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Abstract

A general problem of the interval estimation for a ratio of two proportions p1/p2

according to data from two independent samples is considered. Each sample may

be obtained in the framework of direct or inverse binomial sampling. Asymptotic

confidence intervals are constructed in accordance with different types of sampling

schemes with an application, where it is possible, of unbiased estimations of success

probabilities and also their logarithms. Since methods of constructing confidence

intervals in the situations when values for the both samples are obtained for identical

sample schemes are already developed and well known, the main purpose of this paper

is the investigation of constructing confidence intervals in two cases that correspond

to different sampling schemes. In this situation it is possible to plan the sample

size for the second sample according to the number of successes in the first sample.

This, as it is shown by the results of statistical modeling, provides the intervals with

confidence level which closer to the nominal value.

Next, we provide a new procedure to generate random number that follow three
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parameter Crack distribution. To generate Crack random number by composition

method, first we generate random number from already known two parameter distri-

butions: Inverse Gaussian distribution, and Length Biased Inverse Gaussian distri-

bution. Finally, we derive Crack random number generation procedure.

Note that for many years the temperature and its temporal and spatial dynamics

have been one of the determinants of demographic processes. The use of temperature

values measured at the centre of population could significantly increase the accuracy

of birth vs. temperature correlation analysis. Within the reported studies we have

determined the center of population of the province of Saskatchewan of Canada.

Unavailability of western-laboratory-type data on water quality for the areas where

the aboriginal people live requires developing special evaluation and prognosis-making

methodologies. To determine the key parameters of the water quality we interviewed

the experts (aboriginal elders). Basing on the determined key parameters we formed

the key questions and developed the questionnaires. The questionnaires were dis-

tributed among the households of the Peepeekisis and Kahkewistahaw aboriginal

communities (Saskatchewan, Canada).
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Chapter 1

Introduction

The thesis discusses the following Statistical and Probability problems: Confidence

intervals construction for a ratio of binomial proportions, Generation of random num-

bers that follow Crack distribution, Determination of the center of the population for

a Canadian province Saskatchewan and Statistical Analysis of water quality based on

Indigenous knowledge

1.1 Confidence intervals for a ratio of binomial proportions

based on direct and inverse sampling schemes

The problem we are solving in Chapter 2 on confidence intervals for the ratio

of binomial proportions based on direct and inverse sampling schemes (definitions

are provided below) can be formulated in the following general way. Let X1, X2, . . .

and Y1, Y2, . . . be two independent Bernoulli sequences with probabilities of success
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p1 and p2, respectively. Observations are done in sequential schemes of samplings

with Markov’s stopping times ν1 and ν2. According to the results of the observations

X(ν1) = (X1, . . . , Xν1) and Y (ν2) = (Y1, . . . , Yν2) it is required to construct a confidence

interval for the parametric function θ = p1/p2.

Inverse binomial sampling. In this scheme a Bernoulli sequence Y (ν) = (Y1, . . . , Yν)

is observed with a stopping time ν = min{n :
∑n

k=1 Yk ≥ m}.

Direct binomial sampling. In this scheme a random vector X(n) = (X1, . . . , Xn)

with Bernoulli components and fixed number of observations n is observed.

A complexity of the problem stated can be explained by two reasons. The first is

the absence of uniformly most powerful test for hypothesis testing θ = θ0 with one-

sided or two-sided alternative hypotheses in the case of an arbitrary value θ0. It is

known (see, for example Lehmann [56], Section 4.5) that the uniformly most powerful

unbiased test exists for the values of the cross-product ratio ρ = p1(1−p2)/p2(1−p1),

however this is not what we are interested in. Hence, it seems to be impossible to use

the standard method of uniformly most precise confidence boundaries construction

based on an acceptance region of the corresponding test. Therefore other tests should

be applied or the method of pivot functions with an additional estimation of the

nuisance parameter should be used.

The second method of confidence intervals construction is based on an application

of pivot functions with good precision properties. It has similar difficulties because of
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the absence of an unbiased estimation for the parametric function 1/p for Bernoulli

trials with the fixed sample size n (see Lehmann (1997) [56], Chapter 2, Section 1,

Example 1.2; general theory of unbiased estimation is presented in the monograph

Voinov and Nikulin (1993) [107]). However if the inverse, not direct binomial sampling

method is used, then such an unbiased estimation exists. This is the starting point

for our investigation on the confidence limits construction for a ratio of probabilities

of successes.

We construct asymptotic confidence intervals for a few schemes of direct and

inverse sampling and illustrate their characteristics by the results of statistical mod-

eling (see Tables in Chapter 2). In each cell of tables the following characteristics

are presented: actual confidence level (the nominal confidence level is chosen to be

0.95), expectation, and standard deviation of the width of a corresponding confi-

dence interval. For each interval 106 random numbers with Bernoulli and/or Nega-

tive Binomial Distributions were generated with parameters (probabilities of success)

p1, p2 = 0.1 (0.1) 0.9. The tables presented contain only a part of the results for the

probability values 0.2, 0.5, 0.8, but the conclusions (see the last section) are made

according to all obtained results of statistical modeling. Moreover for confidence

intervals based on the logarithm of an estimate of the ratio p1/p2, an additional in-

vestigation of precision and reliability properties of these intervals for small values

of probabilities p1, p2 = 0.05, 0.1, 0.2 is conducted. Analysis of the results from the
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tables shows the preference of the inverse binomial sampling scheme for the planning

of experiments in the second sample. We provide a theoretical justification of this

recommendation.

The initial objective of the investigation resulting in the present chapter of the

thesis was only to justify an application of the delta-method and corresponding normal

approximations of probability ratio estimates and logarithms of these estimates for

a construction of confidence intervals. We were not planning to construct confidence

intervals that have better properties than the intervals presented in the papers of

our predecessors and discussed in the review above. But we were able to construct

asymptotic intervals for different sampling schemes by considering the situation when

the stopping moment for observations in the second sample depends on the result of

observation in the first one. Moreover, it appears that confidence intervals formulae

that we obtain in this thesis are much simpler for practical applications than the

formulae presented in some of our predecessor’s papers. We can achieve the desired

precision and reliability in confidence intervals without solving complicated systems

of nonlinear equations.

Now we provide a brief discussion of the literature pertaining to this subject in

order to compare our results what is already known. As far as we know, the statistical

problem of interval estimation for ratio of binomial proportions has been solved only

for schemes of sampling with a fixed number of observations νi = ni, i = 1, 2, or if

4



observations in both samples are done in schemes of inverse binomial sampling. We

start with a review of the literature for the case of direct binomial sampling in both

samples.

The first easily computed methods of confidence estimation of θ have been sug-

gested by Noether (1957) [75] and Guttman (1958) [43]. A review of these early

methods may be found in Sheps (1959) [98]. Methods of confidence estimation of the

ratio of proportions as a diagnostic test that can detect a disease, are used in McNeil

et al. (1975) [64].

Next, some methods based on the corresponding tests for significance have been

developed. For example, Thomas et al. (1977) [101] suggests to apply the method

based on fixed marginals in the two-by-two tables. Santher et al. (1980) [88] develops

and generalizes this method and suggests three related exact methods for finding

confidence intervals.

Katz et al. (1978) [49] suggests three methods of lower confidence limit for θ, and

the limits are defined as solutions of some equations. Numerical comparison shows

that the method in which the logarithmic transformation is applied to the ratio of

estimates of probabilities is preferential. Some modifications of these methods, that

take their origin in Fieller’s method, are discussed in Bailey (1987) [7].

Santher et al. (1980) [88] derives exact intervals for the risk ratio from Cornfield’s

[26] confidence interval for the odds ratio.
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Koopman (1984) [53], and Miettinen and Nurminen (1985) [66] propose methods

based on asymptotic likelihood for hypothesis θ = θ0 testing with the alternative

hypotheses θ 6= θ0. In Koopman (1984) [53] this method compared with the one

recommended by Katz et all (1978) [49].

All the results until the end of 1980’s were summarized in Gart and Nam (1988)

[36]. In this paper they provide a comprehensive survey of various approximation

methods of confidence interval constructions for the ratio of probabilities based on

the properties of goodness of fit with Pearson’s chi-square test, invariance, universality

of an application for all observations and computational simplicity. Also, asymptotic

methods were improved by taking into account the asymptotic asymmetry of statistics

(see also Gart and Nam (1990) [37]. The results obtained are extended for the case of

estimating the common ratio in a series of two-by-two tables, which was considered

before in Gart (1985) [35]. Extensive numerical illustrations are provided, which

allow the comparison of precision properties to the methods of interval estimation

of probabilities ratio. Instead of iterative algorithms for calculating the approximate

confidence intervals that have been provided by Koopman (1984) [53], Gart and

Nam (1988) [36], Nam (1995) [68] gives the analytical solutions for upper and lower

confidence limits in closed form.

For an interval estimator construction, Bedrick (1987) [9] uses the special power
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divergent family of statistics. Intervals based on inverting the Pearson, likelihood-

ratio, and Freeman-Tukey statistics are included in this family. Asymptotic efficiency,

coverage probability, and expected interval width are investigated. Comparisons of

methods are provided by numerical examples.

The bootstrap method of a confidence interval construction for θ is suggested in

Kinsella (1987) [52].

Coe and Tamhane (1993) [24] provide a method for small sample confidence inter-

vals construction for the difference of probabilities, based on an extension of known

Sterne’s method for constructing small sample confidence intervals for a single success

probability. Modifications of the algorithm for ratio probabilities are also indicated.

The paper by Nam and Blackwelder (2002) [69] develops a superior alternative to

the Wald’s interval and gives corresponding sample size formulas. Bonett and Price

(2006) [15] propose alternatives to the Nam-Blackwelder confidence interval based

on combining two Wilson score intervals. Two sample size formulas are derived to

approximate the sample size required to achieve an interval estimate with desired

confidence level and width.

Extensive numerical illustrations for comparison of exact and asymptotic methods

for θ confidence intervals constructions are presented in the thesis by Mukhopadhyay

(2003) [67].

The starting point of the research on confidence intervals in the situation when the

7



data from both samples are taken by the inverse binomial sampling most probably

was done in the paper by Bennet (1981) [10]. In this paper the preferable usage

of inverse sampling scheme in epidemiology studies is mentioned, especially in the

case of a small probability of a success. In the same paper, an asymptotic F -test for

hypothesis testing of the value of the ratio of proportions is suggested, which has been

used later by other statisticians for confidence intervals construction. Advantages of

the choice of unbiased estimates with uniformly minimal risk in the case of the inverse

binomial sampling (we are using exactly these estimates) among other estimates from

the point of view of quadratic risk is shown in Roberts (1993) [85], Bennet (1981)

[10], and especially Lui (1996) [58].

A development of basic methods of confidence intervals construction and investi-

gation of their precision properties for the case of inverse sampling schemes belongs

to K.J. Lui. Three methods of confidence estimation with a comparative analysis of

their properties on statistically modeled data are developed in Lui (1995) [59]. These

methods are based on the normal approximation of the estimate of probabilities ratio

and also the logarithm of this estimate. The third method is based on F -test sug-

gested in Bennet (1981) [10]. Confidence intervals based on the maximum likelihood

estimate and unbiased estimate with uniformly minimal risk are presented in Lui

(2001) [62]. A series of similar methods is suggested in Lui (1995b) [60] and (1996a)

[61]. A comparative review of characteristics of methods suggested by Lui with data
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obtained by statistical experiments is presented in Lui (2006) [63]. Confidence in-

tervals based on Wald’s test statistics and its logarithm are suggested in Wu et al.

(2009) [114]. We should note that in comparison with direct binomial sampling, the

number of publications for confidence intervals for inverse binomial sampling scheme

is not too large.

The results of this chapter are published in the article Ngamkham, Volodin and

Volodin (2016) [74].

1.2 Crack random number generation procedure

In Chapter 3 we provide Crack random number generation procedure. Note that

Survival Analysis is a branch of statistics for handling the analysis of time duration

until one or more events happen, such as a death of biological organisms, and a failure

in mechanical systems. Survival Analysis consists of techniques for positive valued

random variables that model time to death, time to onset (or relapse) of a disease,

length of stay in a hospital, duration of a strike, money paid by health insurance, viral

load measurements, time of crack development in a plastic concrete, fatigue life of

aluminum, fatigue life of spring, and fatigue limit load. Sometimes this topic is called

Reliability Theory or Reliability Analysis in Engineering, Event History Analysis in

Sociology, and Duration Analysis or Duration Modeling in economics. Statistical
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models that were developed for any of these topics are generically called Time-to-

Event models. In Reliability Theory, failure is called an event, and the goal is to

project or forecast the rate of events for a given population, or the probability of

an event, or the frequency of an event for an individual. In order to achieve the

objectives, it is necessary to define lifetime or failure time.

In the Reliability Theory, a lifetime is the period of time during which a property,

or an object, or a process, or a phenomenon exists or functions. A lifetime distribution

gives a useful information which motivates users to protect damages of the industrial

or financial occurred after the lifetime is terminated. It is not safe, if users do not

know the lifetime of their machines or systems because it will be meant a danger of

their lives or health.

The lifetime distributions that are common in Data Analysis and Reliability The-

ory include Log-Normal, Extreme Value, Birnbaum-Saunders, Weibull, Inverse Gaus-

sian, Length Biased Inverse Gaussian and Crack distributions among many others.

Distributions mentioned above were studied in many research papers and mono-

graphs. In this chapter, we emphasize the Crack distribution which contains of Inverse

Gaussian, Length Biased Inverse Gaussian and Birnbaum-Saunders distributions as

particular cases.

Now we provide a brief literature survey on Inverse Gaussian distribution shortly

denoted as IG distribution. It has been coming to the attention of the authors and

10



researchers with its usefulness in Reliability Theory for more than a century already.

The IG distribution is a right skewed distribution also known as the first passage

time distribution of Brownian motion with positive drift, which was discovered by

Schrodinger (1915) [93]. The distribution subsequently arose in the context of the Se-

quential Analysis by Wald (1947) [110] and hence sometimes this distribution is also

called Wald’s distribution. Later, Tweedie (1957) [104] proposed the name Inverse

Gaussian for this distribution since its cumulant generating function is the inverse of

the cumulant generating function of a normal random variable. It has many interest-

ing statistical and probabilistic properties that are similar to the normal distribution.

Shuster (1968) [99] mentioned a method to obtain the exact probabilities for Inverse

Gaussian distribution by using tables of the Standard Normal distribution and table

of logarithms. Chhikara and Folks (1989) [21] mentioned that the normal distribu-

tion describes the distance traveled by a particle at fixed time the standard Brownian

motion, while the Inverse Gaussian distribution describes the distribution of the time

a Brownian motion with positive drift takes to reach a fixed positive level. They

also showed the connection of IG distribution and χ2 and F distributions and ap-

plied these facts to the Sampling Theory. Chaubey et al. (2014) [20] proved that the

likelihood ratio test for one sided hypotheses concerning the coefficient of variation

in the Inverse Gaussian family is the uniformly most powerful invariant test under

scale transformation. They also investigated some approximations to the cumulative
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distribution function of the test statistic. The Inverse Gaussian distribution is an in-

teresting alternative to the normal distribution for modeling non-negative data with

positive skewness. Addition details about the Inverse Gaussian distribution refer to

Johnson et al. (1995) [47], and Seshadri (1993 [96], 1999 [97]).

Next, we provide a brief literature survey on Length Biased Inverse Gaussian dis-

tribution shortly denoted as LB distribution. This is the length biased version of the

Inverse Gaussian distribution, which was studied by Ahsanullah and Kirmani (1984)

[6], and Khattree (1989) [51]. It is in fact a special weighted distribution, which was

proposed by Patil and Rao (1977) [79]. It may be proved that the Length Biased

Inverse Gaussian distribution is the reciprocal of the Inverse Gaussian distribution

and hence sometimes it is called Complementary Reciprocal of Inverse Gaussian dis-

tribution. The notion of a Length Biased distribution has been received considerable

attention due to its various applications. It is appropriate for certain natural sampling

plans in reliability, biometry, and survival analysis, which were studied by Zelen and

Feinleib (1969) [116], Blumenthal (1967) [13], Scheaffer (1972) [92]. An application

of the notion of a Length Biased distribition to etiologic studies can be seen in Simon

(1980) [100], and an application to the study of human families and wildlife popu-

lations can be seen in Patil and Rao (1977 [79], 1978 [80]), etc. Zelen and Feinleib

(1969) [116] indicated that the cases of chronic diseases identified by early detection

screening programs constitute a length biased sampling. Cnaan (1985) [23] described
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an application of length biased sampling in a cardiology study involving two phases.

Gupta and Tripatni (1987)[102] compared the class of Modified Power Series Distri-

butions and its length biased version in a unified manner. Particularly, they expressed

the moments of the length biased in terms of the moments of the original class, and

compared the information contained in the random samples from the two classes of

distributions. Sen (1987) [95] studied the properties of the arithmetic, geometric and

harmonic mean for length biased distributions in a nonparametric fashion. He also

presented the coefficient of variation and the characterization of length biased distri-

butions. Gupta and Kirmani (1987) [41] examined relationship between the length

biased and the original random variable in the context of reliability and life testing.

Gupta and Akman (1998) [40] apply some results from Sen (1987) [95] in order to

develop confidence intervals and tests regarding the mean and the coefficient of vari-

ation of the Inverse Gaussian distribution based on the length biased data. For other

studies on length biased distribution we refer to Ahmed and Abouammoh (1993) [4],

Vardi (1982) [106], and Cox (1969) [28].

Birnbaum and Saunders (1969a) [12] proposed a lifetime time distribution for

fatigue failure caused by a crack development under cyclic loading. The model is

established under the assumption that the failure is due to development and growth

of a dominant crack. They also considered some closure properties of this family
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and compared with other families such as the lognormal distribution. This distri-

bution is called the two-parameter Birnbaum-Saunders distribution (herein after BS

distribution). Birnbaum and Saunders (1969b) [11] presented theoretical and prac-

tical review of the fitting this distribution to several extensive sets of fatigue data.

Desmond (1985 [31], 1986 [32]) proposed a more general derivation based on a biolog-

ical model and strengthened the physical justification for the use of this distribution.

His derivation follows from considerations of renewal theory for the number of cycles

needed to force a fatigue crack extension to exceed a critical value. Ahmad (1988) [3]

proposed the estimation of the scale parameter by the jackknife method to eliminate

first-order bias. This estimate has the same limiting behavior as that of Birnbaum

and Saunders (1969b) [11]. Lemonte et al. (2007) [57] developed nearly unbiased es-

timators for the Birnbaum-Saunders distribution. They derived modified maximum

likelihood estimators that are bias-free to second order and considered bootstrap-

based bias correction. Additionally, they derived a Bartlett correction that improves

the finite-sample performance of the likelihood ratio test in finite samples.

Ahmed et al. (2008) [5] proposed the new parametrization of the Birnbaum-

Saunders distribution. Essentially, this re-parametrization fits the physics of studying

phenomena since the proposed parameters characterize the thickness and the nominal

treatment loading on the metallic plate where a crack is developing. The usual shape

and scale parameters of the distribution do not allow this physical interpretation.
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They also presented the relationship between the usual parameters and the proposed

parameters.

Kundu et al. (2010) [55] presented bivariate absolutely continuous Birnbaum-

Saunders distribution and discussed different properties and parameter estimation of

this distribution. Some recent publications on the Birnbaum-Saunders distribution

distribution we refer to Cordeiro and Lemonte (2011) [25], Xie and Wei (2007) [115],

Ng et al. (2007) [73], Ng et al. (2006) [72], From and Li (2006) [34], Ng et al. (2003)

[71], Chang and Tang (1993 [18], 1994 [19]), and Rieck (1989) [84].

The Crack distribution is a positively skewed model, which is widely applicable to

model failure times of fatiguing materials. Up to our knowledge, this distribution was

introduced in Jørgensen et al. (1991) [48] as JSW distribution and it was discussed

from the reliability point of view. It is also known as the Inverse Gaussian Mixture

distribution and discussed by Gupta and Akman (1995a) [39]. Gupta and Akman

(1995b) [38] studied the Bayesian estimation of this distribution. Volodin and Dzhun-

gurova (2000) [108] introduced a five-parameter family of so-called General Crack dis-

tributions, which contains, in particular, the Inverse Gaussian Mixture distribution,

normal distribution, the Inverse Gaussian distribution, and the Birnbaum-Saunders

distribution, as well as others which are used in applications of the Reliability Theory.

Balakrishnan et al. (2009) [8] considered Inverse Gaussian Mixture distribution and

produced a lifetime analysis by developing the EM-algorithm for maximum likelihood
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estimation of parameters and illustrating the obtained results with real data showing

the robustness of the estimation procedure.

Bowonrattanaset (2011a) [17] and Bowonrattanaset and Budsaba (2011b) [16] re-

introduced the Inverse Gaussian mixture distribution based on re-parametrization

model presented in Ahmed et al. (2008) [5] and called it Crack distribution. In

the following we use this term and it will be denoted by CR(λ, θ, p). Bowonrat-

tanaset (2011a) [17] and Bowonrattanaset and Budsaba (2011b) [16] also established

some basic probability properties of the Crack distribution and derived distribution,

moment generating, and characteristic functions in the closed form. Duangsaphon

(2014) [33] studied Crack distribution in the view of regression-quantile estimation,

Bayesian estimation and confidence interval estimation. Additionally, Saengthong

and Bodhisuwan (2014) [87] proposed a new two-parameter Crack distribution which

is obtained by adding a new weight parameter to the Crack distribution.

The Crack lifetime distribution considered in Chapter 3 of the thesis depends on

three parameters. It is formed by introducing the weight parameter and combin-

ing the two-parameter Inverse Gaussian and two-parameter Length Biased Inverse

Gaussian distributions. This distribution contains as special cases three well-known

discussed above distributions, namely, the Birnbaum-Saunders distribution, the In-

verse Gaussian distribution, and the Length Biased Inverse Gaussian distribution.

The results presented this chapter are not published yet.
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1.3 Centre of Population of Saskatchewan

In Chapter 4 we determine the center of the population for a Canadian province

Saskatchewan. Determination of coordinates of the centerpoint is one of the clas-

sic problems analyzed in Physics and Mathematics. In demographics, the center of

population (or population center) of a region is a geographical point that describes a

centerpoint of the region’s population (Kumler and Goodchild (1992) [54]). Practical

uses for finding the center of population include locating possible sites for forward

capitals, observation of human migration within the countries (states, provinces), etc.

J. E. Hilgard (1872) [46] was one of the first scholars who attempted to estimate the

center of population of United States. He considered the centers of population at

different periods for getting some idea of the rate at which the country was filling up.

One of the first studies on the centre of population of Canada was done by H.E.M.

Kensit (1934) [50]. He analyzed the correlation between the movements of the cen-

tres of population and the economic factors such as industry and water development.

The dynamics of the movement of the centre of population still remains an object of

studies. Evaluation of coordinates of the centre of population of Saskatchewan was

done within our project on birth seasonality (Sardarli, Trovato and Volodin (2015)

[91]).

Human birth seasonality first was recognized about 170 years ago (Quetelet (1842)
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[81]). Today, this phenomenon remains an important object of intensive study. Two

broad types of factors determining birth seasonality have been explored in the lit-

erature: social demographic (i.e., economy, customs, traditions) and environmental

(i.e., temperature, latitude, photoperiod). The birth seasonality phenomenon has

been analyzed for a number of industrialized countries (Seiver (1985) [94], Werschler

(1992) [113], Trovato (1993) [103], Bobak (2001) [14] , Régnier-Loilier, Arnaud and

Rohrbasser (2011) [83]), and also in the context of some less developed regions (e.g.,

Pascual, Garćıa-Moro, and Hernández (2005) [77]). A glaring feature of this litera-

ture is that there is no firm consensus regarding which of these two sets of factors

is most dominant in forming the observed seasonal birth oscillations. Some authors

have stressed the primacy of social demographic factors (e.g., Bobak (2001) [14]),

while others give greater importance to biological (e.g., Pascual, Garćıa-Moro, and

Hernández (2005) [77]) and environmental factors (e.g., Seiver (1985) [94]).

Usually researchers use the value of temperature averaged over a territory (coun-

try, state or province). Perhaps for cases, where the territory is relatively small size

of, or the temperature is homogenous over the territory, the spatial averaging of the

temperature can be found reasonable. In case of Canada and Canadian provinces,

where the temperature difference between the south and north is much greater than

in the most of other countries, the spatial averaging of temperature over the large

areas leads to significant increase of the uncertainty of measurement. It also has to
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be taken into account that the majority of Canadians live in urbanized areas (cities),

situated on the central part or south of the provinces; and this segment of population

(making much higher contribution to the birth seasonality) in fact, is not affected by

the temperature changes occurring in the north. However spatial averaging of temper-

ature over a whole province creates altered picture of temperature dependence of the

fertility patterns. In our opinion the accuracy of this type averaging cannot be high

enough considering the large sizes of the investigated regions and non-homogenous

density of population. Perhaps this averaging is caused by the fact that the monthly

fertility data is usually available for the regions (provinces, states) and not for the

metropolitan centres.

We have attempted to use a novel approach for reducing the inaccuracy caused by

the averaging the temperature over large areas such as Canadian provinces. Consider-

ing that the majority of Canadian population live in cities, in our calculations we used

the temperature data collected for the stations closest to the centres of population of

provinces.

The results of this section are published in Sardarli, Ngamkham and Volodin

(2017) [90].
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1.4 Modeling of Water Quality Dynamics Using Indigenous

Knowledge

Chapter 5 is devoted to the Statistical Analysis of water quality we dealing with

the data from the Calling Lakes consist of Pasqua, Echo, Mission, and Katepwa

Lakes which are part of the Qu’Appelle Valley drainage system in Saskatchewan.

The Qu’Appelle Valley drainage system supplies water to nearly a third of the pop-

ulation in the western Canadian prairies. It is, however, characterized by poor water

quality, blooms of toxic cyanobacteria, excess plant growth, and significant fish kills.

Temperature and the level of dissolved oxygen are especially important as these pa-

rameters are believed to cause the large numbers of fish deaths seen over these past

years in small and shallow lakes in Southern Saskatchewan (Canada). A significant

summer fish kill was observed in July 2007, on Pasqua and Echo Lake due to a number

of factors including; summer heat, little wind, shallow water and low oxygen levels

Couture (2007) [27].

Recreational water may be contaminated from a variety of sources including

sewage, industrial effluents, agricultural runoff (manure, fertilizers and pesticides),

and oil and gasoline spills from boats and marinas. While these chemical contami-

nants may be detrimental to human health, exposure to disease-causing microorgan-

isms from sewage poses the greatest risk (Health Canada (2003) [45]) and swimming
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in fecally contaminated waters has consistently been associated with gastrointestinal

illness (Wade et al. (2006) [109]). In the Qu’Appelle Valley drainage system, the

poor water quality is explained by the increase in cropland area, livestock biomass,

and urban nitrogenous wastes since the European settlement (Hall et al. (1999) [44]).

The results of this section are published in Sardarli, Ngamkham, Budsaba, Volodin

and Baidoo (2010) [89].

1.5 Conclusion and Future Work

In Chapter 6 we present some conclusions and present open questions that can be

solved in our future work.
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Chapter 2

Confidence intervals for a ratio of

binomial proportions based on direct and

inverse sampling schemes

In this chapter, a general problem of the interval estimation for a ratio of two

proportions θ = p1/p2 according to data from two independent samples is consid-

ered. Each sample may be obtained in the framework of direct or inverse binomial

sampling (the definitions are provided below). Asymptotic confidence intervals are

constructed in accordance with different types of sampling schemes with an applica-

tion of unbiased estimations of success probabilities (where it is possible) and also

their logarithms. Since methods of constructing confidence intervals in the situations

when values for the both samples are obtained for identical sample schemes (for only

direct or only inverse binomial sampling) are already developed and well known, the
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main purpose of this paper is the investigation of constructing confidence intervals

in two cases that correspond to different sampling schemes (one is direct, another is

inverse). In this situation it is possible to plan the sample size for the second sample

according to the number of successes in the first sample. This, as it is shown by

the results of statistical modeling, provides the intervals with confidence level which

closer to the nominal value. Our goal is to show that the normal approximations

(which are relatively simple) for estimates of p1/p2 and their logarithms are reliable

for a construction of confidence intervals. The main criterion of our judgment is the

closeness of the confidence coefficient to the nominal confidence level. It is proved

theoretically and shown by statistically modeled data that the scheme of inverse bi-

nomial sampling with planning of the size in the second sample is preferred. Main

probability characteristics of intervals corresponding to all possible combinations of

sampling schemes are investigated by the Monte-Carlo method. Estimations of cov-

erage probability, expectation and standard deviation of interval widths are collected

in tables and some recommendations for an application of each of the intervals ob-

tained are presented. Finally, a sufficient and complete review of the literature for

the problem is also presented in Chapter 1.

The results of this chapter are published in the article Ngamkham, Volodin and

Volodin (2016) [74].
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The problem we are solving on confidence intervals for a ratio of binomial propor-

tions based on direct and inverse sampling schemes can be formulated in the following

general way. Let X1, X2, . . . and Y1, Y2, . . . be two independent Bernoulli sequences

with probabilities of success p1 and p2, respectively. Observations are done in se-

quential schemes of samplings with Markov’s stopping times ν1 and ν2. According to

the results of the observations X(ν1) = (X1, . . . , Xν1) and Y (ν2) = (Y1, . . . , Yν2) it is

required to construct a confidence interval for the parametric function θ = p1/p2.

Let X1, X2, . . . and Y1, Y2, . . . be two independent Bernoulli sequences with prob-

ability of success p.

Inverse binomial sampling. Fix a natural number m. In this scheme a Bernoulli

sequence Y (ν) = (Y1, . . . , Yν) is observed with a stopping time ν = min{n :
∑n

k=1 Yk ≥

m}. Hence the number of observations ν is a random variable.

Direct binomial sampling. Fix a natural number n. In this scheme a random vector

X(n) = (X1, . . . , Xn) with Bernoulli components and fixed number of observations n

is observed. Hence the number of successes
∑n

i=1Xi is random.

See also Figure 2 for the visual image of the Direct and Inverse Sampling schemes.
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Direct Sampling Scheme

Population

Sample

fix n

The number of successes
 𝑋𝑖 is a random variable

Inverse Sampling Scheme

Population

Sample

The number of successes
m is fixed

The number of observations
ν is a random variable

Figure 2.1: Direct and Inverse sampling schemes

In the following we will keep the notation X1, X2, . . . for a Bernoulli sequence

obtained by direct sampling scheme and Y1, Y2, . . . for a Bernoulli sequence obtained

by the inverse sampling scheme.
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2.1 Pascal distribution

Pascal distribution, denoted P (m, p), has two parameters m and p, where m is a

natural number and 0 < p < 1. If a random variable ν has Pascal distribution, then

its probability mass function is

P{ν = k} =

(
k − 1

m− 1

)
pm(1− p)k−m, k = m,m+ 1,m+ 2, . . .

The interpretation of Pascal distribution is as follows. Consider repeated independent

Bernoulli experiments with a success probability p. We are interested in the number

of experiments k when we reach m successes. To say more rigorously, let Y1, Y2 . . .

be a sequence of independent Bernoulli random variables(that is, P{Yi = 1} = p =

1−P{Yi = 0} for all i ≥ 1). Then the stopping time ν = min{n :
∑n

k=1 Yk ≥ m} has

Pascal distribution P (m, p).

Pascal distribution is closely related to the Negative Binomial distribution. The

difference is that Negative Binomial distribution represents the number of failures

until we reach m successes in repeated independent Bernoulli experiments.

In order to find the moment generating function of the Pascal distribution, we

need the following lemma that gives the sum of negative binomial series.

Lemma 1. For any |x| < 1 and natural number m ≥ 1

(1− x)−m =
∞∑
i=0

(
i+m− 1

m− 1

)
xi.
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Proof: Let f(x) = (1− x)−m and consider Maclaurine expansion of this function

f(x) =
∞∑
i=0

f (i)(0)

i!
xi.

Note that (
i+m− 1

m− 1

)
=

(i+m− 1)(i+m− 2) . . . (m)

i!
,

hence the we need to prove is that f (i)(0) = (i+m− 1)(i+m− 2) . . . (m).

We show this by proving that for all real x the i-th derivative

f (i)(x) = (i+m− 1)(i+m− 2) . . . (m)(1− x)−m−i

and after we obtain the result substituting x = 0.

By the Method of Mathematical Induction, we note that the first derivative

f ′(x) = m(1− x)−m−1, which agrees with our formula for i = 1.

Next, assume that f (i)(x) = (i+m− 1)(i+m− 2) . . . (m)(1− x)−m−i and prove

that f (i+1)(x) = (i+m)(i+m− 1) . . . (m)(1− x)−m−i−1. Really,

f (i+1)(x) = (f (i)(x))′ = ((i+m− 1)(i+m− 2) . . . (m)(1− x)−m−i)′

= (i+m)(i+m− 1) . . . (m)(1− x)−m−i−1.

Therefore f (i)(x) = (i + m − 1)(i + m − 2) . . . (m)(1 − x)−m−i by the Method of

Mathematical Induction and hence f (i)(0) = (i+m− 1)(i+m− 2) . . . (m).

To find the radius of convergence of the negative binomial series, denote its i-th

term as Ai(x) =
(
m−1
i+m−1

)
xi. To use the Ratio Test for series convergence we need to
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find all x such that limi→∞ |Ai+1(x)/Ai(x)| < 1. Note that∣∣∣∣Ai+1(x)

Ai(x)

∣∣∣∣ =

∣∣∣∣∣
(
m−1
i+m

)
xi+1(

m−1
i+m−1

)
xi

∣∣∣∣∣ =
i+ 1

i+m
|x|.

Hence limi→∞ |Ai+1(x)/Ai(x)| = |x| < 1. Next, we note that |Ai(±1)| =
(
m−1
i+m−1

)
9 0

as i → ∞. Therefore the interval of convergence if the negative binomial series is

−1 < x < 1.2

Now we are ready to find the moment generating function (Laplace transform) of

the Pascal distribution.

Lemma 2. Moment generating function (Laplace transform) of Pascal distribution

P (m, p) is

φ(t) =

[
pet

1− (1− p)et

]m
, where t < − ln(1− p).

Proof: By the definition of the moment generating function

φ(t) =
∞∑
k=0

etkP{ν = k}

=
∞∑
k=m

etk
(
k − 1

m− 1

)
pm(1− p)k−m

(Let i = k −m, hence k = i+m )

= pmetm
∞∑
i=0

(
i+m− 1

m− 1

)[
(1− p)et

]i
= pmetm

(
1− (1− p)et

)−m
by Lemma 1 with x = (1− p)et

=

[
pet

1− (1− p)et

]m
Note that t < − ln(1− p) because we use Lemma 1 with x = (1− p)et and it is true

for |x| < 1.2
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Using moment generating function we can find central moments of Pascal distri-

bution.

Proposition 1. If ν has Pascal distribution P (m, p), then E(ν) = m
p

and Var(ν) =

m(1−p)
p2 .

Proof: Taking two derivatives of the moment generating function φ(t) =
[

pet

1−(1−p)et

]m
from the previous lemma we obtain:

φ′(t) =
m (pet)

m

(1− (1− p)et)m+1

φ′′(t) =
m2 (pet)

m
(1− (1− p)et)m+1

+m(m+ 1)(1− p) (pet)
m

(1− (1− p)et)m

(1− (1− p)et)2(m+1)

Hence

E(ν) = φ′(0) =
m

p

E(ν2) = φ′′(0) =
m(1− p)

p2
−
(
m

p

)2

Var(ν) = E(ν2)− (E(ν))2 =
m(1− p)

p2
2

The following result is technical and is required for the proof of the next proposi-

tion.

Lemma 3. For any 0 < p < 1 and m ≥ 2

∫ 1−p

0

tm−2(1− t)−m dt =
p1−m(1− p)m−1

m− 1
.
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Proof: Let u = t−1(1 − t), then t = (u + 1)−1 and dt = −(u + 1)−2 du. With this

substitution

∫ 1−p

0

tm−2(1− t)−m dt =

∫ ∞
p

1−p

u−m du =
p1−m(1− p)m−1

m− 1
.2

The following proposition allows us to construct an unbiased estimation of the

parameter p.

Proposition 2. If ν has Pascal distribution P (m, p) with m ≥ 2, then E 1
ν−1 = p

m−1

Proof: Note that

E
1

ν − 1
=

∞∑
k=m

1

k − 1

(
k − 1

m− 1

)
pm(1− p)k−m

substitute i = k −m, hence k = i+m

= pm
∞∑
i=0

(
i+m− 1

m− 1

)
1

i+m− 1
(1− p)i

= pm(1− p)−m+1

∞∑
i=0

(
i+m− 1

m− 1

)
(1− p)i+m−1

i+m− 1

Note that
∫ 1−p
0

ti+m−2 = (1−p)i+m−1

i+m−1 and hence:

= pm(1− p)−m+1

∞∑
i=0

(
i+m− 1

m− 1

)∫ 1−p

0

ti+m−2 dt

We can interchange the sum and integral signs by Fubini-Tornelli theorem because
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all expressions are positive

= pm(1− p)−m+1

∫ 1−p

0

∞∑
i=0

(
i+m− 1

m− 1

)
ti+m−2 dt

= pm(1− p)−m+1

∫ 1−p

0

tm−2
∞∑
i=0

(
i+m− 1

m− 1

)
ti dt

= pm(1− p)−m+1

∫ 1−p

0

tm−2(1− t)−m dt by Lemma 1

= pm(1− p)−m+1p
1−m(1− p)m−1

m− 1
by Lemma 3

=
p

m− 1
2

Proposition 3. If random variable ν has Pascal distribution with parameters m and

p, then, as m→∞ the random variable ν/m is asymptotically normal with mean 1/p

and variance (1− p)/(mp2), that is,

√
m
(
ν
m
− 1

p

)
√

1− p/p
converges in distribution to standard normal N(0, 1) as m→∞.

Proof: Let ν1, ν2, . . . νm be independent random variables with identical distribution

P (1, p) (sometimes P (1, p) is called First Success distribution). By Proposition 1

E(νi) = 1
p

and Var(νi) = 1−p
p2 for 1 ≤ i ≤ m and by Lemma 2 the moment generating

function is φνi(t) = pet

1−(1−p)et .

Consider a random variable X =
∑m

i=1 νi. Because random variables νi are inde-

pendent, the moment generation function for X is φX(t) =
∏m

i=1 φνi(t) =
[

pet

1−(1−p)et

]m
,

which is exactly the moment generating function of the random variable ν. Hence

X = ν in distribution.
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By the Central Limit Theorem:

∑m
i=1(νi − E(νi))√
mVar(νi)

→ N(0, 1) as m→∞ in distribution.

This is equivalent to

pν −m√
m(1− p)

=

√
m
(
ν
m
− 1

p

)
√

1− p/p
→ N(0, 1) as m→∞ in distribution.2

2.2 Binomial distribution

Binomial distribution, denoted B(n, p), has two parameters n and p, where n is

a natural number and 0 < p < 1. If a random variable T has Binomial distribution,

then its probability mass function is

P{T = t} =

(
n

t

)
pt(1− p)n−t, t = 0, 1, . . . , n

The interpretation of Binomial distribution is as follows. Consider repeated indepen-

dent Bernoulli experiments with a success probability p. We are interested in the

number of successes t. To say more rigorously, let X1, X2 . . . , Xn be a n indepen-

dent Bernoulli random variables. Then T =
∑n

i=1Xi has the Binomial distribution

B(n, p).

The following proposition is well known, but we present its proof for a complete-

ness. It is simply an application of the Central Limit Theorem to the sum of Bernoulli

random variables.
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Proposition 4. If random variable T has Binomial distribution B(n, p), then Xn =

T/n is asymptotically normal with mean µX = p and variance σ2
X = p(1− p)/n.

Proof: As we already mentioned above, if X1, X2 . . . is a sequence of independent

Bernoulli random variables, then T =
∑n

i=1Xi has the Binomial distribution B(n, p).

By the Central Limit Theorem:

∑n
i=1(Xi − EXi)√
nVar(Xi)

→ N(0, 1) as n→∞ in distribution.

Note that this statement is equivalent to

Tn/n− p√
p(1− p)/n

→ N(0, 1) as n→∞ in distribution.2

As we already mentioned in the Introduction, there is no unbiased estimate for

the parametric function p−1. In this thesis, we suggest to use the statistics τ which

equals to the number of the last trial with Xτ = 1. The reason of this choice can be

explained in the following way.

For Pascal distribution, the statistic to estimate p−1 is ν/m, where ν is the number

of trails until the m-th success is achieved. In our case, instead on m we should

use T (both are the number of successes) and instead of ν we should use τ (both

are the number of trials until the last success). Hence, by this analogy with the

Pascal distribution, it is natural to suggest the statistic p̂−1τ = τ/T = τ/Tτ , where

Tτ =
∑τ

i=1Xi = T as the estimate of p−1.

Note that usually the value of τ is unknown, so it is better to use the conditional
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expectation (projection) p̂−1n = E{p̂−1τ |T} of this statistic on the sufficient statistic

T . As it is known, (see Lehmann [56], Chapter 2, Section 1), a projection does not

cause an increase of the risk if the loss function is convex. In the next proposition we

show that this estimate of p−1 with bias that decreases with an exponential rate as

n→∞, but first we need one simple combinatorial lemma.

Lemma 4. For any whole numbers t and N

N∑
i=0

(
t+ i

t

)
=

(
t+N + 1

t+ 1

)
.

Proof: We prove the lemma by the method of Mathematical Induction by N .

1. For N = 0 the statement takes form
(
t
t

)
=
(
t+1
t+1

)
which is obviously true.

2. Let the statement be true for N , that is,
∑N

i=0

(
t+i
t

)
=
(
t+N+1
t+1

)
. We need to

show that it is true for N + 1, that is,
∑N+1

i=0

(
t+i
t

)
=
(
t+N+2
t+1

)
. Really,

N+1∑
i=0

(
t+ i

t

)
=

N∑
i=0

(
t+ i

t

)
+

(
t+N + 1

t

)
=

(
t+N + 1

t+ 1

)
+

(
t+N + 1

t

)
By the Induction assumption

=
(t+N + 1)!

(t+ 1)!N !
+

(t+N + 1)!

t!(N + 1)!
=

(t+N + 1)!(N + 1) + (t+N + 1)!(t+ 1)

(t+ 1)!(N + 1)!

=
(t+N + 1)!(t+N + 2)

(t+ 1)!(N + 1)!
=

(t+N + 2)!

(t+ 1)!(N + 1)!

=

(
t+N + 2

t+ 1

)
.

The lemma is proved. 2
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Proposition 5. The projected estimator has the following representation p̂−1n = n+1
T+1

and its mean value is

Ep̂−1n =
1

p

(
1− (1− p)n+1

)
.

Proof: First we consider the joint mass function of the random variables τ and T .

Let τ = k and T = t. Note that 0 ≤ k ≤ n, 0 ≤ t ≤ n and k ≥ t (k is the time of

the last t-th success, so k = t means that there all t successes from the first until last

time t = k inclusive). In all other cases P (τ = k, T = t) = 0.

Next, the situation k = t = 0 can be considered that there are no successes in n

trials, hence P (τ = 0, T = 0) = (1− p)n.

The most interesting situation is when 1 ≤ t ≤ k ≤ n. The last t-th success is

at the time k. Hence there are t − 1 successes in the first k − 1 times, which gives

us a factor
(
k−1
t−1

)
pt−1. Next, there is a success at time k, so we multiply the previous

expression by p. There are n − t failures, so the last factor will be (1 − p)n−t. This

gives that for 1 ≤ t ≤ k ≤ n, P (τ = k, T = t) =
(
k−1
t−1

)
pt(1 − p)n−t. To sum up, we

write

The joint distribution of statistics τ and T is defined by the probabilities

P{τ = k, T = t} =


(1− p)n, if k = 0, t = 0,(

k−1
t−1

)
pt(1− p)n−t, if 1 ≤ t ≤ k ≤ n

0, otherwise
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The marginal distribution of statistic T is

P{T = t} =

(
n

t

)
pt(1− p)n−t, t = 0, 1, . . . , n.

Then the conditional distribution

P{τ = k|T = t} =
P{τ = k, T = t}

P{T = t}
=


1, if k = 0, t = 0,(

k−1
t−1

)
/
(
n
t

)
, if 1 ≤ t ≤ k ≤ n,

0, otherwise

Now we are ready to calculate the conditional expectation. Let 0 ≤ t ≤ n be fixed

E{ τ
T
|T = t} =

1

t

∑
k

kP{τ = k|T = t}

=
1

t

(
0× 1 +

n∑
k=t

k

(
k − 1

t− 1

)
/

(
n

t

))

=
1(
n
t

) n∑
k=t

k

t

(
k − 1

t− 1

)
=

1(
n
t

) n∑
k=t

(
k

t

)

=
1(
n
t

) n−t∑
i=0

(
t+ i

t

)
where i = k − t

=

(
n+ 1

t+ 1

)
/

(
n

t

)
by Lemma 4

=
n+ 1

t+ 1
.

Therefore, p̂−1n = E{ τ
T
|T} = n+1

T+1
.
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Next we find Ep̂−1n. For this we evaluate

E
1

T + 1
=

n∑
t=0

1

t+ 1

(
n

t

)
pt(1− p)n−t

=
n∑
t=0

n!

(t+ 1)t!(n− t)!
pt(1− p)n−t

=
1

p(n+ 1)

n∑
t=0

(n+ 1)!

(t+ 1)!(n− t)!
pt+1(1− p)n−t

=
1

pl

l∑
j=1

(
l

j

)
pj(1− p)l−j where j = t+ 1, l = n+ 1

=
1

pl

(
l∑

j=0

(
l

j

)
pj(1− p)l−j − (1− p)l

)

=
1

pl

(
1− (1− p)l

)
=

1

p(n+ 1)

(
1− (1− p)n+1

)
From this Ep̂−1n = E n+1

T+1
= 1

p
(1− (1− p)n+1) .2

Note that Bias(p̂−1n) = p−1 − Ep̂−1n = 1
p
(1 − p)n+1 is decreasing with an expo-

nential rate as n→∞.

2.3 Delta Method

Let g(s1, s2) be a differentiable scalar function of two variables. Consider an

estimator T = g(S1, S2), which is a function of two other basic statistics S1 and S2.

Usually statistics S1 and S2 have a simple form and it is known that they are jointly

asymptotically normal. Asymptotic distribution of an estimator T is found with the

help of delta-method, which is a procedure of stochastic representation of T with the

accuracy OP (1/
√
n), where n is the sample size (to be discussed more later).
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By the delta-method, we expand function g into Taylor series at the point µ1 =

ES1 and µ2 = ES2:

g(S1, S2) = g(µ1, µ2) +
2∑
i=1

∂g(µ1, µ2)

∂si
(Si − µi) +OP ((Si − µi)(Sj − µj)).

Since E(Si − µi)(Sj − µj) = O(1/n), we have that
√
n[g(S1, S2) − g(µ1, µ2)] is

asymptotically normal with mean zero and variance

nE

[
2∑
i=1

∂g(µ1, µ2)

∂si
(Si − µi)

]2
.

Therefore the test statistics T is asymptotically normal with mean g(µ1, µ2) and

the variance of the form σ2/n, where σ2 is expressed through the elements of the

covariance matrix of basic statistics S1, S2 and the coefficients ∂g(µ1,µ2)
∂si

.

See, for example, the main theorem from Section 28.4 Cramér (1999) [29] or its

multidimensional variant from the book van der Vaart (1998) [105].

In this thesis, it is especially simple to calculate variances because statistics S1

and S2 are independent. We consider the following four possible scenarios:

1. Direct-direct. Fix two natural numbers n1 and n2. Let X(n1) = (X11, . . . , X1n1)

and X(n2) = (X21, . . . , X2n2) be two independent sequences of Bernoulli random

variables. By Proposition 4 we know that the sample means for both sam-

ples S1 = Xn1 and S2 = Xn2 are asymptotically normal and they are jointly

approximately normal because the samples are independent.
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In the following we will establish that in this case the statistic of interest is T =

θ̂n1,n2 = g(S1, S2) =
Xn1 (n2+1)

n2Xn2+1
= S1(n2+1)

n2S2+1
. In this particular case the function

g(s1, s2) = s1(n2+1)
n2s2+1

and there are no difficulties to take partial derivatives by s1

and s2 and use the Taylor expansion presented above. This is what we will do

in the Section 2.6. The accuracy is OP (1/
√

min{n1, n2}).

2. Direct-inverse. Fix two natural numbers n andm. LetX1, . . . , Xn and Y1, . . . , Yν

be two independent sequences of Bernoulli random variables, where ν = min{n :∑n
k=1 Yk ≥ m}. By Propositions 4 and 3 we know that the sample mean for

the first samples S1 = Xn and statistic S2 = Y m = ν/m are asymptotically

normal and they are jointly approximately normal because the samples are in-

dependent. The form of the function g(S1, S2) will be presented in Section 2.6.

The accuracy of the Delta method in this case is OP (1/
√

min{n,m}).

3. Inverse-direct. Fix two natural numbers n andm. Let Y1, . . . , Yν andX1, . . . , Xn

be two independent sequences of Bernoulli random variables, where ν = min{n :∑n
k=1 Yk ≥ m}. By Propositions 3 and 4 we know that the statistic S1 = Y m =

ν/m and the sample mean for the second samples S2 = Xn are asymptotically

normal and they are jointly approximately normal because the samples are

independent. The form of the function g(S1, S2) will be presented in Section

2.6. The accuracy of the Delta method in this case is OP (1/
√

min{n,m}).
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4. Inverse-inverse. Fix two natural numbers m1 and m2. Let Y11, . . . , Y1ν1 and

Y21, . . . , Y2ν2 be two independent sequences of Bernoulli random variables, where

ν1 = min{n :
∑n

k=1 Y1k ≥ m1} and ν2 = min{n :
∑n

k=1 Y2k ≥ m2}. By

Proposition 3 we know that the statistics S1 = Y 1m = ν1/m1 and S2 = Y 2m =

ν2/m2 are asymptotically normal and they are jointly approximately normal

because the samples are independent. The form of the function g(S1, S2) will

be presented in Section 2.6. The accuracy of the Delta method in this case is

OP (1/
√

min{m1,m2}).

2.4 Estimation of proportion p and its reciprocal p−1

For a solution of the problems stated in the Introduction, it is necessary to con-

struct estimates, preferably unbiased, for a proportion p and parametric function p−1

for two schemes of Bernoulli trials.

From the point of view of unbiased estimation of the parametric function p−1,

the most simple is the case of inverse binomial sampling. In this scheme a Bernoulli

sequence Y (ν) = (Y1, . . . , Yν) is observed with a stopping time

ν = min{n :
n∑
k=1

Yk ≥ m}.

That is, the components of the sequence Y1, Y2, . . . are observed until the given number

m of successes will appear. From Section 2.1 and Proposition 3 we know that ν has

Pascal distribution P (m, p) and when m → ∞, the random variable Y m = ν/m is
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asymptotically normal with mean µY = 1/p and variance σ2
Y = (1 − p)/mp2. Note

that we use the notation Y m because the random variable ν with Pascal distribution

P (m, p) can be represented as a sum of m independent random variables with identical

distribution P (1, p) ν1, ν2, . . . νm. This implies that

ν

m
=

∑m
i=1 νi
m

in distribution

and hence the common notation for sample means Y m common for sample means is

reasonable.

Therefore, in the case of inverse binomial sampling we use statistics p̂−1m = Y m =

ν/m as an unbiased estimator of p−1 and p̂m = m−1
ν−1 as an unbiased estimator of p by

Propositions 1 and 2, respectively.

In the case of direct binomial sampling a random vector X(n) = (X1, . . . , Xn)

with Bernoulli components and fixed number of observations n is observed. For

the proportion p there exists an unbiased estimate with uniformly minimal variance

p̂n = Xn = T
n

, where the statistics

T =
n∑
k=1

Xk

has the binomial distribution B(n, p). In Proposition 4 we know that the estimate

Xn is asymptotically normal with mean µX = p and variance σ2
X = p(1 − p)/n.

As we already mentioned in the Introduction, there is no unbiased estimate for the

parametric function p−1 and according to Proposition 5 we suggest to use p̂−1n =

(n+ 1)/(T + 1) for its estimating.
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Therefore, in the case of the direct binomial sampling, we will use the estimate

p̂n = Xn for the proportion p and the estimate p̂−1n = n+1
nXn+1

for p−1.

To sum up, we present Table 2.1 for estimation of proportion and its reciprocal.

In Table 2.1, m and n are fixed numbers, {X1, . . .} and {Y1, . . .} are sequences of

independent Bernoulli random variables with parameter p, T =
∑n

k=1Xk, Xn = T/n,

ν = min{n :
∑n

k=1 Yk ≥ m}, Y m = ν/m.

Table 2.1: Estimators for the proportion p and the reciprocal p−1 for direct and

inverse sampling schemes

Proportion p Reciprocal p−1

Direct Sampling Scheme p̂n = Xn p̂−1n = n+1
nXn+1

Ep̂n = p Ep̂−1n = 1
p

(1− (1− p)n+1)

Inverse Sampling Scheme p̂m = m−1
mYm−1

p̂−1m = Y m

Ep̂m = p Ep̂−1n = 1
p

2.5 Estimation of the parametric function θ = p1/p2

We now discuss estimates of the parametric function θ = p1/p2 for all possible

combinations of the direct and inverse sampling schemes for data.

Direct-direct. Let both samples are obtained in the scheme of direct sampling with

probabilities p1 and p2 of successes and sample sizes n1 and n2, respectively. It follows
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from the Proposition 5 proved above that for an estimate of the parametric function

θ = p1/p2, it is appropriate to take the statistic

θ̂n1,n2 = p̂n1 × p̂−1n2
=
Xn1(n2 + 1)

n2Xn2 + 1

with the mean value

Eθ̂n1,n2 = θ
(
1− (1− p2)n2+1

)
.

Obviously, when n2 →∞ this estimate is equivalent to θ̃n,m = Xn1/Xn2 , but the

application of θ̂n1,n2 allows to avoid the division by zero when all the outcomes in the

second sample are failures (compare with a solution of this problem in the paper Cho

(2007) [22]).

Direct-inverse. The first sample is obtained by the scheme of direct binomial sam-

pling with probability p1 of a success and fixed sample size n, while the second sample

is obtained by the scheme of inverse binomial sampling with the probability p2 and

stopping time which is defined by the fixed number m of successes in the sample.

According to our findings collected in Table 2.1, an unbiased estimate p−12 is given by

statistics p̂−1m = Y m = ν/m. In the framework of the sampling scheme under consid-

eration we suggest the unbiased estimate θ̂n,m = XnY m for the parametric function

p1/p2. This estimate minimizes any risk function with convex loss function uniformly

by all values of p1, p2 (see Lehmann [56], Chapter 2, Section 1).
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Inverse-direct. For the first sample obtained by the scheme of inverse binomial sam-

pling with parameters (p1,m), an unbiased estimate of p1 is the statistics p̂m = m−1
mYm−1

.

For the second sample obtained by the scheme of direct sampling with parame-

ters (n, p2), an estimate of p−12 with exponentially decreasing rate of the bias is

p̂−1n = (n + 1)/(nXn + 1). Therefore, as asymptotically (n → ∞) unbiased estimate

of θ we suggest to apply the statistics

θ̂m,n =
(m− 1)(n+ 1)

(mY m − 1)(nXn + 1)
.

The same as in the “direct-direct” case, this estimate for large values of m and n

is equivalent to the estimate θ̃m,n = [Y mXn]−1, but an application of θm,n solves the

problem of proportions ration estimation when the number of successes in the second

sample is zero.

Inverse-inverse. In the case when both samples are obtained in the scheme of inverse

binomial sampling with parameters (p1,m1) and (p2,m2), respectively, the estimate

θ̂m1,m2 =
m1 − 1

m1Y m1 − 1
· Y m2

is an unbiased estimation of the probabilities ratio θ which minimizes any risk function

with convex loss function uniformly by all values of p1, p2. Nothing prohibits to apply

instead of θm1,m2 its stochastic approximation θ̃m1,m2 = Y m2/Y m1 for large values of

m1 and m2.
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To sum up, we present Table 2.2 for estimation of the ratio of two proportions

θ = p1/p2.

Table 2.2: Estimators of the ratio of two proportions θ = p1/p2 and their

approximations for all possible combinations of direct and inverse sampling schemes

Sampling Schemes Second Sample Direct Second Sample Inverse

First Sample Direct θ̂n1,n2 =
Xn1 (n2+1)

n2Xn2+1
θ̂n,m = XnY m

≈ θ̃n1,n2 = Xn1/Xn2

First Sample Inverse θ̂m,n = (m−1)(n+1)

(mYm−1)(nXn+1)
θ̂m1,m2 =

(m1−1)Ym2

m1Ym1−1

≈ θ̃m,n = [Y mXn]−1 ≈ θ̃m1,m2 = Y m2/Y m1

2.6 Asymptotic distribution of estimates for probability ratio

and their logarithms

For large values of n and m, all four estimates of probability ratio θ are continuous

functions of statistics Xn and Y m with finite second moments and therefore the

estimates are asymptotically normal. Our immediate task is to find the asymptotic

of the mean and variance of these estimates, for which we explore the standard Delta

method described in Section 2.3. The method is based on Taylor series expansion in

the neighborhoods of the mean values of the statisticsXn and Y m. We keep only linear

terms because as we mentioned in Section 2.3 for our estimates the remainder term
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of the expansion converges in probability to zero with the rate O
(
[min{n,m}]−1/2

)
.

It is natural to expect that the distribution of the statistic ln θ̂ possesses a better

approximation by the normal distribution in comparison with the estimate θ̂. At least

this is confirmed by the results of statistical modeling that were obtained by us and

our predecessors. Because of that below we will calculate the parameters for normal

approximation not only for the estimates of θ, but also for their logarithms.

2.6.1 Direct-direct sampling scheme

As we already mentioned in Table 2.2 and Section 2.3, in this case the statistic of

interest is θ̂n1,n2 = gdd(S1, S2) =
Xn1 (n2+1)

n2Xn2+1
= S1(n2+1)

n2S2+1
, where S1 = Xn1 and S2 = Xn2 .

In this particular case the function gdd(s1, s2) = s1(n2+1)
n2s2+1

.

Note that ESi = pi,VarSi = pi(1 − pi)/ni, i = 1, 2 and gdd(p1, p2) = p1(n2+1)
n2p2+1

.

Partial derivatives are:

∂gdd(s1, s2)

∂s1
=

n2 + 1

n2s2 + 1
,
∂gdd(s1, s2)

∂s2
= −s1(n2 + 1)n2

(n2s2 + 1)2
,

and hence

∂gdd(p1, p2)

∂s1
=

n2 + 1

n2p2 + 1
,
∂gdd(p1, p2)

∂s2
= −p1(n2 + 1)n2

(n2p2 + 1)2
.

We also note that for large n1 and n2:

gdd(p1, p2) ≈
p1
p2

= θ,
∂gdd(p1, p2)

∂s1
≈ 1

p2
and

∂gdd(p1, p2)

∂s2
≈ −p1

p22
. (2.1)
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Linear term Taylor expansion in the neighborhoods of the mean values of the

statistics takes the form:

θ̂n1,n2 = gdd(S1, S2) ≈
p1(n2 + 1)

n2p2 + 1
+

n2 + 1

n2p2 + 1
(Xn1 − p1)−

p1(n2 + 1)n2

(n2p2 + 1)2
(Xn2 − p2).

From this

Eθ̂n1,n2 =
p1(n2 + 1)

n2p2 + 1

and (remind that Xn1 and Xn2 are independent)

Varθ̂n1,n2 =

(
n2 + 1

n2p2 + 1

)2
p1(1− p1)

n1

+
(p1(n2 + 1)n2)

2

(n2p2 + 1)4
p2(1− p2)

n2

.

This expressions are a little bit cumbersome, so to simplify them we can use two

approaches. The results obtained by these approaches are identical.

1. If we use the expressions presented in Table 2.1, then

Eθ̂n1,n2 ≈
p1
p2

= θ,

Varθ̂n1,n2 ≈
(

1

p2

)2
p1(1− p1)

n1

+
p21
p42

p2(1− p2)
n2

=

(
p1
p2

)2 [
1− p1
n1p1

+
1− p2
n2p2

]
= θ2

[
1− p1
n1p1

+
1− p2
n2p2

]
.

2. The same results can be obtained if we use the linear term Taylor expansion not

for θ̂n1,n2 , but for its asymptotic representation θ̃n1,n2 . In this case g̃dd(s1, s2) =

s1
s2

, partial derivatives are trivial and the linear term Taylor expansion is:

θ̃n1,n2 =
X1

X2

=
S1

S2

≈ θ +
S1 − p1
p2

− p1
p22

(S2 − p2).
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Hence

Eθ̃n1,n2 = θ,Varθ̃n1,n2 = θ2
[

1− p1
n1p1

+
1− p2
n2p2

]
.

Therefore the estimate θ̃n1,n2 is asymptotically normal with mean θ and variance

Varθ̃n1,n2 = θ2
(

1− p1
n1p1

+
1− p2
n2p2

)
.

Now we consider logarithm of the estimate. If we will use the estimate θ̂n1,n2 ,

then, the same as above, the results are cumbersome. Hence we use its asymptotic

representation θ̃n1,n2 of the estimate.

ln θ̂n1,n2 ≈ ln θ̃n1,n2 = lnXn1 − lnXn1 = lnS1 − lnS2.

In this case gldd(s1, s2) = ln s1 − ln s2 and gldd(p1, p2) = ln p1 − ln p2 = ln θ. Partial

derivatives:

∂gldd(s1, s2)

∂s1
= 1/s1,

∂gldd(s1, s2)

∂s2
= −1/s2,

and hence

∂gldd(p1, p2)

∂s1
= 1/p1,

∂gldd(p1, p2)

∂s2
= −1/p2.

Linear term Taylor expansion in the neighborhoods of the mean values of the statistics

takes the form:

ln θ̃n1,n2 ≈ ln θ +
S1 − p1
p1

− (S2 − p2)
p2

,

which implies the asymptotic normality of ln θ̃n1,n2 (same as for ln θ̂n1,n2) with mean

ln θ and variance

Var ln θ̃n1,n2 =
1− p1
n1p1

+
1− p2
n2p2

.
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2.6.2 Direct-inverse sampling scheme

Fix natural numbers n and m. Let S1 = Xn, S2 = Y m then ES1 = p1,VarS1 =

p1(1−p1)
n

, ES2 = p−12 ,VarS2 = 1−p2

mp2
2

.

By Table 2.2, in this case the statistic of interest is θ̂n,m = gdi(S1, S2) = XnY m =

S1S2. Hence gdi(s1, s2) = s1s2 and gdi(p1, p
−1
2 ) = p1/p2. Partial derivatives are:

∂gdi(s1, s2)

∂s1
= s2,

∂gdi(s1, s2)

∂s2
= s1,

and hence

∂gdi(p1, p
−1
2 )

∂s1
=

1

p2
,
∂gdi(p1, p

−1
2 )

∂s2
= p1.

Linear term Taylor expansion in the neighborhoods of the mean values of the

statistics takes the form:

θ̂n,m = S1S2 ≈
p1
p2

+
Xn − p1

p2
+ p1(Y m −

1

p2
).

This implies that θ̂n,m is asymptotically normal with mean p1

p2
= θ and variance

Varθ̂n,m =
p1(1− p1)

np22
+ p21

1− p2
mp22

= θ2
(

1− p1
np1

+
1− p2
m

)
.

Now we consider logarithm of the estimate.

ln θ̂n,m = lnS1S2 = gldi(S1, S2) = lnS1 + lnS2.
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In this case gldi(s1, s2) = ln s1 + ln s2 and gldi(p1, p
−1
2 ) = ln p1 + ln p−12 = ln θ. Partial

derivatives:

∂gldi(s1, s2)

∂s1
= 1/s1,

∂gldd(s1, s2)

∂s2
= 1/s2,

and hence

∂gldd(p1, p
−1
2 )

∂s1
=

1

p1
,
∂gldd(p1, p2)

∂s2
= p2.

Linear term Taylor expansion in the neighborhoods of the mean values of the statistics

takes the form:

ln θ̂n,m ≈ ln θ +
Xn − p1

p1
+ p2Y m − p−12 .

The asymptotic mean of the logarithm of the estimate is ln θ and asymptotic variance

is

Var ln θ̂n,m =
1− p1
np1

+
1− p2
m

.

2.6.3 Inverse-direct sampling scheme

Fix natural numbers m and n. Same as in “direct-inverse” case, denote S1 = Y m

and S2 = Xn. Then

ES1 = p−11 ,VarS1 = (1− p1)/(mp21);ES2 = p2,VarS2 =
p2(1− p2)

n
.

By Table 2.2, in this case the statistic of interest is

θ̂m,n = gid(S1, S2) =
(m− 1)(n+ 1)

(mY m − 1)(nXn + 1)
=

(m− 1)(n+ 1)

(mS1 − 1)(nS2 + 1)
.
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Hence gid(s1, s2) = (m−1)(n+1)
(ms1−1)(ns2+1)

and gid(p
−1
1 , p2) = (m−1)(n+1)

(mp−1
1 −1)(np2+1)

= (m−1)(n+1)p1

(m−p1)(np2+1)
.

Partial derivatives are:

∂gid(s1, s2)

∂s1
= − m(m− 1)(n+ 1)

(ms1 − 1)2(ns2 + 1)
,
∂gid(s1, s2)

∂s2
= − (m− 1)n(n+ 1)

(ms1 − 1)(ns2 + 1)2
,

and hence

∂gid(p
−1
1 , p2)

∂s1
= − m(m− 1)(n+ 1)

(mp−11 − 1)2(np2 + 1)
= −m(m− 1)(n+ 1)p1

(m− p1)(np2 + 1)2
,

∂gid(p
−1
1 , p2)

∂s2
= − (m− 1)n(n+ 1)

(mp−11 − 1)2(np2 + 1)
= − (m− 1)n(n+ 1)p1

(m− p1)(np2 + 1)2
.

Linear term Taylor expansion in the neighborhoods of the mean values of the statistics

takes the form:

θ̂m,n = gid(S1, S2)

≈ (m− 1)(n+ 1)p1
(m− p1)(np2 + 1)

− m(m− 1)(n+ 1)

(mp−11 − 1)2(np2 + 1)2

(
Y m −

1

p1

)
− (m− 1)n(n+ 1)

(m− p1)2(np2 + 1)2
(Xn−p2).

This implies that θ̂m,n is asymptotically normal with mean (m−1)(n+1)p1

(m−p1)(np2+1)
and variance

Varθ̂m,n =

(
m(m− 1)(n+ 1)

(mp−11 − 1)2(np2 + 1)

)2
1− p1
mp21

+

(
(m− 1)n(n+ 1)

(m− p1)(np2 + 1)2

)2
p2(1− p2)

n
.

The formulae are quite cumbersome, and hence we repeat this procedure for the

linear term Taylor expansion not for θ̂m,n, but for its asymptotic representation θ̃m,n.

Note that according to Table 2.2, θ̃m,n = 1
YmXn

= 1
S1S2

. Hence g̃id(s1, s2) = 1
s1s2

and g̃id(p
−1
1 , p2) = p1/p2 = θ. Partial derivatives are:

∂g̃id(s1, s2)

∂s1
= − 1

s21s2
,
∂g̃id(s1, s2)

∂s2
= − 1

s1s22
,
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and hence

∂g̃id(p
−1
1 , p2)

∂s1
= −p

2
1

p2
,
∂gid(p

−1
1 , p2)

∂s2
= −p1

p22
.

Linear term Taylor expansion in the neighborhoods of the mean values of the statistics

takes the form:

θ̃m,n = gid(S1, S2) ≈ θ − p21
p2

(
Y m −

1

p1

)
− p1
p22

(Xn − p2).

Therefore the estimate θ̃m,n is asymptotically normal with mean θ and variance

Varθ̃m,n =

(
p21
p2

)2
1− p1
mp21

+

(
p1
p22

)2
p2(1− p2)

n

= θ2
(

1− p1
m

+
1− p2
np2

)
.

For the logarithm of the estimate we even will not approach the asymptotic anal-

ysis of ln θ̂m,n. Instead, we find the linear term Taylor expansion for its asymptotic

representation θ̃m,n. It has the representation

ln θ̃m,n = g̃lid(S1, S2) = − ln(S1S2).

Hence g̃lid(s1, s2) = − ln(s1s2) and g̃id(p
−1
1 , p2) = − ln(p2/p1) = ln θ. Partial deriva-

tives are:

∂g̃lid(s1, s2)

∂s1
= − 1

s1
,
∂g̃lid(s1, s2)

∂s2
= − 1

s2
,

and hence

∂g̃lid(p
−1
1 , p2)

∂s1
= −p1,

∂glid(p
−1
1 , p2)

∂s2
= − 1

p2
.
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Linear term Taylor expansion in the neighborhoods of the mean values of the statistics

takes the form:

ln θ̃m,n = g̃lid(S1, S2) ≈ ln θ − p1
(
Y m −

1

p1

)
− Xn − p2

p2
.

This implies that the statistics ln θ̃m,n is asymptotically normal with mean ln θ and

variance

Var ln θ̂m,n =
1− p1
m

+
1− p2
np2

.

2.6.4 Inverse-inverse sampling scheme

Fix two natural numbers m1 and m2. For these sampling schemes we have:

Si = Y mi , EYi = p−1i ,VarYi =
1− pi
mip2i

, i = 1, 2.

By Table 2.2, in this case the statistic of interest is:

θ̂m1,m2 = gii(S1, S2) =
(m1 − 1)Y m2

m1Y m1 − 1
=

(m1 − 1)S2

m1S1 − 1
.

Hence gii(s1, s2) = (m1−1)s2
m1s1−1 and gii(p

−1
1 , p−12 ) = (m1−1)p1

p2(m1−p1)
= θ m1−1

m1−p1
.

Partial derivatives are:

∂gii(s1, s2)

∂s1
= −m1(m1 − 1)s2

(m1s1 − 1)2
,
∂gdi(s1, s2)

∂s2
= − m1 − 1

m1s1 − 1
,

and hence

∂gii(p
−1
1 , p−12 )

∂s1
= −m1(m1 − 1)p21

p2(m1 − p1)2
,
∂gii(p

−1
1 , p−12 )

∂s2
=

(m1 − 1)p1
m1 − p1

.
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Linear term Taylor expansion in the neighborhoods of the mean values of the statistics

takes the form:

θ̂m1,m2 = gii(S1, S2) ≈ θ
m1 − 1

m1 − p1
−m1(m1 − 1)p21
p2(m1 − p1)2

(
Y m1 −

1

p1

)
+

(m1 − 1)p1
m1 − p1

(
Y m2 −

1

p2

)
.

This implies that θ̂m1,m2 is asymptotically normal with mean θ m1−1
m1−p1

and variance

Varθ̂m1,m2 =

(
m1(m1 − 1)p21
p2(m1 − p1)2

)2
1− p1
m1p21

+

(
(m1 − 1)p1
m1 − p1

)2
1− p2
m2p22

= θ2
(
m1 − 1

m1 − p1

)2 [
m1(1− p1)
(m1 − p1)2

+
1− p2
m2

]
.

The formulae again are quite cumbersome, and hence we repeat this procedure for

the linear term Taylor expansion not for θ̂m1,m2 , but for its asymptotic representation

θ̃m1,m2 . Note that according to Table 2.2,

θ̃m1,m2 = g̃ii(S1, S2) =
S2

S1

.

Hence g̃ii(s1, s2) = s2
s1

and g̃ii(p
−1
1 , p−12 ) = p1/p2 = θ. Partial derivatives are:

∂g̃ii(s1, s2)

∂s1
= −s2

s21
,
∂g̃ii(s1, s2)

∂s2
=

1

s1
,

and hence

∂g̃ii(p
−1
1 , p−12 )

∂s1
= −p

2
1

p2
,
∂gid(p

−1
1 , p−12 )

∂s2
= p1.

Linear term Taylor expansion in the neighborhoods of the mean values of the statistics

takes the form:

θ̃m1,m2 = g̃ii(S1, S2) ≈ θ − p21
p2

(
Y m1 −

1

p1

)
+ p1

(
Y m2 −

1

p2

)
.

54



Therefore the estimate θ̃m1,m2 is asymptotically normal with mean θ and variance

Varθ̃m1,m2 =
p41
p22

1− p1
m1p21

+ p21
1− p2
m2p22

= θ2
(

1− p1
m1

+
1− p2
m2

)
.

Now we consider logarithm of the estimate. If we will use the estimate θ̂n1,n2 ,

then, the same as above, the results are cumbersome. Hence we use its asymptotic

representation θ̃n1,n2 of the estimate. Since

ln θ̃m1,m2 = g̃lii(S1, S2) = ln

(
S2

S1

)
,

g̃lii(s1, s2) = ln s2
s1

and g̃ii(p
−1
1 , p−12 ) = ln(p1/p2) = ln θ. Partial derivatives are:

∂g̃lii(s1, s2)

∂s1
= − 1

s1
,
∂g̃lii(s1, s2)

∂s2
=

1

s2
,

and hence

∂g̃lii(p
−1
1 , p−12 )

∂s1
= −p1,

∂glii(p
−1
1 , p−12 )

∂s2
= p2.

Linear term Taylor expansion in the neighborhoods of the mean values of the statistics

takes the form:

ln θ̃m1,m2 = g̃lii(S1, S2) ≈ ln θ − p1
(
Y m1 −

1

p1

)
+ p2

(
Y m2 −

1

p2

)
.

This implies that the statistics ln θ̃m,n is asymptotically normal with mean ln θ and

variance

Var ln θ̃m,n = p21
1− p1
m1

+ p22
1− p2
m2

.
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The results are summarized in the following three tables. Because the formulae

for asymptotic variances for normal approximation to the statistics θ̂ are very cum-

bersome, we are not using them in the following and hence we do not summarize

them in a table. Table 2.3 presents only asymptotic means for the statistics θ̂ for all

possible combinations of the direct and inverse sampling schemes. For variances we

refer to Table 2.4 which provides both the values of means and variances for normal

approximation to the statistics θ̃ for all possible combinations of direct and inverse

sample schemes, where statistics θ̃ is the stochastic approximations to the correspond-

ing statistics θ̂. Also, since in the direct-inverse case, there is no statistic θ̃n,m because

the statistic θ̂n,m has a simple form right away. Hence we let θ̃n,m = θ̂n,m and there

are identical entries for the mean in this case in both Tables 2.3 and 2.4.

Table 2.5 provides the asymptotic means and variances for normal approximation

to the logarithm of statistics ln θ̃ for all possible combinations of direct and inverse

sampling schemes.
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Table 2.3: Asymptotic means for normal approximation to the statistics θ̂ for all

possible combinations of direct and inverse sampling schemes

Sampling Schemes Second Sample Direct Second Sample Inverse

First Sample Direct Eθ̂n1,n2 = p1(n2+1)
n2p2+1

Eθ̂n,m = θ

First Sample Inverse Eθ̂m,n = (m−1)(n+1)p1

(m−p1)(np2+1)
Eθ̂m1,m2 = θ m1−1

m1−p1

Table 2.4: Asymptotic means and variances for normal approximation to the

statistics θ̃ for all possible combinations of direct and inverse sampling schemes

Sampling Schemes Second Sample Direct Second Sample Inverse

First Sample Direct Eθ̃n1,n2 = θ Eθ̃n,m = θ

Varθ̃n1,n2 = θ2
[
1−p1

n1p1
+ 1−p2

n2p2

]
Varθ̃n,m = θ2

(
1−p1

np1
+ 1−p2

m

)
First Sample Inverse Eθ̃m,n = θ Eθ̃m1,m2 = θ

Varθ̃m,n = θ2
(

1−p1

m
+ 1−p2

np2

)
Varθ̃m1,m2 = θ2

(
1−p1

m1
+ 1−p2

m2

)

57



Table 2.5: Asymptotic means and variances for normal approximation to the

logarithm of statistics ln θ̃ for all possible combinations of direct and inverse

sampling schemes

Sampling Schemes Second Sample Direct Second Sample Inverse

First Sample Direct E ln θ̃n1,n2 = ln θ E ln θ̃n,m = ln θ

Var ln θ̃n1,n2 = 1−p1

n1p1
+ 1−p2

n2p2
Var ln θ̃n,m = 1−p1

np1
+ 1−p2

m

First Sample Inverse E ln θ̃m,n = ln θ E ln θ̃m1,m2 = ln θ

Var ln θ̃m,n = 1−p1

m
+ 1−p2

np2
Var ln θ̃m1,m2 = p21

1−p1

m1
+ p22

1−p2

m2

2.7 Conclusions about asymptotic variance of the estimates

The asymptotic formulae for variances of the estimates allow us to make two

important conclusions that in large extend predetermine the precision properties of

the asymptotic confidence intervals based on these estimates. In the following this

conclusions will be supported by the results of statistical modeling.

(I) For the schemes of inverse binomial sampling with parameters (p,m) the mean

sample size is Eν = m/p. If the observations are obtained in the scheme of direct

sampling with the same probability p of the success and sample size n = m/p, then

“on average” it is equivalent to the scheme of inverse sampling from the point of

view of the cost for the experiment. Variance of the estimate θ̂m1,m2 coincides with
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variance of the estimate θ̂n1,n2 , if m1 = n1p1 and m2 = n2p2. Therefore schemes

direct-direct and inverse-inverse are equivalent in the same sense from the same point

of view of asymptotic precision of the estimates for probability ratio. Of course, the

same conclusion is true for all pairs of sampling schemes with the corresponding

substitution of m by np.

(II) We can make some conclusions about the precision of the estimation procedure.

Direct-direct sampling scheme. From the formula of asymptotic variance of the

estimate θ̂n1,n2 of θ for the direct-direct scheme it follows that the corresponding

asymptotic confidence interval will obtain poor precision properties for small true

values of the probability p2 of the success in the second sample because for p2 → 0 the

variance Varθ̂n1,n2 = O(p−32 ). The application of ln θ̂n1,n2 for the interval estimation of

θ significantly improves the precision properties of the estimate because in this case

the variance of the supporting estimate is of the order O(p−12 ) when p2 → 0. However

for p1 → 0 the order of the growth for the variance is the same O(p−11 ).

Direct-inverse sampling scheme. If the second sample is obtained by the inverse

scheme, then for p2 → 0 the variance Varθ̂n,m of the estimate has even slower growth,

namely as O(p−21 ). An application of the logarithm of the estimate in this scheme

solves the problem of poor precision properties of the asymptotic interval estimate

for small values of p2 completely because the variance of the estimate when p2 → 0

is a bounded function of p2. However for p1 → 0 the order of growth for the variance
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is the same as in the direct-direct scheme.

Inverse-inverse sampling scheme. Finally, when both samples are obtained by

the inverse schemes, all troubles with a poor behaviour of variance of the supporting

estimate can be overcome by an application of ln θ̃m1,m2 , in this case the variance is

the bounded function by both arguments p1, p2.

2.8 Confidence limits

The estimates θ̂ for the probabilities ratio θ and asymptotics for their mean values

and variances obtained in the previous section and summarized in Table 2.4, show

that for all sampling schemes means and variances have the same structure: Eθ̂ = θ

and Varθ̂ = θ2s2(p1, p2). In the following, we will call s2(p1, p2) as variance component.

If the sample sizes for both sampling schemes tend to infinity, then

P
(
|θ − θ̂| ≤ zα/2θs(p1, p2)

)
∼ 1− α,

where zα/2 is (1−α/2)-quantile of the standard normal distribution. Since s(p1, p2) is

a continuous function of its arguments, replacing θs(p1, p2), or only s(p1, p2) by their

plug-in estimate, we obtain the same asymptotic equality.

Similarly, because the mean values and variances for logarithms of estimates of θ

have the same form: E ln θ̂ = ln θ, and Var ln θ̂ = s2l (p1, p2), using the inequity

| ln θ − ln θ̂| ≤ zα/2s
2
l (p1, p2)
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and replacing p1 and p2 by their estimates that correspond to sampling schemes, we

obtain asymptotically (1− α)-confidence intervals. Therefore, the following theorem

is true.

Theorem 1. If the sample sizes in both sample schemes tend to infinity, then the

intervals with the following end-points

θ̂[1∓ zα/2s(p̂1, p̂2)], (1)

θ̂[1± zα/2s(p̂1, p̂2)]−1 (2)

θ̂ exp{∓zα/2sl(p̂1, p̂2)}, (3)

are the asymptotic (1− α)-confidence sets for the ratio of probabilities θ = p1/p2.

Proof: These are just different ways how we can interpret the inequality |θ − θ̂| ≤

zα/2θs(p̂1, p̂2) for θ.

(1) In the inequality |θ − θ̂| ≤ zα/2θs(p̂1, p̂2) consider θ̂ instead of θ in the right

hand side. This means that we consider |θ̂− θ| ≤ zα/2θ̂s(p̂1, p̂2) instead. Opening the

absolute value we obtain

−zα/2θ̂s(p̂1, p̂2) ≤ θ − θ̂ ≤ zα/2θ̂s(p̂1, p̂2), or

θ̂ − zα/2θ̂s(p̂1, p̂2) ≤ θ ≤ θ̂ + zα/2θ̂s(p̂1, p̂2),

which is equivalent to (1).
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(2) Since θ is positive, divide the inequality |θ̂ − θ| ≤ zα/2θs(p̂1, p̂2) by θ. We

obtain ∣∣∣∣∣ θ̂θ − 1

∣∣∣∣∣ ≤ zα/2s(p̂1, p̂2), or

1− zα/2s(p̂1, p̂2) ≤
θ̂

θ
≤ 1 + zα/2s(p̂1, p̂2).

Assuming that all three sides of this inequality are positive, we obtain:

(1 + zα/2s(p̂1, p̂2))
−1 ≤ θ

θ̂
≤ (1− zα/2s(p̂1, p̂2))−1.

Multiplying all sides of the last inequality by θ̂, we obtain (2).

(3) Inequality | ln θ − ln θ̂| ≤ zα/2s
2
l (p̂1, p̂2) is equivalent to

−zα/2s2l (p̂1, p̂2)) ≤ ln
θ

θ̂
≤ zα/2s

2
l (p̂1, p̂2)).

Taking exponents from all sides of this inequality, we obtain

exp{−zα/2s2l (p̂1, p̂2))} ≤
θ

θ̂
≤ exp{zα/2s2l (p̂1, p̂2))},

which is equivalent to (3). 2

Remark. It is simple to observe that interval (2) has bigger width than interval

(1) for all possible observations. However, it is possible, and this is confirmed by

the results of statistical modeling, that the interval (2) has confidence coefficient

which is more close to the nominal confidence level 1− α. Nevertheless, if the value

1− zα/2s(p̂1, p̂2) appears to be close to zero, we obtain very wide confidence interval.
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The fact that this sometimes happens is possible to see from the results of statistical

modeling presented in the tables below.

In the following we will call interval (1) as linear, interval (2) as hyperbolic, and

interval (3) as logarithmic. Now we consider each of the intervals corresponding to

four possible combinations of the sampling schemes separately and provide the results

of their statistical modeling for precision and confidence properties.

2.8.1 Direct-direct sampling scheme

. When both samples are obtained by direct sampling scheme, then according to

Tables 2.2 and 2.4:

θ̂n1,n2 =
Xn1(n2 + 1)

n2Xn2 + 1
,

Varθ̃n,m = θ2
(

1− p1
n1p1

+
1− p2
n2p2

)
.

Substituting in the formula for the variance estimations for p1 and p2 (see Table 2.1),

namely p̂1 = Xn1 , p̂2 = Xn2 , we obtain that the estimated variance component:

s2(p̂1, p̂2) =
1−Xn1

n1Xn1

+
1−Xn2

n2Xn2

.

In order to avoid division by zero we would recommend to use the following formula

for the estimated variance component:

s2(p̂1, p̂2) =
1−Xn1

n1Xn1 + 1
+

1−Xn2

n2Xn2 + 1
.
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Hence the asymptotic (n1, n2 → ∞) confidence intervals (1)–(2) are based on the

relative frequencies Xn1 and Xn2 of successes (sample means) in each sample and can

be written as

Xn1(n2 + 1)

n2Xn2 + 1

(
1∓ zα/2

√
1−Xn1

n1Xn1 + 1
+

1−Xn2

n2Xn2 + 1

)
, (dd 1)

Xn1(n2 + 1)

n2Xn2 + 1

(
1± zα/2

√
1−Xn1

n1Xn1 + 1
+

1−Xn2

n2Xn2 + 1

)−1
. (dd 2)

For the logarithmic confidence interval (3) we note that by Table 2.5

Var ln θ̃n1,n2 =
1− p1
n1p1

+
1− p2
n2p2

.

Substituting in the formula for the variance estimations for p1 and p2 (same as above)

we have:

s2l (p̂1, p̂2)) =
1−Xn1

n1Xn1 + 1
+

1−Xn2

n2Xn2 + 1
.

Reminding that θ̂n1,n2 =
Xn1 (n2+1)

n2Xn2+1
we obtain that the logarithmic confidence interval

(3) takes the form

Xn1(n2 + 1)

n2Xn2 + 1
exp

{
∓zα/2

√
1−Xn1

n1Xn1 + 1
+

1−Xn2

n2Xn2 + 1

}
. (dd 3)

Below we provide the results of statistical modeling in Tables 2.6–2.9. For each pair

(n1, n2) of sample sizes and values (p1, p2) of success probabilities, we present Monte-

Carlo estimations of the coverage probability, mean width, and standard deviation of

the width for each of the confidence intervals (CI) (dd 1)–(dd 3). The nominal level

is assumed to be 0.95.
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The results of Table 2.6 show that the linear interval (dd 1) has the confidence level

lower than nominal and an error not larger than 0.01 is possible only for n1, n2 ≥ 100

and p1, p2 ≥ 0.5.

Table 2.6: Coverage probability, width, and standard deviation for CI (dd 1)
n2 50 100 200

n1 p1 \ p2 0.2 0.5 0.8 0.2 0.5 0.8 0.2 0.5 0.8

0.888 0.918 0.915 0.893 0.913 0.917 0.894 0.911 0.919

0.2 1.563 0.472 0.268 1.264 0.439 0.263 1.115 0.423 0.261

0.811 0.115 0.043 0.401 0.081 0.037 0.252 0.066 0.035

0.896 0.932 0.944 0.913 0.939 0.941 0.909 0.938 0.939

50 0.5 3.189 0.779 0.379 2.319 0.662 0.357 1.834 0.597 0.346

1.771 0.185 0.043 0.729 0.096 0.024 0.364 0.054 0.015

0.899 0.934 0.948 0.906 0.939 0.949 0.908 0.943 0.943

0.8 4.747 0.997 0.389 3.237 0.758 0.333 2.346 0.613 0.302

2.687 0.268 0.064 1.071 0.128 0.035 0.498 0.065 0.027

0.913 0.936 0.936 0.924 0.936 0.935 0.924 0.934 0.932

0.2 1.451 0.382 0.202 1.106 0.342 0.196 0.925 0.321 0.192

0.824 0.091 0.027 0.358 0.056 0.020 0.198 0.039 0.018

0.916 0.938 0.948 0.924 0.939 0.947 0.928 0.946 0.946

100 0.5 3.209 0.691 0.299 2.222 0.553 0.271 1.667 0.474 0.256

2.235 0.179 0.041 0.752 0.090 0.021 0.361 0.048 0.012

0.916 0.937 0.944 0.924 0.944 0.949 0.925 0.945 0.949

0.8 4.918 0.959 0.339 3.289 0.703 0.276 2.322 0.541 0.238

3.148 0.273 0.066 1.158 0.129 0.031 0.529 0.064 0.017

0.918 0.939 0.942 0.932 0.941 0.942 0.935 0.942 0.944

0.2 1.383 0.318 0.153 0.991 0.271 0.145 0.782 0.245 0.141

0.987 0.080 0.020 0.335 0.044 0.013 0.171 0.027 0.010

0.921 0.937 0.946 0.934 0.946 0.948 0.937 0.948 0.949

200 0.5 3.207 0.635 0.245 2.159 0.483 0.211 1.558 0.391 0.192

2.042 0.176 0.041 0.775 0.086 0.020 0.356 0.044 0.011

0.921 0.936 0.938 0.933 0.942 0.945 0.937 0.947 0.950

0.8 4.031 0.939 0.311 3.317 0.671 0.241 2.305 0.496 0.195

3.266 0.276 0.067 1.198 0.131 0.032 0.543 0.064 0.015

Hyperbolic interval (dd 2) (see Table 2.7) has coverage probability undoubtedly

more in line with the nominal level 0.95 and an error more than 0.01 is observed only
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for some values of p1 ≤ 0.2 and n2 ≤ 50. For other values of probabilities of successes

and sample sizes the coverage probability is practically the same as the nominal

level. Nevertheless the hyperbolic intervals, as it is expected, has poorer precision

properties, but from a practical point of view this is noticeable only if sample sizes

n1, n2 ≤ 100.

Table 2.7: Coverage probability, width, and standard deviation for CI (dd 2)
n2 50 100 200

n1 p1 \ p2 0.2 0.5 0.8 0.2 0.5 0.8 0.2 0.5 0.8

0.928 0.938 0.929 0.954 0.935 0.926 0.958 0.934 0.926

0.2 5.080 0.808 0.407 2.457 0.686 0.390 1.913 0.643 0.383

6.353 2.220 0.113 1.219 0.218 0.083 0.578 0.182 0.088

0.959 0.948 0.949 0.967 0.960 0.945 0.974 0.954 0.942

50 0.5 5.844 0.928 0.421 3.074 0.749 0.391 2.173 0.662 0.377

5.413 0.245 0.049 1.218 0.109 0.026 0.452 0.058 0.016

0.954 0.952 0.954 0.964 0.963 0.950 0.965 0.961 0.946

0.8 7.795 1.111 0.403 3.985 0.805 0.343 2.611 0.638 0.310

6.742 0.336 0.070 1.577 0.143 0.037 0.593 0.071 0.029

0.943 0.946 0.945 0.955 0.950 0.947 0.961 0.947 0.945

0.2 3.226 0.497 0.244 1.622 0.423 0.233 1.204 0.388 0.228

3.873 0.122 0.027 0.651 0.062 0.017 0.252 0.037 0.012

0.942 0.946 0.949 0.956 0.950 0.952 0.963 0.954 0.945

100 0.5 5.470 0.785 0.318 2.796 0.599 0.285 1.895 0.503 0.268

5.090 0.236 0.046 1.175 0.102 0.022 0.433 0.051 0.012

0.936 0.949 0.952 0.951 0.950 0.951 0.949 0.950 0.949

0.8 7.985 1.062 0.349 4.018 0.740 0.281 2.561 0.557 0.241

7.269 0.340 0.070 1.726 0.145 0.033 0.638 0.068 0.018

0.933 0.946 0.941 0.950 0.950 0.950 0.953 0.950 0.950

0.2 2.532 0.378 0.170 1.305 0.306 0.158 0.925 0.271 0.153

2.486 0.106 0.022 0.534 0.050 0.013 0.213 0.028 0.009

0.931 0.946 0.953 0.949 0.947 0.950 0.951 0.953 0.951

200 0.5 5.316 0.704 0.255 2.658 0.513 0.217 1.735 0.406 0.197

4.965 0.212 0.044 1.111 0.096 0.021 0.430 0.046 0.010

0.930 0.946 0.947 0.947 0.951 0.946 0.948 0.955 0.951

0.8 8.085 1.031 0.319 4.006 0.699 0.243 2.520 0.508 0.197

7.478 0.329 0.072 1.732 0.141 0.033 0.643 0.066 0.016
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Logarithmic interval (dd 3) (Table 2.8) has high correspondence for coverage prob-

ability to the nominal and insignificantly worse precision properties in comparison

with the linear interval.

Table 2.8: Coverage probability, width, and standard deviation for CI (dd 3)
n2 50 100 200

n1 p1 \ p2 0.2 0.5 0.8 0.2 0.5 0.8 0.2 0.5 0.8

0.954 0.946 0.939 0.950 0.945 0.931 0.948 0.938 0.938

0.2 1.730 0.502 0.283 1.360 0.464 0.277 1.184 0.446 0.273

0.957 0.120 0.042 0.438 0.081 0.035 0.257 0.064 0.032

0.946 0.955 0.951 0.950 0.950 0.950 0.945 0.948 0.945

50 0.5 3.424 0.801 0.385 2.411 0.673 0.362 1.885 0.608 0.351

2.002 0.194 0.044 0.778 0.099 0.024 0.377 0.055 0.015

0.944 0.950 0.950 0.938 0.950 0.952 0.925 0.953 0.950

0.8 5.074 1.014 0.393 3.338 0.765 0.335 2.378 0.617 0.304

3.140 0.279 0.065 1.132 0.132 0.035 0.505 0.067 0.027

0.945 0.947 0.950 0.950 0.950 0.946 0.954 0.948 0.948

0.2 1.583 0.398 0.208 1.164 0.353 0.201 0.958 0.330 0.197

0.991 0.095 0.027 0.385 0.056 0.020 0.207 0.039 0.017

0.945 0.947 0.952 0.948 0.954 0.949 0.950 0.954 0.950

100 0.5 3.412 0.707 0.301 2.296 0.559 0.273 1.702 0.478 0.258

2.235 0.187 0.042 0.794 0.090 0.021 0.378 0.048 0.012

0.943 0.939 0.947 0.943 0.947 0.950 0.942 0.951 0.951

0.8 5.236 0.970 0.341 3.401 0.710 0.277 2.359 0.543 0.238

3.227 0.285 0.067 1.273 0.134 0.032 0.547 0.064 0.017

0.946 0.949 0.952 0.950 0.954 0.951 0.951 0.950 0.947

0.2 1.509 0.328 0.156 1.033 0.276 0.147 0.799 0.248 0.142

3.206 0.083 0.021 0.370 0.044 0.013 0.177 0.027 0.010

0.942 0.943 0.953 0.946 0.950 0.948 0.951 0.950 0.950

200 0.5 3.407 0.643 0.247 2.232 0.489 0.213 1.582 0.393 0.193

2.245 0.183 0.041 0.820 0.086 0.020 0.361 0.044 0.010

0.938 0.940 0.940 0.944 0.947 0.950 0.947 0.948 0.948

0.8 5.348 0.958 0.311 3.427 0.676 0.240 2.335 0.499 0.196

3.871 0.296 0.068 1.303 0.133 0.032 0.551 0.065 0.015

Table 2.9 shows that for n1, n2 ≥ 100 the logarithmic interval still has high cover-

age probability even for small values of success probabilities such as 0.05–0.1, but its
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precision properties in this region are sufficiently poor.

Table 2.9: Coverage probability, width, and standard deviation for CI (dd 3) for

small probabilities
n2 50 100 200

n1 p1 \ p2 0.05 0.1 0.2 0.05 0.1 0.2 0.05 0.1 0.2

0.902 0.901 0.887 0.898 0.899 0.893 0.897 0.900 0.887

0.05 4.815 1.770 0.687 2.914 1.282 0.597 2.203 1.096 0.549

6.546 2.277 0.453 2.770 0.795 0.292 1.287 0.532 0.242

0.932 0.947 0.942 0.918 0.938 0.930 0.914 0.938 0.931

50 0.1 8.376 3.004 1.088 4.924 2.048 0.906 3.488 1.694 0.829

10.906 3.572 0.591 4.533 1.083 0.322 1.664 0.595 0.230

0.925 0.945 0.953 0.919 0.941 0.950 0.898 0.942 0.947

0.2 15.060 5.127 1.731 8.502 3.309 1.365 5.633 2.545 1.182

19.144 6.186 0.906 7.979 1.975 0.436 2.645 0.797 0.258

0.927 0.931 0.936 0.946 0.931 0.928 0.934 0.932 0.931

0.05 6.431 1.870 0.592 3.208 1.162 0.488 2.097 0.942 0.445

11.073 3.539 0.348 4.146 0.848 0.184 1.145 0.361 0.130

0.938 0.945 0.948 0.948 0.948 0.949 0.948 0.948 0.945

100 0.1 11.968 3.256 0.939 5.438 1.870 0.741 3.433 1.448 0.648

20.387 6.414 0.547 6.523 1.163 0.247 1.822 0.488 0.153

0.939 0.942 0.952 0.935 0.946 0.948 0.929 0.944 0.952

0.2 22.893 5.517 1.571 9.771 3.198 1.162 5.897 2.297 0.961

38.545 10.137 0.886 12.322 1.963 0.387 3.955 0.760 0.207

0.895 0.933 0.949 0.945 0.946 0.946 0.953 0.948 0.943

0.05 8.710 1.881 0.487 3.240 1.000 0.386 1.928 0.769 0.338

19.614 5.574 0.283 6.112 0.648 0.132 1.099 0.272 0.083

0.875 0.936 0.948 0.946 0.952 0.947 0.947 0.951 0.950

200 0.1 17.695 3.489 0.853 6.229 1.695 0.612 3.322 1.246 0.512

38.760 11.037 1.629 12.775 1.050 0.207 2.104 0.434 0.114

0.867 0.936 0.947 0.942 0.947 0.951 0.946 0.949 0.949

0.2 34.523 6.768 1.488 12.422 3.076 1.035 6.069 2.093 0.803

75.401 22.292 0.933 27.438 2.038 0.359 4.552 0.738 0.176

Of course, these properties of asymptotic confidence intervals for direct scheme of

binomial sampling are already well known and similar conclusions can be found in

some review papers that we mentioned in the Introduction. We provide here more
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extensive numerical illustrations in order to have certain standard for a comparison of

precision and reliability properties for intervals based on different schemes of sampling

in first and second samples.

2.8.2 Direct-inverse sampling scheme

If the first sample is obtained by the direct binomial sampling with sample size

n and the second sample corresponds to the inverse binomial sampling scheme with

fixed number of successes m, then according to Tables 2.2 and 2.4:

θ̂n,m = XnY m,

Varθ̃n,m = θ2
(

1− p1
np1

+
1− p2
m

)
.

Substituting in the formula for the variance estimations for p1 and p2 (see Table 2.1),

namely

p̂1 = Xn, p̂2 =
m− 1

mY m − 1

we obtain that the variance component

s2(p̂1, p̂2) =
1−Xn

nXn

+
Y m − 1

mY m − 1
.

Asymptotic (n,m→∞) (1− α)-confidence intervals (1)–(2) have the form

XnY m

1∓ zα/2

√
1−Xn

nXn

+
Y m − 1

mY m − 1

 , (di 1)
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XnY m

1± zα/2

√
1−Xn

nXn

+
Y m − 1

mY m − 1

−1 , (di 2)

For the logarithmic confidence interval (3) by Table 2.5

Var ln θ̃n,m =
1− p1
np1

+
1− p2
m

.

Substituting in the formula for the variance estimations for p1 and p2 (same as above)

we have:

s2l (p̂1, p̂2)) =
1−Xn

nXn

+
Y m − 1

mY m − 1
.

Reminding that θ̂n,m = XnY m we obtain that the logarithmic confidence interval (3)

takes the form

XnY m exp

∓zα/2
√

1−Xn

nXn

+
Y m − 1

mY m − 1

 . (di 3)

Characteristics of these interval are presented in Tables 2.10–2.13.

All asymptotic confidence intervals for the direct-inverse sampling scheme have an

interesting property (see Tables 2.10–2.13) that the coverage probability is almost free

of the choice of m (number of successes in the second sample) in the range 20–100,

while the precision properties are improved significantly when m increases (of course,

the similar picture appears if the sample size n for the first same increases, too).

Choosing again as the acceptable error of 0.01 in the correspondence of the cover-

age probability to the nominal 0.95, it is possible to state that the linear interval di 1

(Table 2.10) satisfies this requirement only in the region p1 ≥ 0.5 for all n,m ≥ 50

and all p2 ≥ 0.2.
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Table 2.10: Coverage probability, width, and standard deviation for CI (di 1)
m 20 50 100

n p1 \ p2 0.2 0.5 0.8 0.2 0.5 0.8 0.2 0.5 0.8

0.903 0.907 0.918 0.917 0.916 0.917 0.912 0.916 0.916

0.2 1.301 0.483 0.278 1.153 0.444 0.266 1.098 0.429 0.252

0.368 0.121 0.053 0.234 0.081 0.039 0.187 0.066 0.036

0.921 0.926 0.948 0.934 0.939 0.941 0.941 0.941 0.938

50 0.5 2.389 0.828 0.419 1.834 0.668 0.371 1.606 0.605 0.353

0.563 0.184 0.075 0.279 0.086 0.033 0.165 0.051 0.019

0.931 0.926 0.936 0.937 0.946 0.954 0.942 0.949 0.945

0.8 3.340 1.095 0.478 2.264 0.767 0.367 1.773 0.621 0.322

0.750 0.252 0.114 0.318 0.102 0.043 0.172 0.056 0.028

0.914 0.928 0.932 0.929 0.929 0.936 0.932 0.932 0.934

0.2 1.091 0.393 0.214 0.909 0.342 0.199 0.837 0.322 0.194

0.281 0.090 0.038 0.162 0.053 0.023 0.115 0.039 0.019

0.923 0.930 0.936 0.939 0.943 0.947 0.945 0.942 0.949

100 0.5 2.198 0.734 0.346 1.574 0.551 0.287 1.306 0.475 0.265

0.518 0.166 0.073 0.236 0.074 0.029 0.136 0.042 0.016

0.929 0.928 0.918 0.938 0.942 0.952 0.944 0.947 0.950

0.8 3.243 1.047 0.439 2.128 0.702 0.314 1.504 0.541 0.261

0.731 0.241 0.117 0.301 0.101 0.043 0.161 0.051 0.022

0.918 0.922 0.930 0.937 0.941 0.946 0.937 0.941 0.939

0.2 0.961 0.331 0.168 0.737 0.269 0.151 0.649 0.244 0.143

0.238 0.076 0.032 0.121 0.038 0.016 0.081 0.026 0.011

0.925 0.928 0.925 0.941 0.941 0.948 0.946 0.948 0.951

200 0.5 2.082 0.685 0.301 1.421 0.481 0.231 1.115 0.391 0.204

0.480 0.157 0.073 0.211 0.063 0.028 0.118 0.036 0.014

0.924 0.923 0.905 0.936 0.939 0.943 0.950 0.942 0.950

0.8 3.190 1.023 0.414 2.063 0.666 0.283 1.509 0.494 0.223

0.725 0.239 0.121 0.301 0.098 0.044 0.151 0.049 0.021

Hyperbolic interval (di 2) (Table 2.11) has undoubtedly better properties even for

p1 = 0.2 and, what is surprising, its precision properties are only a little inferior to

the linear interval.
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Table 2.11: Coverage probability, width, and standard deviation for the CI (di 2)
m 20 50 100

n p1 \ p2 0.2 0.5 0.8 0.2 0.5 0.8 0.2 0.5 0.8

0.931 0.933 0.936 0.937 0.931 0.928 0.920 0.927 0.926

0.2 2.404 0.849 0.436 1.904 0.693 0.402 1.686 0.650 0.389

1.116 5.041 0.189 1.058 0.243 0.110 0.485 0.177 0.095

0.951 0.951 0.953 0.949 0.952 0.942 0.949 0.942 0.950

50 0.5 3.111 1.003 0.474 2.122 0.754 0.408 1.803 0.669 0.386

0.737 0.230 0.090 0.300 0.093 0.035 0.174 0.053 0.021

0.949 0.948 0.936 0.952 0.950 0.954 0.949 0.948 0.944

0.8 4.040 1.237 0.511 2.469 0.810 0.381 1.868 0.645 0.331

0.948 0.302 0.131 0.348 0.111 0.048 0.182 0.059 0.031

0.951 0.953 0.949 0.950 0.945 0.949 0.948 0.946 0.943

0.2 1.579 0.524 0.265 1.151 0.423 0.239 1.022 0.389 0.231

0.376 0.117 0.046 0.173 0.054 0.021 0.109 0.035 0.015

0.953 0.950 0.950 0.949 0.953 0.952 0.949 0.953 0.947

100 0.5 2.708 0.853 0.374 1.746 0.598 0.303 1.401 0.504 0.277

0.648 0.206 0.083 0.261 0.081 0.031 0.144 0.044 0.016

0.950 0.947 0.929 0.951 0.950 0.958 0.948 0.948 0.952

0.8 3.885 1.177 0.462 2.295 0.737 0.323 1.672 0.557 0.266

0.910 0.290 0.131 0.332 0.107 0.045 0.168 0.054 0.023

0.949 0.953 0.955 0.948 0.951 0.951 0.952 0.950 0.948

0.2 1.244 0.403 0.191 0.856 0.304 0.165 0.726 0.270 0.156

0.305 0.095 0.038 0.136 0.042 0.017 0.082 0.026 0.011

0.948 0.945 0.942 0.950 0.949 0.952 0.952 0.952 0.952

200 0.5 2.518 0.777 0.320 1.544 0.510 0.240 1.171 0.406 0.209

0.504 0.193 0.083 0.231 0.074 0.029 0.124 0.039 0.015

0.951 0.943 0.920 0.948 0.947 0.947 0.949 0.952 0.948

0.8 3.800 1.141 0.435 2.209 0.696 0.289 1.565 0.506 0.226

0.890 0.286 0.133 0.323 0.105 0.046 0.160 0.051 0.022

Logarithmic interval (di 3) (Table 2.12) is acceptable for almost all region with

better precision properties than linear and hyperbolic intervals. It is also recom-

mended for the values of p1 of the order 0.1 (see Table 2.13) with sample size of the

first sample n ≥ 100 without taking into consideration the parameters of the second
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sample. Also it can be recommended for all p1, p2 ≥ 0.05, if n ≥ 200.

Table 2.12: Coverage probability, width, and standard deviation for CI (di 3)
m 20 50 100

n p1 \ p2 0.2 0.5 0.8 0.2 0.5 0.8 0.2 0.5 0.8

0.939 0.944 0.942 0.942 0.942 0.940 0.937 0.940 0.940

0.2 1.407 0.518 0.293 1.223 0.470 0.280 1.156 0.451 0.276

0.386 0.124 0.054 0.231 0.078 0.038 0.182 0.064 0.034

0.942 0.949 0.952 0.950 0.949 0.946 0.948 0.951 0.947

50 0.5 2.492 0.852 0.426 1.882 0.681 0.376 1.638 0.615 0.358

0.594 0.189 0.076 0.279 0.087 0.032 0.166 0.051 0.020

0.946 0.941 0.940 0.948 0.946 0.951 0.950 0.949 0.948

0.8 3.425 1.113 0.484 2.295 0.772 0.370 1.791 0.624 0.323

0.772 0.256 0.117 0.326 0.105 0.045 0.171 0.057 0.029

0.947 0.946 0.948 0.947 0.948 0.946 0.945 0.948 0.946

0.2 1.154 0.410 0.221 0.940 0.353 0.205 0.861 0.331 0.199

0.296 0.095 0.040 0.162 0.053 0.023 0.115 0.038 0.019

0.948 0.940 0.948 0.946 0.951 0.950 0.950 0.951 0.951

100 0.5 2.269 0.755 0.350 1.600 0.558 0.289 1.321 0.479 0.267

0.526 0.175 0.074 0.241 0.076 0.029 0.137 0.043 0.016

0.941 0.940 0.925 0.949 0.943 0.952 0.951 0.949 0.952

0.8 3.328 1.073 0.442 2.156 0.707 0.316 1.615 0.544 0.252

0.770 0.252 0.120 0.311 0.101 0.043 0.159 0.051 0.022

0.943 0.944 0.946 0.947 0.947 0.952 0.948 0.954 0.950

0.2 0.993 0.341 0.171 0.754 0.274 0.152 0.660 0.248 0.145

0.246 0.078 0.033 0.122 0.039 0.016 0.030 0.025 0.011

0.942 0.938 0.929 0.950 0.950 0.956 0.950 0.946 0.951

200 0.5 2.153 0.697 0.303 1.439 0.485 0.233 1.125 0.392 0.204

0.500 0.164 0.074 0.211 0.063 0.028 0.118 0.037 0.014

0.940 0.935 0.921 0.945 0.950 0.948 0.946 0.950 0.949

0.8 3.275 1.039 0.418 2.036 0.671 0.284 1.518 0.497 0.223

0.757 0.249 0.120 0.305 0.097 0.044 0.155 0.049 0.022
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Table 2.13: Coverage probability, width, and standard deviation for the CI (di 3) for

small probabilities
m 20 50 100

n p1 \ p2 0.05 0.1 0.15 0.05 0.1 0.15 0.05 0.1 0.15

0.883 0.880 0.885 0.878 0.877 0.880 0.879 0.871 0.870

0.05 2.500 1.238 0.826 2.328 1.160 0.774 2.288 1.125 0.747

1.214 0.603 0.392 1.012 0.505 0.333 0.939 0.478 0.320

0.925 0.927 0.927 0.924 0.923 0.920 0.922 0.920 0.922

50 0.1 3.847 1.908 1.257 3.483 1.734 1.148 3.369 1.676 1.112

1.327 0.642 0.420 0.946 0.470 0.312 0.825 0.414 0.270

0.940 0.943 0.943 0.936 0.940 0.939 0.943 0.935 0.936

0.15 4.917 2.417 1.606 4.296 2.143 1.421 4.099 2.036 1.358

1.491 0.717 0.469 0.971 0.471 0.308 0.770 0.386 0.251

0.926 0.930 0.933 0.924 0.926 0.928 0.923 0.925 0.925

0.05 1.969 0.987 0.650 1.791 0.898 0.595 1.734 0.854 0.575

0.699 0.345 0.220 0.516 0.253 0.167 0.451 0.222 0.148

0.940 0.942 0.944 0.940 0.938 0.940 0.945 0.936 0.944

100 0.1 3.061 1.508 0.993 2.630 1.305 0.864 2.478 1.233 0.820

0.919 0.443 0.284 0.574 0.284 0.184 0.446 0.226 0.146

0.945 0.940 0.943 0.944 0.947 0.945 0.946 0.945 0.943

0.15 3.979 1.958 1.288 3.284 1.633 1.078 3.037 1.512 1.005

1.105 0.540 0.351 0.640 0.307 0.203 0.458 0.233 0.152

0.941 0.947 0.939 0.934 0.939 0.947 0.939 0.956 0.935

0.05 1.557 0.764 0.506 1.362 0.673 0.444 1.282 0.628 0.425

0.469 0.225 0.156 0.301 0.151 0.096 0.248 0.116 0.079

0.942 0.935 0.934 0.964 0.955 0.938 0.948 0.953 0.943

200 0.1 2.488 1.231 0.803 2.028 0.997 0.664 1.843 0.912 0.613

0.658 0.337 0.222 0.375 0.181 0.121 0.274 0.138 0.093

0.943 0.944 0.956 0.959 0.949 0.947 0.961 0.943 0.936

0.15 3.361 1.640 1.076 2.606 1.305 0.853 2.282 1.152 0.761

0.871 0.424 0.262 0.453 0.230 0.141 0.316 0.157 0.104
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Special confidence intervals construction for the Direct - inverse sampling

scheme

Note that for all kinds of confidence intervals (the same as in the Direct-direct

sampling scheme) the coverage probability is smaller than the nominal level. It ap-

pears that this flaw may be overcame by make the confidence interval conservative,

if we keep up the following rule for stopping time for the second sample.

The important part of the suggested plan realization of the estimate of θ is the

choice of the number m. The (random) sample size for the second sample that de-

pends on m and the following sampling plan for the second sample can be suggested:

Repeat observations until the same number of successes as in the first experiment,

that is, set m = T =
∑n

k=1Xk. In this case for the estimate of 1/p2 it is natural

to consider the statistics Y T = νT/T (remind that we consider m = T ), where the

conditional distribution of νT is the Pascal distribution P (T, p2) and the uncondi-

tional distribution is obtained by taking the expectation of this distribution by the

truncated at zero Binomial distribution of T . The new suggested estimate of the

parameter θ is

θ̂n = XnY T =
T

n

νT
T

=
νT
n
.

Lemma 5. The moment generating function of θ̂n is

ϕθ̂(t) =

[
p1p2e

t/n

1− (1− p2)et/n
+ 1− p1

]n
.
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If n→∞, then the estimate θ̂n is asymptotically normal with the mean θ and variance

θ
(
2p−11 − θ−1 − 1

)
/n.

Proof: The according to Lemma 2, the moment generating function of Pascal’s

distribution P (m, p2) (the distribution of ν given T = m) is

ϕν(t) =

(
p2e

t

1− (1− p2)et

)m
.

Remind that in our case m = T . That is, the last formula should be interpreted as

the conditional moment generating function of νT given that T = m:

ϕνT (t|T = m) =

(
p2e

t

1− (1− p2)et

)m
.

For simplicity denote λ(t) = p2et

1−(1−p2)et
, then the formula of the conditional moment

generating function of νT given that T = m presented above takes form ϕνT (t|T =

m) = λm(t).

The moment generating function of the unconditional distribution of ν takes the

form

ϕ(t) =
n∑

m=0

ϕν(t|T = m)P (T = m)

=
n∑

m=0

(
n

m

)
[p1λ(t)]m(1− p1)n−m

= [p1λ(t) + 1− p1]n.

Hence the moment generating function of the unconditional distribution of θ̂n = νT/n

takes the form

ϕθ̂(t) = [p1λ(t/n) + 1− p1]n
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There are two ways how we can we find the moments and prove the asymptotic

normality.

1. First approach. In order to find the first two moments of θ̂, we can take

derivatives of the function ϕθ̂n(t) and evaluate them at zero. This is a direct, but

cumbersome procedure. The second approach overcomes this difficulty, but it is much

more theoretically involved because it considers sums of a random number of random

variables.

2. Second approach. Same as in the proof of Proposition 3, let ν1, ν2, . . . be

independent random variables with identical distribution P (1, p2). By Proposition

1 E(νi) = 1
p2

and Var(νi) = 1−p2

p2
2

for i ≥ 1. Then the random variable νT can be

represented as sum of a random number of random variables:

νT =
T∑
i=1

νi

According to Theorem III.6.2 of Gut (2009) [42],

EνT = Eν1 · ET̃ =
np1
p2

= nθ,

VarνT = ET ·Varν1+(Eν1)
2·VarT = np1

(1− p2)
p22

+

(
1

p2

)2

np1(1−p1) = nθ2
(
2p−11 − θ−1 − 1

)
.

Taking into consideration that θ̂n = νT/n, we obtain the mean and variance stated

in the Proposition.

To prove the asymptotic normality, consider the random variable

ξn =
θ̂n − Eθ̂n√

Varθ̂n

.
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It is not difficult to find the moment generating function ϕξn(t) because we already

know the moment generating function of θ̂n. Next, we can prove that for all t:

lim
n→∞

ϕξn(t) = ϕN(0,1)(t) = 0,

where ϕN(0,1)(t) = et
2/2 is the moment generating function of the standard normal

N(0, 1) distribution. 2

Remark: If we consider repeating observations in the second sample until the same

number of successes as in the first experiment is achieved, then of course, we should

consider only the case when the value of T is greater than zero. Note also that if we

have some prior knowledge of the type p2 > p1, when on average the second sample

will have a larger sample size than n which is the sample size for the first sample. In

order to exclude the zero values of T , we should consider T̃ , which is a truncated at

zero Binomial distribution of T . This means that T̃ = T for all i = 1, · · ·n, or:

P (T̃ = i|T 6= 0) =
P (T̃ = i and T 6= 0)

P (T 6= 0)
=

P (T = i)

1− P (T = 0)
=

(
n
i

)
pi1(1− p1)n−i

1− (1− p1)n
.

Note that in this case the moment generating function of θ̂n is

ϕθ̂(t) =
[p1

p2et/n

1−(1−p2)et/n
+ 1− p1]n − (1− p1)n

1− (1− p1)n
,

but no other changes to Lemma 5 should be made.

The lemma immediately implies the following result.
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Proposition 6. If n → ∞, the asymptotic (1 − α)-confidence interval for the para-

metric function θ is defined by the inequality

∣∣∣θ − θ̂n∣∣∣ ≤ zα/2

√
θ̂n
n

(
2

Xn

− θ̂−1n − 1

)
.

The interval bounded by the points

θ̂n ± zα/2

√
θ̂n
n

(
2

Xn

− θ̂−1n − 1

)
(di 1 · T)

is the asymptotically (1− α)-confidence interval for θ.

For the proof we refer to the proof of statement (1) of Theorem 1.

Characteristics of this interval are presented in Table 2.14.

Table 2.14: Coverage probability, width, and standard deviation for CI (di1 · T)

n 50 100 200

p1 \ p2 0.2 0.5 0.8 0.2 0.5 0.8 0.2 0.5 0.8

0.969 0.963 0.944 0.979 0.966 0.959 0.984 0.974 0.963

0.2 1.548 0.558 0.304 1.103 0.396 0.217 0.781 0.281 0.154

0.291 0.095 0.045 0.144 0.048 0.022 0.072 0.024 0.010

0.973 0.973 0.959 0.977 0.973 0.961 0.978 0.974 0.962

0.5 2.222 0.777 0.406 1.576 0.551 0.288 1.115 0.391 0.204

0.319 0.101 0.040 0.159 0.050 0.020 0.078 0.025 0.010

0.959 0.962 0.962 0.965 0.959 0.963 0.967 0.962 0.960

0.8 2.474 0.826 0.388 1.750 0.584 0.275 1.237 0.413 0.195

0.348 0.112 0.050 0.171 0.056 0.024 1.237 0.028 0.012

The results of statistical modeling presented in this table probably show that

the confidence di 1 · T is overconservative, but it is remarkable that its precision

properties remain almost the same as for the linear interval di 1.
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2.8.3 Inverse-direct sampling scheme

If the first sample is obtained by the inverse scheme of binomial sampling with

the number of successes m and the second sample is obtained by the direct binomial

sampling with the sample size n, then according to Tables 2.2 and 2.4:

θ̂m,n =
(m− 1)(n+ 1)

(mY m − 1)(nXn + 1)
,

Varθ̃m,n = θ2
(

1− p1
m

+
1− p2
np2

)
.

Substituting in the formula for the variance estimations for p1 and p2 (see Table 2.1),

namely

p̂1 =
m− 1

mY m − 1
, p̂2 = Xn,

we obtain that the variance component

s2(p̂1, p̂2) =
Y m − 1

mY m − 1
+

1−Xn

nXn

.

The asymptotically (n,m → ∞) (1 − α)-confidence intervals (1)–(2) for θ can be

written as

(m− 1)(n+ 1)

(mY m − 1)(nXn + 1)

1∓ zα/2

√
Y m − 1

mY m − 1
+

1−Xn

nXn

 , (id 1)

(m− 1)(n+ 1)

(mY m − 1)(nXn + 1)

1± zα/2

√
Y m − 1

mY m − 1
+

1−Xn

nXn

−1 , (id 2)

For the logarithmic confidence interval (3) by Table 2.5

Var ln θ̃m,n =
1− p1
m

+
1− p2
np2

.
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Substituting in the formula for the variance estimations for p1 and p2 (same as above)

we have:

s2l (p̂1, p̂2)) =
Y m − 1

mY m − 1
+

1−Xn

nXn

,

we obtain that the logarithmic confidence interval (3) takes the form

(m− 1)(n+ 1)

(mY m − 1)(nXn + 1)
exp

∓zα/2
√

Y m − 1

mY m − 1
+

1−Xn

nXn

 . (id 3)

Monte-Carlo estimations of characteristics of these intervals are presented in Ta-

bles 2.15–2.18.

The same as for the previous direct-inverse sampling scheme, it is possible to

make a conclusion that for all kinds of intervals the coverage probability is almost

not influenced by m, the number of expected success in the first sample. Moreover,

the same remark is equally applicable to the precision properties of the intervals.
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Table 2.15: Coverage probability, width, and standard deviation for CI (id 1)
n 50 100 200

m p1 \ p2 0.2 0.5 0.8 0.2 0.5 0.8 0.2 0.5 0.8

0.895 0.924 0.931 0.919 0.937 0.937 0.925 0.932 0.935

0.2 1.399 0.385 0.206 1.118 0.349 0.201 0.957 0.331 0.198

0.745 0.107 0.042 0.386 0.076 0.037 0.251 0.065 0.036

0.905 0.934 0.938 0.925 0.935 0.930 0.931 0.936 0.930

20 0.5 3.273 0.829 0.418 2.517 0.726 0.400 2.065 0.671 0.389

1.727 0.202 0.056 0.845 0.121 0.042 0.457 0.082 0.035

0.900 0.932 0.940 0.923 0.945 0.924 0.934 0.936 0.917

0.8 4.834 1.087 0.469 3.515 0.876 0.424 2.709 0.750 0.400

2.638 0.280 0.070 1.163 0.134 0.048 0.581 0.082 0.048

0.901 0.931 0.943 0.901 0.937 0.945 0.898 0.930 0.945

0.2 1.253 0.299 0.142 1.215 0.264 0.111 1.183 0.244 0.093

0.671 0.078 0.023 0.725 0.070 0.018 0.819 0.067 0.017

0.898 0.931 0.945 0.899 0.931 0.948 0.893 0.929 0.944

50 0.5 3.036 0.683 0.299 2.976 0.626 0.245 2.934 0.591 0.212

1.632 0.179 0.044 1.668 0.172 0.041 1.706 0.166 0.041

0.899 0.933 0.953 0.901 0.932 0.938 0.899 0.929 0.929

0.8 4.684 0.982 0.371 4.658 0.938 0.326 4.641 0.914 0.303

2.567 0.272 0.064 2.633 0.264 0.065 2.641 0.252 0.058

0.924 0.935 0.947 0.923 0.939 0.948 0.926 0.942 0.948

0.2 0.943 0.253 0.133 0.875 0.211 0.100 0.841 0.186 0.079

0.327 0.047 0.017 0.309 0.038 0.011 0.295 0.034 0.008

0.925 0.939 0.947 0.925 0.939 0.947 0.925 0.943 0.948

100 0.5 2.237 0.554 0.273 2.122 0.481 0.212 2.055 0.441 0.173

0.761 0.095 0.026 0.734 0.087 0.022 0.728 0.083 0.021

0.928 0.947 0.958 0.925 0.943 0.952 0.927 0.945 0.949

0.8 3.335 0.742 0.314 3.273 0.690 0.252 3.228 0.662 0.231

1.142 0.131 0.031 1.144 0.131 0.031 1.111 0.131 0.032

The coverage probability by the linear interval (id 1) is significantly lower than

nominal (see Table 2.15). We can recommend to apply this interval only if it is

known that the success probability in the second sample p2 > 0.5. However, the

hyperbolic interval (id 2) (Table 2.16) has the coverage probability which is equal to
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the nominal for all considered sample sizes and success probabilities, but the precision

properties of hyperbolic interval significantly inferior to the linear.

Table 2.16: Coverage probability, width, and standard deviation for CI (id 2)
n 50 100 200

m p1 \ p2 0.2 0.5 0.8 0.2 0.5 0.8 0.2 0.5 0.8

0.953 0.949 0.944 0.954 0.941 0.950 0.947 0.943 0.942

0.2 2.284 0.501 0.250 1.644 0.432 0.238 1.250 0.401 0.234

10.522 0.149 0.049 0.689 0.096 0.042 0.339 0.076 0.041

0.956 0.947 0.939 0.953 0.946 0.938 0.942 0.940 0.939

20 0.5 3.411 1.011 0.473 3.401 0.839 0.447 2.513 0.756 0.434

289.453 0.274 0.063 1.457 0.140 0.042 0.583 0.085 0.033

0.956 0.957 0.931 0.953 0.947 0.920 0.953 0.933 0.916

0.8 10.118 1.236 0.500 4.477 0.951 0.446 3.072 0.797 0.418

27.648 0.343 0.079 1.908 0.158 0.057 0.703 0.094 0.055

0.955 0.952 0.950 0.954 0.954 0.950 0.952 0.945 0.949

0.2 2.236 0.351 0.154 2.268 0.297 0.118 2.079 0.273 0.096

2.085 0.101 0.026 4.529 0.088 0.020 3.928 0.085 0.018

0.950 0.950 0.951 0.950 0.951 0.950 0.952 0.943 0.947

50 0.5 5.204 0.776 0.317 4.912 0.700 0.255 4.771 0.656 0.219

4.625 0.226 0.048 4.239 0.217 0.045 4.174 0.212 0.044

0.956 0.958 0.955 0.952 0.945 0.946 0.954 0.950 0.940

0.8 7.728 1.087 0.383 7.554 1.031 0.337 7.530 1.002 0.311

6.779 0.320 0.069 6.636 0.327 0.071 6.705 0.319 0.071

0.955 0.947 0.949 0.950 0.950 0.946 0.952 0.950 0.949

0.2 1.220 0.282 0.143 1.101 0.227 0.104 1.028 0.198 0.081

0.512 0.054 0.018 0.477 0.042 0.012 0.438 0.038 0.009

0.956 0.952 0.947 0.951 0.954 0.950 0.952 0.953 0.950

100 0.5 2.820 0.601 0.286 2.624 0.513 0.218 2.515 0.464 0.177

1.176 0.106 0.027 1.147 0.095 0.022 1.130 0.091 0.021

0.952 0.953 0.950 0.950 0.949 0.956 0.950 0.949 0.949

0.8 4.086 0.783 0.322 3.998 0.724 0.267 3.911 0.692 0.234

1.713 0.148 0.033 1.757 0.145 0.032 1.772 0.143 0.033

Precision properties of the logarithmic interval (id 3) (Table 2.17) are almost the

same as for the linear and the coverage probability is a little bit less than for the

hyperbolic, but still is within the acceptable error 0.01. The precision and reliability
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properties of this interval for small values of p1 and p2 are presented in Table 2.18.

According to these results for small values of success probabilities, it is possible to

recommend the logarithmic interval only for the sample sizes of the second sample

n ≥ 100.

Table 2.17: Coverage probability, width, and standard deviation for the CI (id 3)
n 50 100 200

m p1 \ p2 0.2 0.5 0.8 0.2 0.5 0.8 0.2 0.5 0.8

0.942 0.947 0.946 0.945 0.944 0.943 0.945 0.943 0.941

0.2 1.528 0.398 0.212 1.179 0.362 0.206 0.997 0.341 0.203

0.887 0.110 0.043 0.422 0.080 0.039 0.252 0.058 0.037

0.938 0.944 0.945 0.950 0.945 0.940 0.948 0.940 0.939

20 0.5 3.531 0.853 0.427 2.637 0.743 0.407 2.125 0.683 0.396

2.224 0.213 0.058 0.903 0.122 0.042 0.476 0.082 0.034

0.941 0.949 0.943 0.947 0.949 0.929 0.947 0.935 0.914

0.8 5.240 1.105 0.474 3.679 0.886 0.429 2.759 0.757 0.403

3.303 0.282 0.070 1.291 0.140 0.050 0.603 0.085 0.050

0.938 0.948 0.949 0.940 0.948 0.945 0.938 0.946 0.945

0.2 1.343 0.308 0.144 1.305 0.270 0.112 1.255 0.248 0.093

0.786 0.082 0.023 0.822 0.074 0.018 0.756 0.069 0.017

0.944 0.944 0.949 0.936 0.944 0.949 0.937 0.946 0.945

50 0.5 3.302 0.697 0.302 3.155 0.634 0.247 3.077 0.603 0.213

2.081 0.186 0.045 1.986 0.176 0.042 1.807 0.172 0.042

0.939 0.946 0.952 0.936 0.944 0.946 0.940 0.942 0.940

0.8 4.984 0.993 0.373 4.965 0.955 0.329 5.007 0.934 0.305

2.843 0.280 0.065 3.122 0.275 0.067 4.232 0.272 0.068

0.946 0.948 0.946 0.942 0.950 0.948 0.946 0.949 0.950

0.2 0.972 0.258 0.134 0.896 0.212 0.101 0.858 0.137 0.079

0.348 0.048 0.017 0.316 0.038 0.011 0.300 0.034 0.009

0.946 0.954 0.949 0.944 0.947 0.948 0.945 0.944 0.947

100 0.5 2.305 0.562 0.274 2.189 0.488 0.213 2.122 0.443 0.173

0.813 0.095 0.026 0.791 0.089 0.022 0.756 0.085 0.020

0.951 0.955 0.948 0.944 0.948 0.955 0.942 0.946 0.946

0.8 3.413 0.750 0.315 3.357 0.694 0.252 3.317 0.668 0.232

1.175 0.133 0.032 1.197 0.133 0.032 1.196 0.130 0.032
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Table 2.18: Coverage probability, width, and standard deviation for CI (id 3) for

small probabilities
n 50 100 200

m p1 \ p2 0.05 0.1 0.15 0.05 0.1 0.15 0.05 0.1 0.15

0.909 0.935 0.947 0.954 0.945 0.943 0.951 0.949 0.945

0.05 4.062 1.310 0.633 2.522 0.842 0.455 1.700 0.634 0.382

5.216 1.907 0.645 2.708 0.493 0.220 0.923 0.248 0.125

0.906 0.936 0.932 0.945 0.943 0.948 0.948 0.940 0.952

20 0.1 7.570 2.315 1.237 5.038 1.616 0.916 3.324 1.271 0.740

9.624 2.714 1.672 5.579 0.927 0.401 1.969 0.491 0.222

0.907 0.938 0.938 0.920 0.938 0.951 0.941 0.954 0.941

0.15 10.277 4.030 1.781 7.206 2.465 1.323 4.812 1.859 1.099

12.892 6.147 1.172 8.799 1.620 0.538 2.743 0.676 0.335

0.905 0.925 0.950 0.913 0.957 0.962 0.952 0.932 0.953

0.05 3.729 1.115 0.594 2.282 0.731 0.398 1.485 0.527 0.297

4.805 1.403 0.799 3.663 0.379 0.185 1.096 0.202 0.081

0.914 0.924 0.927 0.933 0.938 0.950 0.941 0.951 0.937

50 0.1 7.540 2.308 1.119 4.753 1.444 0.763 3.027 1.050 0.588

9.469 3.438 0.855 5.872 0.856 0.323 1.869 0.372 0.166

0.899 0.927 0.932 0.926 0.936 0.938 0.936 0.956 0.949

0.15 10.319 3.717 1.602 7.169 2.278 1.126 4.480 1.545 0.856

13.079 5.856 1.268 10.699 3.818 0.502 2.848 0.550 0.236

0.911 0.924 0.931 0.926 0.931 0.930 0.949 0.947 0.943

0.05 3.393 1.124 0.558 2.381 0.687 0.369 1.462 0.480 0.258

4.228 1.509 0.839 3.404 0.392 0.163 1.079 0.172 0.071

0.925 0.930 0.933 0.927 0.961 0.943 0.940 0.948 0.944

100 0.1 7.182 2.135 1.037 4.692 1.431 0.711 2.838 0.953 0.518

9.346 2.074 0.704 6.127 0.824 0.329 1.874 0.350 0.148

0.924 0.919 0.936 0.917 0.940 0.944 0.956 0.946 0.948

0.15 10.547 3.265 1.563 6.737 2.090 1.068 4.318 1.417 0.782

13.216 3.799 1.104 9.229 1.200 0.464 2.533 0.528 0.226
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Special confidence intervals construction for the Inverse-direct sampling

scheme

It would be interesting to use the value ν from the first sample in the planning

of the second sample. The important part of the suggested plan realization of the

estimate of θ is the choice of the number of trails n for the second sample. The

following sampling plan for the second sample can be suggested. For the second

sample take the number of trails n the same as the number of observations as in the

first experiment, that is set n = ν. Denote

Tν =
ν∑
k=1

Xk.

Then we suggest to use the estimate

θ̂ν =
(m− 1)(n+ 1)

(mY m − 1)(nXn + 1)
=

(m− 1)(ν + 1)

(ν − 1)(Tν + 1)
≈ m

Tν + 1
. (4)

The random variable ν does not depend on X1, X2, . . ., and hence it is possible to

calculate the mean value and variance of Tν and find its distribution.

Lemma 6. The moment generating function of the statistic of the statistics Tν is

ϕ(t) =

[
p1 (1− p2 + p2e

t)

1− (1− p2 + p2et) (1− p1)

]m
.

Statistic Tν is asymptotically (m→∞) normal with parameters

ETν = m
p2
p1

=
m

θ
,VarTν =

mp2
p21

(1− p1p2) =
m

θ

(
1

p1
− p2

)
.
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Proof: Given that ν = k, the conditional moment generating function ϕ(t) of statistic

Tν can be obtained from the moment generating function of the binomial distribution

ϕTν (t|ν = k) =
(
1− p2 + p2e

t
)k
.

Unconditional moment generating function of statistic Tν can be obtained by taking

expectation of the number of trails ν and the expectation is calculated according to

Pascal distribution:

P (ν = k|m, p1) =

(
k − 1

m− 1

)
pm1 (1− p1)k−m, k ≥ m.

Hence

ϕTν (t) =
∞∑
k=m

(
1− p2 + p2e

t
)k ( k − 1

m− 1

)
pm1 (1− p1)k−m

=
[
p1
(
1− p2 + p2e

t
)]m ∞∑

k=m

(
k − 1

m− 1

)[(
1− p2 + p2e

t
)

(1− p1)
]k−m

=
[
p1
(
1− p2 + p2e

t
)]m

S,

where

S =
∞∑
k=m

(
k − 1

m− 1

)
ak−m =

∞∑
j=0

(
j +m− 1

m− 1

)
aj =

∞∑
j=0

(j +m− 1)!

(m− 1)!j!
aj

and a = (1− p2 + p2e
t) (1− p1).

By the integral representation of Gamma-function

(j +m− 1)! = Γ(j +m) =

∫ ∞
0

xj+m−1e−xdx,
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we obtain that

S =
∞∑
j=0

∫∞
0
xj+m−1e−xdx

(m− 1)!j!
aj

=
1

(m− 1)!

∫ ∞
0

xm−1e−x
∞∑
j=0

(ax)j

j!
dx

( since
∞∑
j=0

(ax)j

j!
= eax)

=
1

(m− 1)!

∫ ∞
0

xm−1e−x(1−a)dx = (1− a)−m.

Therefore

ϕTν (t) =
[
p1
(
1− p2 + p2e

t
)]m

(1− a)−m =

[
p1 (1− p2 + p2e

t)

1− (1− p2 + p2et) (1− p1)

]m
.

Now, same as in the proof of the Proposition 5, the are two ways how we can find

the mean and variance of Tν . The first approach is in the evaluation of the first and

second derivatives of the moment generating function ϕ(t) at zero.

For the second approach we apply Theorem III.6.2 of Gut (2009) [42]. Let

X1, X2, . . . be independent identically distributed Bernoulli random variables with

parameter p2. Then Tν =
∑ν

i=1Xi is the sum of random number of random variables.

ETν = Eν · EX1 =
mp2
p1

,

since Eν = m
p1

by Proposition 1.

VarTν = Eν ·VarX1 + (EX1)
2 ·Varν =

m

p1
p2(1− p2) + p2

m(1− p1)
p21

=
mp2
p21

(1− p1p2).
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For the asymptotic normality, we can show that the limit m → ∞ of moment

generating function of the normed statistic (Tν − ETν)/
√

VarTν is equal to et
2/2, the

moment generating function of the standard normal N(0, 1) distribution. This proof

can be achieved in exactly the same way as in Lemma 5 and hence omitted. 2.

The statement above provides us two possibilities for a construction of a confidence

interval for θ = p1/p2. Note that Tν/m is an unbiased estimate for the ratio θ−1 =

p2/p1. Hence in the formula for the variance of Tν/m obtained in the proposition

above, namely VarTν = m
θ

(p1
−1 − p2), we substitute instead of θ−1 its estimate Tν/m

and obtain:

V̂arTν = Tν
(
p̂1
−1 − p̂2

)
=

Tν

mY m

(
Y m

2 − Tν
)
.

Hence, the asymptotically (1− α)-confidence interval for θ−1 has boundaries

Tν
m
± zα/2V̂arTν

1/2
.

Therefore the interval([
Tν
m

+ zα/2V̂arTν
1/2
]−1

,

[
Tν
m
− zα/2V̂arTν

1/2
]−1)

(id · ν1)

asymptotically (m → ∞) with the same probability 1 − α covers the probabilities

ratio θ = p1/p2.

Another method is based on the identical asymptotic distribution of the statistics

θ̂ν and m/Tν (see formula (4)). Applying the standard delta-method (see Section

2.3), we obtain that the asymptotic (m → ∞) normal distribution of the normed
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statistics m/Tν is defined by the random function

p1
p2
− p21
p22

(
Tν
m
− p2
p1

)
.

The mean value of this function equals θ and variance is

σ2
1 =

p21
mp32

(p1 + p2 − 2p1p2) =
1

m

[(
p1
p2

)3

+

(
p1
p2

)2

(1− 2p1)

]
.

Substituting parameters p1 and p−12 in this variance by their estimates, that is,

applying instead of σ2
1 its estimate

σ̂2
1 =

1

m

[(
m

Tν + 1

)3

+

(
m

Tν + 1

)2(
1− 2

m− 1

ν − 1

)]
,

we obtain asymptotically (1− α)-confidence interval for θ = p1/p2 as

θ̂ν ∓ zα/2σ̂1. (id · ν2)

Monte-Carlo estimates of characteristics of the intervals (id · ν1) and (id · ν2) are

presented in Tables 2.19-2.20.

Table 2.19: Coverage probability, width, and standard deviation for CI (id · ν1)
m 50 100 200

p1 \ p2 0.2 0.5 0.8 0.2 0.5 0.8 0.2 0.5 0.8

0.884 0.794 0.713 0.874 0.788 0.726 0.875 0.789 0.713

0.2 0.651 0.151 0.073 0.422 0.102 0.050 0.287 0.071 0.035

0.203 0.033 0.014 0.086 0.015 0.007 0.039 0.007 0.003

0.946 0.948 0.949 0.945 0.945 0.948 0.948 0.946 0.951

0.5 3.148 0.625 0.294 1.811 0.416 0.200 1.180 0.286 0.139

1.649 0.151 0.050 0.494 0.065 0.024 0.211 0.031 0.011

0.943 0.977 0.995 0.965 0.986 0.997 0.964 0.986 0.997

0.8 9.455 1.329 0.607 4.008 0.861 0.409 2.496 0.532 0.283

24.495 0.331 0.086 1.460 0.138 0.039 0.549 0.064 0.019
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Table 2.20: Coverage probability, width, and standard deviation for CI (id · ν2)
m 50 100 200

p1 \ p2 0.2 0.5 0.8 0.2 0.5 0.8 0.2 0.5 0.8

0.936 0.945 0.949 0.945 0.945 0.951 0.950 0.950 0.950

0.2 0.716 0.225 0.129 0.500 0.157 0.091 0.353 0.111 0.064

0.169 0.034 0.015 0.081 0.016 0.007 0.040 0.008 0.003

0.919 0.947 0.948 0.941 0.946 0.950 0.950 0.948 0.948

0.5 2.221 0.556 0.273 1.567 0.392 0.193 1.104 0.277 0.136

0.801 0.103 0.028 0.377 0.050 0.014 0.184 0.025 0.006

0.891 0.935 0.949 0.919 0.943 0.949 0.937 0.947 0.949

0.8 4.151 0.875 0.339 2.891 0.623 0.244 2.053 0.442 0.173

2.041 0.217 0.050 0.879 0.106 0.025 0.439 0.052 0.012

According to the results from the tables, we can make a conclusion that the

coverage probability for these intervals is almost free of the value of p2, but strongly

depends on p1. Interval (id · ν1) has good coverage probability (sometimes it may be

too conservative at the expense of precision) only for p1 ≥ 0.5 and the interval (id ·ν2)

has the coverage probability practically equal to the nominal in the region p1 ≤ 0.5.

It is clear that with such poor performance a practical application of intervals (id ·ν1)

and (id · ν2) is quite problematic.

2.8.4 Inverse-inverse sampling scheme

For the case when both samples are obtained in the schemes of the inverse binomial

sampling with the number of successes m1 in the first sample and the number of

successes m2 in the second sample, then according to Tables 2.2 and 2.4:

θ̂m1,m2 =
(m1 − 1)Y m2

m1Y m1 − 1
,
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Varθ̃m1,m2 = θ2
(

1− p1
m1

+
1− p2
m2

)
.

Substituting in the formula for the variance estimations for p1 and p2 (see Table 2.1),

namely

p̂1 =
m1 − 1

m1Y m1 − 1
, p̂2 =

m2 − 1

m2Y m2 − 1

we obtain that the variance component

s2(p̂1, p̂2) =
Y m1 − 1

m1Y m1 − 1
+

Y m2 − 1

m2Y m2 − 1
.

The asymptotically (n,m → ∞) (1 − α)-confidence intervals (1)–(2) for θ can be

written as

θ̂m1,m2

(
1∓ zα/2

√
Y m1 − 1

m1Y m1 − 1
+

Y m2 − 1

m2Y m2 − 1

)
, (ii 1)

θ̂m1,m2

(
1± zα/2

√
Y m1 − 1

m1Y m1 − 1
+

Y m2 − 1

m2Y m2 − 1

)−1
, (ii 2)

For the logarithmic confidence interval (3) by Table 2.5

Var ln θ̃m1,m2 = p21
1− p1
m1

+ p22
1− p2
m2

.

Substituting in the formula for the variance estimations for p1 and p2 (same as above)

we have:

s2l (p̂1, p̂2)) =
(m1 − 1)2(Y m1 − 1)

(m1Y m1 − 1)3
+

(m2 − 1)2(Y m2 − 1)

(m2Y m2 − 1)3
,

we obtain that the logarithmic confidence interval (3) takes the form

θ̂m1,m2 exp

{
∓zα/2

√
(m1 − 1)2(Y m1 − 1)

(m1Y m1 − 1)3
+

(m2 − 1)2(Y m2 − 1)

(m2Y m2 − 1)3

}
, (ii 3)
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Characteristics of intervals (ii 1)–(ii 3) are presented in Tables 2.21–2.24.

Table 2.21: Coverage probability, width, and standard deviation for CI (ii 1)
m2 20 50 100

m1 p1 \ p2 0.2 0.5 0.8 0.2 0.5 0.8 0.2 0.5 0.8

0.921 0.921 0.929 0.928 0.933 0.932 0.931 0.929 0.934

0.2 1.105 0.398 0.219 0.925 0.349 0.204 0.855 0.329 0.200

0.316 0.107 0.051 0.215 0.075 0.040 0.174 0.065 0.037

0.920 0.926 0.937 0.932 0.930 0.931 0.932 0.930 0.933

20 0.5 2.488 0.870 0.456 1.962 0.725 0.412 1.761 0.667 0.395

0.625 0.204 0.086 0.336 0.111 0.048 0.237 0.078 0.038

0.926 0.926 0.937 0.934 0.938 0.929 0.938 0.934 0.920

0.8 3.500 1.173 0.546 2.503 0.876 0.451 2.070 0.748 0.414

0.800 0.258 0.113 0.349 0.110 0.052 0.206 0.073 0.046

0.922 0.925 0.933 0.937 0.941 0.941 0.943 0.939 0.943

0.2 0.929 0.319 0.158 0.699 0.252 0.138 0.607 0.226 0.131

0.234 0.077 0.034 0.126 0.042 0.020 0.089 0.031 0.016

0.923 0.927 0.937 0.939 0.942 0.946 0.942 0.941 0.942

50 0.5 2.196 0.739 0.347 1.581 0.554 0.288 1.311 0.478 0.266

0.527 0.171 0.075 0.251 0.081 0.033 0.157 0.051 0.022

0.924 0.923 0.928 0.944 0.947 0.953 0.950 0.950 0.952

0.8 3.314 1.072 0.462 2.218 0.743 0.348 1.715 0.591 0.301

0.768 0.248 0.116 0.321 0.102 0.043 0.168 0.054 0.023

0.926 0.925 0.928 0.941 0.942 0.945 0.939 0.945 0.948

0.2 0.863 0.287 0.132 0.606 0.211 0.107 0.496 0.178 0.097

0.205 0.067 0.031 0.097 0.032 0.013 0.063 0.021 0.009

0.922 0.928 0.922 0.945 0.944 0.949 0.946 0.944 0.948

100 0.5 2.082 0.682 0.300 1.424 0.483 0.231 1.119 0.391 0.204

0.482 0.157 0.074 0.213 0.070 0.029 0.125 0.040 0.016

0.925 0.928 0.913 0.943 0.944 0.948 0.946 0.949 0.952

0.8 3.227 1.038 0.430 2.109 0.689 0.303 1.566 0.523 0.246

0.727 0.242 0.119 0.301 0.098 0.044 0.161 0.051 0.021
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Table 2.22: Coverage probability, width, and standard deviation for CI (ii 2)
m2 20 50 100

m1 p1 \ p2 0.2 0.5 0.8 0.2 0.5 0.8 0.2 0.5 0.8

0.947 0.946 0.949 0.947 0.949 0.944 0.941 0.949 0.945

0.2 1.601 0.533 0.270 1.177 0.430 0.245 1.050 0.398 0.238

0.467 0.150 0.063 0.259 0.089 0.046 0.208 0.075 0.041

0.945 0.948 0.944 0.944 0.944 0.939 0.944 0.943 0.943

20 0.5 3.321 1.036 0.527 2.334 0.838 0.462 2.012 0.754 0.440

0.836 0.260 0.103 0.381 0.122 0.050 0.245 0.081 0.037

0.951 0.953 0.948 0.942 0.941 0.931 0.938 0.932 0.916

0.8 4.337 1.356 0.595 2.780 0.946 0.479 2.225 0.796 0.435

1.008 0.314 0.134 0.394 0.126 0.061 0.229 0.084 0.053

0.953 0.947 0.945 0.934 0.940 0.942 0.938 0.942 0.947

0.2 1.187 0.380 0.176 0.700 0.252 0.138 0.606 0.226 0.107

0.303 0.097 0.040 0.127 0.042 0.019 0.091 0.031 0.013

0.954 0.944 0.945 0.939 0.942 0.946 0.945 0.942 0.946

50 0.5 2.722 0.857 0.378 1.577 0.554 0.289 1.312 0.478 0.267

0.663 0.211 0.087 0.252 0.081 0.033 0.156 0.051 0.021

0.953 0.941 0.942 0.942 0.941 0.951 0.949 0.949 0.950

0.8 3.982 1.218 0.493 2.218 0.742 0.348 1.713 0.592 0.301

0.926 0.302 0.131 0.322 0.104 0.043 0.168 0.053 0.023

0.950 0.948 0.943 0.948 0.950 0.953 0.947 0.952 0.952

0.2 1.059 0.330 0.141 0.608 0.210 0.112 0.529 0.187 0.102

0.261 0.082 0.034 0.098 0.032 0.015 0.067 0.022 0.010

0.948 0.944 0.934 0.948 0.950 0.952 0.954 0.950 0.948

100 0.5 2.529 0.775 0.320 1.555 0.511 0.240 1.176 0.407 0.210

0.614 0.193 0.084 0.237 0.076 0.031 0.129 0.042 0.017

0.951 0.944 0.920 0.950 0.950 0.954 0.952 0.949 0.953

0.8 3.850 1.159 0.450 2.265 0.721 0.310 1.632 0.538 0.251

0.900 0.288 0.132 0.333 0.106 0.046 0.168 0.053 0.022
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Table 2.23: Coverage probability, width, and standard deviation for CI (ii 3)
m2 20 50 100

m1 p1 \ p2 0.2 0.5 0.8 0.2 0.5 0.8 0.2 0.5 0.8

0.945 0.946 0.943 0.943 0.946 0.951 0.947 0.944 0.944

0.2 1.162 0.417 0.226 0.957 0.360 0.210 0.877 0.340 0.205

0.334 0.112 0.053 0.217 0.077 0.040 0.178 0.066 0.038

0.944 0.940 0.941 0.944 0.943 0.936 0.939 0.940 0.940

20 0.5 2.595 0.904 0.467 2.014 0.743 0.419 1.792 0.680 0.403

0.654 0.211 0.090 0.344 0.113 0.049 0.236 0.078 0.038

0.942 0.944 0.943 0.945 0.943 0.935 0.943 0.941 0.924

0.8 3.618 1.201 0.553 2.550 0.886 0.455 2.089 0.756 0.418

0.834 0.264 0.116 0.353 0.114 0.054 0.208 0.074 0.047

0.946 0.942 0.947 0.945 0.947 0.946 0.951 0.947 0.948

0.2 0.963 0.327 0.161 0.713 0.257 0.140 0.614 0.229 0.132

0.240 0.080 0.034 0.130 0.043 0.020 0.090 0.032 0.016

0.942 0.940 0.941 0.950 0.944 0.953 0.944 0.947 0.949

50 0.5 2.269 0.751 0.353 1.604 0.562 0.291 1.325 0.481 0.269

0.541 0.177 0.077 0.254 0.083 0.033 0.159 0.051 0.021

0.941 0.941 0.938 0.948 0.953 0.954 0.949 0.951 0.951

0.8 3.385 1.096 0.458 2.243 0.749 0.351 1.725 0.595 0.301

0.783 0.255 0.118 0.324 0.102 0.043 0.171 0.053 0.023

0.944 0.943 0.942 0.945 0.948 0.950 0.950 0.948 0.951

0.2 0.891 0.292 0.133 0.617 0.213 0.108 0.500 0.179 0.098

0.214 0.063 0.030 0.101 0.032 0.014 0.063 0.021 0.010

0.947 0.940 0.936 0.947 0.946 0.949 0.947 0.951 0.950

100 0.5 2.147 0.701 0.303 1.442 0.486 0.233 1.127 0.394 0.205

0.495 0.163 0.074 0.221 0.070 0.029 0.126 0.040 0.016

0.944 0.937 0.920 0.949 0.947 0.952 0.954 0.947 0.957

0.8 3.313 1.055 0.432 2.132 0.694 0.305 1.578 0.526 0.247

0.762 0.250 0.120 0.309 0.100 0.044 0.159 0.052 0.021
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Table 2.24: Coverage probability, width, and standard deviation for CI (ii 3) for

small probabilities
m2 20 50 100

m1 p1 \ p2 0.05 0.1 0.15 0.05 0.1 0.15 0.05 0.1 0.15

0.949 0.937 0.956 0.960 0.943 0.953 0.945 0.953 0.947

0.05 1.293 0.651 0.415 1.048 0.525 0.344 0.960 0.480 0.318

0.410 0.212 0.125 0.273 0.136 0.086 0.230 0.118 0.075

0.949 0.956 0.938 0.947 0.942 0.951 0.955 0.948 0.952

20 0.1 2.585 1.234 0.822 2.056 1.026 0.673 1.899 0.947 0.625

0.771 0.363 0.261 0.523 0.262 0.163 0.428 0.213 0.145

0.947 0.946 0.937 0.947 0.931 0.940 0.932 0.953 0.960

0.15 3.673 1.875 1.211 3.035 1.506 0.989 2.784 1.382 0.905

1.078 0.552 0.359 0.742 0.383 0.240 0.622 0.300 0.192

0.950 0.944 0.939 0.930 0.954 0.938 0.945 0.952 0.944

0.05 1.050 0.512 0.338 0.782 0.385 0.252 0.673 0.333 0.219

0.262 0.132 0.087 0.163 0.076 0.050 0.114 0.055 0.035

0.940 0.928 0.927 0.943 0.940 0.945 0.953 0.959 0.946

50 0.1 2.082 1.039 0.670 1.543 0.768 0.498 1.324 0.650 0.433

0.552 0.282 0.180 0.297 0.151 0.094 0.221 0.102 0.069

0.945 0.938 0.942 0.950 0.939 0.946 0.943 0.949 0.935

0.15 3.102 1.533 0.997 2.286 1.121 0.742 1.949 0.964 0.636

0.823 0.406 0.257 0.425 0.215 0.141 0.312 0.151 0.104

0.954 0.951 0.932 0.953 0.943 0.954 0.950 0.956 0.949

0.05 0.981 0.475 0.309 0.672 0.330 0.216 0.545 0.270 0.177

0.233 0.115 0.077 0.115 0.056 0.036 0.074 0.037 0.024

0.946 0.950 0.949 0.947 0.944 0.961 0.966 0.953 0.958

100 0.1 1.945 0.955 0.619 1.328 0.651 0.427 1.071 0.530 0.350

0.485 0.232 0.151 0.228 0.110 0.068 0.139 0.072 0.046

0.946 0.945 0.938 0.931 0.958 0.948 0.941 0.942 0.958

0.15 2.844 1.410 0.919 1.987 0.970 0.636 1.598 0.792 0.514

0.700 0.355 0.226 0.343 0.158 0.107 0.213 0.105 0.065

The precise correspondence of the coverage probability to the nominal (especially

for small success probabilities) for asymptotic confidence intervals has been mentioned

in papers by Lui (1995)-(2006) [58] – [63] . The results of our modeling only support
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the conclusions of Lui. Moreover it is difficult to give a preference to a particular

interval (ii 1)-(ii 3). All are similarly good, even for small values of success probabilities

(see Table 2.21).

2.9 Comparative analysis of the sampling schemes and rec-

ommendations for applications

In the previous section we provided the analysis of precision and reliability prop-

erties of three kinds of confidence intervals for each of four possible combinations of

sampling schemes. In all cases we gave a preference to the logarithmic interval. What

is left to discover is which sampling scheme is best to choose in connection with the

situation at hand.

We denote the sampling schemes only by their first letters: dd, di, id, and ii.

In order to support our further recommendations in the best way, we constructed

one additional summary table in which the characteristics of confidence intervals for

different sampling schemes are compared for the same sample sizes.

For example, if we would like to compare the characteristics of linear confidence

interval for dd sampling scheme with sample sizes n1 = 50, n2 = 100 with similar

characteristics for different sampling schemes. Let the true values of probabilities

take values p1 = 0.8 and p2 = 0.2. If in scheme di we choose n1 = 50,m = n2 ·p2 = 20,

in scheme id we choose m = n1 · p1 = 40, n = n2 = 100, and in scheme ii we choose
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m1 = n1 · p1 = 40,m2 = n2 · p2 = 20, then all sampling schemes can be considered as

equivalent ”on average” with respect to the cost for observations. We did not conduct

simulations for the sample size of m = 40, but from a practical point of view it is

sufficient to take m = 50 in order to use the results from the tables.

Therefore, in Table 2.25 we find the cell with coordinates (0.8,0.2) and in this cell

we review the row li. The results presented in Table 21 clearly show poor precision

and reliability properties of the linear (denoted as li) and hyperbolic (denoted as hy)

intervals where the second sample is obtained by direct sampling scheme. Moreover,

for all schemes it is not possible to accept that the coverage probability is close to the

nominal confidence level 0.95. But if we review the results for the logarithmic interval

(denoted as lg) with coordinates (0.8, 0.2), then we can conclude that for almost the

same precision characteristics (width l and standard deviation of the width σl), the

coverage probability becomes close to the nominal.
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Table 2.25: The summary of all computational results
p2 0.2 0.8

p1 sample dd di id ii dd di id ii

scheme (n1, n2) (n,m) (m,n) (m1,m2) (n1, n2) (n,m) (m,n) (m1,m2)

(n,m) (100, 100) (100, 20) (20, 100) (20, 20) (100, 50) (100, 20) (20, 50) (20, 50)

p̄ 0.924 0.914 0.919 0.921 0.936 0.932 0.931 0.932

li l 1.106 1.081 1.118 1.105 0.202 0.214 0.206 0.204

σl 0.358 0.281 0.386 0.316 0.027 0.038 0.042 0.040

0.2 p̄ 0.955 0.951 0.953 0.947 0.945 0.944 0.944 0.944

hy l 1.622 1.579 3.401 1.601 0.244 0.265 0.250 0.245

σl 0.651 0.376 1.457 0.467 0.027 0.046 0.049 0.046

p̄ 0.950 0.947 0.945 0.945 0.950 0.948 0.946 0.951

lg l 1.164 1.154 1.179 1.162 0.208 0.221 0.212 0.210

σl 0.385 0.296 0.422 0.334 0.027 0.040 0.043 0.040

(n,m) (100, 100) (100, 20) (50, 100) (50, 20) (100, 50) (100, 50) (50, 50) (50, 50)

p̄ 0.924 0.923 0.899 0.923 0.948 0.945 0.945 0.946

li l 2.222 2.198 2.976 2.196 0.299 0.287 0.299 0.288

σl 0.752 0.518 1.668 0.527 0.041 0.020 0.044 0.033

0.5 p̄ 0.956 0.953 0.950 0.954 0.949 0.952 0.951 0.946

hy l 2.796 2.708 4.912 2.722 0.318 0.303 0.317 0.389

σl 1.175 0.648 4.239 0.667 0.046 0.031 0.048 0.033

p̄ 0.948 0.948 0.936 0.942 0.952 0.950 0.949 0.953

lg l 2.296 2.269 3.155 2.269 0.301 0.289 0.302 0.291

σl 0.794 0.526 1.986 0.541 0.042 0.029 0.045 0.033

(n,m) (50, 100) (50, 20) (50, 100) (50, 20) (50, 50) (50, 50) (50, 50) (50, 50)

p̄ 0.906 0.931 0.901 0.924 0.948 0.954 0.953 0.953

li l 3.237 3.346 4.658 3.314 0.389 0.367 0.371 0.348

σl 1.071 0.750 2.633 0.768 0.064 0.043 0.064 0.043

0.8 p̄ 0.964 0.949 0.952 0.943 0.954 0.954 0.951 0.951

hy l 3.985 4.040 7.554 3.982 0.463 0.381 0.317 0.348

σl 1.577 0.948 6.636 0.926 0.070 0.048 0.048 0.043

p̄ 0.938 0.546 0.936 0.941 0.950 0.951 0.949 0.954

lg l 3.338 3.425 4.965 3.385 0.393 0.370 0.302 0.351

σl 1.132 0.772 3.122 0.753 0.065 0.045 0.045 0.043
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Table 2.27: Optimal sampling schemes
p1 p2 0.2 0.5 0.8

n 100 100 100
p̂ 0.979 0.966 0.944

0.2 l 1.103 0.396 0.304
σl 0.144 0.048 0.045
n 100 50 100
p̂ 0.977 0.973 0.961

0.5 l 1.576 0.777 0.288
σl 0.159 0.161 0.020
n 50 50 50
p̂ 0.959 0.962 0.962

0.8 l 2.474 0.826 0.388
σl 0.348 0.112 0.050

Table 2.26: Excerpts from the summary Table 2.25

dd di id ii

(50,100) (50,20) (50,100) (50,20)

p̂ 0.906 0.931 0.901 0.924

l 3.237 3.346 4.658 3.314

σl 1.071 0.750 2.633 0.768

The results that were obtained for the sampling schemes di when we consider the

expected number m of successes in the second sample equals to the number T of

successes in the first sample, exceed our expectations (see cell (0.8, 0.2) of Table 2.9):

p̂ = 0.959, l = 2.474 and σl = 0.348.

2.9.1 Conclusion

A similar comparison analysis of the properties of confidence intervals for other

true values of modeling parameters and different sample sizes, provides us the follow-

ing practical recommendations for preferences among the sampling schemes.

100



If a statistician has a possibility to plan the sample sizes for the first and second

samples and already has the estimate of p1 for the first sample that was obtained by

the inverse sampling scheme, then undoubtedly the logarithmic interval (ii 3) should

be used.

If the statistician has the estimate p1 = T/n for the first sample which was ob-

tained by the direct sampling scheme, then for the second sample the inverse binomial

sampling scheme should be applied with m = T and the interval (di·T) should be

used.
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Chapter 3

Crack random numbers generation

procedure

3.1 Introduction

In this chapter, we provide a new procedure to generate random numbers that

follow three parameter Crack distribution. To generate Crack random number by

the Composition Method, first we generate random numbers from already known

two parameter distributions Inverse Gaussian distribution and Length Biased Inverse

Gaussian distribution. Finally, we derive Crack random numbers generation proce-

dure.
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3.1.1 Inverse Gaussian Distribution

According to Chhikara and Folks (1989) [21], the Inverse Gaussian distribution is a

two parameter family of continuous probability distributions with support on (0,∞).

A random variable X has the Inverse Gaussian distribution, if the corresponding

probability density function is

fIG(x;µ, β) =

√
β

2π
x−

3
2 exp

{
−β (x− µ)2

2µ2x

}
;x > 0,

where parameter µ > 0 is the mean of the distribution and β > 0 is the scale

parameter. We say that this is the classical parametrization of the Inverse Gaussian

distribution.

The new parametrization of the Inverse Gaussian distribution, which we consider

in this thesis, is a two-parameter λ > 0, θ > 0 family of continuous probability

distributions with density function as:

fIG(x;λ, θ) = λ

√
θ

2π
x−

3
2 exp

{
−(x− λθ)2

2θx

}
;x > 0.

In the following we denote this distribution as IG(λ, θ).

Note that, since

(x− λθ)2

2θx
=

1

2

(√
x

θ
− λ
√
θ

x

)2

,
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sometimes we use the following form of the density function of the IG(λ, θ) distribu-

tion:

fIG(x;λ, θ) = λ

√
θ

2π
x−

3
2 exp

−1

2

(√
x

θ
− λ
√
θ

x

)2
 ;x > 0.

We refer to Remark 1 from the Section 3.1.3 for the physical interpretation of the

new parameters λ > 0 and θ > 0 and explanation why it is important to consider

them.

The relations between classical parameters α, β and new parameters λ, θ can be

expressed as

λ =
β

µ
and θ = µ2

β
;

µ = λθ and β = λ2θ.

As it is shown in Corollary 2.1 in Accose (2017) [1] (see also Section 2.3.2 in

Das (2015) [30]), the moment generating function of the IG(λ, θ) distribution can be

written as:

ψIG(t;λ, θ) = exp
[
λ(1−

√
1− 2θt)

]
, (3.2)

where t ≤ 1
2θ

.

3.1.2 Length Biased Inverse Gaussian Distribution

First we note that we can construct length biased distribution to any lifetime

distribution with the first moment. Namely, according to Khattree (1989) [51], the
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length biased density of its original density function is defined as follow. Let X be a

non-negative random variable having an absolutely continuous density function f(·)

and a finite first moment E[X]. We say that a non-negative random variable Y

with density function h(·) has the length biased distribution associated with X, if its

density function is given by the formula

h(x) =
xf(x)

E[X]
, x > 0.

We are interested in the Length Biased Inverse Gaussian distribution. Thus, we

will find the density of the Length Biased inverse Gaussian distribution in form of

the new parameters λ, θ.

We know that the first moment of the inverse Gaussian distribution is E(X) =

µ = λθ. Hence the density of the Length Biased Inverse Gaussian distribution is

given by the following formula

fLB(x;λ, θ) =
1

θ
√

2π

(
θ

x

) 1
2

exp

−1

2

(√
x

θ
− λ
√
θ

x

)2
 ;x > 0.

We denote this distribution as LB(λ, θ).

As it is shown in Corollary 2.2 in Acoose (2017) [1] (see also Section 2.3.3 in

Das (2015) [30]), the moment generating function of the LB(λ, θ) distribution can be

written as:

ψLB(t;λ, θ) = exp
{
λ[1−

√
1− 2θt]

}
(1− 2θt)−

1
2 , (3.3)

where t ≤ 1
2θ

.
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3.1.3 Birnbaum-Saunders Distribution

The Birnbaum-Saunders distribution arises as fatigue life model. This distribution

helps us to explain how material failure occurs to the development and growth of a

dominant crack.

First we provide the density function of the Birnbaum-Saunders distribution in

the classical parametrization. Let a random variable X has the Birnbaum-Saunders

distribution, its density function can be written as

fBS(x;α, β) =
x+ β

2α (2πβ)
1
2 x

3
2

exp

{
− 1

2α2

(
x

β
+
β

x
− 2

)}
;x > 0.

Here α > 0 and β > 0 are the shape and the scale parameters, respectively. (see

Birnbaum and Saunders (1969a [12], 1969b [11]); Ng, Kundu and Balakrishnan (2003)

[71]; Patel and Read (1996) [78]; Rausand and Høyland (2004) [82].

Ahmed et al (2008) [5] introduced the new parametrization of the Birnbaum-

Saunders distribution and discussed various estimation strategies for this new parametriza-

tion. The new parametrization λ > 0 and θ > 0 of the Birnbaum-Saunders density

function, denoted as fBS(λ, θ), is

fBS(x;λ, θ) =
1

2θ
√

2π

[
λ

(
θ

x

) 3
2

+

(
θ

x

) 1
2

]
exp

−1

2

(√
x

θ
− λ
√
θ

x

)2
 ;x > 0

The proposed parameters are λ > 0 and θ > 0 important by fitting the physical

phenomena of fatigue cracks in the following way.
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Remark 1. Consider a rectangular metal block which is fixed from two sides. A

periodic loading is applied to its middle part and this leads to the development of a

fatigue crack. The random time when the block breaks down follows the Birnbaum-

Saunders distribution (see Ahmed et al (2008) [5]). In this case, the parameters

λ > 0 and θ > 0 correspond to the thickness of the block and the nominal treatment

pressure on the block, respectively. Classical parameters α and β lack such important

interpretation that helps to model the physical phenomenon of a crack development.

The relation between classical parameters α, β and new parameters λ, θ can be

expressed as

λ =
1

α2
and θ = α2β;

α =
1√
λ

and β = αθ.

Note that the Birnbaum-Saunders distribution is a mixture with equal weights 1/2

of the Inverse Gaussian and Length Biased Inverse Gaussian distributions, namely:

fBS(x;λ, θ) =
1

2
[fIG(x;λ, θ) + fLB(x;λ, θ)]
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3.1.4 Crack Distribution

The three-parameter crack distribution seems to be “rediscovered” many times.

Up to our knowledge, it was first time introduced as the Inverse Gaussian mixture dis-

tribution in Jorgensen et al. (1991) [48]. Gupta and Akman (1995a) [38] introduced

the same distribution and called it the JSW distribution. Next, Volodin and Dzhun-

gurova (2000) [108] introduced 5-parameter distribution, which they called Crack

distribution. Bowonrattanaset (2011) [16] considered a special case of 5-parameter

Crack distribution in sense of Volodin and Dzhungurova (2000) [108] by fixing zero

values of two parameters and obtained three-parameter Crack distribution. We follow

the notation of Bowonrattanaset (2011) [16], see also Bowonrattanaset and Budsaba

(2011) [17].

The Crack distribution is formed by adding the weight parameter p and including

the two parameters Inverse Gaussian distribution and the two parameters Length

Biased Inverse Gaussian distribution as follows:

fCR(x;λ, θ, p) = pfIG(x;λ, θ) + (1− p)fLB(x;λ, θ)

where λ > 0, θ > 0 and 0 ≤ p ≤ 1.

The density function of three-parameter Crack distribution is given by

fCR(x;λ, θ, p) =
1

θ
√

2π

[
pλ

(
θ

x

) 3
2

+ (1− p)
(
θ

x

) 1
2

]
exp

−1

2

(√
x

θ
− λ
√
θ

x

)2
 ;x > 0,

where λ > 0, θ > 0 and 0 ≤ p ≤ 1. We denote this distribution as CR(λ, θ, p).
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The cumulative distribution function of X ∼ CR(λ, θ, p) is

FCR(λ, θ, p) = Φ

(√
x

θ
− λ
√
θ

x

)
− 1− 2pe2λ

[
1− Φ

(√
x

θ
− λ
√
θ

x

)]
;x > 0,

where Φ(x) is the distribution function of the standard normal distribution (see

Proposition 2.1 in Acoose (2017) [1], Thereom 2.2.1 in Das (2015) [30], or Theorem

4.2 in Bowonrattanaset (2011) [16]).

The relevance of the density functions of three distributions: the Inverse Gaussian

distribution, the Length Biased Inverse Gaussian distribution and the Birnbaum-

Saunders distribution with the Crack distribution is as follows:

fCR(x;λ, θ, p) =


fIG(x;λ, θ) , p = 1

fBS(x;λ, θ) , p = 1
2

fLB(x;λ, θ) , p = 0

where,λ > 0, θ > 0 and 0 ≤ p ≤ 1.

Note that the connection between Crack distribution, the Inverse Gaussian distri-

bution, and the Length Biased Inverse Gaussian distribution can be explained also in

the following way. Suppose X1 and X2 be independent random variables such that X1

has IG(λ, θ) distribution and X2 has LB(λ, θ) distribution and 0 ≤ p ≤ 1. Consider

new random variable X such that

X =


X1 with probability p

X2 with probability 1− p,

then X follows the CR(λ, θ, p) distribution. This is the reason why we say that X is

a mixture of X1 and X2.
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3.1.5 Random numbers generation methods

There are many algorithms to generate random numbers with some specific distri-

bution, for example, the Inversion method, Convolution method, Composition (Mix-

ture) method, Acceptance-Rejection method and etc.

The Acceptance-Rejection method, applicable to continuous, discrete, and mixed

distributions, is widely used for generating random numbers from a particular proba-

bility distribution on a computer. The method can be used alone, but more typically

it is used together with other methods, especially with the Mixture method, in creat-

ing efficient algorithms. It is a common ingredient in many of the proposed methods

for generating random numbers from various distributions. Note that the Acceptance-

Rejection method has been used in the PhD thesis of Bowonrattanaset (2011) [16]

for Crack numbers generation. Unfortunately, as it mentioned in Bowonrattanaset’s

thesis, it did not work very well. This is the main reason why we started to be in-

terested in a different method of Crack numbers generation and obtained the results

presented in this Chapter.

Composition method is applied for generating random number for a distribution

whose density function f(x) can be written as a weighted sum of n density functions

fi(x), where 1 ≤ i ≤ n, that is,

f(x) =
n∑
i=1

pifi(x), pi > 0,
n∑
i=1

pi = 1.
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In this case, as a random number for such distribution we can take random number

for a distribution whose density function fi(x) with probability pi. This algorithm is

called Composition method, see for example Ross (2013) [86].

As we already mentioned the Crack distribution is a weighted linear combination

of the Inverse Gaussian and Length Biased Inverse Gaussian distributions

fCR(x;λ, θ, p) = pfIG(x;λ, θ) + (1− p) fLB(x;λ, θ).

This representation gives us an idea to use the Composition method to generate

random number which follow the three parameter Crack distribution. But first we

need to find methods for generating Inverse Gaussian and Length Biased Inverse

Gaussian random numbers.

3.1.6 Main steps for the procedure of generating Crack ran-

dom numbers

The following steps are the procedure to generate Crack random number :

Step 1: Considering two independent random variables, one with Inverse Gaussian

distribution and another with Chi-Square distribution, we find a transformation

that converts these two random variables into a random variable with Length

Biased Inverse Gaussian distribution (see Theorem 2 below).

Step 2: Find a transformation that converts a random variable with the Inverse
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Gaussian distribution into a random variable with Chi-Square distribution (see

Theorem 3 below).

Step 3: Derive the Inverse Gaussian random number generation procedure based on

Step2.

Step 4: Derive the Length Biased Inverse Gaussian random number generation pro-

cedure through Steps 1 and 3.

Step 5: Finally, derive the Crack random number generation procedure through

Steps 3 and 4 by the Composition Method.

3.2 Transformation of the Inverse Gaussian, Length Biased

Inverse Gaussian and and Chi-Square distributions into

each other

3.2.1 Transformation of the Inverse Gaussian and Chi-Square

distributions into the Length Biased Inverse Gaussian

distribution

Theorem 2. If random variable Y has IG(λ, θ) distribution, random variable T has

Chi-Square distribution with 1 degree of freedom and random variables Y and T are

independent, then the random variable X = Y + θT has LB(λ, θ) distribution.
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Proof: The moment generating function of the Chi-Square distribution with n de-

grees of freedom (denoted as χ2(n)) is ψχ2(n) = (1 − 2t)−n/2. Hence the moment

generating function of random variable T with n = 1 is ψT (1 − 2t)−1/2 and the mo-

ment generating function of random variable θT is

ψθT (t) = (1− 2θt)−1/2.

Since random variables Y and T are independent, the moment generating function of

X = Y + θT is

ψX(t) = ψY+θT (t) = ψY (t) · ψθT (t) = ψIG (t;λ, θ) (1− 2θt)−1/2.

Note that by (3.2),ψIG (t;λ, θ) = exp
{
λ
[
1− (1− 2θt)1/2

]}
and hence

ψX(t) = exp
{
λ
[
1− (1− 2θt)1/2

]}
(1− 2θt)−1/2 = ψLB (t;λ, θ) .

by (3.3). Therefore, the random variable X = Y + θT has LB(λ, θ) distribution. 2

3.2.2 Transformation between Inverse Gaussian and Chi-square

distributions

The next theorem is the connection between IG and χ2(1) distribution which is

related to Theorem 4.6 Chhikara and Folks (1989) [21] and Shuster (1968) [99].

Theorem 3. If Y has IG (λ, θ) distribution, then T = (Y−λθ)2
θY

has Chi-Square distri-

bution with one degree of freedom.
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Proof: The distribution function of the random variable T = (Y−λθ)2
θY

is

FT (t) = P (T ≤ t)

= P

(
(Y − λθ)2

θY
≤ t

)
= P

(
Y 2 − θ (2λ+ t)Y + λ2θ2 ≤ 0

)
= P (v1 (t) ≤ Y ≤ v2 (t)) ,

where

v1 (t) = λθ +
θ

2

[
t−
√
t2 + 4λt

]
, v2 (t) = λθ +

θ

2

[
t+
√
t2 + 4λt

]
are the solutions of the quadratic equation v2 − θ (2λ+ t) v + λ2θ2 = 0. Hence,

FT (t) = FIG(v2;λ, θ)− FIG(v1;λ, θ) and the density function

fT (t) = fIG(v2;λ, θ) · v′2(t)− fIG(v1;λ, θ) · v′1(t). (3.4)

Since v1 and v2 are solutions of the quadratic equation v2 − θ (2λ+ t) v + λ2θ2 = 0,

we and taking into consideration their exact expressions, we can collect the following

facts.

Fact 1.v1 + v2 = θ (2λ+ t) (Vieta’s Theorem).

Fact 2.v1 · v2 = λ2θ2 (Vieta’s Theorem).

Fact 3.
(
v
1/2
2 − v1/21

)2
= v2 + v1 − 2 (v1v2)

1/2 = θt (by Facts 1 and 2).

Fact 4.v2 − v1 = θ
√
t2 + 4λt (by the expressions for v1 and v2).
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Fact 5. Differentiating the expression for v1(t) and v2(t) directly and using the

above mentioned facts, we get:

v′1 (t) =
θ

2

(
1− 2λ+ t√

t2 + 4λt

)
=
θ

2

(
1− v2 + v1

v2 − v1

)
=
−θv1
v2 − v1

,

v′2 (t) =
θ

2

(
1− 2λ+ t√

t2 + 4λt

)
=
θ

2

(
1 +

v2 + v1
v2 − v1

)
=

θv2
v2 − v1

.

Fact 6. Note that (v1−λθ)2
v1θ

= (v2−λθ)2
v2θ

= t. Hence,

exp

{
−(v1 − λθ)2

2v1θ

}
= exp

{
−(v2 − λθ)2

2v2θ

}
= exp

{
− t

2

}

Now we substitute all these findings to equation (3.4):

fT (t) = fIG(v2;λ, θ) · v′2(t)− fIG(v1;λ, θ) · v′1(t)

=
λθ1/2√

2π
v
−3/2
2 exp

{
−(v2 − λθ)2

2v2θ

}
· θv2
v2 − v1

− λθ
1/2

√
2π

v
−3/2
1 exp

{
−(v1 − λθ)2

2v1θ

}
· −θv1
v2 − v1

=
λθ3/2 exp {−t/2}√

2π
· v
−1/2
2 + v

−1/2
1

v2 − v1
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=
λθ3/2 exp {−t/2}√

2π
· v

1/2
2 + v

1/2
1

(v2v1)
1/2
(
v
1/2
2 + v

1/2
1

)(
v
1/2
2 − v1/21

)

=
λθ3/2 exp {−t/2}√

2πλθ
· 1

(θt)1/2

=
1√
2π
t−1/2 exp {−t/2} ,

which is a density function of the Chi-Square distribution with one degree of freedom.

2

3.2.3 Problem with two roots

Theorem 3 proved above gives as a way to generate Inverse Gaussian IG (λ, θ)

random numbers. There is no difficulty to generate a random variable T with Chi-

Square distribution with one degree of freedom. The problem is that when we solve

the equation t = g(y) = (y−λθ)2
θy

for y, then there are two roots:

v1 = λθ +
θ

2

[
t−
√
t2 + 4λt

]
(smaller root) and

v2 = λθ +
θ

2

[
t+
√
t2 + 4λt

]
=
λ2θ2

v1
(larger root).

Which root to choose, smaller or larger? Theorem 4 below answers this question

based on an argument presented in Michael, Schucany, and Haas [65]. But first we

need to fix some notation and prove two simple lemmae.
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Let t > 0 and consider the interval (t− h, t+ h), where h > 0. According to

the Inverse Function Theorem, for h sufficiently small, the inverse image g−1 of the

interval (t− h, t+ h) is comprised of two disjoint intervals about roots v1 and v2.

Denote them by (w11, w12) (contains v1) and (w21, w22) (contains v2).

Note that

w11 = λθ +
θ

2

[
(t+ h)−

√
(t+ h)2 + 4λ(t+ h)

]
w12 = λθ +

θ

2

[
(t− h)−

√
(t− h)2 + 4λ(t− h)

]
w21 = λθ +

θ

2

[
(t− h) +

√
(t− h)2 + 4λ(t− h)

]
w22 = λθ +

θ

2

[
(t+ h) +

√
(t+ h)2 + 4λ(t+ h)

]
These points are presented in the Figure 3.2.3 below.

Lemma 7. The following limits exist and equal to:

1. lim
h→0

w22−v2

w22−w21
= t+2λ+

√
t2+4λt

2t+4λ+
√
t2+4λt

2. lim
h→0

w21−v2

w22−w21
= 1− limh→0

w22−v2

w22−w21
= t+2λ−

√
t2+4λt

2t+4λ+
√
t2+4λt

3. lim
h→0

w12−v1

w12−w11
= t+2λ−

√
t2+4λt

2t+4λ−
√
t2+4λt

4. lim
h→0

w11−v1

w12−w11
= 1− limh→0

w12−v1

w12−w11
= t+2λ+

√
t2+4λt

2t+4λ−
√
t2+4λt

Proof: First we prove statement (1). Substituting the expressions for corresponding

quantities, we obtain:

lim
h→0

w22 − v2
w22 − w21
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Figure 3.1: Location of points v and w for the function t = g(y)

= lim
h→0

(
λθ + θ

2

[
(t + h) +

√
(t + h)2 + 4λ(t + h)

])
−
(
λθ + θ

2

[
t +

√
t2 + 4λt

])
(
λθ + θ

2

[
(t + h) +

√
(t + h)2 + 4λ(t + h)

])
−
(
λθ + θ

2

[
(t− h) +

√
(t− h)2 + 4λ(t− h)

])

= lim
h→0

h+
(√

(t+ h)2 + 4λ(t+ h)−
√
t2 − 4λt

)
h+

(√
(t+ h)2 + 4λ(t+ h)−

√
(t− h)2 − 4λ(t− h)

) .
Applying usual technique for opening limits, that is multiplying the expressions in
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parentheses in the numerator and denominator of the expression above, we obtain:

lim
h→0

w22 − v2
w22 − w21

= lim
h→0

h+ (t+h)2+4λ(t+h)−t2−4λt√
(t+h)2+4λ(t+h)+

√
t2−4λt

h+ (t+h)2+4λ(t+h)−(t−h)2−4λ(t−h)√
(t+h)2+4λ(t+h)+

√
(t−h)2−4λ(t−h)

= lim
h→0

h+ 2th+h2+4λh√
(t+h)2+4λ(t+h)+

√
t2−4λt

h+ 4ht+8λh√
(t+h)2+4λ(t+h)+

√
(t−h)2−4λ(t−h)

(canceling out h in the denominator and numerator)

= lim
h→0

1 + 2t+h+4λ√
(t+h)2+4λ(t+h)+

√
t2−4λt

1 + 4t+8λ√
(t+h)2+4λ(t+h)+

√
(t−h)2−4λ(t−h)

=
1 + 2t+4λ

2
√
t2+4λt

1 + 4t+8λ
2
√
t2+4λt

=
t+ 2λ+

√
t2 + 4λt

2t+ 4λ+
√
t2 + 4λt

.

Note that statement (2) follows directly from statement (1). The proof of state-

ments (3) and (4) is similar and is omitted.2

Lemma 8. The following limits exist and equal to:

1. lim
h→0

w12−w11

h
= 2v1√

t2+4λt
,

2. lim
h→0

w22−w21

h
= 2v2√

t2+4λt
.

Proof: We prove statement (1), the proof of statement (2) is similar and hence

omitted. Substituting the expressions for corresponding quantities, we obtain:

lim
h→0

w12 − w11

h
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= lim
h→0

(
λθ + θ

2

[
(t− h)−

√
(t− h)2 + 4λ(t− h)

])
−
(
λθ + θ

2

[
(t + h)−

√
(t + h)2 + 4λ(t + h)

])
h

=
θ

2
lim
h→0

−2h+
(√

(t+ h)2 + 4λ(t+ h)−
√

(t− h)2 + 4λ(t− h)
)

h

Applying usual technique for opening limits, that is multiplying the expressions in

parentheses in the numerator and denominator of the expression above, we obtain:

lim
h→0

w12 − w11

h
=

θ

2
lim
h→0

−2h+ [(t+h)2+4λ(t+h)]−[(t−h)2+4λ(t−h)]√
(t+h)2+4λ(t+h)+

√
(t−h)2+4λ(t−h)

h

=
θ

2
lim
h→0

−2h+ 4th+8λh√
(t+h)2+4λ(t+h)+

√
(t−h)2+4λ(t−h)

h

(canceling out h in the denominator and numerator)

=
θ

2
lim
h→0

[
4t+ 8λ√

(t+ h)2 + 4λ(t+ h) +
√

(t− h)2 + 4λ(t− h)
− 1

]
(taking limit and factoring out 2 in the numerator)

= 2
θ

2

[
t+ 2λ√
t2 + 4λt

− 1

]
= 2

λθ + θ
2
(t−
√
t2 + 4λt)

√
t2 + 4λt

=
2v1√
t2 + 4λt

2

Remark 2. Note that the proof of Lemma 8 can be obtained by the formula for the

derivative of an inverse function. Really, assume that the inverse function g−1 :

(t+ h, t− h)→ (w11, w12). Then

lim
h→0

w12 − w11

h
=
g−1(t− h)− g−1(t+ h)

h
=
∣∣∣(g−1(t))′∣∣∣ =

1

|g′(v1)|
.
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The absolute value appears here because we actually consider only one-sided limit

with h > 0 and w12 − w11 > 0. It cannot be negative. It is simple to show that

|g′(v1)| =
√
t2+4λt
2v1

.

Theorem 4. Let T be a random variable with Chi-Square distribution with one degree

of freedom. Consider a random variable Y that, conditional on T = t, takes value

v1 = λθ + θ
2

[
t−
√
t2 + 4λt

]
with probability p1 = λθ

λθ+v1
and the value v2 = λ2θ2

v1
with

probability p2 = 1− p1 = v1

λθ+v1
. Then Y has IG(λ, θ) distribution.

Proof: As we already mentioned above, we consider the function t = g(y) = (y−λθ)2
θy

.

Next, we let t > 0 and consider the interval (t − h, t + h), where h > 0. According

to the Inverse Function Theorem, for h sufficiently small, the inverse image g−1 of

the interval (t− h, t+ h) is comprised of two disjoint intervals about roots v1 and v2

denoted as (w11, w12) (contains v1) and (w21, w22) (contains v2).

If p1(t) denotes the probability with which an observation of Y should be chosen
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from the first interval (w11, w12) given that T is in the interval (t− h, t+ h), then

ph1(t) = P (w11 < Y < w12|t− h < T < t+ h)

=
P (w11 < Y < w12 and t− h < T < t+ h)

P (t− h < T < t+ h)

=
P (w11 < Y < w12)

P (w11 < Y < w12) + P (w21 < Y < w22)

=
FIG(w12)− FIG(w11)

FIG(w12)− FIG(w11) + FIG(w22)− FIG(w21)

=

(
1 +

FIG(w22)− FIG(w21)

FIG(w12)− FIG(w11)

)−1
.

Note that lim
h→0

(t − h, t + h) = t and lim
h→0

(w11, w12) = v1, and so p1(t) = lim
h→0

ph1(t)

will yield the conditional probability with which the first root v1 should be selected.
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Hence,

p1(t) = lim
h→0

ph1(t)

=

(
1 + lim

h→0

FIG(w22)− FIG(w21)

FIG(w12)− FIG(w11)

)−1

=

(
1 + lim

h→0

(w22 − w21)/h

(w12 − w11)/h
· (FIG(w22)− FIG(w21))/(w22 − w21)

(FIG(w12)− FIG(w11))/(w12 − w11)

)−1

=

1 +
lim
h→0

w22−w21

h

lim
h→0

w12−w11

h

·
lim
h→0

FIG(w22)−FIG(w21)
w22−w21

lim
h→0

FIG(w12)−FIG(w11)
w12−w11

−1

=

1 +
v2
v1
·

lim
h→0

FIG(w22)−FIG(w21)
w22−w21

lim
h→0

FIG(w12)−FIG(w11)
w12−w11

−1

by Lemma 8.

Other two limits we will evaluate in the following way:

lim
h→0

FIG(w22)− FIG(w21)

w22 − w21

= lim
h→0

FIG(w22)− FIG(v2) + FIG(v2)− FIG(w21)

w22 − w21

= lim
h→0

FIG(w22)− FIG(v2)

w22 − w21

− lim
h→0

FIG(w21)− FIG(v2)

w22 − w21
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Consider the first limit in the last expression

lim
h→0

FIG(w22)− FIG(v2)

w22 − w21

= lim
h→0

FIG(w22)− FIG(v2)

w22 − v2
· w22 − v2
w22 − w21

= lim
h→0

FIG(w22)− FIG(v2)

w22 − v2
· lim
h→0

w22 − v2
w22 − w21

= fIG(v2) ·
t+ 2λ+

√
t2 + 4λt

2t+ 4λ+
√
t2 + 4λt

by Lemma 7.

By exactly the same calculations we can open the limit

lim
h→0

FIG(w21)− FIG(v2)

w22 − w21

= fIG(v2)

(
1− t+ 2λ+

√
t2 + 4λt

2t+ 4λ+
√
t2 + 4λt

)
.

Therefore,

lim
h→0

FIG(w22)− FIG(w21)

w22 − w21

= fIG(v2)
t+ 2λ+

√
t2 + 4λt

2t+ 4λ+
√
t2 + 4λt

+ fIG(v2)

(
1− t+ 2λ+

√
t2 + 4λt

2t+ 4λ+
√
t2 + 4λt

)
= fIG(v2).

Similar calculations show that

lim
h→0

FIG(w12)− FIG(w11)

w12 − w11

= fIG(v1).

Collecting all this information, we obtain that

p1(t) =

(
1 +

v2
v1

fIG(v2)

fIG(v1)

)−1
.

124



Using the relations v1v2 = λ2θ2 established above, we obtain

v2
v1

=
λ2θ2

v21

Next, using that

exp

{
−(v2 − λθ)2

2v2θ

}
= exp

{
−(v1 − λθ)2

2v1θ

}
,

we obtain

fIG(v2)

fIG(v1)
=
v
−3/2
2

v
−3/2
1

=
v31
λ3θ3

.

Substituting all these expressions, we obtain that p1(t) = λθ
λθ+v1

.

Hence, the smaller root v1 should be chosen with probability p1(t) = λθ
λθ+v1

and the

larger root v2 = λ2θ2/v1 should be chosen with probability p2(t) = 1−p1(t) = v1

λθ+v1
.2

The above Theorem 4 is the main tool to generate IG random numbers. Therefore,

the IG random number generator process follows the steps below.

3.3 Random numbers generation procedure for Inverse Gaus-

sian, Length Biased Inverse Gaussian and Crack distri-

butions

Now we are ready to present all algorithms for random numbers generation pro-

cedures.
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3.3.1 The Inverse Gaussian IG (λ, θ) random number gener-

ation procedure.

1. Generate a random number u uniformly distributed on [0,1] and independently

a standard normal number z.

2. Calculate v = λθ + θ
2

[
z2 −

√
z4 + 4λz2

]
.

3. If u < λθ
(λθ+v)

, then take IG = v, otherwise IG = λ2θ2

v
.

3.3.2 The Length Biased Inverse Gaussian LB (λ, θ) random

number generation procedure.

Now we can easily obtain LB random number generator process by Theorem 2.

1. Generate a random number u uniform [0,1] and independently a two indepen-

dent standard normal numbers z1 and z2.

2. Calculate v = λθ + θ
2

[
z21 −

√
z41 + 4λz21

]
.

3. If u < λθ
(λθ+v)

, then take IG = v, otherwise IG = λ2θ2

v
.

4. Take LB = IG+ θz22 .
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3.3.3 The Crack random number generation procedure.

According to the composition method the following is the Crack random number

generation procedure.

1. Fix λ, θ, p, the parameters of the Crack distribution.

2. Generate a random number u uniform [0,1].

3. If u < p, then generate a random number with IG(λ, θ) distribution. Otherwise,

generate a random number with LB(λ, θ) distribution.

The following is the same procedure in more detail.

1. Fix λ, θ, p, the parameters of the Crack distribution.

2. Generate two independent random numbers u1 and u2 from uniform [0,1] dis-

tribution and independently two independent standard normal numbers z1 and

z2.

3. Calculate v = λθ + θ
2

[
z2 −

√
z4 + 4λz2

]
.

4. If u1 <
λθ
λθ+v

, then take CR = v, otherwise CR = λ2θ2

v
.

5. If u2 > p, then take CR = CR + θz22 .
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Remark 3. Note that the procedure described above deals with the generation of the

random numbers from the Crack distribution with the density function:

fCR(x;λ, θ, p) = pfIG(x;λ, θ) + (1− p)fLB(x;λ, θ),

where λ > 0, θ > 0 and 0 ≤ p ≤ 1.

Nothing prohibits us to consider the generation of the random numbers from even

more general Crack distribution, which has the following density function:

fCR(x;λ1, λ2, θ1, θ1, p) = pfIG(x;λ1, θ1) + (1− p)fLB(x;λ2, θ2),

where λ1 > 0, λ2 > 0, θ1 > 0, θ2 > 0 and 0 ≤ p ≤ 1.
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Chapter 4

Centre of Population of Saskatchewan,

Canada

Unavailability of western-laboratory-type data on water quality for the areas where

the aboriginal people live requires developing special evaluation and prognosis-making

methodologies. To determine the key parameters of the water quality we interviewed

the experts (aboriginal elders). Basing on the determined key parameters we formed

the key questions and developed the questionnaires. The questionnaires were dis-

tributed among the households of the Peepeekisis and Kahkewistahaw aboriginal

communities (Saskatchewan, Canada). According the developed model we can con-

clude that within next 15-25 years the negative dynamics of the water quality in both

of the communities will be held. However if the positive factors (construction of water

treatment facilities, restriction of chemical use, etc) regarding the water quality are

maintained at least at the current level, in 15-25 years we may observe dominating
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of positive trends in water quality in both of communities.

The results of this section are published in Sardarli, Ngamkham, Budsaba, Volodin

and Baidoo (2010) [89]

4.1 Procedure of Finding the Centre of Population of Saskatchewan

In our calculations we used the Weiszfeld procedure (Weiszfeld (1937) [111] and

2009 [112]). This procedure was applied by Kumler and Goodchild for evaluating the

coordinates of the population centre of Canada (Kumler and Goodchild [54]). Within

this procedure, the location of a point on the Earth sphere is determined in geographic

coordinate system by geographic latitude and longitude. This can be shown using

the following conversion formulae,

x = cosϕ cosλ

y = sinϕ

z = cosϕ sinλ

where ϕis the latitude, λis the longitude of the point. The coordinates of the centre

of population are computed as

x̂ =

∑
xi

[(x̂−xi)2+(ŷ−yi)2]
1/2popi∑ popi

[(x̂−xi)2+(ŷ−yi)2]
1/2

ŷ =

∑ yi

[(x̂−xi)2+(ŷ−yi)2]
1/2popi∑ popi

[(x̂−xi)2+(ŷ−yi)2]
1/2
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until the loop becomes stable; where xi and yi are coordinates of a population centre

i, popi is the population of this population centre.

4.2 Results

In our calculations we used the data for the population centres of Saskatchewan

whose population exceeds 1000 people according to Census 2011 (Census of Canada

(2011) [76]). There were 63 of them. The table in the Appendix section represents the

population and geographic coordinates of the population centres. The geographical

coordinates of population centers of Saskatchewan are publicly available from World

Geodetic System (WGS) database. For carrying out the computations we used the

MATLAB software (see in the section Appendix). We have obtained the following

results for the coordinates of the centre of population of Saskatchewan,

x̂ = −0.172126431502783

ŷ = 0.785721832548557

Using the results of the calculations and formula presented above one can deter-

mine the geographic coordinates of the centre of population,

ϕ̂ = arcsin (ŷ) = 0.903862182 rad = 51.787488290214◦W

λ̂ = arccos

(
x̂√

1− ŷ2

)
= 1.852779026 rad = −106.15641856042◦N
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Figure 4.1: Centre of population of Saskatchewan (Canada)

These coordinates correspond to town Allan of Saskatchewan. The closest tem-

perature measurement facility to this location was the weather station of Saskatoon

Diefenbaker International Airport. The temperature data obtained from this weather

station have been used already in studies on fertility vs. temperature (Sardarli,

Trovato and Volodin (2015) [91]).

4.3 Conclusion

Within the presented studies we have determined the coordinates of the centre

of population of province of Saskatchewan (Canada) using the Weiszfeld procedure

(Weiszfeld (1937) [111] and 2009 [112]). In our computations we used the data (pop-

ulation, latitude and longitude) of 63 population centres whose population exceeds

1000 according to Census 2011. This result will be used in our future studies on the

role of temperature oscillations in forming the birth seasonality.
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Appendix

The table below represents the population and geographic coordinates of the pop-

ulation centres.

Table 4.1: Population Centres of Saskatchewan
Geographic name Population, 2011 Latitude, N (deg) Longitude, W (deg)
Saskatoon 222035 52.133333 -106.683333
Regina 192756 50.454722 -104.606667
Prince Albert 35552 53.2 -105.75
Moose Jaw 33617 50.393333 -105.551944
Lloydminster (SK part) 9772 53.278333 -110.005
North Battleford 17595 52.7575 -108.286111
Yorkton 15795 51.213889 -102.462778
Swift Current 15503 50.288056 -107.793889
Estevan 11054 49.139167 -102.986111
Weyburn 10484 49.661111 -103.8525
Martensville 7716 52.289722 -106.666667
Warman 7084 52.321944 -106.584167
La Ronge 5905 55.1 -105.3
Humboldt 5678 52.201944 -105.123056
Flin Flon (SK part) 229 54.768056 -101.864167
Melfort 5576 52.856389 -104.61
Meadow Lake 5045 54.124167 -108.435833
Kindersley 4678 51.467778 -109.156667
Melville 4517 50.930556 -102.807778
Nipawin 4330 53.3572 -104.0192
Tisdale 3185 52.85 -104.05
White City 3098 50.435278 -104.357222
Pelican Narrows 2703 55.188333 -102.934167
Moosomin 2485 50.142 -101.67
Esterhazy 2472 50.65 -102.066667
Assiniboia 2418 49.616667 -105.983333
Unity 2389 52.433333 -109.166667
Rosetown 2317 51.55 -107.983333
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Geographic name Population, 2011 Latitude, N (deg) Longitude, W (deg)
Canora 2219 51.63394 -102.43691
Outlook 2204 51.5 -107.05

Maple Creek 2176 49.55 -109.28
Biggar 2146 52.059 -107.979

Fort Qu’Appelle 2044 50.7667 -103.7833
Watrous 1857 51.677778 -105.464167

Pilot Butte 1848 50.466667 -104.416667
Kamsack 1825 51.565 -101.894722

Indian Head 1815 50.32 -103.4
Stanley 157 1812 55.4125 -104.568889
Wynyard 1767 51.766667 -104.183333

Shaunavon 1756 49.651 -108.412
Dalmeny 1702 52.341111 -106.773333

Regina Beach 1636 50.79 -104.99
Lumsden 1631 50.3846 -104.52
Balgonie 1625 50.291938 -104.155929
Rosthern 1572 52.666667 -106.333333

Hudson Bay 1477 52.851 -102.392
Carlyle 1441 49.376 -102.16

Shellbrook 1433 53.223056 -106.388333
Macklin 1415 52.2 -109.57
Lanigan 1390 51.85 -105.033333
Wadena 1306 51.945833 -103.801389
Wilkie 1301 52.409 -108.7

Langham 1290 52.37 -106.97
Oxbow 1285 49.233333 -102.166667

Kimosom Pwatinahk 203
(Deschambault Lake) 1194 54.916667 -103.366944

Langenburg 1148 50.833333 -101.7
Foam Lake 1148 51.65 -103.53
Carnduff 1126 49.167 -101.783

Gravelbourg 1116 49.874 -106.555
Osler 1088 52.37 -106.54

Preeceville 1070 51.958022 -102.667316
Caronport 1068 50.458889 -105.816667
Birch Hills 1064 52.983333 -105.433333
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The following are results of the MatMab program:

x̂ = −0.172126431502783, ŷ = 0.785721832548557

Number of iterations = 8

Criterion to stop: Euclidian distance between points (x̂, ŷ) from the previous and

new iterations is less than 10−6.

Program codes in MatLab version 2015A:

clc;

load SK_PC_calculations_for_Andrei_150726.mat;

x_h=-0.16864;

y_h=0.780365;

X=data(:,1);

Y=data(:,2);

P=data(:,3);

K=0;

D=1;

while D>10^-6

x_new=sum((X.*P)./(sqrt((x_h-X).^2+(y_h-Y).^2)))/sum((P)./(sqrt((x_h-X).^2+(y_h-Y).^2)));

y_new=sum((Y.*P)./(sqrt((x_h-X).^2+(y_h-Y).^2)))/sum((P)./(sqrt((x_h-X).^2+(y_h-Y).^2)));

D=sqrt((x_h-x_new)^2+(y_h-y_new)^2);

K=K+1;

x_h=x_new;

y_h=y_new;

end;

format long;

disp(’x_hat’);

disp(x_h);

disp(’y_hat’);

disp(y_h);

disp(’Number of Iteration’);

disp(K);
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Chapter 5

Modeling of Water Quality Dynamics

Using Indigenous Knowledge

For many years the temperature and its temporal and spatial dynamics have

been one of the determinants of demographic processes. Some scholars classify the

temperature as of the environmental factors correlating with births seasonality in

human population. Usually researchers use the value of temperature averaged over

a territory (country, state or province). Perhaps for cases, where the territory is

relatively small size of, or the temperature is homogenous over the territory, the

spatial averaging of the temperature can be found reasonable. In case of Canada

and Canadian provinces, where the temperature difference between the south and

north is much greater than in the most of other countries, the spatial averaging of

temperature over the large areas leads to significant increase of the uncertainty of

measurement. The use of temperature values measured at the centre of population
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could significantly increase the accuracy of birth vs. temperature correlation analysis.

Within the reported studies we have determined the center of population of the

province of Saskatchewan of Canada.

The results of this section are published in Sardarli, Ngamkham and Volodin

(2017) [90].

5.1 Methodology

Our research project has attempted to use the aboriginal people’s environment

evaluation skills to develop a model for describing water quality dynamics in the abo-

riginal communities. Studies of Indigenous knowledge often make comparisons with

scientific knowledge in an effort to determine the ”accuracy” of Indigenous knowl-

edge as measured on a scale that is intended to be objective. However, the idea of

validating Indigenous knowledge is a foreign concept to most aboriginal people. In

fact, Indigenous populations throughout the world have been described as those with

a social and cultural identity distinct from the dominant society where they live,

who have a close attachment to their ancestral lands. Indigenous societies represent

cohesive systems of life, imbued with a shared world view. Every aspect of Indige-

nous life is governed by sets of rules and values and sustained by a sound knowledge

base. Indigenous peoples have achieved harmonious integration with the environment

and have sustained this relationship over the centuries (National Aboriginal Health
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Organization, Annual Report (2003-2004) [70]). Here, we argue that mathematical

modeling is compatible with Indigenous knowledge.

To apply Indigenous knowledge to environmental research and management, con-

sideration must be given to the ways in which it is acquired, held, and communicated.

Indigenous knowledge is the synthesis of innumerable observations made over time

(Agrawal (1995) [2]). Added weight is often given to anomalous occurrences, in order

to be better prepared for surprises and extremes. It is typically qualitative; when

quantities are noted, they are more often relative than absolute. Indigenous knowl-

edge evolves with changing social, technological, and environmental conditions, and

thus observations of change over time can be influenced by these as well as by the

vagaries of memory. Within the presented research project we used Indigenous en-

vironmental memory and community survey information as statistical data. Based

on the analysis of the collected statistical data we developed a mathematical model

of the temporal dynamics for the water quality in Peepeekisis and Kahkewistahaw

communities.

As it is mentioned above aboriginal people identify themselves as a part of the

nature, and they have their own evaluation principles and scale, which they use for

determining the current state of the Nature as a whole as well as its components.

In general, the evaluation principles are based on believes of the aboriginal people.
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However some principles have quite materialistic sense, and can be represented quan-

titatively. For developing the mathematical model we needed to determine the key

parameters, which are used by aboriginal people for evaluating the conditions of the

water systems.

Analysing the expert (Elder) interviews we determined the parameters to evaluate

the water quality in the communities, and developed the list of survey Questions

presented in the Appendix below.

It is typical for the households of the aboriginal communities to usually repre-

sent two-three generations living together. Therefore, each household saves in their

environmental memories the information regarding the water quality for the last 20

– 30 years. Considering this potential of the aboriginal community households we

decided to address the questionnaires to the households, not to individual community

members. This idea was supported by the experts (Elders).

In the developed questionnaires the participants were asked to evaluate the water

quality in the past (30 years ago, 20 years ago, 10 years ago, and 5 years ago), and

make a prognosis for the future (in 5 years, in 10 years, in 20 years) using the Key

parameters. The digitalization scheme of the answers is presented in the Appendix

2.

The questionnaires along the Consent Forms were distributed in Peepeekisis and

Kahkewistahaw households. The response rate was 35-37%.
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The average marks of each parameter for each time period were evaluated using

the following formula,

AverageMark =

∑
TheMark× NumberofRespondentsChosenthisMark

TotalNumberofRespondents

5.2 Results

Below we represent the time dependence of the Key parameters determined for

Peepeekisis and Kahkewistahaw communities.

Figure 5.1: Fish Taste and Birds Taste
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Figure 5.2: Birds Nest and Swimming Frequency

Figure 5.3: Chemicals and Transparency of Water
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Figure 5.4: Overall temporal dynamics of the water quality; Exponential model

Figure 5.5: Overall temporal dynamics of the water quality; Polynomial model
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5.2.1 Statistical Analysis. Spearman Rank Correlation Co-

efficient for Peepeekisis Water survey

Test the hypothesis of the relationship between how individuals rated the level of

chemicals in the water 30 years ago vs. 5 years ago. (Question 5.1 vs. 5.4).

H0 : ρs = 0,

H1 : ρs > 0.

We will use a significance level of α = 0.05. Degrees of freedom d.f. = n − 2

= 37-2 = 35. Therefore, we reject H0 in favor of H1 if the test statistic t > 1.691.

Otherwise fail to reject H0.

Sample Spearman Rank Correlation Coefficient and t-statistics are calculated as

follows :

rs = 1−
[

6
∑
D2

n (n2 − 1)

]
= 1−

[
6 (267)

37
(
372 − 1

)] = 0.968

t = rs

√
n− 2

1− r2s
= 0.968

√
37− 2

1− 0.9682
= 22.952.

Since t = 22.952 is greater than 1.691, the null hypothesis is rejected. We can

conclude that there’s a strong positive relationship between respondents’ evaluations

of the level of chemicals in the water 30 years ago versus his/her evaluation of the level

of chemicals 5 years ago. The majority of respondents rated the level of chemicals in

the water lower 30 years ago in comparison to 5 years ago.

2. Test the hypothesis of the relationship between how individuals rated the water
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quality 30 years ago vs. 20 years into the future. (Question 2.1 vs. 8.4).

H0 : ρs = 0,

H1 : ρs > 0.

We will use a significance level of α = 0.05. Degrees of freedom d.f. = n − 2

= 37-2 = 35. Therefore, we reject H0 in favor of H1 if the test statistic t > 1.691.

Otherwise fail to reject H0.

Sample Spearman Rank Correlation Coefficient and t-statistics are calculated as

follows:

rs = 1−
[

6
∑
D2

n (n2 − 1)

]
= 1−

[
6 (204)

37 (372 − 1)

]
= 0.976,

t = rs

√
n− 2

1− r2s
= 0.976

√
37− 2

1− 0.9762
= 26.411.

Since t = 26.411 is greater than 1.691, the null hypothesis is rejected. We can

conclude that there’s a strong positive relationship between respondents’ evaluations

of the water quality 30 years ago versus his/her evaluation of the water quality 20

years into the future. The majority of respondents rated the quality of water healthier

30 years ago in comparison to 20 years into the future.

5.2.2 Statistical Analysis. Spearman Rank Correlation Co-

efficient for Kahkewistahaw Water survey

1. Test the hypothesis of the relationship between how individuals rated the level

of chemicals in the water 30 years ago vs. 5 years ago. (Question 5.1 vs. 5.4).
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H0 : ρs = 0,

H1 : ρs > 0.

We will use a significance level of α = 0.05. Degrees of freedom d.f. = n − 2 =

38-2 = 36. Therefore, we reject H0 in favor of H1 if the test statistic t > 1.689.

Sample Spearman Rank Correlation Coefficient and t-statistics are calculated as

follows:

rs = 1−
[

6
∑
D2

n (n2 − 1)

]
= 1−

[
6 (267)

38 (382 − 1)

]
= 0.971

t = rs

√
n− 2

1− r2s
= 0.971

√
38− 2

1− 0.9712
= 24.274.

Since t = 24.274 is greater than 1.689, the null hypothesis is rejected. We can

conclude that there’s a strong positive relationship between respondents’ evaluations

of the level of chemicals in the water 30 years ago versus his/her evaluation of the level

of chemicals 5 years ago. The majority of respondents rated the level of chemicals in

the water lower 30 years ago in comparison to 5 years ago.

2. Test the hypothesis of the relationship between how individuals rated the water

quality 30 years ago vs. 20 years into the future. (Question 2.1 vs. 8.4).

H0 : ρs = 0,

H1 : ρs > 0.

We will use a significance level of α = 0.05. Degrees of freedom d.f. = n − 2 =

38-2 = 36. Therefore, we reject H0 in favor of H1 if the test statistic t > 1.689.

Sample Spearman Rank Correlation Coefficient and t-statistics are calculated as
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follows:

rs = 1−
[

6
∑
D2

n (n2 − 1)

]
= 1−

[
6 (206)

38 (382 − 1)

]
= 0.977

t = rs

√
n− 2

1− r2s
= 0.977

√
38− 2

1− 0.9772
= 27.779.

Since t = 27.779 is greater than 1.689, the null hypothesis is rejected. We can

conclude that there’s a strong positive relationship between respondents’ evaluations

of the water quality 30 years ago versus his/her evaluation of the water quality 20

years into the future. The majority of respondents rated the quality of water healthier

30 years ago in comparison to 20 years into the future.

5.3 Discussion

The comparisons of the corresponding plots indicate that the opinions of Peepeek-

isis and Kahkewistahaw community members regarding the key parameters of the

water quality differ slightly. The respondents from both of the communities recog-

nise the negative temporal dynamics of the local water quality. This solidarity looks

reasonable considering the fact that the communities are situated around the same

water area.

The community members also notice the rise of chemicals in the water. This result

allowed us to conclude that the chemicals are considered as the main factor causing

negative trend in the water quality. As it was mentioned above the elders also noted
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this consequence in their interviews. The phase diagram Water quality vs. Chemicals

represents the influence of chemical use on the water quality (Figure 3).

Respondents were asked to evaluate overall water quality for the proposed time

periods (Questions 2 and 8). One can see that the respondents are more optimistic

about the future of the water quality. Elders explained this by the fact that for last

years’ governmental institutions take more care on the water quality in the aboriginal

communities. In particular, the aboriginal community members are aware about the

government programs developed for constructing new water treatment facilities, and

this fact has affected on their answers.

Figure 5.6: Phase Diagram

By inspection we have found two types of functions (exponential and polynomial)

reasonable for best fitting to the plots on the Figure 2. Using the least squares method

and Excel program we determined the functions and the deviations for both of the

communities (Table 1).
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Community Function Deviation Minima

Peepeekisis
y = 1.55788 e−0.01809x − 2 0.08 -

y = 0.00084x2 − 0.02612x− 0.57644 0.11 15 years

Kahkewistahaw
y = 1.36420 e−0.02475x − 2 0.13 -

y = 0.00082x2 − 0.03870x− 0.72359 0.18 24 years

Table 5.1: Best fitting functions for the temporal dynamics of the water quality

The mathematical analysis polynomials reveal the points of minima in 15 years

(in 2024) and in 24 years (in 2033) for Peepeekisis and Kahkewistahaw respectively.

The analysis of exponential functions shows that they approach −2 as x ap-

proaches infinity. For instance, now the functions are decreasing at the rate of 2.8%

per year and 3.3% per year for Peepeekisis and Kahkewistahaw respectively. In 25

years (in 2034) the decreasing rates will be 1.8% per year for both of the communities.

Basing on the results of the mathematical analysis of the best fitting functions one

can consider two possible scenarios for the temporal dynamics of the water quality in

the Calling Lakes.

5.4 Polynomial Scenario

If this scenario takes place, within the next 15-25 years the negative dynamics

of the water quality will be observed in both of the communities. However if the

positive factors (construction of water treatment facilities, restriction of chemical use,

etc) regarding the water quality are stimulated at least at the current level, in 15-25
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years we may observe dominating of positive trends in water quality in both of the

communities. The community water is expected to reach the lowest level of quality

in 15 (Peepeekisis) – 24 (Kahkewistahaw) years. Then due to the water treatment

activities some improvement in the water quality may be evident.

5.5 Exponential Scenario

If this scenario takes place, the community water quality will decrease exponen-

tially in spite of water treatment activities until it reaches the natural saturation.

Though the current rate of decreasing the water quality in different communities dif-

fers, in 25 years the water quality decreasing rates for the communities will become

equal.

It is very important to emphasize that the relatively positive scenario may take

place only if the water treatment programs will be carried out at the regular base.

5.6 Conclusion

The presented project is one of the pioneer works where the aboriginal peole’s

unique observation and environment evaluation skills are used as a scientific tool

for modeling the water quality temporal dynamics in the local area. Within the

presented project we have developed a methodology for converting the aboriginal

people’s empiric information into the mathematical language.
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We have determined the key parameters for evaluating the water quality. We have

developed a conversion scale, which allowed us to determine the quantitative equiv-

alent of the qualitative description of the water quality and its temporal dynamics.

The opinions of the Peepeekisis and Kahkewistahaw community members regarding

the key parameters of the water quality in the same water area differ slightly. This

accordance in evaluation indicates the reliability of the developed methodology.

Based on the statistical and mathematical analysis we have developed two possible

scenarios for the temporal dynamics of water quality.

5.7 Appendix. Survey Questions

1. How would you evaluate the taste of fish caught in your community water in

comparison with our days?

2. How would you evaluate overall quality of water in your community in com-

parison with our days?

3. How would you evaluate the quality of birds hunted in your community in

comparison with our days?

4. How would you evaluate the number of bird nests in the shore in comparison

with our days?

5. How would you evaluate the level of chemicals of the water in your community

in comparison with our days?
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6. How often have your family members swimming in the water in your community

in comparison with our days?

7. How would you evaluate the transparency of the water in your community in

comparison with our days?

8. How do you thing the quality of the water in your community will become?

Each of these questions has the following table for possible answers:

30 years ago 20 years ago 10 years ago 5 years ago

much better much better much better much better

Better better better better

about the same about the same about the same about the same

Worse worse worse worse

much worse much worse much worse much worse

Each qualitative answer on the survey questions mentioned above has been as-

signed the following numerical value.

1. much better: +2

2. better: +1

3. about the same: 0

4. worse: -1

5. much worse: -2
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Chapter 6

Conclusion and Future Work

6.1 Conclusion

I consider the results presented in Chapter 2 on the Ratio of Binomial Proportions

as my main contribution to the Theoretical Part of my thesis. Our goal was to show

that the normal approximations (which are relatively simple) for estimates of p1/p2

and their logarithms are reliable for a construction of confidence intervals. The main

criterion of our judgment is the closeness of the confidence coefficient to the nominal

confidence level. It is proved theoretically and shown by statistically modeled data

that the scheme of inverse binomial sampling with planning of the size in the second

sample is preferred. Main probability characteristics of intervals corresponding to

all possible combinations of sampling schemes are investigated by the Monte-Carlo

method. Estimations of coverage probability, expectation and standard deviation of

interval widths are collected in tables and some recommendations for an application
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of each of the intervals obtained are presented. Finally, a sufficient and complete

review of the literature for the problem is also presented.

In Chapter 3 a method of simulation for random numbers with the Crack distribu-

tion is presented. Note that Crack distribution contains such well known distributions

as Inverse Gaussian, Length Biased Inverse Gaussian and Birnbaum-Saunders as par-

ticular case. Hence, my method provides a technique of generating random numbers

from this distributions, too. One of main goals was to show rigorously (with mathe-

matical proofs) and in detail all steps required to the random numbers generation.

The material presented in Chapter 4 can be considered as part of our much bigger

project on Birth seasonality in Saskatchewan. Some scholars classify the temperature

as of the environmental factors correlating with births seasonality in human popu-

lation. Usually researchers use the value of temperature averaged over a territory

(country, state or province). Perhaps for cases, where the territory is relatively small

size of, or the temperature is homogenous over the territory, the spatial averaging of

the temperature can be found reasonable. In case of Canada and Canadian provinces,

where the temperature difference between the south and north is much greater than

in the most of other countries, the spatial averaging of temperature over the large

areas leads to significant increase of the uncertainty of measurement.

I consider the results presented in Chapter 5 on the Modeling of Water Quality

Dynamics Using Indigenous Knowledge as main contribution to the Applied Part of
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my Thesis. According the developed model we can conclude that within next 15-

25 years the negative dynamics of the water quality in both of the First Nations

communities Peepeekisis and Kahkewistahaw will be held. However if the positive

factors (construction of water treatment facilities, restriction of chemical use, etc)

regarding the water quality are maintained at least at the current level, in 15-25 years

we may observe dominating of positive trends in water quality in both of communities.

6.2 Future Work

No doubt that there are many open and so far unsolved problems connected with

the material presented in Chapter 2 on the Ratio of Binomial Proportions as my main

contribution.

• So far the interval estimation for a ratio of two proportions according to data

from two samples from two independent populations is considered. It is very

interesting question to consider dependent populations.

• We investigated only confidence intervals obtained by Delta method and normal

approximation. Why not to investigate other methods of confidence intervals

construction, especially the Bootstrap? Up to our knowledge, there is only

one publication on the Bootstrap confidence intervals for the ratio of Binomial

proportions is by Kinsella (1987) [52]. But in this article only direct-direct

sampling scheme has been used, all other three possible combinations has not
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been considered.

• One of my main contributions in Chapter 2 are the Special Confidence Inter-

vals construction for the direct - inverse and inverse -direct sampling schemes

(di 1 · T), (id · ν1) and (id · ν2) and discussed in Subsections 2.8.2 and 2.8.3.

Note that variances for these estimators are calculated wrongly in our article

[74], but this is fixed in the current thesis. These Special Confidence Inter-

vals perform very well and require additional investigations. For example, the

Logarithmic Special Confidence Intervals can be considered.

• In my thesis only the ratio of Binomial proportions is considered, while there

are many other statistics that are functions of two Binomial proportions can

be used for practical applications. For example, Odd Ratio, or Cross-Product

Ratio. Same techniques which have been developed in my thesis are obviously

applied to theses statistics, too.

For Chapter 3 we can mention the following open problems:

• Knowing how to generate Crack random numbers, we can approach the problem

of parameter estimation for the Crack distribution with better weapons in our

hands. Note that the Crack distribution parameter estimation has been investi-

gated in Bowonrattanaset (2011a) [17] and Duangsaphon (2014) [33]. One of the

difficulties these investigators were facing was the absence of a good procedure

155



for the Crack random numbers generation. Now we can attack the problem of

parameter estimation again using the technique of random numbers generation

created in Chapter 3.

• Crack distribution is a lifetime distribution, so it will be interesting to consider

problems related to Censoring Procedures.

• Chi-Square distribution with one degree of freedom plays a crucial role in Theo-

rems 3 and 2. Which distributions can be obtained if the Chi-Square distribution

with n degree of freedoms is considered?

As it is already mentioned, the material presented in Chapter 4 can be considered

as part of our much bigger project on Birth seasonality in Saskatchewan. Annual

patterns of birth seasonality across such countries tend to be similar even though

environmental and socio-cultural conditions can be quite different. In the Canadian

context, the historical pattern of birth seasonality from the early part of the 20th

century to the late 1980s has been studied, and a multitude of factors assumed to

underlie the observed seasonal fertility variations have been classified. The following

Figure 6.2 below is taken from Trovato and Odynak (1993) [103]
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Figure 6.1: Seasonality of Births in Canada

Hence our future work related to Chapter 4 will be mostly devoted to the deter-

mination of the Centers of Population for other Canadian provinces and territories

and its application to the Birth seasonality estimation in Canada. It is also very

interesting to find the Center of Population of my home country Thailand.

By all means, Chapter 5 on Modeling of Water Quality Dynamics Using Indigenous

Knowledge is one of my most significant contributions in the Applied Part of my

thesis. It is in our plans to continue investigations by providing the questionnaire
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again to the same First Nations communities Peepeekisis and Kahkewistahaw. After

we can estimate how their opinion on the water quality has been changed. It also

in our plans to approach other First Nations communities in Saskatchewan (and

hopefully across the whole Canada) that live near by lakes or rives with a similar

type questionnaire.
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