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Abstract. Card sorting was used to gather information about facial
similarity judgments. A group of raters put a set of facial photos into an
unrestricted number of different piles according to each rater’s judgment
of similarity. This paper proposes a linear model for 3-way analysis of
similarity. An overall rating function is a weighted linear combination
of ratings from individual raters. A pair of photos is considered to be
similar, dissimilar, or divided, respectively, if the overall rating function
is greater than or equal to a certain threshold, is less than or equal
to another threshold, or is between the two thresholds. The proposed
framework for 3-way analysis of similarity is complementary to studies
of similarity based on features of photos.
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1 Introduction

A basic idea of three-way decisions (3WD) is thinking and problem solving in
threes [15]. According to a trisecting-and-acting model of 3WD, we divide a
whole into three parts and devise strategies to process the three parts [14, 15].
While each part captures a particular aspect of the whole or consists of elements
of particular interest, their integration reflects the whole. By thinking in threes,
3WD may provide a simplification of processing the whole through processing
three parts. The theory of 3WD has been applied in many fields [6–9, 13, 16].

In a previous paper [3], we presented some preliminary results on applying
the 3WD theory to a card sorting problem. Card sorting has been successfully
applied to gain insight about the structure of information in different contexts [1,
2, 10, 11]. For our card sorting problem, we have a set of facial photos and a group
of raters. Each rater was instructed to sort similar photos into the same pile. A
pair of photos is similar if both photos are sorted into the same pile. A pair of
photos is dissimilar if the photos are sorted into different piles. An analysis of
rating results shows that there is a large variance amongst raters in terms of the
number of piles and the sizes of those piles (see Figure 1).
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To arrive at an overall rating of similarity of photos by combining judgments
from individual raters, it seems unrealistic to consider only two values for each
rater, i.e., similar or dissimilar. Following the philosophy of 3WD, we take three
values: a pair of photos is considered to be similar if the group agrees on their
similarity at or above a certain degree and to be dissimilar if the group agrees
on their similarity at or below another degree; otherwise, the pair is considered
to be divided or undecided.

In our earlier paper [3], we only considered a simple function to synthesize
ratings from a group of raters. The main objective of the current study is to
propose a general 3-way framework for analyzing facial similarity. We suggest
and study a more general function for pooling together individual ratings, in
order to arrive at an overall 3-way rating of similar, dissimilar, and divided. The
results of such a 3-way analysis would be useful for an in-depth understanding
of and further applications of group ratings.

The purpose of this work is to understand what, if any, differences can be
reliably extracted from the card sorting data so that raters who may define
similarity in different ways can be identified, classified, and perhaps quantified.
Three-way classification of similarity may be viewed as a first step towards a
more comprehensive model of similarity analysis.

Once we have a 3-way classification, we can attempt to extract features that
contribute to the similarity and dissimilarity of photos. A more in-depth analy-
sis of undecided photos may also reveal possible reasons that raters are divided.
Similarity analysis based on card sorting by people is complementary to sim-
ilarity analysis based on photo features. It will be interesting to compare and
integrate the two types of approaches. For example, based on photo features, we
may be able to ask raters to sort a sample set of photos, rather than the entire
set. Alternatively, card sorting by people may provide insights into the design
of a feature-based similarity measure. Results from the present study serves as
a basis for these future investigations on similarity.

2 A Simple Linear Model of Three-Way Analysis

A group of raters (N = 25) were asked to sort a set of facial photographs
(M = 356) into an unrestricted number of piles based on how they judged
similarity of the photos. Through this activity, each rater contributed to the
assessment of the similarity amongst the photos. It is not possible for any rater
to directly consider the similarity of all

(
356
2

)
= 63, 190 pairs of photos. Data

about which comparisons were made directly (between the photo being sorted
and the top photo on each pile) and which indirectly was not recorded. Therefore,
a means of analysing the similarity judgements is sought in order to reduce the
number of photos under consideration in further studies. If there is more than one
strategy being used by different raters to judge similarity, we seek to focus our
efforts to understand these different strategies on the photos about which there
is possibly disagreement, those photo pairs whose similarity score is between the
two thresholds, α and β.
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An algorithmic approach such as Eigenfaces, popularized by Turk and Pent-
land [12], provides a feature-based calculation of facial similarity. In contrast, our
card sorting approach to similarity attempts to understand the human percep-
tion of facial similarity. Ideally, the piles made by each rater represent equivalence
classes. More pragmatically, the boundaries between the piles are likely not so
clear. Intuitively, the larger the pile the more difficult it is to maintain the same
high threshold for inclusion of photos in that pile.

Raters were instructed to not create any pile with only a single photo, be-
cause such a pile conveys no similarity information, only that such a photo is
unrelated to all others. A small number of piles with single photos were removed
from further consideration. Also, during data entry, a small number of photos
were not recorded. Therefore, not all raters made judgements based on all 356
photographs. Table 1 presents the total number of photos considered by each
rater.

The stimuli used in the card sorting activity combined two sets of facial
photos: one set of 178 Caucasian male subjects and the other set of 178 First
Nations male subjects. All photos are identified by a 4 digit code, which is a
departure from earlier publications describing the card sorting study (see Hept-
ing et al. [4, 5]). The first digit indicates the stimulus set (1: Caucasian, 2: First
Nations) followed by 3 digits to indicate the sequence number in that stimulus
set (0-177).

Let us begin with an expression for the similarity, S, of two photos A and B,
according to a rater, r, who has made nr piles P1, . . . , Pnr

. For each rater, we
can obtain a binary interpretation of similarity in terms of piles, namely, photos
in the same pile are similar and photos in different piles are dissimilar.

Let P denotes the set of photos. Formally, we define a function sr : P×P −→
{0, 1} for rater r as follows:

sr(A,B) =

{
1, A and B are in the same pile,

0, A and B are in two different piles.
(1)

In order to obtain an overall evaluation of similarity, we can synthesize ratings
from all raters. A simple fusion function is a summation of ratings of individual
raters, that is,

S(A,B) =
1

N

N∑
r=1

sr(A,B). (2)

It is simply the average of the similarity values given by individual raters. We
have 0 ≤ S(A,B) ≤ 1, S(A,B) = 0 if all raters put A and B in different piles,
and S(A,B) = 1 if all raters put A and B in the same pile.

Raters may provide different classifications of photos, in terms of piles. It
seems reasonable to expect that a pair of photos is similar if a majority of raters
view the pair as similar and dissimilar if a majority of raters view the pair as
dissimilar. If the raters are divided in the middle, we introduce the case of divided
ratings. In this way, we have a 3-way interpretation of similarity. Given a pair
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Rater Mr : number of Identifiers of photos
photos considered not considered

1 356
2 356
3 356
4 356
5 356
6 352 1063, 2043, 2095, 2170
7 353 1085, 2007, 2131
8 354 1164, 2001
9 356
10 356
11 352 1067, 2002, 2005, 2036
12 356
13 356
14 355 2133
15 350 1018, 1050, 1067, 2055, 2133, 2157
16 356
17 356
18 356
19 356
20 356
21 355 2133
22 356
23 356
24 356
25 355 2175

Table 1. The number of photos, Mr, that each rater considered. As described in
Section 2, every rater may not have considered all 356 photos. The photo identifiers
listed in the third column are as described in Section 2. Of the photos not considered,
only 2133 and 1067 appear more than once (respectively 3 times and 2 times).

of thresholds (α, β) with 0 ≤ β < α ≤ 1, a 3-way rating of similarity is given by:

S(A,B) =


Dissimilar, S(A,B) ≤ β,
Similar, S(A,B) ≥ α,
Divided, β < S(A,B) < α.

(3)

The pair of thresholds reflect our confidence in deciding similarity and dissim-
ilarity. When α approaches 1, we become more confident about similarity, and
when β approaches 0, we become more confident about dissimilarity. In previous
studies, we used β = 0.4 and α = 0.6.
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3 A Generalized Linear Model of 3-Way Analysis

This section looks at the large variance amongst individual raters and suggests a
linear function for combining ratings. The linear function takes into consideration
the variance amongst the raters.

3.1 Variance of Raters

From the card sorting data, we have two important observations: that the num-
bers of piles made by different raters are very different (see Figure 1(a)), and that
the sizes of piles made by each rater differ to a large extent (See Figure 1(b)).
The expected inverse relationship between Figure 1(a) and Figure 1(b) holds in
general. In Figure 1(c), the histogram of the sizes of piles for all raters illustrates
that small pile sizes clearly predominate. It suggests that similarity judgments
from different raters are of different strengths.

3.2 A Linear Function of Fusion

The analysis of last subsection show two types of variance amongst raters, one
is the number of piles and the other is the sizes of piles. These two types of
difference affect the strength of similarity. The simple linear function (2) does
not reflect these differences. Accordingly, we introduce a generalized linear model
to account for both. More specifically, we propose the following linear function:

S(A,B) =
1

N

N∑
r=1

wr · sr(A,B). (4)

The weights, wr, reflect the differences of individual raters. The similarity func-
tion sr is generalised as sr : P × P −→ [0, 1], from the set {0, 1} to the closed
unit interval [0, 1]. The values 0 and 1 indicate full dissimilarity and full similar-
ity, respectively. A value between 0 and 1 indicates partial similarity and partial
dissimilarity. The generalised function sr reflects the differences in pile size.

For the weights, we assume that a rater who made more of piles, and con-
sequently, with smaller pile sizes is more informative and confident in assessing
similarity. This rater’s judgements should be assigned a larger weight. For the
similarity function, we assume that pairs in a pile of smaller size are more similar
than pairs in piles of larger size. These two assumptions are in fact two different
forms of an underlying assumption that, when deciding different piles, a rater
implicitly uses a threshold on a perceived degree of similarity. A pair of photos
is put into the same pile if the similarity is above the threshold.

3.3 Determining the Weights

Without considering the number of photos in each of the piles that a rater made,
a first attempt to quantify the differences between raters can be made by looking
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Fig. 1. Raters and the piles they made, organized by increasing number of piles. In
(a), the number of piles made by each rater is plotted on the vertical axis. In (b), the
sizes of the piles made by each rater is summarized with a boxplot, where the median
pile size for each rater is indicated by the bold line. The expected inverse relationship
between number of piles and sizes of piles per rater holds in general, but with plenty of
variability. In (c), the histogram summarizes the sizes of piles for all raters and small
pile sizes clearly predominate.
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at the number of piles, nr, made by rater r. We assume that the more piles made
by a rater, the more reliable the rater’s ratings. This suggests that any positive
monotonic increasing function of nr will serve the purpose.

A very simple weighting function, based on the number of piles that each
rater made, is given by:

w1r = 1− 1

nr
. (5)

The function has the minimum value of 0 when nr = 1, that is, the rater does not
do any rating by putting all photo into one pile. As the number of piles increases,
the weight increases and approaches 1. The maximum value of 1−1/M is achieved
when nr = M , where M is the number of photos. In this case, each pile only
contain a single photo. The rater considers a photo to be only self-similar and
all non-identical photos are pair-wise dissimilar. Although the two extreme cases
are theoretically interesting, they normally will not happen in real ratings.

We can also directly use the number of piles as weights for the raters. By
normalisation, we have the following weighting function:

w2r =
nr

max
1≤i≤N

(ni)
, (6)

where N is the number of raters. The maximum weight of 1 is assigned to a rater
who produces the largest number of piles. A rater who produces the least number
of piles is assigned the minimum weight of min1≤i≤N (ni)/max1≤i≤N (ni). Like
Equation (5), the theoretical minimum value is 1/max1≤i≤N (ni), which may not
actually happen in real rating. In contrast, the maximum weight of 1 is actually
realizable.

The two weighting formulas (5) and (6) do not consider the sizes of different
piles. In general, we can design a weighting formula by considering detailed
information about similarity ratings. One can look at the ratio of the number of
photo pairs rated similar by a rater over the number of all possible pairs. Raters
who made fewer, larger piles will have a larger number of similar pairs than raters
who made more, smaller piles. That is, any positive decreasing transformation
of the ratio may serve as a weighting formula. A possible formula is given by:

w3r = 1−

nr∑
i=1

(
|Pi|
2

)
(
Mr

2

) , (7)

where Mr is number of photos that rater r actually considered when rating
similarity. This formula has the same value as the formula given by Equation (5)
for the two extreme cases. More specifically, the minimum weight 0 is obtained
if a rater only has one pile. The maximum weight of 1 is obtained when a rater
puts each photo as a separate pile. In general, the fewer the similar pairs, the
closer to 1 will be the weight.
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For our data set of 356 photos and 25 raters, Figure 2 summarizes the weights
obtained from the three formulas. It can be observed that the three formulae
behave similarly: the weights generally increase as the number of piles increases.
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Fig. 2. Plots of the three weighting functions, from Equations 5, 6, and 7.

3.4 Determining the Individual Similarity Values

For a specific rater, we can generalize the binary similarity function (1) by taking
the sizes of the different piles into consideration.

Let k1, . . . , knr
denote the sizes of the nr piles, P1, . . . , Pnr

, made by rater r.
We assume that the strength of similarity for a pair photos depends on the size
of pile into which the pair is sorted. More specifically, the larger the pile, the the
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weaker the degree of similarity. If we assume that the degree of similarity is 1 for
pairs in a smallest pile, the similarity will decrease as the size of a pile increases.
This immediately leads to the following generalised similarity measure: for two
photos A and B,

s1r(A,B) =


min

1≤i≤nr

(ki)

kj
, A and B are in the same pile Pj ,

0, A and B are in two different piles.

(8)

It can be seen that s1r has the maximum value of 1 for pairs in a smallest pile
and increases as the pile increases. The binary similarity defined by Equation (1)
is a special case. When k1 = ... = knr , that is, all piles given by rater r are of the
same size, we have sr(A,B) = 1 if A and B are in the same pile and sr(A,B) = 0
if A and B are in different piles.

Formula (8) uses the size of a pile. When studying similarity, we consider
the number of pairs produced by a pile. Alternatively, we can use the following
pair-based similarity measure: for two photos A and B,

s2r(A,B) =


min

1≤i≤nr

(
ki
2

)
(kj2 )

, A and B are in the same pile Pj ,

0, A and B are in two different piles.

(9)

Again, the maximum similarity value is assigned to a pair from a smallest pile.
However, similarity value of Equation (9) will decrease faster than the value
of Equation (8) when the size of a pile increases. Their minimum values are
normally different.

Once we introduce weighting formulas for individual raters and generalize
similarity value into unit interval [0, 1], we can form different linear models as
defined by Equation (4). Furthermore, we can immediately apply Equation (3)
to obtain 3-way division of similarity, dissimilarity, and divided. An important
question is how to interpret and determine a pair of thresholds in a general linear
model, which will be a topic of a future paper.

4 Conclusion

Three-way analysis of facial similarity offers a new viewpoint for interpretation.
While the similarity or the dissimilarity of a pair of photos is the result of a
large degree of agreement of a group of raters, the divided judgment is the
result of disagreement. This 3-way classification provides an effective method
for dealing with uncertainty involved in facial similarity judgments. This study
only considers the step of 3-way division of similarity. As future research, we
plan to investigate each of these three divisions with pairwise comparisons in
order to obtain a better understanding of facial similarity. Furthermore, it will
be interesting to combine the similarity analysis based on human perception
with that based on feature calculation to create a more comprehensive model.
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