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ABSTRACT

This thesis is focused on developing a framework for achieving constrained optimal
control of phase-change time varying heating process taking place in an electrically
heated tank/pipe. The problem of developing a heat transfer model, which captures the
dynamics of heating process, is addressed by formulating differential equations using
basic laws of thermodynamics and applied physics. In the control design part, adaptive
control based on MPC is employed as it offers optimal control performance while
enforcing constraints on inputs, outputs, and their rates of change. To capture uncertain
and/or varying dynamics, data driven system identification is utilized where system
parameters are estimated in real time using input-output measurement data. In order to
reduce online computations, process parameters are updated only when the control
performance degrades and current process parameters fail to capture time varying system
dynamics. To lessen strain on resistive heating element and avoid overheating,
constraints are incorporated into the optimization problem which is solved online;
moreover, constraints softening is employed to avoid infeasibility.
This thesis also provides an optimal control strategy to control the heating process in a
novel and advanced EOR technique named as In-situ reflux (ISR) proposed in [1], in
which water at room temperature is injected and vaporized using resistive heating
elements. Generated high temperature steam is then utilized to reduce bitumen viscosity,
which is extracted out of ground through production well. However, while implementing
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ISR, the challenging problem faced is the burnout of equipment including thermocouples
and heating elements due to uncertain and time varying dynamics leading to severely
high temperature inside injection well. Data driven system identification is employed to
develop and update the plant model for ISR heating process.
Simulation results illustrate the effectiveness of proposed control strategy as offset free
tracking is achieved for heating element temperature inside an (1) electrically heated
pipe, and (2) injection well used in ISR.
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INTRODUCTION

Controlled fluid heating processes are employed in many residential and industrial
application such as heat exchangers, industrial boilers, petrochemical reactors etc.
Continuously stirred electrically heated tanks/pipes are utilized in several industrial
applications for controlled heating such as chemical processes require a process heater in
order to attain the required temperature before initiating a chemical reaction. The use of
electric immersion heaters, where electrical heated installed in a tank or pipe is immersed
in the fluid to be heated, is presently increasing due to the cost efficient profile and
elevated heat transfer performance. Immersion electrical heaters are designed to be
utilized in numerous industrial application such as water treatment system, food
processing, chemical storage, fluid tank heating. In these industrial applications,
controlling the temperature of heating element and the fluid is very crucial to product
quality, production rate, and operating costs.
Electrically heated pipes are proposed to be employed in thermal enhanced oil recovery
(EOR) [1]. EOR is the implementation of different methods to enhance the quantity of
oil recovered from ground [2]. A novel and advanced EOR technique named as In-situ
reflux (ISR) is proposed in [1], where water at room temperature is inserted into
injection well and vaporized using resistive heating elements to reduce oil's viscosity for
its extraction [1]. Proposed EOR technique promises to be cost effective and
environmental friendly as compared to currently employed EOR methods. Due to
uncertainty in global energy markets, ISR holds great appeal to petrochemical industry.
1

Heating processes involved in chemical reactors, ISR and other industrial applications
can be time variant due to varying dynamics of the plant including phase change of fluid
or fluctuations in heat transfer characteristics. Moreover, electrically heating plants in
practice inevitably have constraints on the control inputs, since every electrical heater
has its physical limits, whereas usually the controlled variables are also constrained. In
order to control the temperature of electrical heater, author proposed an adaptive control
strategy which involves regulating the controller during closed-loop operation using
measurement data on process inputs and outputs collected in real-time to control
uncertain and/or time varying dynamics of heat transfer systems.

1.1 Motivation
1.1.1 Electrically Heated Tank
Several major industrial processes involve heating process in one form or another. The
major industries utilizing extensive heating facilities are:


Refining and petrochemical operations



Waste and environmental operations



Pulp and paper operations



Water storage and fire towers



Utilities



Mining operations



Food production plants

Due to random nature of the multi-phase flow, phase change of fluids, fluctuation in heat
transfer rate, or numerous other reasons, dynamics of the heating process involved in
2

these industrial applications can be time varying and/or uncertain. Controlling the
temperatures of heater and the heating fluid in varying system dynamics is very crucial
to product quality, production rate, and operating costs. With the continuously heating
processes, the usual control objectives are:


Maintaining the temperature at or near specified set point possibly without no
oscillations and zero offset.



Minimizing input power consumption to reduce operating cost and achieve
maximum efficiency.



Enforcing physical constraints on actuators to avoid meltdown of equipment.



Stable response to time varying dynamics and unmeasured disturbances.

Achieving these goals requires paying close attention to the time varying heat transfer
process and equipment. Control strategy must be adopted which compensates for varying
process dynamics and achieve desired reference tracking with zero or minimum offset.
1.1.2 EOR
Majority of world bitumen and heavy oil resources are in Americas [3]. Oil sands
represent a great resource for Canada estimated to contain between 1.7 and 2.5 trillion
barrels of bitumen [4]. Bitumen and heavy oil are costly to produce and extract from
ground [5]. Due to high viscosity of bitumen, thermal oil recovery techniques are
employed for its extraction. Steam Assisted Gravity Drainage (SAGD) has been one of
the most celebrated techniques to extract bitumen from Athabasca oil sands. In SAGD,
as shown in Figure 1-1, high temperature steam is generated using a steam generation
plant, which is injected into horizontally placed injection well inside ground [6]. Steam
reduces bitumen's viscosity which is drained into production well placed below injection
3

well and extracted out of ground. Although SAGD process has proven to be productive
in extraction of bitumen, its capital cost is very high, 60% of which is for steam
generation, [1]. Moreover, there are environmental concerns associated with SAGD
including emission of greenhouse gases and requirement of large amount of water for
steam generation, [1].

Figure 1-1: Steam assisted gravity drainage overview

A novel and advanced alternative to SAGD named as In-situ reflux (ISR) has been
proposed by NEXEN Co. ISR is an electrical EOR technique in which heating elements
installed inside injection well vaporizes the injected water. Steam chamber is formed
which transfers its heat to surrounding bitumen and heavy oil, thus, their viscosity is
greatly reduced [1]. Under influence of gravity, less viscous oil is drained into
production well through porous medium and extracted out of ground. Capital and
operating costs for ISR are greatly reduced as compared to SAGD as no steam generators
are needed. Moreover, higher energy efficiency of ISR leads to reduced requirement of
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water and less production of greenhouse gases [1]. ISR provides cost effective and
environmentally sustainable replacement of SAGD.
Several challenges are faced while implementing ISR at SRC. One major challenging
problem faced is the burnout of equipment including thermocouples and heating
elements due to fluctuating temperature and dramatically varying dynamics of heating
process. Due to formation of steam chamber around heating elements, heat transfer
characteristics can change rapidly, as a result of which, temperature inside injection well
rises drastically causing burnout of thermocouples and heating element.
Motivated by above two control problems, this thesis is focussed on developing a heat
transfer model for electrically heated tank/pipe and designing a self-regulating adaptive
control strategy which compensates for varying plant dynamics and achieves required
performance in terms of desired temperature tracking while enforcing physical
constraints and consuming least amount of input power.

1.2 Objective
In this research project, we address the problem of regulating the temperature of heating
element used in an (1) electrically heated pipe, and (2) injection well used is ISR
experiments at SRC by developing and employing performance based adaptive control
system. Due to the random, therefore, unpredictable, nature of the heat transfer process, a
data-driven and adaptive control strategy of the power source is developed to regulate
the temperature of heating element and avoid the melt downs.
The problem can be divided into two major components.

5

1.2.1 Heat transfer modeling


To develop a phase-change heat transfer model integrating conductive and
convective heat transfer from resistive heating element to the fluid in the medium
in an electrically heated pipe.

1.2.2 Control System


To design an optimal control system to regulate heating element's temperature,
which guarantees offset free reference tracking while enforcing physical
constraints on the system.



To develop system identification strategy for estimating a dynamic plant model
for heating process employed in ISR which captures uncertain and/or time
varying dynamics of true system.

1.3 Contributions


Adaptive control strategy based on MPC has been proposed by many authors;
however, this thesis is focused on developing and implementing a self-regulating
adaptive control based on MPC for a phase-change heat transfer process with
uncertain and/or time varying dynamics.



Proposed adaptive control strategy is also designed, modified, and employed to
regulate temperature of heating element installed in injection well, which is used
in ISR tests at SRC. Heat transfer process taking place in ISR encounters drastic
changes in system dynamics due to change in fluids phase, formation of steam
chamber around heating element which alters heat transfer characteristics, and/or
other unmeasured uncertainties. Proposed adaptive control strategy is proved to
be capable of dealing with time varying/uncertain/fluctuating conditions.
6

1.4 Thesis Outline
This thesis report is written in chapter form in following arrangement.


Chapter 1: Phase change heat transfer problem with varying dynamics is
discussed. Motivation behind developing proposed control mechanism is
explained in detail. Objectives of the project are defined and contributions are
listed.



Chapter 2: Comprehensive literature on heat transfer modeling and its control is
analyzed and summed up. Thorough literature on model predictive control
strategies including adaptive MPC is reviewed and summarized.



Chapter 3: Different modes of heat transfer occurring inside the electrically
heated pipe is presented. Differential equations governing the heat transfer
between heating element and medium are derived. Mathematical dynamic model
of the heat transfer process based on state space representation is developed and
controller states, outputs and inputs of the system are defined.



Chapter 4: Derivation of control laws based on MPC is demonstrated in this
chapter. Algorithms for controller states estimation and controlled output
predictions are presented. QP optimization of constrained MPC control law is
explained. A novel MPC strategy named as explicit MPC is discussed. Its
methodology and steps for implementation are also described. In the end, MPC
and Explicit MPC algorithms are implemented and simulated for electrically
heated pipe and ISR process and results are discussed.



Chapter 5: Performance based self-regulating adaptive control based on MPC is
proposed and explained. Its advantages over other MPC algorithms are
7

mentioned. Development of control laws and steps involved in its
implementation are described in detail. In the end, proposed control algorithm is
implemented and simulated for electrically heated pipe and ISR process, and
results are discussed.
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2 Literature Review

2.1 Heat Transfer
In an electrically heated pipe, conduction and convection heat transfer occur
simultaneously with fluid flow, and in most cases, rate of heat transfer occurring through
convection would higher as compared to conduction. Stationary fluid inside pipe would
be heated by conduction, while rapid movement of injection fluid in pipe causes
convective heat transfer. Heat convection is dominated by pressure gradient, while
conduction is dominated by temperature gradient [7]. Convection transports heat energy
along the fluid flow direction, while conduction transfers heat to surrounding medium in
every direction [7].
2.1.1 Conduction
Thermal conduction is a heat transfer by which heat is transported through direct contact
between particles of the body without any motion of the matter as a whole. Heat transfer
by conduction takes place at the molecular scale, through collisions between molecules
at different energy states [7]. Conductive heat transfer requires that temperature gradient
exists in the body, which means that temperature distribution is non uniform in the
medium so heat is transported from higher temperature region to lower temperature
through collisions between particles.
𝑄

Conductive heat flux ( 𝐴𝑑) is expressed by Fourier’s law as following [7].

9

𝑄𝑑
= −𝑘∆𝑇
𝐴

(2.1)

Where,
𝑘 is thermal conductivity, which is the physical property of material.
∆𝑇 is the temperature gradient.
The negative sign is the consequence of the fact that heat is transported in direction of
decreasing temperature.
2.1.2 Convection
The term convection is applied to heat transferred by movement of fluid from one
temperature region to another. The heat transfer is linked with the movement of fluid
itself. In an electrically heated pipe, heat is transferred by movement of particles in fluid.
Moreover, heat transfer processes which involve phase change (boiling of liquid to gas),
are considered to be convection because of motion of fluid occurring due to vapour
bubbles [8].
Heat transfer occurring through phenomena of convection is always accompanied by
conduction. Therefore, convective heat transfer is referred to as combined transfer of
heat occurring through convection and conduction. Heat transfer between a solid surface
such as a heating element and fluid is given by Newton's law of cooling.
𝑄 = ℎ𝐴∆𝑇

(2.2)
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Where,
∆𝑇 is temperature difference between heating element and bulk fluid.
A is surface area of the heat transfer.
h is known as heat transfer coefficient.
Heat transfer coefficient depends upon number of factors including fluid flow conditions
and thermal physical properties of heating element and fluid such as phase and
temperature of medium.
Consider a heating element at temperature Te, which is placed inside a pipe and exposed
to a fluid flowing parallel to its surface at velocity v and is at a temperature T. A
stationary thin film of the fluid is formed close to the wall. The heat is transferred from
the heating element surface across the film by conduction, which is then carried away by
fluid motion.
Assuming linear temperature variation in the thin fluid film, the heat flow across the film
can be represented by the Fourier’s law as following.

𝑄=

𝑘𝑓 𝐴(𝑇𝑒 − 𝑇)
𝛿𝑓

(2.3)

Where,
𝛿𝑓 is the thickness of the fluid film.
𝑘𝑓 is the thermal conductivity of the fluid.

Comparing (1) and (2) gives the following expression for heat transfer coefficient (h).
11

ℎ=

𝑘𝑓
𝛿𝑓

(2.4)

Above expression relates the conduction heat transfer to convection. It is evident that
heat transfer coefficient is directly proportional to the thermal conductivity of fluid.
Liquids provide higher values of heat transfer coefficients as compared to their gaseous
counterparts as liquids have comparatively higher values of thermal conductivity [8].

2.2 Heat transfer process modeling and control
Dynamic models allow us to investigate process behaviour and develop appropriate
control system to regulate the process. Mathematical dynamic models of chemical and
heat transfer process are based on conservation laws such as conservation of energy and
mass [8].
Basic heat transfer modeling is explained by Vlachopoulos and Strutt in [9]. Law of
conservation of energy, which states that "increase in internal energy of system for a
system is equal to heat added to the system plus the work done on it", is utilized to model
numerous heat transfer phenomena. Heat transfer inside a heat exchanger is expressed
mathematically by conduction and convection processes.
Thermal modeling of domestic hot water tank is proposed by Dwivedi in [10]. In this
master thesis, heat transfer phenomena is modelled and algorithm for calculating input
heat to the hot water storage is proposed as well. Moreover, control strategy for
controlling auxiliary heater immersed inside hot water tank is discussed. Control volume
approach is applied to the hot water tank which states that inlet and outlet flow rates are
equal; thus, liquid holdup volume is kept constant. Law of conservation of energy also
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known as 1st law of thermodynamics is applied to mathematically describe the heat
transfer phenomena. To control the auxiliary heater, the ON/OFF type of control is
implemented. If the temperature was more than 70oC, heater would be in OFF state and
if temperature was in the range of 0o C - 70o C, it would be in ON state.
Thermal modeling and temperature control of shell and tube heat exchanger system is
proposed by Sarabeevi and Laila in [11]. While modeling the thermal phenomena, it is
assumed that pressure and volume of the fluids are constant. Energy balance equation by
neglecting the kinetic and potential energy contributions is utilized to mathematically
express the heat transfer process. Furthermore, phase of the fluid being heated is
assumed to be constant. Temperature dependence of specific heat capacity of fluid is
neglected as well. Two control strategies namely Internal Model Control combined with
disturbance rejection and Internal Model Control based PID are proposed in this paper to
regulate the temperature of outlet fluid of heat exchanger system. Disturbance rejection
is employed to avoid the adverse effects caused by various disturbances such as changes
in flow rate or temperature of inlet fluid. Disturbance is modelled mathematically by
employing a first order transfer function.
Mathematical model for single phase heated tubes of boilers is derived by Kang, Wang,
and Huang in [12]. Fluid flows inside a tube where heat is transferred to it from a heated
plate as shown in Figure 2-1: Schematic diagram of heating tube used in power plant
boilers.
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Figure 2-1: Schematic diagram of heating tube used in power plant boilers

Phase and specific heat capacity of fluid is assumed to be constant. Mass conservation
and energy conservation laws are applied to develop the mathematical model for the heat
transfer process.
Heat transfer modeling of underground heat exchangers is proposed by Reenen in [13].
Principles of heat conduction and convection are used to explain and model the heat
transfer process in a geothermal heat pump. Transient response of one dimensional heat
transfer through convection and conduction is investigated. Law of conservation of
energy is utilized for developing a full model of the underground heat exchanger.
Convection heat transfer coefficient and specific heat capacity of medium are assumed to
be constant.
Modeling of resistive heating elements in transient regime is proposed by A. Neaca and
M. Neaca in [14]. Thermal energy emitted from heating element reaches the parts to be
heated and the wall, which absorb the heat and becomes hot gradually. Some energy is
assumed to pass through wall and is considered as lost thermal flux. Temperature of
heater is taken into consideration while calculating amount of heat energy emitted from
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it through convection. Temperature dependence of specific heat capacity of heating
element is taken into account as well.
Heat transfer model for an electric oven and load placed inside is presented by Laboreo,
Sagues and Llotente in [15]. Dynamic model for the thermal system is developed based
on linear lumped parameter structure; therefore, thermal dynamics of heating element
and the load present inside oven are taken into account. Temperature of load in
considered to be constant throughout the heating process.
A predictive and algebraic method to express and model thermal process inside an
electrically heated oven is proposed by Abraham and Sparrow in [16]. Dynamic model
development of thermal process in based on 1st law of thermodynamics. Fixed mass
system is considered in this paper, which states that mass of the load in remained
constant. Specific heat capacity of thermal load and heating element is assumed to be
temperature independent.
Model based PID controller to regulate temperature in an oven is proposed by Ryckaert
in [17]. To model the dynamics of electric oven, Grey Box modeling is proposed where
model structure is derived based on the available information of the system and uncertain
parameters of system are estimated using system identification tools. After the
development of process model, PID controller is implement to adjust the temperature.
PID parameters are calculated through stability limit method.
𝐾𝑝 = 0.6𝐾𝑜

𝑇𝑖 = 0.5𝑃0

𝑇𝑑 = 0.125𝑃0

(2.5)
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Where,
𝐾𝑜 is the maximum gain.
𝑃0 is the oscillating frequency.
Second PID tuning technique proposed in this paper is based on performance of system.
PID parameters are calculated online based on steady state error, overshoot and
undershoot. Moreover, it is also proved that PID controller provides better control as
compared to conventional ON/OFF control.

2.3 Model Predictive Control
2.3.1 Preliminaries
Here, introductory material on model predictive control is presented, which is useful in
understanding subsequent sections on MPC based control. A reader who possess sound
understanding of these concepts may skip this section.
The basic theme behind MPC is to optimize the plant behaviour, not only at the current
time point but also during their course in the future [18], which is achieved by computing
optimal trajectory of future control actions.
The phrase “predictive control” comes from a prediction of the process variables. We
have the attribute “model” as MPC is class of control algorithms that utilize a process
model to predict the future response of a plant [18]. Model-based predictive control

provides systematic way to deal with constraints on controlled, and manipulated
variables as these constraints can be simply taken into account while predicting values of
process variables [18].
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Moreover, MPC provides robust control, however, as a consequence of which control
performance becomes slower [18]. Predictive control is perfectly suitable for
petrochemical processes as these processes are slow enough to allow for the prediction
of the future path of system values to take into account both the controlled variables and
the fulfillment of the constraints [18].
There is one fundamental difference between predictive control and traditional PID
control [18].


A traditional PID controller takes into account only the current (and remembers
the past) system's variables.



A predictive controller takes into account the current as well as future system's
variables (and remembers the past variables).

Predictive control is explained with a simple example. While driving a car, driver takes
notice of speed limit ahead and decreases car speed before entering low speed zone,
applies brakes if approaching a curve, and stops a car when sees a pedestrian crossing the
road. Figure 2-2 compares the philosophies of two drivers [18].


Traditional control is driving would result in driver only looking through side
windows, which means that driver stopping after passing through stop sign or
applying brakes after car has passed the curve and hit the curb.



Actual driver would anticipate the future action such as reducing speed 100m
ahead as he is approaching school zone etc. Therefore, actual driver is a
predictive controller as he/she drives by using the information he/she obtains in
advance by seeing in front of the car.
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Control of car depends on how much farther driver can see. Farther the vision of driver,
better the control performance, but the calculations become cumbersome. Horizon length
has to be kept in certain limit though, because beyond a certain horizon length, control
performance would decrease.

Figure 2-2: Difference between predictive and non-predictive control. It is shown that
in predictive control, future course of action is formulated based on future knowledge
(reference trajectory and disturbances etc) of the system. [18]

Purpose of control system is twofold.
1. To track the reference signal or desired output.
2. To reject any kind of disturbances whether known or unknown.
Performance of control system is evaluated on how it’s performing these two tasks. In
predictive control, performance of control depends upon how reference and disturbance
signals can be predicted and also on accuracy of dynamic model of system which
describes process behavior. Therefore, it is absolutely necessary that system
identification provides accurate estimation of process dynamic model.
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2.3.1.1 Prediction of Reference Signal
In most cases, future values of reference signals are known e.g., desired room
temperature etc. On basis of knowledge of future reference values, manipulated variables
can be changed in advance to achieve desired output before any kind error arises [18].
2.3.1.2 Prediction of Disturbance Variables
In some cases, disturbances can be known in advance such as weather forecast or phase
change of fluids etc. In such cases, corrective action can be applied prior to disturbance
occurrence so desired output can be maintained [18].
Whole process of model predictive control can be summarized in explained below and
shown in block diagram given in Figure 2-3.


"Optimizer" generates future course of manipulated variables using known values
of current and future reference signals.



Based on known reference and disturbance variables, and current controlled
signal, future sequence of controlled variables are predicted using "predictor".



Future course of manipulated variables is predicted; however, only current
control signal is applied.



Selector creates current control signal derived from predicted sequence of
manipulated variables.

Rest of future values of manipulated variables are discarded, and new sequence of
manipulated variables is derived at next control interval. This process is called receding
horizon control [19].
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Figure 2-3: Predictive control block diagram [18]

2.4 Implementation of MPC based Controllers
Model predictive control to control temperature of water heaters for energy efficiency is
proposed and implemented in [20] by Jun, Maguire, Christensen. A one-dimensional
dynamic model is developed for water heater, which is then represented in form of state
space model. Temperature dependency of heat transfer coefficient and specific heat
capacity is neglected. Water is assumed to be in liquid form only and system is assumed
to be linear time variant; therefore, system parameters are updated at every sampling
interval to capture true dynamics of system. Model predictive control is developed by
minimizing a custom cost function which .incorporates an energy efficiency term as
well.
Controller based on model predictive control is developed for a shell and tube heat
exchanger by Krishna, Ramkumar, and Alagesan in [21]. Heat exchanger utilized in this
paper is a fluid-fluid type. Controller is designed to regulate the temperature of outlet
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fluid by manipulating input fluid flow rate. An open loop test is first performed where
system is subjected to various inputs and response is recorded. Based on input-output
data, mathematical dynamic model of the system is derived. Heat transfer process is
mathematically represented in form of first order plus time delay system. Since heat
exchanger system is highly nonlinear, it is divided into three zones of operations;
therefore, three FOPTDs are developed for three zones. Cost function for the MPC used
in this paper comprises of sum of following two aspects of controller performance.
1. Set point tracking.
2. Manipulated variable suppression.
Cost function is minimized at every sampling interval and manipulated input trajectory is
calculated which would attain reference tracking and consume least amount of energy.
Receding horizon control is applied where first input from calculated trajectory is
implemented and rest are discarded. Prediction horizon and control horizon values are
calculated by tuning technique proposed by Sidhard and cooper in [22]. Constraints are
not applied while solving the MPC optimization problem and control is applied for an
unconstrained system. Control performance achieved by application of MPC is
compared against a conventional PID controller. It is observed that overshoot, rise time,
and settling time are all drastically reduced for a MPC system as compared to PID
controlled system. Therefore, it is concluded in this paper that MPC provides superior
results as compared to conventional PID controller for a heat exchanger system.
A fuzzy multiple model predictive control of heat exchanger is proposed by Mazainam
and Sadati in [23]. Multiple mathematical models are developed for the heat transfer
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process in a heat exchanger and generalized predictive control (GPC) scheme is applied
to regulate the temperature of outlet fluid. Control output is obtained by optimization of
a cost function that would minimize the tracking error and control effort. GPC provides
very good control performance when dealing with a linear system. However, if the
process is nonlinear and operating conditions of the process change drastically with time
such as heat exchanger system realized in the paper where systems dynamics vary with
time due to disturbances, sensors and actuators failures, GPC might fail. In order to
remedy that problem, multiple models approach is proposed in the paper. Multiples
models of the system are predefined which capture various dynamics of the process.
Identification of the best model is realized using intelligent decision mechanism which
works on principle of fuzzy logic approach. It is concluded in the paper that GPC with
multiple model approach provide much better control performance as compared to
standard GPC.
A robust model predictive control (RMPC) approach to regulate the temperature of outlet
fluid in heat exchanger which is subjected to input and output constraints and process
uncertainties is proposed by Bakosova and Vasickaninova in [24]. Two parameters are
considered uncertain and time varying, namely (1) heat transfer coefficient (2) density of
fluid. RMPC algorithm based on min-max problem to be able to handle worst case
scenario is applied. Constraints on inputs and outputs are incorporated in RMPC
optimization problem to handle system constraints systematically. Control performance
by application of proposed controls scheme is compared with control performance
assured by applying linear quadratic (LQ) controller. It is concluded that LQ controller
provided satisfactory performance for ideal nominal system. However, in presence of
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uncertainties, LQ controller failed to provide satisfactory performance. On the other
hand, proposed RMPC provided good control performance with reduced offset from
reference point and smaller consumption of cold water (manipulated variable) as
compared to LQ controller.
A neural network model predictive controller is proposed by Akesson and Toivonen in
[25]. In standard MPC, control input trajrectory is forumulated by minimizing the cost
function at each sampling interval. Major drawback of this scheme is that quadratic
optimization problem should be solved at each sampling interval, which may become
computationally too demanding for online implementations. Neural network controller
approach proposed by the authors caters to this problem. Controller is trained directly to
minimize the MPC cost function without having to solve optimization problem to control
compute control signals. Control law is represented by a neural network approximator,
which is trained offline to minimize the cost function. Training of neural network
approximator comprises of solving nonlinear least-square optimization problem. If full
state information is assumed, neural network controller can be considered as functional
approximation of optimal MPC strategy.
Authors have proposed a more direct approach in [25] where neural network is trained to
minimize MPC cost directly and compute optimal input trajectory. However, an indirect
approach is proposed by Vasickaninova, Bakosova, Meszaros and Klemes in [26].
Authors have proposed a neural network predictive control (NNPC) for control of
thermal processes which could lead to energy savings. The advantage of proposed
control strategy is that input constraints are directly incorporated into the synthesis. In
model predictive control (MPC), a process dynamic model is explicitly used to predict
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the process output for a fixed number of steps into future (prediction horizon). These
output predictions are calculated based on available past information. A future reference
trajectory is known as well. Based on predicted output and reference trajectory, optimal
trajectory of future inputs is computed by minimizing the MPC cost function. Therefore,
it is evident that control performance of MPC depends directly on accuracy of output
predictions. In the proposed approach in [26], the neural network is used as a non-linear
model to predict the future values of the controlled outputs with distributed parameters.
The neural network (NN) plant model utilizes past inputs and outputs to predict future
values of plant outputs. The prediction error between NN model output and actual plant
output is used as NN training signal. The neural network is trained offline in a batch
mode. Based on predicted output values, optimal control trajectory is computed by
optimization of MPC control law.
The major drawback of Model predictive control (MPC) is that it is based on online
optimization of a quadratic function at every sampling interval. Calculating optimal input
trajectory by solving optimization problem online can be time consuming; therefore, it
can only be implemented on the systems where sampling interval is in order of seconds
or minutes. An alternative MPC approach known as Explicit MPC is proposed and
implemented in [27] and [28], which eliminates the need of solving quadratic nonlinear
equation on every sampling interval. In explicit MPC, all the computations required for
the implementation of MPC are done offline while preserving it’s all other
characteristics; thus, making MPC applicable for fast processes with sampling intervals
in order of milliseconds. Explicit or off-line solution pre computes the quadratic problem
solution for all possible arising problem instances or states [29]; thus, online
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computation reduces to simple evaluation of a linear function where control input is an
explicit function of system state [29].
Adaptive model predictive control (AMPC) is highly effective control strategy for
nonlinear processes where operating conditions vary drastically with time. In most
adaptive Model based predictive controllers, time varying dynamic behaviour of the
process is identified online using system identification tools. An adaptive MPC
algorithm is proposed in [30] and [31], where adaptive predictive control is designed and
implemented for a heat exchanger. Experimental data is used to estimate process model
for heat exchanger. Firstly, off-line process identification is performed by utilizing
measurement input-output data and a second order model with time delay is developed.
Least square method (LSM) is utilized as system identification strategy to estimate
process parameters. It is shown in the paper that process model derived through
parameters estimation captures the dynamic behaviour of system accurately initially;
however, in case of any disturbance or change in process operating conditions, static
model fails to capture the behaviour of system. Therefore, recursive identification of
process parameters is proposed which makes the control algorithm adaptive to time
varying system dynamics. Recursive least square estimation is utilized to estimate
process parameters at every sampling interval. Although the AMPC algorithm proposed
in this paper provides satisfactory performance when dealing with time varying system,
it is, however, very time consuming as computations involved are cumbersome.
In order to reduce online computations involved in adaptive MPC as proposed in [30]
and [31], performance based self-tuning adaptive control strategy is proposed in [32],
[33], [34], and [35]. In order to improve productivity of industrial processes, authors
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have proposed a performance driven control strategy in which performance of control
systems is firstly evaluated and controller is redeveloped. As MPC control performance
depends directly on accuracy of dynamic plant model, authors proposed to identify
process parameters online using data driven system identification scheme. If the control
performance was not satisfactory, process parameters would be re estimated and
controller would be redeveloped based on newly estimated parameters. Least square
algorithm is utilized to estimate process parameters in real time. GPC based PID
controller is proposed by authors to regulate the controlled variable as PID controller is
most commonly used in industries. Although, this control strategy provides satisfactory
control performance, it fails to incorporate input and output constraints in controller
formulation.

2.5 Summary
The first part of chapter is focussed on description of process modeling for heat transfer
in water tank, heat exchangers, and electric ovens etc. Extensive review of heat transfer
mathematical models based on basics laws of thermodynamics and applied physics has
been presented. Classical control mechanisms for heating systems include ON/OFF and
PID controllers; although these controllers have simple structure and low initial cost,
they fail to provide satisfactory control performance in a time varying and uncertain
environment with input and output constraints. Model based predictive control is modern
control methodology, which is particularly suitable for constrained system with time
varying dynamics. Several MPC control strategies including neural network MPC, fuzzy
control, GPC based PID, and adaptive MPC have been reviewed and explained briefly. It
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is concluded that adaptive MPC offers optimal offset free control performance for a
gradually or rapidly changing process while enforcing physical bounds on the system.
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3 HEAT TRANSFER MODELING

3.1 Preliminaries
In this subsection, Preliminary material is presented, which is useful for subsequent
sections and mathematical derivations throughout the thesis report. Readers who possess
sound understanding of these concepts may skip this section.
3.1.1 Total Energy
In thermodynamics analysis, total energy of a system is assumed as the sum of potential
energy, kinetic energy, and internal energy [36], which is expressed in following
equation.
𝐸 = 𝑃𝐸 + 𝐾𝐸 + 𝑈

(3.1)

Internal energy of a system is defined as sum of all microscopic forms of energy of that
system. It is the energy associated with molecular activity and structure of particles of
the system. When the system is subjected to heating, translation, rotational and vibration
motion of constituent particles of system increase as a result of which internal energy of
the system increases. If a fluid in solid or liquid form is given sufficient energy, particles
of fluid overcome molecular forces and turn the fluid into gas form. This is known as
phase change process. Due to added energy which caused the phase change, internal
energy of fluid in gas phase is higher as compared to in liquid or solid phase.
Change in internal energy of system as caused by temperature rise is given by first law of
thermodynamics in following equation.
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∆𝑈 = 𝑚𝐶𝑝 ∆𝑇

(3.2)

Where,
∆𝑈 is change in internal energy of system.
𝐶𝑝 is the specific heat capacity of system at constant pressure.
𝑚 is the mass of system.
∆𝑇 is change in temperature of system.
3.1.2 Specific Heat Capacity:
Specific heat capacity is a basic characteristic of matter, which is defined as the amount
of heat energy required to increase the temperature of a unit quantity of a material by a
single unit. Greater the specific heat capacity of a material, the greater is the amount of
heat required to raise the temperature of substance as compared to materials with low
specific heat capacities. For a substance with specific heat capacity Cp and mass m, the
rate of change of temperature ΔT with respect to heat flow represented by Q, is given
below.

∆𝑇 =

In terms of electrical engineering,

1
𝑚𝐶𝑝

𝑄
𝑚𝐶𝑝

(3.3)

represents resistance, Q the current, and ∆𝑇 the

change in potential.
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3.1.3 Enthalpy
The enthalpy (H) is the measure of energy contained within a system. It is an intensive
property of system. Absolute enthalpy of a system cannot be measure; however, change
in enthalpy of system can be measure. Change in enthalpy of a system is defined as
amount of thermal energy transferred between a system and surroundings at constant
pressure.
Mathematical description of enthalpy of system is expressed in following equation.
𝐻 = 𝑈 + 𝑃𝑉

(3.4)

Where,
P, V are pressure and volume of system.
Since internal energy of the system depends on temperature, enthalpy of system is
directly proportional to temperature as well. At constant pressure, change in enthalpy of
system is equal to change in heat transferred to system.
∆𝐻 = ∆𝑄

(3.5)

3.2 Heat Transfer Mathematical Modelling
Mathematical models of chemical and heat transfer processes are derived from laws of
conservation of energy [37]. Law of conservation of energy, also known as 1st law of
thermodynamics [38] is given below.
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Rate of energy addition
= {Rate of energy in by convection}
− {Rate of energy out by convection}
+ {Rate of heat added from surroundings to the system}
+ {Rate of work done by the surroundings on the system}
Following assumptions are made for modeling the heat transfer system.


Rate of change of kinetic and potential energy is negligible.



Work done of system by surroundings is negligible.

Therefore, heat is accumulated in system only due to changes in internal energy and heat
added by surroundings. Energy balance equation can be written as following.
𝑑𝑈𝑖
= −∆(𝑤𝐻′) + 𝑄
𝑑𝑡
𝑑𝑈𝑖
𝑑𝑡

(3.6)

represents change in internal energy of the system. Q represents heat energy added

to the system. H' and w denote enthalpy per unit mass and the mass flow rate of the fluid
of the system respectively. Term ∆(𝑤𝐻′) represents difference of enthalpies of outlet and
inlet streams.
A simplified schematic diagram of electrically heated pipe is shown in Figure 3-1. Fluid
(water) at temperature Ti with mass flow rate of w is injected in horizontally placed pipe.
Fluid inside injection pipe is heated using a resistive heating element with temperature
Te. Q represents the rate of heat energy (Watts) produced by heating element, which
directly depends on PWM voltage applied to it.
31

Figure 3-1: Simplified schematic diagram of electrically heated pipe

While developing dynamic model of heat transfer inside injection well, following
assumptions are considered.


Fluid inside injection well has constant temperature (T) across its volume
(lumped model) [39]. More accurate model will be extremely complex where
temperature will vary across the volume. Lumped heat transfer model facilitates
derivation of control laws.



Incoming and outgoing flow rates are constant (w), which implies constant
volume (V) of fluid inside pipe.



Energy is not instantaneously transferred from heating element to fluid inside
pipe. Heat energy produced by heating element at a given rate (Q) affects the
temperature of heating element rather than fluid.



Temperature gradients in the heating element are considered negligible and
temperature is assumed to be uniform across the length of heating element.



Heat losses are negligible.

Energy balance equation given in (3.6) is used to develop dynamic model of the heating
process.
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3.2.1 Internal Energy
Expression for change in internal energy, which appears on left hand side of energy
balance equation given in (3.6), is formulated below.
Internal energy of the system is considered approximately equal to the enthalpy 𝑈′𝑖 = 𝐻′
[37].
Moreover, change in temperature causes change in internal energy of system, which in
turn produces change in enthalpy [37].
𝐶𝑑𝑇 = 𝑑𝑈′𝑖 = 𝑑𝐻′

(3.7)

C represents specific heat capacity of fluid which depends on its temperature and phase.
Total energy is given by product of mass and energy per unit mass as following.
𝑈𝑖 = 𝑚𝑈′𝑖

(3.8)

𝑑𝑈𝑖
𝑑𝑇
= 𝑚𝐶
𝑑𝑡
𝑑𝑡

(3.9)

3.2.2 Enthalpy of System
Expression for change in enthalpy of system, which appears on right side of energy
balance equation given in (3.6), is formulated below.
Enthalpy per unit mass (𝐻 ′ ) of a fluid depends on its temperature and pressure. This
dependence can be mathematically expressed as following.
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𝐻 ′ = 𝐻 ′ (𝑃, 𝑇)

(3.10)

For differential changes in P and T,
𝜕𝐻 ′
𝜕𝐻 ′
𝑑𝐻 = (
) 𝑑𝑇 + (
) 𝑑𝑃
𝜕𝑇 𝑃
𝜕𝑃 𝑇
′

(3.11)

Specific heat capacity of fluid at constant pressure is given by following equation.
𝜕𝐻 ′
𝐶𝑝 = (
)
𝜕𝑇 𝑃

(3.12)

As pressure of the fluid is assumed constant,
𝜕𝐻 ′
(
) =0
𝜕𝑃 𝑇

(3.13)

Therefore, (3.18) can rewritten as following.
𝑑𝐻 ′ = 𝐶𝑝 𝑑𝑇

(3.14)

Change in enthalpy of the fluid can also be expressed by following equation.
𝐻 ′ − 𝐻𝑟𝑒𝑓 = 𝐶(𝑇 − 𝑇𝑟𝑒𝑓 )

(3.15)

H' and T represent enthalpy and temperature of fluid inside the well whereas, Href is
enthalpy of fluid at Tref. Href is assumed to be 0.
𝐻 ′ = 𝐶(𝑇 − 𝑇𝑟𝑒𝑓 )

(3.16)

Enthalpy and temperature of incoming fluid are represented by 𝐻𝑖 ′ and 𝑇𝑖 respectively.
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𝐻𝑖 ′ = 𝐶(𝑇𝑖 − 𝑇𝑟𝑒𝑓 )

(3.17)

Substituting (3.16) and (3.17) in right hand side of (3.6), we get the following
expression.
𝑤𝐶(𝑇𝑖 − 𝑇) = −∆(𝑤𝐻′)

(3.18)

As explained before, heat energy provided to heating element (Q) affects the temperature
of heating element rather than fluid. Heat is transferred from heating element to fluid in
medium through convection and conduction.
3.2.3 Heat Transfer by Convection
Heat transfer through convection consists of following two component [40].
1. Heat transfer through molecular motion (diffusion).
2. Heat transfer through macroscopic motion of fluid.
Therefore, heat transfer due to convection in fluid can be described as heat transfer due
to conduction as well as bulk motion of fluid [41].
Heat transfer due to convection can be represented by following equation.
𝑄 = ℎ𝑒 𝐴𝑒 (𝑇𝑒 − 𝑇)

(3.19)

Q represents the heat transferred through convection. Te and T denote the temperatures
of heating elements and fluid in medium. ℎ𝑒 and 𝐴𝑒 represent heat transfer coefficient
and area of heat transfer respectively.
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3.2.4 Heat transfer equations
Substituting (3.9) (3.18) and (3.19) into (3.6), we get the expression for rate of change of
medium (fluid) temperature.

𝑚𝐶

𝑑𝑇
= 𝑤𝐶(𝑇𝑖 − 𝑇) + ℎ𝑒 𝐴𝑒 (𝑇𝑒 − 𝑇)
𝑑𝑡

(3.20)

Applying similar principles, assumptions, and substitutions, mathematical expression for
rate of change of heating element temperature (𝑇𝑒 ) can be formulated as given below.

𝑚𝑒 𝐶𝑒

𝑑𝑇𝑒
= 𝑄 − ℎ𝑒 𝐴𝑒 (𝑇𝑒 − 𝑇)
𝑑𝑡

(3.21)

Where meCe is the product of the mass of metal in the heating element and its specific
heat. The term heAe is the product of the heat transfer coefficient and area available for
heat transfer. Te and T denote temperature of heating element and fluid. Q represents the
power given to heating element. w and Ti denote flow rate and temperature of incoming
fluid respectively.
Specific heat capacity of the fluid in medium around heating element vary with
temperature. Functional dependence of specific heat capacity of water vapours on
temperature is obtained by regression of data from IAPWS- 95 [42]. Equation of
following form is obtained.
𝐶[𝑇] = 1.86 − 0.0001𝑇 + 9 × 10−7 𝑇 2 − (7 × 10−10 )𝑇 3

(3.22)

Moreover, when water changes phase and coverts to steam during heating, specific heat
capacity drops at the boiling point.
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𝐶𝑙

𝑇 ≤ 𝑇𝑏

𝐶𝑔

𝑇 ≥ 𝑇𝑏

𝐶={

}

(3.23)

Where, 𝐶𝑙 and 𝐶𝑔 represent specific heat capacities for liquid and gaseous phases of
medium fluid respectively. 𝑇𝑏 denotes the boiling temperature.
Overall heat transfer coefficient is given by following expression [43].

ℎ𝑒 =

𝐴𝑒 (𝑇𝑒 − 𝑇)
𝑄

(3.24)

3.2.5 State Space Process Model
Heat transfer differential equations capturing the dynamics of heating process in an
electrically heated tank/pipe, which is the system focussed on in this thesis for
developing an optimal control, are represented as a discrete time state space model as
follows:
𝑥(𝑘 + 1) = 𝐴𝑥(𝑘) + 𝐵𝑢(𝑘)
(3.25)
𝑦(𝑘) = 𝐶𝑥(𝑘)
Where,
𝑥(𝑘) ∈ ℝ𝑛 are the system states, 𝑢(𝑘) ∈ ℝ𝑚 are the applied control action (manipulated
variable), and 𝑦(𝑘) ∈ ℝ𝑜 are the system controlled outputs. The matrices 𝐴 ∈ ℝ𝑛×𝑛 , 𝐵 ∈
ℝ𝑛×𝑚 , and 𝐶 ∈ ℝ𝑜×𝑛 are the system matrix, input matrix, and output matrix respectively.

State space model parameters and system matrices are expressed below.
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[

𝑇𝑒̇

−ℎ𝑒 𝐴𝑒
𝑚𝑒 𝐶𝑒

ℎ𝑒 𝐴𝑒
𝑚𝑒 𝐶𝑒

1
[ ] + [ 𝑚𝑒 𝐶𝑒 ] 𝑄
⏟
⏟𝑇
𝑢𝑐 (𝑘)
⏟ 0
𝑇𝑒

] =

𝑇̇

ℎ𝑒 𝐴𝑒
[ 𝑚𝐶
⏟

−𝑤𝐶 − ℎ𝑒 𝐴𝑒
]
𝑚𝐶

𝑥(𝑘)

𝐵𝑐 (𝑘)

𝐴

0
+ [𝑤]
⏟𝑚

𝑇
⏟𝑖

(3.26)

𝑢𝑑 (𝑘)

𝐵𝑑 (𝑘)

𝑦(𝑘) = [1
⏟

0] [

𝑇𝑒

]

𝑇

C

𝑢𝑐 (𝑘) and 𝑢𝑑 (𝑘) represent controlled input (MV) and measured input disturbance
respectively.
𝑢𝑐 (𝑘)
𝑢(𝑘) = [

]

(3.27)

𝑢𝑑 (𝑘)
Matrix B, which relates the manipulated variable and disturbance input to the controller
states is given below.
𝐵 = [𝐵𝑐 (𝑘)

𝐵𝑑 (𝑘) ]

(3.28)

Control variables are defined as following.
Controlled Variable:

𝑇𝑒

Manipulated Variable: 𝑄
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Disturbance Variable: 𝑇𝑖

3.3 Summary
Different modes of heat transfer and basic laws of applied physics and energy
conservation are investigated for heat transfer modeling. Preliminary material on heat
transfer modeling has been presented by the author which is useful for following sections
and derivations throughout the thesis report. A dynamic process model for heat transfer
process in an electrically heated pipe has been presented in terms of differential
equations. For control purposes, state space model is constructed based on heat transfer
differential equations. Controller parameters including controlled variable, manipulated
variable and system disturbances are defined.
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4 MODEL PREDICTIVE CONTROL

The basic concept of model predictive control is to utilize process dynamic model to
forecast the behaviour of system, and optimize the predicted forecast to compute the best
decision, which is the control move or MV adjustment. An optimization problem is
formulated and solved using quadratic programming (QP) at each control interval to
calculate a sequence of manipulated variable adjustments. The first input in computed
sequence of optimal MV adjustments is sent to the system, which is to be used until next
control interval [44]. Entire optimization problem is solved at subsequent control
intervals.
Model predictive control QP problem includes following three features.


Cost function: A positive, scalar measure of controller performance, which is to
be minimized.



Constraints: Conditions which must be satisfied by solution, such as physical
bounds on plant outputs, inputs or their rate of changes.



Decision Variables: Manipulated variable increments or decrements which
minimize the cost function while satisfying the applied constraints.

4.1 Cost Function
Standard MPC cost function comprises of following three terms and each term focuses
on particular aspect of controller performance [44].
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𝐽 = 𝐽𝑦 + 𝐽𝑢 + 𝐽∆𝑢

(4.1)

Jy: Cost function term for set point tracking. This particular performance measure
unsure that controlled output is being kept at desired value.
Ju: Cost function term for manipulated variable tracking. For applications where
manipulated variable must be kept at or near a user specified value, this performance
measure plays a crucial role.
JΔu: Cost function term for manipulated variable increments suppression. This
performance measure makes sure that less strain is applied on actuators in a way that
smallest possible manipulated increments are figured to achieve desired control
performance.
For the control problem defined in this thesis, it is not required to keep the manipulated
variable set at a particular value; therefore, MPC cost function used in this thesis
comprises of following two aspects of controller performance.
𝐽 = 𝐽𝑦 + 𝐽∆𝑢

(4.2)

4.1.1 Set point Tracking
In most cases, controller's primary objective is to keep the output value at or near a
specified set point or reference value. MPC uses following performance measure to keep
the controlled output at user-defined reference value.
𝑁𝑦

𝐽𝑦 = ∑ 𝜆𝑦𝑖 [𝑦̂(𝑘 + 𝑖|𝑘) − 𝑟(𝑘 + 𝑖|𝑘)]2

(4.3)

𝑖=0
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Where,
𝑟(𝑘 + 𝑖|𝑘): Reference signal at ith prediction horizon step.
𝑦(𝑘 + 𝑖|𝑘): Predicted Controlled variable at ith prediction horizon step.
𝑁𝑦 : Prediction horizon beyond present time. It defines how far ahead in future controlled
output is predicted.
𝜆𝑦𝑖 : Weighting tuning factor for reference output tracking at ith prediction horizon step.
These values are usually taken constant over entire prediction horizon.
4.1.2 Manipulated Variable Increments Suppression
Cost due to penalization of manipulated variable increments (Δu) during the control
horizon is given by following performance measure.
𝑁𝑢

𝐽∆𝑢 = ∑ 𝜆𝑢𝑗 ∆𝑢2 (𝑘 + 𝑗 − 1|𝑘)

(4.4)

𝑗=1

∆𝑢(𝑘 + 𝑗): Manipulated variable increment at jth control horizon step.
𝑁𝑢 : Control horizon beyond current time. It is defined as time interval for which control
action is calculated.
𝜆𝑢𝑗 : Weighting tuning factor for manipulated variable increment at jth control horizon
step. These values are usually taken constant over entire control horizon.
Due to addition of this particular performance measure in MPC cost function, solution of
QP problem computes smallest possible MV increments. As a consequence of which,
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less strain is caused on actuator, which is a heating element in this case. Applying small
MV adjustments also lead to considerable energy savings as desired temperature is
achieved by providing minimum heat energy to the heating element.
Cost function for MPC used is defined by summation of above two aspects of controller
performance in following equation.
𝑁𝑦

𝑁𝑢

𝐽 = ∑ 𝜆𝑦𝑖 [𝑦̂(𝑘 + 𝑖|𝑘) − 𝑟(𝑘 + 𝑖|𝑘)]2 + ∑ 𝜆𝑢𝑗 ∆𝑢2 (𝑘 + 𝑗 − 1|𝑘)
𝑖=1

(4.5)

𝑗=0

4.2 State Estimation
As the MPC based controller operates, it utilizes the current state 𝑥(𝑘) at interval k as a
basis for predicting future states and outputs. The control performance of MPC is
directly affected by the accuracy of state estimation [45]. Controller state estimation also
serves as the prerequisite for performance monitoring [45]. State estimation is required
due to one of the following possible reasons.
 System states are complex and cannot be measured directly.
 Sensor data is corrupted by measurement noise.
 Due to presence of process noise, model information is not entirely accurate.
The optimal solution for controller state estimation is computed by well renowned
Kalman Filter algorithm. Kalman filter is a state estimator which generates an optimal
estimate of controller's state in a way that mean value of the sum of estimation errors
gains a minimum value. State estimation using Kalman Filter algorithm is summarized in
following steps.
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1. Initial value of predicted state estimate 𝑥𝑝 (0) is set equal to initial guess of
controller's state 𝑥𝑖𝑛𝑖𝑡 . This step is only performed once.
2. Innovation also known as bias of the process 𝑒(𝑘) is computed, which is defined
as the difference between actual output 𝑦(𝑘) and the estimated output 𝑦̂(𝑘).
𝑒(𝑘) = 𝑦(𝑘) − 𝑦̂(𝑘)

(4.6)

3. Corrected state estimate 𝑥(𝑘) is computed by applying corrective action to the
predicted state estimate 𝑥𝑝 (𝑘).
𝑥(𝑘) = 𝑥𝑝 (𝑘) + 𝐿𝑒(𝑘)

(4.7)

Where, L is the Kalman Filter Gain.
4. Predicted state estimate 𝑥𝑝 (𝑘) is computed for the next control interval (𝑘 + 1)
using the present corrected state estimate 𝑥(𝑘) and input 𝑢(𝑘).
𝑥𝑝 (𝑘 + 1) = 𝐴𝑥(𝑘) + 𝐵𝑢(𝑘)

(4.8)

4.3 Controlled output prediction
MPC requires future values of plant output to solve the optimization problem in order to
calculate optimal values of manipulated variable.
Following assumptions are made while calculating future values of plant output.


At instant k, estimated state vector 𝑥(𝑘) is known. State vector 𝑥(𝑘 + 1) can be
accurately estimated using following state observer.
𝑥(𝑘 + 1) = 𝐴𝑥(𝑘) + 𝐵𝑢(𝑘) + 𝐿𝑒(𝑘)

(4.9)
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State observer matrices (A, B, C) which depend on system parameters are
assumed to be constant and known.

Controlled output predictions are developed using the current and past information up to
instant 𝑘. Predicted controlled output is taken as sum of (1) current state estimate which
depends upon past measurements (2) forced response due to future control input (3)
unmeasured disturbance also known as innovation bias 𝑒(𝑘), which is the difference
between predicted output and actual output. 𝑒(𝑘) is assumed to be constant for whole
prediction horizon.

Let us derive the Ny step ahead output predictions. One step ahead controlled output
prediction 𝑦̂(𝑘 + 1), based on information available at instant k is given by following
equation.
𝑦̂(𝑘 + 1|𝑘) = 𝐶𝑥(𝑘 + 1|𝑘) + 𝑒(𝑘)

(4.10)

𝑦̂(𝑘 + 1|𝑘) = 𝐶𝐴𝑥(𝑘|𝑘 − 1) + 𝐶𝐵𝑢(𝑘) + 𝐶𝐿𝑒(𝑘) + 𝑒(𝑘)

(4.11)

Two step ahead prediction 𝑦̂(𝑘 + 2) is given by following equation.
𝑦̂(𝑘 + 2|𝑘 + 1) = 𝐶𝑥(𝑘 + 2|𝑘 + 1) + 𝑒(𝑘)

(4.12)

𝑦̂(𝑘 + 2|𝑘 + 1) = 𝐶[𝐴𝑥(𝑘 + 1|𝑘) + 𝐵𝑢(𝑘 + 1) + 𝐿𝑒(𝑘 + 1)] + 𝑒(𝑘)

(4.13)

𝑦̂(𝑘 + 2|𝑘 + 1)
= 𝐶[𝐴[𝐴𝑥(𝑘) + 𝐵𝑢(𝑘) + 𝐿𝑒(𝑘)] + 𝐵𝑢(𝑘 + 1) + 𝐿𝑒(𝑘 + 1)]

(4.14)

+ 𝑒(𝑘)
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𝑦̂(𝑘 + 2|𝑘 + 1)
= 𝐶𝐴2 𝑥(𝑘) + 𝐶𝐴𝐵𝑢(𝑘) + CA𝐿𝑒(𝑘) + C𝐵𝑢(𝑘 + 1)

(4.15)

+ C𝐿𝑒(𝑘 + 1) + 𝑒(𝑘)
Similarly, we can compute three step ahead output prediction 𝑦̂(k + 3)
𝑦̂(𝑘 + 3|𝑘 + 2)
= 𝐶𝐴3 𝑥(𝑘) + 𝐶𝐴2 𝐵𝑢(𝑘) + C𝐴2 𝐿𝑒(𝑘) + 𝐶𝐴𝐵𝑢(𝑘 + 1)

(4.16)

+ C𝐵𝑢(𝑘 + 2) + 𝑒(𝑘)
𝑖-steps ahead output prediction can be written as following expression.
𝑁𝑦
𝑖

𝑦̂(𝑘 + 𝑖|𝑘) = 𝐶𝐴 𝑥[𝑘|𝑘 − 1] + ∑ 𝐶𝐴𝑁𝑦−𝑖 𝐵𝑢(𝑘 + 𝑖 − 1|𝑘 + 𝑖 − 2)
𝑖=1

(4.17)
𝑁𝑦

+ ∑ 𝐶𝐴𝑁𝑦−𝑖 𝐿𝑒(𝑘|𝑘 − 1)
𝑖=1

Predicted system outputs and control actions are expressed in compact vector form as
following.
𝑈𝑓 = [𝑢(𝑘|𝑘)
𝑌̂ = [𝑦(𝑘 + 1|𝑘)

𝑢(𝑘 + 1|𝑘) … … 𝑢(𝑘 + 𝑁𝑢 − 1|𝑘)]𝑇
𝑦(𝑘 + 2|𝑘) + … … 𝑦(𝑘 + 𝑁𝑦 |𝑘)]𝑇

(4.18)
(4.19)

Future output predictions can be expressed in vector format as following.
𝑌̂ = 𝑍𝑥 𝑥̂(𝑘|𝑘 − 1) + 𝑍𝑢 𝑈𝑓 + 𝑍𝑒 𝑒(𝑘|𝑘 − 1)

(4.20)
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𝐶𝐴
𝐶𝐴2

𝑍𝑥 =

(4.21)

……
[𝐶𝐴𝑁𝑦 ]

𝐶𝐿 + 𝐼
𝐶𝐿𝐴 + 𝐶𝐿 + 𝐼
𝑍𝑒 = [
]
……
𝐶𝐿𝐴𝑁𝑦 −1 + ⋯ + 𝐶𝐿 + 𝐼

𝑍𝑢 =

(4.22)

𝐶𝐵

[0]

[0]

…

[0]

𝐶𝐴𝐵

𝐶𝐵

[0]

…

[0]

…

…

…

…

[0]

[𝐶𝐴𝑁𝑦 −1 𝐵

𝐶𝐴𝑁𝑦 −2 𝐵

…

𝐶𝐴𝐵

𝐶𝐵 ]

(4.23)

𝑍𝑥 , 𝑍𝑒 , 𝑍𝑢 are the matrices relating the effects of past state estimates, current
unmeasured output disturbances and future manipulated variables to future predicted
outputs respectively. Matrix 𝑍𝑢 is popularly known as dynamics matrix.
In order to simplify computations, output predictions can be written as a combination of
past, present and future terms.
𝑌̂ = 𝑌𝑃 + 𝑍𝑢 𝑈𝑓

(4.24)

Where,
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𝑌𝑃 = 𝑍𝑥 𝑥̂(𝑘|𝑘 − 1) + 𝑍𝑒 𝑒(𝑘|𝑘 − 1)

(4.25)

𝑌𝑃 is the combination of past and present terms as it describes the effects of past
controller states and present unmeasured disturbances on output predictions.
𝑍𝑢 𝑈𝑓 relates the effect of future control actions on predicted output.

4.4 Constrained MPC
One of the major motivations behind using model based predictive control in this thesis
is its intrinsic ability to handle constraints systematically. In MPC, quadratic cost
function is minimized and optimal trajectory of future inputs is computed while
satisfying the applied constraints. Explicit constraints also known as bounds are applied
on inputs and rate of change of inputs.
4.4.1 Constraints on change of MV
Constraints applied on change of manipulated variables are expressed in form less than
equal to inequality constraints in 𝛥𝑢.
∆𝑢 ≤ ∆𝑢(𝑘) ≤ ∆𝑢
∆𝑢(𝑘) ≤ ∆𝑢

(4.26)

−∆𝑢(𝑘) ≤ −∆𝑢
∆𝑢(𝑘 + 𝑗|𝑘) containing future changes in MV is expressed in matrix form as following.
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∆𝑢(𝑘)
∆𝑢(𝑘 + 1)

∆𝑢(𝑘 + 𝑗|𝑘) =

(4.27)

⋮
[∆𝑢(𝑘 + 𝑁𝑢 − 1)]

Maximum and minimum constraints are applied on all future values of changes in
manipulated variables, which is expressed in matrix form as following.
∆𝑢(𝑘)
𝐼
[ ]
−𝐼

∆𝑢(𝑘 + 1)

≤[

⋮

∆𝑢
−∆𝑢

]

(4.28)

[∆𝑢(𝑘 + 𝑁𝑢 − 1)]
∆𝑢1
∆𝑢2
⋮

∆𝑢(𝑘)
∆𝑢(𝑘 + 1)

𝐼
[ ]
−𝐼

⋮
[∆𝑢(𝑘 + 𝑁𝑢 − 1)]

≤

∆𝑢𝑁𝑢
−∆𝑢1

(4.29)

−∆𝑢2
⋮
[−∆𝑢𝑁𝑢 ]

In compact form,
𝑉1 ∆𝑈𝑓 ≤ 𝑏1

(4.30)

4.4.2 Constraints on MV
Upper and lower bound constraints are applied on manipulated variable as expressed in
following equations.
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𝑢 ≤ ∆𝑢(𝑘) ≤ 𝑢

(4.31)

Following Upper bound constraints on MV
𝑢(𝑘)
𝑢(𝑘 + 1)
⋮

𝑢1
𝑢2

≤

[𝑢(𝑘 + 𝑁𝑢 − 1)]

(4.32)

⋮
[𝑢𝑁𝑢 ]

can be expressed in terms of change in MV as following [46].
∆𝑢(𝑘)
∆𝑢(𝑘 + 1) + ∆𝑢(𝑘)
⋮

𝑢1 − 𝑢(𝑘 − 1)
𝑢2 − 𝑢(𝑘 − 1)

≤

[∆𝑢(𝑘 + 𝑁𝑢 − 1) + ⋯ + ∆𝑢(𝑘)]

⋮

(4.33)

[𝑢𝑁𝑢 − 𝑢(𝑘 − 1)]

Similarly, lower bound constraints on MV can be expressed in terms of change in MV as
following.
−∆𝑢(𝑘)
−∆𝑢(𝑘 + 1) − ∆𝑢(𝑘)
⋮
[−∆𝑢(𝑘 + 𝑁𝑢 − 1) − ⋯ − ∆𝑢(𝑘)]

𝑢1 + 𝑢(𝑘 − 1)
≤

𝑢2 + 𝑢(𝑘 − 1)
⋮

(4.34)

[𝑢𝑁𝑢 + 𝑢(𝑘 − 1)]

Combining upper and lower bound constraints on MV is matrix form as follows.
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∆𝑢1

1

∆𝑢2

1

⋮

⋮

∆𝑢(𝑘)
𝐼𝐿
[
]
−𝐼𝐿

∆𝑢(𝑘 + 1) + ∆𝑢(𝑘)

∆𝑢𝑁𝑢

≤

⋮

−∆𝑢1

−

1
−1

−∆𝑢2

−1

⋮

⋮

[−∆𝑢𝑁𝑢 ]

[−1]

[∆𝑢(𝑘 + 𝑁𝑢 − 1) + ⋯ + ∆𝑢(𝑘)]

− 𝑢(𝑘 − 1

(4.35)

where, 𝐼𝐿 is lower triangular matrix as following.

𝐼𝐿 =

1

0

⋯ 0

1

1

0

⋮

⋮

⋱

⋱

0

[1

1

1

1]

(4.36)

In compact form,
𝑉2 ∆𝑈𝑓 ≤ 𝑏2

(4.37)

Constraints on inputs and change of inputs are merged together to form one constraint
system.
𝑉3 ∆𝑈𝑓 ≤ 𝑏3

(4.38)

𝑉1
𝑏1
[ ] ∆𝑈𝑓 ≤ [ ]
𝑉2
𝑏2

(4.39)
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Merging (4.29) and (4.35) into (4.39) gives the following.
∆𝑢1
∆𝑢2
⋮
∆𝑢𝑁𝑢
−∆𝑢1
𝐼
−𝐼
𝐼𝐿
[−𝐼𝐿 ]
⏟
𝑉3

−∆𝑢2
∆𝑈𝑓 ≤

⋮
−∆𝑢𝑁𝑢

(4.40)

𝑢1 − 𝑢(𝑘 − 1)
𝑢2 − 𝑢(𝑘 − 1)
⋮
𝑢𝑁𝑢 − 𝑢(𝑘 − 1)
−𝑢1 + 𝑢(𝑘 − 1)
−𝑢2 + 𝑢(𝑘 − 1)
⋮
[−𝑢𝑁𝑢 + 𝑢(𝑘 − 1)]
⏟
𝑏3

𝐼
Matrix 𝑉3 =

−𝐼
𝐼𝐿

is constant for all control intervals; therefore, it can be computed

[−𝐼𝐿 ]
offline.
QP problem can become unfeasible if there doesn't exist any combination of control
actions that satisfies the applied constraints [46]. Standard QP optimization does not
produce any output if the problem becomes infeasible. In an industrial control
application, control action computation needs to be modified so that control action is

52

always provided to process; otherwise, system can become unstable. Two strategies are
commonly employed to deal with infeasible QP problem [46].


At interval (𝑘 + 1), apply the control action computed at the previous control
instant (𝑘).
𝑢(𝑘 + 1) = 𝑢(𝑘)



(4.41)

Employ a constraint handling strategy, such as relaxation of those constraints
which render the QP problem infeasible. One such technique is known as
constraints softening [46], which is employed in this thesis.

4.4.3 Constraints Softening
Constraints are divided into hard and soft constraints as follows [46].


Hard constraints must be satisfied. MV constraints are taken as hard constraints
as heat energy provided to heating element ranges from 0 to 𝑄𝑚𝑎𝑥



Soft constraints are the ones where some degree of constraint violation is
tolerated. Change in MV constraints are taken as soft constraints.

QP optimizer computes a solution while satisfying the hard constraints and violating the
soft constraints minimally, only if soft constraint is violated. A slack variable 𝜎 is
defined which is non-zero only if constraint is violated. MPC cost function defined in
(4.2) is redefined after addition of constraint softening term 𝐽𝜎 .
𝐽 = 𝐽𝑦 + 𝐽∆𝑢 + 𝐽𝜎

(4.42)

Constraints on change in MV are reformulated below.
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∆𝑢 − 𝜎 ≤ ∆𝑈𝑓 ≤ ∆𝑢 + 𝜎
(4.43)
𝜎≥0
Upper bound constraints on change in MV are redefined below.
∆𝑈𝑓 − 𝜎 ≤ ∆𝑢

[1 −1] [

∆𝑈𝑓

(4.44)
] ≤ ∆𝑢

𝜎
Lower bound constraints on change in MV are redefined below.
−∆𝑈𝑓 − 𝜎 ≤ −∆𝑢

[−1 −1] [

∆𝑈𝑓

(4.45)
] ≤ −∆𝑢

𝜎
Combining the upper and lower bound constraints gives the following expression.
1

−1

−1 −1 [
[0

−1]

∆𝑢
∆𝑈𝑓

] ≤ −∆𝑢

(4.46)

𝜎
[ 0 ]

Where, the last constraint is the requirement for the slack variable 𝜎 to be non-negative.
Soft and hard constraints are combined into one constraint system similar to (4.40).
In compact form, constraint system comprising of soft and hard constraints is given by
following expression.
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∆𝑢1
∆𝑢2
⋮
∆𝑢𝑁𝑢
−∆𝑢1
𝐼

−1

−𝐼

−1
0 [

𝐼𝐿
−𝐼𝐿

0

[ 0
⏟

−∆𝑢2
∆𝑈𝑓

⋮
]≤

−∆𝑢𝑁𝑢

𝜎

(4.47)

𝑢1 − 𝑢(𝑘 − 1)
𝑢2 − 𝑢(𝑘 − 1)
⋮
𝑢𝑁𝑢 − 𝑢(𝑘 − 1)
−𝑢1 + 𝑢(𝑘 − 1)
−𝑢2 + 𝑢(𝑘 − 1)
⋮
−𝑢𝑁𝑢 + 𝑢(𝑘 − 1)
[
]
⏟
0

−1]
𝑉

𝑏

In compact form,
𝑉∆𝑈𝑓 ≤ 𝑏

(4.48)

4.4.4 Optimization
Control problem is stated as following.
𝑁𝑦

𝑁𝑢

Min
⏟ 𝐽 = ∑[𝑦̂(𝑘 + 𝑖|𝑘) − 𝑟(𝑘 + 𝑖|𝑘)]2 + ∑ 𝜆𝑗 ∆𝑢2 (𝑘 + 𝑗 − 1|𝑘) + 𝜎𝜆𝜎 𝜎 𝑇
∆u

𝑖=1

(4.49)

𝑗=0

subject to following constraints
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𝑉∆𝑈𝑓 ≤ 𝑏

(4.50)

Where, 𝜆𝜎 is the constraint violation penalty weight (dimensionless).
MPC control law stated in (36) is expressed in compact form as following.
Min
⏟ 𝐽 = 𝜖 𝑇 𝜖 + 𝜆𝑗 ∆𝑈𝑓 𝑇 ∆𝑈𝑓 + 𝜎𝜆𝜎 𝜎 𝑇
∆u

subject to

(4.51)

𝑉∆𝑈𝑓 ≤ 𝑏

Whereas, ∆𝑈𝑓 is a vector containing future input increments.
∆𝑈𝑓 = [∆𝑢(𝑘|𝑘)

∆𝑢(𝑘 + 1|𝑘) … … ∆𝑢(𝑘 + 𝑁𝑢 − 1|𝑘)]𝑇

(4.52)

And, 𝜖 represents future reference tracking error as expressed in following equation.
𝑁𝑦

𝜖 = ∑ 𝑦̂(𝑘 + 𝑖|𝑘) − 𝑟(𝑘 + 𝑖|𝑘)
𝑖=1

(4.53)
𝜖 = 𝑌̂ − 𝑅

Where, 𝑅 and 𝑌̂ are vectors containing future reference and output values.
𝑌̂ = [𝑦(𝑘 + 1|𝑘)

𝑦(𝑘 + 2|𝑘) + … … 𝑦(𝑘 + 𝑁𝑦 |𝑘)]

𝑅 = [𝑟(𝑘 + 1|𝑘)

𝑟(𝑘 + 2|𝑘) + … … 𝑟(𝑘 + 𝑁𝑦 |𝑘)]

Primary objective of MPC algorithm is to find an optimal MV trajectory which best
minimizes the sum of squared errors 𝜖 2 .
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𝜖 = 𝑍𝑢 𝑈𝑓 + 𝑌𝑃 − 𝑅

(4.54)

𝜖 = 𝑍𝑢 𝑈𝑓 − (𝑅 − 𝑌𝑃 )

(4.55)

Quadratic problem given in (4.51) cannot be solved analytically [46], it must be solved
numerically. Control problem can be expressed as a standard Quadratic Programming
(QP) optimization problem.

Quadratic Problem Solver
Constrained MPC optimization problem is written as a standard quadratic programming
(QP) problem.
Standard QP problem is of following form [44].
1
𝑀𝑖𝑛
⏟ = 𝑥 𝑇 𝐻𝑥 + 𝑐 𝑇 𝑥
2
𝑥

(4.56)

𝑠. 𝑡. 𝑉𝑥 ≤ 𝑏
MPC cost function given in (4.51) is expressed as a standard QP problem as follows.
Min
⏟ 𝐽 = 𝜖 𝑇 𝜖 + 𝜆𝑗 ∆𝑈𝑓 𝑇 ∆𝑈𝑓 + 𝜎𝜆𝜎 𝜎 𝑇
∆𝑈𝑓

(4.57)

𝑇

Min
⏟ 𝐽 = (𝑍𝑢 ∆𝑈𝑓 − (𝑅 − 𝑌𝑃 )) (𝑍𝑢 ∆𝑈𝑓 − (𝑅 − 𝑌𝑃 )) + 𝜆𝑗 ∆𝑈𝑓 𝑇 ∆𝑈𝑓 + 𝜎𝜆𝜎 𝜎 𝑇

(4.57a)

∆𝑈𝑓
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Min
⏟ 𝐽 = (∆𝑈𝑓 T 𝑍𝑢 T − (𝑅 − 𝑌𝑃 )T )(𝑍𝑢 ∆u − (𝑅 − 𝑌𝑃 )) + 𝜆𝑗 ∆𝑈𝑓 𝑇 ∆𝑈𝑓 + 𝜎𝜆𝜎 𝜎 𝑇
∆𝑈𝑓

(4.57b)

Min
⏟ 𝐽 = ∆𝑈𝑓 T (𝑍𝑢 T G + λI)∆𝑈𝑓 − 2(𝑅 − 𝑌𝑃 )T 𝑍𝑢 ∆𝑈𝑓 + (𝑅 − 𝑌𝑃 )T (𝑅
∆𝑈𝑓

(4.57c)
− 𝑌𝑃 )𝜎𝜆𝜎 𝜎 𝑇

T
1
1
Min
⏟ 𝐽 = ∆𝑈𝑓 (𝑍𝑢 T 𝑍𝑢 + λI)∆𝑈𝑓 − (𝑅 − 𝑌𝑃 )T 𝑍𝑢 ∆𝑈𝑓 + (𝑅 − 𝑌𝑃 )T (𝑅 − 𝑌𝑃 )
2
2
∆𝑈
𝑓

(4.57d)

1
+ 𝜎𝜆𝜎 𝜎 𝑇
2
∆𝑈𝑓

𝑇

𝑍𝑢 T 𝑍𝑢 + λ

Min
⏟ 𝐽=[
] [
∆𝑈𝑓
⏟𝜎
⏟
𝑥𝑇

0
𝐻

0

∆𝑈𝑓

−(𝑅 − 𝑌𝑃 )T 𝑍𝑢

][
]+[
⏟
⏟
𝜎
𝜆𝜎
𝑥

0
𝑐𝑇

𝑇

∆𝑈𝑓
] [
]
⏟𝜎
𝑥

(4.57e)

+ 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡
Whereas,

1
2

(𝑅 − 𝑌𝑃 )T (𝑅 − 𝑌𝑃 ) is a constant term for whole prediction horizon.

Solution of above mentioned QP problem provides future manipulated input trajectory.
∆𝑈𝑓 (𝑘) = [∆𝑢(𝑘|𝑘)

∆𝑢(𝑘 + 1|𝑘) … … ∆𝑢(𝑘 + 𝑁𝑢 − 1|𝑘)]𝑇

However, only first manipulated variable (𝑢𝑜𝑝𝑡 ) is implemented on plant and rest are
discarded.
∆𝑢𝑜𝑝𝑡 = [1,0,0,0 … ]∆𝑈𝑓 (𝑘) = ∆𝑢(𝑘|𝑘)

(4.58)

At next control interval, future input trajectory is formulated again by solving QP
problem using updated information.
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4.5 Algorithm I
MPC algorithm explained in previous sections is summarized below. The algorithm
comprises of two phases: (1) Offline phase (initial) (2) Online phase (actual controller).
4.5.1 Offline
To develop the MPC controller, the following are needed as input data.


Process parameters which are used to construct state space matrices (A, B, C).



Prediction horizon 𝑁𝑦 .



Control horizon 𝑁𝑢 .



Weighting factors for set point tracking and control actions.



Constraints on MV and change in MV.

Following off-line computations are performed.


Dynamic matrix 𝑍𝑢 and 𝑍𝑥 are computed using (4.23) and (4.21).



Binary matrices 𝐼𝐿 and 𝐼 are constructed. Fixed part of constraints system (matrix
V) is developed using (4.474.47).



Hessian matrix H is computed using following expression.

𝐻=[

𝑍𝑢 T 𝑍𝑢 + λ

0

0

𝜆𝜎

]

4.5.2 Online
Following on-line computations are conducted in control loop.


Obtain the actual controlled output 𝑦(𝑘) and compute the innovation 𝑒(𝑘)
according to following expression.
59

𝑒(𝑘) = 𝑦(𝑘) − 𝑦̂(𝑘)


Calculate Kalman Filter gain 𝐿 and estimate controller states using (4.7).



Construct matrix 𝑍𝑒 and compute predicted outputs using (4.24).



Obtain desired reference trajectory (𝑅) and compute set point tracking error
using (4.55).



Compute the gradient vector 𝑐 using following expression.
𝑐=[

−(𝑅 − 𝑌𝑃 )T 𝑍𝑢

]

0


Compute the right hand side of constraint system, matrix (𝑏), given in (4.47).



Solve the QP problem given in (4.57e) and compute the optimal trajectory of
control action increments ∆𝑈𝑓 .



Apply the first control action (∆𝑢) from optimal input trajectory ∆𝑈𝑓 .



At next control interval, increment the sampling index from 𝑘 to 𝑘 + 1 and go to
step 1.

4.6 Explicit Model Predictive Control
In MPC, optimal control action trajectory is formulated by computing a finite horizon
quadratic optimization problem at each control instant. Control action is based on
solution of implicit nonlinear quadratic function as shown in below equation.
1
𝑀𝑖𝑛
⏟ = 𝑈𝑓 𝑇 𝐻𝑈𝑓 + 𝑐 𝑇 𝑈𝑓
2
𝑈
𝑓

(4.59)

𝑠. 𝑡. 𝑉𝑥 ≤ 𝑏
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Optimization performed at each control interval yields a sequence of optimal control
action; however, only the first control action is applied to the process and rest are
discarded. At next control interval, computation of optimization problem is repeated by
taking the most recent controller state estimate as the initial condition of control
problem. Calculating optimal input trajectory by solving optimization problem online
can be time consuming, which limits the use of MPC to only slow processes.
Explicit MPC deals with this major drawback of MPC by eliminating the need of solving
quadratic nonlinear equation on every sampling interval. Instead of solving optimization
problem online, explicit MPC pre computes the QP optimization problem offline for
each possible value of 𝑥(𝑘) and stores the result in form of lookup table. Optimal control
actions are computed offline as "explicit" function of reference and state vectors so the
online effort is reduced to finding the appropriate control solution from the lookup table
[27] as shown in Figure 4-1: Block diagram of explicit MPC. It is shown that QP
optimization is performed offline for all possible controller states and online
computation is reduced to computing a linear function 𝑢 = 𝑓(𝑥).
The optimization problem is developed as a multi-parametric program by treating the
current controller state 𝑥(𝑘) as a parameter. Explicit MPC utilizes offline computation
to calculate all polyhedral regions where optimal control action 𝑢(𝑘) is a linear function
of 𝑥(𝑘) [44]. In each region, inequality constraints on manipulated variable belong to a
fixed subset.
𝑢 = 𝐹𝑥 + 𝐺

(4.60)

Whereas, F and G are control law constants.
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In real time, Explicit MPC performs following steps at each control interval [44].
1. Estimate controller state 𝑥(𝑘) based on available measurements.
2. Identify the region from offline formulated lookup table in which 𝑥(𝑘) exists.
3. Find out the predetermined values of F and G for that region.
4. Solve the linear function to determine optimal control action.
Advantages of Explicit MPC are summarized below [47].


Explicit MPC can be implemented for processes where sampling interval is in
order of microseconds as far less computation is required as compared to MPC.



Explicit MPC can be executed on inexpensive hardware with fixed-point
arithmetic.



Reliability of the Explicit MPC can be established as we have solutions for all
possible controller states and control inputs defined within a bounded region.
Therefore it can be employed for safety-critical applications.

However, there are few drawbacks of using explicit MPC as well as it cannot be applied
to plants with time-varying dynamics and constraints [47]. Numbers of the explicit affine
polyhedral regions increases exponentially with an increase in the number of the
controller states and the control inputs. Number of regions also increase drastically if
prediction or control horizon is large; as a consequence of which, memory required to
store linear control constants and polyhedral regions become excessive.

4.7 Algorithm II
Explicit MPC algorithm is summarized in following steps.
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Before generating explicit MPC controller, following parameters are fixed.


Process parameters which are used to construct state space matrices (A, B, C).



Prediction horizon 𝑁𝑦 .



Control horizon 𝑁𝑢 .



Weighting factors for set point tracking and control actions.



Constraints on MV and MV increments.



Upper and lower bounds on state variables are defined as following.
𝑥 < 𝑥(k) < 𝑥

(4.61)

Following offline computations are conducted.


Dynamic matrix 𝑍𝑢 and 𝑍𝑥 are computed using equations (4.23) and (4.21).



Binary matrices 𝐼𝐿 and 𝐼 are constructed. Fixed part of constraints system (matrix
V) is developed using (4.47).



Hessian matrix H is computed using following expression.

𝐻=[


𝑍𝑢 T 𝑍𝑢 + λ

0

0

𝜆𝜎

]

Quadratic optimization problem given in equation (4.59) is solved for every
possible controller state 𝑥(k), which exists in bounds defined in (4.61).



Number of regions (nr) are generated where MV is linear function of controller
state. Each region is defined by inequality bounds and control law constants as
following [44].
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𝑢 = 𝐹𝑖 𝑥 + 𝐺𝑖

(4.62)

𝑂𝑖 𝑥(𝑘) ≤ 𝑇𝑖

(4.63)

Where, 𝑖 = 1, … . . , 𝑛𝑟
Explicit MPC constants (Fi, Gi, Oi, Ti) for each region are calculated and stored in
a look up table.
Following steps are performed online to implement explicit MPC.


Obtain the actual controlled output 𝑦(𝑘) and compute the innovation 𝑒(𝑘)
according to following expression.
𝑒(𝑘) = 𝑦(𝑘) − 𝑦̂(𝑘)



Calculate Kalman Filter gain 𝐿 and estimate controller state 𝑥(k) using equation
(4.7).



Verify that 𝑥(k) resides in the bounds defined prior to explicit MPC generation
given in (4.61). If 𝑥(k) doesn't reside in those bounds, error is returned and
optimal MV value remains unchanged as 𝑢(𝑘) = 𝑢(𝑘 − 1).



Look up table is searched for estimated controller state 𝑥(k), starting from 𝑖 = 1 .
When the region is found, Fi and Gi for that particular region are taken from the
look up table and equation (4.62) is computed to determine optimal MV value.



At next control interval, increment the sampling index from 𝑘 to 𝑘 + 1 and go to
step 1.

Therefore, online computation involves only searching for the region where 𝑥(k) resides
and solving a linear piece wise function to determine optimal input, thereby making
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explicit MPC a relatively fast approach, as shown in Figure 4-1, so it could be applicable
to fast processes where sampling time is in order of microseconds.

Figure 4-1: Block diagram of explicit MPC. It is shown that QP optimization is
performed offline for all possible controller states and online computation is reduced to
computing a linear function 𝑢 = 𝑓(𝑥)

4.8 Simulation and Results
Control strategies based on MPC and Explicit MPC are applied on electrically heated
pipe and ISR process in following sections.
In first part of simulations, proposed control techniques are employed for the theoretical
dynamic model of an electrically heated pipe derived through thermodynamics and
applied physics laws. Process parameters of the dynamic model are computed using real
values and physical dimensions of an electrically heated pipe used in EOR experiments.
In the second part, process parameters of the dynamic are calculated using input-output
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experimental data for the ISR process obtained from Saskatchewan Research Council
(SRC).
The final goal of the proposed control system is to keep the temperature of heating
element at or near the specified set point temperature while consuming the least amount
of energy. The set point temperature is set by the user.
4.8.1 Electrically Heated Pipe
Theoretical model of electrically heated pipe using resistive heating elements is derived
in chapter 3 and state space model of the process is expressed in (3.26). In this section,
process parameters of the model [𝐴, 𝐵, 𝐶] are computed using physical parameters of
electrically heated pipe used in thermal EOR experiments. However, the derived
theoretical model can be used for electrically heated pipe in other environments such
electrically heated water geyser by replacing the appropriate parameters or sub models.
Following physical parameters used to develop the state space model of the process.
Table 4-1: Physical parameters for electrically heated pipe

Maximum power of the heating element

2500 W

Material of the heating element

Ni-Cr

Diameter of the heating element

5/8 inch

Length of the heating element

4 feet

Specific Heat Capacity of Heating Element
(𝐶𝑒)

450 J/kg.K

Incoming water mass flow rate (𝑤)

0.002 Kg/s
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Specific heat capacity of the medium i.e., water (𝐶) is plotted in Figure 4-2. It is shown
that when the fluid (water) undergoes the phase change from liquid to gas, specific heat
capacity drops.

Figure 4-2: Specific heat capacity of the medium (water) inside electrically heated pipe
with respect to its temperature. It can be seen that it jumps from 𝐶 ≈ 4.2 to 𝐶 ≈ 2.0
when water converts to steam at 𝑇 = 373 𝐾.

As the water converts to steam inside electrically heated pipe, it is assumed that steam
chamber is formed around heating element, which slows down the heat transfer process.
Heat transfer coefficient for heating element (ℎ𝑒 ) is set to change when the medium
changes the phase from liquid to gas as shown in Figure 4-3.
Open loop test of electrically heated pipe is performed at Qin = 3.5 kW. Medium and
heating element temperatures are plotted in Figure 4-4.
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Figure 4-3: Heat transfer coefficient of heating element. It is assumed that due to
formation of steam jacket around heating element heat transfer characte ristics alter
drastically, which is simulated by change in heat transfer coefficient.

Figure 4-4: Open loop test for electrically heated pipe. Heating element is excited at
𝑄𝑖𝑛 = 3.5 𝑘𝑊, and medium and heating element's temperatures are plotted which
clearly illustrates varying characteristics of the process.
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It is clearly evident that when water changes the phase to gas (at T = 373K and t = 125s),
due to change in specific heat capacity and heat transfer coefficient, transfer of heat
energy from heating element to medium slows down and heating element's temperature
rises drastically. Controller's primary objective task is to mitigate the effects of such
disturbances and regulate the temperature by keeping it at or near the desired set point.
Following parameters are set prior to controller construction.
Table 4-2: User specified control parameters for electrically heated pipe system

Weighting factor for MV increments (𝜆𝑢𝑗 )

1

Weighting factor for set point tracking (𝜆𝑦𝑖 )

1

Prediction Horizon (Ny)

15

Input horizon (Nu)

4

Moreover, following constraints are applied on manipulated variable (MV) and
manipulated variable (MV) increments.
-0.5 kW < 𝛥𝑢 < 0.5 kW
0 kW < 𝑢 < 2.5 kW
Control technique based on MPC given in Algorithm I is applied and control
performance is illustrated by plotting set point tracking in Figure 4-5.
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Figure 4-5: Set point tracking of heating element temperature in electrically heating
pipe for MPC control strategy. Control performance is not satisfactory as offset from
reference is too large.

Control strategy based on explicit MPC, summarized in Algorithm II, is applied for the
same process and control performance in illustrated in Figure 4-6.
Following ranges for controller states, reference signal, and manipulated variable are
specified prior to constructing explicit MPC.
0 ≤ 𝑥[𝑘] ≤ 1000
0 ≤ 𝑟[𝑘] ≤ 1000
0 ≤ 𝑢[𝑘] ≤ 1000
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Figure 4-6: Set point tracking of heating element in electrically heating pipe for
explicit MPC control strategy. Control performance is not satisfactory as offset from
reference is too large.

It is clearly illustrated in the set point tracking plots for MPC and explicit MPC that both
controllers provide identical control performance. However, explicit MPC is a faster
approach as optimization problem is computed offline as opposed to MPC where QP
problem is solved online. Control performance deteriorates due to change in operating
conditions such as phase change of fluid and heat transfer characteristics for both control
strategies and offset from desired reference trajectory is larger than desired. An adaptive
control technique is proposed by the author, which is explained in next chapter. Adaptive
technique provides robust performance as it adapts to the time varying operating
conditions of the process.
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4.8.2 Injection well heating in ISR Process
In this section, proposed control techniques are applied to regulate the temperature of
resistive heating element installed inside injection well used in In-Situ Reflex (ISR)
process at SRC. MPC based controller performance depends directly on accuracy of
dynamic model of the process. Therefore, it must be a high fidelity mathematical model
capturing realistic dynamic behaviour of the process. Mathematical dynamic model of an
electrically heated pipe is derived in chapter 3 expressed in (3.26) using applied physical
and thermodynamics laws. In previous part of simulation, the model parameters are
computed based on real physical values of electrically heated pipe employed in ISR
experiment at SRC. Although theoretical approach is useful as it is based on laws which
have already been verified, but its limitation lies in not being able to capture the entire
complexity of underlying mechanisms of the process. It is not always possible to capture
the time varying dynamics of a real industrial process using theoretical model; therefore
in this section, process parameters of the dynamic model expressed in (3.25) are
characterized and estimated using input/output experimental data for ISR process
obtained from SRC.
4.8.2.1 System Identification
Estimating the parameters of a dynamic model using its experimental input-output data is
termed as system identification. For MPC and Explicit MPC control strategies, process
parameters of the dynamic system must be known initially as stated in respective
algorithms. Therefore, parameters of phase-change time-varying heating process are
estimated off-line using measurement data obtained from SRC. Input-output data
obtained from SRC, which is used for system identification is plotted in figure below.
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Figure 4-7: Measurement input-output data for ISR process obtained from SRC.

System identification can be divided into following two categories.
4.8.2.1.1 Black Box Model
If no priori information or theoretical knowledge of system is available, experimental
data is used to estimate system's parameters, which are then used to develop
mathematical model to describe dynamic behavior of system. In black-box model, model
structure as well as numerical values of system's coefficients are estimated using
experimental data.
4.8.2.1.2 Grey Box Model
In grey box system identification, partial theoretical knowledge of system's behavior is
available, which is combined with available experimental data to derive the
mathematical model to describe system's behaviour. Theoretical model of the heating
process used in ISR process is derived in chapter 3; however the process parameters,
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which constitute state space matrices [𝐴, 𝐵, 𝐶] of the dynamic model given in (3.25), are
estimated using system identification.
Process parameters are estimated using "estimation error approach", which is the most
popular strategy for system identification where system parameters are chosen such that
the difference between actual output and estimated model output is minimized.
Estimation error approach is expressed mathematically by following expression.
𝑛

𝑛
2

𝛼 = 𝑀𝑖𝑛 ∑ 𝑒𝑖 (𝑘) = 𝑀𝑖𝑛 ∑(𝑦𝑖 (𝑘) − 𝑦̂𝑖 (𝑘))2
𝑖=1

(4.64)

𝑖=1

Where,
𝛼 is a vector containing process parameters which constitute state space matrices
[𝐴, 𝐵, 𝐶] of the system dynamic model.
𝑒(𝑘) is the model estimation error, also named as innovation, which is defined as the
difference between actual and estimated model output.
𝑦𝑖 (𝑘) is the actual output at 𝑖th interval in past.
𝑦̂𝑖 (𝑘) is the estimated model output at at 𝑖th interval in past.
𝑛 is the number of past input-output measurements used for system identification.
As shown in expression above, process parameters are computed such that the sum of
square of estimation errors is minimized; this technique is also known as least square
estimation (LSE).

74

Mathematical model of the resistive heating element, used in phase-change heating
process in ISR, combined with process parameters estimated through system
identification is formulated below.
0.9949

0.0265

0.01206

0.8437

𝑥[𝑘 + 1] = [

0.0003749
] 𝑥[𝑘] + [

] 𝑢[𝑘]
−0.002046

0.000108
+[

] 𝑒[𝑘]

(4.65)

0.0003934
𝑦(𝑘) = [1.2 × 104

98.88]𝑥[𝑘] + 𝑒(𝑘)

Actual output and estimated state space model output are shown in following figure.

Figure 4-8: Comparison between actual output and estimated model output developed
through offline estimation of data obtained from SRC.

Percentage model estimation error is plotted in Figure 4-9. It is clearly evident from the
plot that estimated model fails to capture dynamics of the actual process thoroughly as
estimation error is very high. Since the control performance of MPC based controller is
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directly dependent on the ability of process dynamic model, it is very crucial that
estimated model captures realistic dynamics of the process thoroughly.

Figure 4-9: Percentage model estimation error for offline estimation of ISR heating
process

4.8.2.2 Set point tracking for MPC and Explicit MPC
As explained earlier, main objective of the controller is to keep the heating element's
temperature at a specified set points fixed by the engineer/operator. Therefore, control
performance of the proposed strategies is evaluated based on the set point tracking.
Firstly, MPC based control technique given in algorithm 1 is applied for the dynamic
model developed through offline system identification expressed in (4.65).
Following parameters are set prior to controller construction.
Table 4-3: User specified control parameters for ISR process

Weighting factor for MV increments (𝜆𝑢𝑗 )

1

Weighting factor for set point tracking (𝜆𝑦𝑖 )

1
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Prediction Horizon (Ny)

15

Input horizon (Nu)

4

Moreover, following MV and MV increments constraints are applied.
-0.5 kW < 𝛥𝑢 < 0.5 kW
0 kW < 𝑢 < 2.5 kW
Set point tracking achieved by applying MPC is shown in Figure 4-10.

Figure 4-10: Set point tracking of heating element temperature, which is used in
injection well in ISR, for control strategy based on M PC.

It is clearly evident from the above figure that the control performance is poor as the
actual output does not track the reference value to an acceptable degree.
Next, control strategy based on explicit MPC illustrated in algorithm II is applied for the
same dynamic model. Controller parameters and constraints are kept the same.
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Following ranges for controller states, reference signal, and manipulated variable are
specified prior to constructing explicit MPC.
0 ≤ 𝑥[𝑘] ≤ 1000
0 ≤ 𝑟[𝑘] ≤ 1000
0 ≤ 𝑢[𝑘] ≤ 1000
Control performance for explicit MPC is illustrated by plotting set point tracking in
Figure 4-11.

Figure 4-11: Set point tracking of heating element temperature, which is u sed in
injection well in ISR, for control strategy based on Explicit MPC.

Optimal MV trajectory computed by Explicit MPC is given in following Figure 4-12.
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Figure 4-12: Optimal manipulated variable (Qin) calculated by applying explicit MPC
for heating element used in ISR.

It is evidently clear that the control performance achieved by explicit MPC and MPC is
identical and both control strategies fail to provide satisfactory degree of set point
tracking. The primary reason of inadequate control performance is that the dynamic
model of the ISR heating process constructed through off-line estimation does not
capture the time-varying and fluctuating behaviour of the system as shown in Figure 4-8.
Therefore, an adaptive control strategy is proposed by the author where the process
parameters are estimated in real time, based on current measurement data, to develop a
mathematical model of the system which captures fluctuating behaviour of the system
and give a realistic model of the actual process.
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4.9 Summary
In this chapter, control system strategies based on MPC and explicit MPC are
demonstrated in depth. Cost function for MPC is developed, which is to be minimized to
achieve desired reference tracking while consuming minimum amount of energy.
Algorithms for controller states estimation and output predictions are illustrated in detail.
It is established that MPC offers a systematic way to handle physical bounds on inputs
and outputs by incorporating constraints in the cost function. A constraint system is
constructed by combining constraints on manipulated variable and manipulated variable
increments; furthermore, constraints softening is applied on MV increments constraints
to avoid infeasibility. MPC cost function is expressed as a standard quadratic
programming (QP) optimization problem so that QP solver can be utilized to compute
optimal input trajectory online. First control action from the formulated input trajectory
is applied and rest are discarded. Optimization problem is solved using QP solver at next
control interval and cycle goes on. Having to solve a quadratic optimization problem at
every sampling interval renders MPC suitable only for slow processes such as involved
in petrochemical industry. Therefore, an alternative MPC approach commonly known as
explicit MPC is introduced and its mechanism is depicted in depth. In explicit MPC,
optimization problem is solved offline for all possible controller states and regions are
computed where control action (∆𝑢) is a linear function of state 𝑥(𝑘). Algorithms for
control techniques based on MPC and explicit MPC are summarized. In the end,
proposed control algorithms are applied on two plant models (1) theoretical model of an
electrically heated pipe based on basic thermodynamics laws and applied physics (2)
dynamic model developed through system identification tools using input-output
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measurement data, for injection well heating, obtained from SRC. It is summarized that
MPC and explicit fail to provide satisfactory control performance because the model
parameters are remained unchanged and do not capture time varying behaviour of the
system.

81

5 ADAPTIVE MODEL PREDICTIVE CONTROL

MPC and explicit MPC based controllers predict future behaviour of the plant using a
LTI process dynamic model expressed in (3.25). If the process characteristics and
operating conditions vary drastically with time, the accuracy of future conditions
declines and consequently, MPC performance degrades to unacceptable degree. MPC
Algorithms I and II based on future predictions of LTI dynamic plant model are
constructed and applied to regulate the temperature of resistive heating element installed
in (1) electrically heated tank (2) injection well used in ISR. As the fluid is heated inside
electrically heated pipe, it undergoes the phase change and coverts to gas. Moreover,
while performing ISR tests at SRC, steam chamber formation occurs around heating
element [1] which alters the heat transfer characteristics. Due to time varying plant
behaviour, LTI model used in initial construction of controller fails to capture varying
dynamics of the process in real time, as a result of which, accuracy of future predictions
deteriorates and control performance declines. It is established through simulating and
evaluating control performance in last chapter that MPC algorithms based on LTI plant
model fail to keep the temperature at desired set point and yield poor set point tracking.
Author proposed performance based adaptive model predictive control to address the
degradation of output predictions as it adapts the prediction model for time varying
operating conditions. Adaptive control entails adjusting the controller using
measurement data collected in real-time, with the objective of controlling uncertain
and/or time varying dynamics of system, which invariably have constraints on the
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control inputs and input increments. It is assumed that true plant belongs to model
constructed initially prior to closed loop operation (3.25); however, model parameters
matrices (𝐴, 𝐵, 𝐶) are estimated recursively in real time using latest input and output
measurements to guarantee that model used for online optimization captures the true
dynamics of system. Performance based adaptive MPC implies that estimation error
𝑒(𝑘) is continuously monitored and system parameters are updated only when current
process parameters no longer capture system behaviour accurately. Estimation error is
given by following equation.
𝑒(𝑘) = 𝑦(𝑘) − 𝑦̂(𝑘)

(5.1)

If estimation error 𝑒(𝑘) goes beyond user defined permission rate (𝛾), process
parameters are re estimated.
The adaptive MPC controller solves a Quadratic Program (QP) in receding horizon
fashion, which minimizes the reference tracking error for the nominal model, which is
updated in real time, while enforcing input and input increments constraints. Therefore,
adaptive MPC can guarantee offset-free reference tracking against measured and
unmeasured disturbances, and/or time varying dynamics of system.

5.1 System identification
A linear time invariant (LTI) SISO, discrete time, state space model plant model
developed initially prior to online implementation of MPC based controller is given in
(3.25).
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Proposed control strategy based on adaptive MPC utilizes the same model structure but
the model parameters matrices (𝐴, 𝐵, 𝐶) are allowed to evolve in real time whenever
estimation error 𝑒(𝑘) goes beyond the permission rate 𝛾.
Several algorithms are being proposed to estimate the process parameters in real time. In
this thesis, process parameters are estimated using data driven system identification
based on weighted least square estimation.
5.1.1 Data driven System identification
Data-driven system identification based on MBM is being utilized in this thesis to
identify system parameters in real time. Memory based modeling (MBM) [48], also
known as Just-In-Time method [49] makes use of past data to identify system parameters
in real time. In data-driven system identification, past data is stored as an information
vector (𝜃̅), which is utilized to estimate process parameters [33].
5.1.2 Recursive Least Square Estimation
Least square estimation (LSE) is one of the commonly used techniques to estimate
system parameters. Least square method minimizes the summed square of estimation
errors to estimate system parameters [50]. The term "recursive" insinuates that least
square estimation process recurs at every control interval in real time to estimate process
parameters matrices. Estimation error or residual for the kth data point is defined as
difference between actual output 𝑦(𝑘)and estimated model output 𝑦̂(𝑘) expressed in
(5.1).
Consider a matrix 𝛼 which contains the system parameters matrices for past
measurements up to 𝑛.
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𝐴𝑖−1
…
𝐴𝑖−𝑛
𝛼=

(5.2)
𝐵𝑖−1
…
[𝐵𝑖−𝑛 ]

State space model for past data up to 𝑛 can be expressed as following.
[𝑥𝑖−1 (𝑘 + 1). . 𝑥𝑖−𝑛 (𝑘 + 1) ]
⏟
𝑋

𝐴𝑖−1
…
𝐴𝑖−𝑛
=⏟
[𝑥𝑖−1 (𝑘) … 𝑥𝑖−𝑛 (𝑘) 𝑢𝑖−1 (𝑘) … 𝑢𝑖−𝑛 (𝑘) ]
̅
𝜃

(5.3)

𝐵𝑖−1
…
[⏟
𝐵𝑖−𝑛 ]
𝛼

𝜃̅ is information vector containing past controller states and inputs. n defines the number
of past controller states and inputs stored in information vector, which are used for
estimating process parameters.
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Process parameters are estimated such that squared sum of estimation errors is
minimized.
𝑛

𝛼𝑖 = 𝑚𝑖𝑛 ∑ 𝑒𝑖−𝑗 (𝑘)2
𝑗=1
𝑛

= 𝑚𝑖𝑛 ∑(𝑦𝑖−𝑗 (𝑘) − 𝑦̂𝑖−𝑗 (𝑘))2

(5.4)

𝑗=1
𝑛

= 𝑚𝑖𝑛 ∑[𝑦𝑖−𝑗 (𝑘) − 𝐶𝑥𝑖−𝑗 (𝑘)]2
𝑗=1

Solving above equation at 𝑖th interval yields process parameters 𝛼𝑖 .
(𝜃̅ 𝑇 𝜃̅ )𝛼𝑖 = 𝜃̅ 𝑇 𝑋
(5.5)
𝛼𝑖 = (𝜃̅ 𝑇 𝜃̅ )−1 𝜃̅ 𝑇 𝑋
Where,
𝜃̅ = [𝑥𝑖−1 (𝑘) … 𝑥𝑖−𝑛 (𝑘) 𝑢𝑖−1 (𝑘) … 𝑢𝑖−𝑛 (𝑘)]

(5.6)

𝑋 = [𝑥𝑖−1 (𝑘 + 1) 𝑥𝑖−2 (𝑘 + 1) … … 𝑥𝑖−𝑛 (𝑘 + 1)]

(5.7)

Process parameters estimated at 𝑖th interval are given below.
𝛼𝑖 = [𝐴𝑖 𝐵𝑖 ]𝑇

(5.8)
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5.1.3 Weighted Least Square Estimation
In recursive LSE algorithm, each past value of controller state and control action stored
in information vector (𝜃̅) is given equal weight while estimating process parameters.
Recursive LSE yields correct estimate of time invariant process parameters. Had the
dynamics of system remained constant and system was time invariant, recursive LSE
technique would have been sufficient to estimate process parameters accurately.
However, due to fluctuations of operating conditions of heating process, it is proposed to
employ weighting factor which discards old measurements and assign greater weight to
latest measurement data. Forgetting factor (ζ) is employed as weighting factor to
diminish the contribution of older measurements as shown in equation below.
𝑛

𝛼𝑖 = 𝑚𝑖𝑛 ∑ 𝜁 𝑛−𝑗 𝑒𝑖−𝑗 (𝑘)2
𝑗=1

(5.9)

𝑛

= 𝑚𝑖𝑛 ∑ 𝜁 𝑛−𝑗 (𝑦𝑖−𝑗 (𝑘) − 𝑦̂𝑖−𝑗 (𝑘))2
𝑗=1

Where, 𝜁 ϵ (1,0].
Weights of remote data points are reduced exponentially by choosing ζ < 1. If we set
ζ=1, no forgetting is done and all data points are given equal weight. Forgetting factor
specifies the data window (𝑇𝑜 ) relevant for parameters estimation. Memory horizon of
weighted LSE can be defined as follows:

𝑇𝑜 =

1
1−𝜁

(5.10)
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Measurements older than 𝑇𝑜 typically carry weights less than 0.3 [51]. As operating
conditions of heating process change during the process, process becomes time variant.
In order to get accurate dynamic model of time variant system, forgetting factor (ζ) must
be chosen less than 1. However, smaller value of ζ causes misadjustment and stability of
algorithm could be affected [51]; therefore, ζ is chosen between 0.95 and 0.98 which
provides accurate estimation of the process and stability of algorithm is not compromised
as well.
System parameters estimated using proposed weighted least square estimation are given
by following equation.
𝛼𝑖 = (𝜃̅ 𝑇 𝑉𝜃)−1 𝜃̅ 𝑇 𝑉𝑋

(5.11)

Where,
𝜃̅ = [𝑥𝑖−1 (𝑘) … 𝑥𝑖−𝑛 (𝑘) 𝑢𝑖−1 (𝑘) … 𝑢𝑖−𝑛 (𝑘)]
𝑋 = [𝑥𝑖−1 (𝑘 + 1) 𝑥𝑖−2 (𝑘 + 1) … … 𝑥𝑖−𝑛 (𝑘 + 1)]
𝑉 = 𝑑𝑖𝑎𝑔{𝑣𝑖−1 , … … , 𝑣𝑖−𝑛 }
𝛼𝑖 = [𝐴𝑖 𝐵𝑖 ]𝑇
𝑉 specifies the weight given to every past value, which is calculated by employing
forgetting factor 𝜁.
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5.2 Algorithm III
Adaptive MPC control strategy explained in previous sections is summarized below.
The algorithm comprises of two phases: (1) Offline phase (initial) (2) Online phase
(actual controller).
5.2.1 Offline
To develop the MPC controller, the following are needed as input data.


Prediction horizon 𝑁𝑦 .



Control horizon 𝑁𝑢 .



Weighting factors for set point tracking and control actions.



Constraints on MV and change in MV.

Following off-line computations are performed.


Binary matrices 𝐼𝐿 and 𝐼 are constructed. Fixed part of constraints system (matrix
A) is developed using 4.47.

5.2.2 Online
Following on-line computations are conducted in control loop.
1. Estimate system parameters using data driven system identification strategy
expressed in (5.11).
2. Construct state space model parameters matrices (𝐴, 𝐵, 𝐶). Create Dynamic
matrix 𝑍𝑢 , 𝑍𝑥 using (4.23) and (4.21) and compute Hessian matrix H.
3. Obtain the actual controlled output 𝑦(𝑘) and compute the innovation 𝑒(𝑘)
using (5.1).
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4. Calculate Kalman Filter gain 𝐿 and estimate controller states using (4.7).
5. Construct matrix 𝑍𝑒 and compute predicted outputs [𝑦(𝑘 + 1|𝑘) … … 𝑦(𝑘 +
𝑁𝑦 |𝑘)] using (4.22) and (4.24) respectively.
6. Obtain desired reference trajectory (𝑅) and compute set point tracking error
as using (4.55).
7. Compute the gradient vector 𝑐:
𝑐=[

−(𝑅 − 𝑌𝑃 )T 𝑍𝑢

]

0
8. Compute the right hand side of constraint system, matrix b, using (4.47).
9. Solve the QP problem given in equation (4.57e) while satisfying the applied
constraints and compute the optimal trajectory of control action increments
∆𝑈𝑓 .
10. Apply the first control action (∆𝑢) from optimal input trajectory ∆𝑈𝑓 .
11. At next control interval, increment the sampling index from 𝑘 to 𝑘 + 1.
12. If the following relation is satisfied, go to step 1 and estimate system
parameters again.
|𝑒(𝑘)| > 𝛾
Otherwise, go to step 3 as current estimation of system parameters is still
valid.

Traditional adaptive MPC proposed in [20] and [44] require more real-time computation
as system parameters are updated and process model is redeveloped at every sampling;
however, performance based adaptive MPC technique proposed in this thesis reduces the
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number of online computations by a significant amount as parameters are updated only
when substantial change in operating conditions occur as shown in Figure 5-1
5.2.3 Weighted Least Square Estimation

Figure 5-1: Block diagram of proposed adaptive MPC control algorithm

5.3 Simulation and Results
Adaptive control strategy based on MPC is applied on electrically heated pipe and ISR
process in following sections. Control performance is evaluated in terms of set point
tracking and results are compared against MPC and explicit MPC algorithms.
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5.3.1 Electrically Heated Pipe
Adaptive MPC strategy summarized in algorithm III is applied to regulate the
temperature of heating element installed in an electrically heated pipe. System
parameters are computed using the real physical parameters and dimensions of a heated
pipe given in Table 4-1.
Reference signal is as following.
R = 400 for 0s < t < 35s
R = 500 for 35s < t < 200s
R = 300 for 200s < t < 350s
Following Constraints are applied on MV and rate of change of MV.
-0.5 kW < 𝛥𝑢 < 0.5 kW
0 kW < 𝑢 < 2.5 kW
Other user defined control parameters are shown in Table 5-1.
Table 5-1: Control parameters for adaptive MPC

Number of data samples (Nd)

7600

Prediction Horizon (Ny)

15

Input horizon (Nu)

4

Permission rate (η)

10

Firstly, Self-tuning adaptive MPC with conventional online parameters estimation
(recursive LSE) is employed and results are plotted. Here, all past measurements are
given equal weights for computing process parameters which lead to inexact estimation
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of system model and consequently, control performance degrades as shown in set point
tracking plot in Figure 5-2. Model estimation error for recursive LSE is plotted in Figure
5-3.

Figure 5-2: Set point tracking of heating element temperature, used in electrically
heated pipe, for control strategy based on adaptive MPC combined with recursive LSE
of the process parameters.

Finally, proposed adaptive MPC control strategy combined with weighted least square
estimation of the process model is employed for regulation of heating element's
temperature inside an electrically heated tank. Control performance is illustrated by
plotting reference trajectory tracking in Figure 5-4. It is clearly evident that proposed
scheme provides excellent set point tracking, which is the primary objective of
controller.
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Figure 5-3: Percentage model estimation error for heating process in electrically heated
pipe by employing recursive LSE of the process where all past data samples are given
equal weight.

Figure 5-4: Set point tracking of heating element temperature, used in electrically
heated pipe, for control strategy based on proposed adaptive MPC combined with
weighted LSE of the process parameters.
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Estimation error using proposed control strategy is significantly reduced to ≤ 1%, as
shown in Figure 5-5, which implies that process model used to develop MPC captures
true dynamics of actual process in comparison with recursive LSE of the process where
estimation error went up to 7% as illustrated in Figure 5-3.
Process parameters estimated online through weighted LSE, which are used for
construction of state space matrices (𝐴, 𝐵, 𝐶) are shown in Figure 5-6. At 𝑡 ≈ 145𝑠,
process parameters undergo relatively major change, due to which controlled output
strays from set point as shown in Figure 5-4 but offset reduces to ≈ 0 almost
immediately as plant model is re developed using recently estimated process parameters
which capture varying dynamics of process.

Figure 5-5: Percentage model estimation error for heating process in electrically heated
pipe by employing proposed weighted LSE of the process where latest data is given
more weight.
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Figure 5-6: System parameters for heating process in electrically heated pipe estimated
through proposed weighted LSE of the process.

5.3.2 Injection well heating in ISR Process
In this section, proposed adaptive control technique is employed to regulate the
temperature of resistive heating element installed inside injection well used in In-Situ
Reflex (ISR) process at SRC. Unlike in MPC and explicit MPC algorithms, system
parameters of the plant are estimated in real time to capture uncertain and/or time
varying dynamics.
Firstly, for purpose of comparison, recursive LSE is employed for process parameters
estimation where all past measurements are given equal weight. Estimated plant model is
simulated and compared against plant's actual output in following Figure 5-7.
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Figure 5-7: Comparison between actual output and estimated model output de veloped
through online estimation by employing recursive LSE using data obtained from SRC

Although online estimation of plant model yields improved estimate of actual process in
comparison with plant model estimated offline given in Figure 4-8 as estimation error is
significantly reduced. However, model estimation error for recursive LSE goes up to
45% which insinuates that process model estimated at that interval is only 55% accurate,
which is unacceptable as MPC control performance depends directly on accuracy of
plant model.
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Figure 5-8: Percentage estimation error of system model for heat transfer process in
ISR developed through online estimation by employing recursive LSE usin g data
obtained from SRC.

Finally, adaptive MPC control strategy combined with weighted LSE, summarized in
algorithm III, is employed to adjust the temperature of resistive heating element inside an
injection well used in ISR tests at SRC. Estimated model, developed through weighted
least square estimation of system parameters, is simulated and controlled output is
compared against actual plants output in Figure 5-9. It is evidently clear that plant model
estimated through proposed system identification algorithm captures true dynamics of
process as estimation error is substantially reduced as shown in Figure 5-10.
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Figure 5-9: Comparison between actual output and estimated model output developed
through online estimation by employing proposed weighted LSE using data obtained
from SRC

Figure 5-10: Percentage estimation error of system model developed throu gh online
estimation by employing proposed weighted LSE using data obtained from SRC.
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Online estimation of system parameters by employing proposed weighted LSE strategy
is shown in Figure 5-11.

Figure 5-11: Process parameters estimated through weighted LSE using measurement
data for ISR experiments obtained from SRC.

Simulation scenario given in Figure 5-11 specifies drastic changes in system dynamics in
the form of drifts and jumps in process parameters. These severe changes occur due to
change in fluids phase, formation of steam chamber around heating element which alters
heat transfer characteristics, and/or other unmeasured uncertainties. Thus, it provides
good testing conditions to evaluate proposed adaptive control algorithm's capability of
dealing with time varying/uncertain conditions.
Performance of proposed adaptive control strategy is illustrated by comparison of
desired output reference with actual plant output in Figure 5-12.
Figure 5-12 proves that proposed performance based adaptive control strategy given in
algorithm III is capable of dealing with both slowly and rapidly changing plant's
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dynamics in an effective way. Optimal control trajectory computed by adaptive MPC is
shown in Figure 5-13, which proves that desired constraints are enforced as Qin is
bounded between 0 kW and 2.5 kW.

Figure 5-12: Set point tracking of heating element temperature, installed in injection
well for ISR tests at SRC, for control strategy based on proposed adaptive MPC
combined with weighted LSE of the process parameters.
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Figure 5-13: Optimal manipulated variable (Qin) calculated by proposed adaptive MPC
for heating element used in ISR experiments at SRC.

5.4 Summary
Performance based adaptive control system strategy based on MPC is proposed by the
author to regulate the heating process of (1) electrically heated pipe/tank, and (2) ISR as
it offers effective set point tracking in an uncertain and time varying dynamics system.
Whenever the control performance degrades, process parameters are estimated and
system dynamic model is reconstructed in real time so that optimal control action
computed by optimization of constrained MPC law is based on true plant model of the
system. In order to estimate uncertain and time varying parameters of the phase-change
heating process, data driven system identification based on weighted LSE is proposed. In
the proposed strategy, greater weight is assigned to recent measurement data to make
certain that estimated parameters capture current dynamics of the system. Proposed
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adaptive control algorithm is employed to self-regulate the heating element temperature
in electrically heated pipe and ISR process. In the end, simulations and results establish
the effectiveness of proposed control strategy by examining the desired control
performance in complex, uncertain and/or time varying dynamical system.
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6 CONCLUSION and FUTURE WORK

Focus of this thesis is to design and implement an effective control system for heating
elements involved in (1) an electrically heated tank/pipe, and (2) novel, cost effective
and environment friendly EOR technique known as ISR.
This research project is focussed on following two major modules.

6.1 Heat transfer modeling
First part of this thesis report is dedicated to developing a dynamic mathematical model
for heat transfer from resistive heating element to fluid (water) inside (1) an electrically
heated tank/pipe, and (2) injection well employed in ISR. Author presented the
methodology to model thermal behavior of heating element using basic laws of
thermodynamics and applied physics. Theoretical dynamic model of the heating process
is derived using lumped heat transfer model. Moreover, phase change of fluid and
change in heat transfer rate are also incorporated in dynamic model while simulating the
heating process in electrically heated pipe. In order to develop a realistic dynamic model
of the heating process which occurs inside injection well used in ISR, measurement data
is obtained from SRC, where ISR experiments are conducted. Least square estimation in
employed to estimate process parameters of ISR heating process using real experimental
data.
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6.2 Control System
Second segment of this thesis report is focused on developing an efficient control system
to regulate the temperature of resistive heating element (1) an electrically heated
tank/pipe, and (2) injection well employed in ISR. Three control strategies based on
MPC, explicit MPC, and adaptive MPC are demonstrated in depth. MPC based
controller solves QP optimization problem online and computes optimal control actions
which would result in offset free set point tracking. It is established that MPC offers a
systematic way to handle physical bounds on inputs and outputs by incorporating
constraints in the cost function; moreover, constraints softening is employed to avoid
infeasibility. In first section of control design part, control strategies based on MPC and
explicit MPC are employed to regulate the heating element’s temperature in both
processes. Although explicit MPC is a faster approach as optimization problem is
computed offline as opposed to MPC where QP problem is solved online, both control
strategies fail to provide satisfactory control performance and set point tracking error is
observed greater than desired. The major cause of inadequate control performance is that
initially constructed dynamic model with constant parameters does not capture the timevarying and/or uncertain dynamics of the real process resulting in degradation of
predicted controlled outputs.
Author proposed performance based adaptive model predictive control to address the
degradation of output predictions as it adapts the prediction model for time varying and
uncertain operating conditions. Whenever the control performance degrades, process
parameters are estimated and system dynamic model is reconstructed in real time so that
optimal control action computed by optimization of constrained MPC law is based on
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plant model of actual system. In order to estimate uncertain and time varying parameters
of the phase-change heating process, data driven system identification based on weighted
LSE is employed where greater weight is assigned to recent measurement data to capture
current dynamics of the system. Proposed adaptive control algorithm is employed to selfregulate the heating element temperature in electrically heated pipe and ISR process. In
the end, superiority of proposed control strategy is established by examining control
performance (desired set-point tracking) in complex, uncertain and/or time varying
dynamical system. Contribution of this thesis is the implementation of performance
based adaptive MPC controller to regulate the temperature of heating element employed
in ISR experiments at SRC.
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6.3 Future Work
Possible directions for the future work involve:


To develop a high-fidelity 2D phase-change heat transfer model. In this thesis,
lumped heat transfer model is utilized and spatial variations in temperature are
neglected. However, in order to develop a heat transfer model which captures
true dynamics of heating process taking place inside few hundred meters long
injection well used in real thermal EOR process, a multi-dimensional model is
required.



In this thesis, single output (heating element’s temperature) is being controlled
and disturbances such as flow rate and temperature of incoming fluid are
assumed to be constant. A multivariable control can be established to regulate
heating element as well as fluid temperature by manipulating input heat energy
and flow rate of incoming fluid.



Adaptive MPC is relatively slow as it involves solving the quadratic optimization
problem at every control instant in addition to updating process parameters. It can
be studied to figure out a way to solve the optimization problem offline for
several sets of process parameters. Given sufficient experimental date, machine
learning algorithms can be utilized to compute sets of parameters which would
capture time varying dynamics of system. Doing so would increase the
applications of adaptive MPC as the proposed technique would be applicable for
fast processes.
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