 𝑉𝜔1ℎ = 𝑉𝜔2ℎ =
𝐾𝐸𝐾𝑀

𝑅
𝜔ℎ + 𝑑𝜔𝜔ℎ

2 (4.42) 

As can be seen in equations (4.39) and (4.41), the system inputs are 

regrouped to express the physical features of the UAV. Because of the system 

symmetry, some terms in equations can represent maneuvers in intuitive and 

understandable ways. For instance, increasing one single rotor rotational speed 

can be due to increasing the total thrust to fly higher, or to balance a decrease in 

the rotational speed of the other rotor to perform a roll angle change (to move 

sidewise). But an increase in the summation of rotational speed of rotors 
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absolute value means more generated thrust, which increases the altitude of the 

UAV. Some terms and their physical meaning are presented in table 4.1. 

Term Physical Meaning  

(𝜃 − 𝜃ℎ) A change in pitch angle from the initial pitch hover 

angle. A positive value means the UAV pitch is 

increased. 

[(𝛼1 + 𝜃ℎ) + (𝛼2 + 𝜃ℎ)] A positive value means a general increase in tilting 

angle of the duct. 

�̈� Positive acceleration of the sliding mass 

[(𝜔1 − 𝜔ℎ) − (𝜔2 + 𝜔ℎ)] A positive value shows an increase in total thrust 

generated by the rotors. 

[(𝜔1 − 𝜔ℎ) + (𝜔2 + 𝜔ℎ)] A nonzero value shows asymmetry in thrusts which 

makes the UAV to roll. It also affects the system yaw 

due to the different drag moments that rotors 

generate. 

[(𝛼1 + 𝜃ℎ) − (𝛼2 + 𝜃ℎ)] A nonzero value shows different rotors tilting angles 

which generate torques affecting yaw. Different 

vertical force terms due to different tilting angles also 

affect roll angle. 

(�̇�1 + �̇�2) Asymmetry in rotor blade angular acceleration. It 

generates a torque affecting roll and yaw angles 

(�̇�1 − �̇�2) Changing the tilting angles with different rates 

generates a gyroscopic moment that affects roll and 

yaw angles. 

(�̈�1 + �̈�2) Shows the reactionary moments. It affects the pitch 

angle directly. 

(𝑟 − 𝑟ℎ) Changes in sliding mass position changes the pitch 

angle. 

Table 4.1: Physical meaning of the equations terms 
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4.1.7. STATE SPACE MODEL 

The linear equations acquired in the last section can be represented in 

state-space model for control design that will be discussed in section 4.2. The 

state space representation chosen for the model can be 

 {�̇� = 𝑨𝑿 + 𝑩𝑼
𝒀 = 𝑪𝑿 + 𝑫𝑼

 (4.43) 

where the states and inputs vectors are 

 𝑿: [𝑥, 𝑦, 𝑧, �̇�, �̇�, �̇�, 𝜙, 𝜃, 𝜓, �̇�, �̇�, �̇�, 𝜔1, 𝜔2, 𝛼1, 𝛼2, 𝛼1̇, 𝛼2̇, 𝑟, �̇�]
𝑇

1×20
 

 𝑼: [𝛼1̈, 𝛼2̈, 𝜔1̇, 𝜔2̇ , �̈�]
𝑇 (4.44) 

Using this model, all the system and actuators linearized dynamic 

equations can be described using equation (4.43). The output of the system is 

the UAV position and orientation, and it can be proved that 5 of these output 

states including position, pitch angle and yaw angle and are controllable while 

roll angle is stabilizable. The state space matrices and their controllability will be 

shown later in appendix 1. 

4.1.8. MODEL DISCUSSION 

Observing the nonlinear model of the system, it can be found out that the 

system states are highly coupled. The states and their derivatives often appear 

several times in the equations and it means that controlling a system variable is 

impossible without having changes in other states. But after linearizing the 

equations around the pitch hover equilibrium point, the system can be divided 
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into three decoupled sub-systems looking at the equation (4.39), if the pitch 

hover angle is considered to be small enough. The three sub-systems are: 

 𝑀�̈� = −2𝑐𝑝𝜔ℎ[(𝜔1 − 𝜔ℎ) − (𝜔2 + 𝜔ℎ)] (4.45) 

 {
𝑀�̈� = −2𝑐𝑝𝜔ℎ

2𝜃 − 𝑐𝑝𝜔ℎ
2(𝛼1 + 𝛼2) − 𝑚�̈�

𝐼𝑦�̈� = −𝑐𝑝𝜔ℎ
2𝑑𝑧(𝛼1 + 𝛼2) − 𝑚𝑔𝑟 − 𝐼𝑑(�̈�1 + �̈�2)

 (4.46) 

 {

𝑀�̈� = 2𝑐𝑝𝜔ℎ
2𝜑

𝐼𝑥�̈� = −2𝑐𝑝𝜔ℎ𝑑𝑦[(𝜔1 − 𝜔ℎ) + (𝜔2 + 𝜔ℎ)] + 𝑐𝑝𝜔ℎ
2𝐶𝐷(𝛼1 − 𝛼2) + 𝐼𝑟𝜔ℎ(�̇�1 − �̇�2)

𝐼𝑧�̈� = 2𝑐𝑝𝜔ℎ𝑐𝐷[(𝜔1 − 𝜔ℎ) + (𝜔2 + 𝜔ℎ)] + 𝑐𝑝𝜔ℎ
2𝑑𝑦(𝛼1 − 𝛼2) + 𝐼𝑟(�̇�1 + �̇�2)

 (4.47) 

Equation (4.45) shows a single input-single output (SISO) system. By 

ignoring the second derivatives in the equations and assuming that the tilting 

anglesof therotorsdon’tchangeveryfast, the second sub-system in equation 

(4.46) can be approximated by a two input-two output system and the equation 

(4.47) can be found as a two input-three output system. The last sub-system is 

clearly an under-actuated system that has a lower number of inputs (two 

actuators) than its degrees of freedom (three outputs). In this set of subsystems, 

the input vector will be  

 𝑼 = {(𝜔1 − 𝜔ℎ) − (𝜔2 + 𝜔ℎ), 𝜔1 + 𝜔2, 𝛼1 + 𝛼2, 𝛼1 − 𝛼2, 𝑟} (4.48) 

As stated in table 4.1, the first component of the input vector changes the 

total thrust generated by rotors (note that 𝜔2 rotates clockwise and hence its 

sign is always negative) which affects the altitude. If the pitch hover angle is 

small enough, this component doesn’t change other states as shown in 

equations (4.45) to (4.47), although to change the UAV position along x and y 
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axes, the total thrust is what generates the force components as can be seen in 

nonlinear equations of motion. The third (𝛼1 + 𝛼2) and the last (𝑟) components of 

the input vector in equation (4.48) are the second sub-system inputs, and 

together, they can change the UAV position along x axis and the pitch angle, 

although to control the nonlinear system, it’s very important to keep the pitch

angle close to zero. By looking at equation (4.46), one also can observe that 

changing the sliding mass position (𝑟)doesn’thaveadirecteffectonposition,so

onecanconcludethatit’sagoodandveryfastwaytochangethepitchangleof

the UAV. The only inputs to the sub-system shown in equation (4.11) are 

𝜔1 + 𝜔2 and 𝛼1 − 𝛼2. Since the system is underactuated, and since it’s been

proved that position along y axis and the yaw angle are controllable while roll 

angle is stabilizable, using a cascade PD controller is a common way to control 

this subsystem, which will be shown later in section 4.2. Finally, all the ignored 

second derivatives can be dealt with as disturbances, by adding them as 

feedforward terms to the system. Simulation shows this set of sub-models and 

adding the second derivatives as disturbance terms, keeps the key features of 

the system in hovering situation. 

4.2. CLOSED-LOOP CONTROL OF TILTING-ROTOR UAV 

In this section, different control strategies for the tilting rotor UAV will be 

discussed. At first, two control strategies to control the linearized model, namely 

a cascade PD controller and an LQR, will be discussed, and then the acquired 

LQR controller will be applied to the nonlinear model of the UAV. The simulation 
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results for different maneuvers, hovering and target tracking will be presented in 

section 4.3. 

For a closed loop control, the current pose (both position and orientation) 

of the UAV should be known. As discussed in literature survey and chapter 3, 

apart from the onboard sensors available on our UAV including 3D gyroscopes, 

magnetometers and accelerometers, another source of reliable position data is 

needed since these onboard sensors cannot provide the system with very 

accurate position data, and GPS data is not available for indoor applications. 

Therefore, a downward looking camera system with a variable focal length has 

been added to the system. The variable focal length gives the system the ability 

not to lose the target, so when the target gets close to the image edges, the 

controller can weather switch to hovering mode using its onboard sensors and 

switch back to target tracking when the target is back into its field of view (e.g. by 

zooming out the camera), or automatically zooming out not to lose it at the first 

place. The first strategy needs an operator but since a lot of applications need 

anoperatortoobservewhat’shappeninginthescene(e.g.surveillance,search

andrescue,anddisastermanagement)that’swhatischosenforthisresearch. 

The controlled system block diagram is very similar to the one presented 

in chapter 3 for a quadrotor UAV, except an operator is in the loop and the 

system, controllers and the type of vision sensor are different. Figure 4.2 shows 

the control strategy briefly in a diagram. 
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Figure 4.2: Control Strategy for a Tilting Rotor UAV 

4.2.1. CASCADE PD CONTROL OF THE UAV 

Mentioned in section 4.1.8, the linear model under a few assumptions and 

hovering condition can be divided into three uncorrelated sub-models, shown in 

equations (4.45) to (4.47). For each sub-model, a PD controller can be designed, 

and the outputs of the controllers can be used to control the linear system 

defined in equation (4.39) and even the nonlinear system as long as the UAV 

flies in near hover conditions.  

 THE HEIGHT MODEL: 

Equation (4.49) shows the dynamic equation for the first sub-model.  

 𝑀�̈� = −2𝑐𝑝𝜔ℎ[(𝜔1 − 𝜔ℎ) − (𝜔2 + 𝜔ℎ)] (4.49) 

It’sasingleinput-single output system that can be controlled using a PD 

controller defined in equation (4.50): 

 (𝜔1 − 𝜔ℎ) − (𝜔2 + 𝜔ℎ) = 𝐾𝑝(𝑧 − 𝑧𝑑) + 𝐾𝑑�̇� (4.50) 
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Figure 4.3: Height PD Controller 

Figure 4.3 shows a block diagram of the controlled system. In section 4.3, 

the simulation results will be presented. 

 THE X-PITCH MODEL: 

Equation (4.51) shows the equations describing this sub-model.  

 {
𝑀�̈� = −2𝑐𝑝𝜔ℎ

2𝜃 − 𝑐𝑝𝜔ℎ
2(𝛼1 + 𝛼2)

𝐼𝑦�̈� = −𝑐𝑝𝜔ℎ
2𝑑𝑧(𝛼1 + 𝛼2) − 𝑚𝑔𝑟

 (4.51) 

It’satwoinput-two output system which needs two PD controllers and a 

block diagram of this sub-system with the controllers is shown in figure 4.4. 

Sincetheslidingmasspositiondoesn’thaveadirecteffectonpositionalongx

axis, the UAV pitch angle is controlled by sliding mass position, 𝑟, and the 

position along x axis is controlled by changing  𝛼1 + 𝛼2 (the total change in tilting 

angles of rotors. It changes the force generated by total thrust along x axis and 

therefore the x component in acceleration vector) 

 𝛼1 + 𝛼2 = 𝐾𝑝𝑥(𝑥 − 𝑥𝑑) + 𝐾𝑑𝑥�̇� (4.52) 

 𝑟 = 𝐾𝑝𝜃(𝜃 − 𝜃𝑑) + 𝐾𝑑𝜃�̇� (4.53) 
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Figure 4.4: PD Controller for X-Pitch Sub-model 

 THE Y-ROLL-YAW SYSTEM: 

Equation (4.54) shows the dynamic model of this sub-system 

 {

𝑀�̈� = 2𝑐𝑝𝜔ℎ
2𝜑

𝐼𝑥�̈� = −2𝑐𝑝𝜔ℎ𝑑𝑦(𝜔1 + 𝜔2) + 𝑐𝑝𝜔ℎ
2𝐶𝐷(𝛼1 − 𝛼2)

𝐼𝑧�̈� = 2𝑐𝑝𝜔ℎ𝐶𝐷(𝜔1 + 𝜔2) + 𝑐𝑝𝜔ℎ
2𝑑𝑦(𝛼1 − 𝛼2)

 (4.54) 

It’s a two input-three output system and hence it’s considered

underactuated, but it can be proved (Appendix 1) that roll angle is stabilizable 

while the other two states, y and yaw, are controllable. Observing the equation 

(4.54), position along y axis can be controlled by the roll angle, and the inputs 

can control roll and yaw angles. This fact gives us the idea of using a cascade 

PD controller to control the position along y axis by setting its PD controller 

output as the desired value for roll angle (see figure 4.5). The controller 

equations are 

+

-
Cascade PD 

controller
Y-Roll-Yaw

Sub-model

IMU

E Y-Roll-Yaw
ω1+ω2
α1-α2

dY
d𝜑

d𝜓   

Y
𝜑

𝜓   

Y*
𝜑*

𝜓*  

 

Figure 4.5: Cascade PD Controller for Y-Roll-Yaw Sub-model 
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 𝜙𝑑 = 𝐾𝑝𝑦(𝑦 − 𝑦𝑑) + 𝐾𝑑𝑦�̇� (4.55) 

 𝜔1 + 𝜔2 = 𝐾𝑝𝜙(𝜙 − 𝜙𝑑) + 𝐾𝑑𝜙�̇� (4.56) 

 𝛼1 − 𝛼2 = 𝐾𝑝𝜓(𝜓 − 𝜓𝑑) + 𝐾𝑑𝜓�̇� (4.57) 

Since 𝜔1 and 𝜔2 always have different signs (they rotate in opposite 

directions), a positive 𝜔1 + 𝜔2 means that rotor number one (located at right side 

of the UAV) rotates faster than rotor number two, which generates a negative 

torque around x axis that results a negative angular acceleration around x axis 

and changes the roll angle. Different rotational speeds in rotors also generate 

another torque (due to drag of rotor blades) around z axis which eventually 

changes the yaw angle, but since the drag constant 𝐶𝐷 is significantly smaller 

than the physical distance between rotors and COG (they are different units, but 

the terms multiplied by 𝑐𝑝𝜔ℎ
2 are present in both equations, which makes it an 

acceptable criteria), it can be concluded that it affects the roll angle more 

significantly comparing to its effect to the yaw angle. Similarly, the difference 

between the rotors tilting angles makes a significant change in total torque on 

COG around z axis, and therefore, to control and change the yaw angle, one can 

change the amount of 𝛼1 − 𝛼2.  

By using these inputs (equations (4.50), (4.52), (4.53), (4.55), (4.56) and 

(4.57)) to control the state-space model of equation (4.43), simulation shows that 

the system can hover and can follow a target as long as the maneuverdoesn’t

need the UAV to operate out of near-hover conditions.  
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4.2.2. FEEDFORWARD LQR CONTROL 

When the target is far from the UAV, the operator needs to zoom out the 

camera for the target to fall into the field of view of the camera. Positioning in this 

case is not as accurate as when the target image points are close to the center 

of the image due to a smaller target detected in the image (because of the zoom 

out action) and more image distortion as the target image is closer to the edges 

and the camera field of view is wide (the wider the field of view is, the more 

distortion you need to deal with, especially closer to the image borders). 

Therefore if the positioning is not that accurate, we do not need to have a 

controller that is designed to generate inputs to the system for a very accurate 

maneuver. 

This fact brings the idea of designing an LQR controller for a more 

simplified dynamic model while the UAV flies far from the target, and the 

controller goal is to minimize the distance between them and not a very accurate 

target tracking. The controller brings the UAV close to the target so the target 

imagedropsintothecamerafieldofviewwhenit’sbackatitsnormalzoomand

the controller switches to the normal LQR control that will be discussed in the 

next section. 

The simplified equations of motion chosen to describe the system for 

when it flies far from the target are the ones presented in equations (4.9) to 

(4.11). The state space model for the system is then: 

 {�̇� = 𝑨𝑿 + 𝑩𝑼 + 𝒈(�̇�, �̈�)
𝒀 = 𝑪𝑿 + 𝑫𝑼

 



79 
 

 𝑿 = [𝑥, 𝑦, 𝑧, �̇�, �̇�, �̇�, 𝜙, 𝜃, 𝜓, �̇�, �̇�, �̇�]
12×1

𝑇
 

 𝑼 = [(𝜔1 − 𝜔ℎ) − (𝜔2 + 𝜔ℎ),𝜔1 + 𝜔2, 𝛼1 + 𝛼2, 𝛼1 − 𝛼2, 𝑟]5×1
𝑇  (4.58) 

where the state space matrices are presented in Appendix 1, and 𝒈 is a function 

of input vector derivatives. Figure 4.6 shows a block diagram of the LQR 

controlled system when it flies far from the object. The goal is to stabilize the 

system using 𝑢=𝐹𝑥 which minimizes the performance index  

 𝐽 = ∫ [𝑥𝑇(𝑡)𝑄𝑥(𝑡) + 𝑢𝑇(𝑡)𝑅𝑢(𝑡)]
∞

0
 (4.59) 

To calculate the gain 𝐹 that minimizes the cost in equation (4.59), we can 

use equation (4.60) 

 𝐹 = 𝑅−1𝐵𝑇𝑃 (4.60) 

where 𝑃 can be calculated by solving the algebraic Riccati equation 

 𝐴𝑇𝑃 + 𝑃𝐴 − 𝑃𝐵𝑅−1𝐵𝑇𝑃 + 𝑄 = 0 (4.61) 

 

Figure 4.6: Feed-forward LQR control block diagram for when the UAV flies far from the object 
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MATLAB Control System Toolbox offers the commands LQR (for 

continuous time systems) and DLQR (for discrete-time systems) to calculate the 

gain 𝐹 

 [F,S,e] = LQR(A,B,Q,R) (4.62) 

To design an LQR controller for a system, not only the state-space 

matrices are needed, but two matrices 𝑄 and 𝑅 are need to be defined properly. 

𝑄 is an 𝑛 ×  𝑛 symmetric positive semidefinite matrix and 𝑅 is an 𝑚 ×  𝑚 

symmetric positive definite matrix. The common way to design the weight 

matrices 𝑄 and 𝑅 is to choose proper initial matrices that satisfies the weight 

matrices conditions, and then to adjust them for better and more desirable 

controller response. A typical first choice for these matrices is given by the 

Bryson’srule[119], which are diagonal matrices with the diagonal elements of 

 {

𝑄𝑖𝑖 =
1

𝑥𝑖𝑚𝑎𝑥
2 ;   𝑖 = 1…𝑛

𝑅𝑗𝑗 =
1

𝑢𝑗𝑚𝑎𝑥
2 ;   𝑗 = 1…𝑚

 (4.63) 

Where 𝑥𝑖max is the maximum acceptable value for 𝑥𝑖. Bryson’s rule

sometimes provides good results, but for most cases, it is just the starting point 

to a trial-and-error iterative design procedure to obtain desirable responses for 

the controlled system. In this research, the weight matrices after the adjustments 

are 

 Q = diag([1e6,10,1e6,10,1e6,1,1e9,1e6,1e6,1e6,1e6,1e6]) 

 R = diag([1000,1000,1e7,1e7,1e7]) (4.64) 
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The simulation results are included in section 4.3. 

4.2.3. LQR CONTROL 

Following what is discussed in the last section, when the feed-forward 

LQR controller guides the UAV to the target, and when the camera zoom is at its 

normal value, a new controller starts to control the UAV. For a more accurate 

tracking control now that more accurate relative pose to the object is available 

through vision sensor and POSIT algorithm, we generate optimal control inputs 

for the more accurate linear model discussed in section 4.1.6. For the state-

space model that is suggested in section 4.1.7 with 20 states, the new LQR gain 

𝑭20×5 generates the optimal input commands to stabilize the nonlinear model of 

the system. Figure 4.7 shows a block diagram of the controlled UAV when it flies 

close to the object.  

The LQR controller will be presented in section 4.3 to control the 

nonlinear model as long as the UAV operates in near hover conditions. Based  

Tilting rotor
UAV

LQR controller

IMU Camera

Pose 
Estimation

Image 
Processing

State 
Estimation

Manipulated
Variables

Accelerations
Angular Velocities

Height

R
el

at
iv

e
P

os
e

Operator

 

Figure 4.7: Vision-based LQR control of the nonlinear system 
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on simulation results, LQR controlled aircraft is able to perform the pitch hover 

maneuver up to around 15 degrees. One way around to use LQR control for a 

pitch hover maneuver of 𝜃 > 15° is to calculate various LQR gains for different 

𝜃ℎ intervals using equation (4.39), and by choosing the proper gain based on the 

current situation, although this gain scheduling technique is beyond the project 

goals. 

Similar to what was done in section 3.2.2, the weighting matrices have to 

be chosen properly to design a good and optimal LQR controller. We start with 

the weighting matrices given by theBryson’sruleshowninequation(4.63), and 

then we adjust the matrices diagonal elements based on the system response to 

the acquired LQR gain. The final LQR weighting matrices values picked for the 

UAV are: 

 Q2=diag([1e9,1,1e6,1,1e6,1,1e6,1e6,1e6,1e4,1e8,1e4,1e3,1e3,1e3,1e3,1e3,1e

3,1e3,1e3]); 

R2=diag([1e2,1e2,1e2,1e2,1e3]);  (4.65) 

Using the designed controller, simulations on the nonlinear system show 

that vision-based LQR controller is able to stabilize the nonlinear system, and 

the LQR controlled UAV can also track a moving object as long as it operates 

close to the hovering conditions. Simulation results for different tests are to be 

presented in section 4.3. 
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4.3. SIMULATIONS 

In this section, the vision-based control of the tilting-rotor UAV will be 

simulated and then the simulation results will be discussed. The nonlinear model 

discussed in section 4.1 is simulated in MATLAB Simulink at first, followed by 

the linear state-space model representation. The vision-based pose estimation 

and its simulation is similar to the one discussed in chapter 3 except for the 

zooming feature instead of switching technique, and it will be shown how to 

simulate a various zoom camera in this project. This section then is followed by 

simulating the controllers discussed in section 4.2, and ends with the simulation 

results and discussion. 

4.3.1. MODEL SIMULATION 

Similar to the way the nonlinear model got acquired in section 4.1, the 

equations of motion describing the overall forces and torques are first simulated, 

and been used to calculate the current position and orientation of the UAV based 

on equation (4.4). Figure 4.8 shows how to simulate the overall Forces applied 

to the UAV center of gravity (COG) in MATLAB Simulink. 

The first component is the force generated by rotors thrust, while the 

second one is the drag (a function of velocity) and the third one is the 

gravitational force vector. The overall torque is simulated in the similar way. 

Figure 4.9 shows how the overall torque is simulated in this project. 
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Figure 4.8: UAV Overal Force Simulation in Simulink 

 

Figure 4.9: Simulating the UAV Torques in Simulink 

The first component is the torque generated by the sliding mass position. 

Note that the last two components which are the torque generated by rotors drag 

and the torque generated by rotors thrust (and the rotors displacement from the 

COG) are functions of the thrust generated by rotors. 
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A double integration of the acceleration vector after applying the force 

generated by the sliding mass will give us the position, while applying the Euler 

transformation to the rotational moments generates the Euler angles after double 

integration. Each actuator is then simulated, and altogether, the nonlinear model 

is now ready to be used for the project. The model inputs are the actuators 

voltages and the output of the model is the UAV pose. 

To simulate the linear model derived in section 4.1.6, the state-space 

model block in MATLAB Simulink control toolbox is to be used. Before running 

the model, an m-file that contains all the UAV physical parameters together with 

the state-space model matrices, needs to be run.  

4.3.2. CASCADE PD CONTROL SIMULATION 

To simulate the cascade PD controller discussed in section 4.2.3, the 

state space model of the three uncorrelated sub-models of equations (4.45) to 

(4.47) are used. Figure 4.10 shows the Simulink model of the controlled height 

sub-system. 

The output 𝜔1 − 𝜔2 will be used as an input to the more general linear 

model of the equation (4.39). Similarly, the X-Pitch sub-model and its PD 

controller is shown in figure 4.11. 
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Figure 4.10 PD control of the height model 

 

Figure 4.11 PD controlled X-Pitch Sub-model 

The third sub-model is using a cascade PD controller since it’s

underactuated. The Y PD controller generates the desired value for the Roll 

angle PD controller. The Simulink model for PD controlled Y-Roll-Yaw sub-

model can be seen in figure 4.12. 
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Figure 4.12 Cascade PD Controlled Y-Roll-Yaw Sub-model 

 

Figure 4.13 Cascade PD control of the Linear State-Space Model 

The five control outputs that can be seen in figures 4.10 to 4.12 are the 

inputs to the state-space model of the linear system. Figure 4.13 shows the 

Simulink model of the controlled linear model using the cascade PD controller. 
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Simulation results for PD controlled linear system after adjusting the PD 

gains show a fast response to the commands especially for a pitch hover 

maneuver (see figure 4.14). Since in the linear system there’s no correlation

between the pitch hover and other states except for x in near hover conditions, 

no change can be seen in other states after a pitch hover command. 

4.3.3. FEEDFORWARD LQR CONTROL 

Following what we discussed in section 4.2.4, to simulate the feed-

forward LQR control of the system, the LQR control outputs that are generated 

from the simplified (by ignoring the terms containing the inputs derivatives) linear 

system are being used to control the model of the system. Figure 4.15 shows the 

simulation of the controlled linear system in MATLAB Simulink environment. 

Ulqr input is the output of the LQR controlled simplified system and the 

feed-forward MATLAB function is the integral of 𝒈(�̇�, �̈�) in equation (4.58) to 

deal with the eliminated input derivatives. Simulation results show that although 

itcan’tprovideaveryaccuratecontrol,thefeed-forward LQR controlled system 

is stable and can follow commands like pitch hover. Figure 4.16 shows the 

system step response to a sudden change in desired pitch hover. 
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Figure 4.14: System response to 15 degrees pitch hover command 

 

Figure 4.15: Feed-forward LQR control 
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Figure 4.16: The Feed-forward LQR controlled system step response to a change in pitch hover 

angle. the dashed lines show the desired value for each state 

4.3.4. LQR CONTROL 

In this section, the simulation of a LQR control for the nonlinear system is 

presented. Following what was discussed in section 4.2.6, the acquired linear 

model of the system presented by equation (4.39) is being used to calculate the 
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Figure 4.17 The step response of the LQR controlled nonlinear system to a sudden change in 

desired pitch angle 

model of the UAV. The simulation shows that the LQR can stabilize the 

UAV as long as it operates around the conditions mentioned in the system 

linearization. Figure 4.17 shows the step response of the system to a sudden 

change in the desired pitch angle. 
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using the input 𝒖 = 𝑭𝒙, the optimal input vector is going to be used to control the 

model of the UAV.  

The states vector shown by equation (4.44) contains the pose of the 

system that is acquired by the vision-based localization. The downward-looking 

camera attached under the UAV provides images of the moving target, and the 

vision-based pose estimation block that uses the POSIT algorithm, provides the 

relative pose of the UAV to the object. To hover on top of the target (or to keep 

the UAV flying with a relative pose to the target), the error is calculated and gets 

minimized using the LQR controller. But when the target moves out of the 

camera field of view, the controller switches to the hovering mode. In this mode, 

using state estimation techniques instead, the UAV will hover at the last position 

it was with the target visible in the camera field of view. An operator then can 

zoom out the camera until the target gets visible again and the controller 

switches back to the vision-based mode automatically. The operator can change 

the camera zoom back to normal when the target is around the center of the 

image. 

Here are presented the simulation results for tracking a target with a 

random trajectory. The simulation shows that the LQR controlled UAV is able to 

track the target as long as it operates around the conditions mentioned in the 

system linearization. 
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Figure 4.18 X-Y 2D plot of the UAV and Target position 

 

Figure 4.19: Error (𝐸𝑥 = 𝑋 − 𝑋𝑑) 
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Figure 4.20 Position change along X axis and its desired value 

 

Figure 4.21: Position change along Y axis and its desired value 
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Figure 4.22: Vision error along X direction during target tracking 

4.3.6. VISUALIZATION 
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4.4. CONCLUSIONS 

In this chapter, vision-based target tracking of a tilting rotor UAV was discussed. 

We started with the modeling of the UAV using its equations of motion, and then 

after linearizing the equations, different controllers were designed to stabilize the 

system in various situations. The simulation results show that as long as the 

0 5 10 15 20 25 30
-4

-3

-2

-1

0

1

2

3

4
x 10

-4

Time

V
is

io
n
 e

rr
o
r 

(m
)

(s) 



96 
 

UAV operates around the hovering condition where its translational velocities, 

Euler angles and rotational velocities are close to zero, the controllers can 

stabilize the UAV and also perform various maneuvers like pitch hover. LQR 

controlled UAV is also shown to be capable of vision-based target tracking while 

the target is within the camera field of view, and with the designed controller, 

even if it goes out of the field of view, it still can stay stable while searching for 

the target. 

 

Figure 4.23: 3D visualization of the UAV 
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CHAPTER 5. SUMMARY 

The objective of this research was to design and develop a generic vision-

based controller for unmanned aerial vehicles that could stabilize them and allow 

them to perform complex maneuvers. Two different case studies including a 

vision based control of a quadrotor and a vision-based control for a bi-copter 

with tilting rotors were presented and tested via simulation. Throughout the 

modeling of both aircrafts, designing the controllers and developing vision based 

state estimations, these contributions has been made to the literature of small 

UAVs autonomous flight. 

5.1. CONTRIBUTIONS 

5.1.1. ADAPTIVE POSITION-BASED VISUAL SERVOING FOR 

AIRCRAFTS 

While the aircraft flies far from the target, the control task is to get close to 

the target, and since the vision sensor doesn’t provide the controller with very 

accurate relative pose feedback, using a very accurate control system is 

unreasonable. To handle this situation, a simpler controller -feedforward LQR 

controller- is suggested in section 4.3.3 that controls the aircraft while it flies far 

from the target, and it automatically switches back to a more accurate control 

when the pose feedback from vision sensor is precise enough for a close target 

tracking. 
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5.1.2. HYBRID PBVS USING MULTIPLE CAMERAS OR 

PAN/TILT/ZOOM CAMERAS 

If the targetmovesfastenoughsuddenly,itcangetoutofcamera’sfield

of view. This means that all the feature points that are necessary for the pose 

estimation algorithm are not available anymore, which consequently leads the 

pose estimation to fail. To avoid this situation, two methods are suggested and 

simulated in this research including a vision-based control using a multi camera 

vision system and a vision-based control using a zooming camera. These 

methods offer wider fields of view that prevent any target feature point to miss. 

5.1.3. DERIVATION OF A COMPREHENSIVE DYNAMIC MODEL OF A 

UAV WITH TILTING ROTORS AND A SLIDING MASS 

4FrontRobotics’Navig8isanovelVTOL aircraft that has been designed 

to operate in confined space and perform complex and unique maneuvers. 

During this research, in order to design model-based controllers and to test 

developed controllers via simulation, deriving a comprehensive dynamic model 

of Navig8 that represents the physical and dynamical features of it accurately is 

essential. Using a top-down modeling strategy and by combining the dynamic 

equations of the aircraft and the sliding mass, a comprehensive nonlinear model 

of Navig8 has been derived and verified in this research. By linearizing the 

model in hovering maneuver, a state-space representation is developed and has 

later been used in the LQR control design discussed in section 4.3. 
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5.1.4. TRACKING A MOBILE TARGET 

The proposed position-based visual servoing is capable of not only 

hovering the aircraft and keeping its relative pose to a known target, but also 

tracking a moving target. The initial relative pose is stored in the control system 

to be used as the desired relative pose to the target; the displacement of the 

target then generates a pose error, while the control objective is to minimize this 

error.  

5.1.5. DEVELOPMENT OF TWO GENERIC VR SIMULATION 

ENVIRONMENTS 

Using Robotic Toolbox and Quanser’s QUARC Toolbox, two different 

generic virtual reality simulation environments have been developed. The first 

one, presented in Chapter 3, uses the Simulink plot function and updates the 

plot at each sampling time. Various options, from changing the position and size 

of the target and changing its trajectory, to adjusting the vision system position 

and orientation (e.g. forward or downward looking) are available in this 

simulation in simple and easy to operate blocks, offline or during the flight. 

The second simulation environment is using visualization facilities offered 

by Quanser’s QUARC toolbox to visualize the UAV in 3D. Having several 

different camera views, whether attached to the UAV or fixed in the scene, is 

one of the important features of this simulation environment. 3D objects can be 

placed in the scene easily and they can move on a defined or random trajectory 

to be tracked by the UAV. Figure 4.23 shows a 3D view of the UAV during the 

flight. 
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5.2. CONCLUSION AND FUTURE WORK 

Considering the significant attention UAVs have gained recently and the 

wide range of applications they can be employed, a reliable method is needed 

for position estimation, especially in the applications that need to track an object. 

Following the discussion section of Chapter 3 and 4, the proposed hybrid 

position-based visual servoing technique has been proved to work on two 

different platforms and in different scenarios. Even very complex and unique 

maneuvers like pitch hovering or landing on a slanted surface are achievable 

using this technique when the aircraft is capable of such maneuvers (5 

controllable degrees of freedom at least, e.g. Navig8). The proposed POSIT 

algorithm for pose estimation has been implemented to control the Qball 

quadrotor in both experiment [110] and simulation. Adding the proficiency not to 

lose the target in vision system via using switching technique and/or PTZ 

cameras, an accurate relative pose feedback is guaranteed, and therefore, a 

proper controller based on the application can successfully deliver the expected 

results.  

Despite designing various vision-based UAV control and testing them in 

simulation, there is still room for improvement. Some of the future tasks in vision-

based control of highly maneuverable UAVs, especially Navig8 and its future 

generations, are listed below: 

 MODELING 

The physical nature of UAV systems is very complex and therefore, 

simple intuitive mathematical modelling is impossible. Nonlinear aerodynamic 
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forces acting on the aircraft in a complex way makes a realistic analysis difficult. 

High correlation between states also makes understanding the effect each 

system input makes on the aircraft troublesome.  Several assumptions are then 

made to reduce this complexity to formulate and solve equations. A well-known 

effective way to compensate for those assumptions is to consider their effect as 

reasonable disturbance and noise sources in the model. Some of physical 

effects like ground effect which are neglected during the modeling can also be 

studied and modeled, although its effect on the aircraft is not significant during 

hovering. 

 CONTROL 

In this study, different linear controllers have been designed and 

implemented through simulation. Even though these designed linear controllers 

are performing well in intended scenarios, using nonlinear control techniques is 

the solution to have the UAV controlled in general situations and not just in 

proximity of a single operating point. Gain scheduling and adaptive control in 

general, backstepping control, feedback linearization and model predictive 

control are of those nonlinear control techniques that can be seen more 

frequently in nonlinear control of UAVs [120].  

 POSE ESTIMATION 

ClassicPOSIT, which is the pose estimation algorithm employed in this 

research, needs at least four known non-coplanar object points to be visible and 

distinguishable in the acquired images. To guarantee this strict requirement is 

not easy in most cases even with the hybrid vision system designed and 
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simulated in this research. Other techniques including SoftPOSIT [121] and 

POSIT for coplanar points [122] are suggested, but some studies like [69] show 

that compared to feature points, in an image there are better and more reliable 

features like image moments that can be used in visual servoing. 

 VIRTUAL REALITY SIMULATION ENVIRONMENT 

MATLAB Virtual Reality toolbox and Simulink 3D animation are among 

the tools that can provide high quality 3D visualizations in Simulink, however, 

Quanser’sQUARC toolbox was preferred to be used in this researchsince it’s

more intuitive and easy to work with. Moreover it doesn’t require the user to

design the object with Virtual Reality Modeling Language (VRML). Instead, using 

well-known 3D modeling softwares like Autodesk 3DS Max or even a freeware 

like Blender software is sufficient to make your own 3D object, vehicle, or scene 

in QUARC’s visualization. In this research, the case of trackinga target in an

open environment with no obstacles was studied and simulated. By adding 

different objects in the scene and through visual servoing, vision-based 

navigation or target tracking can be simulated in this environment easily.  

 EXPERIMENTAL TESTS 

Executing experimental tests to see how the aircraft responds to control 

commands in real flight is always of great interest in research. Different flight 

modes and maneuvers can be set to observe the controller performance. During 

this research, yaw control and pitch hover control are tested on the real aircraft –

Navig8- fixed on a 3DOF testbed and the results were promising, but as an 
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important future work that can be done on this research, flying the UAV in a free 

6DOF flight should be tested in different scenarios. 
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APPENDIX A 

This appendix provides the state space representation of the bi-copter 

aircraft with tilting rotor. Using the linearized equations of motion derived in 

section 4.1, and following the structure suggested in section 4.1.7, the state 

space model of the system is: 

 {�̇� = 𝑨𝑿 + 𝑩𝑼
𝒀 = 𝑪𝑿 + 𝑫𝑼

 (1) 

where the states and inputs vectors are 

 𝑿: [𝑥, 𝑦, 𝑧, �̇�, �̇�, �̇�, 𝜙, 𝜃, 𝜓, �̇�, �̇�, �̇�, 𝜔1, 𝜔2, 𝛼1, 𝛼2, 𝛼1̇, 𝛼2̇, 𝑟, �̇�]
𝑇

1×20
 

 𝑼: [𝛼1̈, 𝛼2̈, 𝜔1̇, 𝜔2̇ , �̈�]
𝑇 (2) 

where the state space matrices are: 

A=[0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0; 
0,0,0,0,0,0,0,0,9.233,0,0,0,0,0,4.905,4.905,0,0,0,0; 
0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0; 
0,0,0,0,0,0,-9.81,0,0,0,0,0,0,0,0,0,0,0,0,0; 
0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0; 
0,0,0,0,0,0,0,0,0,0,0,0,0.152,-0.152,0,0,0,0,0,0; 
0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0; 
0,0,0,0,0,0,0,0,0,0,0,0,-0.795,-0.795,-0.064,0.064,0.005,-0.005,0,0; 
0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0; 
0,0,0,0,0,0,0,0,0,0,0,0,0,0,11.118,11.118,0,0,-16.350,0; 
0,0,0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0; 
0,0,0,0,0,0,0,0,0,0,0,0,-0.206,-0.206,833.850,-833.850,0,0,0,0; 
0,0,0,0,0,0,0,0,0,0,0,0,-56.577,0,0,0,0,0,0,0; 
0,0,0,0,0,0,0,0,0,0,0,0,0,-56.577,0,0,0,0,0,0; 
0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0,0,0; 
0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0,0; 
0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,-0.006,0,0,0; 
0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,-0.006,0,0; 
0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1; 
0,0,0,0,0,0,0,0,9.810,0,0,0,0,0,0,0,0,0,0,0]; 

B=[0,0,0,0,0; 
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0,0,0,0,-0.000588; 
0,0,0,0,0; 
0,0,0,0,0; 
0,0,0,0,0; 
0,0,0,0,0; 
0,0,0,0,0; 
0,0,0,0,0; 
0,0,0,0,0; 
0,0,-1.0e-06,-1.0e-06,0; 
0,0,0,0,0; 
7.133,-7.133,0,0,0; 
2853.261,0,0,0,0; 
0,-2853.261,0,0,0; 
0,0,0,0,0; 
0,0,0,0,0; 
0,0,0.001,0,0; 
0,0,0,0.001,0; 
0,0,0,0,0; 
0,0,0,0,0.010]; 

Using MATLAB command  

Co=ctrb(A,B); 

the controllability matrix of the system is acquired, and by observing the 

controllability matrix, it can be seen than the number of uncontrollable states is 

one as expected. 

unco=length(A)-rank(Co) % Number of uncontrollable states 

unco = 

     1 

It means that 5 system’s degrees of freedom are controllable, i.e., the 

aircraft cannot control its position in y direction and its yaw angle individually. 
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