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Abstract

Uncertainty and imprecision are intrinsic features of available data about the real

world. An object is uncertain if we cannot make sure decisions about if the object

belongs to a target concept. Three-way decisions provide three options, i.e., accept,

reject, and non-commitment, in the face of uncertainty. All objects are divided into

three regions according to which option is selected for each object. The determination

of three-way decisions is a key issue of analyzing uncertain data. When multiple

evaluation measures are involved, determining three-way decisions from a tradeoff

perspective is a challenging process.

The thesis focuses on determining three-way decisions from a tradeoff perspective

by combining game theory with uncertain data analysis approaches, i.e., rough sets

and shadowed sets. We use game theoretic approaches to find tradeoff solutions under

competitive situations.

This thesis uses the Gini coefficient to evaluate the impurities of regions in prob-

abilistic rough sets. Three Gini objective functions are formulated in order to derive

the optimal probabilistic thresholds. Then game theoretical approaches are applied

in probabilistic rough sets to determine a pair of thresholds by finding a tradeoff

between the region impurities.
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The quantitative measures are used to evaluate the inclusion degree of an equiva-

lence class in a concept when constructing three-way decisions with quantitative rough

sets. The thesis applies game theoretic approaches in quantitative rough sets to for-

mulate a game for each equivalence class. The game result representing a tradeoff

between measures determines a region that each equivalence class belongs to.

Three-way approximations of shadowed sets map the membership grades of ob-

jects into a three-value set. The errors are produced during the mapping. This thesis

proposes the game-theoretic shadowed sets which utilize game theoretic approaches

in shadowed sets to obtain the thresholds of three-way approximations. GTSS formu-

lates the games between the elevation and reduction errors. The resulting thresholds

induced from the game equilibria represent a tradeoff between these errors.

The game theoretic approaches presented provide a semantically meaningful way

to determine three-way decisions from a tradeoff perspective. The illustrative exam-

ples are used to show the feasibility of the proposed approaches.
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Chapter 1

Introduction

1.1 Motivation

A wide variety of decision making problems can be abstracted and modeled as a

question, that is, does this object belong to a target concept? The concept here means

the extension of the concept, and it contains a set of objects which are applicable to

the intension of the concept [72]. For example, a doctor diagnoses if a patient has

a specific disease, which can be abstracted as checking if the patient belongs to the

group of people who have the specific disease. The patient is the object that we want

to make decisions on. The people with the specific disease are the target concept.

Similarly, recognizing a customer as a potential VIP can be modeled as checking if

the customer belongs to the VIP group. Identifying an email as a spam is equivalent

to examining if the email belongs to the spam group. The cognitive acts of human

are mainly based on these decision making problems [70].

Uncertainty and imprecision in data are the intrinsic features of available data

about the real world. Uncertainty means a state of incomplete, insufficient, and

imprecise knowledge [75]. It is impossible for us to exactly describe this kind of state,
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and then it may lead to the consequences that we cannot predict the target concept

that the object belongs to [75]. That is, when determining if an object belongs to a

target concept, we are not able to make a sure decision, such as yes or no, true or false,

accept or reject. This happens when we cannot collect sufficient and complete data.

It is often uneconomic and unnecessary, sometimes impossible to insist on certain

and unambiguous data. In many cases, we have to make decisions based on uncertain

and insufficient data. Therefore, analyzing uncertain and imprecise data to support

effective decision making is necessary.

Three-way decisions, proposed by Yao, provide three options, i.e., accept, reject,

and non-commitment, in the face of uncertainty [89, 90, 91, 93, 94]. Yao proposes

three-way decisions to divide the universe of objects into three decision regions, i.e.,

acceptance, rejection and non-commitment regions, according to which option is se-

lected for each object [91]. Given a target concept, the acceptance region of this

concept contains the objects that we accept as a part of the target concept; a re-

jection region contains the objects that we reject as a part of the target concept; a

non-commitment region contains the objects on which we are not sure to make any

decision or we defer to make a decision. Yao also discusses that three-way decisions

can be formulated by different theories [91, 93], such as rough sets [90], fuzzy sets [97],

shadowed sets [63], interval sets [95]. Figure 1.1 shows the existing three-way decision

models constructed by different theories. These theories use different evaluation func-

tions and designated threshold pairs to construct and interpret three-way decisions.

In the context of rough sets, Pawlak rough sets construct three-way decisions by clas-

sifying all uncertain data in boundary regions which do not tolerate any classification

errors [57]. Probabilistic rough sets (PRS) generalize Pawlak rough sets by using the

conditional probability as evaluation functions and a pair of probabilistic thresholds

(α, β) as decision thresholds [88, 89]. Quantitative rough sets (QRS), proposed by Yao

2
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Others

(Zhang, Y., Yao, J.T., 2014, 2017)

Figure 1.1: The existing three-way decision models

and Deng, construct three-way decisions based on quantitative subsethood measures

and a pair of acceptance and rejection thresholds (a, r) [96]. In the context of fuzzy

sets, the shadowed sets, proposed by Pedrycz [62], provide three-way approximations

of fuzzy sets by using a pair of thresholds to cut off membership grades, which are

considered as an application of three-way decisions by Yao, Wang and Deng [97].

Intuitionistic fuzzy sets, proposed by Atanassov [2], use a membership function and

a non-membership function to generalize fuzzy sets. Yang and Tan obtain three-way

decisions by combining the membership and a non-membership functions of intuition-

istic fuzzy sets in incomplete information systems [81].
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The determination and interpretation of three-way decisions are the key issues of

decision making in the face of uncertain and imprecise data [92, 93, 94]. Many mod-

els or methods are proposed to determine three-way decisions in different contexts.

In probabilistic rough sets, decision-theoretic rough sets (DTRS), proposed by Yao,

Wang and Lingras, interpret and compute a pair of probabilistic thresholds by mini-

mizing the cost [98, 99]. Information-theoretic rough sets (ITRS), proposed by Deng

and Yao, determine the probabilistic thresholds by minimizing the overall Shannon

entropy of three-way decisions [20]. Game-theoretic rough sets (GTRS), proposed by

Yao and Herbert, determine the thresholds of probabilistic rough sets by finding a

tradeoff between multiple evaluation measures [85]. Based on the shadowed sets, Deng

and Yao propose a decision-theoretic shadowed set model (DTSS) for determining the

thresholds of three-way approximations [19]. Zhang and Yao propose game-theoretic

shadowed sets (GTSS) to obtain the thresholds by using a game theoretic approach

to find a tradeoff between the elevation and reduction errors [116].

This thesis investigates the determination and interpretation of three-way deci-

sions in rough set and shadowed set contexts. We make contributions via combining

game theoretic approaches with rough sets and shadowed sets to determine and in-

terpret three-way decisions from a tradeoff perspective.

1.2 Research Issues

Yao proposes three-way decisions to interpret three rough set regions [89, 90].

Rough set theory is a mathematical tool for approximating uncertain and impre-

cise knowledge [56, 57]. It utilizes equivalence relations to divide objects into many

equivalence classes. The objects with the same attribute values are put in the same

equivalence class. When determining if an object x belongs to a target concept C,

4



rough sets examine the equivalence class [x] containing this object x. The uncertainty

and ambiguity lie in data sets when the objects in the same equivalence class (with the

same attribute values) belong to different concepts (the extensions of the concepts).

That is, some objects in an equivalence class [x] belong to the target concept C, and

other objects in [x] do not belong to the target concept C (or we say they belong to

the concept C’s complementary set). The uncertainty and ambiguity in data make

the decision making much more complex. For example, a group of patients have the

same symptoms (they are in the same equivalence class), but some of them have a

specific disease (belong to C) and some do not (do not belong to C). When a new

patient comes to see a doctor and he has the same symptoms with this group of

existing patients, how does the doctor determine if this new patient has the specific

disease according to the existing patient records?

Probabilistic rough sets (PRS) give a probabilistic generalization of Pawlak rough

sets, and they use the conditional probability P (C|[x]) = |[x]∩C|
|[x]| and a pair of thresh-

olds (α, β) to define three-way decisions [89]. Given an equivalence class [x], if most

objects in [x] belong to the target concept (P (C|[x]) is greater than or equal to α),

we accept the objects of [x] as the concept C, or we put [x] in the acceptance region

of C; if only a few objects in [x] belong to C (P (C|[x]) is less than or equal to β), we

reject all objects of [x] as the concept C, or we put [x] in the rejection region of C;

if the number of objects belonging to C and not belonging to C are close enough to

each other (P (C|[x]) is between α and β), we make non-commitment decisions on the

objects in [x], or we put [x] in the non-commitment region of C. Different probabilis-

tic threshold values define different three-way decisions. Deng and Yao propose the

information-theoretic rough set model in which Shannon entropy is used to evaluate

uncertainties of three-way regions, and the probabilistic thresholds are calculated by

minimizing the overall uncertainty of three-way decisions [20]. Information-theoretic

5



rough sets provide a clue to us to use the measurement of other areas in the evaluation

of three-way decisions. We may extend information-theoretic rough sets by adopting

different measurements to evaluate three-way decisions. The first research question

is,

Besides the Shannon entropy, is there any other measurement that we can adopt

to evaluate the uncertainty and impurity of a decision region? If yes, how can

we calculate this measurement?

Based on the selected measurement, we may define desired distributions of three-way

regions as objective functions. The objective functions can help us to choose suitable

probabilistic thresholds from hundreds of possible threshold pairs when dealing with

a big data set.

The impurities of three-way regions fluctuate with the changes of the thresholds

in probabilistic rough sets. The decrease of a region impurity may cause the increase

of the other region impurity. The determination of balanced probabilistic thresholds

have to consider the impurities of three-way regions. Emphasizing one region impurity

and ignoring the others may produce the bad influence on classification performances

of three-way decisions. The next question we will solve is,

How can we derive a pair of balanced probabilistic thresholds by finding a tradeoff

between the impurities of decision regions?

Yao and Deng propose a framework of quantitative rough sets which can be used

to construct three-way decisions [96]. Quantitative rough sets use quantitative mea-

sures to evaluate equivalence classes [96]. Given an equivalence class [x], there are

various quantitative measures which can be used to measure the inclusion degree of

the equivalence class [x] in a target concept C [96]. These quantitative measures

6



evaluate equivalence classes from difference perspectives, and they may have dif-

ferent acceptance and rejection degrees about including an equivalence class in the

target concept C. For example, assuming an equivalence class [x] with |[x]| = 20,

|[x] ∩ C| = 5 and |[x] ∩ Cc| = 15. If we use the conditional probability to evaluate

[x], we get |[x]∩C||[x]| = 5/20 = 25% and |[x]∩Cc|
|[x]| = 15/20 = 75%. This means the con-

ditional probability gets the acceptance degree of [x] in C as 25%, and the rejection

degree of [x] in C as 75%. If we put [x] in the universe in which |U | = 100 and

|C| = 10, we may use the other quantitative measure shc∩ to evaluate [x] [96]. We get

shc∩([x] v C) = |[x]c∩Cc|
|Cc| = 75/90 = 85% and shc∩([x] v Cc) = |[x]c∩C|

|C| = 5/10 = 50%.

The quantitative measure shc∩ gets the acceptance degree of [x] in C as 85%, and

the rejection degree of [x] in C as 50%. This example shows that there may exist

the difference when more than one quantitative measure is involved to evaluate the

equivalence classes. When we determine the decision region that the equivalence class

[x] should belong to, we need to find a mechanism to solve the difference so that the

involved measures can reach a compromise. Therefore, this research question is,

How can we determine a decision region that an equivalence class belongs to,

when more than one measure is involved to evaluate the inclusion degree of an

equivalence class in a target concept?

Shadowed sets, proposed by Pedrycz, provide three-valued approximations of fuzzy

sets [62]. It can be viewed as applications of three-way decisions [19, 97]. Shadowed

sets use the membership grade of an object µA(x) to determine the inclusion degree

of an object x in a target concept [62]. Shadowed set based three-way approximations

map the membership grades of all objects in the universe into a three-value set {0, σ, 1}

with a pair of thresholds (α, β) [97]. The membership grades greater than or equal

to the threshold α are elevated to 1; the membership grades less than or equal to the
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threshold β are reduced to 0; the membership grades between α and β are elevated

or reduced to σ which represents the highest uncertainty. The elevation errors and

reduction errors are produced when the original membership grades are elevated or

reduced to 1, 0, or σ. The elevation and reduction errors always change in the

opposite directions when α and β change. The decrease of one error inevitably brings

the increase of the other error. The desired situation is both errors have minimal

values, or both errors reach a tradeoff. In this case, the problem we are facing is,

How can we determine the thresholds of shadowed set based three-way approxi-

mations from a tradeoff between the elevation and reduction errors?

1.3 Research Objectives and Contributions

This thesis aims to determine three-way decisions from a tradeoff perspective in

the context of rough sets and shadowed sets. The research combines game theory

with uncertain data analysis approaches, i.e., rough sets and shadowed sets, to find

a tradeoff between multiple measures.

The contribution of this thesis is to solve the four research issues proposed in the

last section. The main contributions of the thesis are summarized below.

Using Gini to Evaluate the Region Impurities and Constructing Gini Ob-

jective Functions to Derive Thresholds

This thesis uses the measurement impurity to evaluate the amount of inconsistent

equivalence classes contained in a decision region. A lower impurity of a decision

region means that less inconsistent equivalence classes are contained in this decision

region. We propose to use the Gini coefficient to calculate the impurity of a decision

region. The changes of the probabilistic thresholds (α, β) are associated with the
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fluctuation of the three regions’ impurities. A desired situation is that three decision

regions all have lower impurities. However, the impurities of regions are conflicting

to each other. The decrease of one region’s impurity is always accompanied with the

increase of the other regions’ impurities. We construct Gini objective functions to

show the desired distributions of decision regions [113]. In particular, three different

Gini objective functions are discussed in detail, i.e., minimizing the overall impurity,

minimizing the impurities of immediate and non-commitment regions simultaneously,

and minimizing three regions’ impurities simultaneously. We may derive the optimal

probabilistic thresholds from these Gini objective functions.

Obtaining the Probabilistic Thresholds by Finding a Tradeoff between the

Impurities with GTRS

The thesis applies game theoretic approaches in probabilistic rough sets to deter-

mine the thresholds from a tradeoff perspective. The obtained thresholds are able

to define balanced three-way decisions which represent a tradeoff between the im-

purities of immediate and non-commitment regions. Game theory uses the strategic

analysis to replace the intuitive interpretations of decisions [53]. Using game theoretic

approaches to determine the probabilistic thresholds contains three phases, game for-

mulation, repetition learning mechanism, and decision making from equilibrium. In

the game formulation, we set the decision regions as game players; the actions or

strategies performed by players are the changes to the thresholds; the payoff func-

tions are defined by the impurities of corresponding decision regions. The game starts

from a pair of initial thresholds. The game players change the initial thresholds. Both

players try to perform the strategies that are able to maximize their own payoffs in

a game. The payoff of one player is influenced by the strategies performed by the

other player. In the repetition learning phase, The Nash equilibrium is used as game
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solution, and it shows that the players reach a tradeoff at this strategy profile. No

players can benefit by deriving from their equilibrium choices. The equilibrium means

the strategies selected by the players are optimal in the current situation. We have to

check if there are more balanced strategies existing near the current equilibrium. The

repetition learning mechanism is adopted to gradually approach the final thresholds.

In the decision making phase, the stopping criteria are set to terminate the repetition

of games at a suitable time. The resulting thresholds are induced from the equilib-

rium of last game. The obtained resulting thresholds are able to define a three-way

decision which represents a tradeoff between the impurities of regions.

Determining Three-way Decisions with GTRS in Quantitative Rough Sets

Quantitative rough sets use quantitative measures to evaluate the inclusion degree

of an equivalence class in a target concept [96]. There are differences when multiple

quantitative measures are involved to evaluate equivalence classes. We implement

competitive games to solve the differences among multiple quantitative measures.

Competitive games are formulated based on each equivalence class to determine the

decision regions that each equivalence class should be included in [5]. In the game

formulation, the game players are the involved quantitative measures. Each player

has two strategies, i.e., accept and reject, which mean the player accepts and rejects to

include the equivalence class in the target concept, respectively. The payoff functions

of players are generally defined by the quantitative measures they are representing.

The equilibrium of a game represents the options that the involved criteria hold for

an equivalence class. If all players perform accept in the equilibrium, it means all

players agree to accept the equivalence class as the target concept. Thus, we put

the equivalence class in the acceptance region of the target concept. If all players

perform reject in the equilibrium, it means all players agree to reject the equivalence
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class as the target concept. We put the equivalence class in the rejection region

of the target concept. For the other situations, such as more than one equilibrium

exists or no equilibrium exists, all players cannot reach a compromise on accepting or

rejecting the equivalence class as the target concept. We put the equivalence class in

the non-commitment region of the target concept. By using the game-theoretic rough

set model, we can reach a tradeoff among the involved quantitative measures when

determining a decision region that each equivalence class should belong to. We obtain

three-way decisions after examining the decision regions of all equivalence classes with

game-theoretic rough sets.

Obtaining the Thresholds by Finding a Tradeoff between the Elevation

and Reduction Errors with GTSS

The thesis applies the game mechanism to determine and interpret the thresholds

of shadowed set based three-way approximations according to a principle of tradeoff

with games [115, 116]. We propose to use game theory to find a tradeoff between

the elevation and reduction errors in the context of shadowed sets. The competitive

games are formulated between the elevation and reduction errors. The strategies are

the possible changes of the thresholds. The payoff functions are defined by a constant

value minus the corresponding errors. Two players start from the initial thresholds,

and they change the initial thresholds to increase their payoffs. The game players

reach a compromise at the game equilibrium. If the equilibrium does not satisfy the

selected stopping criteria, the competitive games will be repeated with the updated

initial thresholds. The repetition learning mechanism makes two players gradually

approach more balanced solutions. The final resulting thresholds are able to define

a shadowed set based three-way approximation which represents a tradeoff between

the elevation and reduction errors.
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1.4 Structure of the Thesis

This thesis applies game theoretic approaches in the uncertain data analysis the-

ories, i.e., rough sets and shadowed sets, to determine three-way decisions according

to a principle of tradeoff. The remaining parts of this thesis are structured as follows:

• Chapter 2 reviews the background knowledge and related concepts relevant to

this thesis, including three-way decisions, probabilistic rough sets, quantitative

rough sets, shadowed sets, game theory, and game-theoretic rough sets.

• Chapter 3 proposes to use the Gini coefficient to evaluate the impurities of

three-way decision regions. Three Gini objective functions are formulated to

calculate the thresholds of probabilistic rough set based three-way decisions.

• Chapter 4 discusses the combination of game theory and probabilistic rough

sets to obtain the probabilistic thresholds by finding a tradeoff between the

impurities of regions. The game formulation and repetition learning mechanism

are explained in detail.

• Chapter 5 explores the use of game-theoretic rough sets to determine three-way

decisions in the context of the quantitative rough sets. When more than one

quantitative measure is used to evaluate the inclusion degree of an equivalence

class in a target concept, games are formulated for each equivalence class to

find a tradeoff among measures. The game formulation, equilibria analysis, and

decision conditions are discussed.

• Chapter 6 introduces the game-theoretic shadowed set model. GTSS determine

and interpret the thresholds of three-way approximations according to a prin-

ciple of tradeoff. This chapter analyzes the errors produced in shadowed set
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based three-way approximations, and investigates the game formulation and

repetition learning mechanism.

• Chapter 7 briefly reviews the key contributions and concludes the thesis, and

discusses possible future research work.
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Chapter 2

Background Knowledge

In this section, we briefly introduce the background concepts used in this thesis,

namely, three-way decisions, rough sets, shadowed sets, and game theory.

2.1 Three-way Decisions

Three-way decisions are outlined by Yao in [89, 90, 92, 94]. Suppose U is a

universal set of objects and C is a set of criteria, three-way decisions divide the

objects of U into three pairwise disjoint regions based on the criteria C, as shown

in Figure 2.1 [94]. The three regions are called the acceptance, rejection, and non-

Rejection 
Region of      

Non-commitment
Region of     

Acceptance
Region of     

 Acceptance threshold  Rejection threshold

Figure 2.1: A three-way decision [94]

commitment regions of C. They are denoted by POS(C), NEG(C), and BND(C),
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respectively. According to the degrees of objects satisfying the criteria C, three-way

decisions are made as follows [19, 94],

• Accepting an object as satisfying the criteria C if its degree of satisfiability is

greater than or equal to an acceptance threshold. These objects constitute the

acceptance region of the criteria POS(C).

• Rejecting an object as not satisfying the criteria C if its degree of satisfiability is

less than or equal to a rejection threshold. These objects constitute the rejection

region of the criteria NEG(C).

• Neither accepting nor rejecting an object, and opt for a non-commitment or

deferment decision. These objects constitute the non-commitment region of the

criteria BND(C).

Deng and Yao define a general and evaluation-based three-way decision model by

using an evaluation function and a pair of thresholds [19]. Suppose (L,�) is a totally

ordered set, namely � is reflexive, antisymmetric, transitive, and comparable. An

evaluation function v : U → L maps an object in U to a value in L. Given an object

x ∈ U , v(x) is the evaluation value which is interpreted as the degree of x satisfying

the criteria C. This evaluation value determines the particular region that an object

belongs to [92]. The three-way regions are obtained by applying a pair of thresholds

(α, β) with α � β on the defined evaluation function, that is [94],

POS(α,β)(C) = {x ∈ U |v(x) � α},

NEG(α,β)(C) = {x ∈ U |v(x) � β},

BND(α,β)(C) = {x ∈ U |β ≺ v(x) ≺ α}. (2.1)
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The three regions are pairwise disjoint, and their union is the universe U under the

condition α � β. The threshold α is interpreted as the acceptance threshold, and

β as the rejection threshold. If the evaluation value v(x) of an object x is greater

than or equal to the specified level for acceptance α, we classify the object x into the

acceptance region POS(α,β)(C). If v(x) is less than or equal to the specified level for

rejection β, we classify the object x into the rejection region NEG(α,β)(C). If v(x) is

between the specified levels for acceptance and rejection, we classify the object x into

the non-commitment region BND(α,β)(C). Different descriptive or predictive rules

can be induced from the three-way regions. We may take different actions for the

objects in the three-way regions [90, 94].

The evaluation function and the specified acceptance and rejection thresholds are

two issues that must be considered when formulating three-way decisions [92]. Three-

way decisions can be formulated from various models or approaches, such as rough

sets, fuzzy sets, shadow sets, interval sets [89, 92]. These models provide different

evaluation functions, as well as different determinations and interpretations of the

acceptance and rejection thresholds. Three-way decisions have been used in a wide

range of applications, such as granular computing [86], medical decision making [84],

clustering [100], spam filtering [117], face recognition [45], and group decision mak-

ing [47].

2.2 Rough Sets

Three-way decisions are originally introduced by Yao to explain and apply three

rough set regions [93]. Rough sets, proposed by Pawlak, are a mathematical tool for

dealing with uncertain, imprecise, and inconsistent knowledge [56, 57, 58, 59, 106].

Suppose that U is a finite nonempty universal set of objects, and E ⊆ U × U is
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an equivalence relation on U , where E is reflexive, symmetric, and transitive. The

equivalence class containing an object x is given by [x] = {y ∈ U |xEy}. The family of

all equivalence classes defines a partition of the universe U . That is, the intersection

of any two elements is the empty set and the union of all elements are the universe

U . The family of all equivalence classes is denoted by U/E = {[x]|x ∈ U}. For an

indescribable target concept C ⊆ U , Pawlak rough sets approximate the concept C

by using three pairwise disjoint regions [57],

POS(C) =
⋃
{[x] ∈ U/E | [x] ⊆ C},

NEG(C) =
⋃
{[x] ∈ U/E | [x] ⊆ Cc},

BND(C) =
⋃
{[x] ∈ U/E | [x] * C ∧ [x] * Cc}. (2.2)

Given an equivalence class [x], if [x] totally belongs to the concept C, we consider

that all objects in [x] belong to the concept C, i.e., accept [x] as C. If [x] totally

belongs to the concept C’s complementary set (Cc = U − C), we consider that all

objects in [x] not belong to the concept C, i.e., reject [x] as C. If some objects in [x]

belong to C and others in [x] do not, we consider that neither accept nor reject [x]

as C.

Figure 2.2 shows the three regions formulated by Pawlak rough sets. The blocks

Figure 2.2: Three-way decisions formulated by Pawlak rough sets
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in the figure represent the family of equivalence classes. The different lengths of the

blocks mean each equivalence class may contain different numbers of objects. The

undefinable target concept C is a subset of U and it contains the objects below the

curve. The acceptance region of C consists of the green blocks (grey blocks in the

black and white printed copy) which are totally contained in C. The rejection region

of C consists of the red blocks (dark blocks in the black and white printed copy)

which are totally contained in C’s complementary set. The non-commitment region

of C consists of the yellow blocks (light grey blocks in the black and white printed

copy). Some objects in the grey blocks are contained in C and other objects are not

contained in C.

2.2.1 Probabilistic Rough Sets

Wong, Ziarko and Pawlak initiated a study of probabilistic rough sets and in-

troduced several probabilistic models in rough sets [60, 80]. Probabilistic rough sets

(PRS) loosen the strict set inclusion condition of Pawlak rough sets by introducing a

pair of thresholds (α, β) with 0 ≤ β ≤ α ≤ 1 [87]. PRS define three-way decisions by

using the conditional probability Pr(C|[x]) = |C∩[x]|
|[x]| as the evaluation function, and

(α, β) as the acceptance and rejection thresholds [89]. Three regions, i.e., acceptance,

rejection and non-commitment regions of C are defined as [88, 90]:

POS(α,β)(C) =
⋃
{[x] ∈ U/E | Pr(C|[x]) ≥ α},

NEG(α,β)(C) =
⋃
{[x] ∈ U/E | Pr(C|[x]) ≤ β},

BND(α,β)(C) =
⋃
{[x] ∈ U/E | β < Pr(C|[x]) < α}. (2.3)
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Given an equivalence class [x], the ratio of the objects in [x] belonging to C if the

conditional probability Pr(C|[x]) is greater than or equal to the specified acceptance

threshold α, i.e., Pr(C|[x]) ≥ α, we consider that all objects in [x] belong to the

concept C, i.e., accept [x] as C. If the conditional probability Pr(C|[x]) is less

than or equal to the specified rejection threshold β, i.e., Pr(C|[x]) ≤ β we consider

that all objects in [x] do not belong to the concept C, i.e., reject [x] as C. If the

conditional probability Pr(C|[x]) is between the acceptance and rejection thresholds,

i.e., β < Pr(C|[x]) < α, we are not sure whether to accept or reject [x] as C, and we

do not make decisions on these objects.

Pawlak rough sets can be viewed as a special case of probabilistic rough sets with

(α, β) = (1, 0). Probabilistic rough sets can be viewed as a generalized case of Pawlak

rough sets with 0 < β < α < 1. Figure 2.3 compares the Pawlak rough sets and

probabilistic rough sets. The figure on the left is a Pawlak rough set model with

Figure 2.3: From Pawlak rough sets to probabilistic rough sets

(α, β) = (1, 0). The green (grey in the black and white printed copy), red (dark

in the black and white printed copy), and yellow (light grey in the black and white

printed copy) regions contain 11, 8, and 10 equivalence classes, respectively. The

figure on the right is a probabilistic rough set model with 0 < β < α < 1. The

number of equivalence classes contained in the yellow region (light grey region in the
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black and white printed copy) decreases from 10 to 3. There are 3 equivalence classes

moved to the green region (grey region in the black and white printed copy) of C.

And 4 equivalence classes are moved to the red region (dark region in the black and

white printed copy) of C. The non-commitment region is reduced when formulating

three-way decisions with probabilistic rough sets.

Different threshold values may define different three-way decisions. The determi-

nation and interpretation of probabilistic thresholds are the key issues of applying

probabilistic rough set based three-way decisions [91].

2.2.2 Quantitative Rough Sets

Yao and Deng propose a framework of quantitative rough sets which use quantita-

tive measures to represent quantitative generalization of the set inclusion relation [96].

A normalized quantitative measure is defined as a function sh : 2U × 2U → [0, 1]. A

measure sh([x], C) shows the inclusion degree of the set [x] in the set C. A quantita-

tive measure reaches its maximum value when [x] ⊆ C, i.e. [96],

sh([x], C) = 1⇐⇒ [x] ⊆ C. (2.4)
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sh([x], C) is the degree of the inclusion and the condition is referred to as bound-

ary condition [96]. The following equivalences are established according to Equa-

tion 2.4 [96],

[x] ⊆ C ⇐⇒ sh([x], C) = 1⇐⇒ sh([x], C) > 1,

[x] ⊆ Cc ⇐⇒ sh([x], Cc) = 1⇐⇒ sh([x], Cc) > 1,

¬([x] ⊆ C)⇐⇒ sh([x], C) 6= 1⇐⇒ sh([x], C) < 1,

¬([x] ⊆ Cc)⇐⇒ sh([x], Cc) 6= 1⇐⇒ sh([x], Cc) < 1. (2.5)

The equality condition sh([x], C) = 1 in above equations is expressed by the equivalent

condition sh([x], C) > 1 because the latter is easier to generalize [96]. In the same

way, the condition of sh([x], Cc) = 1 is expressed by sh([x], Cc) > 1.

A three-way decision formulated by Pawlak rough sets can be redefined based on

the quantitative measure sh as [96],

POS(C) =
⋃
{[x] ∈ U/E | sh([x], C) > 1},

NEG(C) =
⋃
{[x] ∈ U/E | sh([x], Cc) > 1},

BND(C) =
⋃
{[x] ∈ U/E | sh([x], C) < 1 ∧ sh([x], Cc) < 1}. (2.6)

The three-way decisions formulated by quantitative rough sets are derived from

Equations (2.6) by using a ∈ (0, 1] to replace 1 in the condition sh([x], C) > 1 and
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r ∈ (0, 1] to replace 1 in the condition sh([x], Cc) > 1, i.e. [96],

POS(a,r)(C) =
⋃
{[x] ∈ U/E | sh([x], C) > a},

NEG(a,r)(C) =
⋃
{[x] ∈ U/E | sh([x], Cc) > r},

BND(a,r)(C) =
⋃
{[x] ∈ U/E | sh([x], C) < a ∧ sh([x], Cc) < r}. (2.7)

Equations (2.7) provide the essential framework for three-way decisions. The quan-

titative measure sh is the evaluation function. The thresholds (a, r) represent the

acceptance and rejection thresholds, respectively. The specific definitions of quanti-

tative measures are essential when formulating quantitative rough set based three-way

decisions.

There are various possible interpretations for defining quantitative measures. Five

quantitative measures are defined by considering four pair-wise disjoint regions based

on [x] and C, i.e., [x] ∩ C, [x] ∩ Cc, [x]c ∩ C, and [x]c ∩ Cc [96]. Table 2.1 shows the

cardinalities of the four regions. Five quantitative measures are computed as [96]:

Table 2.1: The cardinalities of the four regions

C Cc

[x] |[x] ∩ C| = δ11 |[x] ∩ Cc| = δ10

[x]c |[x]c ∩ C| = δ01 |[x]c ∩ Cc| = δ00
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sh1([x], C) = |[x]c∪C|
|U | =

δ11 + δ01 + δ00
δ11 + δ10 + δ01 + δ00

. (2.8)

sh2([x], C) = |[x]∩C|
|[x]| =

δ11
δ11 + δ10

. (2.9)

sh3([x], C) = |C|
|[x]∪C| =

δ11 + δ01
δ11 + δ10 + δ01

. (2.10)

sh4([x], C) = |[x]c|
|[x]c∪Cc| =

δ01 + δ00
δ10 + δ01 + δ00

. (2.11)

sh5([x], C) = |[x]c∩Cc|
|Cc| =

δ00
δ10 + δ00

. (2.12)

These quantitative measures evaluate the inclusion degree of the set [x] in the set C

from different perspectives.

By considering the conditional probability function as one form of quantitative

measure, i.e., sh2, a probabilistic rough set model may be derived from this frame-

work. In the same way, we may obtain other rough set models by considering different

measures and conditions on the thresholds. Although we only discussed five quan-

titative measures in this section, the presented ideas and approaches are applicable

to other set inclusion measures, such as the inclusion degree proposed by Zhang et

al. [107], the consistency measure proposed by B laszczyński et al. [8], the rough in-

clusion measures proposed by Gomolińska et al. [31, 32], and the vague inclusion

measures proposed by Polkowski and Skowron [67, 71]. These quantitative measures

provide different type of quantitative information to determine three-way decisions

in the proposed framework. The generalized definition of quantitative rough sets

expands and generalizes the conventional rough set models.

2.3 Shadowed Sets

We review fuzzy sets, shadowed sets, and shadowed set based three-way approxi-

mations.
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2.3.1 From Fuzzy Sets to Shadowed Sets

A fuzzy set A proposed by Zadeh, is defined by a membership function µA which

maps a universe set U to the unit interval, that is µA : U → [0, 1] [102, 103]. The

membership grade µA(x) of an object x indicates the degree of the object x belonging

to the concept A or the degree of the concept A applicable to x [105]. A fuzzy set

represents a concept with an gradually changing boundary [97, 104]. Fuzzy sets are

widely applied in many areas, such as pattern recognition [51, 61], control systems [43],

clustering analysis [28], decision making [16].

A shadowed set S, proposed by Pedrycz, maps the membership grades of the

objects in the universe U to a set {0, [0, 1], 1}, i.e., S : U → {0, [0, 1], 1} with a pair

of thresholds (α, β) while 0 ≤ β < α ≤ 1 [62]. Yao and Deng view shadowed sets

as an example of three-way approximations of fuzzy sets [19, 97]. Pedrycz gives a

constructive way to apply shadowed sets based on the thresholds (α, β), that is [62],

S(α,β)(µA(x)) =


1, µA(x) ≥ α,

0, µA(x) ≤ β,

[0, 1], β < µA(x) < α.

(2.13)

Given a concept A and an element x ∈ U , if the membership grade of this element

µA(x) is greater than or equal to α, then this element x would be considered to belong

to the concept A. The membership grade µA(x) is elevated to 1 by the elevation

operation [63]. The value 1 represents the full membership grade. If µA(x) is less

than or equal to β, then x would not be considered to belong to the concept A.

The membership grade µA(x) would be reduced to 0 by the reduction operation [63].

The value 0 represents the null membership grade. If µA(x) is between α and β, x
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would be put in a shadowed area. The membership grade µA(x) is mapped to the

unit interval [0, 1] which represents the highest uncertainty [63, 65]. Figure 2.4 shows

converting a fuzzy set to a shadowed set [19, 63]. The elevation operation ↑ produces

Elevation operation

Reduction operation

Elevated area

Reduced area

Shadowed area

Figure 2.4: From a fuzzy set to a shadowed set [19, 63]

the elevated area which shows the difference between the original membership grades

and the elevated value 1, as the dotted area shown in Figure 2.4. The reduction

operation ↓ produces the reduced area which shows the difference between the original

membership grades and the reduced value 0, as the lined area shown in Figure 2.4.

The shadowed area consists of the elements whose membership grades are between

α and β, as the grey area shown in Figure 2.4. The vagueness is localized in the

shadowed area as opposed to fuzzy sets where the vagueness is spread across the

entire universe [35, 63]. Shadowed sets are applied in granular computing [66], image

processing [62], clustering analysis [46, 64, 101], data analysis [35, 118].

Three-way decisions can be constructed by shadowed sets according to the ap-

proximated values of membership grades. The acceptance region contains the objects

whose membership grades are elevated to 1; the rejection region contains the objects

whose membership grades are reduced to 0; the non-commitment region contains the
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objects whose membership grades are in the shadowed area, that is [97],

POS(α,β)(A) = {x ∈ U |S(α,β)(µA(x)) = 1},

NEG(α,β)(A) = {x ∈ U |S(α,β)(µA(x)) = 0},

BND(α,β)(A) = {x ∈ U |0 < S(α,β)(µA(x)) < 1}. (2.14)

2.3.2 Shadowed Set based Three-way Approximations

Deng and Yao define a shadowed set based three-way approximation as a mapping

from the universe U to the three-value set {1, σ, 0}, if a single value σ is chosen to

replace the unit interval in a shadowed set, that is [19],

T(α,β)(µA(x)) =


1, µA(x) ≥ α,

0, µA(x) ≤ β,

σ, β < µA(x) < α.

(2.15)

The single value σ represents a situation in which we are far more confident about

including an element or excluding an element in the concept A. It shows the most

uncertainty in determining objects whose membership grades are around σ. The

membership grades greater than or equal to α are elevated to 1; the membership

grades between α and σ are reduced to σ; the membership grades between σ and β

are elevated to σ; the membership grades less than or equal to β are reduced to 0.

We get two elevated areas and two reduced areas, as the two dotted areas and two

lined areas shown in Figure 2.5 (a). Figure 2.5 (b) shows the shadowed set based

three-way approximation after applying the elevation and reduction operations on all

membership grades.
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Elevation operation

Reduction operation

Elevated area

Reduced area

Figure 2.5: A shadowed set based three-way approximation

The elevated areas and reduced areas change when thresholds (α, β) change. The

value of σ has a big influence on the distribution of the elevated and reduced areas.

There are different approaches to calculate σ. Cattaneo and Ciucci use 0.5 to replace

the membership grades of the elements in the shadows [13, 14]. Deng and Yao use

the mean value of the membership grades to represent the shadows [18]. In this

paper, we use σ = 0.5 to represent a situation of completely uncertainty. Because 0.5

is in the unit interval, and it is far from either the full membership grade 1 or the

null membership grade 0. In the shadowed set context, three-way decisions can be

converted to three-way approximations, and vise versa [94, 97].

2.4 Game Theory

Game theory studies the mathematical models of conflict and cooperation between

intelligent rational decision-makers in an interactive environment [53]. It provides

general mathematical techniques for analyzing situations in which involved game

players make decisions that potentially affect the payoffs of other players [29]. Game

theory aims to find a tradeoff among the involved players so that no player can

benefit by deviating to other strategies [76]. The researchers have applied game
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theory in many areas, such as economics [53], political science [26], psychology [12],

engineering [76], computer science and biology [36]. Computer scientists have utilized

game theoretic approach to model problems in machine learning [69], distributed

computing [1], computational complexity theory [83], network [42] and rough sets [85].

2.4.1 Game Representation

The games can be represented with a strategic form. The strategic form is also

called the normal form and it is the most fundamental representation in game the-

ory [26, 55]. The other game representations, such as extensive form or Bayesian form

can be reduced to this form [44, 53]. To define a game in a strategic form, we need

to specify a set of players in the game, the set of strategies available to each player,

and the players’ payoffs based on the strategies they choose [53].

Definition 2.1. A strategic form game representation [44] A normal form

game is a tuple G = (O, S, u), where:

• O is a finite set of n players, i.e., O = {o1, o2, ..., on};

• S = S1 × S2 × ...× Sn , where Si = {s1, s2, ..., sn} is a finite set of strategies or

actions available to player oi;

• u = (u1, u2, ..., un), where ui : S 7→ R is a real-valued utility (or payoff) function

for player oi.

The vector p = (p1, p2, ..., pn) ∈ S is called a strategy profile which is a combination

of strategies implemented by players in O. The player oi performs a single strategy

or action pi ∈ Si. The utility ui(p) means the payoff of player oi given a particular

strategy profile p. We need to discuss varying the strategy of a single player oi while
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the strategies of other players are fixed. We use p−i = (p1, p2, ..., pi−1, pi+1, ..., pn) ∈

S−i to denote an opposing strategy profile without player oi’s strategy. We write

p = (p∗i , p−i) for the strategy profile (p1, ..., pi−1, p
∗
i , pi+1, ..., pn) [26].

We represent all information about a game in a matrix which is called a payoff

table or payoff matrix [26]. A payoff table is a visual representation of all the possible

strategies and all the possible outcomes. The entries in a payoff table directly define

the payoffs of players under each strategy profile. Assuming a two-player game, the

set of players is O = {o1, o2}. The strategy sets of two players are S1 = {s1, s2, ...}

and S2 = {t1, t2, ...}. Table 2.2 shows the payoff table of G. The rows and columns

Table 2.2: A payoff table of a two-player game

o2

t1 t2 .....

o1

s1
〈
u1(s1, t1), u2(s1, t1)

〉 〈
u1(s1, t2), u2(s1, t2)

〉
......

s2
〈
u1(s2, t1), u2(s2, t1)

〉 〈
u1(s2, t2), u2(s2, t2)

〉
......

s3
〈
u1(s3, t1), u2(s3, t1)

〉 〈
u1(s3, t2), u2(s3, t2)

〉
......

...... ...... ...... ......

are labeled with a list of player o1’s and o2’s strategies, respectively. Each entry

denotes one possible outcome. Each player’s payoff of an outcome is in the entry

corresponding to that outcome, with player o1’s payoff or utility listed first. For

example, the entry on the first row and the first column is
〈
u1(s1, t1), u2(s1, t1)

〉
. The

pure strategy profile corresponding to this entry is p = (s1, t1) where s1 ∈ S1 and

t1 ∈ S2. u1(s1, t1) and u2(s1, t1) are the players o1’s and o2’s playoffs with the strategy

profile (s1, t1), respectively.
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2.4.2 Solution to Games

All players are hoping to maximize their own payoffs in a game environment. The

payoff of a single player is influenced by the strategies performed by other players.

The optimal strategy for a single game player is not meaningful. The best strategies

depend on the choices of all involved players. We now discuss the possible solutions to

the games. We use two fundamental solution concepts, Pareto optimality and Nash

equilibrium. Pareto optimality explains which outcomes of a game are better from

the point of view of an outside observer [44]. Nash equilibrium observes what features

the optimal strategy should have from an individual player’s point of view [44].

Definition 2.2. Strict dominant strategy [26]. The player oi’s strategy pi ∈ Si

is strictly dominated by player oi’s strategy p′i ∈ Si if

∀p−i ∈ S−i, ui(p′i, p−i) > ui(pi, p−i). (2.16)

The strategy p′i is a strict dominant strategy for player oi.

This inequality means that the strategy p′i ∈ Si always yields a higher payoff for

player oi, no matter what the other players do.

Player oi’s strategy pi ∈ Si is weakly dominated by player oi’s strategy p′i ∈ Si

if the inequality (2.16) holds with weak inequality, and the inequality is strict for at

least one p−i. The strategy p′i ∈ Si is a weak dominant strategy for player oi.

Definition 2.3. Pareto dominant strategy profile [44]. The strategy profile

p′ ∈ S Pareto dominates the strategy profile p ∈ S if for all oi ∈ O, ui(p
′) ≥ ui(p),

and there exists some oj ∈ O for which uj(p
′) > uj(p). That is,

∀(oi ∈ O and ui(p
′) ≥ ui(p)),∃(oj ∈ O and uj(p

′) > uj(p)). (2.17)
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The strategy profile p′ ∈ S is called a Pareto dominant strategy profile.

In other words, some player is able to obtain a better payoff without reducing any

other players payoffs under a Pareto dominant strategy profile. Pareto domination

gives us a partial ordering over all strategy profiles in S [44].

Definition 2.4. Pareto optimality [44]. Strategy profile p′ ∈ S is Pareto optimal,

if there does not exist another strategy profile p ∈ S that Pareto dominates p′.

Pure strategy games must have at least one Pareto optimum when all players

adopt pure strategies. There may exist multiple Pateto optima for some games.

Definition 2.5. Best response [44]. The strategy p′i ∈ Si is player oi’s best response

to the strategy profile p−i ∈ S−i of the other players if ui(p
′
i, p−i) ≥ ui(pi, p−i) for all

strategies pi ∈ Si.

The best response is not necessarily unique for a game player. Given a player

oi, we can find his/her best response corresponding to each opposing strategy profile

p−i ∈ S−i. The players do not know what strategies other players will perform. That

is, every player oi ∈ O does not know the information about p−i. The best responses

of a single player may not be useful in game solutions. We have to consider the best

responses for all players.

Definition 2.6. Nash equilibrium [44]. A strategy profile p = (p′1, p
′
2, ..., p

′
n) is a

Nash equilibrium, if for each player oi ∈ O, the strategy p′i is a best response to the

other players’ strategies p′−i, that is,

∀oi ∈ O, ∀pi ∈ Si, ui(p′i, p′−i) ≥ ui(pi, p
′
−i) where p′i 6= pi. (2.18)
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Intuitively speaking, a Nash equilibrium is a stable strategy profile in which no

player can better their payoffs by changing their strategies, provided they know what

strategies the other players are performing. This means that none of the players has

any incentive to change their respective strategies. Deviation from the equilibrium is

not beneficial for any player.

2.5 Game-theoretic Rough Sets

Game-theoretic rough sets (GTRS) apply game theory in rough set based three-

way decisions to determine related probabilistic thresholds [84, 85, 108, 111]. Game

theory has advantages in solving three-way decision problems, especially when two or

more evaluation functions or measures are involved in the decision making process.

Game theory provides a convincing solution so that involved players can reach a

compromise or tradeoff. Game mechanism is inherently suitable for a competitive

environment where every involved criterion maximizes their own benefits and the

payoff of each criterion is influenced by others’ strategies. The game-theoretic rough

sets aim to estimate balanced three-way decisions by employing a game mechanism

between the contradictive measures [39, 85].

2.5.1 The Framework of GTRS

We review the framework of game-theoretic rough sets with a typical two-player

game. Although GTRS can be easily extended to multiple-player games, so far GTRS

focus on two-player games.

A two-player game is represented as a tuple {O, S, u}, where [39]:

• O is a set of 2 players, O = {o1, o2}.
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• S = S1 × S2, where S1 and S2 are sets of strategies available to players o1 and

o2, respectively. Given si ∈ S1, tj ∈ S2, each vector p = (si, tj) ∈ S is a strategy

profile where player o1 plays strategy si, and o2 plays tj.

• u = (u1, u2), where u1, u2 : S 7−→ R are real-valued utilities or payoff functions

for players o1 and o2.

The players in GTRS are different criteria, properties or measures that are employed

for evaluating the rough set based three-way decisions. Typical players considered

in GTRS studies are accuracy, generality, uncertainty and risks or cost of decision

rules [4, 38, 109]. The strategies are realized in terms of different levels of thresholds.

The objective of a game is to find a balanced solution based on the considered criteria.

A payoff table of a typical two-player GTRS game is same to the payoff table

shown in Table 2.2. Each cell of the table corresponds to a strategy profile and

contains a pair of utility functions based on that strategy profile. The game solution

is utilized to determine a possible strategy profile and the associated game outcomes.

The determined game outcomes are then used to obtain the three rough set regions

and the implied three-way decisions.

The game solution of Nash equilibrium is typically used to determine possible

game outcomes in GTRS. The strategy profile (s′i, t
′
j) is a Nash equilibrium, if for

players o1 and o2, s
′
i and t′j are the best responses to each other, that is [44],

∀si ∈ S1, u1(s
′
i, t
′
j) > u1(si, t

′
j), where s′i ∈ S1 and s′i 6= si,

∀tj ∈ S2, u2(s
′
i, t
′
j) > u2(s

′
i, tj), where t′j ∈ S2 and t′j 6= tj. (2.19)

The equilibrium represents a tradeoff between the involved measures. Both measures

agree on performing the strategy profile corresponding to the equilibrium.
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2.5.2 The Applications of GTRS

Game-theoretic rough sets have been used to find a tradeoff between different mea-

sures or criteria when determining rough set based three-way decisions. We summary

the applications of GTRS in this section.

The Competition Between Probabilistic Thresholds

In [39], Herbert and Yao proposed that two probabilistic thresholds (α, β) compete

against each other to reduce the boundary regions of probabilistic rough sets. The

game players are two probabilistic thresholds α and β, i.e., O = {α, β}. The actions

or strategies are the increase or decrease of the threshold values, that is,

Sα = {α× (1− c1), α× (1− c2), α× (1− c3)},

Sβ = {β × (1 + c1), β × (1 + c2), β × (1 + c3)}. (2.20)

The players use the constant values ci(i = 1, 2, 3) to change thresholds by different

values. The payoff functions are defined as,

u(αi) =
|POS|′ − |POS|
α× (1− ci)

, u(βi) =
|NEG|′ − |NEG|
β × (ci − 1)

. (2.21)

|POS|′ and |NEG|′ are the sizes of new positive and negative regions. The proposed

approach reduces boundary regions by adjusting thresholds in formulated games.

The Competition Between Properties of Rough Set Models

Azam and Yao calculate the probabilistic thresholds with GTRS by considering

two properties of the rough set models, i.e., accuracy and generality [4]. The two
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game players are O = {accuracy, generality}. Each player has four strategies, S1 =

S2 = {αβ, α ↓, β ↑, α ↓ β ↑}. If only one player suggest a change, the change of

threshold is equal to an increase or decrease suggested by the player. If both players

suggest a change, the changes are equal to the sum of two changes [4]. The payoffs

are calculated as the values of measures with the probabilistic thresholds, i.e.,

u1(α, β) =
Correctly classified objects by POS and NEG

Total classified objects by POS and NEG
,

u2(α, β) =
Total classified objects by POS and NEG

Number of objects in U
. (2.22)

The payoff table is a matrix with 4 rows and 4 columns. The Nash equilibrium

represents a tradeoff between accuracy and generality.

The Competition Between Region Uncertainties

Azam and Yao formulate a competitive game between the region uncertainties in

order to minimize the overall uncertainty of the rough set based three-way classifi-

cations [4]. The game considers the positive and negative regions as a single player

competing against the boundary region, i.e., O = {I,D}. I represents the imme-

diate decision regions which include positive and negative regions. D represents the

boundary regions. The change of probabilistic thresholds are formulated as strategies,

i.e. SI = SD == {α ↓, β ↑, α ↓ β ↑}. The payoff of the players are defined by the

certainties of regions,

uI(α, β) =
(CP (α, β)) + CN(α, β))

2
, uD(α, β) = CB(α, β). (2.23)

where CP (α, β), CN(α, β) and CB(α, β) denote the certainties of positive, negative

and boundary regions. The process of learning optimal thresholds would be repeated
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until stopping criteria are satisfied.

The Competition Between Measures of Evaluating Positive Rules

Azam and Yao formulate the competitive games between two measures of evalu-

ating positive rules, i.e., confidence and coverage [3]. The players are confidence and

coverage of positive rules set, O = {confidence, coverage}. The strategies are the

decrease of threshold α, Scon = Scov = {α, α× (1− 5%), α× (1− 10%)}. The payoffs

of players are the values of corresponding measures with the probabilistic thresholds,

u1(α, β) =
The number of objects correctly classified by POS(C)

The number of objects classified by POS(C)
,

u2(α, β) =
The number of objects correctly classified by POS(C)

The number of objects in C
. (2.24)

The equilibrium of the game shows a compromise or tradeoff between confidence and

coverage when determining positive regions.

The Coordination Between Measures of Evaluating Classification Rules

Zhang and Yao formulate coordination games between the measures of classifica-

tion rules to determine decision regions in three-way classifications [112]. The games

are formulated based on each equivalence class. The players are confidence and cov-

erage of decision rules induced from equivalence classes, i.e., O = {con, cov}. Both

players have two actions, namely accept and reject, about accepting or rejection an

equivalence class as a target concept C, that is, Scon = Scov = {accept, reject}. If two

players both accept or reject the equivalence class as the target concept C, the payoffs

are determined by the corresponding measures of acceptance rules or rejection rules,

respectively. If two players choose different strategies, the difference makes them
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doubtful about their own actions, the payoffs are the difference between the measures

of rejection rules and acceptance rules. The equivalence class will be classified to the

positive region if (accept, accept) is the equilibrium. The equivalence class will be

classified to the negative region if (reject, reject) is the equilibrium. Otherwise, the

equivalence class will be classified to the boundary region.

The Competition Between Region Impurities

Zhang and Yao analyze the impurities of three-way regions, and formulate compet-

itive games between region impurities [108, 111]. The game theoretic approach is used

to find a tradeoff between the impurities of immediate and non-commitment decision

regions. The game players are the immediate decision regions and non-commitment

decision regions, i.e., O = {I, B}. The strategies are the change of thresholds (α, β).

The payoff functions of the players are defined by the impurities of corresponding

regions,

uI(α, β) = 1−GI(α, β), uB(α, β) = 1−GB(α, β). (2.25)

whereGI(α, β) andGB(α, β) denote the impurities of immediate and non-commitment

decision regions, respectively. The games are repeated with the updated initial thresh-

olds until the selected stopping criteria are satisfied. The resulting thresholds are able

to define a three-way decision which is able to represent a tradeoff between the im-

purities of immediate and non-commitment decision regions.
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The Competition Between Measures of Three-way Decisions

Zhang and Yao apply game-theoretic rough sets to determine multi-criteria based

three-way decisions in a competitive environment [114]. Determining multi-criteria

based three-way decisions is formulated as a multi-criteria decision making problem.

GTRS implements competitive games to simulate the contradiction between multiple

criteria, and then obtain a tradeoff between the criteria by finding equilibrium of

the games. The game players are two measures of evaluating three-way decisions,

accuracy and coverage, i.e., O = {acc, cov}. The strategies of players are the changes

of thresholds (α, β). The payoff functions are defined as,

uacc(α, β) =
|C
⋂
POS(α,β)(C)|+ |Cc

⋂
NEG(α,β)(C)|

|POS(α,β)(C)|+ |NEG(α,β)(C)|
,

ucov(α, β) =
|POS(α,β)(C)|+ |NEG(α,β)(C)|

|U |
. (2.26)

A repetition learning mechanism is adopted to gradually approach the balanced

thresholds.
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Chapter 3

Gini Objective Functions for Three-way

Decisions

Three-way decisions divide a finite nonempty universe U , based on criteria C,

into three pairwise disjoint regions, i.e., acceptance, rejection and non-commitment

regions [92]. A critical research question of three-way decisions is to determine a

better partition in dividing the universe U into three-way regions. We use measures

or criteria to evaluate the three-way regions when constructing three-way decisions,

such as accuracy, coverage, generality, cost, and uncertainty. These measures evaluate

three-way regions from different perspectives. For example, the measure accuracy is

used to evaluate the percentage of objects that can be correctly classified by a three-

way region. Pawlak rough sets emphasize accuracy when building three-way decisions.

The three-way decisions of Pawlak rough sets have the highest accuracy of 100%.

The researchers propose many approaches to determine three-way decisions in the

probabilistic rough set context. These approaches formulate objective functions with

different measures. Various three-way decisions are obtained by solving the objec-

tive functions. The decision-theoretic rough set model, proposed by Yao, obtains
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three-way decisions by minimizing the overall classification costs of three-way re-

gions [98]. The information-theoretic rough sets calculate the probabilistic thresholds

of three-way decisions by minimizing the overall uncertainty of three-way regions [20].

Shannon entropy is used to measure the uncertainties of regions. The game-theoretic

rough set model determines thee-way decisions by formulating competitive games

among multiple criteria or measures [39, 84, 85]. The criteria for evaluating three-

way regions, such as accuracy, generality, and uncertainty, research a compromise by

competing with each other in games [4, 114].

We may utilize some measures or criteria proposed in other research fields to

evaluate three-way regions. We use the Gini coefficient to calculate the impurities

of three-way regions [108, 110, 111]. The Gini coefficient or Gini index is a measure

of inequality of income or wealth which is originally used in economics [15, 27]. The

Gini coefficient has been applied in many fields of science that study probability

distributions. In ecology, the Gini diversity index was employed to measure the

diversity [40, 79]. From statistics point of view, the Gini coefficient can be used to

evaluate the difference between probability distributions of two random variables [21,

52]. In machine learning, the Gini coefficient is interpreted as Gini impurity index

to measure the purity of possible child nodes when building decision trees [11]. It

aimed to maximize the purity of two child nodes when determining the best split

attribute [68, 74].

The lower impurity of a region means this region contains less inconsistent equiv-

alence classes. The relationships and associations between regions’ sizes and their

impurities are studied. The changes of the three regions’ sizes are associated with the

fluctuation of their impurities. Concretely, the impurity of an acceptance or rejection

region decreases and that of a non-commitment region increases when the objects are
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moved from an acceptance or rejection region to a non-commitment region. The im-

purity of a non-commitment region decreases and that of an acceptance or rejection

region increases when the objects are moved from a non-commitment region to an

acceptance or rejection region. A desired situation is that three-way regions all have

lower impurities. However, the impurities of regions are conflicting to each other. The

decrease of one region’s impurity is always accompanied by the increase of the other

regions’ impurities. We construct Gini objective functions to balance the conflict

relationships among the impurities of three-way regions. Balanced three-way regions

may be derived from these Gini objective functions. In particular, three different Gini

objective functions, i.e., minimizing the overall impurity, minimizing the impurities

of immediate and non-commitment regions simultaneously, and minimizing three re-

gions’ impurities simultaneously, are discussed in this chapter. These Gini objective

functions are associated with specific requirements of different applications. We aim

to find the suitable three-way regions which provide a trade-off among three regions’

impurities. The result in this study may enhance our understanding of three-way

decisions, and further make them more practical in applications.

The research work of this chapter has been published in the conference paper

[110] and the journal paper [113].

3.1 Gini Coefficients − the Measurement of Region Impurity

Probabilistic rough sets construct three-way decisions using a pair of probabilistic

thresholds (α, β). Given a target concept C and a pair of probabilistic thresholds
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(α, β), we obtain the acceptance, rejection and non-commitment regions of C by [88]:

POS(α,β)(C) =
⋃
{[x] | [x] ∈ U/E, Pr(C|[x]) ≥ α},

NEG(α,β)(C) =
⋃
{[x] | [x] ∈ U/E, Pr(C|[x]) ≤ β},

BND(α,β)(C) =
⋃
{[x] | [x] ∈ U/E, β < Pr(C|[x]) < α}. (3.27)

These three pairwise disjoint regions of C constitute a partition of the universe U :

π(α,β)(C) = {POS(α,β)(C), NEG(α,β)(C), BND(α,β)(C)}. (3.28)

3.1.1 The Evaluation of Three-way Regions

Many measures have been proposed to evaluate the three-way regions [90, 109].

We examine two measures that are used to evaluate three-way regions, correct rate

and commitment rate.

The correct rate intends to capture the degree of classification correctness of re-

gions. It is calculated as the ratio of the number of correctly classified objects by a

region and the number of objects contained in this regions. The range of a correct

rate value is between 0 and 1.

The correct rate of an acceptance region POS(α,β)(C) is defined as [20]:

CR(POS(α,β)(C)) =
|C
⋂
POS(α,β)(C)|

|POS(α,β)(C)|
, (3.29)

where | · | denotes the cardinality of a set. Similarly, the correct rate of a rejection
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region NEG(α,β)(C) is defined as [20]:

CR(NEG(α,β)(C)) =
|Cc
⋂
NEG(α,β)(C)|

|NEG(α,β)(C)|
. (3.30)

The correct rate of a three-way decision π(α,β)(C) combines those of acceptance

and rejection regions and is defined as:

CR(π(α,β)(C)) =
|C
⋂
POS(α,β)(C)|+ |Cc

⋂
NEG(α,β)(C)|

|POS(α,β)(C)|+ |NEG(α,β)(C)|
. (3.31)

The commitment rate intends to express the applicability of three-way decisions.

It is the ratio of the number of objects in the acceptance and rejection regions to the

number of all objects in the universe. The commitment rate of a three-way decision

π(α,β)(C) is defined as [20]:

CMR(π(α,β)(C)) =
|POS(α,β)(C)|+ |NEG(α,β)(C)|

|U |
. (3.32)

We would like to obtain a high level of correct rate and a high level of commitment

rate for three-way decisions. A high level of correct rate means we are able to make

more accurate decisions based on three-way decisions. A high level of commitment

rate means we are able to classify more objects by using three-way decisions.

The Pawlak rough set model is a special case of probabilistic rough sets with

(α, β) = (1, 0) [56]. The three-way decisions delivered by Pawlak rough sets are with

the maximum value 1 of the correct rate. The acceptance region of C only contains

the objects which definitely belong to the concept C [56]. The rejection region of

C only contains objects which definitely do not belong to the concept C [56]. The

intolerance to errors leads to the small acceptance and rejection regions which are
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only applicable to a small portion of objects. Thus, the commitment rate may be

small because of the large size of the non-commitment region. The thresholds between

0 and 1, i.e., 0 < β < α < 1, improve the commitment rate by weakening the strict

condition of the Pawlak models [88].

The binary decision model is another special case of probabilistic rough sets with

α = β = γ. It classifies all objects into either the acceptance or rejection region.

This model has the maximal commitment rate 100% because the size of the non-

commitment region is 0. The threshold γ represents a tradeoff between the correct

rates of the acceptance and rejection regions. According to the analysis in [20], the

correct rate of the acceptance region is greater than or equal to γ, and the correct rate

of the rejection region is greater than 1− γ. The correct rate levels of the acceptance

and rejection regions cannot be satisfactorily controlled simultaneously [20].

In general, a more correct three-way decision tends to be weaker in the applica-

bility or coverage. Similarly, a three-way decision with a high commitment rate level

may not be very accurate. It may not be wise to consider only one measurement and

ignore the others in order to obtain suitable three-way decisions.

3.1.2 The Definition of Impurity

There are various formulations of the Gini index. Different applications are able

to apply and interpret Gini coefficient from different perspectives. In this chapter,

we compute Gini coefficient in a similar way of measuring the impurity of node when

building decision trees in machine learning.

We use the relational algebra to express a set of objects with some attribute values.

Relational algebra is a theoretical language used in relation database system [17]. The

Selection operation σcondition(S) works on the set S and defines a set that contains
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only those objects of S that satisfy the specified condition. Considering objects

in a set S having an attribute A with k possible values, a1, a2, ..., ak. The block

σA=ai(S) denotes the set of objects in S with the attribute value ai. The blocks

containing objects with different attribute values constitute a partition of S, πA =

{σA=a1(S), σA=a2(S), ..., σA=ak(S)}. The union of these blocks is the set S and the

intersection of any two blocks is an empty set. The probabilistic distribution of a

partition πA can be defined as,

PπA =

(
|σA=a1(S)|
|S|

,
|σA=a2(S)|
|S|

, ...,
|σA=ak(S)|
|S|

)
, (3.33)

where | · | denotes the cardinality of a set, and
|σA=ai

(S)|
|S| denotes the probability of the

block σA=ai(S), i.e., Pr(ai) =
|σA=ai

(S)|
|S| . Now considering we have one more attribute

B with m possible values, b1, b2, ..., bm. We get a partition of S based on the attribute

B, that is πB = {σB=b1(S), σB=b2(S), ..., σB=bm(S)}. Each block σA=ai(S) is divided

into m smaller blocks σA=ai∧B=bj(S) according to the values of attribute B. We can

see σA=ai∧B=bj(S) = σA=ai(S)
⋂
σB=bj(S). This relationship is shown in Figure 3.1.

... ...

... ...

... ...

Figure 3.1: The distribution of the values of attributes A and B in the set S.

The Gini coefficient of each block σA=ai(S) measures the dispersion of πB in block
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σA=ai(S) with the probability
|σA=ai

(S)|
|S| as weight, which can be calculated as:

G(σA=ai(S)) =
|σA=ai(S)|
|S|

×

(
1−

m∑
j=1

( |σA=ai(S) ∩ σB=bj(S)|
|σA=ai(S)|

)2
)
. (3.34)

3.1.3 The Impurities of Three-way Regions

Given an undefined target concept C and a pair of thresholds (α, β), the prob-

abilistic rough sets construct the three-way regions, i.e., POS(α,β)(C), NEG(α,β)(C)

and BND(α,β)(C), as well as a partition of the universe π(α,β)(C) according to Equa-

tions (3.27) and (3.28). The concept C and its complementary set Cc also constitute

a partition of the universe, πC = {C,Cc}. The impurities of the acceptance, rejection

and non-commitment regions with respect to πC are calculated as [113]:

GPOS(α, β) =Pr(POS(α,β)(C))×
(
1− Pr(C|POS(α,β)(C))2 − Pr(Cc|POS(α,β)(C))2

)
,

GNEG(α, β) =Pr(NEG(α,β)(C))×
(
1− Pr(C|NEG(α,β)(C))2 − Pr(Cc|NEG(α,β)(C))2

)
,

GBND(α, β) =Pr(BND(α,β)(C))×
(
1− Pr(C|BND(α,β)(C))2 − Pr(Cc|BND(α,β)(C))2

)
.

(3.35)

The probability of a region Pr(∆(α,β)(C)) in Equation (3.35) is defined as:

Pr(∆(α,β)(C)) =
|∆(α,β)(C)|
|U |

, (3.36)

where ∆ can be replaced by POS, NEG, or BND. | · | denotes the cardinality of

a set. The probability Pr(C|∆(α,β)(C)) in Equation (3.35) denotes the conditional

probability of an object x in C given that the object x is in the region ∆(α,β)(C). The
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conditional probabilities Pr(C|∆(α,β)(C)) and Pr(Cc|∆(α,β)(C)) are computed as:

Pr(C|∆(α,β)(C)) =
|C ∩∆(α,β)(C)|
|∆(α,β)(C)|

,

P r(Cc|∆(α,β)(C)) =
|Cc ∩∆(α,β)(C)|
|∆(α,β)(C)|

. (3.37)

The minimal value of a region’s impurity is 0 when this region only contains

the objects belonging to C or Cc. We say this region is very pure or its impurity

is minimal. The impurity of a region attains a maximal value 1
2

when this region

contains all objects of U , and half of objects belong to C and the other half of objects

belong to Cc. We can induce that the ranges of impurities of three-way regions are

between 0 to 1/2, that is:

0 ≤ GPOS(α, β), GNEG(α, β), GBND(α, β) ≤ 1/2. (3.38)

3.1.4 The Analysis of the Changes of Impurities

The changes of three-way regions’ sizes directly influence the impurities of these

regions, as well as the correct rates and commitment rates of these regions. Table 3.1

shows the relationship between the changes of regions’s sizes and their influence on

the impurities, correct rate and commitment rate [113]. The rows GPOS, GNEG

and GBND represent the impurities of the acceptance, rejection and non-commitment

regions. The rows CR and CMR represent the correct rate and commitment rate of

three-way decisions, respectively. The initial thresholds are (α, β) = (1, 0), as shown

in the second column. The other columns list the changes of impurities, correct rate

and commitment rate when the thresholds change from the initial status (1, 0). There

are four possible changes of the initial thresholds, i.e., α decreases and β remains 0,
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Table 3.1: The changes of impurities, correct rate and commitment rate when thresh-
olds change from (1,0)

(1, 0) (α↘, β) (α, β ↗) (α↘, β ↗) (γ, γ)

GPOS(α, β) 0 ↗ 0 ↗ ↗
GNEG(α, β) 0 0 ↗ ↗ ↗
GBND(α, β) max ↘ ↘ ↘ 0

CR(α, β) 1 ↘ ↘ ↘ min

CMR(α, β) min ↗ ↗ ↗ 1

α remains 1 and β increases, α decreases and β increases simultaneously, and α and

β both are equal to γ. The notations ↗ and ↘ denote the increase and decrease of

values, respectively.

Let us examine the influences caused by various changes of thresholds (α, β).

• Case 1: (α, β) = (1, 0). This is the case of conventional Pawlak rough sets. The

acceptance region only contains the objects belonging to the concept C. The rejection

region only contains the objects belonging to Cc. The impurities of the acceptance

and rejection regions are the minimum 0. The correct rate of the three-way decision

gets maximum value 1. However, the non-commitment region has the largest size.

The non-commitment region contains all inconsistent equivalence classes. This leads

to the minimal commitment rate of the three-way decision.

• Case 2: (α ↘, β). Some objects that were in the non-commitment region now

are classified to the acceptance region with α decreasing. The impurity of the ac-

ceptance region increases, because some objects belonging to Cc are moved to this

region. The shrink of non-commitment region leads to the decrease of its impurity.

The change of α does not influence the rejection region. The impurity of the rejection

region stays the same. The size of the acceptance region grows with the decrease of α.

The number of objects that can be correctly classified by the acceptance region grows
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but with relatively less rate than the growth of the acceptance region. Therefore the

correct rate of the three-way decision decreases. On the other hand, the commitment

rate increases with the growth of the acceptance region.

• Case 3: (α, β ↗). The increase of β causes the changes of the rejection and non-

commitment regions. Some objects are moved from the non-commitment region to the

rejection region. The impurity of the rejection region increases because some objects

belonging to C are classified to this region. The impurity of the non-commitment

region decreases because of the shrink of the non-commitment region. The impurity

of the acceptance region does not change. The increase of β causes the decrease of

the correct rate and the increase of the commitment rate.

• Case 4: (α↘, β ↗). More objects in the non-commitment region are moved to

the acceptance or rejection regions with α decreasing and β increasing simultaneously.

This directly causes the increases of impurities of the acceptance and rejection regions,

as well as the decrease of impurity of the non-commitment region. The sizes of

acceptance and rejection regions increase with the higher grow rates than the increases

of the number of objects that can be correctly classified by both regions. Therefore,

the correct rate decreases and the commitment rate increases with the changes of

thresholds.

• Case 5: (α, β) = (γ, γ). A three-way decision evolves into a binary decision

when α is equal to β, i.e., (α, β) = (γ, γ). The size of the non-commitment region

shrinks to 0. The acceptance and rejection regions expand to the universe U . Com-

pared with (α, β) = (1, 0), the impurities of the acceptance and rejection regions all

increase. The impurity of the non-commitment region obtains the minimal value 0.

The commitment rate of the three-way decision gets the maximum value 1. How-

ever, the correct rate of the acceptance and rejection regions cannot be satisfactorily
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controlled at the same time.

We may conclude that the less the impurities of the acceptance and rejection

regions, the higher the correct rate of three-way decisions. On the other hand, the

less the impurity of the non-commitment region, the higher the commitment rate of

three-way decisions.

3.2 Gini Objective Functions

It is noted that the changes of the impurities or Gini coefficients of three-way

regions are conflicting. This is also true for the correct rate and commitment rate

of three-way decisions. The decrease of one region’s impurity inevitably causes the

increase of the other regions’ impurities. We design Gini objective functions contain-

ing different conflicting criteria to describe the desired situations of three regions’

impurities. Balanced three-way decisions that satisfy various kinds of Gini objective

functions can be obtained by finding the solutions to these objective functions. We

examine three Gini objective functions in detail in this chapter, i.e.,

• Minimizing the overall impurity;

• Minimizing the impurities of the immediate and non-commitment regions si-

multaneously;

• Minimizing the three regions’ impurities simultaneously.

From a theoretical point of view, we can formulate different Gini objective functions

to express the desired situations of the impurities of three-way regions. However, we

are unable to conclude which Gini objective function is more effective. The effec-

tiveness of an objective function depends on the specific application requirements.
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It is necessary to examine these Gini objective functions in the context of concrete

applications. This part is not covered in this thesis because so far we are focusing

on the feasibility of proposed approaches more than applying these approaches in the

practical applications.

3.2.1 Minimizing the Overall Impurity

We design an objective function to minimize the overall impurity. The overall

impurity means the impurity of a three-way decision. It can be expressed as the

summation of the weighted impurities of three regions:

G(π(α,β)(C)) = wP ×GPOS(α, β) + wN ×GNEG(α, β) + wB ×GBND(α, β), (3.39)

where wP , wN and wB are the specified weights for the impurities of the acceptance,

rejection and non-commitment regions, respectively. The values of wP , wN and wB

show the importance of each region in three-way decisions. If three regions have the

same impacts on three-way decisions, we set wP = wN = wB = 1, and the overall

impurity is the sum of three regions’ impurities:

G(π(α,β)(C)) = GPOS(α, β) +GNEG(α, β) +GBND(α, β). (3.40)

We discuss the Gini objective function which minimizes the sum of three impurities

in this section.

When we use the impurity to measure three-way regions, a lower value of impurity

represent a more desirable configuration of regions. A region with a lower impurity

value contains more objects belonging to the same classification. Intuitively speak-

ing, this region is much purer, and the information contained in this region is more
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consistent. This region has a higher classification ability. From the decision-making

point of view, we can make more confident decisions based on this region. A three-

way decision with the minimal overall impurity is able to classify objects with less

uncertainty.

The problem of finding the optimal division of three-way regions with the minimal

overall impurity can be formulated as an optimization problem:

(α, β) = {(α, β)|min(G(π(α,β)(C)))}. (3.41)

The aim is to minimize the overall impurity G(π(α,β)(C)) to obtain suitable three-way

regions that have higher classification ability and are able to classify objects with less

uncertainty.

When the division of three-way regions changes, the overall impurity changes cor-

respondingly. Table 3.2 shows the changes of the overall impurity when the thresholds

(α, β) change from (1, 0) to other four configurations. When (α, β) = (1, 0), the ac-

Table 3.2: The changes of the overall impurity when the thresholds change

GPOS(α, β) GNEG(α, β) GBND(α, β) G(π(α,β)(C))

(α, β) = (1, 0) 0 0 max GBND

(α↘, β) ↗ 0 ↘ GPOS +GBND

(α, β ↗) 0 ↗ ↘ GNEG +GBND

(α↘, β ↗) ↗ ↗ ↘ GPOS +GNEG +GBND

(α, β) = (γ, γ) ↗ ↗ 0 GPOS +GNEG

ceptance and rejection regions have the minimal impurities of 0, i.e., GPOS(1, 0) =

GNEG(1, 0) = 0. The overall impurity equals the impurity of the non-commitment

region, i.e., G(π(1,0)(C)) = GBND(1, 0). However, the overall impurity may not be

the minimum due to the maximal impurity of the non-commitment region. With
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the decrease of α or the increase of β, the impurities of the acceptance and rejec-

tion regions, i.e., GPOS(α, β) and GBND(α, β), increase. The impurity of the non-

commitment region GBND(α, β) decrease, as shown in the second row to the fourth

row in Table 3.2. When (α, β) = (γ, γ), the non-commitment region has a minimal

size of 0, i.e., |BND(α,β)(C)| = 0. The three-way decision evolves to a binary de-

cision. The impurity of the non-commitment region obtains the minimal value 0,

i.e., GBND(γ, γ) = 0. We have G(π(γ,γ)(C)) = GPOS(γ, γ) + GNEG(γ, γ). The over-

all impurity may not be minimal because of the large impurities of the acceptance

and rejection regions. The optimal thresholds may be between these two extreme

situations, i.e., between (1, 0) and (γ, γ).

Equation (3.39) may have many variants when three weights wP , wN and wB are

set to different values. If we set wP = wN = 1 and wB = −1, the overall impurity is

transformed as:

G(π(α,β)(C)) = GPOS(α, β) +GNEG(α, β)−GBND(α, β). (3.42)

Minimizing G(π(α,β)(C)) means to minimize the difference between the impurity of

the non-commitment region and the sum impurities of the acceptance and rejection

regions. It is still a single objective optimization problem.

The optimal threshold pairs that make the overall impurity minimal are data

dependent. There may be more than one threshold pair corresponding to the minimal

overall impurity. We can search the space of all possible configurations to obtain the

solutions to the Gini objective function. When data sets are big and the possible

solution spaces are huge, heuristic strategies can be employed to reduce the search

cost and time.
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3.2.2 Minimizing the Impurities of the Immediate and Non-

commitment Regions Simultaneously

We consider acceptance and rejection regions versus non-commitment regions as

two types of regions. Since we can make decisions and induce rules from acceptance

and rejection regions, and we have to make non-commitment decisions or defer to

make decisions from non-commitment regions, we call them immediate decision re-

gions and non-commitment regions, respectively [37]. The impurity of the immediate

decision region is the sum of impurities of the acceptance and rejection regions:

GIDR(α, β) = GPOS(α, β) +GNEG(α, β). (3.43)

The impurities of the immediate and non-commitment decision regions change

in the opposite direction with the sizes of three regions changing. This relationship

allows the impurity of the non-commitment region to decrease only at the sacrifice

of the increase of the immediate decision region’s impurity. These changes are ana-

lyzed in detail in Section 3.1.4 and are shown in Table 3.1. Concretely speaking, a

lower impurity of an immediate decision region represents a higher correct rate of a

three-way decision. A lower impurity of a non-commitment region represents a high

commitment rate of a three-way decision. A preferred three-way decision is the one

with both a high correct rate and a high commitment rate. This goal leads to that

both immediate and non-commitment decision regions are trying to decrease their

impurities. We formulate a Gini objective function which involves the impurities of

the immediate and non-commitment decision regions to be optimized simultaneously,

(α, β) = {(α, β)|min (GIDR(α, β), GBND(α, β))}. (3.44)
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The goal is to obtain balanced three-way decisions with the minimal impurities of

immediate and non-commitment decision regions. The three-way decisions defined

by these thresholds are able to represent a tradeoff between the impurities of the

immediate and non-commitment regions.

Table 3.3 shows the changes of impurities of the immediate and non-commitment

decision regions when the thresholds change from the initial values (1, 0) to the other

four configurations, i.e., α decreases, β increases, α decreases and β increases simul-

taneously, α equals β. When (α, β) = (1, 0), the impurity of the immediate decision

Table 3.3: The changes of impurities of the immediate and non-commitment decision
regions when the thresholds change.

GIDR(α, β) GBND(α, β)

(α, β) = (1, 0) 0 max

(α↘, β) ↗ ↘
(α, β ↗) ↗ ↘

(α↘, β ↗) ↗ ↘
(α, β) = (γ, γ) GIDR(γ, γ) 0

region GIDR(1, 0) is 0 and that of the non-commitment region GBND(1, 0) is maxi-

mal. When (α, β) = (γ, γ), GBND(γ, γ) gets the minimum 0. During the process of α

decreasing from 1 to γ and β increasing from 0 to γ, GIDR(α, β) keeps on increasing

while GBND(α, β) keeps on decreasing.

The Gini objective function shown in Equation (3.44) is a multi-objective op-

timization problem. We can find a representative set of non-dominated or Pareto

optimal solutions on which none of impurities can be decreased in value without

increasing other impurities [48].

If we do not describe the impurities of the immediate and non-commitment regions

as the-less-the-better, we can set an ideal target value for each impurity. The goal is
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to get as close as possible to the preferred value of each impurity. We can transform

the objective function in Equation (3.44) to a relative looser formulation, that is, the

impurities of the immediate and non-commitment decision regions are simultaneously

less than the specific limits cI and cB, respectively:

(α, β) = {(α, β)|GIRD(α, β) ≤ cI ∧GBND(α, β) ≤ cB}. (3.45)

The specific limits cI and cB can be designated by users or be obtained by conversion

from other requirements of users.

We can use typical approaches or algorithms for multi-objective optimization prob-

lems to find the most preferred solutions to Equations (3.44) and (3.45). No-preference

methods, posteriori methods, interactive methods, hybrid methods, and game theory

are some of approaches that can be employed [23, 50, 77, 111].

3.2.3 Minimizing Three Regions’ Impurities Simultaneously

We consider the acceptance, rejection and non-commitment regions individually.

There exists some applications in which each region may have its own specific require-

ments. For example, let’s look at a medical application. A doctor diagnoses whether

or not a patient suffers from a serious disease. A more conservative assessment should

be made for rejection decisions of a serious disease. Incorrect rejection decision or

rejecting a patient with this disease can delay the treatment and may lead to the lose

of life. In this case, it is unreasonable to put the acceptance and rejection regions

together. We have to treat three regions individually instead of taking two or more

regions as a whole. We elaborate on an Gini objective function which minimizes the

impurities of the acceptance, rejection and non-commitment regions simultaneously.
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The changes of three impurities and the performance of three-way decisions are

discussed in Section 3.1.4 and are shown in Table 3.1. A low impurity of an acceptance

region means a high correct rate of this acceptance region. Similarly, a low impurity of

a rejection region means a high correct rate of this rejection region. A low impurity of

a non-commitment region means a high commitment rate of the three-way decisions.

Our goal is that three regions all try to decrease their own impurities. We construct

an Gini objective function as a multi-objective optimization by minimizing three

impurities simultaneously:

(α, β) = {(α, β)|min (GPOS(α, β), GNEG(α, β), GBND(α, β))}. (3.46)

This objective function are trying to find three-way decisions with the minimal impu-

rities of the acceptance, rejection and non-commitment regions simultaneously. The

aim is to induce a three-way decision with high correct rates of the acceptance and

rejection regions, as well as a high commitment rate. We can find a set of Pareto

optimal solutions to Equation (3.46). Alternatively, we can quantify the tradeoffs in

satisfying the different impurities of regions, or to find a single solution that satisfies

the subjective preferences of the users [9].

We can specify the target values for three impurities respectively instead of min-

imizing them. Each impurity tries to get as close as possible to the specified value.

The Gini objective function sets the target limits for three impurities, and controls

them less than the specified values simultaneously:

(α, β) = {(α, β)|GPOS(α, β) ≤ cP ∧GNEG(α, β) ≤ cN ∧GBND(α, β) ≤ cB}. (3.47)

The specified limits cP , cB and cN can be designated by users or experts, or evaluated
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by statistical results.

There are three regions in Equation (3.46) and (3.47). If one or two regions are

not important for applications, the objective function can ignore the impurities of

insignificant regions. For example, an application is only interested in the impurities

of the acceptance and non-commitment regions. The objective function would be

(α, β) = {(α, β)|min (GPOS(α, β), GBND(α, β))} or (α, β) = {(α, β)|GPOS(α, β) ≤

cP ∧ GBND(α, β) ≤ cB}. The Equation (3.46) and (3.47) may have many variants.

The concrete applications determine which variant form is more suitable.

3.3 Demonstrative Example and Discussion

We present a demonstrative example to illustrate the relationship between the

changes of regions and their impacts on the impurities of regions, as well as how to

obtain three-way decisions by formulating and solving Gini objective functions.

3.3.1 Experimental Data and Preprocessing

We use the probability Pr(Xi) and the conditional probability Pr(C|Xi) of each

equivalence class Xi to calculate the impurities of three-way regions. The objects

whose condition attributes have the same values are classified into one equivalence

class. The probability Pr(Xi) is the ratio of the number of objects contained in the

equivalence class Xi and the total number of objects in the universe. The conditional

probability Pr(C|Xi) is the proportion of objects in the equivalence class Xi belong-

ing to the target concept C. We use a random generator to generate the probabilistic

information of experimental data. The probability Pr(Xi) is a random number be-

tween 0.001 and 0.1, and the sum of all Pr(Xi) is 1. The conditional probability
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Pr(C|Xi) is a random number between 0 and 1. We may have any number of equiv-

alence classes. The probability Pr(Xi) and the conditional probability Pr(C|Xi) for

each equivalence class are generated. In this example, the universe contains 16 equiv-

alence classes and they are used to describe a target concept C. Table 3.4 lists the

probabilistic information of each equivalence class. The 16 equivalence classes are de-

noted by Xi(i = 1, 2, ..., 16), which are listed in a descending order of the conditional

probabilities Pr(C|Xi) for convenient computations.

Table 3.4: The summary of experimental data

X1 X2 X3 X4 X5 X6 X7 X8

Pr(Xi) 0.093 0.088 0.093 0.089 0.069 0.046 0.019 0.015

Pr(C|Xi) 1 0.978 0.95 0.91 0.89 0.81 0.72 0.61

X9 X10 X11 X12 X13 X14 X15 X16

Pr(Xi) 0.016 0.02 0.059 0.04 0.087 0.075 0.098 0.093

Pr(C|Xi) 0.42 0.38 0.32 0.29 0.2 0.176 0.1 0

When (α, β) = (1, 0), the three-way regions are POS(1,0)(C) = X1, BND(1,0)(C) =

X2 ∪ X3 ∪ ... ∪ X15 and NEG(1,0)(C) = X16. The impurities of the acceptance and

rejection regions are both 0, that is,

GPOS(1, 0) = GNEG(1, 0) = 0.

The probability of the non-commitment region is

Pr(BND(1,0)(C)) =
15∑
i=2

Pr(Xi) = 0.814.
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The conditional probability is

Pr(C|BND(1,0)(C)) =

∑15
i=2 Pr(C|Xi)Pr(Xi)∑15

i=2 Pr(Xi)
=

0.4621

0.814
= 0.5677.

The impurity of the non-commitment region is

GB(1, 0) =Pr(BND(1,0)(C))×(
1− Pr(C|BND(1,0)(C))2 −

(
1− Pr(C|BND(1,0)(C))

)2)
=0.814×

(
1− (0.5677)2 − (1− 0.5677)2

)
= 0.3995.

3.3.2 Result Analysis

Table 3.5 shows the impurities of regions corresponding to the different threshold

pairs. We only choose α ∈ (1, 0.9, 0.8, 0.7, 0.6) and β ∈ (0, 0.1, 0.2, 0.3, 0.4, 0.5), in-

Table 3.5: The impurities of regions under the different threshold pairs
HH

HHHHα
β

0.0 0.1 0.2

GPOS , GBND, GNEG GPOS , GBND, GNEG GPOS , GBND, GNEG

1.0 0.0000, 0.3995, 0.0000 0.0000, 0.3332, 0.0186 0.0000, 0.2014, 0.0716

0.9 0.0280, 0.2563, 0.0000 0.0280, 0.2199, 0.0186 0.0280, 0.1378, 0.0716

0.8 0.0579, 0.1617, 0.0000 0.0579, 0.1382, 0.0186 0.0579, 0.0811, 0.0716

0.7 0.0672, 0.1453, 0.0000 0.0672, 0.1233, 0.0186 0.0672, 0.0691, 0.0716

0.6 0.0773, 0.1336, 0.0000 0.0773, 0.1125, 0.0186 0.0773, 0.0599, 0.0716
HHH

HHHα
β

0.3 0.4 0.5

1.0 0.0000, 0.1658, 0.0902 0.0000, 0.0906, 0.1309 0.0000, 0.0757, 0.1407

0.9 0.0280, 0.1132, 0.0902 0.0280, 0.0572, 0.1309 0.0280, 0.0448, 0.1407

0.8 0.0579, 0.0634, 0.0902 0.0579, 0.0242, 0.1309 0.0579, 0.0150, 0.1407

0.7 0.0672, 0.0521, 0.0902 0.0672, 0.0155, 0.1309 0.0672, 0.0071 0.1407

0.6 0.0773, 0.0432, 0.0902 0.0773, 0.0078, 0.1309 0.0773, 0.0000 0.1407
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stead of listing all possible thresholds pairs. Each cell contains the impurities of the

acceptance, non-commitment and rejection regions, i.e., GPOS, GBND and GNEG. The

cell on the top left corner corresponds to the thresholds (α, β) = (1, 0). The impurities

of three regions are GPOS(1, 0) = 0, GBND(1, 0) = 0.3995 and GNEG(1, 0) = 0.

We obtain the resulting threshold pairs based on Table 3.5.

• When minimizing the overall impurity, we need to sum GPOS, GBND and GNEG

to get Gπ. We get G(π(0.7,0.2)(C)) = 0.0672 + 0.0691 + 0.0716 = 0.2079 is the

minimal value in the table. The three-way decision defined by (α, β) = (0.7, 0.2)

is the resulting configuration.

• When minimizing the impurities of the immediate and non-commitment deci-

sion regions simultaneously, we search all possible threshold pairs and find that

the decrease of one impurity always causes the simultaneous increase of the other

impurity. All thresholds pairs listed in Table 3.5 belong to the non-dominated or

Pareto optimal solutions in this situation. We set the limits for both impurities

as an alternative option, i.e., GIDR(α, β) ≤ 0.15 and GBND(α, β) ≤ 0.075. We

can obtain three pairs of thresholds, (α, β) ∈ {(0.7, 0.2), (0.6, 0.2), (0.8, 0.3)}.

The three-way decisions defined by these three pairs of thresholds are the re-

sulting configuration.

• When minimizing three impurities simultaneously, we can find that none of

impurities can be reduced in value without raising other impurities. The Pareto

optimal solutions contain all thresholds pairs shown in Table 3.5. We set the

limits for three impurities, i.e., GPOS(α, β) ≤ 0.09, GBND(α, β) ≤ 0.09, and

GNEG(α, β) ≤ 0.09. We can obtain three pairs of thresholds, (α, β) ∈ {(0.8, 0.2),

(0.7, 0.2), (0.6, 0.2)}. The three-way decisions defined by these three pairs of

thresholds are the resulting configuration.
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The demonstrative example discussed in this section sets the initial thresholds as

(α, β) = (1, 0) and the steps for decreasing α and increasing β are both 0.1. Table 3.5

lists thirty pairs of thresholds. We test the listed 30 pairs of thresholds and find the

solutions to the Gini objective functions among them. Please note that the resulting

thresholds may not be optimal because we did not test all possible threshold pairs.

The obtained thresholds are the best results within the threshold pairs shown in

Table 3.5

Let’s further examine the first Gini objective function. We want to obtain three-

way decisions with the minimal overall impurity. The solution to this Gini objective

function is (α, β) = (0.7, 0.2). Table 3.4 shows that the value of conditional probabili-

ties 0.7 is between 0.72 and 0.61. All values that are greater than 0.61 and less than or

equal to 0.72 can be the optimal α. Similarly, the value of conditional probability 0.2

is between 0.2 and 0.29. All values that are greater than or equal to 0.2 and less than

0.29 can be the optimal β. In other words, when α ∈ (0.61, 0.72] and β ∈ [0.2, 0.29),

we can get the same three-way decision based on the data shown in Table 3.4. The

three-way decision defined by (α, β) = (0.7, 0.2) has the correct rate of 90.98% and the

commitment rate of 85%. This means 85% objects in the universe are able to be clas-

sified with the correct rate of 90.98%. The remaining 15% objects cannot be classified

without providing more information. In the worst case where no addition information

is available, we have to make decisions on the objects in the non-commitment region.

We make random decisions with a 50% chance of being correct and 50% chance of

being incorrect. The three-way decision defined by (α, β) = (0.7, 0.2) can provide

90.98% correct decisions for 85% objects and 50% correct decisions for the remaining

15% objects. The modified correct rate is 0.9098× 0.85 + 0.5× 0.15 = 84.84%. Com-

pared with the Pawlak rough set based three-way decision with 100% correct rate and

18.6% commitment rate, the induced three-way decision increases the commitment
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rate by 66.4% at the cost of decreasing the correct rate by 9.02%. The modified

correct rate increases from 59.3% to 84.84%. Compared with the binary decision

defined by 0.5 which has a correct rate 87% and commitment rate 100%, the induced

three-way decision improves the correct rate by 2.98% at the cost of decreasing the

commitment rate by 15%.

The second Gini objective function defined by Equations (3.44) has a relatively

loose transformation which is defined by Equations (3.45). We set the limits 0.15 and

0.075 for the impurities of immediate and non-commitment decision regions, respec-

tively. The resulting solutions contain three pairs of thresholds {(0.7, 0.2), (0.6, 0.2),

(0.8, 0.3)}. The target limits are very important to obtain suitable thresholds in this

type of Gini objective functions. Moreover, not all target limits can work for this

approach. For example, if we set cI = 0.1 and cB = 0.05, no threshold pair can be

achieved based on the experimental data set. This situation is also possible when we

set limits cp, cN and cB for three impurities. Unreasonable limits may result in no

solutions.

Based on the same data set, different Gini objective functions can produce different

three-way decisions. It is hard to state which Gini objective function is better or

effective, since the objective functions depend on the context of concrete applications.

No matter which Gini objective function is selected, the three-way decisions induced

from the resulting thresholds are able to consider a tradeoff between the impurities

of regions.

3.3.3 Comparison of Gini and Entropy

Deng and Yao use the Shannon entropy to measure the uncertainty of a region [20].

They show how to calculate the Shannon entropy of a region in [20]. We compare the
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three-way decisions obtained by minimizing the overall impurity and by minimizing

the overall uncertainty. Based on the experimental data set listed in Table 3.4, we

compare the overall impurity and the overall uncertainty under all possible thresholds,

that is,

α ∈{1, 0.978, 0.95, 0.91, 0.89, 0.81, 0.72, 0.61},

β ∈{0, 0.1, 0.176, 0.2, 0.29, 0.32, 0.38, 0.42}.

There are 64 possible pairs of thresholds in this example. Figure 3.2 shows the surfaces

of the overall impurity and the overall uncertainty. The upper surface is composed of

Figure 3.2: The comparison of the overall Gini and the overall Entropy

the values of the overall uncertainty. The lower surface is composed of the values of the

overall impurity defined by Equation (3.41). We can see the trend of both surfaces are

very similar. But they do obtain the minimal values at different positions. Table 3.6

compares the performances of three-way decisions obtained by minimizing the overall
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Gini, minimizing the overall Entropy, and Pawlak rough sets. The third, fourth and

Table 3.6: The comparison of the overall Gini and the overall Entropy

Resulting (α, β) CR CMR Modified CR

Minimizing the overall Gini (0.72, 0.2) 0.9098 0.85 0.8484

Minimizing the overall Entropy (0.72, 0.1) 0.9331 0.6880 0.7979

Pawlak rough sets (1, 0) 1 0.1860 0.5930

fifth columns represent the correct rate, commitment rate, and modified correct rate,

respectively. The overall impurity of the three-way decision is the minimum 0.2079

when (α, β) = (0.72, 0.2). The correct rate is 90.98% and the commitment rate is

85%. The overall uncertainty of three-way decision is the minimum 0.5060 when

(α, β) = (0.72, 0.1). At this time, the correct rate is 93.31% and the commitment

rate is 68.80%. Compared with the three-way decision induced by the threshold pair

(0.72, 0.2), the correct rate increases to 2.33% but the commitment rate decreases to

16.7%. However, when (α, β) = (0.72, 0.1), the modified correct rate is 79.79% which

is much less than 84.84%, the modified correct rate of three-way decision induced by

the minimum overall impurity.

3.4 Conclusion

The research aims to obtain the balanced three-way decisions by formulating Gini

objective functions in the context of probabilistic rough sets. Firstly, we use the

Gini coefficient to calculate the impurities of decision regions. The impacts that

the changes of regions bring on their impurities and the performances of three-way

decisions are analyzed. Secondly, we examine three Gini objective functions, i.e.,

minimizing the overall impurity, minimizing the impurities of the immediate and

non-commitment decision regions simultaneously, and minimizing the impurities of
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the acceptance, rejection and non-commitment regions simultaneously. The balanced

three-way decisions can be obtained via adjusting the impurities of regions according

to the objective functions. Finally, a demonstrative example is presented to show how

to calculate the impurities of regions, and what probabilistic thresholds are obtained

via Gini objective functions. This example shows different three-way decisions may

be achieved when employing different Gini objective functions. The Gini coefficient

and Shannon entropy are compared based on the same experimental data set. The

comparison shows that the three-way decision induced by minimizing the overall Gini

coefficient may have a higher performance than those induced by minimizing the

overall Shannon entropy based on the given data set.
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Chapter 4

Determining Thresholds from a Tradeoff

Perspective with GTRS

Three-way decisions are constructed based on the notions of acceptance, rejection

and non-commitment [92]. Given U as a finite nonempty set of objects and C as a

finite set of criteria, three-way decisions partition U based on C into three disjoint

decision regions, namely acceptance, rejection, and non-commitment regions [92]. We

make decisions and induce rules from acceptance and rejection regions. We make non-

commitment decisions on the objects in a non-commitment region. The acceptance

and rejection regions are called immediate decision regions [37].

Determining three-way decision regions is one of the key issues in three-way deci-

sions [92]. Game-theoretic rough sets (GTRS) employ game mechanisms to determine

three-way decisions [39, 85]. GTRS formulate competitive games between multiple

measures to reach agreements [3]. The essential idea of GTRS is to implement games

to obtain the probabilistic thresholds in order to improve the rough set based deci-

sion making. In the existing formulations, GTRS is applied in the probabilistic rough

sets to determine and interpret the probabilistic thresholds that define the three-way

decisions. Two conflicting criteria or measures are set as game players in GTRS.
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Herbert and Yao proposed that two probabilistic thresholds (α, β) compete against

each other to directly reduce the non-commiement regions [39]. They also formulated

competitive games between two classification approximation measures, i.e., accuracy

and precision, to improve the classification ability of rough set models [39]. Azam and

Yao applied GTRS to formulate competitive games between two measures for evaluat-

ing positive rules, i.e., confidence and coverage, to determine the suitable acceptance

region in rough set context [3]. Azam and Yao optimized the probabilistic thresholds

with GTRS by considering the competition between two properties of rough sets,

i.e., accuracy and generality [4]. They also formulated competitive games between

immediate and deferred decision regions to improve the overall uncertainty level of

the rough set classifications [4]. Zhang and Yao summarized the rule measures that

can be set as game players in GTRS [109]. These studies not only provide a good

beginning for GTRS research, but also build up a solid foundation for future GTRS

research.

The Gini coefficient is a kind of entropy calculation, and it can be adopted to cal-

culate the impurities of three-way regions in the probabilistic rough set context [110].

When the probabilistic thresholds (α, β) change, the impurities of the immediate and

non-commitment regions change correspondingly. The desired situation is both im-

mediate and non-commitment regions have lower level impurities. But the decrease of

the impurity of the immediate decision region is always companied with the increase

of the impurity of the non-commitment region, and vice versa [110, 113]. In this

chapter, we use GTRS to find a tradeoff between the impurities of the immediate and

non-commitment regions, and then the probabilistic thresholds are determined from

the tradeoff. The competitive games between the immediate and non-commitment

regions are formulated. Since the impurities of the immediate and non-commitment
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regions change in the opposite direction, all possible threshold pairs are Pareto opti-

mal. We focus on applying GTRS to find a balanced threshold pair from all Pareto

optimal strategy profiles. A compromise solution is obtained by repeatedly formulat-

ing competitive games using the updated initial thresholds. This resulting thresholds

represent a tradeoff between the impurities of the immediate and non-commitment

regions. The results in this study may enhance our understanding of GTRS and make

it practical in applications.

The research work of this chapter has been published in the conference papers

[108, 111].

4.1 Finding a Tradeoff between Impurities with GTRS

Given a criterion C and a pair of thresholds (α, β), the probabilistic rough set

based three-way decisions divide U into three pairwise disjoint regions, i.e., accep-

tance, rejection, and non-commitment regions according to Equation (2.3). The

three-way regions are denoted as POS(α,β)(C), NEG(α,β)(C) and BND(α,β)(C), re-

spectively. The impurities of three-way regions are defined by,

GPOS(α, β) =Pr(POS(α,β)(C))×
(
1− Pr(C|POS(α,β)(C))2 − Pr(Cc|POS(α,β)(C))2

)
,

GNEG(α, β) =Pr(NEG(α,β)(C))×
(
1− Pr(C|NEG(α,β)(C))2 − Pr(Cc|NEG(α,β)(C))2

)
,

GBND(α, β) =Pr(BND(α,β)(C))×
(
1− Pr(C|BND(α,β)(C))2 − Pr(Cc|BND(α,β)(C))2

)
.

(4.48)

The probability Pr(∆(α,β)(C)), Pr(C|∆(α,β)(C) and Pr(Cc|∆(α,β)(C)) (∆ can be re-

placed by POS, NEG, or BND) are calculated by Equations (3.36) and (3.37). The

impurity of the immediate decision region is defined as the sum of the impurities of
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the acceptance and rejection regions,

GIDR(α, β) = GPOS(α, β) +GNEG(α, β). (4.49)

As we analyzed in Section 3.2.2, when determining the thresholds in probabilistic

rough set based three-way decisions, a lower impurity level of an immediate decision

region means a three-way decision has a high level of correct rate; a lower impurity

level of a non-commitment region means a three-way decision has a high level of

commitment rate. But the impurity of the immediate decision region always decreases

at the expense of the increase of the impurity of the non-commitment region, and vice

versa [110, 113]. We need to find a tradeoff between the impurities of the immediate

and non-commitment regions when determining three-way decisions.

We discuss the use of game-theoretic rough sets to determine the probabilis-

tic thresholds from a tradeoff between the impurities of the immediate and non-

commitment regions. Applying GTRS to obtain a tradeoff between the impurities

includes three stages, namely competitive game formulation, repetition learning pro-

cess, and decision making based on equilibrium, respectively. Each stage contains

different tasks and some of tasks are covered in two stages, as shown in Figure 4.1.

We explain three stages and the tasks contained in these stages in the following three

subsections.

4.1.1 Game Formulation

There are three elements when formulating a game G in Game-theoretic rough

sets, i.e., G = {O, S, u}, as we discussed in Section 2.5.1. O denotes a set of game

players, S denotes a set of strategy profiles performed by players, and u denotes the
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Figure 4.1: The three stages of applying GTRS

payoff functions of players. Three elements should be set in the game formulation

stage. We discuss the setting of the game players, initial threshold pair, strategies,

payoffs, and payoff tables in detail.

Game Players

We formulate a two-player game. The players are the immediate and non-commit-

ment decision regions which are denoted by I and B, respectively, i.e., O = {I, B}.

Initial Threshold Pair

The game-theoretic rough sets use an initial threshold pair as a start position

to search for a more balanced threshold pair around the initial threshold pair. The

initial threshold pair (α, β) can have any values that satisfy the constraint 0 ≤ β ≤

0.5 ≤ α ≤ 1. This constraint guarantees probabilistic rough sets are majority-oriented

and the three-way regions are not overlapped. For example, we can set the initial
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threshold pair as (α, β) = (0.5, 0). Two players start from the initial threshold pair

and perform their strategies to change the initial threshold pair.

Strategies

We have a set of strategy profiles S = SI ×SB. SI denotes the player I’s strategy

set, i.e., SI = {s1, s2, ...., sk1}. SB denotes the player B’s strategy set, i.e., SB =

{t1, t2, ...., tk2}. The strategy set of each player are made up of the available strategies

or actions performed by this player. k1 and k2 denote the numbers of strategies

performed by the players I and B, respectively. The values of k1 and k2 are not fixed.

Normally, we set 2 ≤ k1, k2 ≤ 4 in a game formulation. If there are too many actions

in a game formulation, more strategy profiles would be contained in the payoff table

or matrix, which would increase the amount of calculation of payoffs.

Let us investigate what actions could be included in the strategy set of each player.

We change the three-way regions by tuning the values of the acceptance and rejection

thresholds (α, β). Both players are trying to minimize their impurities. The threshold

α controls which objects can be classified into an acceptance region. The greater the

value of α, the stricter the condition of admission to an acceptance region. It means

the impurity of an acceptance region is lower, then the acceptance region is purer.

The threshold β controls which objects can be classified into a rejection region. The

lower the value of β, the stricter the condition of admission to a rejection region. The

impurity of a rejection region is lower, then the rejection region is purer. The player I

obtains a lower impurity with the increase of α and the decrease of β. The actions that

player I preferred can be the increase of α, the decrease of β, or both of them. Since

the universe U is fixed, the three-way decisions with a smaller immediate decision

region may have a larger non-commitment region. For the player B, the decrease of
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α and the increase of β can result in a lower impurity. The actions that the player B

preferred can be the decrease of α, the increase of β, or both.

The setting of the initial thresholds can directly influence the strategies of players.

Please note that the thresholds should satisfy the constraint 0 ≤ β ≤ 0.5 ≤ α ≤ 1 all

the time. If the initial thresholds are set as (α, β) = (1, 0.5), α and β get the maximal

values in their own limits. The players are not able to increase α or β any more. The

strategies can only be set as decreasing α and β. Similarly, if the initial thresholds

are set as (α, β) = (0.5, 0), α and β get the minimum values in their own limits. The

strategies can only be set as increasing α and β.

If we set the initial values (α, β) = (1, 0.5), the player I can decrease β and the

player B can decrease α. The strategy set of I is SI = {β no change, β decreases cI ,

β decreases 2cI}. The strategy set of B is SB = {α no change, α decreases cB, α

decreases 2cB}. The constants cI and cB denote the quantities that players I and B

use to change the thresholds, respectively. Normally, we set 0 ≤ cI , cB ≤ 0.1. The

determination of cI and cR depends on the data sets. Very small cE and cB may

cause the increase of the execution time. Very large ones may influence the precision

of the resulting thresholds. If we set cI = 0.05 and cB = 0.05, the strategy set of

player I is SI = {β no change , β decreases 0.05, β decreases 0.1}. The thresholds

corresponding to these strategies are {(1, 0.5), (1, 0.45), (1, 0.4)}. The strategy set of

B is {α no change , α decreases 0.05, α decreases 0.1}. The thresholds corresponding

to these strategies are SB = {(1, 0.5), (0.95, 0.5), (0.9, 0.5)}.

Payoff Functions

The payoff functions of players are u = (uI , uB), where uI , uB : S 7→ R are the

payoff functions of players I and B. Let’s analyze how to define the payoff functions
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uI and uB. Given a strategy profile p = (s, t) with player I performing the strategy s

and B performing the strategy t, the payoffs of the players I and B are uI(s, t) and

uB(s, t). The strategies s and t performed by the players I and B are the changes

of thresholds (α, β). The payoffs uI(s, t) and uB(s, t) are in fact the functions of

thresholds (α, β). The thresholds (α, β) are determined by the strategies s and t.

That means (α, β) are the result caused by the strategies s and t. We use uI(α, β)

and uB(α, β) to show this relations. The payoff functions uI(α, β) and uB(α, β) are

defined by the impurities of the the immediate and non-commitment decision regions,

respectively. We are interested in measuring profits in game-theoretic analysis, so we

use 1 minus the impurities of the corresponding regions to define the payoff functions,

uI(s, t)⇒uI(α, β) = 1−GI(α, β),

uB(s, t)⇒uB(α, β) = 1−GB(α, β), (4.50)

where GI(α, β) and GB(α, β) are defined as in Equation (4.48) and Equation (4.49).

Both players are trying to maximize their own payoffs.

Please note that the payoff of each player depends on the strategies or actions

performed by both game players. The strategy performed by one game player can

influence the payoff of the other player. For example, the initial thresholds are set as

(α, β) = (1, 0.5). The strategy set of player I is SI = {β no change, β decreases 0.05, β

decreases 0.1}. The strategy set of playerB is SB = {α no change, α decreases 0.05, α

decreases 0.1}. The player I performs the strategy s2, i.e., β decreases 0.05. The

player B performs the strategy t3, i.e., α decreases 0.1. The thresholds under the

strategy profile p = (s2, t3) is (α, β) = (1− 0.1, 0.5− 0.05) = (0.9, 0.45). The payoffs
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of players I and B are,

uI(s2, t3) = uI(β decrease 0.05, α decrease 0.1) = uI(0.9, 0.45) = 1−GI(0.9, 0.45),

uB(s2, t3) = uB(β decrease 0.05, α decrease 0.1) = uB(0.9, 0.45) = 1−GB(0.9, 0.45).

Payoff Tables

We use payoff tables to represent two-player games. Table 4.1 shows a payoff

table in which players I and B both have 3 strategies, i.e., SI = {s1, s2, s3} and

SB = {t1, t2, t3}.

Table 4.1: A payoff table of a game between players I and B

B

t1 t2 t3

I

s1
〈
uI(s1, t1), uB(s1, t1)

〉 〈
uI(s1, t2), uB(s1, t2)

〉 〈
uI(s1, t3), uB(s1, t3)

〉
s2

〈
uI(s2, t1), uB(s2, t1)

〉 〈
uI(s2, t2), uB(s2, t2)

〉 〈
uI(s2, t3), uB(s2, t3)

〉
s3

〈
uI(s3, t1), uB(s3, t1)

〉 〈
uI(s3, t2), uB(s3, t2)

〉 〈
uI(s3, t3), uB(s3, t3)

〉
Table 4.2 shows an example of a payoff table in which the player I decreases

β and play B decreases α. The strategy set of player I is SI = {β no change, β

decreases cI , β decreases 2cI}. The strategy set of player B is SB = {α no change,

α decreases cB, α decreases 2cB}. The down arrow ↓ denotes decreasing a value in

Table 4.2. The threshold values in each cell are determined by two players. The

player I determines the value of β and B determines the value of α. For exam-

ple, let’s look at the cell on the second row and third column in Table 4.2. The

player I chooses the strategy of decreasing β by cI . The player B chooses the

strategy of decreasing α by 2cB. The threshold values affected by two players are

(α decreases 2cB, β increases cI). Assuming we set the initial values as (α, β) =

(1, 0.5) and cI = cB = 0.05, the threshold values of the cell on the second row and third
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Table 4.2: A payoff table example of a game between players I and B

B

α α ↓ cB α ↓ 2cB

β
〈
uI(α, β),

〈
uI(α− cB, β),

〈
uI(α− 2cB, β),

uB(α, β)
〉

uB(α− cB, β)
〉

uB(α− 2cB, β)
〉

I β ↓ cI
〈
uI(α, β − cI),

〈
uE(α− cB, β − cI),

〈
uI(α− 2cB, β − cI),

uB(α, β − cI)
〉

uB(α− cB, β − cI)
〉

uB(α− 2cB, β − cI)
〉

β ↓ 2cI
〈
uI(α, β − 2cI),

〈
uI(α− cB, β − 2cI),

〈
uI(α−2cB, β−2cI),

uB(α, β − 2cI)
〉

uB(α− cB, β − 2cI)
〉

uB(α−2cB, β−2cI)
〉

column would be (0.9, 0.45). The payoffs of players are uI(0.9, 0.45) = 1−GI(0.9, 0.45)

and uB(0.9, 0.45) = 1−GB(0.9, 0.45).

4.1.2 Repetition Learning Mechanism

We formulated the game, including setting the game players, the initial thresholds,

the strategies of both players, and the payoff functions. The next task is to analyze

the equilibrium of the formulated game. A game equilibrium represents the best

strategy profile from which both players reach a tradeoff within the current strategy

sets. There may be some more balanced strategy profiles outside the current strategy

sets. Therefore, the competitive games are formulated repeatedly with the updated

initial thresholds in order to approach a more balanced solution if it exists. In other

words, if the thresholds obtained in the current game are not good enough to apply

in decision making, we repeat the games with the updated thresholds. The second

stage analyzes the equilibrium of the game, and then repeats the competitive games

with the updated initial thresholds to approach a more balanced solution.
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Nash Equilibrium

We have defined the players, the strategies available to players, and payoff func-

tions. The next task is to find the solutions to this formulated game. Both players are

hoping to maximize their own payoffs in multi-objective problems. The best strategy

for one player is not meaningful. The best strategy profile consists of the choices of

all players.

When the thresholds (α, β) change, the decrease of one impurity inevitably causes

the increase of the other impurity. When α decreases or β increases, the conditions of

admission to immediate decision regions become much looser. More objects belonging

to non-commitment decision regions are classified into immediate decision regions.

The impurity level of immediate decision region increases. Meanwhile, the impurity

level of non-commitment decision region decreases. Similarly, when α increases or

β decreases, the impurity level of immediate decision region decreases, and that of

non-commitment decision region increases. For any two strategy profiles p, p′ ∈ S, we

have,

uI(p) > uI(p
′)⇒ uB(p) < uB(p′) (4.51)

That means uI(p) > uI(p
′) and uB(p) > uB(p′) cannot hold simultaneously for any

two strategy profile p, p′ ∈ S. In other words, there does not exist any strategy profile

p ∈ S that dominates all other strategy profiles in S. All strategy profiles are Pareto

optimal according to Definition 2.3 and 2.4.

We obtain a Nash equilibrium from all Pareto optimal strategy profiles. This

equilibrium represents a tradeoff between two game players. The strategy profile

(s′i, t
′
j) is a Nash equilibrium, if for players I and B, s′i and t′j are the best responses
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to each other. That is,

∀si ∈ SI , uI(s
′
i, t
′
j) > uI(si, t

′
j), where s′i ∈ SI and s′i 6= si,

∀tj ∈ SB, uB(s′i, t
′
j) > u2(s

′
i, tj), where t′j ∈ SB and t′j 6= tj. (4.52)

The Nash equilibrium (s′i, t
′
j) means both players cannot benefit by deriving from

their choices. Assume that the strategy profile (s′i, t
′
j) correspond to the thresholds

(α′, β′). If (α′, β′) are not good enough (or do not satisfy the stopping criteria), we

will examine the thresholds around (α′, β′) to see if more balanced thresholds exist.

The games will be repeated with (α′, β′) as the initial thresholds.

Let’s look at the payoff table shown in Table 4.2. The player I always bet-

ters its payoff when decreasing β more no matter what strategy player B performs,

i.e., uI(β decreases 2cI , t) ≥ uI(s, t), and s ∈ SI , t ∈ SB. The player I’s strategy

s3 = β decreases 2cI is the best response to player B’s strategies. Similarly, the

player B gains more profit if α decreases no matter what strategy player I chooses,

i.e.,uB(s, α decreases 2cB) ≥ uB(s, t), and s ∈ SI , t ∈ SB. Player B’s strategy

t3 = α decreases 2cB is the best response to player I’s strategies. We can see that

the strategy profile p = (s3, t3) = (β decreases 2cI , α decreases 2cB) corresponding

to the bottom right cell in the Table 4.2 is the Nash equilibrium. The thresholds

corresponding to the Nash equilibrium are (α − 2cB, β − 2cI) where (α, β) are the

initial values.

Repetition of Games

GTRS aim to optimize a pair of thresholds by formulating games between the

immediate and non-commitment regions. The Nash equilibrium of the current for-

mulated game only means the threshold pair corresponding this equilibrium are the
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best choices within the current strategy sets. If the thresholds obtained in the current

game are not good enough to apply in decision making, we have to examine if there

are some threshold pairs near the current thresholds that are better than the current

ones. We repeat the games with the updated initial thresholds.

The repetition of games means that we may be able to find more suitable thresh-

olds with the repetition of thresholds modification. Assuming the initial thresholds

are (α, β), the strategy sets of two players are SI = {s1, s2, ...} and SB = {t1, t2, ...},

and the equilibrium analysis shows that the resulting thresholds are (α′, β′). The

subsequent iteration of games depend on if (α′, β′) satisfy the stopping criteria. If the

thresholds (α′, β′) do not satisfy the stopping criteria, we have to repeat the games by

setting (α′, β′) as the initial thresholds. The strategies are the change of (α′, β′), i.e.,

SI and SB contain the strategies that change the updated thresholds (α′, β′). The

game may be repeated until the stopping criteria are satisfied.

4.1.3 Making Decisions Based on Equilibrium

The iterations of games should be stopped at the proper time. We will make our

final decisions based on the final equilibrium of the games. The last stage contains

setting the stopping criteria and making the final decision based on the equilibrium.

Stopping Criteria

There are many possible stopping criteria. For example, the three-way regions

are overlapped or the thresholds (α, β) violate the constraint 0 ≤ β ≤ σ ≤ α ≤ 1;

the payoffs of players are beyond some specified values; the current game equilibrium

does not improve the payoffs gained by both players under the initial thresholds; no

equilibrium exists. Two or more stopping criteria can be combined together. In this

79



research, we set the stopping criterion as the gain of one player’s payoff is less than

the loss of the other player’s payoff in the current game. We think it is worthwhile

to decrease a payoff of one player if the other player can benefit more. A concrete

example will be given in the next section.

Decision Making

Assuming that after a sequence of game iterations, the current game sets the

initial thresholds as (α, β). The thresholds corresponding to the equilibrium are

(α′, β′) which do satisfy the selected stopping criteria. This means one player losses

more payoff than the other player gains when they derive from (α, β) to (α′, β′). We

cannot find a better threshold pair around the current thresholds (α, β). The final

three-way decisions will be defined by the thresholds (α, β).

4.2 Demonstrative Example and Discussion

We present an example to demonstrate that how balanced probabilistic thresh-

olds can be obtained by formulating GTRS games between the immediate and non-

commitment regions. The obtained thresholds represent a tradeoff between the im-

purities of the immediate and non-commitment regions.

4.2.1 Finding a Tradeoff between Impurities

Table 4.3 summarizes the probabilistic data about a target concept C. There are

16 equivalence classes denoted by Xi(i = 1, 2, ..., 16). The equivalence classes are

listed in a decreasing order of the conditional probabilities Pr(C|Xi) for convenient

computations.
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Table 4.3: The summary of experimental data

X1 X2 X3 X4 X5 X6 X7 X8

P (Xi) 0.093 0.088 0.093 0.089 0.069 0.046 0.019 0.015

P (C|Xi) 1 0.978 0.95 0.91 0.89 0.81 0.72 0.61

X9 X10 X11 X12 X13 X14 X15 X16

P (Xi) 0.016 0.02 0.059 0.04 0.087 0.075 0.098 0.093

P (C|Xi) 0.42 0.38 0.32 0.29 0.2 0.176 0.1 0

When (α, β) = (1, 0), the immediate decision region is

POS(1,0)(C) ∪NEG(1,0)(C) = X1 ∪X16.

The non-commitment decision region is

BND(1,0)(C) = X2 ∪X3 ∪ ... ∪X15.

The impurities of the acceptance and rejection regions are

GPOS(1, 0) =Pr(POS(1, 0)(C))× (1− 1− 0) = 0,

GNEG(1, 0) =Pr(NEG(1, 0)(C))× (1− 0− 1) = 0.

Thus, the impurity of immediate decision region is

GIDR(1, 0) = GPOS(1, 0) +GNEG(1, 0) = 0.

For the non-commitment decision region, the probability is

Pr(BND(1,0)(C)) =
15∑
i=2

Pr(Xi) = 0.814.
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The conditional probability of Pr(C|BND(1,0)(C)) is

Pr(C|BND(1,0)(C)) =

∑15
i=2 Pr(C|Xi)Pr(Xi)∑15

i=2 Pr(Xi)
=

0.4621

0.814
= 0.5677.

The conditional probability of Pr(Cc|BND(1,0)(C)) is

Pr(Cc|BND(1,0)(C)) = 1− Pr(C|BND(1,0)(C)) = 1− 0.5689 = 0.4323.

The impurity of the non-commitment decision region is

GBND(1, 0) = Pr(BND(1,0)(C))×
(
1− Pr(C|BND(1,0)(C))2 − Pr(Cc|BND(1,0)(C))2

)
= 0.814× (1− (0.5677)2 − (0.4323)2)

= 0.814× 0.4908 = 0.3995.

We formulate games between the immediate and non-commitment decision re-

gions, i.e., O = {I, B}. The initial thresholds are (α, β) = (1, 0.5). The player I

decreases β and B decreases α. The set of strategy profiles is S = SI × SB. Both

players have 3 available strategies. The player I’s strategy set is SI = {β no change, β

decreases cI , β decreases 2cI}. The player B’s strategy set is SB = {α no change, α

decreases cB, α decreases 2cB}. We set cI = cB = 0.05. The strategy sets of both

players are,

SI ={β no change, β decreases 0.05, β decreases 0.1},

SB ={α no change, α decreases 0.05, α decreases 0.1}.

The thresholds corresponding to each strategy profile are {(α, β), (α, β−0.05), (α, β−

0.1)} and {(α, β), (α− 0.05, β), (α− 0.1, β)}.
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All possible strategy profiles of the payoff table are shown in Table 4.4. The payoff

Table 4.4: All possible strategy profiles contained in the payoff table

B

α α ↓ 0.05 α ↓ 0.1

β
〈
uI(1, 0.5),

〈
uI(0.95, 0.5),

〈
uI(0.9, 0.5),

uB(1, 0.5)
〉

uB(0.95, 0.5)
〉

uB(0.9, 0.5)
〉

I β ↓ 0.05
〈
uI(1, 0.45),

〈
uI(0.95, 0.45),

〈
uI(0.9, 0.45),

uB(1, 0.45)
〉

uB(0.95, 0.45)
〉

uB(0.9, 0.45)
〉

β ↓ 0.1
〈
uI(1, 0.4),

〈
uI(0.95, 0.4),

〈
uI(0.9, 0.4),

uB(1, 0.4)
〉

uB(0.95, 0.4)
〉

uB(0.9, 0.4)
〉

table is shown in Table 4.5. We analyze the equilibrium of the game shown in Table 4.5

Table 4.5: The payoff table with payoff values

B

α α ↓ 0.05 α ↓ 0.1

β < 0.8594, 0.9243 > < 0.8452, 0.9396 > < 0.8313, 0.9551 >

I β ↓ 0.05 < 0.8594, 0.9243 > < 0.8452, 0.9396 > < 0.8313, 0.9551 >

β ↓ 0.1 < 0.8691, 0.9094 > < 0.8550, 0.9262 > < 0.8411,0.9428 >

according to Equation (4.52). The strategy profile p = (β decreases 0.1, α decreases 0.1)

is the equilibrium. The thresholds corresponding to this equilibrium is (0.9, 0.4).

When the thresholds change from (1, 0.5) to (0.9, 0.4), the player I’s payoff decreases

from 0.8594 to 0.8411, but the player B’s payoff increases from 0.9243 to 0.9428. The

gain of B’s payoff is greater than the loss of I’s payoff. We set the stopping criterion

as the gain of one player’s payoff is less than the loss of the other player’s payoff in

the current game. We can see that the stopping criteria are not satisfied.

We repeat the game by setting (0.9, 0.4) as the initial thresholds. In the sec-

ond iteration of the game, the initial thresholds is (α, β) = (0.9, 0.4). Two players’

strategy sets are SI = {β no change, β decreases 0.05, β decreases 0.1} and SB =
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{α no change, α decreases 0.05, α decreases 0.1}. All possible strategy profiles of the

payoff table are shown in Table 4.6.

Table 4.6: All possible strategy profiles in the second game

B

α α ↓ 0.05 α ↓ 0.1

β
〈
uI(0.9, 0.4),

〈
uI(0.85, 0.4),

〈
uI(0.8, 0.4),

uB(0.9, 0.4)
〉

uB(0.85, 0.4)
〉

uB(0.8, 0.4)
〉

I β ↓ 0.05
〈
uI(0.9, 0.35),

〈
uI(0.85, 0.35),

〈
uI(0.8, 0.35),

uB(0.9, 0.35)
〉

uB(0.85, 0.35)
〉

uB(0.8, 0.35)
〉

β ↓ 0.1
〈
uI(0.9, 0.3),

〈
uI(0.85, 0.3),

〈
uI(0.8, 0.3),

uB(0.9, 0.3)
〉

uB(0.85, 0.3)
〉

uB(0.8, 0.3)
〉

The competitive games are repeated four times. The result is shown in Table 4.7.

The second column shows the initial thresholds set in the games. The third column

Table 4.7: The repetition of games

Init. (α, β) Res. (α, β) Payoffs Payoffs change

1 (1, 0.5) (0.9, 0.4) < 0.8411, 0.9428 > I ↓ 0.0183, B ↑ 0.0185

2 (0.9, 0.4) (0.8, 0.3) < 0.8519, 0.9366 > I ↑ 0.0108, B ↓ 0.0062

3 (0.8, 0.3) (0.7, 0.2) < 0.8612, 0.9309 > I ↑ 0.0093, B ↓ 0.0057

4 (0.7, 0.2) (0.6, 0.1) < 0.9041, 0.8652 > I ↑ 0.0429, B ↓ 0.0647

shows the resulting thresholds corresponding to the Nash equilibrium in the games.

The forth column shows the payoffs of both players with I’s payoff appearing first

and B’s payoff following. The fifth column shows the changes of the players’ payoffs.

In the fourth game, we can see that the gain of the player I’s payoff is 0.0630 which

is less than the loss of player B’s payoff 0.0647. This resulting thresholds satisfy the

stopping criterion. The repetition of games is stopped and the final result is the initial

thresholds of the fourth competitive game, i.e., (α, β) = (0.7, 0.2). The impurities of

immediate and non-commitment decision regions are 0.1388 and 0.0691, respectively.
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4.2.2 Result Analysis

We analyzed the impurities of the immediate and non-commitment decision re-

gions in the Section 3.2.2. The decrease of the impurity of the immediate decision

region always accompanies the increase of the impurity of the non-commitment de-

cision region, and vice versa. In the GTRS games, the payoffs of players are defined

as a constant minus the corresponding impurity. Table 4.8 shows the payoffs of the

players I and B under thirty different threshold pairs.

Table 4.8: The payoffs of two players
HHH

HHHα
β

0.0 0.1 0.2

uI , uB uI , uB uI , uB

1.0 1.0000, 0.6005 0.9814, 0.6668 0.9284, 0.7986

0.9 0.9720, 0.7437 0.9534, 0.7801 0.9004, 0.8622

0.8 0.9421, 0.8383 0.9236, 0.8618 0.8706, 0.9189

0.7 0.9328, 0.8547 0.9142, 0.8768 0.8612, 0.9309

0.6 0.9227, 0.8664 0.9041, 0.8875 0.8512, 0.9401
H
HHH

HHα
β

0.3 0.4 0.5

1.0 0.9098, 0.8342 0.8691, 0.9094 0.8594, 0.9243

0.9 0.8817, 0.8868 0.8411, 0.9428 0.8313, 0.9552

0.8 0.8519, 0.9366 0.8113, 0.9758 0.8015, 0.9850

0.7 0.8426, 0.9479 0.8019, 0.9845 0.7921, 0.9929

0.6 0.8325, 0.9568 0.7919, 0.9922 0.7821, 1.0000

The players I and B start from the initial thresholds (α, β) = (1, 0.5), and reach a

tradeoff at the resulting thresholds (α, β) = (0.7, 0.2). The payoffs of two players are

uI(0.7, 0.2) = 0.8612 and uB(0.7, 0.2) = 0.9309. Compared with the payoffs at the

initial threshold pair (α, β) = (1, 0.5), the player I’s payoff is increased from 0.8594

to 0.8612, and the player B’s payoff is increased from 0.9243 to 0.9309. Both players

increase their payoffs in the competition. We can see that the threshold pair (0.7, 0.2)
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Pareto dominate the thresholds (1, 0.5) according to Definition 2.3. In fact, we check

thirty pairs thresholds listed in Table 4.8 and only (0.7, 0.2) Pareto dominate the

initial thresholds (1, 0.5). Moreover, except the initial thresholds (1, 0.5), other 29

pairs of thresholds are all the non-dominated. Because given any two threshold pairs

in 29 pairs, (α, β) and (α′, β′), if uI(α, β) ≥ uI(α
′, β′), then uB(α, β) ≤ uB(α′, β′). The

resulting thresholds (0.7, 0.2) Pareto dominate the initial thresholds (1, 0.5), which

shows the feasibility of GTRS for obtaining a tradeoff between the impurities.

4.3 Conclusion

The game-theoretic rough sets provide a tradeoff mechanism by simultaneously

considering multiple measures when determining three-way decisions. In this chap-

ter, we examine the issues about using game-theoretic rough sets to determine the

thresholds of probabilistic rough sets by finding a tradeoff between the impurities of

immediate and non-commitment decision regions. GTRS formulate the competitive

games between the immediate and non-commitment decision regions. The strate-

gies are the change of thresholds. The payoff functions are 1 minus the impurities

of corresponding decision regions. All strategy profiles are Pareto optimal, and the

game mechanism is adopted to obtain a tradeoff solution which is represented by

Nash equilibrium. We discuss the possible game formulation in detail, including the

players participating in the game, the strategies performed by the players, and the

payoff functions of players. We employe the iterative learning mechanism to gradually

approach the balanced probabilistic thresholds which represent a tradeoff between the

impurities of regions.
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Chapter 5

Determining Three-way Decisions with

GTRS

A framework of generalized quantitative rough sets is introduced for obtaining

three-way decisions [96]. The framework considers the set inclusion measures as

evaluation functions for defining different quantitative rough set models. The im-

portance of the framework is that it provides useful hints for incorporating other

similar quantitative measures of set inclusion, such as inclusion degree and rough

inclusions [30, 32]. We can use these quantitative measures as evaluation functions in

constructing different three-way decision models. We consider a case within the con-

text of the quantitative rough set framework when multiple quantitative measures are

employed (as evaluation functions of three-way decisions) to evaluate the set inclusion

relations. This situation is a typical decision problem under the presence of multiple

conflict decision criteria. This however leads to further problems and challenges for

three-way decisions. We focus on the following two issues.

The first issue is related to the differences in evaluation functions for evaluating

objects. This issue becomes evident when one realizes that multiple evaluation func-

tions may lead to different evaluations for the same objects. Generally speaking, an
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object being highly evaluated by one evaluation function may not be highly evaluated

by others. This calls for some conflict resolution mechanisms which may be utilized

to obtain a tradeoff between the involved evaluation functions or measures. The sec-

ond issue emerges with respect to decision conditions. The decision conditions may

be differently adopted by different evaluation functions when evaluating objects. The

conditions based on one evaluation function may not be suitable to be used by others.

A key challenge is to set decision conditions via considering the possible evaluation

results and the characteristics of all involved evaluation functions. We explore the

use of game-theoretic rough set (GTRS) model for addressing these issues.

The game-theoretic rough sets (GTRS) apply the game mechanism to deter-

mine the balanced decision decisions when more than one measure has to be con-

sidered [39, 85]. Game theory is the study of mathematical models of conflict and

cooperation between decision-makers [53]. It is widely studied and applied for resolv-

ing conflicts in economics, politics, and sports [22, 78]. One of the principal aims

of game theory is to determine a tradeoff strategy for dealing with a given conflict

confrontation involving multiple criteria [53]. It is natural to use game mechanism

to reach a consensus solution when multiple evaluation functions are involved. More-

over, the designed weight and priori knowledge about multiple evaluation functions

are not required when formulating games between multiple evaluation functions. In

the previous GTRS research, the games are implemented between multiple measures

of three-way regions to estimate the balanced decision regions, as we reviewed in Sec-

tion 2.5.2. In this section, we propose and discuss games between multiple measures

of equivalence classes. These measures decide the inclusion degree of an equivalence

class in a target concept. We show that these games are useful for addressing the

two issues encountered in the context of multiple criteria based three-way decisions.

Specifically, the first issue, i.e., the differences in evaluation of objects is addressed by
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implementing a game. This game sets multiple evaluation functions as game players.

It is argued that with the game-theoretic analysis employed by the GTRS, we can

reach a tradeoff between conflicting evaluation functions. The second issue related

to decision conditions is addressed by examining possible game outcomes. We show

how equilibrium analysis can be used to construct rules for three-way decisions. The

distinctive feature of this research is that the GTRS based three-way decisions are not

directly controlled and defined by the probabilistic thresholds (α, β). A demonstra-

tive example is used to explain the use of the proposed approach. The relationship

between the proposed GTRS approach and probabilistic rough sets is discussed.

The research work of this chapter has been published in the journal paper [5].

5.1 Research Issues in Three-way Decisions with Quantita-

tive Rough Sets

The generalized definition of quantitative rough set expands and generalizes the

conventional rough set models by using subsethood measures [96]. The framework of

generalized quantitative rough sets provides a new approach to construct three-way

decisions, that is [96],

POS(a,r)(C) =
⋃
{[x] ∈ U/E | sh([x], C) > a},

NEG(a,r)(C) =
⋃
{[x] ∈ U/E | sh([x], Cc) > r},

BND(a,r)(C) =
⋃
{[x] ∈ U/E | sh([x], C) < a ∧ sh([x], Cc) < r}. (5.53)

The subsethood measures denoted by sh([x], C) show the degree of the set [x] in-

cluded in the set C. There are many different subsethood measures [8, 32, 96]. Each

subsethood measure provides different type of quantitative information to determine
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three-way decisions in the proposed framework [96],

sh1([x], C) = |[x]c∪C|
|U | =

δ11 + δ01 + δ00
δ11 + δ10 + δ01 + δ00

. (5.54)

sh2([x], C) = |[x]∩C|
|[x]| =

δ11
δ11 + δ10

. (5.55)

sh3([x], C) = |C|
|[x]∪C| =

δ11 + δ01
δ11 + δ10 + δ01

. (5.56)

sh4([x], C) = |[x]c|
|[x]c∪Cc| =

δ01 + δ00
δ10 + δ01 + δ00

. (5.57)

sh5([x], C) = |[x]c∩Cc|
|Cc| =

δ00
δ10 + δ00

. (5.58)

δ00, δ01, δ10 and δ11 are the cardinalities of the four regions or sets. They are defined

in Table 5.1. The next generalization of this framework will be to consider the situa-

Table 5.1: The cardinalities of the four regions

C Cc

[x] |[x] ∩ C| = δ11 |[x] ∩ Cc| = δ10

[x]c |[x]c ∩ C| = δ01 |[x]c ∩ Cc| = δ00

tions when multiple quantitative measures are involved. This will provide benefits in

determining three-way decisions based on multi-dimensional information as conveyed

by different quantitative measures. There are however some challenges and issues in

this regard. We elaborate on two such issues.

5.1.1 Differences in Evaluations

We have five different quantitative measures defined in Equations (5.54) - (5.58).

Different quantitative measures represent various aspects of the inclusion relationship

between an equivalence class and a target concept. We may have differences in the
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evaluation of objects when using these measures as evaluation functions. These dif-

ferences have to be resolved and aggregated in order to obtain the three-way regions.

We illustrate this issue by considering an example.

Consider that the universe U contains 100 objects with 9 equivalence classes. An

undefinable target concept C ⊆ U contains 55 objects from the universe. Table 5.2

presents the information concerning 9 equivalence classes, denoted as [x]1, [x]2, ..., [x]9

with respect to the target concept C. Each column represents the distribution of

Table 5.2: The sample data

[x]1 [x]2 [x]3 [x]4 [x]5 [x]6 [x]7 [x]8 [x]9

δ11 13 10 7 6 4 4 3 3 0

δ01 42 45 48 49 51 51 52 52 55

δ10 0 2 3 3 5 6 8 10 13

δ00 45 43 42 42 40 39 37 35 32

an equivalence class using values δ11, δ10, δ01, and δ00 in Table 5.1. The values in a

certain column, for example the column 1, are interpreted as follows,

• δ11 = 13, means that 13 objects in [x]1 are in C,

• δ01 = 42, means that 42 objects not in [x]1 are in C,

• δ10 = 0, means that 0 object in [x]1 are in Cc,

• δ00 = 45, means that 45 objects not in [x]1 are in Cc.

Table 5.3 shows the inclusion degree of the equivalence classes with respect to

the target concept C based on different quantitative measures. These values are

calculated based on the definitions in Equations (5.54) - (5.58). For instance, for sh1,
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Table 5.3: The inclusion degrees of equivalence classes with respect to C based on
different measures sh([x], C)

[x]1 [x]2 [x]3 [x]4 [x]5 [x]6 [x]7 [x]8 [x]9

sh1 1.0 0.9800 0.9700 0.9700 0.9500 0.9400 0.9200 0.9000 0.8700

sh2 1.0 0.8333 0.7000 0.6667 0.4444 0.4000 0.2727 0.2308 0

sh3 1.0 0.9649 0.9483 0.9483 0.9167 0.9016 0.8730 0.8462 0.8088

sh4 1.0 0.9778 0.9677 0.9681 0.9479 0.9375 0.9175 0.8969 0.8700

sh5 1.0 0.9556 0.9333 0.9333 0.8889 0.8667 0.8222 0.7778 0.7111

the value of [x]1 is calculated based on Equation (5.54) and Table 5.2 as follows,

sh1([x]1, C) =
δ11 + δ01 + δ00

δ11 + δ10 + δ01 + δ00
=

13 + 42 + 45

13 + 0 + 42 + 45
= 1.0.

We may note that the boundary conditions are satisfied in this case and we have

sh([x]1, C) = 1⇐⇒ [x]1 ⊆ C.

There are differences in the evaluation of equivalence classes based on different

quantitative measures in Table 5.3. For instance, considering the equivalence classes

[x]3 and [x]4. The measure sh4 evaluates [x]4 as more relevant to the target concept

C compared to [x]3. However, sh2 considers [x]3 to be more relevant to the target

concept C compared with [x]4. For the remaining measures sh1, sh3 and sh5, these

two equivalence classes are equally related to the concept C.

We also notice similar differences in the evaluation of equivalence classes among

the quantitative measures with respect to Cc , as shown in Table 5.4. The values

in the table are calculated by replacing C with Cc in Equations (5.54) - (5.58). For
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Table 5.4: The inclusion degrees of equivalence classes with respect to Cc based on
different measures sh([x], Cc)

[x]1 [x]2 [x]3 [x]4 [x]5 [x]6 [x]7 [x]8 [x]9

sh1 0.8700 0.9000 0.9300 0.9400 0.9600 0.9600 0.9700 0.9700 1.0

sh2 0 0.1667 0.3000 0.3333 0.5556 0.6000 0.7273 0.7692 1.0

sh3 0.7759 0.8182 0.8654 0.8824 0.9184 0.9184 0.9375 0.9375 1.0

sh4 0.8700 0.8980 0.9278 0.9381 0.9579 0.9574 0.9674 0.9667 1.0

sh5 0.7636 0.8182 0.8727 0.8909 0.9273 0.9273 0.9455 0.9455 1.0

instance,

sh1([x], Cc) =
|[x]c ∪ Cc|
|U |

=
δ10 + δ01 + δ00

δ11 + δ10 + δ01 + δ11

=
0 + 42 + 45

13 + 0 + 42 + 45
= 0.87.

The other equations and their respective values can be computed similarly. We may

face difficulties in reaching conclusions or making decisions about objects when en-

countering the differences between the values of these quantitative measures. The

resolution of such conflicts is necessary in order to make compromise decisions. We

need an aggregation mechanism which will incorporate the differences and provide an

overall perspective on the evaluations.

5.1.2 Determination of Decision Conditions

Another important issue is to set decision conditions to define the three-way deci-

sions. We note from Equation (5.53) that the thresholds (a, r) are used to determine

the conditions for acceptance, rejection and non-commitment decisions. We can ex-

actly specify the decision conditions when suitable values are determined for the
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thresholds (a, r). However, when two or more measures are used, we cannot simply

use a single threshold pair (a, r) to construct three-way decisions. This leads to dif-

ficulties in setting up decision conditions. We elaborate this by further exploring the

example introduced in Section 5.1.1.

The values in Table 5.3 and Table 5.4 can be used to determine the acceptance,

rejection and non-commitment regions corresponding to different quantitative mea-

sures using Equation (5.53). Let us consider the threshold pairs (a, r) = (0.97, 0.97)

and (0.95, 0.98). Table 5.5 shows the quantitative rough set based three-way regions

induced by the measures sh1 and sh5. We obtain different acceptance, rejection and

Table 5.5: Comparing the regions induced by subsethood measures sh1 and sh5
sh1 sh5

(0.97, 0.97) POS {[x]1, [x]2, [x]3, [x]4} {[x]1}
BND {[x]5, [x]6} {[x]2, [x]3, [x]4, [x]5, [x]6, [x]7, [x]8}
NEG {[x]7, [x]8, [x]9} {[x]9}

(0.95, 0.98) POS {[x]1, [x]2, [x]3, [x]4, [x]5} {[x]1, [x]2}
BND {[x]6, [x]7, [x]8} {[x]3, [x]4, [x]5, [x]6, [x]7, [x]8}
NEG {[x]9} {[x]9}

non-commitment regions with the thresholds (0.97, 0.97). However, with the thresh-

olds (0.95, 0.98), we obtain the same rejection regions based on sh1 and sh5, whereas

the acceptance and non-commitment regions are different. Different acceptance, re-

jection and non-commitment regions may be obtained with different measures despite

the thresholds are the same. This may mean that an equivalence class [x] may belong

to different decision regions, hence leading to confusions in decision making.

The determination of the decision conditions is a major challenge in this con-

text. We may conclude that the generally used approaches for determining a single

threshold pair in the probabilistic rough set framework may not be applicable in

this case. Probabilistic rough sets use the conditional probability to evaluate the
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inclusion degree of an equivalence class in a target concept. But we make use of

multiple quantitative measures to evaluate the set inclusion relationship in the gen-

eralized quantitative rough set framework. We need to go beyond the conventional

approaches to determine decision conditions.

5.2 Three-way Decisions using Game-theoretic Rough Sets

We address the two research issues with game-theoretic rough sets (GTRS) by

constructing a game between different quantitative measures. The idea is to use

multiple evaluation functions realized in the form of quantitative measures as game

players. Each player may evaluate an equivalence class differently, which potentially

leads to different results and decisions. Generally speaking, each player may form

its own perception about an equivalence class by optimizing its own utility function

(also called payoff function). However, when the players interact in a game, they

may adjust their personal believes based on their opponents’ chosen actions until

they reach an agreement. Such an agreed position, if exists in a game, is called

game solution or equilibrium. In this section, we show how the game formulation and

equilibrium analysis can be used to resolve the two issues in three-way decisions.

5.2.1 Resolving Difference in Evaluations with GTRS

A game has three elements, i.e., the set of players, the available strategies per-

formed by each player, and the payoff functions. We formulate a two-player game in

GTRS to examine the disagreement between quantitative measures, as discussed in

Section 2.5.1. The players in the game are denoted as c1 and c2. i.e., the set of players

O = {c1, c2}. Both players represent the evaluation functions which are realized as
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different quantitative measures defined in Equations (5.54) - (5.58).

When setting the available strategies for a player, we simplify the representation

of conflict and interpret it from decision making perspective. Each player has two

strategies or actions, accept and reject, i.e., S1 = {s1, s2} = {accept, reject} and

S2 = {t1, t2} = {accept, reject}. This simplification provides benefit in at least two

aspects. Firstly, these two actions accurately depict the conflict in the evaluation

results. Secondly, it simplifies the game modeling and analysis for resolving the

conflicts. The players may choose from the strategies accept or reject. For a player

which represents one of the quantitative measures shi, the strategy accept expresses

the degree to which the equivalence class [x] is related to C when evaluated by the

player’s corresponding evaluation function. That is, the acceptance degree of this

player including the equivalence class [x] is reflected by shi([x], C). The strategy

reject expresses the degree to which the equivalence class [x] is related to Cc when

evaluated by the player’s corresponding evaluation function, and it is reflected by

shi([x], Cc).

The strategies of the players are either in agreement or in conflict. The formulated

game aims to increase certainty and confidence of accept or reject decisions. This is

achieved by getting confirmation based on analyzing multiple quantitative measures

within a game setting. We may encounter the cases where there may be unavoidable

level of disagreement or conflict between the involved measures. It may be impossible

in such cases to make compromise decisions based on involved measures. Such un-

certain and doubtful cases will result in non-commitment decisions. In summary, we

want to increase certainty of decision making when multiple measures are involved.

However, it may result in some non-commitment decisions whenever there is a high

level of disagreement. Please note that the non-commitment is not a belief state of

96



the players, rather it is a planning state for resolving the conflict.

Please note that the results of accept and reject are quantitative instead of qual-

itative. For example, given an equivalence class [x]2 discussed in Section 5.1.1, the

quantitative measure sh2 as a player may decide that the degree of including [x]2 in

the concept C or accepting [x]2 as the concept C is 0.833, as shown in Table 5.3. The

degree of including [x]2 in the concept Cc or rejecting [x]2 as the concept C is 0.167,

as shown in Table 5.4.

Table 5.6 represents the proposed two-player game using a payoff table. The rows

Table 5.6: The game for three-way decision making

c2

accept reject

c1
accept uc1(acc., acc.), uc2(acc., acc.) uc1(acc., rej.), uc2(acc., rej.)

reject uc1(rej., acc.), uc2(rej., acc.) uc1(rej., rej.), uc2(rej., rej.)

represent the strategies of player c1. The columns represent the strategies of player c2.

Each cell of the table, i.e., a row and column pair, corresponds to a strategy profile.

Each cell contains two players’ payoffs based on that strategy profile. Intuitively

speaking, this game is about the different decisions made by two evaluation measures

on an equivalence class.

The payoff functions of two players are generally defined by the evaluation func-

tions they are representing. There are four possible strategy profiles of this game

based on the considered strategies. Each strategy profile is of the form (sm, tl), where

player c1 performs the strategy sm and c2 performs the strategy tl with sm, tl ∈

{accept,reject}. We now discuss the payoff functions of two players based on these

four strategy profiles. Assuming that players c1 and c2 represent shi and shj which

are two different quantitative measures defined in Equations (5.54) - (5.58), i.e.,
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i, j = 1, ..., 5 and i 6= j.

When both players choose the same strategy, i.e., (accept, accept) or (reject, reject),

they will be more confident about their own choices as the two opinions are consistent

and therefore there is no conflict. They will determine their utilities by themselves.

The utilities are defined by the evaluation functions the players are representing.

When both players choose the strategy accept, the payoffs of the players are deter-

mined by the specific definitions of sh([x], C) employed by the measures. That is,

when (s1, t1) = (accept, accept),

u1(accept, accept) = shi([x], C),

u2(accept, accept) = shj([x], C). (5.59)

When both players choose the strategy reject, the payoffs of the players are deter-

mined by the specific definitions of sh([x], Cc) employed by the measures. That is,

when (s2, t2) = (reject, reject),

u1(reject, reject) = shi([x], Cc),

u2(reject, reject) = shj([x], Cc). (5.60)

When the players choose different strategies, the difference make them doubtful

about their own choices. They adjust their utilities by consulting their partners.

When one of the players choose to accept and the other choose to reject, the payoffs

are determined as the average of the of sh([x], C) and sh([x], Cc) (based on their

respective definitions of the measures). That is,
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when (s1, t2) = (accept, reject),

u1(accept, reject) =
shi([x], C) + shj([x], Cc)

2
,

u2(accept, reject) =
shi([x], C) + shj([x], Cc)

2
. (5.61)

When (s2, t1) = (reject, accept),

u1(reject, accept) =
shi([x], Cc) + shj([x], C)

2
,

u2(reject, accept) =
shi([x], Cc) + shj([x], C)

2
. (5.62)

The usage of average is common in designing and defining aggregation mechanisms

for multi-criteria decision making problems. The different types and extensions of

using average may be found in references [6, 33].

The proposed game is formulated in a different way from the existing games

in GTRS. The essential distinction is the change from analyzing decision regions

to analyzing each equivalence class. The decision regions are constituted of many

equivalence classes. This means that we are now analyzing at a much deeper and

finer level.

When extending two-player game into multi-player game, the set of players are

O = {c1, ..., cn}. Each player has two strategies Si = {accept, reject}. The payoff

functions are defined by the evaluation functions that the players are representing.

But the payoffs under different strategy profiles should be analyzed according to

concrete situations.

In summary, we can deal with the differences between the quantitative measures

by applying GTRS to formulate a game. The game resolves the differences by seeking

for a compromise solution. In particular, the game analyzes all possible situations
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or strategy profiles that the players may choose on an equivalence class. In the next

section, we will show how the game outcomes of the formulated game can be used to

address the issue related to decision conditions.

5.2.2 Determining Decision Conditions with GTRS

The second issue of three-way decisions we are dealing with is the determination of

decision conditions. We formulated games to deal with the differences between quan-

titative measures in the previous section. There are four different strategy profiles in

the games. In this section, we show that the conditions under which different strat-

egy profiles are considered as game outcomes also defines the conditions under which

different types of decisions can be made. More specifically, the equilibrium analysis

within the game can be used to determine these conditions. As pointed out earlier

in Section 2.5.1, the solution concept of Nash equilibria defined in Equation (2.19) is

used in GTRS to determine the game outcome. We utilize the Nash equilibria to de-

termine the conditions under which different game outcomes constitute equilibrium.

These conditions are then used to define three-way decisions.

Conditions for Acceptance, if (s1, t1) is the only equilibrium: Using Equa-

tions (2.19), (s1, t1) will be the game solution if,

c1 : ∀s′1 ∈ S1, u1(s1, t1) > u1(s1
′, t1), where (s

′
1 6= s1),

c2 : ∀t′1 ∈ S2, u2(s1, t1) > u2(s1, t1
′), where (t

′
1 6= t1). (5.63)

Since in this game for player c1, S1 = {s1, s2}, s
′
1 ∈ S1 and s

′
1 6= s1, s

′
1 means s2.
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Similarly, for player c2, t
′
1 also means t2. We can simplify the above equation as,

c1: u1(s1, t1) > u1(s2, t1),

c2: u2(s1, t1) > u2(s1, t2). (5.64)

Considering that the strategies s1 = t1 = accept and s2 = t2 = reject, we obtain the

following conditions,

c1: u1(accept, accept) > u1(reject, accept),

c2: u2(accept, accept) > u2(accept, reject). (5.65)

The conditions in Equation (5.65) suggest the strategy profile (s1, t1) would be the

game outcome, if any deviation by any player from this profile does not result in an

increase in payoffs. In other words, any player will not benefit if it changes the strategy

from accept to reject. The strategy profile (s1, t1) is associated with (accept, accept)

which will be the game result in this case.

The strategy profile (accept, accept) being the only equilibrium means both play-

ers agree to accept the equivalence class as the concept C. They are satisfied and

convinced for the suitability of [x] for being included in C. We are not facing any

uncertainty among the decisions of the two players about this equivalence class. Due

to consensus of players in this case, we may interpret the set of all equivalence classes

associated with such outcomes as belonging to the acceptance region of C.
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Conditions for Rejection, if (s2, t2) is the only equilibrium: Using Equa-

tions (2.19), the strategy profile (s2, t2) will be the game solution, if,

c1 : ∀s′2 ∈ S1, u1(s2, t2) > u1(s2
′, t2), where (s

′
2 6= s2),

c2 : ∀t′2 ∈ S2, u2(s2, t2) > u2(s2, t2
′), where (t

′
2 6= t2). (5.66)

Since in this game for player c1, S1 = {s1, s2}, s
′
2 ∈ S1 and s

′
2 6= s2, s

′
2 means s1.

Similarly, for player c2, t
′
2 also means t1. we have,

c1: u1(s2, t2) > u1(s1, t2),

c2: u2(s2, t2) > u2(s2, t1). (5.67)

Recalling that s1 = t1 = accept and s2 = t2 = reject, we obtain,

c1: u1(reject, reject) > u1(accept, reject),

c2: u2(reject, reject) > u2(reject, accept). (5.68)

The conditions in Equation (5.68) suggest that the strategy profile (s2, t2) would be

the game outcome if no player can benefit from a strategy change of reject to accept.

When (reject, reject) is the equilibrium, there is no disagreement among the

players regarding the decision about an equivalence class. In particular, both players

have sufficient evidence for classifying [x] to Cc, i.e., they agree on rejecting the

equivalence class to be included in C. We may interpret the set of all equivalence

classes associated with such outcomes as belonging to the rejection region of C.

Conditions for Non-commitment, in other situations: The other situations in-

clude three possibilities, i.e., the strategy profile (s1, t2) or (s2, t1) is the equilibrium,
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there are two equilibria (s1, t1) and (s2, t2), and no equilibrium exists.

• The strategy profile (s1, t2) or (s2, t1) is the equilibrium. The conditions for the

strategy profiles (s1, t2) and (s2, t1) can be determined in the same way using Equa-

tions (2.19). The simplified conditions for (s1, t2) are given by,

u1(accept, reject) > u1(reject, reject),

u2(accept, reject) > u2(accept, accept). (5.69)

The simplified conditions for (s2, t1) are given by,

u1(reject, accept) > u1(accept, accept),

u2(reject, accept) > u2(reject, reject). (5.70)

These two game outcomes represent there is a disagreement about an equivalence

class. It may not be clear whether to include or exclude the equivalence class in the

concept C. An immediate acceptance or rejection decision may not be possible in

this case. A third decision, namely, the non-commitment decision may be associated

with such cases. We may interpret the set of all equivalence classes associated with

such outcomes as belonging to the non-commitment region of C.

• There are two equilibria (s1, t1) and (s2, t2). When (s1, t1) and (s2, t2) both are

equilibria, this reflects a contradiction of decisions. The equilibrium (s1, t1) means

two players accept the equivalence class as the concept C. The equilibrium (s2, t2)

means two players reject the equivalence class as the concept C. Under this situation

we may not make decisions about accepting or rejecting the equivalence class in the

concept C. We classify the equivalence classes related to this situation as part of the

non-commitment region of C.
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• No equilibrium in the game exists. In this research, we discussed games involving

pure strategies. The game formulation provides a complete definition of how players

perform a game. It may happen that no equilibrium exists, and both players are

unable to reach a consensus solution in any situation. That is, one player may al-

ways increase its payoff if this player deviates from its respective strategy. We may

interpret the equivalence classes associated with such situations as belonging to the

non-commitment region of C. We also can formulate mixed strategy games in order

to find Nash equilibria when no pure strategy equilibrium exists. This constitutes the

future part of our research.

In the context of three-way decisions, it is generally argued that we make a deci-

sion of non-commitment whenever it is impossible to make an acceptance or rejection

decision. We utilize this argument to obtain simplified conditions for three-way deci-

sions as follows,

Acceptance: if u1(accept, accept) > u1(reject, accept) &

u2(accept, accept) > u2(accept, reject), (5.71)

Rejection: if u1(reject, reject) > u1(accept, reject) &

u2(reject, reject) > u2(reject, accept), (5.72)

Non-commitment: otherwise. (5.73)

This means that whenever we are unable to make acceptance or rejection decisions,

such as no equilibrium or more than one equilibrium, we can make non-commitment

decisions. This simplifies decision making and reduces computations. We now have

detailed conditions for different types of decisions based on Equations (5.71) - (5.73).

This resolves the second issue of three-way decisions, i.e., conditions associated with

different decisions. Figure 5.1 provides a visual representation of the GTRS based
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three-way decisions. The three-way regions and the implied decisions are obtained

based on the game outcomes.

Others

RejectionAcceptance Non-commitment

Figure 5.1: Three-way decisions with GTRS

We can use the similar decision conditions for multiple-player games. Given a

game formulated based on an equivalence class [x], there are three possibilities.

• The strategy profile (accept, accept, ..., accept) is the only equilibrium. All play-

ers agree to accept this equivalence class as the concept C. This equivalence

classes will be classified in the acceptance region of C;

• The strategy profile (reject, reject, ..., reject) is the only equilibrium. All play-

ers agree to reject this equivalence class as the concept C. This equivalence

classes will be classified in the rejection region of C;

• For other possible situations, such as one player choose to accept this equivalence

class and other player choose to reject this equivalence class, there are more than

one equilibrium in the game, or no equilibrium exists, this equivalence class will
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be classified in the non-commitment region of C.

5.3 Demonstrative Example and Discussion

We consider a simple demonstrative example to illustrate the main ideas of the

proposed GTRS based three-way decisions.

5.3.1 Determining Three Regions with GTRS

The quantitative measures are considered as game players. We implement games

to determine three-way decisions and the corresponding decision regions that equiv-

alence classes belong to. The games set the quantitative measures of sh1 and sh2

as game players. This means that the player set for this game is given by O =

{c1, c2} = {sh1, sh2}. The specific definitions of the considered quantitative mea-

sures are given in Equations (5.54) - (5.58). The strategy set of each player is

S1 = S2 = {accept, reject}. Please note that one may implement further games

by considering other measures and obtain similar results. We formulate the payoff

tables to represent the game corresponding to different equivalence classes. The pay-

offs of the players can be easily determined based on the Equations (5.59) - (5.62)

and the values of the measures in Table 5.3 and Table 5.4.

Table 5.7 shows the payoff table for the equivalence class [x]1 based on the descrip-

tion of games. We may check this game for the conditions in Equations (5.71) - (5.73)

in order to determine the corresponding decision. We may note that the conditions
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Table 5.7: The payoff table for [x]1

sh2

accept reject

sh1
accept (1.0,1.0) (0.5, 0.5)

reject (0.935, 0.935) (0.87, 0.0)

in Equation (5.71) are satisfied in this case, i.e.,

u1(accept, accept) = 1.0 > u1(reject, accept) = 0.935 &

u2(accept, accept) = 1.0 > u2(accept, reject) = 0.5.

This means that we accept [x]1 belonging to the concept C. An acceptance decision

is made for the objects in [x]1. Table 5.8 shows the payoff table for the equivalence

class [x]2. The decision conditions are examined to obtain the decision of acceptance

for [x]2.

Table 5.8: The payoff table for [x]2

sh2

accept reject

sh1
accept (0.98,0.8333) (0.5733, 0.5733)

reject (0.8667, 0.8667) (0.9, 0.1667)

Let us look at some other equivalence classes for which other types of decisions

are obtained. Table 5.9 and Table 5.10 show the payoff tables corresponding to [x]8

and [x]9, respectively. We note that the conditions in Equation (5.72) hold in the
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Table 5.9: The payoff table for [x]8

sh2

accept reject

sh1
accept (0.9, 0.2308) (0.8346, 0.8346)

reject (0.6004, 0.6004) (0.97,0.7692)

Table 5.10: The payoff table for [x]9

sh2

accept reject

sh1
accept (0.87, 0) (0.935, 0.935)

reject (0.5, 0.5) (1.0,1.0)

two cases. For instance, for [x]8, we have,

u1(reject, reject) = 0.9700 > u1(accept, reject) = 0.8346 &

u2(reject, reject) = 0.7692 > u2(reject, accept) = 0.6004.

A rejection decision is made for the objects in [x]8 in this case. Similar results are

obtained when we analyze the payoff table of [x]9. The payoff tables for the other

equivalence classes can be similarly examined to determine their respective decisions.

Table 5.11 summarizes the results of analyzing all equivalence classes using payoff

tables. The decisions made on the equivalence classes [x]1, [x]2, [x]3, and [x]4 are the

Table 5.11: The decisions based on the games.

Equivalence Classes [x]1 [x]2 [x]3 [x]4 [x]5 [x]6 [x]7 [x]8 [x]9

Game Decisions A A A A D D R R R

acceptance decisions which are denoted by A, that is, they are accepted as the target

concept. For the equivalence classes [x]5 and [x]6, we made the non-commitment
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decisions, or we defer to make decisions which are denoted by D. We made the

rejection decisions on [x]7, [x]8, and [x]9, which are denoted by D in the table.

5.3.2 Comparison of GTRS and Probabilistic Rough Sets

Recalling the description of probabilistic rough sets discussed in section 2.2.1,

a key result of probabilistic rough sets is that the three-way regions are controlled

by a pair of probabilistic thresholds (α, β). In contrast to probabilistic rough sets,

the GTRS based three-way decisions are not directly controlled and defined by the

thresholds. We are interested in examining the relationships between the GTRS and

probabilistic rough set approach.

Let us reconsider the GTRS results of the games discussed in Section 5.3. The

decisions made on the equivalence classes can be used to create the acceptance, rejec-

tion and non-commitment regions, respectively. We can induce three-way decisions

based on the results shown in Table 5.11, i.e.,

POS(C) =
⋃
{[x]1, [x]2, [x]3, [x]4},

BND(C) =
⋃
{[x]5, [x]6},

NEG(C) =
⋃
{[x]7, [x]8, [x]9}. (5.74)

The quantitative measure sh2 refers to the conditional probability P (C|[x]) according

to Equation (5.55). The values in the second row of Table 5.3, i.e., evaluations of dif-

ferent equivalence classes by sh2, are therefore the conditional probabilities P (C|[x])

corresponding to different equivalence classes. We present these evaluations again in

Table 5.12 for the sake of clarity.

We may note the following extreme cases for any equivalence class [x]i with respect
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Table 5.12: The conditional probability P (C|[x]) of every equivalence class

[x]1 [x]2 [x]3 [x]4 [x]5 [x]6 [x]7 [x]8 [x]9

P (C|[x]) 1 0.8333 0.7000 0.6667 0.4444 0.4000 0.2727 0.2308 0

to the acceptance region,

[x]i ⊂ POS(C), P (C|[x]i) > P (C|[x]4) = 0.6667, or (5.75)

[x]i 6⊂ POS(C), P (C|[x]i) 6 P (C|[x]5) = 0.4444. (5.76)

Equation (5.75) suggests that an equivalence class [x]i with P (C|[x]i) > 0.6667 is

included in the acceptance region of C. The P (C|[x]i) = 0.6667 may be therefore

considered as the lowest probability for an equivalence class to be included in the

acceptance region. Equation (5.76) on the other hand suggests that an equivalence

class with probability P (C|[x]i) 6 0.4444 is not in the acceptance region of C. The

probability P (C|[x]) = 0.4444 may be interpreted as the highest probability of an

equivalence class for not being included in the acceptance region of C. For the

equivalence classes with intermediate probabilities in the interval (0.4444, 0.6667),

we are not sure whether or not they belong to the acceptance region of C. This

leads to the following conclusion. An equivalence class belongs to the acceptance

region of C when P (C|[x]i) > 0.6667, and it may belong to the acceptance region

when P (C|[x]i) > 0.4444. In probabilistic rough sets, the probability threshold which

defines the minimum level for inclusion in the acceptance region of C is α (Equa-

tion (2.3)). It appears that the minimum value for α in this case is 0.667, i.e., the

minimum level for inclusion in the acceptance region of C. However, for equivalence

classes having the conditional probabilities in the interval (0.4444, 0.6667), we are not

sure about their inclusion in the acceptance region of C. The threshold α in this case
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may therefore lie in the interval (0.4444,0.6667].

We may note the following extreme cases for any equivalence class [x]i with respect

to the rejection region of C,

[x]i ⊂ NEG(C), P (C|[x]i) ≤ P (C|[x]7) = 0.2727, (5.77)

[x]i 6⊂ NEG(C), P (C|[x]i) ≥ P (C|[x]6) = 0.4. (5.78)

We may interpret Equations (5.77) and (5.78) similar to Equations (5.75) and (5.76).

Equation (5.77) suggests that the highest probability for inclusion of an equivalence

class in the rejection region of C is P (C|[x]) = 0.2727. Equation (5.78) means that

the lowest probability for exclusion from the rejection region of C is 0.4. However,

we are not sure about the inclusion of equivalence classes with the probabilities in

the interval (0.2727, 0.4) in the rejection region of C. The following conclusions may

be drawn in this case. Any equivalence class with P (C|[x]) 6 0.2727 belongs to the

rejection region of C, and any equivalence class with P (C|[x]) < 0.4 may belong to

the rejection region of C. Referring back to probabilistic rough sets, the probability

threshold which defines the maximum level for inclusion in the rejection region of C

is β (Equation (2.3)). It follows from the above discussion that the maximum value

for β in this case is 0.2727, i.e., the maximum level for inclusion in the the rejection

region of C. For equivalence classes having probabilities in the interval (0.2727,0.4),

we are not sure about their inclusion in the the rejection region of C. The threshold

β therefore may lie in the interval [0.2727,0.4). Figure 5.2 shows the probabilistic

thresholds based on the GTRS games.

The above description leads to the intervals for the thresholds (α, β). In many

cases, it may be desired to define and extract single values for the thresholds based
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Figure 5.2: Probabilistic thresholds based on GTRS games

on their respective intervals. Different approaches may be utilized in such cases. For

instance, Yang and Yao suggested the models such as conservative, aggressive and

majority approaches [82]. In the considered case, the conservative approach would

lead to the selection of (α, β) = (0.6667, 0.2727) from α interval of (0.4444,0.6667]

and β interval of [0.2727,0.4). We are more reserved and restricted in the selection

of thresholds. Similarly, we may define the thresholds based on the average values of

the intervals.

As a final remark, all the quantitative measures considered in this research are

monotonic in their nature. The functions shi([x], C) are monotonically increasing and

the functions shi([x], Cc) are monotonically decreasing with respect to the conditional

probability. The discussed five measures follow similar type of interpretation when

accepting or rejecting an equivalence class. We may have more interesting results

when we study more measures based on different set inclusion philosophies within

the context of the proposed approach. This may be a useful and fruitful future

research direction.

5.4 Conclusion

Three-way decisions are a useful strategy for decision making for many real world

problems. The essential idea of three-way decisions is to add a non-commitment

option whenever it is not obvious to choose from the binary decision options. We fo-

cused on quantitative rough set based three-way decisions when multiple quantitative
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measures are involved to evaluate objects for inclusion in a target concept. Two issues

are addressed in such situations. The first issue relates to the resolution of differences

in the evaluation of objects based on different evaluation functions. The second issue

is the determination of suitable decision conditions. We employ the game-theoretic

rough sets (GTRS) to address these issues.

The GTRS model provides an approach for three-way decisions in rough sets. The

distinctive feature of the GTRS based three-way decisions is that it does not directly

use thresholds to control three decision regions. The first issue, i.e., the differences in

evaluation of objects, is addressed with GTRS by implementing games that considers

multiple quantitative measures as game players. It is argued that a tradeoff between

the players may be determined with GTRS which provides an approach to resolve the

differences in evaluation of objects. The second issue, i.e., determining suitable deci-

sion conditions, is addressed with GTRS by considering the conditions under which

different game outcomes constitute a game solution. Specifically, equilibrium analysis

within games is used to construct the rules for three-way decisions. A demonstrative

example is included for illustrating the proposed approach. The relationship of the

presented approach with widely used probabilistic rough sets is discussed.
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Chapter 6

Game-theoretic Shadowed Sets

A shadowed set S, proposed by Pedrycz, maps the membership grades of the

objects in the universe U to a set {0, [0, 1], 1} based on a pair of thresholds (α, β)

while 0 ≤ β ≤ α ≤ 1, i.e., S : U → {0, [0, 1], 1} [62]. The membership grade µA(x)

of an object x indicates the degree of the concept A is applicable to x [62]. The

membership grades that are greater than or equal to the threshold α are elevated

to 1 by the elevation operation. The membership grades that are less than or equal

to the threshold β are reduced to 0 by the reduction operation. The membership

grades between α and β are mapped to the unit interval [0, 1]. The objects whose

membership grades are between α and β constitute the shadowed area.

Shadowed set based three-way approximations are defined by choosing a single

number σ in the unit interval as the membership grades of elements in the shadowed

areas [63]. The selected single number σ replaces the unit interval to represent a

membership grade of the highest uncertainty. Thus a shadowed set based three-

way approximation is defined as a mapping from the universe to the three-value

set {0, σ, 1}, i.e., T : U → {0, σ, 1}. The membership grades of elements in the

shadowed area are elevated to σ if their values are between σ and α. The membership
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grades are reduced to σ if their values are between β and σ. The elevation operation

elevates the membership grades of elements to 1 or σ. The reduction operation reduces

the membership grades of elements to 0 or σ. These two operations produce the

elevation errors and reduction errors which show the difference between the original

membership grades and the corresponding elevated or reduced values [19]. It is worth

mentioning that Yao, Wang and Deng propose a generalized framework of three-way

approximations using a set of three values {n,m,p} [97]. Shadowed set based three-

way approximations are viewed as a special case of the generalized framework, in

which n = 0, m = σ, and p = 1 [97].

One of the fundamental issues of applying the three-way approximations of shad-

owed sets is the determination and interpretation of the pair of thresholds (α, β) [97].

Yao, Wang and Deng introduce a general optimization-based framework for inter-

preting and determining the thresholds [97]. Three principles, i.e., a principle of

uncertainty invariance, a principle of minimum distance, and a principle of least cost

are summarized [97]. Pedrycz provides a framework for constructing a shadowed set

according to a principle of uncertainty invariance [62, 63, 66]. Pedrycz uses sym-

metric (α, 1 − α) model and then computes α by minimizing the difference between

the shadowed area and the sum of the elevated and reduced area [63]. Tahayori,

Sadeghian and Pedrycz propose analytical formulas to calculate thresholds based on

a measure of fuzziness of a fuzzy set [73]. Based on the principle of minimum dis-

tance, Grzegorzewski explores the nearest interval approximation of a fuzzy number

using a distance measure [34]. Nguyen, Pedrycz and Kreinovich examine the various

distance-based three-way approximations of fuzzy sets [54]. Deng and Yao propose a

decision-theoretic approach to calculate the thresholds by minimizing decision costs,

which obtain the thresholds according to the principle of least cost [19, 97]. The error-

based (α, β) = (0.75, 0.25) model is derived by considering a loss function satisfying
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additional properties [19]. Grzegorzewski proposes a shadowed set approximation

which works in the opposite way, that is, constructing shadowed sets using the α-

cuts of given fuzzy number [35]. We apply a principle of tradeoff with games in

this research to determine the thresholds (α, β) of three-way approximations in the

shadowed set context.

Let’s examine the elevation errors and reduction errors produced in shadowed set

based three-way approximations. When the thresholds (α, β) change, the elevation

errors and reduction errors change correspondingly. The increases of α or β cause

the decreases of the elevation errors and the increases of the reduction errors. The

decreases of α or β cause the increases of the elevation errors and the decreases of

the reduction errors. We desire a shadowed set model with the minimal elevation and

reduction errors. However, the elevation errors and reduction errors are not able to

decrease simultaneously. The decreasing of elevation errors results in the increasing

of reduction errors, and vice versa.

The aim of this research is to find a pair of thresholds (α, β) which define a shad-

owed set based three-way approximation based on a tradeoff between the elevation

and reduction errors. We apply a principle of tradeoff with games to determine the

thresholds (α, β) of three-way approximations. The game-theoretic shadowed sets

(GTSS) are proposed, which apply a game mechanism to determine and interpret the

thresholds (α, β) of shadowed sets according to a principle of tradeoff with games.

The contradiction between the elevation and reduction errors are formulated as the

competitive games in which the increase of one player’s payoff may cause the decrease

of the other player’s payoff [55]. The players gradually approach a compromise by

repeatedly modifying the thresholds in games and then finding equilibria of games.

The resulting thresholds can be induced from the game result. A shadowed set based
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three-way approximation defined by the resulting thresholds is able to represent a

tradeoff between the elevation and reduction errors.

In this chapter, we first analyze the errors produced by the shadowed set based

three-way approximations. When the thresholds (α, β) change, the changes of ele-

vation errors and reduction errors are investigated. We then discuss game-theoretic

shadowed sets, including game formulation and repetition learning mechanism. The

settings of game players, the strategies performed by each player, payoff functions,

game equilibrium, repetition of games, and stopping criteria are explained in detail.

We apply GTSS in an example to show how GTSS works.

The research work of this chapter is published in the conference paper [115] and

will be published in the journal paper [116] (under the second review).

6.1 Error Analysis of Shadowed Set based Three-way Ap-

proximations

Shadowed set based three-way approximations use two operations, namely eleva-

tion operation and reduction operation, to approximate the membership grades µA(x)

to the three-value set {0, σ, 1}. Given an element x with the membership grade µA(x),

the elevation operation elevates the membership grade µA(x) to 1 or σ. The reduc-

tion operation reduces the membership grade µA(x) to 0 or σ. These two operations

change the original membership grades and produce corresponding areas or errors, as

shown in Figure 6.1 [19].

The elevation operation produces two elevated areas or elevation errors E1 and

Eσ; the reduction operation produces two reduced areas or reduction errors R0 and

Rσ, that is,
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Elevation operation

Reduction operation

Elevated area

Reduced area

Figure 6.1: The errors produced by a three-way approximation [19]

• The elevation error E1 is produced when the membership grade µA(x) is greater

than or equal to α (i.e., µA(x) ≥ α), and the elevation operation elevates µA(x)

to 1. We have E1(µA(x)) = 1− µA(x).

• The elevation error Eσ is produced when β < µA(x) < σ, and the elevation

operation elevates µA(x) to σ. We have Eσ(µA(x)) = σ − µA(x).

• The reduction error R0 is produced when µA(x) ≤ β, and the reduction opera-

tion reduces µA(x) to 0. We have R0(µA(x)) = µA(x).

• The reduction error Rσ is produced when σ < µA(x) < α, and the reduction

operation reduces µA(x) to σ. We have Rσ(µA(x)) = µA(x)− σ.

The total elevation errors (or the total elevated areas) are the sum of E1(µA) and

Eσ(µA). The total reduction errors (or the total reduced areas) are the sum of R0(µA)

and Rσ(µA). If the membership grades are defined by a continuous function, the total
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elevation errors can be calculated as,

E(α,β)(µA) = E1(µA) + Eσ(µA)

=

∫ xm

xα

E1(µA(x))dx+

∫ xσ

xβ

Eσ(µA(x))dx

=

∫ xm

xα

(1− µA(x))dx+

∫ xσ

xβ

(σ − µA(x))dx. (6.79)

The total reduction errors can be calculated as,

R(α,β)(µA) = R0(µA) +Rσ(µA)

=

∫ xβ

0

R0(µA(x))dx+

∫ xα

xσ

Rσ(µA(x))dx

=

∫ xβ

0

µA(x)dx+

∫ xα

xσ

(µA(x)− σ)dx. (6.80)

For the discrete universe of discourse, we have a collection of membership values

instead of continuous functions. The Equations (6.79) and (6.80) involve some sums

as,

E(α,β)(µA) = E1(µA) + Eσ(µA)

=
∑

µA(x)≥α

E1(µA(x)) +
∑

β<µA(x)<σ

Eσ(µA(x))

=
∑

µA(x)≥α

(1− µA(x)) +
∑

β<µA(x)<σ

(σ − µA(x)). (6.81)

R(α,β)(µA) = R0(µA) +Rσ(µA)

=
∑

µA(x)≤β

R0(µA(x)) +
∑

σ<µA(x)<α

Rσ(µA(x))

=
∑

µA(x)≤β

µA(x) +
∑

σ<µA(x)<α

(µA(x)− σ). (6.82)
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Given a fixed σ, the elevation errors and reduction errors change when the thresh-

olds (α, β) change, as shown in Figure 6.2. The elevation error E1(µA) decreases

(a) (b)

Figure 6.2: The changes of errors when thresholds change

and the reduction error Rσ(µA) increases when the threshold α increases to α′. The

errors Eσ(µA) and R0(µA) are not influenced by the change of the threshold α. The

reduction error R0(µA) decreases and the elevation error Eσ(µA) increases when the

threshold β decreases to β′. The errors E1(µA) and Rσ(µA) are not influenced by

the change of the threshold β. Table 6.1 shows how the elevation errors and reduc-

tion errors change when the thresholds change. ↘ denotes increasing of a value, ↗

denotes decreasing of a value, and −→ denotes no change of a value. The last two

Table 6.1: The changes of elevation and reduction errors with thresholds changing.

E1(µA) Eσ(µA) R0(µA) Rσ(µA) E(α,β)(µA) R(α,β)(µA)

α↗ ↘ −→ −→ ↗ ↘ ↗
α↘ ↗ −→ −→ ↘ ↗ ↘
β ↗ −→ ↘ ↗ −→ ↘ ↗
β ↘ −→ ↗ ↘ −→ ↗ ↘

columns show the changes of the total elevation errors and the total reduction errors.

We may see that no matter which thresholds change and how they change, the total

elevation errors and the total reduction errors always change in opposite directions.
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The decrease of one type of errors inevitably brings the increase of the other type of

errors. The balanced shadowed set based three-way approximations are expected to

represent a tradeoff between the elevation and reduction errors.

6.2 Game-theoretic Shadowed Sets

Trying to find a tradeoff between two different types of errors motivates us to

use game theory to determine the thresholds in the shadowed set context. We pro-

pose the game-theoretic shadowed set model (GTSS) for such purpose. GTSS use a

game mechanism to formulate games between the elevation and reduction errors. The

strategies performed by two players are the changes of thresholds. Two game players

compete with each other to maximize their own payoffs. A repetition learning mech-

anism is adopted to approach a compromise between two players by modifying game

formulations repeatedly. The resulting thresholds are determined based on the game

equilibria analysis and selected stopping criteria. The shadowed set based three-way

approximations defined by the resulting thresholds are able to represent a tradeoff

between the elevation and reduction errors. The game formulation and repetition

learning mechanism are discussed in detail in the section.

6.2.1 Game Formulation

Three elements should be defined when formulating a game G, that is G =

{O, S, u}, O is a set of game players, S is a set of strategy profiles, and u is the

payoffs of players. In the game formulation process, we discuss the settings of game

players, strategies, payoff functions, and payoff tables in detail.
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Game Players

The game players are the total elevation and reduction errors which are denoted

by E and R, i.e., O = {E,R}.

The Setting of Strategies and Initial Threshold Values

The strategy profile set is S = SE × SR, where SE = {s1, s2, ..., sk1} is a set of

possible strategies for player E, and SR = {t1, t2, ..., tk2} is a set of possible strategies

for player R. k1 and k2 denote the numbers of strategies performed by the players

E and R, respectively. The values of k1 and k2 are not fixed. Normally, we set

2 ≤ k1, k2 ≤ 4 in a game formulation. If there are too many actions in a game

formulation, more strategy profiles would be contained in the payoff table or matrix,

which would increase the amount of calculation of payoffs. The increase of the time

complexity is linear. When the number of strategies increased from k to k + l, the

time complexity increases from k2 to (k+ l)2. All the strategies or actions performed

by both players are the changes to the thresholds (α, β). According to our analysis

about the changes of errors when thresholds change (as shown in Figure 6.2 and

Table 6.1), the elevation error E(α,β)(µA) decreases with the increases of α or β, and

the reduction error R(α,β)(µA) decreases with the decreases of α or β. That means

player E obtains lower elevation errors with the increase of α or the increase of β. The

player R obtains lower reduction errors with the decrease of α or the decrease of β.

We may induce that the actions or strategies that player E prefers can be increasing

α, or increasing β, or both. Similarly, the actions or strategies that player R prefers

can be decreasing α, or decreasing β, or both.

The initial values of thresholds should be defined and they have an effect on the

strategy settings of both players. Two players start from the initial thresholds and
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perform their strategies to change the initial thresholds. The initial thresholds (α, β)

should satisfy the constraint 0 ≤ β ≤ σ ≤ α ≤ 1 in order to keep the elevated and

reduced areas disjoint. The settings of the initial thresholds directly influence the

possible strategies or actions performed by the game players. Both players are not

able to increase α when the initial threshold α = 1 which is the maximal value of

α. Two players have to decrease α in their strategies. Both players are not able

to decrease α when the initial threshold α = σ which is the minimal value of α.

Similarly, the players have to increase β when its initial value is 0 and to decrease

β when its initial value is σ. Normally, we select (α, β) = (1, 0) or (α, β) = (σ, σ)

as the initial threshold values. The thresholds (α, β) = (1, 0) represent that we have

the uncertainty on all membership grades except for the full and null membership

grades. That is, we have the largest shadowed area. Starting from (α, β) = (1, 0),

we gradually make α and β closer to each other and reduce the shadowed area.

On the contrary, the thresholds (α, β) = (σ, σ) represent that we do not have any

uncertainty on all membership grades. We have the smallest shadowed area. Starting

from (α, β) = (σ, σ), we gradually make α and β further to each other and increase

the shadowed area. Please note that we are able to choose a random pair of thresholds

as starting points. We may obtain different resulting thresholds by doing so. This

issue was discussed in a conference paper [115].

We use two constants cE and cR to denote the quantities that two players E

and R use to change the thresholds, respectively. We call cE and cR the constant

change steps. For example, we set the initial threshold values (α, β) = (1, 0). The

player E performs increasing β and the player R performs decreasing α. The strat-

egy set of player E is SE = {β no change, β increases cE, β increases 2 × cE, ...}.

The strategy set of player R is SR = {α no change, α decreases cR, α decreases 2 ×
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cR, ...}. cE and cR can be any values that satisfy 0 < cE, cR ≤ 0.1. The de-

termination of cE and cR depends on the data sets. Very small cE and cR may

cause the increase of execution time. Very large ones may influence the preci-

sion of the resulting thresholds. When we set cE = 0.05 and cR = 0.05, we have

SE = {β no change, β increases 0.05, β increases 0.1, ...}, and SR = {α no change, α

decreases 0.05, α decreases 0.1, ...}.

Payoffs

The payoffs of players u = (uE, uR), and uE and uR denote the payoff functions

of players E and R, respectively. Given a strategy profile p = (s, t) with player

E performing s and player R performing t, the payoffs of the players E and R are

uE(s, t) and uR(s, t). The strategies s and t performed by the players E and R are the

changes of thresholds (α, β). The payoffs uE(s, t) and uR(s, t) are in fact the functions

of thresholds (α, β). The thresholds (α, β) are determined by the strategies s and t.

That means (α, β) are the result caused by the strategies s and t. We use uE(α, β)

and uR(α, β) to show this relations. The payoff functions uE(α, β) and uR(α, β) are

defined by the elevation and reduction errors, respectively. We try to minimize the

elevation and reduction errors. Since we are interested in measuring profits or payoffs

in the game theoretic analysis, we use a constant value C minus the total elevation

or reduction errors as corresponding payoff functions, that is,

uE(s, t)⇒ uE(α, β) = C − E(α,β)(µA),

uR(s, t)⇒ uR(α, β) = C −R(α,β)(µA), (6.83)

where E(α,β)(µA) and R(α,β)(µA) are the total elevation and reduction errors defined

in Equations (6.79) and (6.80). The constant value C is defined as the area covered
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by the function y = 1, that is C =
∫
x

1dx. Please note that the values of thresholds

(α, β) in the payoff functions uE(α, β) and uR(α, β) are determined by the strategies

performed by both players. The payoff of each player depends on the strategies or

actions performed by both game players. The strategy performed by one game player

can influence the payoff of the other player.

We use payoff tables to represent the two-player games. Table 6.2 shows a payoff

table example in which both players have 3 strategies. The strategy set of player

Table 6.2: A payoff table example of a game between E and R

R

α α ↓ cR α ↓ 2cR

β
〈
uE(α, β),

〈
uE(α− cR, β),

〈
uE(α− 2cR, β),

uR(α, β)
〉

uR(α− cR, β)
〉

uR(α− 2cR, β)
〉

E β ↑ cE
〈
uE(α, β + cE),

〈
uE(α− cR, β + cE),

〈
uE(α−2cR, β+ cE),

uR(α, β + cE)
〉

uR(α− cR, β + cE)
〉

uR(α− 2cR, β + cE)
〉

β ↑ 2cE
〈
uE(α, β + 2cE),

〈
uE(α− cR, β+ 2cE),

〈
uE(α−2cR, β+2cE),

uR(α, β + 2cE)
〉

uR(α− cR, β + 2cE)
〉

uR(α−2cR, β+2cE)
〉

E is SE = {β no change, β increases cE, β increases 2 × cE}. The strategy set of R

is SR = {α no change, α decreases cR, α decreases 2 × cR}. The up arrow ↑ denotes

increasing a value and the down arrow ↓ denotes decreasing a value. On each cell, the

threshold values are determined by two players. The player E determines the value of

β and R determines the value of α. For example, let’s look at the cell on the second

row and second column in Table 6.2. The player E performs the strategy of increasing

β by cE and the player R performs the strategy of decreasing α by cR. The threshold

values affected by both players are (α decreases cR, β increases cE). When we set the

initial values as (α, β) = (1, 0) and cE = cR = 0.05, the threshold values of the cell

on the second row and second column would be (0.95, 0.05). The payoffs of players
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are uE(0.95, 0.05) = C − E(0.95,0.05)(µA) and uR(0.95, 0.05) = C −R(0.95,0.05)(µA).

6.2.2 Repetition Learning Mechanism

The equilibrium of the game can be obtained after a game is formulated. A game

equilibrium represents the best strategy profile from which both players benefit within

the current strategy sets. There may be some more balanced strategy profiles outside

the current strategy sets. Therefore, if the equilibrium does not meet the selected

stopping criteria, the games are formulated repeatedly with different initial thresholds

in order to approach a more balanced solution gradually.

Game Equilibria Analysis

The involved players are trying to maximize their own payoffs in competitive

games. But one player’s payoff is effected by the strategies performed by the other

player. The balanced solution or game equilibrium is a strategy profile from which

both players benefit. This game equilibrium represents both players reach a compro-

mise or tradeoff on the conflict.

We formulated a two-player game in Section 6.2.1. The players are E and R, their

strategy sets are SE = {s1, s2, ..., sk1} and SR = {t1, t2, ..., tk2}, and the payoffs are

defined by Equation (6.83). The strategy profile (si, tj) is a Nash equilibrium, if for

players E and R, si and tj are the best responses to each other, this is,

∀sk ∈ SE, uE(si, tj) > uE(sk, tj), where si, sk ∈ SE and k 6= i, tj ∈ SR,

∀tl ∈ SR, uR(si, tj) > uR(si, tl), where tj, tl ∈ SR and l 6= j, si ∈ SE. (6.84)

The above equation can be interpreted as a strategy profile such that no player would
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like to change his/her strategy or they would loss benefit if deriving from this strategy

profile, provided this player has the knowledge of other player’s strategies. Concretely

speaking, the player E chooses to perform the strategy si in order to get the best

payoff when player R performs the strategy tj. Similarly, player R chooses to perform

the strategy tj in order to get the best payoff when player E performs the strategy

si. Both players will loss their payoffs if they choose other strategies.

We analyze the equilibrium of the payoff table shown in Table 6.2. The player

E gets a better payoff when it performs the strategy of increasing β by 2cE no

matter what strategy the player R performs, i.e., uE(β increases 2cE, t) ≥ uE(s, t),

and s ∈ SE, t ∈ SR. The player E’s strategy s∗ = β increases 2cE is the best

response to the player R’s strategies. Similarly, the player R gets a better payoff if it

performs the strategy of decreasing α by 2cR no matter what strategy the player E

performs. The player R’s strategy t∗ = α decreases 2cR is the best response to player

I’s strategies. According to Equation (6.84), we can see that the strategy profile

(s∗, t∗) = (β increases 2cE, α decreases 2cR) corresponding to the bottom right cell in

Table 6.2 is the Nash equilibrium of the game.

Repetition of Games

The equilibrium of the current formulated game only means the threshold pair

corresponding this equilibrium are the best choices within the current strategy sets.

We have to check if there are some threshold pairs near the current equilibrium

that are better than the current ones. Thus we repeat the games with the updated

initial thresholds. We may be able to find more suitable thresholds with repetition of

thresholds modification.

Assuming that we formulate a game, in which the initial thresholds are (α, β),
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the strategy sets of two players are SE = {s1, s2, ...} and SR = {t1, t2, ...}, and the

equilibrium analysis shows that the thresholds corresponding to the equilibrium are

(α∗, β∗). The formulation of the subsequent games depends on if the thresholds

(α∗, β∗) satisfy the selected stopping criteria.

• If the thresholds (α∗, β∗) do not satisfy the stopping criteria, we update the ini-

tial thresholds in the subsequent games. It means that changing the thresholds

by the current strategy sets is able to improve the payoffs of both players. Both

players agree on the changes of the thresholds. The initial thresholds of the new

game will be set as (α∗, β∗), and the strategy sets of both players are same to

those used in the old games, i.e., SE = {s1, s2, ...} and SR = {t1, t2, ...}. The

strategy sets SE and SR are the changes to the updated thresholds (α∗, β∗).

• If the thresholds (α∗, β∗) satisfy the stopping criteria, we may stop the repetition

of games. It means both players lose their payoffs in this game, and (α∗, β∗)

are not better than the initial thresholds (α, β). We use (α, β) as our resulting

thresholds.

Please note that the repetition of games in GTSS is different with the repeated

games which are normally used in game theory. The repeated games in game theory

consist of a number of repetitions of some base games, and a player has to take

into account the impact of his or her current action on the future actions of other

players [7]. The games formulated in GTSS are repeated but the strategies performed

by the players do not influence the strategies performed in the future games.
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Stopping Criteria

We define stopping criteria so that the iterations of games can stop at proper time.

There are many possible stopping criteria. For example, the payoff of each player is

beyond a specific value; the thresholds (α, β) violate the constraint 0 ≤ β ≤ σ ≤ α ≤

1; the current game equilibrium does not improve the payoffs gained by both players

under the initial thresholds; no equilibrium exists. Moreover, two or more stopping

criteria can be combined together. In this research, we compare the payoffs of both

players under the initial thresholds and the thresholds corresponding to the current

equilibrium. We set the stopping criteria as both players lose their payoffs, or the

gain of one player’s payoff is less than the loss of the other player’s payoff if one player

gains the payoff and the other player loses the payoff in the current game.

6.3 Demonstrative Example and Discussion

We present a demonstrative example in this section. The relationship between the

changes of thresholds and their impacts on different types of errors are illustrated.

The example shows how to obtain shadowed set based three-way approximations

using game-theoretic shadowed sets.

The example uses the Gaussian membership function to define the membership

grades of objects in the universe U , that is,

µA(x) = e
−(x−c)2

2θ2 , where θ = 3, c = 10. (6.85)

The curve of this Gaussian membership function is shown in Figure 6.3. The universe

of the objects is formed by a finite set of the objects randomly selected according to

the uniform distribution. The range of x is 0 to 20, that is x ∈ [0, 20]. We set σ as 0.5
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Figure 6.3: Gaussian membership

to represent the uncertainty in this shadowed set based three-way approximations.

6.3.1 Errors Analysis

We analyze the elevation and reduction errors when constructing shadowed set

based three-way approximations with thresholds (α, β). If we define a shadowed

set based three-way approximation using the thresholds (α, β) = (0.9, 0.1), we have

µA(8.6229) = µA(11.3771) = 0.9, µA(3.5621) = µA(16.4379) = 0.1, and µA(6.4678) =

µA(13.5322) = 0.5, as shown in Figure 6.4. We can calculate the elevation errors and

reduction errors according to Equations (6.79) and (6.80).

E(0.9,0.1)(µA) = E1(µA) + E0.5(µA)

=

∫ 11.3771

8.6229

E1(µA(x))dx+

∫ 6.4678

3.5621

E0.5(µA(x))dx+

∫ 16.4379

13.5322

E0.5(µA(x))dx

=

∫ 11.3771

8.6229

(1− e
−(x−10)2

8 )dx+

∫ 6.4678

3.5621

(0.5− e
−(x−10)2

8 )dx

+

∫ 16.4379

13.5322

(0.5− e
−(x−10)2

8 )dx

= 0.0937 + 0.6739 + 0.6739 = 1.4416 (6.86)
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Figure 6.4: A shadowed set based three-way approximation with (α, β) = (0.9, 0.1)

R(0.9,0.1)(µA) = R0(µA) +R0.5(µA)

=

∫ 3.5631

0

R0(µA(x))dx+

∫ 20

16.4379

R0(µA(x))dx

+

∫ 8.6229

6.4678

R0.5(µA(x))dx+

∫ 16.4379

13.5322

R0.5(µA(x))dx

=

∫ 3.5631

0

e
−(x−10)2

8 dx+

∫ 20

16.4379

e
−(x−10)2

8 dx

+

∫ 8.6229

6.4678

(e
−(x−10)2

8 − 0.5)dx+

∫ 16.4379

13.5322

(e
−(x−10)2

8 − 0.5)dx

= 0.1166 + 0.1166 + 0.4534 + 0.4534 = 1.1400.

Table 6.3 shows the elevation and reduction errors corresponding to different

thresholds pairs. We choose α ∈ {1, 0.9, 0.8, 0.7, 0.6, 0.5} and β ∈ {0, 0.1, 0.2, 0.3,

0.4, 0.5}, instead of listing all possible thresholds pairs. Each cell contains the ele-

vation errors and reduction errors, i.e., E(α,β)(µA) and R(α,β)(µA). The cell on the

fourth row and third column corresponds to the thresholds (α, β) = (0.9, 0.1). The

elevation and reduction errors are E(0.9,0.1)(µA) = 1.4416 and R(0.9,0.1)(µA) = 1.1400.
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Table 6.3: The elevation and reduction errors under different threshold pairs
HHH

HHHα
β

0.0 0.1 0.2

E(µA), R(µA) E(µA), R(µA) E(µA), R(µA)

1.0 4.6767,2.1902 1.3479,2.4234 0.6000,2.7311

0.9 4.7705,0.9068 1.4416,1.1400 0.6938,1.4477

0.8 4.9559,0.4652 1.6271,0.6985 0.8792,1.0062

0.7 5.2199,0.1995 1.8910,0.4328 1.1432,0.7405

0.6 5.5686,0.0497 2.2398,0.2830 1.4919,0.5907

0.5 6.0188,0.0000 2.6899,0.2332 1.9421,0.5409
HHHH

HHα
β

0.3 0.4 0.5

1.0 0.2334,3.0915 0.0536,3.5059 0.0000,3.9812

0.9 0.3271,1.8081 0.1474,2.2225 0.0937,2.6978

0.8 0.5125,1.3666 0.3328,1.7809 0.2792,2.2563

0.7 0.7765,1.1009 0.5968,1.5152 0.5431,1.9905

0.6 1.1252,0.9511 0.9455,1.3655 0.8919,1.8408

0.5 1.5754,0.9014 1.3957,1.3157 1.3421,1.7910

6.3.2 Finding the Tradeoff with GTSS

Game-theoretic shadowed sets (GTSS) aim to determine the suitable thresholds

of shadowed set based three-way approximations from a tradeoff perspective. GTSS

formulate games between the elevation and reduction errors, and repeatedly modifies

the threshold values to approach a tradeoff between these errors. The elevation and

reduction errors are two game players, i.e., O = {E,R}.

The initial thresholds are set as (α, β) = (1, 0). The value 1 is the maximal value

of α, and 0 is the minimal value of β. We set the player E increases β and the

player R decreases α. The constant change steps are cE = 0.05 and cR = 0.05. The

strategy set of player E is SE = {β no change, β increases 0.05, β increases 0.1}. The
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corresponding β values are 0, 0.05, and 0.1, respectively. The strategy set of player

R is SR = {α no change, α decreases 0.05, α decreases 0.1}. The corresponding α

values are 1, 0.95, and 0.9, respectively. The possible strategy profiles in the payoff

table are shown in Table 6.4.

Table 6.4: The possible strategy profiles in the payoff table

R

t1 = α t2 = α ↓ 0.05 t3 = α ↓ 0.1

s1 =
〈
uE(1, 0),

〈
uE(0.95, 0),

〈
uE(0.9, 0),

β uR(1, 0)
〉

uR(0.95, 0)
〉

uR(0.9, 0)
〉

E s2 =
〈
uE(1, 0.05),

〈
uE(0.95, 0.05),

〈
uE(0.9, 0.05),

β ↑ 0.05 uR(1, 0.05)
〉

uR(0.95, 0.05)
〉

uR(0.9, 0.05)
〉

s3 =
〈
uE(1, 0.1),

〈
uE(0.95, 0.1),

〈
uE(0.9, 0.1),

β ↑ 0.1 uR(1, 0.1)
〉

uR(0.95, 0.1)
〉

uR(0.9, 0.1)
〉

The payoff functions of two players are defined by a constant value C minus the

corresponding errors, as shown in Equation (6.83). The constant value C is the area

covered by the function y = 1, that is
∫ 20

0
1dx = 20. The payoff functions of two

players are defined as follows,

uE(α, β) = 20− E(α,β)(µA),

uR(α, β) = 20−R(α,β)(µA). (6.87)

We get the payoff table shown in Table 6.5 when using the above equations to calculate

the payoffs. Let’s examine the bottom right cell in Table 6.5. The player E performs

the strategy s3 = β increases 0.1, and the player R performs t3 = α decreases 0.1.

The strategy profile is (s3, t3) = (β increases 0.1, α decreases 0.1). The thresholds

under this strategy profile are (α, β) = (0.9, 0.1). The payoffs of players E and R are
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Table 6.5: The payoff table with payoff values

R

α α ↓ 0.05 α ↓ 0.1

β < 15.3233, 17.8098 > < 15.2909, 18.7384 > < 15.2295, 19.0932 >

E β ↑ 0.05 < 17.8784, 17.7082 > < 17.8460, 18.6367 > < 17.7846, 18.9916 >

β ↑ 0.1 < 18.6521, 17.5766 > < 18.6198, 18.5051 > < 18.5584,18.8600 >

calculated as,

uE(0.9, 0.1) = 20− E(0.9,0.1)(µA) = 20− 1.4416 = 18.5584,

uR(0.9, 0.1) = 20−R(0.9,0.1)(µA) = 20− 1.1400 = 18.8600.

The strategy profile (β increases 0.1, α decreases 0.1) is the equilibrium of the

payoff table shown in Table 6.5 according to Definition 6.84 of game equilibria. The

player E’s payoff increases from 15.3233 to 18.5584, and player R’s payoff increases

from 17.8098 to 18.86 when the thresholds change from (1, 0) to (0.9, 0.1).

The stopping criteria are both players lose their payoffs or the gain of one player’s

payoff is less than the loss of the other player’s payoff. The games are repeated

four times until the stopping criteria are satisfied. Table 6.6 shows the four game

formulations. The second column shows the initial thresholds. The third column

Table 6.6: The repetition of games

Init. (α, β) Stratgs. Res. (α, β) Payoffs Payoffs change

1 (1, 0) (β ↑, α ↓) (0.9, 0.1) < 18.5584, 18.8600 > E ↑ 3.2351, R ↑ 1.0502

2 (0.9, 0.1) (β ↑, α ↓) (0.8, 0.2) < 19.1208, 18.9938 > E ↑ 0.5624, R ↑ 0.1338

3 (0.8, 0.2) (β ↑, α ↓) (0.7, 0.3) < 19.2235, 18.8991 > E ↑ 0.1027, R ↓ 0.0947

4 (0.7, 0.3) (β ↑, α ↓) (0.6, 0.4) < 19.0545, 18.6345 > E ↓ 0.1690, R ↓ 0.2646

shows the strategy sets of both players, and the player E performs the first action

and the player R performs the second action. The fourth column shows the threshold
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values corresponding to the game equilibrium. The fifth column shows the changes of

both players’ payoffs. The four game formulations are explained in detail as follows,

• The first game uses (α, β) = (1, 0) as the initial thresholds. The player E

decreases β and R increases α as their strategy sets. The thresholds (α, β) =

(0.9, 0.1) are the game equilibrium. The payoffs of both players under the

equilibrium are improved, and the stopping criteria are not satisfied. We repeat

the game with the updated initial thresholds (α, β) = (0.9, 0.1).

• The second game sets (α, β) = (0.9, 0.1) as the initial thresholds. The strategy

sets of both players are same to those in the first game, i.e., SE = {β no change,

β increases 0.05, β increases 0.1} and SR = {α no change, α decreases 0.05,

α decreases 0.1}. The game equilibrium of the second game is (β increases 0.1,

α decreases 0.1). The corresponding thresholds are (α, β) = (0.8, 0.2). The

payoffs of two players are 19.1208 and 18.9938. Both players gain the payoffs

in this game, and the stopping criteria are not satisfied.

• The following game uses (α, β) = (0.8, 0.2) as the initial thresholds and the same

strategy sets. The game equilibrium of this game is (β increases 0.1, α decreases

0.1). The corresponding thresholds are (α, β) = (0.7, 0.3). The payoffs of two

players are 19.2235 and 18.8991. The player E gains the payoff by 0.1027, and

R losses the payoff by 0.0947. The gain of E’s payoff is more than the loss of

R’s payoff. So the stopping criteria are not satisfied as well.

• The fourth game sets the initial thresholds (α, β) = (0.7, 0.3). The strategy sets

of two players are same to the former three games. The thresholds corresponding

to the game equilibrium are (α, β) = (0.6, 0.4). Both players lost their payoffs by

choosing the strategies corresponding to the equilibrium. The player E’s payoff
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decreases from 19.2235 to 19.0545, and the player R’s payoff decreases from

18.8991 to 18.6345. The decreases of both players payoff satisfy the selected

stopping criteria. The repetition of games is stopped and the final result is

(α, β) = (0.7, 0.3).

The shadowed set based three-way approximation defined by (α, β) = (0.7, 0.3) is

shown in Figure 6.5. The thresholds α, β and the middle value σ = 0.5 are represented

Figure 6.5: A shadowed set based three-way approximation with (α, β) = (0.7, 0.3)

by dotted lines in the figure. The small circles show the three-value approximations

of the original membership grades. The obtained thresholds (α, β) = (0.7, 0.3) define

a three-way approximation of shadowed sets which shows a tradeoff between the

elevation and reduction errors.
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6.3.3 Comparison of GTSS and Other Models

We compare the three-way approximations defined by GTSS with those defined

by the cost based and the error based models. Deng and Yao propose the decision-

theoretic three-way approximations which systematically compute the required thresh-

olds by minimizing the overall cost of three-way approximations [19]. Given a Gaus-

sian membership function with the parameters θ = 2 and c = 5, and the user-provided

values of a loss function are λe = 0.35, λr = 0.28, λs↑ = 0.17, and λs↓ = 0.2, the

decision-theoretic three-way approximations compute an optimal pair of thresholds

as (α, β) = (0.8182, 0.1889) [19]. The three-way approximations defined by the other

membership functions, such as Bell-shaped membership, triangular-shaped member-

ship, and trapezoidal-shaped membership, all have the same resulting thresholds

(α, β) = (0.8182, 0.1889) when the user-provided values of a loss function are the

same [19].

Deng and Yao also propose to obtain three-way approximations by minimizing

the total errors in which the required thresholds are (α, β) = (0.75, 0.25) [19]. These

resulting thresholds are close to the results (α, β) = (0.7, 0.3) that we obtained with

GTSS. The difference is that GTSS considers the tradeoff between the elevation and

reduction errors, and the error based model aims to minimize the total errors produced

by three-way approximations. In general, it is not possible to make a conclusion about

which approach is better, since each approach or model may be better than others

according to different evaluation criteria and application requirements.
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6.4 Conclusion

Game-theoretic shadowed sets determine the thresholds of three-way approaxima-

tions according to a principle of tradeoff with games. GTSS formulate the competitive

games between the elevation and reduction errors to find a tradeoff between these er-

rors. A repetition learning mechanism is adopted to modify the thresholds so that

to approach the balanced thresholds gradually. The game formulation process and

the repetition learning mechanism are discussed in detail, including the game play-

ers, the strategy sets performed by the players, payoff functions, game equilibrium

analysis, repetition of games, and stopping criteria. We apply GTSS on a Gaussian

membership function to obtain a shadowed set based three-way approximation.

The advantages of GTSS are twofold. First, it provides a feasible method to deter-

mine the thresholds of three-way approximations in the shadowed set context. GTSS

do not require predefined criteria weights and compound decision objective functions.

Second, it provides a meaningful way to interpret the thresholds of three-way ap-

proximations from a tradeoff perspective, that is, a tradeoff between the elevation

and reduction errors. GTSS simulate a competitive environment where the game

players representing the elevation and reduction errors maximize their benefits and

the strategies performed by one player can influence the payoff of the other. GTSS

extend the application of game theory in three-way approximations and three-way

decisions.
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Chapter 7

Conclusions and Future Research

This chapter concludes the presented work, summarizes the contributions of this

thesis, and outlines some possible directions of the future research.

7.1 Summary of Contributions

This thesis combines game theory with the uncertain data analysis approaches to

determine three-way decisions from a tradeoff perspective. The contributions of this

thesis are fourfold: using the Gini coefficient to evaluate the impurities of the decision

regions, obtaining the probabilistic thresholds from a tradeoff between the impuri-

ties of regions with game-theoretic rough sets, determining three-way decisions with

game-theoretic rough sets in quantitative rough sets, and proposing game-theoretic

shadowed sets to obtain the thresholds from a tradeoff between the elevation and

reduction errors. The contributions of the thesis are summarized as follows.

The first contribution of the thesis is to use the Gini coefficient to calculate the im-

purities of decision regions and construct the Gini objective functions to determine the

thresholds of probabilistic rough sets. The impurity of a region evaluates the amount
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of inconsistent equivalence classes contained in this region. The impurities of regions

are influenced by the changes of probabilistic thresholds. The desired distributions of

three decision regions are described by Gini objective functions. In particular, three

different Gini objective functions are discussed in detail, i.e., minimizing the overall

impurity, minimizing the impurities of the immediate and non-commitment regions

simultaneously, and minimizing three regions’ impurities simultaneously. A demon-

strative example is presented to show how to calculate the impurities of regions, and

what probabilistic thresholds can be obtained via Gini objective functions. The Gini

coefficient and Shannon entropy are compared based on the same experimental data

set. The comparison shows that the three-way decision induced by minimizing the

overall Gini coefficient has a higher performance than that induced by minimizing

the overall Shannon entropy based on the given data set.

The second contribution of the thesis is to apply game theoretic approaches in

probabilistic rough sets to determine the thresholds from a tradeoff between impuri-

ties. When we use the impurities to evaluate three-way regions, the decrease of the

impurity of one region causes the increase of the impurities of other regions. We for-

mulate games between the immediate and non-commitment regions, and repeat games

to gradually approach the balanced probabilistic thresholds. A demonstrative exam-

ple shows the feasibility and effectiveness of game-theoretic rough sets to determine

probabilistic thresholds from a tradeoff between the impurities of decision regions.

The obtained thresholds define a three-way decision that has a higher performance

than those defined by the frequently used thresholds, such as (1, 0).

The third contribution is to apply game theoretic approaches in quantitative rough

sets to obtain three-way decisions from a tradeoff between involved quantitative mea-

sures. Quantitative rough sets use the quantitative measures to evaluate the inclusion
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degree of an equivalence class in a target concept. When multiple quantitative mea-

sures are involved to evaluate an equivalence class, a game is formulated in which

multiple measures are set as game players. The game equilibrium determines the

decision region that this equivalence class belongs to, and it represents a compromise

that multiple measures agree on. Compared with the GTRS in probabilistic rough

sets, the GTRS in quantitative rough sets formulates a game for each equivalence

class to determine a decision region that an equivalence class belongs to. By doing

so, we are able to determine a three-way decision which represents a tradeoff between

the quantitative measures. An example shows the feasibility of game-theoretic rough

sets in determining three-way decisions in the context of quantitative rough sets.

The fourth contribution is to propose game-theoretic shadowed sets. Game-

theoretic shadowed sets utilize game theoretic approaches in shadowed sets to find

the thresholds of three-way approximations from a tradeoff between elevation and

reduction errors. A shadowed set based three-way approximation maps the member-

ship grades of objects to a three-value set {0, σ, 1} with a pair of thresholds. The

elevation and reduction errors are produced in the process of mapping. The proposed

game-theoretic shadowed sets formulate competitive games between the elevation

and reduction errors to obtain a tradeoff between the errors. A repetition learning

mechanism is adopted to gradually approach the balanced thresholds. An example

which uses the Gaussian function to define membership grades of objects shows how

game-theoretic shadowed sets determine a pair of thresholds of shadowed set based

three-way approximations from a tradeoff perspective.
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7.2 Future Research

The studies in the thesis can be extended from the theoretical and practical as-

pects. From the theoretical aspect, we may explore the use of various games in

uncertain data analysis approaches. From the practical aspect, the approaches pro-

posed in the thesis may be used in different practical applications.

Exploring the Use of Various Types of Games in Uncertain Data Analysis

This thesis examines the use of competitive games to find a tradeoff between mul-

tiple measures in the context of rough sets and shadowed sets. Other types of games,

such as cooperative games [10], sequential games [41], combinatorial games [24], dif-

ferential games [25], and stochastic outcomes [49], may be applied in uncertain data

analysis. An interesting research issue would be to explore the suitable situations

that different types of games can fit in uncertain data analysis. Another research is-

sue would be to find and interpret solutions to the games to support decision making.

The Use of GTRS and GTSS in the Practical Applications

The proposed approaches, such as game-theoretic rough sets and game-theoretic

shadowed sets, are not applied in the real practical applications so far. A further

study would be to apply the proposed approaches in a wide range of practical appli-

cations, such as medical decision making, crime prediction, traffic accident analysis,

and social media data analysis. The data sets of practical applications are inherently

high-dimensional, dynamic, linked, large-scale, and sometimes real-time. These char-

acteristics require the combination of traditional data analysis approaches or tools

with the novel methodologies. The practical applications are able to motivate us to

improve the proposed decision models by accommodating the problems encountered

in the applications.
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Appendix A

List of Publications during Ph.D. Program

Journal Papers

[1] Y. Zhang, J. T. Yao, Game theoretic approach to shadowed sets: A three-way

tradeoff perspective. submitted to Information Sciences, is under the second

round of review.

[2] Y. Zhang and J. T. Yao. Gini objective functions for three-way classifications.

International Journal of Approximate Reasoning, 81:103−114, 2017.

[3] N. Azam, Y. Zhang, and J. T. Yao. Evaluation functions and decision conditions

of three-way decisions with game-theoretic rough sets. European Journal of

Operational Research, 261(2):704−714, 2017.

Conference Papers

[1] Y. Zhang and J. T. Yao. Determining strategies in game-theoretic shadowed

sets. In Proceedings of the International Conference on Information Processing

and Management of Uncertainty in Knowledge-Based Systems (IPMU 2018),

pages 736−747. Springer, 2018.
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[2] S. Bandyopadhyay, J. T. Yao, Y. Zhang, Granular computing with compatibility

based intuitionistic fuzzy rough sets. In Proceedings of the 16th IEEE Interna-

tional Conference on Machine Learning and Applications (ICMLA 2017), pages

378−383. IEEE, 2017.

[3] J.T. Yao, O.A. Oladimeji, Y. Zhang, Fractal analysis approaches to granular

computing. In Proceedings of the International Joint Conference on Rough Sets

(IJCRS 2017), pages 215−222. Springer, 2017.

[4] Y. Zhang, J.T. Yao, Multi-criteria based three-way classifications with game-

theoretic rough sets. In Proceedings of the 23rd International Symposium on

Methodologies for Intelligent Systems (ISMIS 2017), pages 550−559. Springer,

2017.

[5] Y. Zhang, J.T. Yao, Towards coordination game formulation in game-theoretic

rough sets. In Proceedings of the International Joint Conference on Rough Sets

(IJCRS 2016), pages 155−165. Springer, 2016.

[6] Y. Zhang, J.T. Yao, Determining three-Way decision regions by combining

Gini objective functions and GTRS. In Proceedings of the 15th International

Conference on Rough Sets, Fuzzy Sets, Data Mining, and Granular Computing

(RSFDGrC 2015), pages 414−425. Springer, 2015.

[7] Y. Zhang, J.T. Yao, Determining three-way decision regions with Gini coeffi-

cients. In Proceedings of the 9th International Conference on Rough Sets and

Current Trends in Soft Computing (RSCTC 2014), pages 160−171. Springer,

2014.

[8] J.T. Yao, Y. Zhang, A scientometrics study of rough sets in three decades.

In Proceedings of the International Conference on Rough Sets and Knowledge
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Technology (RSKT 2013), pages 28−40. Springer, 2013.

[9] Y. Zhang, Optimizing Gini coefficient of probabilistic rough set regions using

game-theoretic rough sets. In Proceedings of the 26th Canadian Conference on

Electrical and Computer Engineering (CCECE 2013), pages 699−702. IEEE,

2013.

[10] Y. Zhang, J.T. Yao, Rule measures tradeoff using game-theoretic rough sets.

In Proceedings of the International Conference on Brain Informatics (BI 2012),

pages 348−359. Springer, 2012.

Contributed Chapters

[1] Y. Zhang, J. T. Yao, Gini objective functions for determining three-way de-

cision regions. In H. Yu, G. Y. Wang, T. R. Li et al., editors, Three-way

Decisions: Methods and Practices for Complex Problem Solving (in Chinese),

pages 199−219. Science Press, 2015.

[2] J. T. Yao, D. Ciucci, Y. Zhang, Generalized rough sets. In J. Kacprzyk, W.

Pedrycz, editors, The Springer Handbook of Computational Intelligence, pages

413−424. Springer, 2015.

[3] J.T. Yao, Y. Zhang, Game-theoretic rough sets for three-way decision. In X.Y.

Jia, L. Shang, X.Z. Zhou et al., editors, Theory of Three-way Decisions and

Application (in Chinese), pages 103−115. Nanjing University Press, 2012.
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e mutabilità (1912) by Corrado Gini. The Journal of Economic Inequality,

10(3):421–443, 2012.

[16] S. M. Chen and J. M. Tan. Handling multicriteria fuzzy decision-making prob-

lems based on vague set theory. Fuzzy Sets and Systems, 67(2):163–172, 1994.

147



[17] T. M. Connolly and C. E. Begg. Database Systems: A Practical Approach to

Design, Implementation and Management. Addison-Wesley Publishers, 2009.

[18] X. F. Deng and Y. Y. Yao. Mean-value-based decision-theoretic shadowed sets.

In Proceedings of the 2013 Joint IFSA World Congress and NAFIPS Annual

Meeting (IFSA/NAFIPS 2013), pages 1382–1387. IEEE, 2013.

[19] X. F. Deng and Y. Y. Yao. Decision-theoretic three-way approximations of

fuzzy sets. Information Sciences, 279:702–715, 2014.

[20] X. F. Deng and Y. Y. Yao. A multifaceted analysis of probabilistic three-way

decisions. Fundamenta Informaticae, 132(3):291–313, 2014.

[21] P. M. Dixon, J. Weiner, T. Mitchell-Olds, and R. Woodley. Bootstrapping the

Gini coefficient of inequality. Ecology, 68(5):1548–1551, 1987.

[22] P. K. Dutta. Strategies and Games: Theory and Practice. MIT Press, 1999.

[23] J. Figueira, S. Greco, and M. Ehrgott. Multiple Criteria Decision Analysis:

State of the Art Surveys. Springer, 2005.

[24] A. S. Fraenkel. Complexity, appeal and challenges of combinatorial games.

Theoretical Computer Science, 313(3):393–415, 2004.

[25] A. Friedman. Differential games. Courier Corporation, 2013.

[26] D. Fudenberg and J. Tirole. Game Theory. MIT Press, 1991.

[27] J. L. Gastwirth. The estimation of the Lorenz curve and Gini index. The Review

of Economics and Statistics, 54(3):306–316, 1972.

[28] I. Gath and A. B. Geva. Unsupervised optimal fuzzy clustering. IEEE Trans-

actions on Pattern Analysis and Machine Intelligence, 11(7):773–780, 1989.

148



[29] R. Gibbons. A Primer in Game Theory. Harvester Wheatsheaf, 1992.
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