
Running head: MATHEMATICAL CONCEPTS 1 

                         

 

 

 

 

 

Development of Mathematical Concepts in Grade 4 Students 

Honours Thesis 

Submitted to the Department of Psychology 

in Partial Fulfillment of the Requirements 

for the Degree of 

Bachelor of Science (Honours) in Psychology 

Supervised by Dr. Katherine Robinson 

University of Regina 

 

By  

Krissie Klisowsky 

Regina, Saskatchewan 

April, 2017 

 

 

 



MATHEMATICAL CONCEPTS 2 

Acknowledgements 

I would like to acknowledge the following for their support and contributions throughout this 

project: Dr. Katherine Robinson, Ocean Matyjanka, the members of the Department of 

Psychology, and my classmates. I extend my gratitude to the school staff, participants, and the 

parents/guardians. Thank you all for making this project successful. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



MATHEMATICAL CONCEPTS 3 

Table of Content 

Acknowledgments............................................................................................................................2 

Table of Content.............................................................................................................................3 

List of Figures…………………………………………………………………………..…………5 

Abstract ..........................................................................................................................................6 

Introduction .....................................................................................................................................7 

Longitudinal Research.........................................................................................................7 

Conceptual Knowledge........................................................................................................7 

Inversion……………..........................................................................................................9 

Associativity……………………………………………………………………………..11 

Equivalence………………………………………………………………………………12 

Working Memory………………………………………………………………………...14 

Aims and Purpose .........................................................................................................................16 

Method ..........................................................................................................................................16 

Participants.........................................................................................................................16 

Materials and Procedure ...................................................................................................16 

Measures ...........................................................................................................................18 

Results...........................................................................................................................................18  

Accuracy ..........................................................................................................................18 

Shortcut Use...................................................................................................................... 19 

Correlational Analyses.......................................................................................................21 

Discussion .....................................................................................................................................22  



MATHEMATICAL CONCEPTS 4 

Conclusion….................................................................................................................................25 

References .....................................................................................................................................26 

Tables ............................................................................................................................................31 

Appendix A....................................................................................................................................33 

Appendix B....................................................................................................................................35 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



MATHEMATICAL CONCEPTS 5 

List of Figures 

1. Figure 1. Accuracy of participant responses’ on version of additive and multiplicative 

problems for inversion, associativity, and equivalence.................................................33 

2. Figure 2. Percentage of participant shortcut use on version of additive and multiplicative 

problems for inversion, associativity, and equivalence..................................................35     

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



MATHEMATICAL CONCEPTS 6 

Abstract 

Mathematical concepts help build a knowledge base for children to learn more complex 

mathematical skills, such as algebra (Alibali, Knuth, Hattikudur, McNeil, & Stephens, 2007). 

The goals of this study were to observe the development of mathematical concepts and study 

their relationship with working memory. The additive and multiplicative mathematical concepts 

investigated were inversion (a + b − b, d × e ÷ e), associativity (a + b − c, d × e ÷ f), and 

equivalence (a + b + c = a + _, d × e × f = d × _).  The study was the first phase of a longitudinal 

study. The participants consisted of 50 students in Grade 4. Two sessions were completed: 

solving mathematical equations (12 additive problems, 12 multiplicative problems) and a 

working memorytest battery. Accuracy was highest on addditive and multiplicative versions of 

inversion, followed by associativity, then equivalence. There were significantly higher results for 

additive problems compared to multiplicative problems. Shortcut use was highest on additive 

versions of inversion, followed by equivalence, then associativity. When comparing scores for 

multiplicative problems to additive problems, equivalence was the only strategy to increase in 

shortcut use; inversion and associatively both decreased for multiplicative problems. The results 

showed that as working memory increased the accuracy increased.  This research provides a 

better understanding of how mathematical concepts develop and allows for a clear portrayal of 

the differences between problem types at this developmental age. 

Keywords: concepts, arithmetic, inversion, associativity, equivalence, and working memory 
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Development of Mathematical Concepts in Grade 4 Students 

Mathematical concepts help build a knowledge base for children to learn more complex 

mathematical skills, such as algebra (Alibali, Knuth, Hattikudur, McNeil, & Stephens, 2007). 

Previous research has found that there are marked individual differences in children's 

understanding of mathematical concepts (Robinson & Dubé, 2012, 2013; Robinson, Dubé, & 

Beatch, 2016). This study investigated three mathematical concepts with additive and 

multiplicative versions of each: inversion, associativity, and equivalence. These mathematical 

concepts required the use of conceptual knowledge for the most efficient solutions. This study 

also acted as the first phase to a longitudinal study. 

Longitudinal Research 

Cross-sectional research studies multiple age groups at the same time (Byrd, McNeil, 

Chesney, & Matthews, 2015). This allows for the development of mathematical concepts at a 

certain age to be observed to find differences between age groups. Cross-sectional research does 

not provide the observation how individuals’ understanding of mathematical concepts changes 

and develops over time. To be able to study these mathematical concepts as they develop across 

time in an individual, a longitudinal study is required (McNeil, 2014).  

McNeil (2014) reported a high need for longitudinal studies to observe factors that 

correlate to individual differences; longitudinal studies are crucial in order to understand the 

development of these concepts. The longitudinal design can also better assess which skills will 

predict how a student understands mathematical concepts. Observing the student’s development 

longitudinally could reveal key factors to the development and understanding of mathematical 

concepts (McNeil, 2014; Robinson & Dubé, 2009a). Mathematical concepts require the use of 

conceptually-based strategies to be solved with the most efficient solution (Dubé, 2014). 
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Conceptual Knowledge 

Procedural knowledge requires understanding the step-by-step algorithm to solve a 

problem (Crooks & Alibali, 2014). However, conceptual knowledge requires not only being able 

to solve the problem to find the correct solution but also being able to solve the problem in the 

most efficient way possible through understanding mathematical concepts (Crooks & Alibali, 

2014). Understanding what type of knowledge is being utilized at specific stages of development 

will aid in understanding the impact conceptual knowledge has on mathematical understanding. 

Conceptual knowledge is a critical component to developing an understanding of 

mathematics and algebraic reasoning because it changes the way a child sees a problem (Crooks 

& Alibali, 2014). Despite the critical role conceptual knowledge plays in understanding problem 

solving procedures, numerous studies have shown that children have difficulty in understanding 

the conceptual aspect of mathematical procedures (Alibali, Knuth, Hattikudur, McNeil, & 

Stephens, 2007; McNeil, 2014). For example, if a child understands that the subtraction sign 

means subtract two numbers; a deeper understanding would involve knowing that a number 

subtracted by itself is always zero. Once the key concepts are understood, children are able to 

view mathematics as a coherent whole instead of a multitude of unrelated concepts (Crooks & 

Alibali, 2014). 

Children often face a barrier in learning due to misunderstanding mathematical concepts; 

this reveals a need to develop a robust understanding of mathematical concepts on a conceptual-

basis (McNeil 2014; Robinson & Dubé, 2009a). If the child does not understand the concepts 

properly they can overgeneralize the knowledge to problems, such as multi-digit subtraction 

(e.g., 45 – 89; McNeil, 2014) and additive inversion problems (e.g., b + a − a; McGowen & Tall, 

2013). The effect of a narrow knowledge base being integrated into a child’s cognitive 
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framework is that it is persistent and will interfere with subsequent learning (Byrd, McNeil, 

Chesney, & Matthews, 2015). Children are able to develop a stronger understanding of 

mathematical relations through developing a robust conceptual knowledge and an understanding 

of concepts, such as inversion (Robinson & Dubé, 2009a), associativity (Dubé, 2014), and 

equivalence (Crooks & Alibali, 2014). 

Inversion 

The inversion concept has been extensively researched in the area of addition and 

subtraction (e.g., a + b – b; Bryant, Christie, & Rendu, 1999; Dubé & Robinson, 2010b; 

Robinson & Dubé, 2012; Robinson & Dubé, 2009a; Sherman & Bisanz, 2007). Although there is 

less research into the understanding of the inversion concept in the area of multiplication and 

division, the research is still substantial (e.g., d × e ÷ e; Dubé, 2014; Dubé & Robinson, 2010a; 

Robinson & Dubé, 2009a). If an individual understands the inversion concept, then they are able 

to respond with the reasoning that mathematical calculations are not required because the answer 

to 596 + 8945 − 8945 is 596 due to 8945 − 8945 having an inverse relationship (Dubé, 2014; 

Dubé & Robinson, 2010a, 2010b; Starkey & Gelman, 1982). 

Robinson and LeFevre (2012) have identified three problem solving strategies for 

inversion problems: the inversion shortcut use, the left-to-right method, or the negation method. 

These strategies apply to additive and multiplicative inversion. Inversion shortcut use requires 

the child to understand that because the inverse relationship is present no calculations are 

required. The left-to-right method occurs when a child does not apply an understanding that an 

inverse relationship is present. This involves solving the equation from the left-most operation to 

the last. For example, the student calculates a + b then subtracts b from the sum of a + b. 

Negation occurs when a student cannot foresee the inverse relationship and proceeds to calculate 
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a + b; however, when the child sees the next procedure requires subtracting the same number the 

student realizes there is an inverse relationship and does no further calculation. The negation 

method is a possible precursor for both multiplicative inversion (Dubé, 2014) and additive 

inversion (Siegler & Stern, 1998). 

The progression of inversion has been studied from early childhood into adulthood. 

Inversion is seen in children as young as 3-year olds through to 4-year olds, who are able to 

manipulate physical objects (e.g., blocks), in an additive manner, to solve inversion problems 

(Sherman & Bisanz, 2007). Children, 5-year olds throught to 8-year olds, demonstrated a strong 

understanding of additive inversion. Children, 6-year olds through to 8-year olds, performed 

different strategies when solving additive inversion problems compared to standard problems. 

Thus, children in this age group understood to use an inversion shortcut for the additive inversion 

problems (Bryant, Christie, & Rendu, 1999). By Grade 2 to Grade 4, students are able to apply 

the inversion concept to addition and subtraction problems. The understanding of the inversion 

concept remains stable from Grade 2 to Grade 4 (Robinson & Dubé, 2009b). 

Robinson and Dubé (2009a) tested Grade 6 students repeatedly on inversion use with 

multiplication and division. They found that only a third of the participants used the inversion 

shortcut exclusively by the end of the study and over a third of the students failed to ever use the 

inversion shortcut. Dubé (2014) tested grade 7, 9, and 11 students on inversion with 

multiplication and division. Grade 7 students used the negation method; however, Grade 9 

students used the inversion shortcut and other conceptually-based strategies. Through Grade 6 to 

Grade 8, the understanding of multiplicative inversion remains stable with no increase in 

development (Robinson & Dubé, 2009a; Dubé, 2014).  Dubé (2014) found Grades 7-9 were still 
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developing their understanding of inversion, with Grade 9 scores approaching the same level as 

adult scores for multiplicative inversion. 

Associativity 

The associativity concept requires the understanding that an equation can be solved in 

more ways than the left-to-right method. Robinson and LeFevre (2012) have identified two 

problem solving strategies for associativity: the associativity shortcut use or the left-to-right 

method. The associativity shortcut use can be applied on addition/subtraction problems (e.g., a + 

b – c; Robinson & Dubé, 2009b) and multiplication/division problems (e.g., d × e ÷ f; Dubé & 

Robinson, 2010a). For example, 78 + 899 – 799; when using the associativity strategy, the 

participant can understand that it is easier to perform 899 – 799 = 100 + 78 to obtain the answer. 

The left-to-right strategy would require following the process 78 + 899 = 977 – 799 to obtain the 

answer. 

The inversion concept has a possible precursor of the negation method to increase the 

understanding of inversion (Dubé, 2014; Siegler & Stern, 1998); however, for associativity such 

a precursor has yet to be found. This lack of a precursor could explain why development of 

associativity is slower than that of the inversion concept (Dubé, 2014). An alternative 

explanation, for the slow development of the understanding of the associativity concept, is that it 

is easier to identity the need for inversion shortcut when two identical numbers are present 

(Robinson & LeFevre, 2012). For associativity, it depends on the child’s level of understanding 

of the additive mathematical operations (Dubé & Robinson, 2010a) or multiplicative 

mathematical operations (Robinson & Ninowski, 2003). 

Relatively less research has looked into the development of the associativity concept 

when compared to the inversion concept (Robinson, Ninowski, & Gray, 2006). In Grade 2 to 
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Grade 4 students, the associativity concept is used only one fifth of the time when solving 

additive problems (Robinson & Dubé, 2009b). In Grade 6 to Grade 8, the associativity concept is 

applied on less than a fifth of additive problems (Robinson et al., 2006) and one tenth of the 

multiplicative problems (Robinson & LeFevre, 2012).  

Dubé (2014) studied the adolescence stage (grades 7, 9, 11) and found it to be a crucial 

period of development for understanding conceptually-based strategies. Adolescents develop a 

better understanding of multiplicative concepts through understanding the meaning of the 

equation over the sequences of steps to solve the equation.  Dubé (2014) also found that by 

Grade 11, multiplicative associatively scores approached the same level as adult scores. By 

adulthood, the associativity strategy was used to solve 58% of addition/subtraction problems 

(Robinson & Ninowski, 2003) and 44% of multiplication/division problems (Dubé & Robinson, 

2010a; Robinson & Ninowski, 2003).  

Equivalence 

Mathematical equivalence is a flexible and inclusive term. The term mathematical 

equivalence refers to the symbolic form of a mathematical sentence with addition (e.g., a + b + c 

= a +_; Kieran, 1981; McNeil, 2008) and multiplication (e.g., d × e × f = d × _; Kieran, 1981). 

Equivalence requires the understanding that both sides of the equal sign (=) need to have the 

same total value (e.g., 7 × 3 × 5 = 7 × 15). A robust understanding of this concept requires 

knowing that there are a variety of equal and interchangeable ways an equation can be expressed 

(Kieran, 1981; Knuth, Stephens, McNeil, & Alibali, 2006). The use of conceptual knowledge 

rather than procedural knowledge is required to understand the equivalence concept. Children 

who struggle with equivalence tend to depend on the wrong form of knowledge (McNeil, 2008). 
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Understanding equivalence means that an individual would understand the relational 

meaning of the equal sign (Knuth, Stephens, McNeil, & Alibali, 2006).  Non-equivalence is a 

term used by Kieran (1981) to distinguish between the application of equivalence or not. The 

non-equivalence understanding is based on observations that individuals who do not understand 

the equivalence sign will add all the numbers together (McNeil, 2005; McNeil & Alibali, 2005). 

If the left-to-right method is used then the individual would find the answer for the left side of 

the equation then take away the value on the right side of the equation to solve the problem 

(McNeil & Alibali, 2005).  

Children who understand equivalence are able to recognize a relationship between the 

different sides of the equation before attempting any calculations (Jacobs, Franke, Carpenter, 

Levi, & Battery, 2007). Children who do not understand mathematical equivalence view the 

equal sign as an operational signal to perform a calculation in order to find an answer (Kieran, 

1981; Mathews & Rittle-Johnson, 2009; McNeil & Alibali, 2005). Weak understanding of 

equivalence will greatly hinder their ability to learn more complex mathematics, such as early 

algebra (Byrd, McNeil, Chesney, & Matthews, 2015; McNeil, 2008). 

Currently there is no research on how equivalence problems with multiplication are 

solved. The following studies looked at the development of additive equivalence: Grade 2 

students were able to learn equivalence by decreasing their reliance on operational patterns 

(McNeil, Fyfe, & Dunwiddie, 2015). Grade 3 to 5 students showed poor performance on 

equivalence; although, their understanding of equivalence did not affect their arithmetic 

performance (Byrd, McNeil, Chesney, & Mathews, 2015). Research shows that poor 

understanding of equivalence is not due to a lack of ability to grasp the concept, but an error in 

the type of instruction being provided (Jacobs, Franke, Carpenter, Levi, & Battey, 2007; McNeil, 
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2007; Saenz-Ludlow & Walgamuth, 1998). Grade 5 and Grade 6 students were able to have a 

basic relational view of equivalence in which they could compare the two sides of the equation 

(Rittle-Johnson, Mathews, Taylor, & McEldoon, 2011). Knuth and colleagues (2006) were able 

to find a positive correlation between middle school students (Grades 6, 7, 8) understanding of 

equivalence and their ability to solve basic algebraic equations (e.g., 4m + 10 = 70). Alibali, 

Knuth, Hattikudur, McNeil, and Stephens (2007) studied Grade 6 to Grade 8 students and found 

that the understanding of equivalence was a strong predictor of performance on basic algebraic 

problems. The development of understanding mathematical concepts may have significant 

individual differences, such as working memory. 

Working Memory 

Research has also shown that working memory is related to children's understanding of 

arithmetic concepts; a greater working memory was positively correlated with increased 

understanding of the inversion concept (Dubé & Robinson, 2010a; Lukowski, Soden, Hart, 

Thompson, Kovas, & Petrill, 2014). Dubé and Robinson (2010a) found that working memory is 

involved in directing attention and the attention must be directed to the right-most operation for 

the inversion shortcut to be used. For the equivalence concept, McNeil (2007) suggests that the 

understanding of mathematical concepts is not due to increases in the cognitive system, such as 

working memory capacity. An alternative explanation is that it is the interactions among 

cognitive structures, cognitive processes, and features of the external environment that have the 

most influence. This explanation suggests that working memory has a stronger correlation to 

accuracy (the ability to solve the problem) than shortcut use (the ability to see the need and apply 

problem solving strategies). In support, Weijer-Bergsma, Kroesbergen, and Luit (2014) found 

that working memory could be correlated with the ability to perform accurately on additive and 
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multiplicative problems (e.g., 7 × 10, 27 + 59). This therory can be applied to mathematical 

concepts, such as equivalence and associativity, that requires computation. 

Specific Aims/Hypotheses 

The purpose of this study is to determine the level of understanding students have for 

mathematical concepts and possible individual factors that could impact that understanding. The 

first hypothesis predicts higher performance scores for the inversion concept, followed by the 

associativity concept, then the equivalence concept. Research shows that an understanding of 

inversion is developed before associativity (Dubé, 2014) and that the inversion concept is used 

more frequently than associativity (Robinson & Dubé, 2009a). Research suggests that 

equivalence can be understood by Grade 2 (McNeil, Fyfe, & Dunwiddie, 2015) but declines as 

formal education increases (Jacobs, Franke, Carpenter, Levi, & Battey, 2007; McNeil, 2007); 

therefore, equivalence is expected to score lower than associativity. 

The second hypothesis is that the performance for both accuracy and shortcut use on 

additive problems will be higher than multiplicative, for all types of problems (inversion, 

associativity, equivalence). Multiplicative problems are more advanced operations than additive 

problems with previous research supporting the differences in performance for inversion and 

associativity (Dubé, 2014; Dubé & Robinson, 2010a). Currently there is no research involving 

equivalence and multiplication; however, it is expected to score higher on additive problems 

compared to multiplicative problems. 

The third hypothesis is that there will be a significant correlation between working 

memory and accuracy scores. For accuracy it is expected for working memory scores to increase 

as accuracy scores increase for all problem types, due to the relationship between mathematical 

computation and working memory (Weijer-Bergsma, Kroesbergen, & Luit, 2014). For shortcut 
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use, there are multiple studies that support a positive correlation for inversion, where shortcut use 

increases as working memory increases (Dubé & Robinson, 2010; Lukowski, Soden, Hart, 

Thompson, Kovas, & Petrill, 2014). Shortcut use is not expected to be significantly correlated 

equivalence, due to the research supporting alternate explanations for equivalence (McNeil, 

2007), and associativity, due to the relationship between working memory and computation 

(Weijer-Bergsma, Kroesbergen, & Luit, 2014). 

Method 

Participants 

The participants are a part of a longitudinal study. The participants were drawn from a 

large Canadian city and were predominately Caucasian and from middle social economic status 

backgrounds. Based on previous research, the sample size n = 50 provided sufficient power for 

the purposes of this study. In this study, 50 participants (26 female, 24 male) were recruited from 

Grade 4. The participants’ mean age was 8.86 (SD = 0.351). 

Materials and Procedure 

The study consisted of two sessions. The first session involved solving 12 three-term 

additive problems (four inversion problems, a + b – b, four associativity problems a + b – c, and 

four equivalence problems, a + b + c = a + _; Appendix A) and 12 multiplicative problems (four 

inversion problems, a × b ÷ b, four associativity problems a × b ÷ c, and four equivalence 

problems, a × b × c = a × _; Appendix B). For the division part of the associativity problems, the 

problems were designed to result in a whole number so that the problem solving strategy could 

not result in a fraction (e.g., 6 ÷ 2). The second session was used to measure working memory. 

This session was performed using a working memory test battery using an iPad. The battery 
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involved forward and backward digit and forward and backward visual spans using the 

Neuromates Spans Test app. 

Session 1. The first session was presented on a laptop using E-prime software to record 

the solution time and accuracy of the data. Before beginning the session, parental and participant 

consent was obtained. Then the participant was provided with a series of practice problems on 

addition (a + b), subtraction (a – b), multiplication (a × b), and division (a ÷ b). The participant 

then began the session: The participant was presented with a mathematical problem and pressed 

the spacebar on the keyboard when they had solved the problem. The accuracy and response time 

were collected. Then the participant was asked to give a verbal report on how they had solved the 

problem. The problem solving strategies and accuracy of answers were recorded through a 

written report and the video recording of the session. Video recording was used to allow the 

problem solving strategies to be coded later and to allow coding reliability to be calculated. The 

problem solving strategies were coded as the inversion shortcut use, the associativity shortcut 

use, the equivalence shortcut use, the left-to-right method, the negation method, no 

understanding of equivalence, or other. The session took 15 to 20 minutes to complete. 

Session 2. When the participant began the second session, they followed the following 

instructions: For the digit span, a series of digits were read out loud to the participant. For the 

forward digit span the participant was asked to repeat the numbers as they were presented. The 

backwards digit task required the participant to say the digits in the reverse order. For the visual 

span, the participant watched a finger in the app point to a sequence of blocks. For the forward 

visual span the participant followed the same sequence. In the backwards span, the participant 

followed the reverse of the sequence. All tasks were continued until the participant made two 

consecutive mistakes in one span. This session was not video recorded because the iPad was able 
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to collect the number of items participants were able to remember. The session took 

approximately 10 minutes to complete. 

Measures 

The problems measured were additive inversion, additive associativity, additive 

equivalence, multiplicative inversion, multiplicative associativity, and multiplicative 

equivalence. The answer provided by the participant was coded as correct or incorrect. The 

percentage of accurate responses is based on how many accurate responses were provided per 

problem.  The problem solving strategies reported by the participant was coded as a percentage 

of if a shortcut was used for the problem. For working memory scores, the scores from forward/ 

backward digit and forward/backward visual spans were collapsed into a total working memory 

score. 

Results 

All the reported effects were collapsed across gender due to gender not providing any 

statistically significant differences. 

Accuracy 

A 3 (problem type: inversion, associativity, equivalence) x 2 (operation: additive, 

multiplicative) repeated measures analysis of variance (ANOVA) was conducted on the percent 

of accurate responses. There was a main effect for Problem Type, F (2, 98) = 121.92, p < 0.001, 

ηp² = 0.71. According to the pairwise comparison, there were statistically significant differences 

between inversion (M = 55.25), associativity (M = 39.25), and equivalence (M = 10.50), as 

shown in Figure 1. Accuracy was highest on inversion problems followed by the associativity 

problems then by the equivalence problems. There was a main effect for Operation F (1, 49) = 
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105.68, p < 0.001, ηp² = 0.68. Accuracy was higher on the additive problems (M = 49.167) when 

compared to the multiplicative (M = 20.833), as shown in Figure 1. 

 

Figure 1. Accuracy of participant responses’ on version of additive and multiplicative problems 

for inversion, associativity, and equivalence. 

These main effects were qualified by an interaction between Problem Type and 

Operation, F (2, 98) = 25.35, p < 0.001, ηp² = 0.341. Students were more accurate on 

additive inversion problems (M = 78.00) compared to multiplicative inversion (M = 32.50). 

This was also true for the additive associativity problems (M = 55.50) compared to 

multiplicative associativity problems (M = 23.00) and additive equivalence problems (M = 

14.00) compared to multiplicative equivalence problems (M = 7.00). 

Shortcut Use 

A 3 (problem type: inversion, associativity, equivalence) x 2 (operation: additive, 

multiplicative) repeated measures ANOVA was conducted on the percent of shortcut use. There 

was a main effect for Problem Type, F (2, 98) = 12.52, p < 0.001, ηp² = 0.20. According to the 
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pairwise comparisons, there was a statistically significant difference between inversion (M = 

25.50), associativity (M = 12.00), and equivalence (M = 39.25, MSE=5.85), as seen in Figure 2. 

The shortcut use was highest in equivalence problems. The shortcut was lower in inversion 

problems followed by the shortcut use on the associativity problems. There was a main effect for 

Operation F (1, 49) = 29.23, p < 0.001, ηp² = 0.37. The shortcut use was higher in additive 

problems (M=33.33, MSE=3.03) compared to multiplicative problems (M=17.83, MSE=2.75), as 

seen in Figure 2. 

 

Figure 2. Percentage of participant shortcut use on version of additive and multiplicative 

problems for inversion, associativity, and equivalence. 

These main effects were qualified by an interaction between Problem Type and 

Operation, F (2, 98) =19.72, p < 0.01, ηp² = 0.287. Shortcut use was higher for additive inversion 

problems (M = 42.00) than multiplicative (M = 9.00). This was also true for the additive 

associativity problems (M = 21.00) than multiplicative (M = 3.00). However, the additive 

equivalence problems (M = 37.00) were very close to the multiplicative equivalence (M = 41.50). 
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Correlations 

The scores for verbal and visual working memory were collapsed into a total working 

memory score (M =18.58, SD = 2.37). A correlation analysis was conducted using the variables 

of total working memory, as well as, accuracy and shortcut use, for all problem types and 

operations. All results are positive correlations; when one factor increases, the corresponding 

factor increases, as seen in Table 1. As the total working memory score increased the following 

measures increased: accuracy on additive inversion problems, accuracy on additive associativity, 

accuracy on multiplicative associativity problems, and accuracy on multiplicative equivalence 

problems.  

When looking into correlations between problem types, there was a strong positive 

correlation between measures of inversion and measures of associativity; the measures of 

inversion increased as measures of associativity increased. For the measure of equivalence the 

only correlation between inversion and equivalence was as accuracy on multiplicative inversion 

increased there was an increase in all measures of equivalence. Comparing equivalence and 

associativity, as the accuracy on additive equivalence increased both the accuracy on additive 

and multiplicative associativity and shortcut use for multiplicative associativity increased.  

The relationship between accuracy measures and shortcut use were observed. Accuracy 

on additive versions of inversion, associativity, and equivalence increased as the shortcut use for 

the corresponding problem types increased. Accuracy for both multiplicative inversion and 

equivalence correlated to shortcut use for the corresponding problem types. For multiplicative 

associativity there were no significant correlations between accuracy and shortcut use.   

Shortcut use for multiplicative equivalence was positively correlated with accuracy on 

additive equivalence, accuracy on multiplicative associativity, shortcut use for additive 
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equivalence. As shortcut use increased for multiplicative associativity so did accuracy on 

additive equivalence problems and a shortcut use for multiplicative inversion. Shortcut use for 

multiplicative associativity increased as accuracy on additive equivalence and shortcut use on 

multiplicative inversion increased. Factors that correlated to shortcut use for multiplicative 

inversion were accuracy on multiplicative associativity.  

Discussion 

The study tested three hypotheses. The first hypothesis stated that inversion problems 

would score higher highest overall, followed by accuracy problems, then equivalence problems. 

This statement held true on the measure of accuracy. The study found that for accuracy on both 

additive and multiplicative problems there were higher performance scores for the inversion 

concept, followed by the associativity concept, then the equivalence concept. These results were 

supported by current research on the inversion and associativity concepts (Dubé, 2014; Robinson 

& Dubé, 2009a). A possible explanation for associativity having higher accuracy compared to 

equivalence is that the understanding of associativity is still developing at this age range 

(Robinson & Dubé, 2009b); however, the understanding of equivalence is still declining (Jacobs, 

Franke, Carpenter, Levi, & Battey, 2007). There is a strong need for change in the teaching 

methods of equivalence; if these changes were implemented there is a strong possibility that 

equivalence would have better performance than associativity. 

For shortcut use, on the additive versions, inversion scored higher than equivalence and 

equivalence scored higher than associativity. When studying the inversion concept there is a 

suggestion that it is easier to solve inversion problems due to two identical numbers being 

present (Robinson & LeFevre, 2012). If this is the case, then the theory could be expanded onto 

equivalence because the formulas a + b + c = a +_ and d × e × f = d × _ both contain an identical 
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number in the same position on each side of the equation. This could be a possible explanation 

for equivalence shortcut use being more prominent than associativity shortcut use. If an 

individual does not understand the concept of equivalence (Mathews & Rittle-Johnson, 2009; 

McNeil & Alibali, 2005); however, then they would not be able to apply the shortcut for 

equivalence but could apply the shortcut for inversion. 

The second hypothesis predicted that for accuracy and shortcut use for all problem types, 

performance on the additive problems would be higher than the multiplicative problems. For the 

multiplicative problems the scores for inversion and associativity were lower compared to the 

scores for additive problems. For equivalence the scores were higher compared to the additive 

problems. The difference between the additive and multiplicative problems is that shortcut use in 

equivalence alone increases. For inversion and associativity there is not transfer effect between 

additive problems and multiplicative problems (Robinson, & Dubé, 2009a). The results strongly 

suggest that the equivalence shortcut use is transferable across operation types.  

As seen through the correlations, there was a significant difference between the 

relationship between inversion and associativity, compared to the relationship between 

equivalence and both inversion and associativity. This suggests that the mathematical concept of 

equivalence was seen differently than the other mathematical concepts. McNeil (2007) reported 

that for students to solve equivalence problems their current representation of operational 

patterns has to be interrupted. This was seen when many students were confused by the structure 

of the equation for equivalence. Given that the students were given four additive equivalence 

problems it may have provided enough time for the students to ignore their previous knowledge 

and see a need for a shortcut to solve the equation.  If the students had been able to discover this 
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need in the additive problems then they could have better applied it to the multiplicative 

problems, due to the positive transfer of knowledge. 

The third hypothesis predicted that as working memory increased, performance on 

accuracy for all problem types would increase and performance on inversion shortcut use would 

increase. The results showed that as the working memory score increased, accuracy increased for 

the following measures: additive inversion, additive and multiplicative associativity, and 

multiplicative equivalence.  For shortcut use, the results for associativity and equivalence were 

as expected. The results for inversion were different than the current research suggests. Weijer-

Bergsma, Kroesbergen, and Luit (2014) found that visual-spatial and verbal working memory 

were equally strong predictors of performance in Grade 4 students on accuracy. These results 

suggest that working memory was more strongly correlated to the ability of computation rather 

than the ability to identify a need for shortcut use. 

The current limitations of the study were that the students all came from the same school. 

There is a possibility that the teaching methods used in this school are unique. There were 

multiple classes with different teachers for each and the results were supported by current 

research; therefore, this limitation is minimal and can be overcome by future studies. Another 

limitation was the sample size used in the study. Although the size was adequate for the current 

study, this is the first phase of a three-year longitudinal study and the potential for attrition can 

affect the future phases.  

The findings of this research reveal a need to change the current teaching methods of 

equivalence. This is not the first study to suggest the need for change (Jacobs, Franke, Carpenter, 

Levi, & Battey, 2007; McNeil, 2007; Saenz-Ludlow & Walgamuth, 1998); however, this study 

clearly portrays the drastic misunderstanding of the equivalence concept compared to concepts of 



MATHEMATICAL CONCEPTS 25 

inversion and associativity. An important contribution this study provides is the distinction 

between the accuracy and shortcut use of equivalence. If properly taught, equivalence would 

have higher accuracy than associativity. Another important implication of the study is the need 

for comprehensive research that looks at multiple mathematical concepts with different 

operational versions. It was through this comprehensive research phenomenon such as a transfer 

effect for equivalence was able to be found.  

Conclusion 

This research provides insight into the mathematic concepts studied and contributes to the 

growing body of research surrounding inversion, associativity, and equivalence. This research 

also highlighted the correlation between working memory and accuracy in mathematical problem 

solving.  The ability to understand how these mathematical concepts develop at different stages 

of development will allow for more accurate teaching methods to be employed.  
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Tables 

Table 1. Pearson Correlation between total working memory (TWM), accuracy on additive 

inversion (AAI), accuracy on additive associativity (AAA), accuracy on additive 

equivalence(AAE), accuracy on multiplicative inversion (AMI), accuracy on multiplicative 

associativity (AMA), accuracy on multiplicative equivalence (AME), shortcut use on additive 

inversion (SAI), shortcut use on additive associativity (SAA), shortcut use on additive 

equivalence (SAE), shortcut use on multiplicative inversion (SMI), shortcut use on multiplicative 

associativity (SMA), and shortcut use on multiplicative equivalence (SME). 

* statistically significant at p < 0.05 

**statistically significant at p <0.01 
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Appendix A 

Addition-Subtraction Problem Set 
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   F2016 

Study Time 1/6 

 Add/Sub 
 Date: ____________ 

Subject #:  _____  Gender   M     F Age: _____  Birthday: _________ 

 

Expt’er:  _____  School: ______  

   Answer VR 

 

 

 

1. 2 + 5 - 5 = ___ 

 

 

2. 5 + 22 + 3 = 5 + ___ 

 

 

3. 3 + 9 - 6 = ___ 

 

 

4. 4 + 2 + 7 = 4 + ___ 

 

 

5. 8 + 26 - 26 = ___ 

 

 

6. 2 + 29 - 27 = ___ 

 

 

7. 6 + 3 + 5 = 6 + ___ 

 

 

8. 3 + 24 - 24 = ___ 

 

 

9. 7 + 25 – 22 =  ___ 

 

 

10. 6 + 3 - 3 = ___ 

 

 

11. 8 + 21 + 6 = 8 + ___ 

 

 

12. 5 + 4 - 2 = ___ 
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Appendix B 

Multiplication-Division Problem Set 
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   Fall 2016 Time 1/6  Mult/Div  Date: ____________ 
Subject #:  _____  Gender   M     F Age: _____  Birthday: _________ 
 
Expt’er:  _____  School: ______  
   Answer VR 
 
 
 
1. 5 x 2 x 3 = 5 x ___ 
 
 
2. 7 x 4 ÷ 4 = ___ 
 
 
3. 5 x 6 ÷ 2 = ___ 
 
 
4. 3 x 5 ÷ 5 =  ___ 
 
 
5. 4 x 6 ÷ 3 = ___ 
 
 
6. 6 x 5 x 3 = 6 x ___ 
 
 
7. 7 x 9 ÷ 3 = ___ 
 
 
8. 6 x 2 ÷ 2 = ___ 
 
 
9. 4 x 8 x 2 = 4 x ___ 
 
 
10. 8 x 9 ÷ 9 = ___ 
 
 
11. 3 x 4 x 7 = 3 x ___ 
 
 
12. 2 x 8 ÷ 4 = ___ 
 
 

 

 


