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ABSTRACT 

 

 

With the current increasing productivity and the proliferation of shale and tight sand 

resource plays in Canada, and North America in general, the need to understand and 

characterize these resource plays, for the purpose of recovery optimization, has taken 

center stage in reservoir management.  It is, however, important to note that these 

hydrocarbon environments are fundamentally different from conventional reservoirs for 

which there is an abundance of high-yield technical know-how.  In a technical sense, these 

plays are not reservoirs but source rocks; their permeabilities are in the micro- to nano-

darcy range.  Hence, they cannot sustain economic hydrocarbon production unless they are 

engineered using unconventional stimulation methods like multi-stage hydraulic 

fracturing, for instance.  As a result, traditional reservoir modeling methods fail, or give 

misleading results at best, when used to study these hydrocarbon plays. 

The objective of this research work is to develop rigorous (and yet) practical analytical and 

semi-analytical models for multi-well performance in petroleum reservoirs, with a view to 

simulating and forecasting production from unconventional resources.  The models will 

address flow in different reservoir systems (homogeneous reservoirs and composite 

reservoirs) produced by various well completion types, including vertical, horizontal, 

fractured vertical and multiply fractured horizontal wells.   

It is also worth mentioning that most reservoir studies ultimately dwell on numerical 

simulation because of the flexibility and ease with which geological features can be 

incorporated in numerical simulation models.  However, field-wide simulation studies are 
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resource intensive and time consuming.  In addition, the results obtained are heavily 

dependent on the quantity and quality of data available.  It is therefore advisable and much 

more affordable to carry out simulations of this magnitude only when an initial 

performance study has been conducted and initial estimates of reservoir parameters have 

been obtained from the more tractable analytical and semi-analytical models.  The models 

presented in this research work are practicable for reliable investigation of flow behavior 

in both conventional and unconventional reservoirs, and also provide results that can be 

used to seed the more involving numerical simulation. 
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CHAPTER 1 

 
 

INTRODUCTION 

 

Most field-wide reservoir studies involve, to a large extent, the use of numerical simulation 

because of the flexibility and ease with which flow physics and geological features can be 

incorporated into the simulation model.  Aside simulation of this magnitude being resource 

intensive and time consuming, its results are inextricably dependent on the quantity and 

quality of data available.  However, in the initial phase of reservoir studies, data needed to 

guarantee trustworthy simulation results are scantily available.  In addition, this phase is 

often not intended to be absolutely comprehensive but be sufficient to give directions on 

the scope that later phases of the studies would assume.  For these reasons, it has become 

a common practice to exploit analytical and semi-analytical models for initial performance 

study because they require fewer input data than numerical models do.  The results obtained 

from these simpler models are then used to seed the more involving numerical simulation 

in subsequent phases of reservoir studies. 

This research study presents an analytical model and a semi-analytical model that are 

practicable for investigating single-phase transient flow in porous media.  The models have 

been validated against standard literature and commercial solutions, and the results are 

shown to be in excellent agreement.  However, the models presented in this study have 

added advantages in that they can handle even more complex reservoir-well systems 

(including composite reservoirs, arbitrary-shaped reservoirs and complex well 
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completions) than is possible with available models.  A few application examples are 

presented to demonstrate the utility of the models presented in this study. 

 

1.1 Motivation of Study 

In modeling transient flow problems, no-flow boundaries and constant-pressure boundaries 

in the vicinity of a well are usually handled using the method of images (Gringarten, 1971; 

Gringarten and Ramey, 1973; Falade 1979; Ozkan and Raghavan, 1991).  This technique 

involves situating an image well symmetrically away from the boundary as the real well is 

but on the opposite side of the boundary.  In situations where the real well is located 

between two parallel boundaries (that is, a slab reservoir), the number of image wells 

needed to generate an accurate solution is infinity, thus resulting in an infinite series in the 

solution.  An infinite series is impossible to implement on the computer, hence the result 

is usually calculated against a set tolerance on accuracy.  This procedure often requires 

considerable computational time to achieve the desired accuracy.   

The method of images works well for perfectly sealing and constant-pressure boundaries.  

However, for situations where the boundary is a transition interface (that is, a partially 

sealing boundary), solutions available in literature use complex formulations that, in some 

cases, are not quite amenable to efficient numerical processing.  The solutions provided by 

Bixel et al. (1963), Yaxley (1987) and Ambastha et al. (1989), based on combined Laplace 

and Fourier integral transforms, are not very tractable for fast and efficient computation.  

Nind’s (1965) solution has a serious limitation in that it assumes equal diffusivities on 

opposite sides of the interface.  Kuchuk and Habashy (1997) and Oliver (1994) derived 

their solution using the principles of electromagnetic propagation; the difficulty associated 
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with computing their solution is considerable.  Raghavan (2010) and Raghavan and Ozkan 

(2011) adopted Somerfled’s procedure (Somerfled, 1909); this procedure involves a 

relatively complex method of obtaining the defining source function for the flow domain.   

The vast majority of analytical reservoir models available to the industry only addresses 

homogeneous, regular-shaped reservoirs.  As a result, actual reservoir geometries / 

drainage areas are reduced to simple shapes (cylindrical and parallelepiped) when these 

models are employed for reservoir studies.  The use of such approximate shapes is 

supported on the argument that, in a patterned well arrangement, the drainage area created 

around each well (as defined by virtual and/or real no-flow boundaries around the well) is 

near regular-shaped.  For wells in either infinite-acting or fully boundary-dominated flow, 

the drainage area shape has no effect on the wells’ flow behavior; so regular-shaped 

analytical reservoir model can be used conveniently to investigate the wells’ performance 

in either of these flow regimes, so long as the model’s drainage area size is correctly 

defined.  This is the basis of the material-balance-driven analytical models presented by 

Fetkovich (1980), Fraim and Wattenbarger (1987), Palacio and Blasingame (1993), Mattar 

and McNeil (1998), Agarwal et al. (1999), to mention a few.  However, for wells whose 

transients have gone past the infinite-acting flow regime and are partly influenced by some 

but not all of the reservoir boundaries (that is, yet to reach fully boundary-dominated flow), 

the drainage area shape influences the wells’ performance – the more irregular the drainage 

area is, the greater its influence on the wells’ performance.  The implication is that regular-

shaped analytical reservoir models may give misleading results when applied to irregular-

shaped drainage areas whose transients are within this intermediate/transition flow regime. 
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With growing interest in hydrocarbon production from unconventional reservoirs using the 

technology of hydraulically fractured horizontal wells, a pressing requirement in analytical 

models is the ability to simulate large-scale (that is, regional) heterogeneities.  To this end, 

Medeiros et al. (2006), Kurtoglu et al. (2008) and Zhao (2012) have presented semi-

analytical solutions to handle regular-shaped composite reservoir systems with multiply 

fractured horizontal wells.  However, their solutions contain complex infinite-series based 

source functions that place great demands on computational resource. 

The limitations highlighted above have motivated this research study.  Analytical and semi-

analytical models are developed in this study for simulating flow in complex composite 

reservoir-well systems.  Both solutions use the source function approach but, on the 

contrary, do not involve infinite-series formulations; hence they are easy to implement 

numerically.  The lesser input data required by these models, in contrast to finite difference 

numerical models, favours their use for reservoir performance studies, especially in the 

early phase of field development when production data and reservoir characterization data 

are scantily available. 

The models presented in this study find use in modeling fluid transport in both conventional 

and unconventional reservoirs.  The semi-analytical model is readily applicable to flow 

performance investigation of multiply fractured horizontal wells in composite reservoirs. 

 

1.2 Scope and Objectives of Study 

This study is set out to derive a fast and accurate closed-form, fully analytical solution for 

a three-region linear composite reservoir using a physically intuitive approach.  It is 
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assumed that adjacent regions are connected along an interface of pressure and flux 

continuity.  The solution presented here differs from known analytical models in literature 

as it does not contain an infinite-series source functions which often takes a toll on 

computational time, especially when accuracy is of prime importance.  Thus, this solution 

finds great use in inverse problems encountered in both rate and pressure transient analyses 

primarily because of its accuracy and the relatively short computational time required.  

Depending on the values of the interface coefficients (key parameters in the solution), 

infinite-extent boundaries, no-flow boundaries, constant-pressure boundaries and 

transition interfaces (that is, partially sealing boundaries) can be represented in the model 

without much computational effort.  However, because the three-region model is based on 

Newman’s product method, it does not permit placing wells in other regions of the reservoir 

apart from the central region.  This restriction obviously limits the application of the model.  

The limitation is removed in the more general semi-analytical solution. 

The semi-analytical model provides a framework for modeling transient response in 

arbitrary-shaped reservoirs of any complexity, including one-region reservoir, composite 

and nested composite reservoirs.  This model is based on the boundary element method 

(BEM).  By requiring that pressure and flux be continuous at the interface between 

contiguous regions of composite reservoirs, fluid transport in the regions are coupled 

numerically.  Most solutions in literature only address rate-controlled wells.  In this study, 

solutions for rate- and pressure-controlled wells are presented.  The semi-analytical model 

is set up in a way that makes it extensible to other reservoir-well architectures without the 

need for further derivations from first principles.   
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The basis of this research study draws heavily on the utility of Green’s / source function 

method and the boundary element procedure.  The models are developed in Laplace 

domain to permit seamless incorporation of phenomena of practical interest, such as 

wellbore storage, skin effect and natural fractures.  Reservoir anisotropy is handled through 

coordinate transformation to an equivalent isotropic system.  The models are validated 

against existing and accepted industry analytical models for simple reservoir-well 

configurations, while an industry-standard numerical simulation package is used to verify 

the results for complex arbitrary-shaped reservoir cases. 

 

1.3 Organization of Thesis 

This thesis is organized into seven chapters with five appendices accompanying.  Chapter 

1 provides the background upon which this research study is conducted.  It highlights the 

motivation, scope and objectives of the research. 

Chapter 2 reviews the development of reservoir modeling, with emphasis on development 

paths that have bearings on the problems addressed in this research. 

The mathematical solution for a closed-form, fully analytical, regular-shaped, three-region 

linear composite model is presented in Chapter 3.  A method to reduce the composite model 

to simple one-region reservoir model is also discussed. 

Chapter 4 presents the mathematical derivation of an arbitrary-shaped composite reservoir 

model as well as the solution method for the resulting system of equations.  It provides a 

straight-forward technique that can be used to write down the matrix equations for 
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arbitrary-shaped reservoir models at first glance, without the need for first-principle 

derivations. 

In Chapter 5, both the regular-shaped and the arbitrary-shaped composite reservoir models 

are validated. 

Example applications are presented, first for the regular-shaped composite reservoir model 

and then subsequently for the arbitrary-shaped composite reservoir models, in Chapter 6. 

A summary of conclusions, together with recommendations, is presented in Chapter 7. 

Detailed derivations of the diffusivity equation for porous media flow, the Green’s function 

solution to the diffusivity equation, the source function for an infinite plane source in a 

three-region linear composite reservoir, the fundamental Green’s function, and evaluation 

of boundary integrals (that result from boundary discretization of arbitrary-shaped 

reservoirs) are presented in Appendices A, B, C, D and E respectively. 
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CHAPTER 2 

 

LITERATURE REVIEW 

 

Early effort to relate reservoir pressure and time to the parameters of the reservoir is noted 

in the work of Muskat (1937).  His method had only a qualitative application because it did 

not take into account the important aspect of fluid compressibility.  Miller, Dyes and 

Hutchinson (1950) later presented the first comprehensive treatment of pressure behavior 

in oil wells to include the effects of compressibility.  In subsequent years, the solutions of 

fluid flow in porous media have undergone various stages of development and refinement.  

This development has happened in tandem with advances in the understanding of heat 

transfer phenomena.  This is greatly due to the commonality between the two problem 

areas: they share the same diffusion-advection transport principles.   

The classic work of Carslaw and Jaegar (1959) spun a new perception of heat conduction 

and presented various analytical solutions to a selected number of material and heat source 

arrangements.  Of much influence is the exponential integral solution which enabled 

obtaining a transient line-source solution for fluid withdrawal by a fully-penetrating 

vertical well in an infinite reservoir (Matthews and Russell, 1967).  With growing interest 

in performance analysis of more complex reservoir-well configurations than an infinite-

acting reservoir came the introduction of rigorous theoretical treatments in reservoir 

modeling.  The first of such developments addressed transient flow problems with no-flow 

boundaries and constant-pressure boundaries in the vicinity of a production or injection 
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well.  Such problems have been largely handled using the method of images.  This method 

represents a flow boundary as a “mirror” through which an image of the source well is 

created and located symmetrically on the other side of the boundary.  The image well for a 

no-flow boundary is treated slight differently than that for a constant-pressure boundary.  

For a no-flow boundary, the image well is identical in nature to the real well; but for a 

constant-pressure boundary, the image well is opposite in nature to the real well.  A number 

of researchers, including Gringarten and Ramey (1973) and Falade, (1979), have used this 

concept to generate solutions for a number of combinations of boundary conditions for 

rectangular reservoirs.  It must be stated here that, for a well located between two parallel 

boundaries, the method of images results in an infinite-series solution.  The numerical 

implementation of such solutions takes a toll on computational resource.  However, the 

work of these researchers birthed an important departure in the quest for solutions to porous 

media flow problems.  Their solutions are based on Green’s and source functions.  The 

point source function had first been introduced by Lord Kelvin (1884) for solving heat 

conduction problems, and was later treated at length by Carslaw and Jaegar (1959) in their 

classic heat conduction text.  Using the Green’s and source function concept in conjunction 

with the Newman’s product method (Newman, 1936), Gringarten and Ramey and Falade 

presented solutions for not only fully-penetrating vertical but also for partial-penetration 

wells and hydraulically fractured vertical wells.   

Earlier on, an important milestone had been reached in reservoir modeling when van 

Everdingen and Hurst (1949) applied the Laplace transformation to transient flow in porous 

media.  They showed that performing calculations in the Laplace-transform domain 

simplifies the tedious mathematical analyses employed in the past.  Remarkable in their 
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work is the ease of inclusion of wellbore storage and skin effects, in the form of algebraic 

manipulations, in their Laplace-domain solution.  They also presented a noteworthy 

relationship between constant-rate and constant-pressure solutions at the inner boundary of 

the flow domain, that is, the well.  Since their solutions are in the Laplace-transform 

domain, they used the Stehfest’s numerical Laplace inversion algorithm to recast the 

solutions in time-domain (Stehfest, 1970a and 1970b). 

The Green’s and source function method is a powerful method for presenting the 

fundamental theory of flow in porous media.  However, as was pointed out by Ozkan and 

Raghavan (1991), it is difficult to extend the time-domain source function solutions of 

Gringarten and Ramey (1973) and Falade (1979) to other situations of interest, like 

incorporating wellbore storage and skin effects.  To this end, Ozkan and Raghavan derived 

the Laplace-domain version of the source function solutions for rectangular reservoirs.  

They then applied the idea demonstrated by van Everdingen and Hurst (1949) to include 

wellbore storage and skin effects in their solutions.  In addition, their solutions are also 

applicable to naturally fractured reservoirs.  Two popular natural fracture idealizations used 

in the industry are the pseudo-steady state model (Warren and Root, 1963) and the transient 

model (Kazemi, 1969, de Swaan-O, 1976, and Serra et al., 1983).  Ozkan and Raghavan’s 

Laplace-domain solutions for bounded reservoirs were derived on the basis of the method 

of images.  Hence, these solutions are inherently infinite-series based and, as pointed out 

earlier, their numerical implementation consumes enormous computational time.   

Two advantages of transforming transient flow problems to the Laplace domain cannot go 

without mention.  The first is that Laplace transformation converts convolution integrals 

encountered in the source function solutions into algebraic expressions and thus eliminates 
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the need for time discretization (Medeiros et al., 2006).  The second is that variable bottom-

hole flow rate and flowing pressure can easily be implemented in the Laplace-transform 

domain, unlike in the time domain which carries with it the tedium of time superposition.   

Medeiros et al. (2006) applied Ozkan and Raghavan’s infinite-series based source function 

solutions to address flow behavior of horizontal and multilateral wells in rectangular 

composite, layered and compartmentalized reservoirs.  Their solution approach is semi-

analytical and uses the boundary discretization procedure well-known to the boundary-

element-method community.  It involves dividing the reservoir into blocks that represent 

locally homogeneous regions of the reservoir.  The transient response of each block is 

obtained using the source function solution.  Pressure and rate continuity is imposed at the 

interface between adjacent blocks.  It must be pointed out that the complexity of the source 

function directly affects the computational time, as with all infinite-series based source 

function solutions. 

Following the same path as Medeiros et al., Kurtoglu et al. (2008) advanced the application 

of Ozkan and Raghavan’s source functions to solve a known problem of well representation 

in finite-difference numerical simulation of porous media flow.  They presented a novel 

approach to computing wellbore pressures and achieving near-wellbore flow convergence 

by implementing the analytical source function solution in the grid blocks containing wells.  

The blocks are coupled to the grid system semi-analytical using the boundary element 

method.  Their solution thus by-passes the longstanding steady-state Peaceman well model 

(Peaceman, 1977), and provides a more accurate transient wellbore pressure calculation. 
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Recognizing the complexity of the source functions of Ozkan and Raghavan as well as the 

extensive computational time involve in their evaluation, Brown et al. (2009) proposed a 

simplified analytical model, dubbed the trilinear flow solution, for flow in a rectangular 

stimulated reservoir volume (SRV) in an unconventional reservoir drained by a multiply 

fractured horizontal well.  They stated categorically that the trilinear flow solution provides 

an excellent alternative to rigorous but cumbersome solutions of Ozkan and Raghavan, 

Medeiros et al. and Kurtoglu et al.  Brown et al.’s model assumes flow within a vertical 

hydraulic fracture to the horizontal wellbore is linear.  It accounts for radial flow 

convergence towards the wellbore using the choking skin concept of Mukherjee and 

Economides (1991).  

Ekaterina and Mattar (2012) later extended the trilinear model to handle cases of multiply 

fracture horizontal wells where the bulk space between the enhanced fracture region 

remains unstimulated.  Like Brown et al., they used the choking skin concept to addressed 

radial flow convergence towards the horizontal wellbore.  Subsequently, they presented a 

five-region model, together with an alternative model, to account for fluid flow from the 

unstimulated outer reservoir into the enhanced fractured region.  However, both the five-

region model and the alternative model have a serious limitation.  Under certain reservoir 

configurations, as stated by the authors, both the five-region model and its alternative are 

not accurate. They demonstrated this in one of their synthetic application examples using 

data from numerical simulation.  

Using the stimulated reservoir volume concept, Zhao (2012) presented a semi-analytical 

solution for multiply fractured horizontal well in a reservoir domain (the stimulated 

reservoir volume) circumscribed in a larger domain (the unstimulated reservoir).  The 
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author pointed out that the transient response at the well for such a system, when plotted 

as pressure drawdown and semi-log derivative on a log-log chart, shows a signature close 

to (but not equal to) 1.  This indicates that the transients have detected the stimulated 

reservoir boundaries.  Due to fluid inflow from the unstimulated reservoir into the 

stimulated reservoir volume, the derivative signature will not reach 1.  Unfortunately, 

Zhao’s solution is also based on infinite-series source functions and, hence, also suffers the 

computational time issue like previous source functions solutions. 

The vast majority of analytical and semi-analytical reservoir models available to the 

industry only addresses homogenous, regular-shaped reservoirs.  As a result, actual 

reservoir geometries / drainage areas are reduced to simple shapes (cylindrical and 

parallelepiped) when these models are employed for reservoir studies.  The use of such 

approximate shapes is supported on the argument that, in a patterned well arrangement, the 

drainage area created around each well (as defined by virtual and/or real no-flow 

boundaries around the well) is near regular-shaped.  For wells in either infinite-acting or 

fully boundary-dominated flow, the drainage area shape has no effect on the wells’ flow 

behavior; so regular-shaped analytical reservoir model can be used conveniently to 

investigate the wells’ performance in either of these flow regimes, so long as the model’s 

drainage area size is correctly defined.  This is the basis of the material-balance-driven 

analytical models presented by Fetkovich (1980), Fraim and Wattenbarger (1987), Palacio 

and Blasingame (1993), Mattar and McNeil (1998), Agarwal et al. (1999), to mention a 

few.  However, for wells whose transients have gone past the infinite-acting flow regime 

and are partly influenced by some but not all of the reservoir boundaries (that is, yet to 

reach fully boundary-dominated flow), the drainage area shape influences the wells’ 
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performance – the more irregular the drainage area, the greater its influence on the wells’ 

performance.  The implication is that regular-shaped analytical reservoir models may give 

misleading results when applied to irregular-shaped drainage areas whose transients are 

within this intermediate/transition flow regime. 

Modeling irregular-shaped reservoir geometries is a task well suited to the more 

“numerical” methods like the boundary element method (Kikani and Horne, 1992; Pecher 

and Stanilav, 1997), the finite element method (Cheung and Skjolingstad, 1972; Fung et 

al., 1992) and the finite difference method (Aziz and Settari, 1979; Coats, 1982).  Finite 

difference and finite element methods are more appropriate for modeling finer details of 

reservoir heterogeneities.  However, for problems where reservoir heterogeneities can be 

represented as regional variations of formation and fluid properties, like the composite 

reservoir models, the boundary element method (BEM) thrives.   

In the BEM method, the governing linear differential operator is cast into an integral 

equation form by use of the fundamental solution to an adjoint operator, which is also 

known as the free-space Green’s function.  With Green’s second identity, the integrals are 

rendered in terms of boundary and domain integrals.  The domain integrals represent the 

non-homogeneous terms in the governing equation in terms of initial condition or source 

terms.  The boundary of the problem is then discretized into elements, on which 

interpolation functions are defined.  The integral equation is used first to evaluate the 

unknown boundary data which are subsequently used to evaluate solutions at any interior 

point.   
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BEM has not only been applied successfully to solve fluid flow problems in porous media, 

it has also been shown to give highly accurate results.  This is because the analytical 

character of the solution is preserved within the flow domain; numerical approximation is 

only done at the domain boundaries.  The evolution of BEM in reservoir engineering is 

well documented in literature.  Key development paths are highlighted here.  Masukawa 

and Horne (1988) applied it to steady-state incompressible fluid displacement problems.  

They considered repeated five-spot patterns with various mobility ratios.  Kikani and Horne 

(1988, 1989, 1992) proposed two boundary-element-method formulations for the solution 

of pressure-transient problems in homogeneous, anisotropic reservoirs.  The first is a time-

domain formulation while the second is a Laplace-domain implementation.  They 

generated pressure solutions in arbitrary reservoir shapes with multiple sources and/or 

sinks and a variety of constant and/or time-dependent boundary conditions.  The time-

domain solution involves computing matrices of convolution terms at every time step and 

requires the storage of such matrices to establish the history of the solution.  This is very 

demanding computationally, both in terms of storage and execution.  On other hand, the 

Laplace-domain formulation is simpler and easier to perform because the flow problem is 

reduced to an algebraic form through the transformation.  The Laplace-domain solution is 

then rendered in time domain using a numerical Laplace inversion formula, like the 

Stehfest algorithm (Stehfest, 1970).  Zhang and Zeng (1992) applied BEM to pressure 

transient analysis of arbitrary-shaped dual porosity reservoirs.  Kikani and Horne (1993) 

further used BEM to model pressure transient behaviour in composite reservoirs formed 

by the circumscription of a distinct homogeneous region within another.   
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Percher and Stanilav (1997) presented solutions for arbitrary-shaped composite reservoirs 

formed by abutting homogeneous regions.  Their solution is limited to two different zones 

of homogeneous rock properties that are conjoined only on one side, as in neighboring 

blocks.  Results of flow caused by uniform flux vertical fractures, obtained by integrating 

a line sink over the fracture length, are presented.  They also demonstrated two different 

ways of incorporating the sources and sinks in the model – the direct and the indirect 

methods.  The direct method is appealing because of its programming simplicity but loses 

accuracy when the source/sink is located too close to the boundary.  The indirect method 

uses the singularity programming technique (Ligget and Liu, 1983) and produces very 

accurate results even when the source/sink is located on the boundary.  However, this 

method is quite difficult to apply to composite domains, since the transformations of the 

pressure variables may differ for each domain, and thus requires modifying the 

compatibility conditions between adjacent domains.  The performance of linear, quadratic 

and cubic isoparametric boundary element representation was examined. They concluded 

that higher-order boundary elements increase solution accuracy. 

The application of BEM to horizontal wells is seen in the work of Jongkittinarukom and 

Tiab (1998).  Wang and Zhang’s presented the solution for a domain with a hole, 

representing a reservoir is with an impermeable sub-region (Wang and Zhang, 2009). 
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CHAPTER 3 

  

MATHEMATICAL MODEL FOR LINEAR COMPOSITE RESERVOIRS 

Fluid flow in porous media is governed by the diffusivity equation, a statement of material 

balance coupled with a transport rule.  In reservoir engineering, Darcy’s Law is the 

preferred transport rule because of its simplicity.  For the flow of a slightly compressible 

fluid in a region Ω bounded by the surface Γ, this equation is written succinctly as,  

∇ ∙ [𝑘𝑘(𝐱𝐱)∇𝑝𝑝(𝐱𝐱, 𝑡𝑡)] − 𝑞𝑞�𝑤𝑤(𝐱𝐱, 𝑡𝑡)𝐵𝐵𝐵𝐵 = 𝜙𝜙(𝐱𝐱)𝑐𝑐𝑡𝑡(𝐱𝐱)𝐵𝐵
𝜕𝜕𝑝𝑝(𝐱𝐱, 𝑡𝑡)
𝜕𝜕𝑡𝑡

                                                                (3.1) 

See Appendix A for the derivation of Equation (3.1).  This equation is the direct result of 

taking inventory of mass flowing in and out of the flow domain while also accounting for 

material accumulation in the domain.  𝐱𝐱 = (𝑥𝑥,𝑦𝑦, 𝑧𝑧) denotes a spatial location in the flow 

domain, where 𝑥𝑥 and 𝑦𝑦 represent coordinates in the horizontal plane and 𝑧𝑧 represents the 

vertical coordinate.  𝑘𝑘(𝐱𝐱),𝜙𝜙(𝐱𝐱) and 𝑐𝑐𝑡𝑡(𝐱𝐱) are the permeability, porosity and total 

compressibility of the system respectively at point 𝐱𝐱, 𝐵𝐵 is the viscosity of the fluid, 𝐵𝐵 is the 

formation volume factor of the fluid, 𝑝𝑝(𝐱𝐱, 𝑡𝑡) is the pressure at point 𝐱𝐱 and at time 𝑡𝑡, 𝑞𝑞�𝑤𝑤(𝐱𝐱, 𝑡𝑡) 

is the fluid withdrawal (or injection) rate per unit volume effected by a sink (or source) in 

the reservoir.  Note that injection is handled as a negative flow rate. 

In Equation (3.1), the permeability, 𝑘𝑘(𝐱𝐱), of the medium needs to be clearly defined before 

a solution of the equation can be attempted.  Most reservoirs do not transmit fluid equally 

in all directions, they exhibit some “preferred” directions of flow.  This is expressed 

mathematically by a permeability tensor given by 
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𝑘𝑘(𝐱𝐱) = �
𝑘𝑘𝑥𝑥𝑥𝑥 𝑘𝑘𝑥𝑥𝑥𝑥 𝑘𝑘𝑥𝑥𝑥𝑥
𝑘𝑘𝑥𝑥𝑥𝑥 𝑘𝑘𝑥𝑥𝑥𝑥 𝑘𝑘𝑥𝑥𝑥𝑥
𝑘𝑘𝑥𝑥𝑥𝑥 𝑘𝑘𝑥𝑥𝑥𝑥 𝑘𝑘𝑥𝑥𝑥𝑥

�                                                                                                                      (3.2) 

If a rectilinear coordinate system is chosen for the flow description, such that it is parallel 

to three mutually orthogonal preferred directions of flow, leading to a symmetric 

permeability tensor, then the system is described as anisotropic.  For this case, the 

permeability tensor becomes 

𝑘𝑘(𝐱𝐱) = �
𝑘𝑘𝑥𝑥 0 0
0 𝑘𝑘𝑥𝑥 0
0 0 𝑘𝑘𝑥𝑥

�                                                                                                                            (3.3) 

Assuming porosity and rock compressibility do not vary significantly over the flow 

domain, then, for the rectilinear coordinate system described above, Equation (3.1) takes 

the form, 

𝑘𝑘𝑥𝑥
𝜕𝜕2𝑝𝑝
𝜕𝜕𝑥𝑥2

+ 𝑘𝑘𝑥𝑥
𝜕𝜕2𝑝𝑝
𝜕𝜕𝑦𝑦2

+ 𝑘𝑘𝑥𝑥
𝜕𝜕2𝑝𝑝
𝜕𝜕𝑧𝑧2

− 𝑞𝑞�𝑤𝑤(𝐱𝐱, 𝑡𝑡)𝐵𝐵𝐵𝐵 = 𝜙𝜙𝐵𝐵𝑐𝑐𝑡𝑡
𝜕𝜕𝑝𝑝
𝜕𝜕𝑡𝑡

                                                                      (3.4) 

For an isotropic porous medium, the permeabilities in the three orthogonal directions of 

flow are constant and equal.  That is, 𝑘𝑘𝑥𝑥 = 𝑘𝑘𝑥𝑥 = 𝑘𝑘𝑥𝑥 = constant. 

 

3.1 Dimensionless Formulation 

The anisotropic system described by Equation (3.4) can be transformed into an equivalent 

isotropic system by setting a reference permeability as, 

𝑘𝑘𝑟𝑟𝑟𝑟𝑟𝑟 = �𝑘𝑘𝑥𝑥𝑘𝑘𝑥𝑥𝑘𝑘𝑥𝑥�
1 3⁄                                                                                                                                   (3.5) 
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Defining the following dimensionless variables 

𝑝𝑝𝐷𝐷(𝐱𝐱𝐷𝐷 , 𝑡𝑡𝐷𝐷) =
2𝜋𝜋𝑘𝑘𝑟𝑟𝑟𝑟𝑟𝑟ℎ
𝑞𝑞𝑟𝑟𝑟𝑟𝑟𝑟𝐵𝐵𝐵𝐵

[𝑝𝑝𝑖𝑖 − 𝑝𝑝(𝐱𝐱, 𝑡𝑡)]                                                                                                    (3.6) 

𝑞𝑞�𝑤𝑤𝐷𝐷(𝐱𝐱𝐷𝐷 , 𝑡𝑡𝐷𝐷) =
ℎℓ2𝑞𝑞�𝑤𝑤(𝐱𝐱, 𝑡𝑡)

𝑞𝑞𝑟𝑟𝑟𝑟𝑟𝑟
                                                                                                                     (3.7) 

𝑡𝑡𝐷𝐷 =
𝜂𝜂𝑟𝑟𝑟𝑟𝑟𝑟
ℓ2

𝑡𝑡                                                                                                                                                   (3.8) 

𝜉𝜉𝐷𝐷 =
𝜉𝜉
ℓ�

𝑘𝑘𝑟𝑟𝑟𝑟𝑟𝑟
𝑘𝑘𝜉𝜉

                                    (𝜉𝜉 = 𝑥𝑥,𝑦𝑦, 𝑧𝑧)                                                                                   (3.9) 

𝜂𝜂𝐷𝐷 =
𝜂𝜂
𝜂𝜂𝑟𝑟𝑟𝑟𝑟𝑟

                                                                                                                                                  (3.10) 

𝜂𝜂 =
𝑘𝑘𝑟𝑟𝑟𝑟𝑟𝑟
𝜙𝜙𝐵𝐵𝑐𝑐𝑡𝑡

     and     𝜂𝜂𝑟𝑟𝑟𝑟𝑟𝑟 = �
𝑘𝑘

𝜙𝜙𝐵𝐵𝑐𝑐𝑡𝑡
�
𝑟𝑟𝑟𝑟𝑟𝑟

                                                                                              (3.11) 

𝑞𝑞𝑟𝑟𝑟𝑟𝑟𝑟, ℓ and 𝜂𝜂𝑟𝑟𝑟𝑟𝑟𝑟 are arbitrary reference flow rate, length and diffusivity coefficient in the 

system respectively.  Substituting these dimensionless quantities into Equation (3.4), the 

transient equation becomes, 

∇2𝑝𝑝𝐷𝐷 + 2𝜋𝜋𝑞𝑞�𝑤𝑤𝐷𝐷(𝐱𝐱𝐷𝐷, 𝑡𝑡𝐷𝐷)  =
1
𝜂𝜂𝐷𝐷

𝜕𝜕𝑝𝑝𝐷𝐷
𝜕𝜕𝑡𝑡𝐷𝐷

 

𝜂𝜂𝐷𝐷∇2𝑝𝑝𝐷𝐷 + 2𝜋𝜋𝜂𝜂𝐷𝐷𝑞𝑞�𝑤𝑤𝐷𝐷(𝐱𝐱𝐷𝐷 , 𝑡𝑡𝐷𝐷)  =
𝜕𝜕𝑝𝑝𝐷𝐷
𝜕𝜕𝑡𝑡𝐷𝐷

                                                                                                 (3.12) 

where the Laplacian in rectangular coordinate system is, 

∇2=
𝜕𝜕2

𝜕𝜕𝑥𝑥𝐷𝐷2
+

𝜕𝜕2

𝜕𝜕𝑦𝑦𝐷𝐷2
+

𝜕𝜕2

𝜕𝜕𝑧𝑧𝐷𝐷2
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Equation (3.12) is the dimensionless diffusivity equation that will be used in this study. 

 

3.2 Green’s Function Solution of the Diffusivity Equation 

In the Green’s function solution approach, the original flow problem given by Equation 

(3.12) is tackled indirectly through solving an auxiliary problem instead.  The auxiliary 

problem is obtained by replacing the source/sink term in the original problem by an 

instantaneous unit impulse (denoted by an appropriate Dirac delta function) as shown by 

Equation (3.13) below. 

𝜂𝜂𝐷𝐷∇2𝐺𝐺 + 𝛿𝛿(𝐱𝐱𝐷𝐷 − 𝐱𝐱𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) =
𝜕𝜕𝐺𝐺
𝜕𝜕𝑡𝑡𝐷𝐷

                                                                                               (3.13) 

𝛿𝛿(𝐱𝐱𝐷𝐷 − 𝐱𝐱𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) is the Dirac delta function; it denotes instantaneity in both space and 

time. Green’s function, 𝐺𝐺(𝐱𝐱𝐷𝐷 , 𝐱𝐱𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 , 𝜏𝜏𝐷𝐷), is the pressure response in the reservoir at point 

𝐱𝐱𝐷𝐷 and at time 𝑡𝑡𝐷𝐷 due to an instantaneous unit impulse (fluid withdrawal or injection) at 

point 𝐱𝐱𝐷𝐷′  initiated at time 𝜏𝜏𝐷𝐷, such that 𝜏𝜏𝐷𝐷 < 𝑡𝑡𝐷𝐷. 

By use of Green’s second identity and the adjoint to the diffusivity equation, Equation 

(3.12), it is proven in Appendix B that the pressure response, 𝑝𝑝𝐷𝐷(𝐱𝐱𝐷𝐷, 𝑡𝑡𝐷𝐷), in the reservoir is 

related to the Green’s function by Equation (3.14), where 𝐧𝐧� is unit outward normal to the 

boundary Γ of the flow domain Ω.  Because Equation (3.14) involves integration over both 

the domain and across the bounding surface, it is technically referred to as a boundary-

domain integral equation.  At first sight, this equation looks gigantic and complex. 

However, in actual fact, it is rather a simple and tractable equation when its makeup is well 
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understood.  The equation states that the pressure at any point 𝐱𝐱𝐷𝐷 in the reservoir at time 

𝑡𝑡𝐷𝐷 is simply the summation of the effects of 

𝑝𝑝𝐷𝐷(𝐱𝐱𝐷𝐷 , 𝑡𝑡𝐷𝐷) = � 𝐺𝐺(𝐱𝐱𝐷𝐷 ,𝐱𝐱𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 0)
Ω

𝑝𝑝𝐷𝐷(𝐱𝐱𝐷𝐷′ , 0)𝑑𝑑Ω′ 

                       +2𝜋𝜋𝜂𝜂𝐷𝐷 � � 𝑞𝑞�𝑤𝑤𝐷𝐷(𝐱𝐱𝐷𝐷′ , 𝜏𝜏𝐷𝐷)𝐺𝐺(𝐱𝐱𝐷𝐷 ,𝐱𝐱𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷)𝑑𝑑Ω′
Ω

𝑑𝑑𝜏𝜏𝐷𝐷
𝑡𝑡𝐷𝐷

0
  

+𝜂𝜂𝐷𝐷 � � [𝐺𝐺(𝐱𝐱𝐷𝐷 , 𝐱𝐱𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷)∇𝑝𝑝𝐷𝐷(𝐱𝐱𝐷𝐷′ , 𝜏𝜏𝐷𝐷) − 𝑝𝑝𝐷𝐷(𝐱𝐱𝐷𝐷′ , 𝜏𝜏𝐷𝐷)∇𝐺𝐺(𝐱𝐱𝐷𝐷 ,𝐱𝐱𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷)]
Γ

𝑡𝑡𝐷𝐷

0
∙ 𝐧𝐧�𝑑𝑑Γ′𝑑𝑑𝜏𝜏𝐷𝐷 

… (3.14) 

 the reservoir initial pressure distribution over the flow domain (the first integral term) 

 the withdrawal/injection rate of the sink/source (the second integral term) 

 and the reservoir boundary conditions (the third integral term) 

Note that each term is weighted by the Green’s function in a convolution sense.  So if the 

Green’s function for the system is known, together with the reservoir initial and boundary 

conditions, then the reservoir pressure distribution at any point in time can be determined.  

In essence, the problem of finding the solution of the diffusivity equation, that is Equation 

(3.12), necessarily becomes that of finding the appropriate Green’s function for the 

reservoir system. 

 

3.3 Initial and Boundary Conditions 

Assuming uniform initial pressure everywhere in the flow domain, this means that 

𝑝𝑝(𝐱𝐱 ∈ Ω, 𝑡𝑡 = 0) = 𝑝𝑝𝑖𝑖                                                                                                                              (3.15) 
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Three kinds of boundary conditions are commonly encountered at the outer limits of most 

petroleum reservoirs, namely, constant pressure (i.e. Dirichlet) boundary condition, no-

flow (i.e. Neumann) boundary condition and infinite reservoir boundary condition.   

The constant pressure boundary condition stipulates that the pressure at the reservoir 

boundary be kept constant.  That is, 

𝑝𝑝(𝐱𝐱 ∈ Γ, 𝑡𝑡) = constant                                                                                                                           (3.16) 

This is valid when, say, water encroaches, either from an aquifer or from injection wells, 

into the reservoir to keep the reservoir boundary pressure constant. 

The no-flow boundary condition typifies a finite reservoir for which the boundary is 

perfectly sealed.  Hence, the gradient across the boundary is zero.  That is, 

∇𝑝𝑝(𝐱𝐱, 𝑡𝑡) ∙ 𝐧𝐧�|Γ = 0                                                                                                                                     (3.17) 

The third boundary condition, the infinite reservoir case, is representative of a reservoir for 

which the transients in the reservoir, due to fluid production or injection, are not influenced 

by the outer reservoir boundaries.  This means the boundary pressure remains at the initial 

reservoir pressure.  Such a reservoir is described as infinite-acting.  Mathematically, this 

boundary condition is stated as, 

𝑝𝑝(𝐱𝐱 → ∞, 𝑡𝑡) = 𝑝𝑝𝑖𝑖                                                                                                                                      (3.18) 

In dimensionless form, Equations (3.15), (3.16), (3.17) and (3.18) translate as 

𝑝𝑝𝐷𝐷(𝐱𝐱𝐷𝐷 ∈ Ω, 𝑡𝑡𝐷𝐷 = 0) = 0                                                                                                                        (3.19) 

𝑝𝑝𝐷𝐷(𝐱𝐱𝐷𝐷 ∈ Γ, 𝑡𝑡𝐷𝐷) = constant                                                                                                                   (3.20) 
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∇𝑝𝑝𝐷𝐷(𝐱𝐱𝐷𝐷, 𝑡𝑡𝐷𝐷) ∙ 𝐧𝐧�|Γ = 0                                                                                                                             (3.21) 

𝑝𝑝𝐷𝐷(𝐱𝐱𝐷𝐷 → ∞, 𝑡𝑡𝐷𝐷) = 0                                                                                                                               (3.22) 

 

3.4 Flow between Connected Reservoir Blocks 

The concept of dimensionless flow rate at the source/sink was defined in Equation (3.7).  

In relation to inter-block fluid transfer, a first-principle derivation of dimensionless flow 

rate is necessary.  The flow rate across the cross section 𝐴𝐴 in the x-direction (the same could 

be said of the y- and z- directions) is given by the well known Darcy’s Law, 

𝑞𝑞𝑥𝑥 = −
𝑘𝑘𝑥𝑥𝐴𝐴𝑥𝑥
𝐵𝐵𝐵𝐵

𝜕𝜕𝑝𝑝
𝜕𝜕𝑥𝑥

                                                                                                                                     (3.23) 

Substituting in the definitions of 𝑝𝑝 and 𝑥𝑥, as given in Equations (3.6) and (3.8), into (3.23), 

noting that for a strictly x-directional flow as considered here, 𝑘𝑘𝑟𝑟𝑟𝑟𝑟𝑟 = 𝑘𝑘𝑥𝑥, therefore 

𝑞𝑞𝑥𝑥 = −
𝑘𝑘𝑥𝑥𝐴𝐴𝑥𝑥
𝐵𝐵𝐵𝐵

⎣
⎢
⎢
⎡𝜕𝜕 �𝑝𝑝𝑖𝑖 −

𝑞𝑞𝑟𝑟𝑟𝑟𝑟𝑟𝐵𝐵𝐵𝐵
2𝜋𝜋𝑘𝑘𝑟𝑟𝑟𝑟𝑟𝑟ℎ

𝑝𝑝𝐷𝐷�

𝜕𝜕(𝑥𝑥𝐷𝐷ℓ)
⎦
⎥
⎥
⎤
 

The dimensionless flow rate is therefore  

𝑞𝑞𝐷𝐷𝑥𝑥 =
𝑘𝑘𝑥𝑥𝐴𝐴𝑥𝑥

2𝜋𝜋𝑘𝑘𝑟𝑟𝑟𝑟𝑟𝑟ℎℓ
�
𝜕𝜕𝑝𝑝𝐷𝐷
𝜕𝜕𝑥𝑥𝐷𝐷

�                                                                                                                          (3.24) 

where 𝑞𝑞𝐷𝐷𝑥𝑥 = 𝑞𝑞𝑥𝑥/𝑞𝑞𝑟𝑟𝑟𝑟𝑟𝑟.  Furthermore, defining dimensionless transmissivity as 

𝑇𝑇𝐷𝐷𝑥𝑥 =
𝑘𝑘𝑥𝑥𝐴𝐴𝑥𝑥

2𝜋𝜋𝑘𝑘𝑟𝑟𝑟𝑟𝑟𝑟ℎℓ
                                                                                                                                      (3.25) 

Equation (3.24) can be re-written as, 
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𝑞𝑞𝐷𝐷𝑥𝑥 = 𝑇𝑇𝐷𝐷𝑥𝑥 �
𝜕𝜕𝑝𝑝𝐷𝐷
𝜕𝜕𝑥𝑥𝐷𝐷

�                                                                                                                                     (3.26) 

Equation (3.26) represents the dimensionless form of Darcy’s Law for one-dimensional 

flow. 

Now consider two different reservoir blocks 𝑗𝑗 and 𝑗𝑗 + 1, connected at the cross section 

located at 𝑗𝑗 + 1 2⁄ , as shown in Figure 3.1 below.  Continuity of flow at the connecting 

cross section requires that there be equilibration of both pressure and flow rate.  

Mathematically, this means 

𝑝𝑝𝑗𝑗 �𝑥𝑥𝑗𝑗+12, 𝑡𝑡� = 𝑝𝑝𝑗𝑗+1 �𝑥𝑥𝑗𝑗+12, 𝑡𝑡�                                                                                                                  (3.27) 

𝑞𝑞𝑥𝑥𝑗𝑗�𝑗𝑗+12
= −𝑞𝑞𝑥𝑥𝑗𝑗+1�𝑗𝑗+12

                                                                                                                             (3.28) 

In dimensionless form, the continuity criteria stated in Equations (3.27) and (3.28) translate 

as 

𝑝𝑝𝐷𝐷𝑗𝑗 �𝑥𝑥𝐷𝐷𝑗𝑗+12, 𝑡𝑡𝐷𝐷� = 𝑝𝑝𝐷𝐷𝑗𝑗+1 �𝑥𝑥𝐷𝐷𝑗𝑗+12, 𝑡𝑡𝐷𝐷�                                                                                                  (3.29) 

𝑞𝑞𝐷𝐷𝑥𝑥𝑗𝑗�𝑗𝑗+12
= −𝑞𝑞𝐷𝐷𝑥𝑥𝑗𝑗+1�𝑗𝑗+12

                                                                                                                        (3.30) 

 

3.5 Mathematical Formulation of the Linear Composite Reservoir Problem 

The term linear composite system, as used in this research, refers to a porous medium that 

can be represented as a linear assemblage of distinct homogeneous reservoir regions. The 

analytical solution for the transient behavior of a fully-penetrating vertical well located in 

a porous medium flanked on its east and west sides by another petrophysically different  
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Figure 3.1 Two contiguous reservoir blocks showing flow across their interface 
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porous medium is presented in this section.  See Figure 3.2 for a pictorial representation of 

this reservoir-well system.  Based on this reservoir-well configuration, fluid flows from the 

two outer regions to the central region if the well is a producer, or to the outer regions from 

the central regions if the well is otherwise an injector.  In the same vein as Equation (3.12), 

the diffusivity equation for the three-region linear composite reservoir described above is 

given by 

∇2𝑝𝑝𝐷𝐷1 =
1
𝜂𝜂𝐷𝐷1

𝜕𝜕𝑝𝑝𝐷𝐷1
𝜕𝜕𝑡𝑡𝐷𝐷

                                                           (𝑥𝑥𝑎𝑎𝐷𝐷 < 𝑥𝑥𝐷𝐷 < 𝑥𝑥𝑏𝑏𝐷𝐷)                                  (3.31𝑎𝑎) 

∇2𝑝𝑝𝐷𝐷2 + 2𝜋𝜋𝑞𝑞𝑤𝑤𝐷𝐷2(𝐱𝐱𝐷𝐷, 𝑡𝑡𝐷𝐷) =
1
𝜂𝜂𝐷𝐷2

𝜕𝜕𝑝𝑝𝐷𝐷2
𝜕𝜕𝑡𝑡𝐷𝐷

                       (𝑥𝑥𝑏𝑏𝐷𝐷 < 𝑥𝑥𝐷𝐷 < 𝑥𝑥𝑐𝑐𝐷𝐷)                                   (3.31𝑏𝑏) 

∇2𝑝𝑝𝐷𝐷3 =
1
𝜂𝜂𝐷𝐷3

𝜕𝜕𝑝𝑝𝐷𝐷3
𝜕𝜕𝑡𝑡𝐷𝐷

                                                           (𝑥𝑥𝑐𝑐𝐷𝐷 < 𝑥𝑥𝐷𝐷 < 𝑥𝑥𝑑𝑑𝐷𝐷)                                   (3.31𝑐𝑐) 

Note that both Equations (3.31a) and (3.31c) do not have a source term because there are 

no wells the outer regions.  The initial condition in all the regions is 

𝑝𝑝𝐷𝐷𝑗𝑗(𝐱𝐱𝐷𝐷 ,∈ Ω; 𝑡𝑡𝐷𝐷 = 0) = 0                                               ( 𝑗𝑗 = 1, 2, 3)                                             (3.31𝑑𝑑) 

It is assumed that adjacent regions are perfectly connected, so that there is both pressure 

and flux continuity at the interfaces.  Mathematically, this translates as 

𝑝𝑝𝐷𝐷𝑗𝑗 �𝑥𝑥𝐷𝐷𝑗𝑗+12, 𝑡𝑡𝐷𝐷� = 𝑝𝑝𝐷𝐷𝑗𝑗+1 �𝑥𝑥𝐷𝐷𝑗𝑗+12, 𝑡𝑡𝐷𝐷�                           ( 𝑗𝑗 = 1,2)                                                  (3.31𝑒𝑒) 

𝑞𝑞𝐷𝐷𝑥𝑥𝑗𝑗�𝑗𝑗+12
= −𝑞𝑞𝐷𝐷𝑥𝑥𝑗𝑗+1�𝑗𝑗+12

                                                 ( 𝑗𝑗 = 1,2)                                                  (3.31𝑓𝑓) 

The reservoir is finite and there is no flow at its outer boundaries.  This means 

 

26 
 



 

 

 

 

 

 

Figure 3.2 – A three-region linear composite reservoir with a fully penetrating vertical 

well in the central region 
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𝜕𝜕𝑝𝑝𝐷𝐷1
𝜕𝜕𝑥𝑥𝐷𝐷

�
𝑥𝑥𝑎𝑎𝐷𝐷

=
𝜕𝜕𝑝𝑝𝐷𝐷3
𝜕𝜕𝑥𝑥𝐷𝐷

�
𝑥𝑥𝑑𝑑𝐷𝐷

= 0                                                                                                                  (3.31𝑔𝑔) 

𝜕𝜕𝑝𝑝𝐷𝐷𝑗𝑗
𝜕𝜕𝑦𝑦𝐷𝐷

�
𝑥𝑥𝑎𝑎𝐷𝐷

=
𝜕𝜕𝑝𝑝𝐷𝐷𝑗𝑗
𝜕𝜕𝑦𝑦𝐷𝐷

�
𝑥𝑥𝑏𝑏𝐷𝐷

= 0                                              ( 𝑗𝑗 = 1, 2, 3)                                             (3.31ℎ) 

𝜕𝜕𝑝𝑝𝐷𝐷𝑗𝑗
𝜕𝜕𝑧𝑧𝐷𝐷

�
𝑥𝑥𝑎𝑎𝐷𝐷

=
𝜕𝜕𝑝𝑝𝐷𝐷𝑗𝑗
𝜕𝜕𝑧𝑧𝐷𝐷

�
𝑥𝑥𝑏𝑏𝐷𝐷

= 0                                              ( 𝑗𝑗 = 1, 2, 3)                                               (3.31𝑖𝑖) 

Equations (3.31a) through (3.31i) are the mathematical formulation for flow in a three-

region reservoir with a source located in the central region, as shown in Figure 3.2. 

 

3.6 Analytical Solution of the Linear Composite Reservoir Problem 

Substituting the boundary conditions prescribed by Equations (3.31g), (3.31h) and (3.31i), 

together with the initial condition given by Equation (3.31d), into Equation (3.14), while 

also requiring that Green’s function derivative at the domain boundary vanish, the pressure 

in the central region of the reservoir simplifies as 

𝑝𝑝𝐷𝐷(𝐱𝐱𝐷𝐷 , 𝑡𝑡𝐷𝐷) = 2𝜋𝜋𝜂𝜂𝐷𝐷 � � 𝑞𝑞�𝑤𝑤𝐷𝐷(𝐱𝐱𝐷𝐷′ , 𝜏𝜏𝐷𝐷)𝐺𝐺(𝐱𝐱𝐷𝐷 ,𝐱𝐱𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷)𝑑𝑑Ω′
Ω

𝑑𝑑𝜏𝜏𝐷𝐷
𝑡𝑡𝐷𝐷

0
                                       (3.32) 

Assuming fluid withdrawal/injection is uniform over the source, then Equation (3.32) 

simplifies as 

𝑝𝑝𝐷𝐷(𝐱𝐱𝐷𝐷 , 𝑡𝑡𝐷𝐷) = 2𝜋𝜋𝜂𝜂𝐷𝐷 � 𝑞𝑞�𝑤𝑤𝐷𝐷(𝜏𝜏𝐷𝐷)𝑆𝑆(𝐱𝐱𝐷𝐷 , 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷)𝑑𝑑𝜏𝜏𝐷𝐷
𝑡𝑡𝐷𝐷

0
                                                                     (3.33) 

where the source function 𝑆𝑆(𝐱𝐱𝐷𝐷, 𝑡𝑡𝐷𝐷) is given by 
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𝑆𝑆(𝐱𝐱𝐷𝐷 , 𝑡𝑡𝐷𝐷) = � 𝐺𝐺(𝐱𝐱𝐷𝐷 ,𝐱𝐱𝐷𝐷′ ; 𝑡𝑡𝐷𝐷)𝑑𝑑Ω′
Ω

                                                                                                      (3.34) 

Equation (3.33), an expression for calculating pressure response in the domain, has also 

been reported by Gringarten (1971, 1973), Falade (1979) and Raghavan and Ozkan (1994).  

In the next section, the Green’s and source functions used to compute the transient response 

in the three-region linear composite reservoir model is presented. 

 

3.7 Derivation of Source Function 

The source function required in Equation (3.33) is obtained using Newman’s product 

method (Newman, 1936) followed by integration along the path of the source.  Newman’s 

product method derives the Green’s function for a three- or two-dimensional flow domain 

from the product of the appropriate one-dimensional (or component) Green’s functions.  

For linear composite reservoirs, as encapsulated by Figure 3.2, the flow domain can be 

decomposed into two components, the x- and y- components if the well is fully-penetrating 

(because flow in the reservoir is essentially two dimensional).  If the well is partially-

penetrating, then the z-component is also required to describe the flow dynamics.  In a 

graphical form, the flow domain in Figure 3.2 is decomposed into its x- and y- components 

as shown in Figure 3.3, assuming the well is fully-penetrating.  Note that in each component 

direction, the source is planar and the flow is linear.  Newman showed that when these two 

components are combined using the product method, the resultant is the original flow 

domain where the actual source is created by the intersection of the component plane 

sources.  Convergence of flow in the original flow domain is resolved automatically by the 

product method.  Gringarten (1973), in his seminal paper on the use of Green’s and source 
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functions in solving unsteady flow problems in petroleum reservoirs, elaborately discusses 

porous media flow resolution using Newman’s product method.  For instance, the source 

function for an instantaneous point source located at 𝐱𝐱𝑤𝑤𝐷𝐷 = (𝑥𝑥𝑤𝑤𝐷𝐷 ,𝑦𝑦𝑤𝑤𝐷𝐷) in a two-

dimensional flow domain is obtained from the x-  and y-component Green’s functions thus 

𝑆𝑆(𝐱𝐱𝐷𝐷; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) = � 𝐺𝐺𝑥𝑥(𝑥𝑥𝐷𝐷 ,𝑥𝑥𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) 𝐺𝐺𝑥𝑥(𝑦𝑦𝐷𝐷,𝑦𝑦𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) 𝛿𝛿(𝑥𝑥𝐷𝐷′ − 𝑥𝑥𝑤𝑤𝐷𝐷) 𝛿𝛿(𝑦𝑦𝐷𝐷′ − 𝑦𝑦𝑤𝑤𝐷𝐷)
Ω

𝑑𝑑Ω′ 

𝑆𝑆(𝐱𝐱𝐷𝐷; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) = 𝐺𝐺𝑥𝑥(𝑥𝑥𝐷𝐷,𝑥𝑥𝑤𝑤𝐷𝐷; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) ∙ 𝐺𝐺𝑥𝑥(𝑦𝑦𝐷𝐷 ,𝑦𝑦𝑤𝑤𝐷𝐷; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷)                                                  (3.35) 

For an instantaneous point source located at 𝐱𝐱𝑤𝑤𝐷𝐷 = (𝑥𝑥𝑤𝑤𝐷𝐷 ,𝑦𝑦𝑤𝑤𝐷𝐷 , 𝑧𝑧𝑤𝑤𝐷𝐷) in a three-dimensional 

flow domain, the source function is obtained from the x-, y-  and z-component Green’s 

functions thus 

𝑆𝑆(𝐱𝐱𝐷𝐷; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) = � 𝐺𝐺𝑥𝑥(𝑥𝑥𝐷𝐷 ,𝑥𝑥𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) 𝐺𝐺𝑥𝑥(𝑦𝑦𝐷𝐷,𝑦𝑦𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) 𝐺𝐺𝑥𝑥(𝑧𝑧𝐷𝐷, 𝑧𝑧𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) 𝛿𝛿(𝑥𝑥𝐷𝐷′ − 𝑥𝑥𝑤𝑤𝐷𝐷)
Ω

 

× 𝛿𝛿(𝑦𝑦𝐷𝐷′ − 𝑦𝑦𝑤𝑤𝐷𝐷) 𝛿𝛿(𝑧𝑧𝐷𝐷′ − 𝑧𝑧𝑤𝑤𝐷𝐷) 𝑑𝑑Ω′                                                                                                 

𝑆𝑆(𝐱𝐱𝐷𝐷; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) = 𝐺𝐺𝑥𝑥(𝑥𝑥𝐷𝐷,𝑥𝑥𝑤𝑤𝐷𝐷; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) ∙ 𝐺𝐺𝑥𝑥(𝑦𝑦𝐷𝐷 ,𝑦𝑦𝑤𝑤𝐷𝐷; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) ∙ 𝐺𝐺𝑥𝑥(𝑧𝑧𝐷𝐷 , 𝑧𝑧𝑤𝑤𝐷𝐷; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷)        (3.36) 

where 𝐺𝐺𝑥𝑥(𝑥𝑥𝐷𝐷 ,𝑥𝑥𝑤𝑤𝐷𝐷; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷),𝐺𝐺𝑥𝑥(𝑦𝑦𝐷𝐷 ,𝑦𝑦𝑤𝑤𝐷𝐷; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) and 𝐺𝐺𝑥𝑥(𝑧𝑧𝐷𝐷 , 𝑧𝑧𝑤𝑤𝐷𝐷; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) are the x-, y- and 

z-component Green’s functions respectively and 𝛿𝛿(𝐱𝐱𝐷𝐷 − 𝐱𝐱𝑤𝑤𝐷𝐷) is the Dirac delta function.  

So the challenge of determining the source function for the flow domain of interest 

becomes that of deriving the component Green’s functions. 
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Figure 3.3 – Decomposition of flow domain into component flow directions 

 

  

x-component of flow 

y-component of flow 
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As can be seen from the decomposed flow domain in Figure 3.3, the y-component of flow 

is a degenerate case of the x-component of flow.  So only the derivation of the x-component 

Green’s function is presented in Appendix C.  In the section below, the way to extract the 

y-component Green’s function by simply devolving the x-component Green’s function is 

illustrated.   

As shown in Appendix C, the Green’s function for an instantaneous plane source in an 

infinite three-region linear composite system is given by Equation (3.37a). 

𝐺𝐺𝜉𝜉(𝜉𝜉𝐷𝐷 , 𝜉𝜉𝑤𝑤𝐷𝐷; 𝑠𝑠) =
𝑒𝑒−𝑠𝑠𝜏𝜏𝐷𝐷
2𝜆𝜆2

⎣
⎢
⎢
⎢
⎡ 𝑒𝑒−𝜆𝜆2|𝜉𝜉𝐷𝐷−𝜉𝜉𝑤𝑤𝐷𝐷| + 𝛾𝛾12𝑒𝑒−𝜆𝜆2(𝜉𝜉𝐷𝐷+𝜉𝜉𝑤𝑤𝐷𝐷−2𝜉𝜉𝑏𝑏𝐷𝐷)

+𝛾𝛾32𝑒𝑒−𝜆𝜆2{2𝜉𝜉𝑐𝑐𝐷𝐷−(𝜉𝜉𝐷𝐷+𝜉𝜉𝑤𝑤𝐷𝐷)} + 𝛾𝛾12𝛾𝛾32𝑒𝑒−𝜆𝜆2{2(𝜉𝜉𝑐𝑐𝐷𝐷−𝜉𝜉𝑏𝑏𝐷𝐷)−|𝜉𝜉𝐷𝐷−𝜉𝜉𝑤𝑤𝐷𝐷|}

1 − 𝛾𝛾12𝛾𝛾32𝑒𝑒−2𝜆𝜆2(𝜉𝜉𝑐𝑐𝐷𝐷−𝜉𝜉𝑏𝑏𝐷𝐷)

⎦
⎥
⎥
⎥
⎤
 

… (𝜉𝜉𝐷𝐷 = 𝑥𝑥𝐷𝐷 ,𝑦𝑦𝐷𝐷 , 𝑧𝑧𝐷𝐷)           (3.37𝑎𝑎) 

where 

𝛾𝛾12 =
1 − tanh[𝜆𝜆1(𝜉𝜉𝑏𝑏𝐷𝐷 − 𝜉𝜉𝑎𝑎𝐷𝐷)]𝑇𝑇𝐷𝐷1𝑇𝑇𝐷𝐷2 �

𝜂𝜂𝐷𝐷2
𝜂𝜂𝐷𝐷1

1 + tanh[𝜆𝜆1(𝜉𝜉𝑏𝑏𝐷𝐷 − 𝜉𝜉𝑎𝑎𝐷𝐷)]𝑇𝑇𝐷𝐷1𝑇𝑇𝐷𝐷2 �
𝜂𝜂𝐷𝐷2
𝜂𝜂𝐷𝐷1

                                                                                     (3.37𝑏𝑏) 

𝛾𝛾32 =
1 − tanh[𝜆𝜆3(𝜉𝜉𝑑𝑑𝐷𝐷 − 𝜉𝜉𝑐𝑐𝐷𝐷)]𝑇𝑇𝐷𝐷3𝑇𝑇𝐷𝐷2 �

𝜂𝜂𝐷𝐷2
𝜂𝜂𝐷𝐷3

1 + tanh[𝜆𝜆3(𝜉𝜉𝑑𝑑𝐷𝐷 − 𝜉𝜉𝑐𝑐𝐷𝐷)]𝑇𝑇𝐷𝐷3𝑇𝑇𝐷𝐷2 �
𝜂𝜂𝐷𝐷2
𝜂𝜂𝐷𝐷3

                                                                                     (3.37𝑐𝑐) 

𝜆𝜆𝑗𝑗 = �𝑠𝑠/𝜂𝜂𝐷𝐷𝑗𝑗                                                                                                                                           (3.37𝑑𝑑)                                                                                                                                        

Note that 𝐺𝐺𝜉𝜉(𝜉𝜉𝐷𝐷 , 𝜉𝜉𝑤𝑤𝐷𝐷; 𝑠𝑠) in Equation (3.37a) is the Laplace space equivalent of the real-time 

one-dimensional Green’s function 𝐺𝐺𝜉𝜉(𝜉𝜉𝐷𝐷 , 𝜉𝜉𝑤𝑤𝐷𝐷; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) on the right-hand side of Equations 

(3.35) and (3,36), where 𝜉𝜉 = 𝑥𝑥, 𝑦𝑦 or 𝑧𝑧 and 𝑠𝑠 is the Laplace space parameter.  𝑇𝑇𝐷𝐷 is 
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dimensionless regional transmissibility given by Equation (3.25).  Although it is possible 

to obtain 𝐺𝐺𝜉𝜉(𝜉𝜉𝐷𝐷 , 𝜉𝜉𝑤𝑤𝐷𝐷; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷), from 𝐺𝐺𝜉𝜉(𝜉𝜉𝐷𝐷 , 𝜉𝜉𝑤𝑤𝐷𝐷; 𝑠𝑠) through analytical Laplace inversion, the 

computer implementation adopted in this study inverts  𝐺𝐺𝜉𝜉(𝜉𝜉𝐷𝐷 , 𝜉𝜉𝑤𝑤𝐷𝐷; 𝑠𝑠) to real time using 

Stehfest’s inversion algorithm (Stehfest, 1970a and 1970b) to obtain 𝐺𝐺𝜉𝜉(𝜉𝜉𝐷𝐷 , 𝜉𝜉𝑤𝑤𝐷𝐷; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷).  

This is because strict analytical unavoidably introduces an infinite series in the resulting 

real-time Green’s function.  As already mentioned, an infinite-series based source function 

is computationally expensive.  The flow domain’s source function is then obtained using 

Newman’s product method as shown by Equations (3.35) or (3.36).  This resultant source 

function is plugged into Equation (3.33) to compute the reservoir’s transient response. 

It is worth mentioning here that 𝛾𝛾12 and 𝛾𝛾32, called interface coefficients in this paper, 

describe the nature of the interface between regions 1 and 2 and regions 2 and 3 

respectively.  The significance and implication of the interface coefficients are discussed 

in the Section 3.8. 

 

3.8 Interface Coefficients 

The interface coefficient is a characteristic parameter in Equation (3.37a).  It describes the 

nature of the interface between contiguous regions of the reservoir.  As can be seen from 

Equations (3.37b) and (3.37c), the coefficient is a strong function of reservoir dimensions 

and regional permeabilities, besides other reservoir properties.  Depending on the value it 

assumes (−1 ≤ 𝛾𝛾 ≤ +1), different interface/boundary conditions (including partially-

sealing, perfectly-sealing, constant-pressure and infinite-acting) can be simulated.  Thus, 

this makes the analytical solution for linear composite reservoirs presented here general.  
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The rest of this section illustrates how limiting values of the interface coefficient 

(−1, 0 and + 1) devolves the Green’s function of Equation (3.37a) to literature one-region 

reservoir models. 

Source in an Infinite Domain: This corresponds to a source in a reservoir that is 

unbounded in all directions.  This source can be obtained by setting the properties 

(permeability, porosity and fluid properties) of all three regions of the linear composite 

model identical, as shown in Figure 3.4.  This implies that the regions’ transmissibilities 

and diffusivities are equal, that is, 𝑇𝑇𝐷𝐷1 = 𝑇𝑇𝐷𝐷2 = 𝑇𝑇𝐷𝐷3 and 𝜂𝜂𝐷𝐷1 = 𝜂𝜂𝐷𝐷2 = 𝜂𝜂𝐷𝐷3.  Fixing the 

reference for spatial measurement at the source location (𝜉𝜉𝑤𝑤𝐷𝐷) and extending 𝜉𝜉𝑎𝑎𝐷𝐷 and 𝜉𝜉𝑑𝑑𝐷𝐷 

to negative and positive infinity respectively, that is, 𝜉𝜉𝑎𝑎𝐷𝐷 → −∞ and 𝜉𝜉𝑑𝑑𝐷𝐷 → ∞, and also 

recognizing that lim
𝑢𝑢→∞

{tanh(𝑢𝑢)} = 1, it can be seen that the interface coefficients in Equation 

(3.37b) and (3.37c) become 

𝛾𝛾12 = 0       ,       𝛾𝛾32 = 0                                                                                                                         (3.38) 

Setting the properties of region 2 (the middle region) as the reference quantities, that is, 

𝜂𝜂𝑟𝑟𝑟𝑟𝑟𝑟 = 𝜂𝜂2, so that 𝜂𝜂𝐷𝐷2 = 1 and 𝜆𝜆2 = √𝑠𝑠 , Equation (3.37a) reduces to the Laplace-space 

Green’s function for an instantaneous plane source in an infinite reservoir given by 

𝐺𝐺𝜉𝜉(𝜉𝜉𝐷𝐷 , 𝜉𝜉𝑤𝑤𝐷𝐷; 𝑠𝑠) =
𝑒𝑒−𝑠𝑠𝜏𝜏𝐷𝐷

2√𝑠𝑠
𝑒𝑒−√𝑠𝑠|𝜉𝜉𝐷𝐷−𝜉𝜉𝑤𝑤𝐷𝐷|                                                                                                  (3.39) 

Source in a Semi-Infinite Domain: The illustration here shows how the composite 

Green’s function of Equation (3.37a) devolves to the Green’s function for an infinite plane 

source in the vicinity of a no-flow boundary.  There are two possible ways to accomplish 

this.  The first is to proceed as was done in the case above; the permeabilities of all three  

34 
 



 

 

 

 

(a)                                       (b) 

Figure 3.4 – Deriving source in an infinite domain from the three-region linear composite 

reservoir 

 

 

 

(a)                                       (b) 

Figure 3.5 – Deriving source in the vicinity of a no-flow boundary from the three-region 

linear composite reservoir 

 

  

=  +∞ 

𝜉𝜉𝑎𝑎 𝜉𝜉𝑤𝑤 𝜉𝜉𝑐𝑐 𝜉𝜉𝑏𝑏 𝜉𝜉𝑑𝑑 

−∞ 

𝜉𝜉𝑤𝑤 

=  +∞ 

𝜉𝜉𝑎𝑎 𝜉𝜉𝑤𝑤 𝜉𝜉𝑐𝑐 𝜉𝜉𝑏𝑏 𝜉𝜉𝑑𝑑 𝜉𝜉𝑤𝑤 𝜉𝜉𝑎𝑎 = 𝜉𝜉𝑏𝑏 
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regions of the linear composite model are set as identical, as shown in Figure 3.5.  This 

implies 𝑇𝑇𝐷𝐷1 = 𝑇𝑇𝐷𝐷2 = 𝑇𝑇𝐷𝐷3 and 𝜂𝜂𝐷𝐷1 = 𝜂𝜂𝐷𝐷2 = 𝜂𝜂𝐷𝐷3.  Fixing the reference for spatial 

measurement at the source location (𝜉𝜉𝑤𝑤𝐷𝐷) and setting 𝜉𝜉𝑎𝑎𝐷𝐷 = 𝜉𝜉𝑏𝑏𝐷𝐷 and 𝜉𝜉𝑑𝑑𝐷𝐷 → ∞, and also 

recognizing that lim
𝑢𝑢→∞

{tanh(𝑢𝑢)} = 1 and  lim
𝑢𝑢→0

{tanh(𝑢𝑢)} = 0, the interface coefficients in 

Equation (3.37b) and (3.37c) become 

𝛾𝛾12 = 1       ,       𝛾𝛾32 = 0                                                                                                                         (3.40) 

The alternative way is to define same properties for all three regions equal except the 

permeability of region 1 which is set to zero, as shown in Figure 3.6, thus excluding region 

1 from the flow dynamics.  This implies the transmissibilities and diffusivities are 𝑇𝑇𝐷𝐷1 = 0,

𝑇𝑇𝐷𝐷2 = 𝑇𝑇𝐷𝐷3 and 𝜂𝜂𝐷𝐷1 = 0, 𝜂𝜂𝐷𝐷2 = 𝜂𝜂𝐷𝐷3.  Fixing the reference for spatial measurement at the 

source location (𝜉𝜉𝑤𝑤𝐷𝐷) and setting 𝜉𝜉𝑑𝑑𝐷𝐷 → ∞, and also recognizing that lim
𝑢𝑢→∞

{tanh(𝑢𝑢)} = 1 and 

lim
𝑢𝑢→0

{tanh(𝑢𝑢)} = 0, again the interface coefficients assume the values shown in Equation 

(3.40). 

So proceeding either way, the interface coefficients evaluate to the same numeric values.  

Setting the properties of region 2 as the reference quantities, that is,  𝜂𝜂𝑟𝑟𝑟𝑟𝑟𝑟 = 𝜂𝜂2, so that 

𝜂𝜂𝐷𝐷2 = 1 and 𝜆𝜆2 = √𝑠𝑠, Equation (3.37a) reduces to the Laplace-space Green’s function for 

an instantaneous plane source in the vicinity of a no-flow boundary given by 

𝐺𝐺𝜉𝜉(𝜉𝜉𝐷𝐷 , 𝜉𝜉𝑤𝑤𝐷𝐷; 𝑠𝑠) =
𝑒𝑒−𝑠𝑠𝜏𝜏𝐷𝐷

2√𝑠𝑠
�𝑒𝑒−√𝑠𝑠|𝜉𝜉𝐷𝐷−𝜉𝜉𝑤𝑤𝐷𝐷| + 𝑒𝑒−√𝑠𝑠(𝜉𝜉𝐷𝐷+𝜉𝜉𝑤𝑤𝐷𝐷−2𝜉𝜉𝑏𝑏𝐷𝐷)�                                                      (3.41) 

Note that this resultant Green’s function is exactly what will be obtained if the method of 

images is used to mirror the “source in an infinite reservoir” case of Equation (3.39) against 

a no-flow boundary. 
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It is also possible to extract the Green’s function for an instantaneous plane source in the 

vicinity of a constant-pressure boundary.  This can be achieved by setting the 

permeabilities of regions 2 and 3 equal but set that of region 1 to infinity, as shown in 

Figure 3.7.  This translates as 𝑇𝑇𝐷𝐷1 → ∞ and 𝑇𝑇𝐷𝐷2 = 𝑇𝑇𝐷𝐷3.  In essence, this infinite 

transmissibility characteristic renders region 1 a perfect pressure support for the reservoir, 

hence mimicking a constant-pressure boundary.  Fixing the reference for spatial 

measurement at the source location (𝜉𝜉𝑤𝑤𝐷𝐷) and setting 𝜉𝜉𝑎𝑎𝐷𝐷 → −∞ and 𝜉𝜉𝑑𝑑𝐷𝐷 → ∞, the interface 

coefficients in Equation (3.37b) and (3.37c) assume the values 

 

𝛾𝛾12 = −1       ,       𝛾𝛾32 = 0                                                                                                                      (3.42) 

Setting the properties of region 2 as the reference quantities, that is,  𝜂𝜂𝑟𝑟𝑟𝑟𝑟𝑟 = 𝜂𝜂2, so that 

𝜂𝜂𝐷𝐷2 = 1 and 𝜆𝜆2 = √𝑠𝑠, Equation (3.37a) reduces to the Laplace-space Green’s function for 

an infinite plane source in the vicinity of a constant-pressure boundary given by 

𝐺𝐺𝜉𝜉(𝜉𝜉𝐷𝐷 , 𝜉𝜉𝑤𝑤𝐷𝐷; 𝑠𝑠) =
𝑒𝑒−𝑠𝑠𝜏𝜏𝐷𝐷

2√𝑠𝑠
�𝑒𝑒−√𝑠𝑠|𝜉𝜉𝐷𝐷−𝜉𝜉𝑤𝑤𝐷𝐷| − 𝑒𝑒−√𝑠𝑠(𝜉𝜉𝐷𝐷+𝜉𝜉𝑤𝑤𝐷𝐷−2𝜉𝜉𝑏𝑏𝐷𝐷)�                                                      (3.43) 

Again note that this resultant Green’s function is exactly what will be obtained if the 

method of images is used to mirror the “source in an infinite reservoir” case of Equation 

(3.39) against a constant-pressure boundary.  Both Equations (3.41) and (3.43) are similar 

except for the sign on the right-hand side of the equations, reflecting the opposite nature of 

no-flow and constant-pressure boundaries. 
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(a)                                       (b) 

Figure 3.6 – Deriving source in the vicinity of a no-flow boundary from the three-region 

linear composite reservoir 

 

 

 

 

(a)                                       (b) 

Figure 3.7 – Deriving source in the vicinity of a constant-pressure boundary from the 

three-region linear composite reservoir 

 

𝑘𝑘 = 0 =  +∞ 

𝜉𝜉𝑎𝑎 𝜉𝜉𝑤𝑤 𝜉𝜉𝑐𝑐 𝜉𝜉𝑏𝑏 𝜉𝜉𝑑𝑑 𝜉𝜉𝑤𝑤 𝜉𝜉𝑏𝑏 

𝑘𝑘 = ∞ =  +∞ 

𝜉𝜉𝑎𝑎 𝜉𝜉𝑤𝑤 𝜉𝜉𝑐𝑐 𝜉𝜉𝑏𝑏 𝜉𝜉𝑑𝑑 𝜉𝜉𝑤𝑤 𝜉𝜉𝑏𝑏 
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Source in a Finite Domain: This case shows that the composite Green’s function can also 

be reduced to that of an instantaneous plane source in an infinite slab reservoir.  This is the 

configuration for a source located between two parallel no-flow boundaries.  There are two 

possible ways to accomplish this.  The first sets 𝜉𝜉𝑎𝑎𝐷𝐷 = 𝜉𝜉𝑏𝑏𝐷𝐷 and 𝜉𝜉𝑐𝑐𝐷𝐷 = 𝜉𝜉𝑑𝑑𝐷𝐷, as shown in 

Figure 3.8.  The interface coefficients in Equation (3.37b) and (3.37c) therefore take the 

value 

𝛾𝛾12 = 1       ,       𝛾𝛾32 = 1                                                                                                                         (3.44) 

The alternative way is to set permeability of regions 1 and 3 to zero, as shown in Figure 

3.9, thus excluding both regions from the flow dynamics.  This implies the transmissibility 

and diffusivity terms 𝑇𝑇𝐷𝐷1 = 𝑇𝑇𝐷𝐷3 = 0  and 𝜂𝜂𝐷𝐷1 =  𝜂𝜂𝐷𝐷3 = 0.  Again the interface coefficients 

assume the values given by Equation (3.44). 

So proceeding either way, the interface coefficients evaluate to the same numeric values.  

Setting the reference properties as those of region 2, then 𝜂𝜂𝐷𝐷2 = 1 and 𝜆𝜆2 = √𝑠𝑠,  Equation 

(3.37a) reduces to the Laplace-space Green’s function for an infinite plane source situated 

between two parallel no-flow boundaries given by 

𝐺𝐺𝜉𝜉(𝜉𝜉𝐷𝐷 , 𝜉𝜉𝑤𝑤𝐷𝐷; 𝑠𝑠) =
𝑒𝑒−𝑠𝑠𝜏𝜏𝐷𝐷

2√𝑠𝑠
⎣
⎢
⎢
⎢
⎡ 𝑒𝑒−√𝑠𝑠|𝜉𝜉𝐷𝐷−𝜉𝜉𝑤𝑤𝐷𝐷| + 𝑒𝑒−√𝑠𝑠(𝜉𝜉𝐷𝐷+𝜉𝜉𝑤𝑤𝐷𝐷−2𝜉𝜉𝑏𝑏𝐷𝐷)

+𝑒𝑒−√𝑠𝑠{2𝜉𝜉𝑐𝑐𝐷𝐷−(𝜉𝜉𝐷𝐷+𝜉𝜉𝑤𝑤𝐷𝐷)} + 𝑒𝑒−√𝑠𝑠{2(𝜉𝜉𝑐𝑐𝐷𝐷−𝜉𝜉𝑏𝑏𝐷𝐷)−|𝜉𝜉𝐷𝐷−𝜉𝜉𝑤𝑤𝐷𝐷|}

1 − 𝑒𝑒−2√𝑠𝑠(𝜉𝜉𝑐𝑐𝐷𝐷−𝜉𝜉𝑏𝑏𝐷𝐷)

⎦
⎥
⎥
⎥
⎤
                         (3.45) 

In the literature, the Green’s function for an instantaneous plane source located in a slab 

reservoir, derived using the method of images (Gringarten, 1971, 1973; Falade, 1979; 

Ozkan and Raghavan, 1991), contains an infinite series.  This series is the direct result of 

deploying an infinite number of image sources to capture the effect of the parallel 
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(a)                                       (b) 

Figure 3.8 – Deriving source in a finite domain from the three-region linear composite 

reservoir 

 

 

 

 

(a)                                       (b) 

Figure 3.9 – Deriving source in a finite domain from the three-region linear composite 

reservoir 

  

= 

𝜉𝜉𝑎𝑎 𝜉𝜉𝑤𝑤 𝜉𝜉𝑐𝑐 𝜉𝜉𝑏𝑏 𝜉𝜉𝑑𝑑 𝜉𝜉𝑤𝑤 𝜉𝜉𝑎𝑎 = 𝜉𝜉𝑏𝑏 𝜉𝜉𝑐𝑐 = 𝜉𝜉𝑑𝑑  

𝑘𝑘 = 0 𝑘𝑘 = 0 = 

𝜉𝜉𝑎𝑎 𝜉𝜉𝑤𝑤 𝜉𝜉𝑐𝑐 𝜉𝜉𝑏𝑏 𝜉𝜉𝑑𝑑 𝜉𝜉𝑤𝑤 𝜉𝜉𝑏𝑏 𝜉𝜉𝑐𝑐 
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boundaries.  The Green’s function obtained in Equation (3.45), which is the form used in 

computer implementation of this study, is the alternate form of the literature infinite-series 

based Green’s function.  For completeness of presentation, we illustrate how the literature 

infinite-series based Green’s can be obtained from Equation (3.45).  Fixing the origin of 

the coordinate system at the left boundary, so that 𝜉𝜉𝑏𝑏𝐷𝐷 = 0 and recognizing that the inverse 

of the denominator in Equation (3.45) can be expanded as a series of the form, 

1
1 − 𝑒𝑒−2√𝑠𝑠𝜉𝜉𝑐𝑐𝐷𝐷

= �𝑒𝑒−2𝑛𝑛√𝑠𝑠𝜉𝜉𝑐𝑐𝐷𝐷
∞

𝑛𝑛=0

             � since 𝑒𝑒−2𝑛𝑛√𝑠𝑠𝜉𝜉𝑐𝑐𝐷𝐷 < 1 � 

then Equation (3.45) yields the Laplace-space version of literature infinite-series based 

Green’s function for an instantaneous plane source in a slab reservoir, as depicted by 

Equation (3.46) below. 

𝐺𝐺𝜉𝜉(𝜉𝜉𝐷𝐷 , 𝜉𝜉𝑤𝑤𝐷𝐷; 𝑠𝑠) =
𝑒𝑒−𝑠𝑠𝜏𝜏𝐷𝐷

2√𝑠𝑠
� � 𝑒𝑒−√𝑠𝑠{𝜉𝜉𝐷𝐷−𝜉𝜉𝑤𝑤𝐷𝐷+2𝑛𝑛𝜉𝜉𝑐𝑐𝐷𝐷}

∞

𝑛𝑛=−∞

+ � 𝑒𝑒−√𝑠𝑠{𝜉𝜉𝐷𝐷+𝜉𝜉𝑤𝑤𝐷𝐷+2𝑛𝑛𝜉𝜉𝑐𝑐𝐷𝐷}
∞

𝑛𝑛=−∞

�                  (3.46) 

This section successfully demonstrates that the linear composite Green’s function, 

Equation (3.37a), devolves to known literature Green’s functions depending on the value 

assumed by the interface coefficients.  Table 1 summarizes boundary conditions alongside 

interface coefficient values.   

 
Note that all the Green’s functions presented in this section can be derived from first 

principles by setting up the flow problem (Equations (12)) with the desired boundary 

conditions.  We have done so and confirmed that these Green’s functions are actually 

degenerate cases of general three-region linear composite reservoir Green’s function.  So, 

for brevity, only the derivation of the general Green’s function is presented in this study  
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Table 3.1 Boundary conditions represented by the interface coefficient 
(−1 ≤ 𝛾𝛾 ≤ +1)  

 
 
Boundary Condition 
 

                    
Value of  𝜸𝜸 

 
Infinite-Acting 

 
                       
0 
 

Constant-Pressure                       
−1 
 

Perfectly-Sealing (No-
Flow) 
 
Partially-Sealing 

                     
 +1 
 

0 < 𝛾𝛾 < +1 
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together with the method to extract the Green’s function for the degenerate cases.  It is 

noteworthy that the three-region linear composite reservoir solution resolves intrinsically 

to model no-flow boundaries, constant-pressure boundaries, infinite boundaries and 

partially-sealing boundaries.  

 

3.9 Multi-Well Modeling 

Hydrocarbon production is not carried out using a single well but by deploying a number 

of wells that are placed strategically within the reservoir, following planned reservoir 

studies, for the sole purpose of maximizing recovery.  Such studies have been more or less 

supported by the use of time-consuming numerical reservoir models.  There is no 

gainsaying it is of utmost importance to the industry to be able to access analytical models 

that are able to simulate multi-well flow dynamics for quick initial understanding of the 

reservoir, pending availability of adequate input data to warrant extensive studies using 

numerical reservoir models.  This section shows how Equation (3.33) can be extended to 

simulate multi-well production scenarios.   

The transient response in a reservoir that is exploited by a combination of wells is obtained 

as the summation of the effects of all the wells.  Mathematically, this means that Equation 

(3.33) takes the form 

𝑝𝑝𝐷𝐷(x𝐷𝐷 , 𝑡𝑡𝐷𝐷) = 2𝜋𝜋𝜂𝜂𝐷𝐷�� 𝑞𝑞�𝑤𝑤𝐷𝐷,𝑗𝑗(𝜏𝜏𝐷𝐷) 𝑆𝑆𝑗𝑗(𝐱𝐱𝐷𝐷 , 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) 𝑑𝑑𝜏𝜏𝐷𝐷
𝑡𝑡𝐷𝐷

0

𝑛𝑛

𝑗𝑗=1

                                                         (3.47) 
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where 𝑛𝑛 is the number of wells in the reservoir, 𝑞𝑞�𝑤𝑤,𝑗𝑗(𝑡𝑡𝐷𝐷) is the flow rate per unit volume 

effected by the j-th well, and  𝑆𝑆𝑗𝑗(𝐱𝐱𝐷𝐷, 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) is the corresponding source function for the 

j-th well. 

 

3.10 Well Geometry 

In Section 3.7, the source functions for an instantaneous point source in a two-dimensional 

domain and a three-dimensional domain were derived.  Advances in drilling technology 

has made it possible to exploit petroleum reservoirs using advanced wells, including 

horizontal wells, deviated wells, hydraulically fractured vertical wells, multi-lateral wells 

and multiply fractured horizontal wells.  So, in the following paragraphs, the source 

functions for selected well geometries in a three-dimensional flow domain are presented. 

 

Vertical Well: A vertical well can be approximated as a vertical line source.  According 

to Equation (3.34), the source function for such a vertical line source, extending from 

(𝑧𝑧𝑤𝑤 − 𝐿𝐿𝑥𝑥 2⁄ ) to (𝑧𝑧𝑤𝑤 + 𝐿𝐿𝑥𝑥 2⁄ ) within the central region of the linear composite reservoir, is 

𝑆𝑆(𝐱𝐱𝐷𝐷; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) = � 𝐺𝐺𝑥𝑥(𝑥𝑥𝐷𝐷 ,𝑥𝑥𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) 𝐺𝐺𝑥𝑥(𝑦𝑦𝐷𝐷,𝑦𝑦𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) 𝐺𝐺𝑥𝑥(𝑧𝑧𝐷𝐷, 𝑧𝑧𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) 
Ω

 

× 𝛿𝛿(𝑥𝑥𝐷𝐷′ − 𝑥𝑥𝑤𝑤𝐷𝐷) 𝛿𝛿(𝑦𝑦𝐷𝐷′ − 𝑦𝑦𝑤𝑤𝐷𝐷)[ 𝐻𝐻(𝑧𝑧𝐷𝐷′ − 𝑧𝑧𝑤𝑤𝐷𝐷 + 𝐿𝐿𝑥𝑥𝐷𝐷 2⁄ ) −𝐻𝐻(𝑧𝑧𝐷𝐷′ − 𝑧𝑧𝑤𝑤𝐷𝐷 − 𝐿𝐿𝑥𝑥𝐷𝐷 2⁄ )] 𝑑𝑑Ω′ 

 

𝑆𝑆(𝐱𝐱𝐷𝐷; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) = 𝐺𝐺𝑥𝑥(𝑥𝑥𝐷𝐷,𝑥𝑥𝑤𝑤𝐷𝐷; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) 𝐺𝐺𝑥𝑥(𝑦𝑦𝐷𝐷 ,𝑦𝑦𝑤𝑤𝐷𝐷; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) 

×�  𝐺𝐺𝑥𝑥(𝑧𝑧𝐷𝐷 , 𝑧𝑧𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷)
𝑥𝑥𝑤𝑤𝐷𝐷+𝐿𝐿𝑧𝑧𝐷𝐷 2⁄

𝑥𝑥𝑤𝑤𝐷𝐷−𝐿𝐿𝑧𝑧𝐷𝐷 2⁄
𝑑𝑑𝑧𝑧𝐷𝐷′                                                             (3.48) 
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where 𝐻𝐻(𝑥𝑥 − 𝑎𝑎) is the Heaviside step function.   

 

Horizontal Well: A horizontal well can be approximated as a horizontal line source.  The 

source function for this source, extending from  (𝑥𝑥𝑤𝑤 − 𝐿𝐿𝑥𝑥 2⁄ ) to (𝑥𝑥𝑤𝑤 + 𝐿𝐿𝑥𝑥 2⁄ )  within the 

central region of the linear composite reservoir, is 

𝑆𝑆(𝐱𝐱𝐷𝐷; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) = � 𝐺𝐺𝑥𝑥(𝑥𝑥𝐷𝐷 ,𝑥𝑥𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) 𝐺𝐺𝑥𝑥(𝑦𝑦𝐷𝐷,𝑦𝑦𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) 𝐺𝐺𝑥𝑥(𝑧𝑧𝐷𝐷, 𝑧𝑧𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) 
Ω

 

× [ 𝐻𝐻(𝑥𝑥𝐷𝐷′ − 𝑥𝑥𝑤𝑤𝐷𝐷 + 𝐿𝐿𝑥𝑥𝐷𝐷 2⁄ ) −𝐻𝐻(𝑥𝑥𝐷𝐷′ − 𝑥𝑥𝑤𝑤𝐷𝐷 − 𝐿𝐿𝑥𝑥𝐷𝐷 2⁄ )] 𝛿𝛿(𝑦𝑦𝐷𝐷′ − 𝑦𝑦𝑤𝑤𝐷𝐷) 𝛿𝛿(𝑧𝑧𝐷𝐷′ − 𝑧𝑧𝑤𝑤𝐷𝐷) 𝑑𝑑Ω′ 

𝑆𝑆(𝐱𝐱𝐷𝐷; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) = 𝐺𝐺𝑥𝑥(𝑦𝑦𝐷𝐷 ,𝑦𝑦𝑤𝑤𝐷𝐷; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) 𝐺𝐺𝑥𝑥(𝑧𝑧𝐷𝐷 , 𝑧𝑧𝑤𝑤𝐷𝐷; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) 

× �  𝐺𝐺𝑥𝑥(𝑥𝑥𝐷𝐷, 𝑥𝑥𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷)
𝑥𝑥𝑤𝑤𝐷𝐷+𝐿𝐿𝑥𝑥𝐷𝐷 2⁄

𝑥𝑥𝑤𝑤𝐷𝐷−𝐿𝐿𝑥𝑥𝐷𝐷 2⁄
𝑑𝑑𝑥𝑥𝐷𝐷′                                                            (3.49) 

 

Vertical Fracture: A hydraulic vertical fracture can be represented as a vertical planar 

source.  The source function for this source, traversing  �𝑦𝑦𝑤𝑤 − 𝐿𝐿𝑥𝑥 2⁄ � to �𝑦𝑦𝑤𝑤 + 𝐿𝐿𝑥𝑥 2⁄ � and 

(𝑧𝑧𝑤𝑤 − 𝐿𝐿𝑥𝑥 2⁄ ) to (𝑧𝑧𝑤𝑤 + 𝐿𝐿𝑥𝑥 2⁄ ) within the central region of the linear composite reservoir, is 

𝑆𝑆(𝐱𝐱𝐷𝐷; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) = � 𝐺𝐺𝑥𝑥(𝑥𝑥𝐷𝐷 ,𝑥𝑥𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) 𝐺𝐺𝑥𝑥(𝑦𝑦𝐷𝐷,𝑦𝑦𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) 𝐺𝐺𝑥𝑥(𝑧𝑧𝐷𝐷, 𝑧𝑧𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷)  
Ω

 

× 𝛿𝛿(𝑥𝑥𝐷𝐷′ − 𝑥𝑥𝑤𝑤𝐷𝐷) � 𝐻𝐻�𝑦𝑦𝐷𝐷′ − 𝑦𝑦𝑤𝑤𝐷𝐷 + 𝐿𝐿𝑥𝑥𝐷𝐷 2⁄ � − 𝐻𝐻�𝑦𝑦𝐷𝐷′ − 𝑦𝑦𝑤𝑤𝐷𝐷 − 𝐿𝐿𝑥𝑥𝐷𝐷 2⁄ ��                               

× [ 𝐻𝐻(𝑧𝑧𝐷𝐷′ − 𝑧𝑧𝑤𝑤𝐷𝐷 + 𝐿𝐿𝑥𝑥𝐷𝐷 2⁄ ) −𝐻𝐻(𝑧𝑧𝐷𝐷′ − 𝑧𝑧𝑤𝑤𝐷𝐷 − 𝐿𝐿𝑥𝑥𝐷𝐷 2⁄ )] 𝑑𝑑Ω′                                                   

𝑆𝑆(𝐱𝐱𝐷𝐷; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) = 𝐺𝐺𝑥𝑥(𝑥𝑥𝐷𝐷,𝑥𝑥𝑤𝑤𝐷𝐷; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) 
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× �  𝐺𝐺𝑥𝑥(𝑦𝑦𝐷𝐷 ,𝑦𝑦𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷)
𝑥𝑥𝑤𝑤𝐷𝐷+𝐿𝐿𝑦𝑦𝐷𝐷 2⁄

𝑥𝑥𝑤𝑤𝐷𝐷+𝐿𝐿𝑦𝑦𝐷𝐷 2⁄
𝑑𝑑𝑦𝑦𝐷𝐷′ �  𝐺𝐺𝑥𝑥(𝑧𝑧𝐷𝐷 , 𝑧𝑧𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷)

𝑥𝑥𝑤𝑤𝐷𝐷+𝐿𝐿𝑧𝑧𝐷𝐷 2⁄

𝑥𝑥𝑤𝑤𝐷𝐷−𝐿𝐿𝑧𝑧𝐷𝐷 2⁄
𝑑𝑑𝑧𝑧𝐷𝐷′        (3.50) 

 

Horizontal Fracture: A hydraulic vertical fracture can be represented as a horizontal 

planar source.  The source function for this source, traversing  (𝑥𝑥𝑤𝑤 − 𝐿𝐿𝑥𝑥 2⁄ ) to (𝑥𝑥𝑤𝑤 + 𝐿𝐿𝑥𝑥 2⁄ ) 

and �𝑦𝑦𝑤𝑤 − 𝐿𝐿𝑥𝑥 2⁄ � to �𝑦𝑦𝑤𝑤 + 𝐿𝐿𝑥𝑥 2⁄ � within the central region of the linear composite reservoir, 

is 

𝑆𝑆(𝐱𝐱𝐷𝐷; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) = � 𝐺𝐺𝑥𝑥(𝑥𝑥𝐷𝐷 ,𝑥𝑥𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) 𝐺𝐺𝑥𝑥(𝑦𝑦𝐷𝐷,𝑦𝑦𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) 𝐺𝐺𝑥𝑥(𝑧𝑧𝐷𝐷, 𝑧𝑧𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) 
Ω

 

× 𝛿𝛿(𝑧𝑧𝐷𝐷′ − 𝑧𝑧𝑤𝑤𝐷𝐷) [ 𝐻𝐻(𝑥𝑥𝐷𝐷′ − 𝑥𝑥𝑤𝑤𝐷𝐷 + 𝐿𝐿𝑥𝑥𝐷𝐷 2⁄ ) −𝐻𝐻(𝑥𝑥𝐷𝐷′ − 𝑥𝑥𝑤𝑤𝐷𝐷 − 𝐿𝐿𝑥𝑥𝐷𝐷 2⁄ )]                            

×  � 𝐻𝐻�𝑦𝑦𝐷𝐷′ − 𝑦𝑦𝑤𝑤𝐷𝐷 + 𝐿𝐿𝑥𝑥𝐷𝐷 2⁄ � − 𝐻𝐻�𝑦𝑦𝐷𝐷′ − 𝑦𝑦𝑤𝑤𝐷𝐷 − 𝐿𝐿𝑥𝑥𝐷𝐷 2⁄ �� 𝑑𝑑Ω′                                          

𝑆𝑆(𝐱𝐱𝐷𝐷; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) = 𝐺𝐺𝑥𝑥(𝑧𝑧𝐷𝐷 , 𝑧𝑧𝑤𝑤𝐷𝐷; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) 

× �  𝐺𝐺𝑥𝑥(𝑥𝑥𝐷𝐷,𝑥𝑥𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷)
𝑥𝑥𝑤𝑤𝐷𝐷+𝐿𝐿𝑥𝑥𝐷𝐷 2⁄

𝑥𝑥𝑤𝑤𝐷𝐷−𝐿𝐿𝑥𝑥𝐷𝐷 2⁄
𝑑𝑑𝑥𝑥𝐷𝐷′  �  𝐺𝐺𝑥𝑥(𝑦𝑦𝐷𝐷 ,𝑦𝑦𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷)

𝑥𝑥𝑤𝑤𝐷𝐷+𝐿𝐿𝑦𝑦𝐷𝐷 2⁄

𝑥𝑥𝑤𝑤𝐷𝐷+𝐿𝐿𝑦𝑦𝐷𝐷 2⁄
𝑑𝑑𝑦𝑦𝐷𝐷′     (3.51) 

 

Volume Source: The source function for a volume source occupying dimensions 

traversing  (𝑥𝑥𝑤𝑤 − 𝐿𝐿𝑥𝑥 2⁄ ) to (𝑥𝑥𝑤𝑤 + 𝐿𝐿𝑥𝑥 2⁄ ), �𝑦𝑦𝑤𝑤 − 𝐿𝐿𝑥𝑥 2⁄ � to �𝑦𝑦𝑤𝑤 + 𝐿𝐿𝑥𝑥 2⁄ �  and (𝑧𝑧𝑤𝑤 − 𝐿𝐿𝑥𝑥 2⁄ ) to 

(𝑧𝑧𝑤𝑤 + 𝐿𝐿𝑥𝑥 2⁄ )  within the central region of the linear composite reservoir is 

𝑆𝑆(𝐱𝐱𝐷𝐷; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) = � 𝐺𝐺𝑥𝑥(𝑥𝑥𝐷𝐷 ,𝑥𝑥𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) 𝐺𝐺𝑥𝑥(𝑦𝑦𝐷𝐷,𝑦𝑦𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) 𝐺𝐺𝑥𝑥(𝑧𝑧𝐷𝐷, 𝑧𝑧𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) 
Ω

 

× [ 𝐻𝐻(𝑥𝑥𝐷𝐷′ − 𝑥𝑥𝑤𝑤𝐷𝐷 + 𝐿𝐿𝑥𝑥𝐷𝐷 2⁄ ) −𝐻𝐻(𝑥𝑥𝐷𝐷′ − 𝑥𝑥𝑤𝑤𝐷𝐷 − 𝐿𝐿𝑥𝑥𝐷𝐷 2⁄ )]                                                     

× � 𝐻𝐻�𝑦𝑦𝐷𝐷′ − 𝑦𝑦𝑤𝑤𝐷𝐷 + 𝐿𝐿𝑥𝑥𝐷𝐷 2⁄ � − 𝐻𝐻�𝑦𝑦𝐷𝐷′ − 𝑦𝑦𝑤𝑤𝐷𝐷 − 𝐿𝐿𝑥𝑥𝐷𝐷 2⁄ ��                                                    
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× [ 𝐻𝐻(𝑧𝑧𝐷𝐷′ − 𝑧𝑧𝑤𝑤𝐷𝐷 + 𝐿𝐿𝑥𝑥𝐷𝐷 2⁄ ) −𝐻𝐻(𝑧𝑧𝐷𝐷′ − 𝑧𝑧𝑤𝑤𝐷𝐷 − 𝐿𝐿𝑥𝑥𝐷𝐷 2⁄ )] 𝑑𝑑Ω′                                              

𝑆𝑆(𝐱𝐱𝐷𝐷; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) = �  𝐺𝐺𝑥𝑥(𝑥𝑥𝐷𝐷 ,𝑥𝑥𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷)
𝑥𝑥𝑤𝑤𝐷𝐷+𝐿𝐿𝑥𝑥𝐷𝐷 2⁄

𝑥𝑥𝑤𝑤𝐷𝐷−𝐿𝐿𝑥𝑥𝐷𝐷 2⁄
𝑑𝑑𝑥𝑥𝐷𝐷′  

× �  𝐺𝐺𝑥𝑥(𝑦𝑦𝐷𝐷 ,𝑦𝑦𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷)
𝑥𝑥𝑤𝑤𝐷𝐷+𝐿𝐿𝑦𝑦𝐷𝐷 2⁄

𝑥𝑥𝑤𝑤𝐷𝐷+𝐿𝐿𝑦𝑦𝐷𝐷 2⁄
𝑑𝑑𝑦𝑦𝐷𝐷′ �  𝐺𝐺𝑥𝑥(𝑧𝑧𝐷𝐷 , 𝑧𝑧𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷)

𝑥𝑥𝑤𝑤𝐷𝐷+𝐿𝐿𝑧𝑧𝐷𝐷 2⁄

𝑥𝑥𝑤𝑤𝐷𝐷−𝐿𝐿𝑧𝑧𝐷𝐷 2⁄
𝑑𝑑𝑧𝑧𝐷𝐷′        (3.52) 

 

3.11 Source Integration and Inverse Laplace Transform 

The integrals present in Equations (3.47) through (3.52) are evaluated thus: 

� 𝐺𝐺𝜉𝜉(𝜉𝜉𝐷𝐷 , 𝜉𝜉𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) 𝑑𝑑𝜉𝜉𝐷𝐷′
𝜉𝜉𝑤𝑤𝐷𝐷+𝐿𝐿𝐷𝐷 2⁄

𝜉𝜉𝑤𝑤𝐷𝐷−𝐿𝐿𝐷𝐷 2⁄
= � �ℒ−1�𝐺𝐺𝜉𝜉(𝜉𝜉𝐷𝐷, 𝜉𝜉𝐷𝐷′ ; 𝑠𝑠)�� 𝑑𝑑𝜉𝜉𝐷𝐷′

𝜉𝜉𝑤𝑤𝐷𝐷+𝐿𝐿𝐷𝐷 2⁄

𝜉𝜉𝑤𝑤𝐷𝐷−𝐿𝐿𝐷𝐷 2⁄
 

Recognizing that spatial integration and time-based Laplace transformation are commutative, the 

right-hand-side of the above equation can be re-written as 

� 𝐺𝐺𝜉𝜉(𝜉𝜉𝐷𝐷 , 𝜉𝜉𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) 𝑑𝑑𝜉𝜉𝐷𝐷′
𝜉𝜉𝑤𝑤𝐷𝐷+𝐿𝐿𝐷𝐷 2⁄

𝜉𝜉𝑤𝑤𝐷𝐷−𝐿𝐿𝐷𝐷 2⁄
= ℒ−1 �� 𝐺𝐺𝜉𝜉(𝜉𝜉𝐷𝐷 , 𝜉𝜉𝐷𝐷′ ; 𝑠𝑠) 𝑑𝑑𝜉𝜉𝐷𝐷′

𝜉𝜉𝑤𝑤𝐷𝐷+𝐿𝐿𝐷𝐷 2⁄

𝜉𝜉𝑤𝑤𝐷𝐷−𝐿𝐿𝐷𝐷 2⁄
�                              (3.53) 

Substituting Equation (3.37a) into (3.52) and carrying out the integration yields,  

� 𝐺𝐺𝜉𝜉(𝜉𝜉𝐷𝐷 , 𝜉𝜉𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) 𝑑𝑑𝜉𝜉𝐷𝐷′
𝜉𝜉𝑤𝑤𝐷𝐷+𝐿𝐿𝐷𝐷 2⁄

𝜉𝜉𝑤𝑤𝐷𝐷−𝐿𝐿𝐷𝐷 2⁄
= 

ℒ−1

⎩
⎪
⎨

⎪
⎧
𝑒𝑒−𝑠𝑠𝜏𝜏𝐷𝐷

2𝜆𝜆2
2 �

1
1− 𝛾𝛾12𝛾𝛾32𝑒𝑒−2𝜆𝜆2(𝜉𝜉𝑐𝑐𝐷𝐷−𝜉𝜉𝑏𝑏𝐷𝐷)�

⎝

⎜
⎛

𝐴𝐴
+𝛾𝛾12�𝑒𝑒−𝜆𝜆2(𝜉𝜉𝐷𝐷+𝜉𝜉𝑤𝑤𝐷𝐷−2𝜉𝜉𝑏𝑏𝐷𝐷−𝐿𝐿𝐷𝐷 2⁄ ) − 𝑒𝑒−𝜆𝜆2(𝜉𝜉𝐷𝐷+𝜉𝜉𝑤𝑤𝐷𝐷−2𝜉𝜉𝑏𝑏𝐷𝐷+𝐿𝐿𝐷𝐷 2⁄ )�
+𝛾𝛾32�𝑒𝑒−𝜆𝜆2(2𝜉𝜉𝑐𝑐𝐷𝐷−𝜉𝜉𝐷𝐷−𝜉𝜉𝑤𝑤𝐷𝐷−𝐿𝐿𝐷𝐷 2⁄ ) − 𝑒𝑒−𝜆𝜆2(2𝜉𝜉𝑐𝑐𝐷𝐷−𝜉𝜉𝐷𝐷−𝜉𝜉𝑤𝑤𝐷𝐷+𝐿𝐿𝐷𝐷 2⁄ )�

+𝛾𝛾12𝛾𝛾32  × 𝐵𝐵 ⎠

⎟
⎞

⎭
⎪
⎬

⎪
⎫

 

… (3.54) 
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where terms 𝐴𝐴 and 𝐵𝐵 depend on the observation point 𝜉𝜉𝐷𝐷 relative to the source range 

(𝜉𝜉𝑤𝑤𝐷𝐷 − 𝐿𝐿𝐷𝐷 2⁄ ) – (𝜉𝜉𝑤𝑤𝐷𝐷 + 𝐿𝐿𝐷𝐷 2⁄ ).  They are calculated thus: 

If 𝜉𝜉𝐷𝐷 < 𝜉𝜉𝑤𝑤𝐷𝐷 − 𝐿𝐿𝐷𝐷 2⁄  

𝐴𝐴 = 𝑒𝑒−𝜆𝜆2(𝜉𝜉𝑤𝑤𝐷𝐷−𝜉𝜉𝐷𝐷−𝐿𝐿𝐷𝐷 2⁄ ) − 𝑒𝑒−𝜆𝜆2(𝜉𝜉𝑤𝑤𝐷𝐷−𝜉𝜉𝐷𝐷+𝐿𝐿𝐷𝐷 2⁄ ) 

𝐵𝐵 = 𝑒𝑒−𝜆𝜆2{2(𝜉𝜉𝑐𝑐𝐷𝐷−𝜉𝜉𝑏𝑏𝐷𝐷)+𝑥𝑥𝐷𝐷−𝑥𝑥𝑤𝑤𝐷𝐷−𝐿𝐿𝐷𝐷 2⁄ } − 𝑒𝑒−𝜆𝜆2{2(𝜉𝜉𝑐𝑐𝐷𝐷−𝜉𝜉𝑏𝑏𝐷𝐷)+𝜉𝜉𝐷𝐷−𝜉𝜉𝑤𝑤𝐷𝐷+𝐿𝐿𝐷𝐷 2⁄ } 

If 𝜉𝜉𝑤𝑤𝐷𝐷 − 𝐿𝐿𝐷𝐷 2⁄ ≤ 𝜉𝜉𝐷𝐷 ≤ 𝜉𝜉𝑤𝑤𝐷𝐷 + 𝐿𝐿𝐷𝐷 2⁄  

𝐴𝐴 = 2 − 𝑒𝑒−𝜆𝜆2(𝜉𝜉𝐷𝐷−𝜉𝜉𝑤𝑤𝐷𝐷+𝐿𝐿𝐷𝐷 2⁄ ) − 𝑒𝑒−𝜆𝜆2(𝜉𝜉𝑤𝑤𝐷𝐷−𝜉𝜉𝐷𝐷+𝐿𝐿𝐷𝐷 2⁄ ) 

𝐵𝐵 = 𝑒𝑒−𝜆𝜆2{2(𝜉𝜉𝑐𝑐𝐷𝐷−𝜉𝜉𝑏𝑏𝐷𝐷)−𝜉𝜉𝐷𝐷+𝜉𝜉𝑤𝑤𝐷𝐷−𝐿𝐿𝐷𝐷 2⁄ } + 𝑒𝑒−𝜆𝜆2{2(𝜉𝜉𝑐𝑐𝐷𝐷−𝜉𝜉𝑏𝑏𝐷𝐷)+𝜉𝜉𝐷𝐷−𝜉𝜉𝑤𝑤𝐷𝐷−𝐿𝐿𝐷𝐷 2⁄ } − 2𝑒𝑒−2𝜆𝜆2(𝜉𝜉𝑐𝑐𝐷𝐷−𝜉𝜉𝑏𝑏𝐷𝐷) 

If 𝜉𝜉𝐷𝐷 > 𝜉𝜉𝑤𝑤𝐷𝐷 + 𝐿𝐿𝐷𝐷 2⁄  

𝐴𝐴 = 𝑒𝑒−𝜆𝜆2(𝜉𝜉𝐷𝐷−𝜉𝜉𝑤𝑤𝐷𝐷−𝐿𝐿𝐷𝐷 2⁄ ) − 𝑒𝑒−𝜆𝜆2(𝜉𝜉𝐷𝐷−𝜉𝜉𝑤𝑤𝐷𝐷+𝐿𝐿𝐷𝐷 2⁄ ) 

𝐵𝐵 = 𝑒𝑒−𝜆𝜆2{2(𝜉𝜉𝑐𝑐𝐷𝐷−𝜉𝜉𝑏𝑏𝐷𝐷)−𝜉𝜉𝐷𝐷+𝜉𝜉𝑤𝑤𝐷𝐷−𝐿𝐿𝐷𝐷 2⁄ } − 𝑒𝑒−𝜆𝜆2{2(𝜉𝜉𝑐𝑐𝐷𝐷−𝜉𝜉𝑏𝑏𝐷𝐷)−𝜉𝜉𝐷𝐷+𝜉𝜉𝑤𝑤𝐷𝐷+𝐿𝐿𝐷𝐷 2⁄ } 

Note that Equation (3.54) requires performing Laplace transform inversion of the right-

hand-side.  Doing so analytically is a tedious exercise.  In this study, the inversion is done 

using the Stehfest inversion algorithm.  Given the Laplace-transfom 𝑓𝑓(𝑠𝑠) of a function, by 

use of this algorithm, the real time solution 𝑓𝑓(𝑡𝑡) is obtained thus: 

𝑓𝑓𝑎𝑎(𝑡𝑡) =
ln 2
𝑡𝑡
�𝑉𝑉𝑖𝑖

𝑁𝑁

𝑖𝑖=1

 𝑓𝑓 �
ln 2
𝑡𝑡
𝑖𝑖�                                                                                                                 (3.55) 

𝑉𝑉𝑖𝑖 = (−1)
𝑁𝑁
2+𝑖𝑖 �

𝑘𝑘
𝑁𝑁
2  (2𝑘𝑘)!

�𝑁𝑁2 − 𝑘𝑘� !  𝑘𝑘! (𝑘𝑘 − 1)! (𝑖𝑖 − 𝑘𝑘)! (2𝑘𝑘 − 𝑖𝑖)!

min�𝑖𝑖,𝑁𝑁2�

𝑘𝑘=𝑖𝑖+12

                                                  (3.56) 
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where 𝑓𝑓𝑎𝑎(𝑡𝑡) is the numerical approximation to the function 𝑓𝑓(𝑡𝑡) and 𝑉𝑉𝑖𝑖 is a set of 

predetermined coefficients (weighting factors) which depend on 𝑁𝑁 (an even integer).  It 

was shown by Stehfest that the optimum value of 𝑁𝑁 depends on the number of digits carried 

in the computation. 
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CHAPTER 4 

  

MATHEMATICAL MODEL FOR ARBITRARY-SHAPED COMPOSITE 

RESERVOIRS  

Using regular-shaped analytical models for reservoir studies has the likelihood of yielding 

misleading results, especially in situations where the reservoir flow is in the transition 

regime.  In this regime, the transients have gone past the infinite-acting regime but are not 

in a fully boundary-dominated regime; so some but not all of the reservoir boundaries 

influence the flow.  The more irregular the reservoir or drainage area geometry is, the 

greater is its influence on well performance, which may not be well captured with regular-

shaped reservoir models.  So history-matching production data from irregular-shaped 

reservoirs using regular-shaped reservoir models may carry substantial characterization 

and forecast errors.   

In this chapter, a semi-analytical model for one-region and composite reservoir is 

presented.  The intent of this chapter is to set up a framework that can be used to write 

down the matrix equation for arbitrary-shaped reservoir models without the need for 

derivation from first principles.  The reservoir model developed here is not only useful for 

investigating the influence of reservoir geometries on well performance, but also for 

history-matching and forecasting multi-well performance and for studying the effect of 

large-scale reservoir heterogeneities.   
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All possible reservoir boundaries are considered, including constant-pressure boundaries, 

constant-flux boundaries and mixed boundaries.   In addition, the wells can be rate- or 

pressure-controlled.   

 

4.1 Boundary-Domain Integral Solution 

The plan view of an example arbitrary-shaped reservoir with a well is as shown in Figure 

4.1.  This is a system composed of a flow domains Ω bounded by the surface Γ.  The same 

diffusivity equation, Equation (3.1) or (3.12) presented in Chapter 3, holds for the flow 

dynamics in this reservoir.  By use of Green’s second identity and the adjoint to the 

diffusivity equation, it is proven in Appendix B that the pressure response, 𝑝𝑝𝐷𝐷(𝐱𝐱𝐷𝐷 , 𝑡𝑡𝐷𝐷), in 

the reservoir is related to Green’s function by the following boundary-domain integral 

equation: 

𝑝𝑝𝐷𝐷(𝐱𝐱𝐷𝐷 , 𝑡𝑡𝐷𝐷) = � 𝐺𝐺(𝐱𝐱𝐷𝐷 ,𝐱𝐱𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 0)
Ω

𝑝𝑝𝐷𝐷(𝐱𝐱𝐷𝐷′ , 0)𝑑𝑑Ω′ 

                       +2𝜋𝜋𝜂𝜂𝐷𝐷 � � 𝑞𝑞�𝑤𝑤𝐷𝐷(𝐱𝐱𝐷𝐷′ , 𝜏𝜏𝐷𝐷)𝐺𝐺(𝐱𝐱𝐷𝐷 ,𝐱𝐱𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷)𝑑𝑑Ω′
Ω

𝑑𝑑𝜏𝜏𝐷𝐷
𝑡𝑡𝐷𝐷

0
  

+𝜂𝜂𝐷𝐷 � � [𝐺𝐺(𝐱𝐱𝐷𝐷 , 𝐱𝐱𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷)∇𝑝𝑝𝐷𝐷(𝐱𝐱𝐷𝐷′ , 𝜏𝜏𝐷𝐷) − 𝑝𝑝𝐷𝐷(𝐱𝐱𝐷𝐷′ , 𝜏𝜏𝐷𝐷)∇𝐺𝐺(𝐱𝐱𝐷𝐷 ,𝐱𝐱𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷)]
Γ

𝑡𝑡𝐷𝐷

0
∙ 𝐧𝐧�𝑑𝑑Γ′𝑑𝑑𝜏𝜏𝐷𝐷 

… (4.1) 

where 𝜏𝜏𝐷𝐷 is the time when fluid withdrawal was initiated at the source such that 𝜏𝜏𝐷𝐷 < 𝑡𝑡𝐷𝐷, 

and 𝐧𝐧� is the outward unit normal to the boundary Γ of the flow domain Ω.  Green’s function,  
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Figure 4.1 – Plan view of an arbitrary-shaped reservoir with domain Ω bounded by the 
surface Γ 
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𝐺𝐺(𝐱𝐱𝐷𝐷 ,𝐱𝐱𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷), is the reservoir’s response to an instantaneous unit fluid 

withdrawal/injection rate at the source.  The response, 𝑝𝑝𝐷𝐷(𝐱𝐱𝐷𝐷 , 𝑡𝑡𝐷𝐷), to a continuous finite 

fluid withdrawal/injection at the source is obtained by superposing (in time) the Green’s 

function with the fluid withdrawal/injection rate history as well as with the reservoir 

boundary conditions.  This superposition appears as convolution integrals in Equation 

(4.1).  Assuming the initial reservoir pressure is uniform over the flow domain, that is 

𝑝𝑝𝐷𝐷(𝐱𝐱𝐷𝐷 ∈ Ω, 𝑡𝑡𝐷𝐷 = 0) = 0, and that withdrawal/injection is uniform over the source, Equation 

(4.1) becomes 

𝑝𝑝𝐷𝐷(𝐱𝐱𝐷𝐷 , 𝑡𝑡𝐷𝐷) = 2𝜋𝜋𝜂𝜂𝐷𝐷 � 𝑞𝑞�𝑤𝑤𝐷𝐷(𝜏𝜏𝐷𝐷)𝑆𝑆(𝐱𝐱𝐷𝐷 , 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷)𝑑𝑑𝜏𝜏𝐷𝐷
𝑡𝑡𝐷𝐷

0
  

+𝜂𝜂𝐷𝐷 � � [𝐺𝐺(𝐱𝐱𝐷𝐷 , 𝐱𝐱𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷)∇𝑝𝑝𝐷𝐷(𝐱𝐱𝐷𝐷′ , 𝜏𝜏𝐷𝐷) − 𝑝𝑝𝐷𝐷(𝐱𝐱𝐷𝐷′ , 𝜏𝜏𝐷𝐷)∇𝐺𝐺(𝐱𝐱𝐷𝐷 ,𝐱𝐱𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷)]
Γ

𝑡𝑡𝐷𝐷

0
∙ 𝐧𝐧�𝑑𝑑Γ′𝑑𝑑𝜏𝜏𝐷𝐷 

… (4.2) 

where the source function 𝑆𝑆(𝐱𝐱𝐷𝐷, 𝑡𝑡𝐷𝐷) is given by 

𝑆𝑆(𝐱𝐱𝐷𝐷 , 𝑡𝑡𝐷𝐷) = � 𝐺𝐺(𝐱𝐱𝐷𝐷 ,𝐱𝐱𝐷𝐷′ ; 𝑡𝑡𝐷𝐷)𝑑𝑑Ω′
Ω

                                                                                                         (4.3) 

The Laplace transform of a convolution integral is 

ℒ �� 𝑓𝑓(𝜏𝜏)𝑔𝑔(𝑡𝑡 − 𝜏𝜏)𝑑𝑑𝜏𝜏
𝑡𝑡

0
� = 𝑓𝑓(𝑠𝑠) 𝑔𝑔(𝑠𝑠)                                                                                                      (4.4) 

where 𝑠𝑠 is the Laplace-domain variable.  Applying this transform on Equation (4.2) yields 

𝑝𝑝𝐷𝐷(𝐱𝐱𝐷𝐷 , 𝑠𝑠) = 2𝜋𝜋𝜂𝜂𝐷𝐷 𝑞𝑞�𝑤𝑤𝐷𝐷(𝑠𝑠) 𝑆𝑆(𝐱𝐱𝐷𝐷, 𝑠𝑠) 
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                       +𝜂𝜂𝐷𝐷 � � 𝐺𝐺(𝐱𝐱𝐷𝐷 ,𝐱𝐱𝐷𝐷′ ; 𝑠𝑠)∇ 𝑝𝑝𝐷𝐷(𝐱𝐱𝐷𝐷′ , 𝑠𝑠)− 𝑝𝑝𝐷𝐷(𝐱𝐱𝐷𝐷′ , 𝑠𝑠)∇𝐺𝐺(𝐱𝐱𝐷𝐷 ,𝐱𝐱𝐷𝐷′ ; 𝑠𝑠)�
Γ

∙ 𝐧𝐧�𝑑𝑑Γ′                   (4.5) 

The solution is taken to Laplace space because the transformation casts convolution 

integrals, such as present in Equation (4.2), into tractable algebraic terms, as seen in 

Equation (4.5), and thus eliminates the need for time discretization.  For the analytical 

solution of regular-shaped reservoirs, like the three-region linear composite reservoir 

presented in Chapter 3, the Green’s function is defined such that it honours all the boundary 

conditions, thus resulting in the boundary integral terms of Equation (4.2) or (4.5) being 

identically zero.   On the contrary, it is difficult, if not impossible, to derive such a “holistic” 

Green’s function for arbitrary-shaped reservoirs.  This means the boundary integral terms 

cannot be knocked out of the solution as was done in Chapter 3.   

The solution approach adopted in this study uses the fundamental (or free-space) Green’s 

function to capture the transient response in the reservoir. The solution is bounded at the 

reservoir boundaries using a numerical means. This is the basis of the boundary element 

method (BEM). The free-space Green’s function, in time and Laplace domains 

respectively, is given by Equations (4.6) and (4.7) below. 

𝐺𝐺(𝐱𝐱𝐷𝐷 ,𝐱𝐱𝑤𝑤𝐷𝐷; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) =
1

4𝜋𝜋𝜂𝜂𝐷𝐷(𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) 𝑒𝑒
−𝑟𝑟𝐷𝐷

2

4𝜂𝜂𝐷𝐷(𝑡𝑡𝐷𝐷−𝜏𝜏𝐷𝐷)                                                                         (4.6) 

𝐺𝐺(𝐱𝐱𝐷𝐷 ,𝐱𝐱𝑤𝑤𝐷𝐷; 𝑠𝑠) =
1

2𝜋𝜋𝜂𝜂𝐷𝐷
𝐾𝐾0 �𝑟𝑟𝐷𝐷�

𝑠𝑠
𝜂𝜂𝐷𝐷
�                                                                                                     (4.7) 

where 𝑟𝑟𝐷𝐷 = |𝐱𝐱𝐷𝐷 − 𝐱𝐱𝑤𝑤𝐷𝐷| = �(𝑥𝑥𝐷𝐷 − 𝑥𝑥𝑤𝑤𝐷𝐷)2 + (𝑦𝑦𝐷𝐷 − 𝑦𝑦𝑤𝑤𝐷𝐷)2.  See Appendix D for the derivation 

of the fundamental Green’s function.   

54 
 



 

4.2 One-Region Reservoir Model 

Before going ahead to derive the model for transient response in arbitrary-shaped 

composite reservoirs, it is imperative to first do so for an arbitrary-shaped one-region 

reservoir.  The concepts developed here will be advanced to the composite reservoir case 

in the following section.  Figure 4.2 is the plan view of an arbitrary-shaped reservoir 

domain Ω bounded by a simply connected surface Γ.  The reservoir is exploited by 𝑀𝑀 

number of wells.  As required by Equation (4.5), the pressure response in the reservoir is 

given by 

𝑝𝑝(𝐱𝐱, 𝑠𝑠) = 2𝜋𝜋𝜂𝜂 �𝑞𝑞�𝑤𝑤ℓ 𝑆𝑆ℓ

𝑀𝑀

ℓ=1

+ 𝜂𝜂� �𝐺𝐺 ∇𝑝𝑝 − 𝑝𝑝 ∇𝐺𝐺�
Γ

∙ 𝐧𝐧�𝑑𝑑Γ′                                                                 (4.8) 

Note that, for convenience, the arguments and the dimensionless subscript marker "𝐷𝐷" have 

been dropped in Equation (4.8).  Calculating the pressure response in the reservoir is 

dependent on the knowledge of pressure and flux (normal pressure gradient, to be precise) 

at the domain boundaries, as evident from the boundary integral on the right-hand side of 

Equation (4.8).  Thus, it is needful to determine these boundary quantities beforehand.  To 

do this requires discretizing the reservoir boundaries into linear segments (called elements) 

𝑗𝑗 = 1, 2, …𝑁𝑁, as shown in Figures 4.3.  This discretization approach is the basis of the 

boundary element method.  For the discretized reservoir, Equation (4.8) becomes 

𝑝𝑝(𝐱𝐱, 𝑠𝑠) = 2𝜋𝜋𝜂𝜂 �𝑞𝑞�𝑤𝑤ℓ 𝑆𝑆ℓ

𝑀𝑀

ℓ=1

+ 𝜂𝜂�� �𝐺𝐺 ∇𝑝𝑝𝑗𝑗 − 𝑝𝑝𝑗𝑗 ∇𝐺𝐺�
Γ𝑗𝑗

∙ 𝐧𝐧�𝑑𝑑Γ′
𝑁𝑁

𝑗𝑗=1

                                                    (4.9) 

It is assumed that, at any instant of time, the boundary quantities (pressure and flux) are 

constant along each boundary element whereas the elements are of linear geometry.  This  
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Figure 4.2 – Plan view of an arbitrary-shaped reservoir with domain domain Ω bounded 

by surface Γ = Γ𝑎𝑎 + Γ𝑏𝑏 

 

 

Figure 4.3 – Plan view of an arbitrary-shaped reservoir with discretized boundaries Γ =

Γ𝑎𝑎 + Γ𝑏𝑏 
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representation is termed the super-parametric boundary approximation in the boundary 

element method parlance because the boundary elements are depicted with a higher order 

polynomial than the boundary quantities – in this case, it is linear versus constant.  In 

another boundary approximation, called the iso-parametric approximation, both the 

boundary quantities and the boundary elements are represented by the same order 

polynomial (e.g. linear or quadratic).   

This study adopts the super-parametric formulation for simplicity and clarity of 

presentation, although Kikani and Horne (1989, 1993) suggested that higher order 

polynomials yield accurate results with fewer boundary elements.  Using the constant 

boundary quantity assumption, Equation (4.9) takes the form 

𝑝𝑝(𝐱𝐱, 𝑠𝑠) = 2𝜋𝜋𝜂𝜂 �𝑞𝑞�𝑤𝑤ℓ 𝑆𝑆ℓ

𝑀𝑀

ℓ=1

+ 𝜂𝜂��∇𝑝𝑝𝑗𝑗 ∙ 𝐧𝐧�� 𝐺𝐺
Γ𝑗𝑗

𝑑𝑑Γ′ − 𝑝𝑝𝑗𝑗 � ∇𝐺𝐺
Γ𝑗𝑗

∙ 𝐧𝐧�𝑑𝑑Γ′�
𝑁𝑁

𝑗𝑗=1

                              (4.10) 

For a well-posed problem, boundary conditions must be specified – pressure and flux must 

be exclusively prescribed at the reservoir boundary Γ.  That is, pressure is prescribed on a 

section Γ𝑎𝑎 containing 𝑁𝑁𝑎𝑎 boundary elements, and flux on the rest section Γ𝑏𝑏 containing 𝑁𝑁𝑏𝑏 

boundary elements, such that Γ𝑎𝑎 ∪ Γ𝑏𝑏 = Γ , Γ𝑎𝑎 ∩ Γ𝑏𝑏 = ∅ and 𝑁𝑁𝑎𝑎 + 𝑁𝑁𝑏𝑏 = 𝑁𝑁.   This means the 

flux data on Γ𝑎𝑎 is unknown and likewise the pressure data on Γ𝑏𝑏, making a total of 𝑁𝑁 

boundary data that needs to be determined before Equation (4.10) can be used to compute 

the response within the reservoir.  Determining these unknown boundary data requires a 

system of 𝑁𝑁 equations.  Applying the collocation procedure on the boundary elements (𝑖𝑖 =

1, 2, …𝑁𝑁) yields 
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𝜃𝜃𝑖𝑖
2𝜋𝜋

𝑝𝑝𝑖𝑖(𝐱𝐱, 𝑠𝑠) = 2𝜋𝜋𝜂𝜂 �𝑞𝑞�𝑤𝑤ℓ 𝑆𝑆ℓ

𝑀𝑀

ℓ=1

+ 𝜂𝜂��∇𝑝𝑝𝑗𝑗 ∙ 𝐧𝐧�� 𝐺𝐺
Γ𝑗𝑗

𝑑𝑑Γ′ − 𝑝𝑝𝑗𝑗 � ∇𝐺𝐺
Γ𝑗𝑗

∙ 𝐧𝐧�𝑑𝑑Γ′�
𝑁𝑁

𝑗𝑗=1

     (𝑖𝑖 = 1, 2, …𝑁𝑁)                (4.11) 

where 𝜃𝜃𝑖𝑖 is the angle enclosed by the boundary geometry at the i-th node as shown in Figure 

4.4.  Note that the reservoir boundary is traversed in a counter-clockwise sense, so that the 

reservoir domain is always to the left; this is the conventional positive orientation of a 

simple closed curve.  At the boundary nodes, 𝜃𝜃 = 𝜋𝜋 radians because the boundary elements 

are linear, while at any interior point, 𝜃𝜃 = 2𝜋𝜋 radians.  Re-arranging Equation (4.11) yields 

𝜃𝜃𝑖𝑖
2𝜋𝜋

𝑝𝑝𝑖𝑖(𝐱𝐱, 𝑠𝑠) + 𝜂𝜂�𝑝𝑝𝑗𝑗 � ∇𝐺𝐺
Γ𝑗𝑗

∙ 𝐧𝐧�𝑑𝑑Γ′
𝑁𝑁

𝑗𝑗=1

− 𝜂𝜂�∇𝑝𝑝𝑗𝑗 ∙ 𝐧𝐧�� 𝐺𝐺
Γ𝑗𝑗

𝑑𝑑Γ′
𝑁𝑁

𝑗𝑗=1

 − 2𝜋𝜋𝜂𝜂 �𝑞𝑞�𝑤𝑤ℓ 𝑆𝑆ℓ

𝑀𝑀

ℓ=1

= 0          

… (𝑖𝑖 = 1, 2, …𝑁𝑁)         (4.12) 

Setting 

𝐴𝐴𝑖𝑖𝑗𝑗 =
𝜃𝜃𝑖𝑖
2𝜋𝜋

𝛿𝛿𝑖𝑖𝑗𝑗 + 𝜂𝜂� ∇𝐺𝐺�𝐱𝐱𝑖𝑖, 𝐱𝐱𝑗𝑗; 𝑠𝑠�
Γ𝑗𝑗

∙ 𝐧𝐧�𝑑𝑑Γ′                                                                                           (4.13) 

𝐵𝐵𝑖𝑖𝑗𝑗 = −𝜂𝜂 𝜆𝜆⁄ � 𝐺𝐺�𝐱𝐱𝑖𝑖 , 𝐱𝐱𝑗𝑗; 𝑠𝑠�
Γ𝑗𝑗

𝑑𝑑Γ′                                                                                                          (4.14) 

𝐶𝐶𝑖𝑖ℓ = −2𝜋𝜋𝜂𝜂 𝑆𝑆(𝐱𝐱𝑖𝑖, 𝐱𝐱ℓ; 𝑠𝑠)                                                                                                                          (4.15) 

𝑞𝑞𝑗𝑗 = 𝜆𝜆 ∇𝑝𝑝𝑗𝑗 ∙ 𝐧𝐧�                                                                                                                                           (4.16) 

where the Kronecker delta is defined as 

𝛿𝛿𝑖𝑖𝑗𝑗 = �
1                            𝑖𝑖 = 𝑗𝑗
0                           𝑖𝑖 ≠ 𝑗𝑗                                                                                                                 (4.17) 
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Figure 4.4 – Stepping through the boundary elements using the collocation procedure.  

The boundary must be traversed in a clockwise sense so that the domain is always to the 

left; this is the conventional positive orientation of simple closed curves. 
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and 𝑞𝑞𝑗𝑗 is flux crossing the j-th boundary element, caused by the outward normal pressure 

gradient ∇𝑝𝑝𝑗𝑗 ∙ 𝐧𝐧� acting at the boundary element.  𝜆𝜆 is dimensionless mobility given by 𝜆𝜆 =

(𝑘𝑘 𝐵𝐵⁄ )/(𝑘𝑘 𝐵𝐵⁄ )𝑟𝑟𝑟𝑟𝑟𝑟.  Note that this term is the mobility of the reservoir domain in question 

normalized by a reference mobility in the system.  See Appendix A for the evaluation of 

the boundary integral present in each of Equations (4.13) and (4.14).  Substituting 

Equations (4.13) through (4.16) into (4.12), yields 

�𝐴𝐴𝑖𝑖𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝑝𝑝𝑗𝑗 + �𝐵𝐵𝑖𝑖𝑗𝑗  𝑞𝑞𝑗𝑗 
𝑁𝑁

𝑗𝑗=1

+ �𝐶𝐶𝑖𝑖ℓ 𝑞𝑞�𝑤𝑤ℓ

𝑀𝑀

ℓ=1

= 0                                 (𝑖𝑖 = 1, 2, …𝑁𝑁)                             (4.18) 

Equation (4.18) can be written in matrix form as 

𝑨𝑨 𝒑𝒑 + 𝑩𝑩 𝒒𝒒 + 𝑪𝑪 𝒒𝒒�𝑤𝑤 = 𝟎𝟎                                                                                                                           (4.19) 

where 𝑨𝑨 and  𝑩𝑩 are 𝑁𝑁 × 𝑁𝑁 matrices, 𝑪𝑪 is an 𝑁𝑁 × 𝑀𝑀 matrix,  𝒑𝒑 and 𝒒𝒒 are 𝑁𝑁-element 

vectors,  𝒒𝒒�𝑤𝑤 is an 𝑀𝑀-element vector and 𝟎𝟎 is an 𝑁𝑁-element zero vector.  That is,

𝑨𝑨 = �

𝐴𝐴11 𝐴𝐴12 ⋯ 𝐴𝐴1𝑁𝑁
𝐴𝐴21 𝐴𝐴22 … 𝐴𝐴2𝑁𝑁
⋮

𝐴𝐴𝑁𝑁1
⋮

𝐴𝐴𝑁𝑁2
⋱
…

⋮
𝐴𝐴𝑁𝑁𝑁𝑁

� 

 

𝑩𝑩 = �

𝐵𝐵11 𝐵𝐵12 ⋯ 𝐵𝐵1𝑁𝑁
𝐵𝐵21 𝐵𝐵22 … 𝐵𝐵2𝑁𝑁
⋮

𝐵𝐵𝑁𝑁1
⋮

𝐵𝐵𝑁𝑁2
⋱
…

⋮
𝐵𝐵𝑁𝑁𝑁𝑁

� 

𝒑𝒑 =

⎣
⎢
⎢
⎢
⎡𝑝𝑝1
𝑝𝑝2
⋮
𝑝𝑝𝑁𝑁⎦
⎥
⎥
⎥
⎤
 

𝒒𝒒 =

⎣
⎢
⎢
⎢
⎡𝑞𝑞1
𝑞𝑞2
⋮
𝑞𝑞𝑁𝑁⎦
⎥
⎥
⎥
⎤
 

 

𝑪𝑪 = �

𝐶𝐶11 𝐶𝐶12 ⋯ 𝐶𝐶1𝑀𝑀
𝐶𝐶21 𝐶𝐶22 … 𝐶𝐶2𝑀𝑀
⋮
𝐶𝐶𝑁𝑁1

⋮
𝐶𝐶𝑁𝑁2

⋱
…

⋮
𝐶𝐶𝑁𝑁𝑀𝑀

� 

𝒒𝒒�𝑤𝑤 =

⎣
⎢
⎢
⎢
⎡  𝑞𝑞�𝑤𝑤1
𝑞𝑞�𝑤𝑤2
⋮

 𝑞𝑞�𝑤𝑤𝑀𝑀⎦
⎥
⎥
⎥
⎤
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As shown by Equation (4.19), the transient flow problem has been distilled to that of 

solving a system of linear equations for the determination of initially unknown boundary 

data (pressure or flux or a combination of both, depending on what boundary condition had 

been prescribed).  Armed with “complete” boundary data, Equation (4.10) can then be used 

to compute the transient response in the reservoir domain. 

In practical field production scenarios, wells are operated under one of two conditions – 

rate control or pressure control.  Depending on which control is specified, the other can be 

computed.  Solutions for reservoirs operated by rate-controlled wells and pressure-

controlled wells are presented separately in the next paragraphs. 

 

Solution for Rate-Controlled Wells: For this case, the wells are operated at specified flow 

rates 𝒒𝒒�𝑤𝑤.  Given that the flux crossing a section Γ𝑎𝑎  of the reservoir boundary, containing 

𝑁𝑁𝑎𝑎 boundary elements, is prescribed as 𝒒𝒒𝑎𝑎 =  𝒒𝒒𝑟𝑟𝑥𝑥𝑡𝑡 while the rest section Γ𝑏𝑏, containing 𝑁𝑁𝑏𝑏 

boundary elements, is maintained at pressure 𝒑𝒑𝑏𝑏 = 𝒑𝒑𝑟𝑟𝑥𝑥𝑡𝑡, such that Γ𝑎𝑎 ∪ Γ𝑏𝑏 = Γ, Γ𝑎𝑎 ∩ Γ𝑏𝑏 = ∅ 

and  𝑁𝑁𝑎𝑎 + 𝑁𝑁𝑏𝑏 = 𝑁𝑁, where 𝑁𝑁 is the total number of reservoir boundary elements, then the 

unknown boundary pressure 𝒑𝒑𝑎𝑎 and flux 𝒒𝒒𝑏𝑏 at sections 𝑁𝑁𝑎𝑎 and 𝑁𝑁𝑏𝑏 of the boundary need to 

be determined.  Rearranging Equation (4.19), while taking the prescribed boundary data 

into account, yields 

𝑨𝑨𝑎𝑎  𝒑𝒑𝑎𝑎 + 𝑩𝑩𝑏𝑏 𝒒𝒒𝑏𝑏 = −𝑨𝑨𝑏𝑏 𝒑𝒑𝑟𝑟𝑥𝑥𝑡𝑡 − 𝑩𝑩𝑎𝑎 𝒒𝒒𝑟𝑟𝑥𝑥𝑡𝑡 − 𝑪𝑪 𝒒𝒒�𝑤𝑤                                                                              (4.20) 

or in matrix form 
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[𝑨𝑨𝑎𝑎 𝑩𝑩𝑏𝑏] �
𝒑𝒑𝑎𝑎  
𝒒𝒒𝑏𝑏
� = [−𝑨𝑨𝑏𝑏 −𝑩𝑩𝑎𝑎 −𝑪𝑪] �

𝒑𝒑𝑟𝑟𝑥𝑥𝑡𝑡

𝒒𝒒𝑟𝑟𝑥𝑥𝑡𝑡

𝒒𝒒�𝑤𝑤

�                                                                                  (4.21) 

Equation (4.21) is a set of 𝑁𝑁 equations which, when solved simultaneously, yields the rest 

pressure and flux data at the reservoir boundary.   

 
Solution for Pressure-Controlled Wells: Here the wells are operated at specified bottom-

hole pressure 𝒑𝒑𝑤𝑤 instead.  Like the rate-controlled well case above, if the flux across a 

section Γ𝑎𝑎  of the reservoir boundary, containing 𝑁𝑁𝑎𝑎 boundary elements, is prescribed as 

𝒒𝒒𝑎𝑎 =  𝒒𝒒𝑟𝑟𝑥𝑥𝑡𝑡 while the rest section Γ𝑏𝑏, containing 𝑁𝑁𝑏𝑏 boundary elements, is maintained at 

pressure 𝒑𝒑𝑏𝑏 = 𝒑𝒑𝑟𝑟𝑥𝑥𝑡𝑡, such that Γ𝑎𝑎 ∪ Γ𝑏𝑏 = Γ, Γ𝑎𝑎 ∩ Γ𝑏𝑏 = ∅ and  𝑁𝑁𝑎𝑎 +𝑁𝑁𝑏𝑏 = 𝑁𝑁, where 𝑁𝑁 is the 

total number of reservoir boundary elements, then the unknown boundary pressure 𝒑𝒑𝑎𝑎 and 

flux 𝒒𝒒𝑏𝑏 at sections 𝑁𝑁𝑎𝑎 and 𝑁𝑁𝑏𝑏 of the boundary need to be determined.  Rearranging Equation 

(4.19), while taking the prescribed boundary data into account, yields 

𝑨𝑨𝑎𝑎  𝒑𝒑𝑎𝑎 + 𝑩𝑩𝑏𝑏 𝒒𝒒𝑏𝑏 + 𝑪𝑪 𝒒𝒒�𝑤𝑤 = −𝑨𝑨𝑏𝑏 𝒑𝒑𝑟𝑟𝑥𝑥𝑡𝑡 − 𝑩𝑩𝒂𝒂 𝒒𝒒𝑟𝑟𝑥𝑥𝑡𝑡                                                                              (4.22) 

Observe in Equation (4.22) that, in addition to the unknown pressure and flux, the well 

rates are also not known – there are therefore 𝑁𝑁 + 𝑀𝑀 unknowns but only 𝑁𝑁 equations.  So 

𝑀𝑀 additional equations are further required.  These new equations are obtained by applying 

the collocation procedure at the 𝑀𝑀 well locations, where bottom-hole pressures 𝒑𝒑𝑤𝑤 are 

specified.  Collocating at the wells yields 

𝒑𝒑𝑤𝑤 + 𝑨𝑨𝑎𝑎𝑤𝑤  𝒑𝒑𝑎𝑎 + 𝑩𝑩𝑏𝑏𝑤𝑤 𝒒𝒒𝑏𝑏 + 𝑪𝑪𝑤𝑤  𝒒𝒒�𝑤𝑤 = −𝑨𝑨𝑏𝑏𝑤𝑤 𝒑𝒑𝑟𝑟𝑥𝑥𝑡𝑡 − 𝑩𝑩𝑎𝑎𝑤𝑤 𝒒𝒒𝑟𝑟𝑥𝑥𝑡𝑡 

which, on re-arrangement, becomes 
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𝑨𝑨𝑎𝑎𝑤𝑤 𝒑𝒑𝑎𝑎 + 𝑩𝑩𝑏𝑏𝑤𝑤 𝒒𝒒𝑏𝑏 + 𝑪𝑪𝑤𝑤  𝒒𝒒�𝑤𝑤 = −𝑨𝑨𝑏𝑏𝑤𝑤 𝒑𝒑𝑟𝑟𝑥𝑥𝑡𝑡 − 𝑩𝑩𝑎𝑎𝑤𝑤 𝒒𝒒𝑟𝑟𝑥𝑥𝑡𝑡 − 𝒑𝒑𝑤𝑤                                                      (4.23) 

where 𝑨𝑨𝑤𝑤 and 𝑩𝑩𝑤𝑤 are 𝑀𝑀 × 𝑁𝑁 matrices, 𝑪𝑪𝑤𝑤 is an  𝑀𝑀 ×𝑀𝑀 matrix, 𝒑𝒑𝑤𝑤 and 𝒒𝒒�𝑤𝑤 are 𝑀𝑀-element 

vectors. The superscript “w” in Equation (4.23) denotes that the collocation is carried out 

at the wells.  Combining Equations (4.22) and (4.23) yields 

� 𝑨𝑨
𝑎𝑎 𝑩𝑩𝑏𝑏 𝑪𝑪

𝑨𝑨𝑎𝑎𝑤𝑤 𝑩𝑩𝑏𝑏𝑤𝑤 𝑪𝑪𝑤𝑤
� �
𝒑𝒑𝑎𝑎  
𝒒𝒒𝑏𝑏

𝒒𝒒�𝑤𝑤

� = � −𝑨𝑨
𝑏𝑏   −𝑩𝑩𝑎𝑎      𝟎𝟎

−𝑨𝑨𝑏𝑏𝑤𝑤 −𝑩𝑩𝑎𝑎𝑤𝑤 −𝟏𝟏
� �
𝒑𝒑𝑟𝑟𝑥𝑥𝑡𝑡

𝒒𝒒𝑟𝑟𝑥𝑥𝑡𝑡

𝒑𝒑𝑤𝑤

�                                                            (4.24) 

Equation (4.24) is a set of 𝑁𝑁 + 𝑀𝑀 equations which, when solved simultaneously, yields the 

rest boundary pressure, boundary flux and well flow rate data.   

 

4.3 Composite Reservoir Model 

In this section, the concepts developed for the one-region reservoir model are advanced to 

accommodate composite reservoirs.  The solution for a simple two-region composite 

reservoir is presented here – this solution, as will be demonstrated through applications in 

Chapters 5 and 6, is easily extendable to more complex reservoir systems in a straight-

forward manner without need for further derivations.  

The plan view of a reservoir with a subdomain is as shown in Figure 4.5.  This is a system 

composed of two flow domains, Ω1 and Ω2, connected along a common interface, Γ2.  Note 

that domain 1 is bounded by two surfaces, Γ1 and Γ2 which together form multiply 

connected surfaces, whereas domain 2 is bounded by a simply connected surface, Γ2.   
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Figure 4.5 – Plan view of an arbitrary-shaped reservoir with domain Ω1 circumscribing 

domain Ω2 

 

 

Figure 4.6 – Plan view of an arbitrary-shaped reservoir with discretized boundaries Γ1 =

Γ1𝑎𝑎 + Γ1𝑏𝑏 and Γ2 
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Adhering to the positive convention of simple closed curves, the boundary of domain 2 

must be traversed in the counter-clockwise direction so that the domain lies on the left.  For 

domain 1, its outer boundary must be traversed in a counter-clockwise sense and its inner 

boundary clockwise.  This ensures the domain is always on the left as the boundaries are 

traversed.   

As was done in the one-region reservoir model above, the surfaces Γ1 and Γ2 are discretized 

into 𝑁𝑁1 and 𝑁𝑁2 boundary elements respectively, as shown in Figure 4.6.  Again, the solution 

for this composite reservoir model will be derived by assuming that flux crossing a section 

Γ1𝑎𝑎  of the outer reservoir boundary, containing 𝑁𝑁1𝑎𝑎 boundary elements, is prescribed as 

𝒒𝒒1𝑎𝑎 =  𝒒𝒒𝑟𝑟𝑥𝑥𝑡𝑡 while the rest section Γ1𝑏𝑏, containing 𝑁𝑁1𝑏𝑏 boundary elements, is maintained at 

pressure 𝒑𝒑1𝑏𝑏 = 𝒑𝒑𝑟𝑟𝑥𝑥𝑡𝑡, such that Γ1𝑎𝑎 ∪ Γ1𝑏𝑏 = Γ1, Γ1𝑎𝑎 ∩ Γ1𝑏𝑏 = ∅ and  𝑁𝑁1𝑎𝑎 + 𝑁𝑁1𝑏𝑏 = 𝑁𝑁1.  For this 

reservoir set up, not only do the unknown outer boundary pressure 𝒑𝒑1𝑎𝑎 and flux 𝒒𝒒1𝑏𝑏 (at 

sections 𝑁𝑁1𝑎𝑎 and 𝑁𝑁1𝑏𝑏 of the outer reservoir boundary) need to be determined, but also the 

pressure 𝒑𝒑1/2 and flux 𝒒𝒒1/2 at the domain interface Γ2. 

The solutions for reservoirs operated by rate-controlled wells and pressure-controlled wells 

separately in the next paragraphs. 

 
Solution for Rate-Controlled Wells: For this case, the wells are operated at specified flow 

rates 𝒒𝒒�𝑤𝑤.  Taking the prescribed boundary data into account, then Equation (4.19), written 

for domains 1 and 2 respectively, becomes  

𝑨𝑨1𝑎𝑎𝒑𝒑1𝑎𝑎 + 𝑨𝑨1,2𝒑𝒑1,2 + 𝑩𝑩1𝑏𝑏 𝒒𝒒1𝑏𝑏 + 𝑩𝑩1,2 𝒒𝒒1,2 = −𝑨𝑨1𝑏𝑏𝒑𝒑𝑟𝑟𝑥𝑥𝑡𝑡 − 𝑩𝑩1𝑎𝑎𝒒𝒒𝑟𝑟𝑥𝑥𝑡𝑡 − 𝑪𝑪𝟏𝟏𝒒𝒒�𝑤𝑤
1

                           (4.25) 

65 
 



 

𝑨𝑨2,1  𝒑𝒑2,1 + 𝑩𝑩2,1 𝒒𝒒2,1 = −𝑪𝑪2 𝒒𝒒�𝑤𝑤
2

                                                                                                          (4.26) 

Note that the two-superscript terms in Equations (4.25) and (4.26) represent the terms 

evaluated at the between the two reservoir domains.  Domain 2 shares its entire boundary 

with domain 1; so all the terms on the left-hand side of Equation (4.26) carry two 

superscripts, the first being the domain in question and the second is the abutting domain.  

On the other hand, domain 1 only shares its inner boundary with domain 2; hence the 

matrices and vectors on the left-hand side of Equation (4.25) are separated into two sub-

matrices and sub-vectors respectively, the two-superscript terms denoting elements shared 

with domain 2.  

It is required that pressure and flux be continuous at the interface between the two domains, 

that is, 

𝒑𝒑1,2 = 𝒑𝒑2,1 = 𝒑𝒑1/2                                                                                                                                  (4.27) 

 𝒒𝒒1,2 = − 𝒒𝒒2,1 = 𝒒𝒒1/2                                                                                                                             (4.28) 

Incorporating these compatibility conditions into Equations (4.25) and (4.26) and then 

combining the resulting equations, the following matrix equation results 

�𝑨𝑨
1𝑎𝑎 𝑩𝑩1𝑏𝑏
𝟎𝟎      𝟎𝟎

𝑨𝑨1,2    𝑩𝑩1,2 

𝑨𝑨2,1 −𝑩𝑩2,1�

⎣
⎢
⎢
⎢
⎡𝒑𝒑

1𝑎𝑎

𝒒𝒒1𝑏𝑏
 

𝒑𝒑1/2

𝒒𝒒1/2⎦
⎥
⎥
⎥
⎤

= �−𝑨𝑨
1𝑏𝑏

𝟎𝟎
−𝑩𝑩1𝑎𝑎
𝟎𝟎

−𝑪𝑪1
𝟎𝟎

𝟎𝟎
−𝑪𝑪2�

⎣
⎢
⎢
⎢
⎢
⎡ 𝒑𝒑

𝑟𝑟𝑥𝑥𝑡𝑡

 𝒒𝒒𝑟𝑟𝑥𝑥𝑡𝑡

𝒒𝒒�𝑤𝑤
1

𝒒𝒒�𝑤𝑤
2
⎦
⎥
⎥
⎥
⎥
⎤

                           (4.29) 

On solving Equations (4.49), the unknown pressure and the flux at each boundary/interface 

element are obtained. 
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Solution for Pressure-Controlled Wells: Here the wells are operated at specified bottom-

hole pressure 𝒑𝒑𝑤𝑤.  Taking the prescribed boundary data into account, then Equation (4.19), 

written for domains 1 and 2 respectively, becomes  

𝑨𝑨1𝑎𝑎𝒑𝒑1𝑎𝑎 + 𝑨𝑨1,2𝒑𝒑1,2 + 𝑩𝑩1𝑏𝑏 𝒒𝒒1𝑏𝑏 + 𝑩𝑩1,2 𝒒𝒒1,2 + 𝑪𝑪𝟏𝟏𝒒𝒒�𝑤𝑤
1

= −𝑨𝑨1𝑏𝑏𝒑𝒑𝑟𝑟𝑥𝑥𝑡𝑡 − 𝑩𝑩1𝑎𝑎𝒒𝒒𝑟𝑟𝑥𝑥𝑡𝑡                           (4.30) 

𝑨𝑨2,1  𝒑𝒑2,1 + 𝑩𝑩2,1 𝒒𝒒2,1 + 𝑪𝑪2 𝒒𝒒�𝑤𝑤
2

= 𝟎𝟎                                                                                                     (4.31) 

Observe in Equations (4.30) and (4.31) that, in addition to the unknown pressure and flux, 

the well rates are also not known – there are therefore 𝑁𝑁1 + 𝑁𝑁2 + 𝑀𝑀1 + 𝑀𝑀2 unknowns but 

only 𝑁𝑁1 + 𝑁𝑁2 equations.  So 𝑀𝑀1 + 𝑀𝑀2 additional equations are further required.  These new 

equations are obtained by applying the collocation procedure at the 𝑀𝑀1 + 𝑀𝑀2 well locations, 

where bottom-hole pressures 𝒑𝒑𝑤𝑤 are specified.  Collocating at the wells yields 

𝑨𝑨1𝑎𝑎𝑤𝑤 𝒑𝒑1𝑎𝑎 + 𝑩𝑩1𝑏𝑏𝑤𝑤 𝒒𝒒1𝑏𝑏 + 𝑨𝑨1,2𝑤𝑤𝒑𝒑1,2 + 𝑩𝑩1,2𝑤𝑤𝒒𝒒1,2 + 𝑪𝑪1𝑤𝑤 𝒒𝒒�𝑤𝑤
1

= −𝑨𝑨1𝑏𝑏𝑤𝑤 𝒑𝒑𝑟𝑟𝑥𝑥𝑡𝑡 − 𝑩𝑩1𝑎𝑎𝑤𝑤 𝒒𝒒𝑟𝑟𝑥𝑥𝑡𝑡 − 𝒑𝒑𝑤𝑤
1    

… (4.32) 

𝑨𝑨2,1𝑤𝑤𝒑𝒑2,1 + 𝑩𝑩2,1𝑤𝑤𝒒𝒒2,1 + 𝑪𝑪2𝑤𝑤 𝒒𝒒�𝑤𝑤
2

= −𝒑𝒑𝑤𝑤
2                                                                                          (4.33) 

Again, it is required that pressure and flux be continuous at the interface between the two 

domains, that is, 

𝒑𝒑1,2 = 𝒑𝒑2,1 = 𝒑𝒑1/2                                                                                                                                  (4.34) 

 𝒒𝒒1,2 = − 𝒒𝒒2,1 = 𝒒𝒒1/2                                                                                                                             (4.35) 

Incorporating these compatibility conditions into Equations (4.32) and (4.33) and then 

combining the resulting equations, the following matrix equation results 
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�
𝑨𝑨1𝑎𝑎 𝑩𝑩1𝑏𝑏 𝑨𝑨1,2

𝑨𝑨1𝑎𝑎𝑤𝑤 𝑩𝑩1𝑏𝑏𝑤𝑤 𝑨𝑨1,2𝑤𝑤
𝑩𝑩1,2 𝑪𝑪𝟏𝟏 𝟎𝟎
𝑩𝑩1,2𝑤𝑤 𝑪𝑪1𝑤𝑤 𝟎𝟎

𝟎𝟎      𝟎𝟎 𝑨𝑨2,1

𝟎𝟎      𝟎𝟎 𝑨𝑨2,1𝑤𝑤
−𝑩𝑩2,1 𝟎𝟎 𝑪𝑪𝟐𝟐
−𝑩𝑩2,1𝑤𝑤 𝟎𝟎 𝑪𝑪2𝑤𝑤

�

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡𝒑𝒑

1𝑎𝑎

𝒒𝒒1𝑏𝑏
 

𝒑𝒑
1
2

𝒒𝒒
1
2

𝒒𝒒�𝑤𝑤
1

𝒒𝒒�𝑤𝑤
2
⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤
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… (4.36) 

Solving either of Equation (4.46), the unknown pressure and the flux at each 

boundary/interface element are obtained.   

For emphasis, the solutions, Equations (4.29) and (4.36), presented in this section are for a 

two-region composite.  The section serves to illustrate how to derive solution for composite 

reservoirs by advancing the concepts developed for a one-region reservoir in Section 4.2.  

In Chapters 5 and 6, solutions for more complex composite reservoir systems will be 

presented in a straight-forward manner without need for further derivations. 

 

4.4 Laplace Transform Inversion 

For any reservoir-well configuration of interest, solving Equations (4.21), (4.24), (4.29) 

and (4.36) furnishes the boundary data which are needed to compute the transient response 

within the reservoir domain using Equation (4.10).  It should be mentioned here that the 

pressure response computed, based on Equation (4.10), is in Laplace space.  The real-time 

pressure response is obtained by inverting the computed response using a numerical 

Laplace inversion procedure.  In this research, the Stehfest’s inversion algorithm (Stehfest, 

1970a and 1970b) is used.  The algorithm is stated explicitly in Section 3.10 of Chapter 3. 
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4.5 Well Geometry 

In Section 3.9, the analytical representation of a selected number of regular source 

geometries is presented.  So given a well geometry, the source function is recovered by 

integrating the point source along the given geometry, as is done in Section 3.10 for regular 

geometries.   However, in reality, majority of wells have irregular geometries.  In the semi-

analytical model presented in this chapter, the arbitrariness in well geometries is 

accommodated.  Unlike the regular-geometry source function which is obtained by 

analytical integration, the irregular-geometry source function is obtained by numerical 

integration.  In this research, the Gauss-Legendre quadrature is used.  This quadrature 

method says the integral of a function 𝑓𝑓(𝑥𝑥), whose limit  of integration is −1 ≤ 𝑥𝑥 ≤ +1, is 

given by 

� 𝑓𝑓(𝑥𝑥)𝑑𝑑𝑥𝑥
+1

−1
≅�𝑤𝑤𝑖𝑖

𝑛𝑛

𝑖𝑖=0

𝑓𝑓(𝑥𝑥𝑖𝑖)                                                                                                                   (4.37) 

where 𝑥𝑥𝑖𝑖’s are the nodes corresponding to some weights 𝑤𝑤𝑖𝑖(𝑥𝑥).  The nodes are the roots of 

the Legendre polynomials and the weights are given by the formula 

𝑤𝑤𝑖𝑖(𝑥𝑥) =
2�1 − 𝑥𝑥𝑖𝑖2�

(𝑛𝑛 + 1)2 [𝑃𝑃𝑛𝑛+1(𝑥𝑥𝑖𝑖)]2                                                                                                              (4.38) 

where 𝑃𝑃𝑛𝑛(𝑥𝑥) indicates the Legendre polynomial of degree 𝑛𝑛.  
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CHAPTER 5 

 

MODEL VALIDATION 

In this chapter, the mathematical solutions presented in Chapters 3 and 4 (for regular-

shaped and arbitrary-shaped composite reservoirs respectively) are validated.  The 

validation is done in two stages.  The first stage (Section 5.1) applies conventional straight-

line analysis to identify dominant flow regimes on a pressure derivative plot; specialized 

flow equations are then used to estimate reservoir parameters.  The specialized flow 

regimes, together with their pressure drawdown and derivative equations, are presented in 

Table 5.1 below.  The intention here is to show that the mathematical models presented in 

this study produce accurate transient response, the accuracy of which is verified through 

the use of the straight line analysis method commonly used in the industry for reservoir 

characterization.  

In the second stage of validation (Section 5.2), an intrinsic verification procedure is 

employed.  It is noteworthy that the solutions carry within them a self-verification attribute 

which shall be exploited to confirm their accuracy.  The procedure involves juxtaposing 

the transient response of a one-region reservoir model with the response furnished by the 

composite reservoir models.  The one-region reservoir model shall be obtained from a 

“reduced” version of the “composite” solutions.  The purpose here is to show that, for a 

defined reservoir-well architecture, both the reduced and the composite versions of the 

solutions produce identical transient response, hence validating the correctness of the 

composite reservoir models. 
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Table 5.1 Specialized flow equations in field units 

 

Flow 

Regime 

 

Pressure 

 

Pressure 

Derivative 

 

 

Radial 

 

∆𝑝𝑝 = 70.6
𝑞𝑞𝐵𝐵𝐵𝐵
𝑘𝑘ℎ 

�ln �
0.0002637𝑘𝑘 ∆𝑡𝑡

𝜙𝜙𝐵𝐵𝑐𝑐𝑡𝑡𝑟𝑟𝑤𝑤2
� − 0.80908� 

 

 

𝐷𝐷𝑒𝑒𝑟𝑟 =
70.6 𝑞𝑞𝐵𝐵𝐵𝐵

𝑘𝑘ℎ
 

 

Linear ∆𝑝𝑝 = 8.128 
𝑞𝑞𝐵𝐵𝐵𝐵
𝑤𝑤ℎ 

�
∆𝑡𝑡

𝑘𝑘𝜙𝜙𝐵𝐵𝑐𝑐𝑡𝑡
 

 

𝐷𝐷𝑒𝑒𝑟𝑟 =
4.064 𝑞𝑞𝐵𝐵𝐵𝐵

𝑤𝑤ℎ 
�

∆𝑡𝑡
𝑘𝑘𝜙𝜙𝐵𝐵𝑐𝑐𝑡𝑡

 

 

Pseudo-

Steady 

State 

 

∆𝑝𝑝 = 141.2
𝑞𝑞𝐵𝐵𝐵𝐵
𝑘𝑘ℎ 

�
0.000527𝑘𝑘 ∆𝑡𝑡

𝜙𝜙𝐵𝐵𝑐𝑐𝑡𝑡𝑟𝑟𝑟𝑟2
+ ln �

𝑟𝑟𝑟𝑟
𝑟𝑟𝑤𝑤
� −

3
4
� 𝐷𝐷𝑒𝑒𝑟𝑟

=
0.234 𝑞𝑞𝐵𝐵 ∆𝑡𝑡
𝐴𝐴ℎ𝜙𝜙𝑐𝑐𝑡𝑡  

 

 
 

where 𝐷𝐷𝑒𝑒𝑟𝑟 = 𝜕𝜕∆𝑝𝑝 𝜕𝜕 ln∆𝑡𝑡⁄ = ∆𝑡𝑡(∆𝑝𝑝 ∆𝑡𝑡⁄ ) and 𝐴𝐴 = 𝜋𝜋𝑟𝑟𝑟𝑟2. 
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The chapter closes out with a section on runtime test (Section 5.3), first of the regular-

shaped reservoir model and then of the arbitrary-shaped reservoir model, to confirm the 

computational performance of the models. 

 

5.1 Straight-Line Analysis 

Regular-Shaped Linear Composite Reservoir: A homogeneous and isotropic reservoir 

drained by a fully penetrating vertical well is modelled using the fully analytical version of 

the regular-shaped linear composite reservoir solution, as shown in Figure 5.1.  This is 

strictly a one-region reservoir with all six boundaries perfectly sealing, obtained by setting 

𝑥𝑥𝑎𝑎 = 𝑥𝑥𝑏𝑏 = 0, 𝑥𝑥𝑐𝑐 = 𝑥𝑥𝑑𝑑 = 11,000 𝑓𝑓𝑡𝑡, 𝑦𝑦𝑎𝑎 = 𝑦𝑦𝑏𝑏 = 0, 𝑦𝑦𝑐𝑐 = 𝑦𝑦𝑑𝑑 = 1,000 𝑓𝑓𝑡𝑡, 𝑧𝑧𝑎𝑎 = 𝑧𝑧𝑏𝑏 = 0, and 𝑧𝑧𝑐𝑐 =

𝑧𝑧𝑑𝑑 = 50 𝑓𝑓𝑡𝑡.  The reservoir properties, fluid properties and well specification used are as 

shown in Table 5.2.  The transient response at the well is presented in terms of pressure 

drawdown and derivative plot on a log-log chart, as shown in Figure 5.2.  Note that 

wellbore storage and near-wellbore damage skin are not included in the model.  The flow 

sequence starts with radial flow to the well.  Hence, a radial (zero-slope) flow line is placed 

on the pressure derivative plot (See Figure 5.2), corresponding to a pressure derivative 

value of about 2.82 psi.  Using the specialized radial flow equation (shown in Table 5.1), 

an estimate of reservoir permeability is obtained thus 

𝑘𝑘 =
70.6 𝑞𝑞𝐵𝐵𝐵𝐵
ℎ [𝐷𝐷𝑒𝑒𝑟𝑟] =

70.6 × 1000 × 1.0 × 1.0
50 × 2.82

= 500.7092 𝑚𝑚𝑑𝑑 

It is obvious from Figure 5.2 that the transients reach the north and south boundaries first, 

at which point radial flow to the well transitions to linear flow.  The time at that point is  
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Table 5.2  Reservoir properties, fluid properties and well specification 

used for model validation 

 
 
Reservoir Properties 

 
𝑘𝑘 

 
500 md 

 𝜙𝜙 20 % 
 𝑐𝑐𝑡𝑡 3.0E-6 

psi-1 
 ℎ 50 ft 
Fluid Properties 𝑝𝑝𝑖𝑖 5000 

psia 
 𝐵𝐵 1.0 

bbl/stb 
 𝐵𝐵 1.0 cp 
Well Specification 𝑟𝑟𝑤𝑤 0.3 ft 
 ℎ𝑤𝑤 

𝑞𝑞 
50 ft 
1000 
stb/d 
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Figure 5.1 Configuration of one-region homogenous, isotropic reservoir obtained 

from the three-region linear composite model 

 

 

Figure 5.2 Transient response of one-region homogeneous, isotropic reservoir 

obtained from the three-region linear composite model 
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about 0.36 hr.  Using the radius of investigation equation, the distance of the north and 

south boundaries from the well is estimated as 

𝑟𝑟𝑖𝑖𝑛𝑛𝑖𝑖 = �
𝑘𝑘[∆𝑡𝑡]

1200 𝜙𝜙𝐵𝐵𝑐𝑐𝑡𝑡
= � 500.7092 × 0.36

1200 × 0.2 × 1.0 × 3.0 × 10−6
= 500.3545 𝑓𝑓𝑡𝑡 

Beyond this radius of investigation, the flow regime is linear.  A linear (half-slope) flow 

line is placed on the derivative plot and the coordinates of point “A” on the linear flow line 

is read off.  This corresponds to a derivative value of 8.92 psi at time 3.61 hr. The 

specialized linear flow equation furnishes a reservoir permeability estimate of 

𝑘𝑘 = �
4.064 𝑞𝑞𝐵𝐵𝐵𝐵
𝑤𝑤ℎ �𝜙𝜙𝐵𝐵𝑐𝑐𝑡𝑡

�[∆𝑡𝑡]
[𝐷𝐷𝑒𝑒𝑟𝑟]�

2

= �
4.064 × 1000 × 1.0 × 1.0

1000 × 50 × √0.2 × 1.0 × 3.0 × 10−6
×
√3.61
8.92 �

2

 

𝑘𝑘 = 499.5669 𝑚𝑚𝑑𝑑 

When the transients reach the east and west boundaries, linear flow ends.  Again, using the 

radius of investigation equation, the distance of these boundaries from the well is estimated 

as 

𝑟𝑟𝑖𝑖𝑛𝑛𝑖𝑖 = �
𝑘𝑘[∆𝑡𝑡]

1200 𝜙𝜙𝐵𝐵𝑐𝑐𝑡𝑡
= � 499.95669 × 43.0636

1200 × 0.2 × 1.0 × 3.0 × 10−6
= 5468.5124 𝑓𝑓𝑡𝑡 

The last flow regime is pseudo-steady state.  Reading off a derivative value of 6984.74 psi 

corresponding to time 9851.30 hr at point “B” on the pseudo-steady state (unit-slope) line,  

the reservoir drainage area size is estimated using the specialized pseudo-steady state flow 

equation as 
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𝐴𝐴 =
0.234 𝑞𝑞𝐵𝐵
𝜙𝜙𝑐𝑐𝑡𝑡ℎ

[∆𝑡𝑡]
[ 𝐷𝐷𝑒𝑒𝑟𝑟] =

0.234 × 1000 × 1.0
0.2 × 3.0 × 10−6 × 50

×
9851.30
6984.74

= 11,001,145.3540 𝑓𝑓𝑡𝑡2 

Table 5.3 presents the parameter estimates obtained from the straight line analysis 

alongside their true value from the model.  The parameter estimates obtained from the 

specialized flow equations agree well with the model.  The minor discrepancies noticed in 

the estimates are due to approximations present in the specialized flow equations.  

Nonetheless, in a general sense, the results are within an acceptable range. 

 

Arbitrary-Shaped Composite Reservoir Model: To verify the boundary element 

solution developed for arbitrary-shaped reservoirs, a homogeneous, isotropic reservoir, 

with characterization, dimensions and well placement identical to those used for the 

regular-shaped linear composite reservoir case presented above, is set up as shown in 

Figure 5.3.  The transient response at the well is also presented in terms of pressure 

drawdown and derivative plot on a log-log chart.  However, a different approach is taken 

to proof the correctness of the arbitrary-shaped composite reservoir model.  Instead of 

repeating the straight line analysis for this reservoir model, its result is superposed on that 

of the regular-shaped linear composite reservoir case. The aim is to prove that the result 

obtained here reproduces the transient response of the regular-shaped reservoir case 

because the reservoir-well configuration for both cases are exactly the same.  The result 

comparison is as shown in Figure 5.4.  As expected, the transient responses of both cases 

agree excellently. 
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Table 5.3  Error analysis for parameters estimated from straight line analysis 

 
 

Specialized 

Flow  

Equation 

 

 

Parameter 

 

 

Estimate 

 

 

Actual 

 

 

Error 

(%) 

 

Radial Flow 

 

𝑘𝑘 (𝑚𝑚𝑑𝑑) 

 

500.7092 

 

500 

 

0.14 

Radius of 

Investigation 

𝑟𝑟𝑖𝑖𝑛𝑛𝑖𝑖 (𝑓𝑓𝑡𝑡) 500.3545 500 0.07 

Linear Flow 𝑘𝑘(𝑚𝑚𝑑𝑑) 499.5669 500 0.09 

Radius of 

Investigation 

𝑟𝑟𝑖𝑖𝑛𝑛𝑖𝑖 (𝑓𝑓𝑡𝑡) 5468.5124 5500 0.57 

Drainage Area 𝐴𝐴 (𝑓𝑓𝑡𝑡2) 11,001,145 11,000,000 0.01 
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Figure 5.3 Configuration of one-region homogenous, isotropic reservoir obtained 

from the arbitrary-shaped reservoir model 

 

 

Figure 5.4 Transient response of one-region homogeneous, isotropic reservoir set up 

using the arbitrary-shaped reservoir model 
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5.2 Intrinsic Verification 

Regular-Shaped Linear Composite Reservoir: In the second tier of verification for the 

regular-shape linear composite reservoir solution, a three-region reservoir is set up as 

shown in Figure 5.5. The reservoir properties, fluid properties and well specification are as 

listed in Table 5.2.  Note that this three-region reservoir model is essentially the same as 

the one-region reservoir model in Figure 5.1.  The intent is to show that the transient 

response at the well for this three-region model agrees perfectly with that of the one-region 

model, hence verifying the correctness of our solution.  The result, juxtaposed with that 

from the one-region reservoir, presented on a pressure drawdown / pressure derivative log-

log plot, as shown in Figure 5.6.  the one-region model is in solid lines while the three-

region model is in symbols.  The result is as expected – both models are in perfect sync. 

 

Arbitrary-Shaped Composite Reservoir Model: Using the arbitrary-shaped composite 

reservoir model, a two-region reservoir is set up, with one region circumscribed 

concentrically by the second region.  The geometry and dimensions of the regions are as 

shown in Figure 5.7.  The well is located in the center of the reservoir.  The rock properties 

and fluid properties for both regions and the well placement are as listed in Table 5.2.  Note 

that, since both reservoir regions have identical rock and fluid properties, the reservoir-

well architecture here is essentially the same as that in Figure 5.1.  Ipso facto, the transient 

response obtained at the well for the arbitrary-shaped composite reservoir solution should 

replicate that from the one-region regular-shaped reservoir model.  The result comparison 

is presented in Figure 5.8.  Both models matched excellently as expected.  
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Figure 5.5 Three-region linear composite homogeneous, isotropic reservoir model 

 

 

Figure 5.6 Transient response of three-region linear composite homogeneous, 

isotropic reservoir juxtaposed with that of an equivalent one-region reservoir model 
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Figure 5.7 Reservoir with two concentric regions of same rock and fluid properties.  

Well is located in the center of the reservoir  

 

 

Figure 5.8 Transient response of two-concentric-region homogeneous, isotropic 

reservoir juxtaposed with that of an equivalent one-region reservoir model 
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5.3 Runtime Test 

Regular-Shaped Reservoir Model: Here the regular-shaped reservoir solution’s 

performance (in terms of computational time and accuracy) is compared with a literature 

infinite-series based solution.  Gringarten’s (1973) solution, which typifies literature 

infinite-series solutions, is chosen for this purpose.  The regular-shaped reservoir solution 

of this study, as well as the literature solution, is used to model the transient response of 

the closed reservoir-well system presented in Figure 5.1.  The comparison is shown in 

Figures 5.9 and 5.10.   

Figure 5.9 is the dimensionless pressure (solid line) and the dimensionless semi-log 

pressure derivative (broken line) plots.  Here we see a fan of curves for both the pressure 

and pressure derivative plots; the regular-shaped reservoir solution of this study is the red 

stem while the other stems correspond to Gringarten’s solution (generated with five 

different numbers of terms used in computing the infinite series).  It is seen that the infinite-

series solution performs poorly at early time but improves as more terms are included in 

the series.  The plots show unequivocally that the regular-shaped reservoir solution of this 

study is the limit of the infinite-series solution, and that at least about 10,000 terms 

(represented by the orange line in the plots) are required for the infinite-series based 

solution to deliver acceptable result. 

In terms of speed of execution on an Intel ® Core ™ i5-4300U CPU @ 2.49 GHz with 

4.00 GB of RAM, the regular-shaped reservoir solution of this study is thirteen times faster 

than the 10,000-term infinite-series solution, as shown in Figure 5.10.  It is also seen that 

the runtime for the infinite-series solution increases exponentially as more terms are   
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Figure 5.9 Accuracy comparison between this study’s regular-shaped reservoir 

solution and Gringarten’s (1973) infinite-series based analytical solution 
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Figure 5.10 Runtime comparison between this study’s regular-shaped reservoir 

solution and Gringarten’s (1973) infinite-series based analytical solution 
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included in the series calculation.  The advantage of this study’s regular-shaped reservoir 

solution’s speed gain becomes more obvious when multiple iterations of the solution are 

to be carried out.  Such need arises frequently in variable-rate response calculations (that 

is, rate superposition) as well as when the pressure distribution in the entire reservoir is 

required. 

 

Arbitrary-Shaped Reservoir Model: Unlike the runtime comparison done for the 

regular-shaped reservoir model above, there is no dedicated literature solution with which 

to carry out a similar clear-cut comparison for the arbitrary-shaped reservoir model.  

However, the runtime of the arbitrary-shaped reservoir model inextricably depends on the 

number of elements the reservoir boundary and regional interface(s) are discretized into.  

This number determines the order of the resulting solution matrix and, hence, the 

computational time to be expected; the bigger the matrix, the longer the runtime.  At the 

same time, it should be noted that this number also has direct bearing on the accuracy of 

the resulting solution, especially when wells are located close to the reservoir boundary or 

regional interface(s) – the bigger the number of elements, the more accurate the solution. 

The solution accuracy and runtime for the reservoir-well set-up shown in Figure 5.3, for 

five different numbers of elements are presented in Figures 5.11 and 5.12 respectively.  As 

would be expected, the intermediate flow regime is linear.  Figure 5.11 shows that fewer 

number of boundary elements yield slightly incorrect linear-flow derivative signature. The 

solution improves as the number of boundary elements is increased, however at the expense 

of computational time, as shown by Figure 5.12. 
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Figure 5.11 Accuracy comparison between identical arbitrary-shaped reservoir models 

with different number of boundary elements 
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Figure 5.12 Runtime comparison between identical arbitrary-shaped reservoir models 

with different number of boundary elements 
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CHAPTER 6 

  

APPLICATIONS 

This chapter demonstrates the use of the models presented in Chapters 3 and 4 to simulate 

the transient response behaviour of a number of reservoir-well architectures.  The approach 

here is to synthesize production and pressure data for different reservoir-well scenarios 

using an industry-recognized reservoir modeling package and then match the models 

developed in this research study to the data.  KAPPA Ecrin reservoir simulator is chosen 

for this purpose.  The results from this study’s models, together data from the simulator, 

are presented in the form of pressure drawdown and pressure derivative plots; whereas the 

models’ results are shown as solid lines in the plots, data from KAPPA model are shown 

as symbols. 

Section 6.1 showcases application examples for the regular-shaped linear composite 

reservoir model while Section 6.2 presents application examples for the arbitrary-shaped 

composite reservoir model. 

 

6.1 Regular-Shaped Linear Composite Reservoir Model 

For the application examples presented in this section, the reservoir properties, fluid 

properties and well specification are as shown in Table 6.1. 

 
Constant-Pressure Boundary: The reservoir dimensions and well location for this 

example application are as shown in Figure 6.1.  All the boundaries are perfectly sealing  
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Table 6.1  Reservoir properties, fluid properties and well specification 

used in application examples of the regular-shaped linear composite reservoir model 

 
 

Reservoir Properties 

 

𝑘𝑘 

 

500 md / As specified 

 𝜙𝜙 20 % 

 𝑐𝑐𝑡𝑡 3.0E-6 psi-1 

 ℎ 50 ft / As specified 

Fluid Properties 𝑝𝑝𝑖𝑖 5000 psia 

 𝐵𝐵 1.0 bbl/stb 

 𝐵𝐵 1.0 cp 

Well Specification 𝑟𝑟𝑤𝑤 0.3 ft 

 ℎ𝑤𝑤 

𝑞𝑞 

50 ft 

1000 stb/d / As specified 
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Figure 6.1 Reservoir model with a constant-pressure east boundary 

 
 

 

Figure 6.2 Transient response of reservoir with a constant-pressure east boundary 
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except the east boundary which is set at the initial reservoir pressure.  This type of boundary 

usually occurs in reservoirs with strong aquifer support or gas-cap expansion support.  A 

fully penetrating vertical well, withdrawing fluid at a rate of 1,000 stb/d, is located in the 

centre of the reservoir.  The source function for this reservoir-well architecture is given by 

Equation (3.48) – the x-component Green’s function is obtained from Equation (3.37a) by 

setting 𝛾𝛾12 = +1 and 𝛾𝛾32 = −1, corresponding to a no-flow west boundary and a constant-

pressure east boundary respectively; the y-component Green’s function is obtained from 

Equation (3.37a) by setting 𝛾𝛾12 = +1 and 𝛾𝛾32 = +1, corresponding to no-flow north and 

south boundaries; the z-component Green’s function is obtained from Equation (3.37a) by 

setting 𝛾𝛾12 = +1 and 𝛾𝛾32 = +1, corresponding to no-flow top and bottom boundaries, and 

then integrated, according to Equation (3.54), along the well geometry.  Note that for a 

fully-penetrating vertical well, the flow pattern is essentially two-dimensional; so the x- 

and y-component Green’s functions are sufficient to describe the flow, as the integral of 

the z-component Green’s function is unity.   

The transient response at the well is shown in Figure 6.2.  Initial flow to the well is radial.  

This is seen as a zero-slope pressure derivative.  With continued production at the well, the 

constant-pressure boundary recharges the reservoir.  At the point when steady state has 

been reached, pressure everywhere in the reservoir does not change.  This is reflected on 

the pressure derivative plot as a derivative that dives to zero, as shown in Figure 6.2.     

 
Infinite-Extent Boundary: The reservoir-well set-up for this example application is the 

same as that in constant-pressure-boundary case above, except that the east boundary of 

this present example is situated at infinity, while the well is located 250 ft away from the 
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no-flow west boundary.  See Figure 6.3.  The source function for this reservoir-well 

architecture is given by Equation (3.48) – the x-component Green’s function for this 

reservoir-well architecture is obtained from Equation (3.37a) by setting 𝛾𝛾12 = +1 and 

𝛾𝛾32 = 0, corresponding to a no-flow west boundary and an infinite east boundary 

respectively; the y-component Green’s function is obtained from Equation (3.37a) by 

setting 𝛾𝛾12 = +1 and 𝛾𝛾32 = +1, corresponding to no-flow north and south boundaries; the 

z-component Green’s function is obtained from Equation (3.37a) by setting 𝛾𝛾12 = +1 and 

𝛾𝛾32 = +1, corresponding to no-flow top and bottom boundaries, and then integrated, 

according to Equation (3.54), along the well geometry.   

Flow to the well starts out as radial; this is seen as a zero-slope pressure derivative as shown 

in Figure 6.4.  The transients first reach the no-flow west boundary, resulting in a 

“doubling” of the derivative plateau.  The north and south boundary are then detected 

simultaneously, at which point the flow becomes linear.  This flow regime is further 

sustained by fluid transfer (in a linear flow pattern) from the infinite segment of the 

reservoir, hence the late-time half slope of the derivative plot. 

 
Partially-Penetrating Vertical Well: The reservoir dimensions and well location for this 

example are as shown in Figure 6.5.  The reservoir is produced by a partially-penetrating 

vertical well.  The source function for this reservoir-well architecture is given by Equation 

(3.48) – the x-, y- and z-component Green’s functions for this system are obtained from 

Equation (3.37a) by setting 𝛾𝛾12 = +1 and 𝛾𝛾32 = +1, corresponding to no-flow west and 

east boundaries, no-flow north and south boundaries, and no-flow top and bottom  
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Figure 6.3 Reservoir model with an infinite-extent east boundary 

 

 

Figure 6.4 Transient response of reservoir with an infinite-extent east boundary 

 

 

1

10

100

1000

1.E-05 1.E-04 1.E-03 1.E-02 1.E-01 1.E+00 1.E+01 1.E+02 1.E+03 1.E+04 1.E+05

Δp
 (p

si)
,  

 D
er

 (p
si)

Δt (hr)

Δp - This Study
Der - This Study
Δp - KAPPA
Der - KAPPA

250 𝑓𝑓𝑡𝑡 
10,000 𝑓𝑓𝑡𝑡 

∞ 

5,000 𝑓𝑓𝑡𝑡 

𝑘𝑘 = 500 𝑚𝑚𝑑𝑑 

93 
 



 

 

 

 

 

 

 

 

 

 

Figure 6.5   (a) Reservoir-well configuration for a partially-penetrating vertical well  

 

 

 

 

Figure 6.6   Transient response of a partially-penetrating vertical well 
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boundaries respectively.  In addition, the z-component Green’s function is integrated, 

according to Equation (3.54), along the well geometry.  

The producing portion of the well (in the pay zone) is restricted to the top 100 ft (that is, 

the perforated section) of the vertical wellbore as shown in Figure 6.5.  The transient 

response at the mid-point of perforation is as shown in Figure 6.6.  Initial fluid entry to the 

wellbore is radial and limited to the top section of the reservoir adjacent to the perforation; 

this corresponds to the early-time zero-slope pressure derivative on the log-log plot.   

Subsequently, the rest section of the pay zone contributes to flow, creating a spherical flow 

pattern (actually hemispherical flow in this example case) around the perforation.  

Spherical flow is seen as a -1/2-slope pressure derivative signature, as shown in Figure 6.6.  

As the transients travel further from the well, the flow pattern away from the well is radial, 

as indicated by the intermediate zero-slope trend of the pressure derivative.  Finally, the 

reservoir boundaries are detected, and the pressure derivative assumes a unit slope, 

indicative of boundary-dominated flow. 

 
Horizontal Well: Figure 6.7 shows a 1,000 ft horizontal well producing from a 5,000 ft x 

5,000 ft reservoir with 100 ft of pay.  The well is located at the mid-point of the pay-zone 

interval, is an infinite-conductivity well and opened to flow in its entire lateral section.  The 

source function for this reservoir-well architecture is given by Equation (3.49) – the x-, y- 

and z-component Green’s functions for this system are obtained from Equation (3.37a) by 

setting 𝛾𝛾12 = +1 and 𝛾𝛾32 = +1, corresponding to no-flow west and east boundaries, no-

flow north and south boundaries, and no-flow top and bottom boundaries respectively.  In  
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Figure 6.7   Reservoir-well configuration for a horizontal vertical well 

 

 

 

 

Figure 6.8   Transient response of a horizontal well 

 

1

10

100

1000

10000

1.E-05 1.E-04 1.E-03 1.E-02 1.E-01 1.E+00 1.E+01 1.E+02 1.E+03 1.E+04 1.E+05

Δp
 (p

si)
,  

 D
er

 (p
si)

Δt (hr)

Δp - This Study
Der - This Study
Δp - KAPPA
Der - KAPPA

5000 𝑓𝑓𝑡𝑡 

5000 𝑓𝑓𝑡𝑡 
2500 𝑓𝑓𝑡𝑡 

1000 𝑓𝑓𝑡𝑡 
100 𝑓𝑓𝑡𝑡 

50 𝑓𝑓𝑡𝑡 2500 𝑓𝑓𝑡𝑡 

𝑘𝑘 = 500 𝑚𝑚𝑑𝑑 

96 
 



 

addition, the x-component Green’s function is integrated, according to Equation (3.54), 

along the well geometry.  

In implementing this solution, an infinite-conductivity horizontal well is not modeled 

explicitly.  Instead, a uniform-flux horizontal well is modeled and, by use of Gringarten’s 

“0.732” equivalent-pressure-point concept (Gringarten et al., 1974), an infinite-

conductivity horizontal well solution is obtained from the uniform-flux solution.  From the 

log-log plot in Figure 6.8, it is seen that early-time vertical radial flow first develops around 

the horizontal wellbore, as depicted by the first zero-slope trend of the pressure derivative 

plot.  As the top and bottom boundaries of the reservoir are detected, the flow transitions 

into a horizontal linear flow regime, hence the intermediate half-slope trend of the pressure 

derivative plot.  With continued flow, the transients travel laterally away from the well, 

resulting in a horizontal radial flow (sometimes referred to as pseudo-radial flow) around 

the well.  Following this flow regime, the boundaries of the reservoir are detected, so the 

pressure derivative plot assumes a unit slope. 

 
Vertical Fracture: In this example, a fully-penetrating vertical fracture in a 5,000 ft x 

5,000 ft reservoir with 100 ft pay zone thickness is simulated.  The fracture does not traverse 

the entire length of the reservoir, as shown in Figure 6.9.  The source function for this 

reservoir-well architecture is given by Equation (3.50) – the x-, y- and z-component 

Green’s functions for this system are obtained from Equation (3.37a) by setting 𝛾𝛾12 = +1 

and 𝛾𝛾32 = +1, corresponding to no-flow west and east boundaries, no-flow north and south 

boundaries, and no-flow top and bottom boundaries respectively.  In addition, the y- and  
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Figure 6.9   Reservoir-well configuration for a fully-penetrating uniform-flux vertical 
fracture 

 

 

 

 

Figure 6.10   Transient response of a fully-penetrating uniform-flux vertical fracture 
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z-component Green’s functions are integrated, according to Equation (3.54), along the well 

geometry.  

First, a uniform-flux fracture is modeled.  Initial fluid production at the well is sustained 

by horizontal linear flow towards the fracture.  This lasts for a considerable length of time, 

after which the reservoir section beyond the fracture tips contributes to production. See 

log-log plot in Figure 6.10.  This results in a horizontal pseudo-radial flow pattern around 

the fracture.  With continued fluid production, boundary-dominated flow develops.   

By use Gringarten’s “0.732” equivalent-pressure-point concept, an infinite-conductivity 

fracture solution is derived from the above uniform-flux fracture solution.  The transient 

response from this model, together with KAPPA Ecrin’s data, is shown in Figure 6.12.   

Next, a 2,500 ft x 25 ft infinite-conductivity vertical fracture that is completely embedded 

within the reservoir is modeled.  Neither of the fracture sides, top nor bottom touches the 

reservoir boundaries, as shown in Figure 6.13.  The reservoir dimensions are exactly same 

as that for the uniform-flux case considered above.  KAPPA Ecrin does not have this 

analytical model, its numerical model is used to generate the transient response data for 

this case.  Our result, together with that from KAPPA Ecrin reservoir simulator, as shown 

in Figure 6.14.  The slight discrepancy between the two results is suspected to be due to 

the numerical approximations in KAPPA Ecrin’s numerical model.  Nonetheless, both 

results agree within acceptable limit.  

 
Horizontal Fracture: This is a model of a 1,000 ft x 50 ft uniform-flux fracture that is 

oriented horizontally and located centrally in a reservoir that is 5,000 ft x 5,000 ft in areal 

extent and 100 ft thick, as shown in Figure 6.15.  The source function for this reservoir- 
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Figure 6.11   Reservoir-well configuration for a fully-penetrating infinite-conductivity 
vertical fracture 

 

 

 

 

Figure 6.12   Transient response of a fully-penetrating infinite-conductivity vertical 
fracture 
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Figure 6.13   Reservoir-well configuration for a partially-penetrating infinite-conductivity 
vertical fracture 

 

 

 

Figure 6.14   Transient response of a partially-penetrating infinite-conductivity vertical 
fracture   
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well architecture is given by Equation (3.51) – the x-, y- and z-component Green’s 

functions for this system are obtained from Equation (3.37a) by setting 𝛾𝛾12 = +1 and 

𝛾𝛾32 = +1, corresponding to no-flow west and east boundaries, no-flow north and south 

boundaries, and no-flow top and bottom boundaries respectively.  In addition, the x- and 

y-component Green’s functions are integrated, according to Equation (3.54), along the well 

geometry.  

It is generally believed that a vertical fracture will result if the least principal stress in the 

reservoir formation is horizontal, whereas a horizontal fracture will be created if the least 

principal stress is in the vertical (Hartsock and Warren, 1961; Gringarten and Ramey, 

1974).   Both KAPPA Ecrin’s analytical and numerical suite of models do not have this 

fracture model, so this model is compared with Gringarten’s (1974) infinite-series based 

solution.  The transient response is presented in Figure 6.16.  Gringarten’s solution is an 

intermediate-to-late time solution, hence it has convergence issues at early time.  On the 

contrary, the model developed in this research study captures the transient response in the 

entire gamut of time considered.  As seen from Figure 6.16, this fracture type exhibits five 

distinct flow regimes.  The first is a vertical linear flow characterized by fluid flow from 

the section of the reservoir above and below the fracture.  This is followed by a vertical 

pseudo-radial flow.  Owing to the proximity of the top and bottom reservoir boundaries, 

this radial flow regime is short-lived; it immediately transitions into a horizontal linear 

flow as soon as the top and bottom no-flow boundaries are detected.  As communication is 

established further away from the fracture into the reservoir, a horizontal radial flow  
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Figure 6.15   Reservoir-well configuration for a partially-penetrating uniform-flux 
horizontal fracture  

 

 

 

Figure 6.16   Transient response of a partially-penetrating uniform-flux horizontal 
fracture 
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develops, after which all the reservoir boundaries are felt and the flow becomes pseudo-

steady. 

 
Volume Source: Apart from line and planar sources, the analytical solution developed in 

this study can also be used to simulate volume sources.  These are sources that are not 

restricted to a single plane but extend in three dimensions.  In this example, a 2,000 ft x 50 

ft x 100 ft uniform-flux, vertical volume-source fracture situated in a 5,000 ft x 5,000 ft x 

100 ft reservoir is simulated, as shown in Figure 6.17.  The source function for this 

reservoir-well architecture is given by Equation (3.51) – the x-, y- and z-component 

Green’s functions for this system are obtained from Equation (3.37a) by setting 𝛾𝛾12 = +1 

and 𝛾𝛾32 = +1, corresponding to no-flow west and east boundaries, no-flow north and south 

boundaries, and no-flow top and bottom boundaries respectively.  In addition, the x-, y- 

and z-component Green’s functions are integrated, according to Equation (3.54), along the 

well geometry.  

KAPPA Ecrin simulator does not have an equivalent model; so the solution here is 

juxtaposed with the uniform-flux vertical plane fracture case presented in Example 3 above 

(Figures 6.9 and 6.10).  It is safe to conjecture that the transient response for this volume-

source fracture will be similar to that of the plane source fracture in Example 3 except at 

early time.  The model result is as shown in Figures 6.18.  As expected, the transient 

response for this volume-source fracture is identical to that of the plane-source fracture, 

except at early time where the response due to the volume source shows a characteristic 

unit-slope pressure derivative on the log-log plot.  This is not unusual because the volume-

source fracture causes a storage-type flow at early time, similar to the storage/depletion  
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Figure 6.17   Reservoir-well configuration for a fully-penetrating uniform-flux volume-
source vertical fracture  

 

 

 

Figure 6.18   Transient response of a fully-penetrating, uniform-flux volume source 
vertical fracture 
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phenomenon exhibited by finite wellbores.  The flow sequence generated by a volume-

source fracture, as observed in this example application, has also been reported by 

Gringarten et al. (1974). 

 
Multi-Well Production: The purpose of this application example is to demonstrate the use 

of the analytical solution developed in this study to model a reservoir that is exploited by 

a combination of wells of different completion geometries.  In this example, a 5,000 ft x 

5,000 ft x 100 ft reservoir is produced by an infinite-conductivity horizontal well 

sandwiched between two vertical wells, as shown in Figure 6.19.  The vertical wells are 

fully-penetrating and flow at 1,000 stb/d each, while the horizontal well has a 2,000 ft 

lateral length, and flows at 1,500 stb/d and is located at the mid-point of the pay-zone 

interval.  The source functions for the wells are given by Equations (3.48) and (3.49) – the 

x-, y- and z-component Green’s functions for this system are obtained from Equation 

(3.37a) by setting 𝛾𝛾12 = +1 and 𝛾𝛾32 = +1, corresponding to no-flow west and east 

boundaries, no-flow north and south boundaries, and no-flow top and bottom boundaries 

respectively.  In addition, the appropriate component Green’s functions for each well is 

integrated, according to Equation (3.54), along the well’s geometry.  

The transient response observed at the vertical and horizontal wells are as depicted in 

Figures 6.20 and 6.21 for the horizontal well and the vertical wells respectively.  These 

figures also contain the transient response, depicted in dash lines, that would have resulted 

if only the horizontal well or only one of the vertical wells was producing from the entire 

reservoir.  It is seen from these plots that the presence of other wells reduces the reservoir 

drainage volume accessible by any one well.   
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Figure 6.19   Multi-well scenario – one horizontal well and two vertical wells 

 

 

 

 

Figure 6.20   Transient response of horizontal well (in solid line); broken line is the 
response of the horizontal well in the absence of the other wells 
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Figure 6.21   Transient response of vertical wells (in solid line); broken line is the 
response of each vertical well in the absence of the other wells 
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Enhanced Central Region: Here the regular-shaped linear composite reservoir is set up 

such that the two outer regions are zones of reduced permeability, with a fully-penetrating 

vertical well in the central region.  The reservoir dimension and well location are as shown 

in Figure 6.22.  The source function for this reservoir-well architecture is given by Equation 

(3.48).  The x-component Green’s function for the system is obtained from Equation 

(3.37a).  Unlike the example applications above, the x-direction interface coefficients, 𝛾𝛾12 

and 𝛾𝛾32, cannot be defined explicitly because the boundary between contiguous regions is 

a transition interface.  Their values are obtained by specifying the reservoir dimensions as 

well as formation and fluid properties in Equations (3.37b) and (3.37c).  The y- and z-

component Green’s functions are obtained from Equation (3.37a) by setting 𝛾𝛾12 = +1 and 

𝛾𝛾32 = +1, corresponding to no-flow north and south boundaries, and no-flow top and 

bottom boundaries respectively.  Initial flow regime detected at the well is radial, as evident 

from the early-time zero slope of the derivative plot.  Since the well is equidistant from the 

left and right interfaces, it is obvious the transients originating at the well reach the outer 

regions at the same time.  Transients crossing into the regions of reduced permeability 

make the derivative rise as if tending towards the unit-slope character of a no-flow 

boundary (Figure 6.23).  However, this derivative rise is immediately succeeded by linear 

flow in the flank regions.  At late time, the entire reservoir boundaries are detected, 

resulting in a unit-slope derivative signature.  

 
Damaged Central Region: In this application example, the central region is sandwiched 

between regions of higher permeability, with a fully-penetrating vertical well in the central 

region.  Figure 6.24 summarizes the reservoir dimensions and well location.  The source 

function for this reservoir-well architecture is given by Equation (3.48).  Like the  
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Figure 6.22 Three-region linear composite reservoir with an enhanced central region 

 

 

 

Figure 6.23 Transient response of three-region linear composite reservoir with an 

enhanced central region 
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Figure 6.24 Three-region linear composite reservoir with a damaged central region 

 

 

 

Figure 6.25 Transient response of three-region linear composite reservoir with a 

damaged central region 

 

 

1

10

100

1000

10000

1.E-05 1.E-04 1.E-03 1.E-02 1.E-01 1.E+00 1.E+01 1.E+02 1.E+03 1.E+04 1.E+05

Δp
 (p

si)
,  

 D
er

 (p
si)

Δt (hr)

Δp - This Study
Der - This Study
Δp - KAPPA
Der - KAPPA

𝑘𝑘 = 500 𝑚𝑚𝑑𝑑 𝑘𝑘 = 100 𝑚𝑚𝑑𝑑 𝑘𝑘 = 500 𝑚𝑚𝑑𝑑 

500 𝑓𝑓𝑡𝑡 

5,000 𝑓𝑓𝑡𝑡 1,000 𝑓𝑓𝑡𝑡 5,000 𝑓𝑓𝑡𝑡 

1,000 𝑓𝑓𝑡𝑡 5,500 𝑓𝑓𝑡𝑡 

111 
 



 

“Enhanced Central Region” example above, the x-direction interface coefficients, 𝛾𝛾12 and 

𝛾𝛾32, are obtained by specifying the reservoir dimensions as well as formation and fluid 

properties in Equations (3.37b) and (3.37c).  The y- and z-component Green’s functions 

are obtained from Equation (3.37a) by setting 𝛾𝛾12 = +1 and 𝛾𝛾32 = +1, corresponding to 

no-flow north and south boundaries, and no-flow top and bottom boundaries respectively.  

The flow scenario is similar to that in the “Enhanced Central Region” example except that 

here the transients travel from a region of lower permeability to one of a higher 

permeability.  As the transients detect the flank regions, they experience a “recharge” effect 

(as if sensing pressure support) from the elevated permeability of the flank regions (Figure 

6.25).  The support dissipates quickly as flow transitions into a linear regime in the higher-

permeability flank regions.  This linear flow regime is, however, short-lived because of the 

higher diffusivity in the flank regions, leading to detection of all the reservoir boundaries 

earlier than in the “Enhanced Central Region” example above.  Hence, the derivative plot 

assumes a unit slope. 

 
 
Three Distinct Regions with Off-Centre Well: In this application example, the linear 

composite reservoir model is set up such that all three regions have different permeabilities, 

hence different transmissibilities and diffusivities.  A fully-penetrating vertical well is 

placed nearer to the left interface.  Figure 6.26 summarizes the reservoir dimension and 

well location.  The source function for this reservoir-well architecture is given by Equation 

(3.48).  The x-direction interface coefficients, 𝛾𝛾12 and 𝛾𝛾32, are obtained by specifying the 

reservoir dimensions as well as formation and fluid properties in Equations (3.37b) and 

(3.37c).  The y- and z-component Green’s functions are obtained from Equation (3.37a) by 
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setting 𝛾𝛾12 = +1 and 𝛾𝛾32 = +1, corresponding to no-flow north and south boundaries, and 

no-flow top and bottom boundaries respectively.  Initial flow regime detected at the well 

is radial, as evident from the early-time zero slope of the derivative plot.  The transients 

reach the left and right interfaces at different times as depicted on the derivative plot by a 

succession of two linear flow regimes, the first corresponding to when the transients cross 

to the left region, and the second when the transients detect the right region (Figure 6.27).  

At late time, the entire reservoir boundaries are detected, resulting in a unit-slope derivative 

signature.  

 

6.2 Arbitrary-Shaped Composite Reservoir Model 

For the application examples presented in this section, the reservoir properties, fluid 

properties and well specification are as shown in Table 6.2. 

 
Rate-Controlled Wells in a Closed One-Region Reservoir: This application example 

considers a one-region reservoir exploited by four fully-penetrating, rate-controlled 

vertical wells, as shown in Figure 6.28.  The reservoir and fluid properties, together with 

well specification, are as shown in Table 6.2.  Each well flows are at a rate of 1000 stb/d.  

The reservoir permeability is 500 md.  The general solution for this case is Equation (4.21).  

The wells are operated at specified flow rates 𝒒𝒒�𝑤𝑤.  No flux crosses the reservoir boundary, 

implying 𝒒𝒒𝑎𝑎 =  𝒒𝒒𝑟𝑟𝑥𝑥𝑡𝑡 = 𝟎𝟎.  Also note that 𝑁𝑁𝑎𝑎 = 𝑁𝑁  and 𝑁𝑁𝑏𝑏 = 0.  So eliminating unneeded 

terms in the matrix solution of Equation (4.21) reduces to 

𝑨𝑨 𝒑𝒑 = −𝑪𝑪 𝒒𝒒�𝑤𝑤                                                                                                                                              (6.1) 
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Figure 6.26 Three-region linear composite reservoir with three distinct regions and an 

off-center well 

 

 

Figure 6.27 Transient response of three-region linear composite reservoir with three 

distinct regions and an off-centre well 

  

1

10

100

1000

10000

1.E-05 1.E-04 1.E-03 1.E-02 1.E-01 1.E+00 1.E+01 1.E+02 1.E+03 1.E+04 1.E+05

Δp
 (p

si)
,  

 D
er

 (p
si)

Δt (hr)

Δp - This Study
Der - This Study
Δp - KAPPA
Der - KAPPA

Linear Flow
( 1/2 - Slope )

Linear Flow
( 1/2 - Slope )

10,000 𝑓𝑓𝑡𝑡 1,000 𝑓𝑓𝑡𝑡 10,000 𝑓𝑓𝑡𝑡 

1,000 𝑓𝑓𝑡𝑡 10,200 𝑓𝑓𝑡𝑡 

500 𝑓𝑓𝑡𝑡 

𝑘𝑘 = 100 𝑚𝑚𝑑𝑑 𝑘𝑘 = 500 𝑚𝑚𝑑𝑑 𝑘𝑘 = 1000 𝑚𝑚𝑑𝑑 

114 
 



 

 

 

 

 

 

 

 

Table 6.2  Reservoir properties, fluid properties and well specification 

used in the application examples of the arbitrary-shaped composite reservoir model 

 
 

Reservoir Properties 

 

𝑘𝑘 

 

As specified 

 𝜙𝜙 20 % 

 𝑐𝑐𝑡𝑡 3.0E-6 psi-1 

 ℎ 50 ft 

Fluid Properties 𝑝𝑝𝑖𝑖 5000 psia 

 𝐵𝐵 1.2 bbl/stb 

 𝐵𝐵 1.5 cp 

Well Specification 𝑟𝑟𝑤𝑤 0.3 ft 

 ℎ𝑤𝑤 

𝑞𝑞 

50 ft 

1000 stb/d / As specified 

 

115 
 



 

Solving Equation (6.1) furnishes the boundary pressures 𝒑𝒑𝑎𝑎 = 𝒑𝒑 .  This pressure data and 

the prescribed flux data are then substituted into Equation (4.10) to compute the transient 

response within the reservoir.  The computed response is then inverted to real time using 

the Stehfest inversion algorithm.  For this example, the response observed at well W2 is 

presented on the log-log plot of Figure 6.29.  It is seen that the initial flow to the well is 

radial as depicted by the zero-slope derivative signature.  The flow transitions to pseudo-

steady-state after about 35 hrs, as seen from the unit-slope derivative trend.  All four wells 

compete for fluid in the reservoir – calculation shows that the drainage area contacted by 

W2 is 1606 acres of the entire 6424 acres reservoir area.  This corresponds to a quarter of 

the reservoir area. 

 

Pressure-Controlled Wells in a Closed One-Region Reservoir: The reservoir-well 

configuration for this application example is the same as that in the previous example 

above, the only difference is that here the wells are operated at a constant flowing bottom-

hole pressure of 4,500 psia.  The reservoir permeability is 500 md.  The general solution 

for this case is Equation (4.24).  The wells are operated at constant bottom-hole pressure 

𝒑𝒑𝑤𝑤.  No flux crosses the reservoir boundary, implying 𝒒𝒒𝑎𝑎 =  𝒒𝒒𝑟𝑟𝑥𝑥𝑡𝑡 = 𝟎𝟎.  Also note that 𝑁𝑁𝑎𝑎 =

𝑁𝑁  and 𝑁𝑁𝑏𝑏 = 0.  So eliminating unneeded terms in the matrix solution of Equation (4.24) 

reduces to 

� 𝑨𝑨 𝑪𝑪
𝑨𝑨𝑤𝑤 𝑪𝑪𝑤𝑤� �

𝒑𝒑
𝒒𝒒�𝑤𝑤

� = �
𝟎𝟎

−𝒑𝒑𝑤𝑤
�                                                                                                                        (6.2) 

Solving Equation (6.2) furnishes the boundary pressures 𝒑𝒑𝑎𝑎 = 𝒑𝒑 and the well rates 𝒒𝒒�𝑤𝑤.  The 

computed well rates are then inverted to real time using the Stehfest inversion algorithm.   
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Figure 6.28 Fully-penetrating, rate-controlled verticals well in a closed arbitrary-

shaped one-region reservoir 

 

 

Figure 6.29 Transient response of rate-controlled well W2 
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For this example, the rate-normalized pressure drawdown (∆𝑝𝑝 𝑞𝑞⁄ ) observed at well W2 is 

plotted against material-balance time (𝑡𝑡𝑎𝑎 = 𝑄𝑄/𝑞𝑞) on the log-log plot of Figure 6.30.  Note 

that 𝑄𝑄 is the well’s cumulative production.  The transient response here is juxtaposed with 

the rate-controlled response of the previous application example.  It is seen that the initial 

flow to the well is radial as depicted by the zero-slope derivative signature.  The flow 

transitions to pseudo-steady-state after about 35 hrs, as seen from the unit-slope derivative 

trend.  All four wells compete for fluid in the reservoir – calculation shows that the drainage 

area contacted by W2 is 1606 acres of the entire 6424 acres reservoir area.  This 

corresponds to a quarter of the reservoir area.  The corresponding flow rate and cumulative 

production data for the first 1000 hours are presented in Figure 6.31. 

 

Reservoir with Impermeable Sub-Region: The reservoir in this example application is 

of the same dimensions as those considered in the previous examples except that this 

present reservoir has an inner impermeable sub-region, the surface of which forms an inner 

boundary for the reservoir.  Both the inner and outer boundaries are perfectly-sealing and 

are discretized, as shown in Figure 6.32.  Technically, this is a one-region reservoir model 

with a hole within its domain.  That is, the reservoir is bounded by two multiply connected 

surfaces.  A fully-penetrating vertical well, producing at a rate of 1,000 stb/d, is located 

close to the impermeable sub-region.  So the matrix equation given by Equation (6.1) 

applies here.  The reservoir and fluid properties as well as the well specification are as 

stated in Table 6.2.  Figure 6.33 shows the transient response at the well.  It is seen that the 

result obtained from the solution presented in this research study and that obtained from 

commercial numerical simulator match excellently. 
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Figure 6.30 Transient response of pressure-controlled well W2 

 

 

Figure 6.31 Production data of pressure-controlled well W2 
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Figure 6.32 Arbitrary-shaped reservoir with an inscribed impermeable sub-region.  

Both outer and inner boundaries are discretized 

 

 

Figure 6.33 Transient response of pressure-controlled well W1 
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Two-Region Reservoir with Mixed Outer Boundary: The reservoir in this example is 

composed of two homogeneous regions, as shown in Figure 6.34.  The reservoir and fluid 

properties, together with well specification, are as shown in Table 2.  The permeabilities 

of the outer region and the inner region are 100 md and 500 md respectively.   The southern 

section of the outer region’s boundary is a no-flow boundary while the northern section is 

a constant-pressure boundary maintained at the initial reservoir pressure of 5000 psia.  Five 

vertical wells produce from the outer region while four wells produce from the inner region.  

All the wells in the inner region are vertical wells except the central well which is a 

fractured vertical well of 500 ft half length.  The fracture is set at angle of 37o to the x-axis.  

All the wells produce at a constant rate of 1000 stb/d.  This reservoir-well system is solved 

by Equation (4.29).  The reservoir response as seen at the fractured well, W7, is as shown 

in the log-log plot of Figure 6.35.  Flow initially reaching the well is in the linear regime.  

This is reflected on the derivative plot as a half-slope signature.  As the transients travel 

further into the reservoir, they hit a virtual no-flow boundary created by the competition 

for fluid by the nearby wells.  This causes the derivative to tend towards a unit-slope after 

about 14 hrs.  With continued flow, the pressure drop at the well stabilizes and the 

derivative dives, indicating steady-state flow as the effect of the constant-pressure 

boundary reaches the well. 

 
Adjoining Two-Region Reservoir with No-Flow Outer Boundary: The reservoir in this 

application example comprises two distinct regions, as shown in Figure 6.36.  Each region 

is produced by four vertical wells withdrawing fluid at the rate of 1,000 stb/d.  The 

permeability of the west region is 500 md while that of the east region is 100 md.  The 

matrix equation for this reservoir-well system is given by Equation (6.3), 
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Figure 6.34 – Arbitrary-shaped two-region composite reservoir with mixed outer 
boundary condition 

 

 

Figure 6.35 – Transient response of well W7 
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where 𝒑𝒑1 and 𝒑𝒑2 are the pressures at the boundaries of regions 1 and 2 respectively, 

excluding their common boundary; 𝒑𝒑1/2 and 𝒒𝒒1/2 are the pressures at and the flux crossing 

the common boundary; and 𝒒𝒒�𝑤𝑤1  and 𝒒𝒒�𝑤𝑤2  flow rate (per unit volume) of the wells in regions 

1 and 2 respectively. On solving Equation (6.3), the transient response at well W2 in region 

1 is as shown in Figure 6.37.  It is seen that the initial flow to well W2 is radial as depicted 

by the zero-slope derivative signature.  It later transitions to boundary-dominated, as seen 

from the unit-slope derivative trend because of the virtual boundaries created around the 

well – a direct consequence of the presence of active wells in the vicinity of the well in 

question. 

 

Three-Region Reservoir with No-Flow Outer Boundary: For this application example, 

the reservoir is composed of three distinct regions, one of which circumscribes the other 

two, as shown in Figure 6.38.  Region 1, the parent region, has a permeability of 100 md 

and is produced by four vertical wells.  Region 2, the western child region, has a 

permeability of 500 md and is drained a hydraulically fractured vertical well of fracture 

half-length 500 ft.  Region 3, the eastern child region, also has a permeability of 500 md 

and is produced by three vertical wells and a central hydraulically fractured vertical well 

of fracture half-length 500 ft and inclined at an angle of 37o to the x-axis. All the wells are 

producing at a rate of 1,000 stb/d.  The matrix equation for this reservoir-well system is 

given by Equation (6.4), 
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Figure 6.36 – Arbitrary-shaped closed reservoir with two abutting regions 

 

 

Figure 6.37 – Transient response of well W2 
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where 𝒑𝒑1 is the pressure at the outer boundary of region 1; 𝒑𝒑1/2 and 𝒑𝒑1/3 are the pressures 

at the interface between regions 1 and 2 and regions 1 and 3 respectively; 𝒒𝒒1/2 and 𝒒𝒒1/3 are 

the flux crossing the interface between regions 1 and 2 and regions 1 and 3 respectively; 

and 𝒒𝒒�𝑤𝑤1 ,  𝒒𝒒�𝑤𝑤2  and 𝒒𝒒�𝑤𝑤3  flow rate (per unit volume) of the wells in regions 1, 2 and 3 

respectively. On solving Equation (6.4), the transient response at well W1 in region 1 is as 

shown in Figure 6.39.  It is seen that the initial flow to well W1 is linear as depicted by the  

half-slope derivative signature.  It transitions to a short-lived radial flow region which is 

eventually overridden by boundary-dominated flow. 

 

Nested Three-Region Reservoir with No-Flow Outer Boundary: This application 

example showcases a reservoir with three nested regions, as shown in Figure 6.40.  Region 

1, the outermost region, has a permeability of 100 md and is produced by four vertical wells 

and one hydraulically fractured vertical well of fracture half-length 500 ft.  Region 2, the 

middle region, has a permeability of 250 md and is drained by three vertical wells.  Region 

3, the innermost region, also has a permeability of 500 md and is produced by a 

hydraulically fractured vertical well of fracture half-length 500 ft and inclined at an angle 

of 37o to the x-axis. All the wells are producing at a rate of 1,000 stb/d.  The matrix equation 

for this reservoir-well system is given by Equation (6.5), 
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Figure 6.38 – Arbitrary-shaped three-region composite reservoir with no-flow outer 
boundary condition 

 

 

 

Figure 6.39 – Transient response of well W1 
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where 𝒑𝒑1 is the pressure at the outer boundary of region 1; 𝒑𝒑1/2 and 𝒒𝒒1/2 are the pressures 

at and the flux crossing the interface between regions 1 and 2 respectively; 𝒑𝒑2/3 and 𝒒𝒒2/3 

are the pressures at and the flux crossing the interface between regions 2 and 3 respectively; 

and 𝒒𝒒�𝑤𝑤1 ,  𝒒𝒒�𝑤𝑤2  and 𝒒𝒒�𝑤𝑤3  flow rate (per unit volume) of the wells in regions 1, 2 and 3 

respectively. On solving Equation (6.5), the transient response at well W7 in region 3 is as 

shown in Figure 6.41.  It is seen that the initial flow to well W7 is linear as depicted by the 

half-slope derivative signature.  It transitions to a short-lived radial flow region which is 

eventually overridden by boundary-dominated flow.  

 

Multiply-Fractured Horizontal Well in a Stimulated Reservoir Volume: The 

application example here simulates the production scenario currently employed in 

exploiting tight reservoirs.  The reservoir-well configuration is composed of a multiply-

fractured horizontal well, as shown in Figure 6.42.  The 1,800 ft infinite-conductivity 

horizontal well is traversed by ten evenly spaced fully-penetrating vertical hydraulic 

fractures.  It is possible for the fractures to have different half-length, however, here the 

model is set up such that all the fractures have equal half-length of 250 ft. Due to fracturing, 

the permeability of the region adjacent to the fractures is enhanced, giving rise to the 

formation of a stimulated reservoir volume around the fractures.  In turn, this stimulated 

reservoir volume sits in the virgin reservoir, thus resulting in a two-region composite 

reservoir system.  Fluid production  
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Figure 6.40 – Arbitrary-shaped nested three-region composite reservoir with no-flow 
outer boundary condition 

 

 

 

Figure 6.41 – Transient response of well W7 
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proceeds via the fractures only; the well produces at a constant flow rate of 1000 stb/d.  

The virgin reservoir permeability is 100 md while that of the stimulated reservoir volume 

is 500 md.  The matrix equation for this reservoir-well system is given by Equation (6.6), 

�
𝑨𝑨1
𝟎𝟎
𝟎𝟎
𝟎𝟎

𝑨𝑨1,2   𝑩𝑩1,2     𝟎𝟎     𝟎𝟎
𝑨𝑨2,1

𝑨𝑨𝑤𝑤,2

𝟎𝟎

−𝑩𝑩2,1

−𝑩𝑩𝑤𝑤,2

𝟎𝟎

𝑪𝑪2
𝑪𝑪𝑤𝑤
𝟏𝟏

 
𝟎𝟎
𝟏𝟏
𝟎𝟎

�

⎣
⎢
⎢
⎢
⎢
⎢
⎡ 𝒑𝒑

1 
𝒑𝒑1/2

𝒒𝒒1/2

𝒒𝒒𝑤𝑤𝑟𝑟
𝒑𝒑𝑤𝑤𝑟𝑟⎦

⎥
⎥
⎥
⎥
⎥
⎤

= �

𝟎𝟎
𝟎𝟎
𝟎𝟎
𝒒𝒒𝑤𝑤

�                                                                                  (6.6) 

where 𝒑𝒑1 is the pressure at the outer boundary of region 1; 𝒑𝒑1/2 and 𝒒𝒒1/2 are the pressures 

at and the flux crossing the interface between regions 1 and 2 respectively; 𝒑𝒑𝑤𝑤𝑟𝑟 and 𝒒𝒒𝑤𝑤𝑟𝑟 

are the pressures and the flow rates at the fractures respectively.  Note that the fracture flow 

rates add up to the well’s constant flow rate.  That is, 

𝑞𝑞𝑤𝑤(𝑡𝑡) = �𝑞𝑞𝑤𝑤𝑟𝑟,𝑖𝑖

10

𝑖𝑖=1

(𝑡𝑡)                                                                                                                                 (6.7) 

On solving Equation (6.6), the transient response at the mid-point of the horizontal lateral 

is as shown in Figure 6.43.  It is seen that the initial flow to each fracture is linear, 

corresponding to flow from the stimulated reservoir volume towards the fracture. This is 

depicted as a half-slope derivative signature on the log-log plot.  This flow regime gives 

way to a transition regime that is characterized by contribution from the virgin reservoir 

into the stimulated reservoir volume.  Eventually, the flow becomes boundary-dominated.  

 

Multiply-Fractured Horizontal Well with Enhanced Fracture Region: In certain 

multiply-fractured horizontal well production scenario, it is believed that the enhanced-

permeability regions around the hydraulic fractures do not conjoin to form a single block  
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Figure 6.42 – Multiply-fracture horizontal well in a stimulated reservoir volume 

 

 

 

Figure 6.43 – Transient response at the midpoint of the well’s lateral section 
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of stimulated reservoir volume, but that each fracture has its own local stimulated region, 

as shown in Figure 6.44.  The 4,000 ft long infinite-conductivity horizontal well is traversed 

by five evenly spaced fully-penetrating vertical hydraulic fractures.  Surrounding each 

fracture is a 500 ft × 1,000 ft region of 500 md permeability, while the virgin reservoir formation 

has a permeability of 0.001 md.  The fractures have equal half-length of 250 ft.  This reservoir-

well architecture forms a composite reservoir system that can be solved using the arbitrary-

shaped composite reservoir model developed in this study.  Fluid production is through the 

fractures only; the total production rate from the well is 1000 stb/d.  The matrix equation 

for this reservoir-well system is similar to Equation (6.6) but duplicated over to account 

for five sub-domains (as against one) within the primary unaltered reservoir region.  Again, 

the fracture flow rates add up to the well’s constant flow rate.  That is, 

𝑞𝑞𝑤𝑤(𝑡𝑡) = �𝑞𝑞𝑤𝑤𝑟𝑟,𝑖𝑖

5

𝑖𝑖=1

(𝑡𝑡)                                                                                                                                 (6.7) 

The transient response at the mid-point of the horizontal lateral is as shown in Figure 6.45.  

Note that KAPPA Ecrin simulator does not have an equivalent model.  It is seen that the 

initial flow to each fracture is linear, corresponding to flow from the enhanced-permeability 

region towards each fracture. This is depicted as a half-slope derivative signature on the 

log-log plot.  With time, fluid flows from the virgin reservoir on the north and south ends 

of the enhanced-permeability region towards the fracture, giving rise to bilinear flow, seen 

as a quarter-slope derivative signature on the log-log plot.  As the inter-fracture regions 

becomes fully depleted, production only comes from the north and side regions beyond the 

enhanced-permeability zones; this results in the second linear flow regime.  Eventually, the 

boundaries of the reservoir are felt, giving rise to a unit-slope derivative signature. 
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Figure 6.44 – Multiply-fracture horizontal well with enhanced permeability region 
around each hydraulic fracture 

 

 

 

Figure 6.45 – Transient response at the midpoint of the well’s lateral section 
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Multiply-Fractured Horizontal Well with Support from Microseismics: Analysis of 

microseismic events enables reconstruction of hydraulic fracture propagation in reservoir 

models.  Figure 6.46 typifies fracture orientation (along a 2,650 ft infinite-conductivity 

horizontal well) recovered from microseismic analysis; it is assumed the fractures are fully-

penetrating.  Note that the fractures are oriented at different angles to the horizontal well.  

Fluid production proceeds via the fractures only; the well produces at a constant flow rate 

of 1000 stb/d.  The reservoir permeability is 0.001 md.  The matrix equation for this 

reservoir-well system is given by Equation (6.8), 
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where 𝒑𝒑 is the pressure at the reservoir boundary; 𝒑𝒑𝑤𝑤𝑟𝑟 and 𝒒𝒒𝑤𝑤𝑟𝑟 are the pressures and the 

flow rates at the fractures respectively.  Note that the fracture flow rates add up to the well’s 

constant flow rate.  That is, 

𝑞𝑞𝑤𝑤(𝑡𝑡) = �𝑞𝑞𝑤𝑤𝑟𝑟,𝑖𝑖

18

𝑖𝑖=1

(𝑡𝑡)                                                                                                                                 (6.9) 

On solving Equation (6.8), the transient response at the mid-point of the horizontal lateral 

is as shown in Figure 6.47.  Note that KAPPA Ecrin simulator does not have an equivalent 

model.  It is seen that the initial flow is linear, corresponding to linear flow towards the 

fracture. This is depicted as a half-slope derivative signature on the log-log plot.  This flow 

regime gives way to a transition regime that is the resultant of evolving flow patterns to all 

the fractures.  Eventually, the reservoir boundaries are detected, giving rise to a unit-slope 

derivative signature on the log-log plot.  
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Figure 6.46 – Hydraulic fracture orientation obtained from analysis of microseismic 
events 

 

 

 

Figure 6.47 – Transient response at the midpoint of the well’s lateral section 
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6.3 Discussion and Remarks 

The intention behind this chapter is to showcase a few of the applications that the reservoir 

models developed in this research study can be deployed to.   The approach adopted is to 

history-match synthetic production (rate and pressure) data for different reservoir-well 

scenarios obtained from KAPPA Ecrin reservoir simulator, an industry-recognized 

reservoir modeling package.  For the analytical model, it is seen that different combinations 

of boundary conditions can be handled using the generalized three-region linear composite 

reservoir model.  It is remarkable that the model does not rely on explicitly invoking space 

superposition principle to be able to simulate reservoir boundaries; hence it does not 

contain infinite series as literature models do.  This gives it an edge in terms of both speed 

and accuracy.  In addition to handling multi-well production problems, complex well 

completions can be simulated by simply integrating the point source function along the 

geometry of the well. 

The semi-analytical model is a great advancement over the analytical model.  It has been 

developed within a framework that allows specializing it to composite situations of any 

complexities.  The only requirement thus becomes understanding the make-up/pattern of 

and being able to write down the resulting matrix solutions, without having to resort to 

first-principle derivations.  Using this approach, different composite reservoir scenarios 

have been set up and solved, as shown by the copious application examples presented 

above.  It is also clearly demonstrated that this modeling approach covers reservoir 

situations that are currently not available in commercial packages (because of the complex 

composite reservoir make-up and/or complex well geometries).  This obviously is a great 

enhancement to industry reservoir modeling capabilities. 
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CHAPTER 7 

  

 

CONCLUSIONS AND RECOMMENDATIONS 

 

Two mathematical solutions for modeling transient flow behavior in petroleum reservoirs 

have been presented in this research study.  The first solution is a closed form, fully 

analytical solution for modeling fluid flow in a regular-shaped, linear composite reservoir.  

Based on the source function derived for this regular-shaped reservoir, a fundamental (free-

space) Green’s function is extracted.  It is shown that with the boundaries of an arbitrarily-

shaped appropriately represented as discretized elements, transient flow behavior in a 

complex-shaped reservoir can be modeled semi-analytically using the fundamental 

Green’s function constrained to the reservoir boundaries.   

Both solutions have been validated against standard literature solutions and used to history-

match transient response obtained from a benchmark commercial reservoir simulation 

package.  Using a number of example cases, it has been shown that the results from these 

solutions agree excellently with those from numerical simulation. 

 

7.1 Conclusions 

Regular-Shaped Linear Composite Reservoir Model 

1. This model can be used to investigate the effects of large-scale (i.e. regional) reservoir 

heterogeneities.  A typical example is a reservoir in which permeability varies linearly 
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away from the producing/injecting well, such that the reservoir can be represented as 

an assemblage of distinct contiguous rectangular homogenous regions.  This is the case 

of the stimulated reservoir volume (SRV) idealization employed in modeling 

hydraulically fractured wells in unconventional reservoirs in North America. 

2. Standard one-region reservoir models are easily extracted from the linear composite 

solution.  This includes models with no-flow, constant-pressure and infinite-acting 

boundary conditions.  This makes the linear composite model versatile and applicable 

to different combinations of boundary conditions. 

3. These one-region models referred to in (2) above are intrinsically resolved from the 

linear composite solution without resorting to the method of images.  All that a user 

needs to do is set correct reservoir dimensions and properties appropriate for the 

reservoir-well configuration of interest.  The model automatically resolves itself.  This 

is a case of “one-model-fits-all.” 

4. Unlike analytical solutions available in literature, the linear composite solution 

presented in this research does not contain infinite series such as those presented by 

Gringarten and Ramey (1973), Ozkan and Raghavan (1991), Medeiros et al. (2006), 

Kurtoglo et al. (2006), etc.  This directly results in a great reduction in computational 

time even for relatively complex reservoir-well architectures.  This is a much desired 

capability the petroleum industry strives to achieve in all its computational 

involvements. 

5. The linear composite reservoir solution is in excellent agreement with numerical 

simulation.  This dual quality of speed and accuracy makes the solution very suitable 

for inverse problems encountered in pressure and rate transient analyses. 
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Arbitrary-Shaped Reservoir Model 

1. With this model, complex reservoir boundary geometries are handled effectively 

without resorting to the more demanding numerical simulation.  Current industry 

practice is to approximate a reservoir as regular-shaped and model it using regular-

shaped analytical models.  For wells whose transients are in the transition flow regime, 

analysis done with regular-shaped analytical reservoir models may be in serious errors.  

The arbitrary-shaped solution presented in this research comes handy for modeling 

irregular-shape reservoirs without compromising the much desired near-analytical 

accuracy.   

2. Since the technique used in this modeling approach does not involve domain 

discretization (like is done in finite difference and finite element methods), the 

dimensionality of the flow problem is reduced by one.  This is a recognized feature of 

boundary element method of modeling transient processes.  The matrix resulting in the 

solution process is smaller compared to that in the finite difference and finite element 

methods.  This translates to reduced computer storage requirement unlike finite-

difference and finite-element simulation where storage is an issue. 

3. Since the method uses the fundamental Green’s function in the domain of the reservoir, 

the results obtained at observation points within the reservoir are very accurate because 

the analytical character of the solution is preserved since the governing differential 

equation are satisfied exactly within the flow domain; approximations are made only 

at the boundaries.  This is a great advantage of boundary element method over finite-

difference and finite-volume simulation. 
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4. To represent boundaries at infinity in this method is effortless compared to domain 

discretization methods (finite difference and finite element methods) because the 

fundamental Green’s function used exactly satisfies the boundary condition. 

5. It is easy to handle circumscribed sub-domains in this model by using the concept of 

multiply-connected regions.  It has been shown, with examples in this study, that 

different large-scale reservoir “compositeness” can be modeled semi-analytically.   

6. Directly related to 5 above is the fact that this study provides a framework for quickly 

writing down the matrix equation for any arbitrary-shaped reservoir-well configuration 

with flux, pressure or mixed boundary condition. 

7. Unlike current literature solutions which are derived for rate-controlled wells only, 

solution for pressure-controlled wells are also presented in this study.  The modification 

that needs to be made to the rate-controlled solution so as to adapt it to a pressure-

controlled solution is presented in a clear and concise manner.  

 

7.2 Recommendations 

This research study provides a foundation upon which to advance to modeling complex 

phenomena that are observed in the field.  These phenomena include 

1. Wellbore Storage and Skin:  The transit of fluid from the sand-face to surface via the 

wellbore is affected by the wellbore’s storage tendency.  This tendency, technically 

referred to as wellbore storage effect, is due to the fluids’ expansion/compressibility.  

It results in the surface rate initially lagging the subsurface rate because, at first, 

production at surface is only sustained by wellbore fluid expansion.  The surface rate 
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increases gradually until the storage effect fully dissipates, at which point the surface 

rate equals the subsurface rate.  Skin, on the other hand, is flow impairment or 

improvement experienced near the sand-face as a result formation alteration, flow 

convergence or gas liberation near the wellbore.   

2. Naturally Fractured Reservoir:  Natural fractures are the primary pathways for fluid 

migration and production in many reservoirs, including unconventional reservoirs.  

This reservoir characteristic plays a dominant role in determining transient behavior 

experienced in such environments, as evidenced by the analysis of production data from 

tight and shale reservoirs.  Two popular natural fracture models used in the industry 

are the pseudo-steady state model (Warren and Root, 1963) and the transient model 

(Kazemi, 1969, de Swaan-O, 1976, and Serra et al., 1983).  It is necessary to 

incorporate this characteristic in the models.  In Laplace domain, this can be 

implemented through modifying of the Laplace-domain parameter, as has been 

demonstrated by Brown et al. (2009). 

3. Variable Well Bottom-Hole Constraint:  The models presented in this research have 

assumed the wells are maintained at a constant flow rate or constant bottom-hole 

pressure.  In practice, this is rarely the case.  Most wells are constrained by varying 

flow rate or bottom-hole flowing pressure.  This changing well constraint can be 

handled in the models using superposition of multiple rates or pressures.  This can be 

readily achievable in the Laplace domain, the domain in which the models have been 

developed. 

4. The arbitrary-shaped reservoir model developed in this study only considers fully-

penetrating wells; so only two-dimensional reservoir architecture and two-dimensional 
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flow patterns are simulated.   Advancing the model to three dimensions will not only 

make a significant advancement, it will be very useful for representing the structural 

make-up of real reservoirs and lend itself to three-dimensional flow simulation. 
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APPENDIX A 

 

  

DERIVATION OF THE DIFFUSIVITY EQUATION 

 

Modeling of fluid flow in porous media mathematically requires three physical principles: 

(1) the conservation of mass, a statement that mass is neither created nor destroyed, (2) the 

momentum law, the constitutive transport principle, which is Darcy’s Law in porous media 

flow, and (3) an equation of state, which is the pressure-temperature-volume relationship 

of the fluid flowing in the porous medium.  Given an arbitrary domain Ω of a porous 

medium bounded by the surface Γ, as shown in Figure A.1, conservation of mass in Ω 

requires that 

 
Net throughput rate − Net mass rate withrawn by sink 

= Rate of mass accumuation in the domain                                             (A. 1) 

 

For fluid phase 𝛼𝛼, the mass rate of flow out of an elemental surface is 𝜌𝜌𝛼𝛼𝐮𝐮𝛼𝛼 ∙ 𝐧𝐧�𝑑𝑑Γ, where 

𝐮𝐮𝛼𝛼 ∙ 𝐧𝐧� is the outward normal component of velocity to the surface.  The net throughput rate 

in Equation (A.1) is the net mass flow rate across the surface into the domain.  It is therefore 

given by  

Net throughput rate = −� 𝜌𝜌𝛼𝛼𝐮𝐮𝛼𝛼 ∙ 𝐧𝐧�𝑑𝑑Γ 
Γ

                                                                                        (𝐴𝐴. 2) 

The sink (or source) term in Equation (A.1) denotes fluid withdrawn from (or injected into) 

the element.  Note that a sink and a source are identical but are opposite in nature.  Given  
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Figure A.1 – A porous domain Ω bounded by the surface Γ, showing an elemental 

domain 𝑑𝑑Ω bounded by the surface 𝑑𝑑Γ 
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that fluid phase 𝛼𝛼 is withdrawn from the element at a rate per unit volume of 𝑞𝑞�𝛼𝛼𝑠𝑠𝑐𝑐, then net 

mass rate of fluid withdrawn from the domain is 

Net mass rate withdrawn = −� 𝑞𝑞�𝛼𝛼𝑠𝑠𝑐𝑐  𝜌𝜌𝛼𝛼𝑠𝑠𝑐𝑐  𝑑𝑑Ω 
Ω

                                                                           (𝐴𝐴. 3) 

where the subscript “𝑠𝑠𝑐𝑐” denotes surface condition.  The rate of mass accumulation of fluid 

phase 𝛼𝛼 in the domain is 

Rate of mass accumuation in the domain =
𝜕𝜕
𝜕𝜕𝑡𝑡
� 𝜙𝜙𝜌𝜌𝛼𝛼𝑆𝑆𝛼𝛼 𝑑𝑑Ω 
Ω

                                                 (𝐴𝐴. 4) 

where 𝜙𝜙 is the porosity of the medium and 𝑆𝑆𝛼𝛼 is the saturation of fluid phase 𝛼𝛼.  

Substituting Equations (A.2), (A.3) and (A.4) into (A.1), 

−� 𝜌𝜌𝛼𝛼𝐮𝐮𝛼𝛼 ∙ 𝐧𝐧�𝑑𝑑Γ  
Γ

− � 𝑞𝑞�𝛼𝛼𝑠𝑠𝑐𝑐  𝜌𝜌𝛼𝛼𝑠𝑠𝑐𝑐  𝑑𝑑Ω 
Ω

=
𝜕𝜕
𝜕𝜕𝑡𝑡
� 𝜙𝜙𝜌𝜌𝛼𝛼𝑆𝑆𝛼𝛼  𝑑𝑑Ω 
Ω

                                                        (𝐴𝐴. 5) 

Using the divergence theorem of Gauss to convert the first term of Equation (A.5) from a 

surface integral to a volume integral and re-arranging the resulting equation, Equation 

(A.5) reduces to 

� �−∇ ∙ (𝜌𝜌𝛼𝛼𝐮𝐮𝛼𝛼) − 𝑞𝑞�𝛼𝛼𝑠𝑠𝑐𝑐 𝜌𝜌𝛼𝛼𝑠𝑠𝑐𝑐 −
𝜕𝜕
𝜕𝜕𝑡𝑡

(𝜙𝜙𝜌𝜌𝛼𝛼𝑆𝑆𝛼𝛼)� 𝑑𝑑Ω 
Ω

= 0                                                                   (𝐴𝐴. 6) 

Since the choice of the domain (as well as its geometry) is arbitrary and the integral must 

vanish (according to Equation (A.6)) no matter what choice of domain is made, the integral 

is possible if and only if the integrand vanishes.  That is,  

−∇ ∙ (𝜌𝜌𝛼𝛼𝐮𝐮𝛼𝛼) − 𝑞𝑞�𝛼𝛼𝑠𝑠𝑐𝑐  𝜌𝜌𝛼𝛼𝑠𝑠𝑐𝑐 =
𝜕𝜕
𝜕𝜕𝑡𝑡

(𝜙𝜙𝜌𝜌𝛼𝛼𝑆𝑆𝛼𝛼)                                                                                              (𝐴𝐴. 7) 

Equation (A.7) is the expression of conversation of mass well-known as the transient 

continuity equation.   
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The momentum equation of choice in porous media flow is Darcy’s Law which for fluid 

phase 𝛼𝛼, neglecting gravity effects, is given by 

𝐮𝐮𝛼𝛼 = −
1
𝐵𝐵𝛼𝛼

𝑘𝑘α(𝐱𝐱) ∇𝑝𝑝𝛼𝛼                                                                                                                               (𝐴𝐴. 8) 

where 𝑘𝑘α(𝐱𝐱) is the permeability tensor for fluid phase 𝛼𝛼.  𝐱𝐱 = (𝑥𝑥,𝑦𝑦, 𝑧𝑧) denotes a spatial 

location in the flow domain, where 𝑥𝑥 and 𝑦𝑦 represent coordinates in the horizontal plane 

and 𝑧𝑧 represents the vertical coordinate.  Substituting this transport law into Equation (A.7) 

yields 

∇ ∙ �𝜌𝜌𝛼𝛼
𝑘𝑘α(𝐱𝐱)
𝐵𝐵𝛼𝛼

∇𝑝𝑝𝛼𝛼� − 𝑞𝑞�𝛼𝛼𝑠𝑠𝑐𝑐  𝜌𝜌𝛼𝛼𝑠𝑠𝑐𝑐 =
𝜕𝜕
𝜕𝜕𝑡𝑡

(𝜙𝜙𝜌𝜌𝛼𝛼𝑆𝑆𝛼𝛼)                                                                                  (𝐴𝐴. 9) 

Using the isothermal compressibility relation, the equations of state for the fluid phase 𝛼𝛼 

and the formation are given respectively by 

𝑐𝑐𝛼𝛼 =
1
𝜌𝜌𝛼𝛼
�
𝜕𝜕𝜌𝜌𝛼𝛼
𝜕𝜕𝑝𝑝𝛼𝛼

�
𝑇𝑇

                                                                                                                                     (𝐴𝐴. 10) 

𝑐𝑐𝑟𝑟 =
1
𝜙𝜙
�
𝜕𝜕𝜙𝜙
𝜕𝜕𝑝𝑝𝛼𝛼

�
𝑇𝑇

                                                                                                                                       (𝐴𝐴. 11) 

Applying both the product rule and the chain rule of differentiation on the right-hand side 

of Equation (A.9) and, afterwards, substituting in the equations of state above, the resultant 

is  

∇ ∙ �𝜌𝜌𝛼𝛼
𝑘𝑘α(𝐱𝐱)
𝐵𝐵𝛼𝛼

∇𝑝𝑝𝛼𝛼� − 𝑞𝑞�𝛼𝛼𝑠𝑠𝑐𝑐  𝜌𝜌𝛼𝛼𝑠𝑠𝑐𝑐 = 𝜙𝜙𝜌𝜌𝛼𝛼 �𝑆𝑆𝛼𝛼𝑐𝑐𝑡𝑡 +
𝜕𝜕𝑆𝑆𝛼𝛼
𝜕𝜕𝑝𝑝𝛼𝛼

�
𝜕𝜕𝑝𝑝𝛼𝛼
𝜕𝜕𝑡𝑡

                                                          (𝐴𝐴. 12) 

where the compressibility term is given by 𝑐𝑐𝑡𝑡 = 𝑐𝑐𝛼𝛼 + 𝑐𝑐𝑟𝑟.  For this research, only single-

phase flow is considered.  This implies that 𝑆𝑆𝛼𝛼 = 1.  Hence, Equation (A.12) reduces to 
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∇ ∙ �𝜌𝜌
𝑘𝑘(𝐱𝐱)
𝐵𝐵

∇𝑝𝑝� − 𝑞𝑞�𝑠𝑠𝑐𝑐  𝜌𝜌𝑠𝑠𝑐𝑐 = 𝜙𝜙𝜌𝜌𝑐𝑐𝑡𝑡
𝜕𝜕𝑝𝑝
𝜕𝜕𝑡𝑡

                                                                                                 (𝐴𝐴. 13) 

Notice that the phase subscript marker “𝛼𝛼” has been dropped from Equation (A.13) because 

only one fluid phase is assumed to flow in the porous medium. This equation is non-linear 

because fluid density and viscosity on the right-hand side are pressure-dependent.  For a 

slightly compressible fluid, say oil above its bubble-point pressure, it is adequate to assume 

that these properties are constant within the range of pressure variation usually encountered 

in oil reservoirs above their bubble-point pressure.  Incorporating this assumption into 

Equation (A.13), therefore 

∇ ∙ [𝑘𝑘(𝐱𝐱)∇𝑝𝑝] − 𝑞𝑞�𝑠𝑠𝑐𝑐𝐵𝐵𝐵𝐵 = 𝜙𝜙𝐵𝐵𝑐𝑐𝑡𝑡
𝜕𝜕𝑝𝑝
𝜕𝜕𝑡𝑡

                                                                                                      (𝐴𝐴. 14) 

where the formation volume factor 𝐵𝐵 = 𝜌𝜌𝑠𝑠𝑐𝑐/𝜌𝜌.  Equation (A.14) is the diffusivity equation 

governing flow of a slightly compressible fluid in a porous medium. 
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APPENDIX B 

  

DERIVATION OF THE GREEN’S FUNCTION SOLUTION OF THE 

DIFFUSIVITY EQUATION 

 

The transient flow of a slightly compressible fluid in a domain Ω bounded by a surface Γ 

is described by the diffusivity relation given by Equation (3.12): 

∇2𝑝𝑝𝐷𝐷 + 2𝜋𝜋𝑞𝑞�𝑤𝑤𝐷𝐷(𝐱𝐱𝐷𝐷′ , 𝜏𝜏𝐷𝐷) =
1
𝜂𝜂𝐷𝐷

𝜕𝜕𝑝𝑝𝐷𝐷
𝜕𝜕𝜏𝜏𝐷𝐷

                                                                                                       (𝐵𝐵. 1) 

Equation (B.1) can therefore be rewritten as 

𝜂𝜂𝐷𝐷∇2𝑝𝑝𝐷𝐷 + 2𝜋𝜋𝜂𝜂𝐷𝐷𝑞𝑞�𝑤𝑤𝐷𝐷(𝐱𝐱𝐷𝐷′ , 𝜏𝜏𝐷𝐷) =
𝜕𝜕𝑝𝑝𝐷𝐷
𝜕𝜕𝜏𝜏𝐷𝐷

                                                                                                   (𝐵𝐵. 2) 

Multiplying Equation (B.2) by the Green’s function 𝐺𝐺(𝐱𝐱𝐷𝐷′ ,𝐱𝐱𝐷𝐷;−𝜏𝜏𝐷𝐷 ,−𝑡𝑡𝐷𝐷) and integrating 

over the entire domain and with respect to time from 0 to 𝑡𝑡𝐷𝐷 + 𝜖𝜖, where 𝜖𝜖 is an arbitrarily 

small positive number, 

𝜂𝜂𝐷𝐷 � � 𝐺𝐺∇2𝑝𝑝𝐷𝐷
Ω

𝑡𝑡𝐷𝐷+𝜖𝜖

0
𝑑𝑑Ω′𝑑𝑑𝜏𝜏𝐷𝐷 + 2𝜋𝜋𝜂𝜂𝐷𝐷 � � 𝑞𝑞�𝑤𝑤𝐷𝐷(𝐱𝐱𝐷𝐷′ , 𝜏𝜏𝐷𝐷)𝐺𝐺

Ω
𝑑𝑑Ω′𝑑𝑑𝜏𝜏𝐷𝐷

𝑡𝑡𝐷𝐷+𝜖𝜖

0

= � � 𝐺𝐺
𝜕𝜕𝑝𝑝𝐷𝐷
𝜕𝜕𝜏𝜏𝐷𝐷Ω

𝑑𝑑Ω′𝑑𝑑𝜏𝜏𝐷𝐷
𝑡𝑡𝐷𝐷+𝜖𝜖

0
                                                                                     (𝐵𝐵. 3) 

Integrating the right-hand side of Equation (B.3) by parts with respect to time, 

𝜂𝜂𝐷𝐷 � � 𝐺𝐺∇2𝑝𝑝𝐷𝐷
Ω

𝑡𝑡𝐷𝐷+𝜖𝜖

0
𝑑𝑑Ω′𝑑𝑑𝜏𝜏𝐷𝐷 + 2𝜋𝜋𝜂𝜂𝐷𝐷 � � 𝑞𝑞�𝑤𝑤𝐷𝐷(𝐱𝐱𝐷𝐷′ , 𝜏𝜏𝐷𝐷)𝐺𝐺

Ω
𝑑𝑑Ω′𝑑𝑑𝜏𝜏𝐷𝐷

𝑡𝑡𝐷𝐷+𝜖𝜖

0
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= � �[𝐺𝐺𝑝𝑝𝐷𝐷]0
𝑡𝑡𝐷𝐷+𝜖𝜖 − � 𝑝𝑝𝐷𝐷

𝜕𝜕𝐺𝐺
𝜕𝜕𝜏𝜏𝐷𝐷

𝑡𝑡𝐷𝐷+𝜖𝜖

0
𝑑𝑑𝜏𝜏𝐷𝐷�

Ω
𝑑𝑑Ω′                                                                    (𝐵𝐵. 4) 

Green’s second identity relates surface and domain integrals through the expression 

� (𝜙𝜙∇𝜓𝜓 − 𝜓𝜓∇𝜙𝜙) ∙ 𝐧𝐧�𝑑𝑑Γ′ = � (𝜙𝜙∇2𝜓𝜓 − 𝜓𝜓∇2𝜙𝜙)𝑑𝑑Ω′

ΩΓ
                                                                   (𝐵𝐵. 5) 

where 𝜙𝜙 and 𝜓𝜓 are continuous and differentiable scalar functions in some domain Ω 

bounded by a surface Γ; 𝐧𝐧� is unit outward normal to the surface.  Applying this identity to 

the first term on the left-hand side of Equation (A.4) by setting 𝜙𝜙 ≡ 𝐺𝐺 and 𝜓𝜓 ≡ 𝑝𝑝𝐷𝐷, and re-

arranging the equation, 

𝜂𝜂𝐷𝐷 � � (𝐺𝐺∇𝑝𝑝𝐷𝐷 − 𝑝𝑝𝐷𝐷∇𝐺𝐺)
Γ

∙ 𝐧𝐧�𝑑𝑑Γ′
𝑡𝑡𝐷𝐷+𝜖𝜖

0
𝑑𝑑𝜏𝜏𝐷𝐷 + 2𝜋𝜋𝜂𝜂𝐷𝐷 � � 𝑞𝑞�𝑤𝑤𝐷𝐷(𝐱𝐱𝐷𝐷′ , 𝜏𝜏𝐷𝐷)𝐺𝐺

Ω
𝑑𝑑Ω′𝑑𝑑𝜏𝜏𝐷𝐷

𝑡𝑡𝐷𝐷+𝜖𝜖

0

= � [𝐺𝐺𝑝𝑝𝐷𝐷]0
𝑡𝑡𝐷𝐷+𝜖𝜖

Ω
𝑑𝑑Ω′ − � � 𝑝𝑝𝐷𝐷 �

𝜕𝜕𝐺𝐺
𝜕𝜕𝜏𝜏𝐷𝐷

+ 𝜂𝜂𝐷𝐷∇2𝐺𝐺�
Ω

𝑡𝑡𝐷𝐷+𝜖𝜖

0
𝑑𝑑Ω′𝑑𝑑𝜏𝜏𝐷𝐷                      (𝐵𝐵. 6) 

Green’s function for diffusivity equation is such that the adjoint differential equation 

𝜂𝜂𝐷𝐷∇2𝐺𝐺 + 𝛿𝛿(𝐱𝐱𝐷𝐷′ − 𝐱𝐱𝐷𝐷)𝛿𝛿(𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) = −
𝜕𝜕𝐺𝐺
𝜕𝜕𝜏𝜏𝐷𝐷

                                                                                       (𝐵𝐵. 7) 

is satisfied.  Incorporating Equation (B.7) into (B.6),  

𝜂𝜂𝐷𝐷 � � (𝐺𝐺∇𝑝𝑝𝐷𝐷 − 𝑝𝑝𝐷𝐷∇𝐺𝐺) ∙ 𝐧𝐧�
Γ

𝑑𝑑Γ′
𝑡𝑡𝐷𝐷+𝜖𝜖

0
𝑑𝑑𝜏𝜏𝐷𝐷 + 2𝜋𝜋𝜂𝜂𝐷𝐷 � � 𝑞𝑞�𝑤𝑤𝐷𝐷(𝐱𝐱𝐷𝐷′ , 𝜏𝜏𝐷𝐷)𝐺𝐺

Ω
𝑑𝑑Ω′𝑑𝑑𝜏𝜏𝐷𝐷

𝑡𝑡𝐷𝐷+𝜖𝜖

0

= � [𝐺𝐺𝑝𝑝𝐷𝐷]0
𝑡𝑡𝐷𝐷+𝜖𝜖

Ω
𝑑𝑑Ω′ + � � 𝑝𝑝𝐷𝐷(𝐱𝐱𝐷𝐷′ , 𝜏𝜏𝐷𝐷)𝛿𝛿(𝐱𝐱𝐷𝐷′ − 𝐱𝐱𝐷𝐷)𝛿𝛿(𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷)

Ω

𝑡𝑡𝐷𝐷+𝜖𝜖

0
𝑑𝑑Ω′𝑑𝑑𝜏𝜏𝐷𝐷  

… (𝐵𝐵. 8) 

The Dirac delta function is an even distribution, that is, 
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𝛿𝛿(𝑥𝑥 − 𝑥𝑥′) = 𝛿𝛿(𝑥𝑥′ − 𝑥𝑥)                                                                                                                            (𝐵𝐵. 9) 

Its sifting property is given by 

� 𝑓𝑓(𝑥𝑥′) 𝛿𝛿(𝑥𝑥 − 𝑥𝑥′)
𝑏𝑏

𝑎𝑎
𝑑𝑑𝑥𝑥′ = �

𝑓𝑓(𝑥𝑥)
 

if 𝑎𝑎 < 𝑥𝑥 < 𝑏𝑏

0 if 𝑥𝑥 ∉ (𝑎𝑎, 𝑏𝑏)
                                                                            (𝐵𝐵. 10) 

Because 𝐱𝐱𝐷𝐷′  is contained in the domain Ω and 𝜏𝜏𝐷𝐷 lies within the range (0, 𝑡𝑡𝐷𝐷 + 𝜖𝜖), Equation 

(B.8) therefore becomes 

𝜂𝜂𝐷𝐷 � � (𝐺𝐺∇𝑝𝑝𝐷𝐷 − 𝑝𝑝𝐷𝐷∇𝐺𝐺) ∙ 𝐧𝐧�
Γ

𝑑𝑑Γ′
𝑡𝑡𝐷𝐷+𝜖𝜖

0
𝑑𝑑𝜏𝜏𝐷𝐷 + 2𝜋𝜋𝜂𝜂𝐷𝐷 � � 𝑞𝑞�𝑤𝑤𝐷𝐷(𝐱𝐱𝐷𝐷′ , 𝜏𝜏𝐷𝐷)𝐺𝐺

Ω
𝑑𝑑Ω′𝑑𝑑𝜏𝜏𝐷𝐷

𝑡𝑡𝐷𝐷+𝜖𝜖

0

= � [𝐺𝐺𝑝𝑝𝐷𝐷]0
𝑡𝑡𝐷𝐷+𝜖𝜖

Ω
𝑑𝑑Ω′ + 𝑝𝑝𝐷𝐷(𝐱𝐱𝐷𝐷 , 𝑡𝑡𝐷𝐷)                                                                      (𝐵𝐵. 11) 

Taking the limits of the first term on right-hand side of Equation (B.11), 

𝜂𝜂𝐷𝐷 � � (𝐺𝐺∇𝑝𝑝𝐷𝐷 − 𝑝𝑝𝐷𝐷∇𝐺𝐺)
Γ

∙ 𝐧𝐧�𝑑𝑑Γ′
𝑡𝑡𝐷𝐷+𝜖𝜖

0
𝑑𝑑𝜏𝜏𝐷𝐷 + 2𝜋𝜋𝜂𝜂𝐷𝐷 � � 𝑞𝑞�𝑤𝑤𝐷𝐷(𝐱𝐱𝐷𝐷′ , 𝜏𝜏𝐷𝐷)𝐺𝐺

Ω
𝑑𝑑Ω′𝑑𝑑𝜏𝜏𝐷𝐷

𝑡𝑡𝐷𝐷+𝜖𝜖

0
 

= � [𝐺𝐺(𝐱𝐱𝐷𝐷′ ,𝐱𝐱𝐷𝐷;−𝑡𝑡𝐷𝐷 − 𝜖𝜖,−𝑡𝑡𝐷𝐷)𝑝𝑝𝐷𝐷(𝐱𝐱𝐷𝐷, 𝑡𝑡𝐷𝐷 + 𝜖𝜖) − 𝐺𝐺(𝐱𝐱𝐷𝐷′ ,𝐱𝐱𝐷𝐷; 0,−𝑡𝑡𝐷𝐷)𝑝𝑝𝐷𝐷(𝐱𝐱𝐷𝐷, 0)]
Ω

𝑑𝑑Ω′ + 𝑝𝑝𝐷𝐷(𝐱𝐱𝐷𝐷 , 𝑡𝑡𝐷𝐷) 

Note that 𝐺𝐺(𝐱𝐱𝐷𝐷′ ,𝐱𝐱𝐷𝐷;−𝑡𝑡𝐷𝐷 − 𝜖𝜖,−𝑡𝑡𝐷𝐷) = 𝐺𝐺(𝐱𝐱𝐷𝐷 ,𝐱𝐱𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 , 𝑡𝑡𝐷𝐷 + 𝜖𝜖) = 0 from the reciprocity and the 

causality relations because the elapse time −𝑡𝑡𝐷𝐷 − 𝜖𝜖 − (− 𝑡𝑡𝐷𝐷) = 𝑡𝑡𝐷𝐷 − ( 𝑡𝑡𝐷𝐷 + 𝜖𝜖) = −𝜖𝜖 < 0; 

there is zero response before the impulse occurs.  Therefore 

𝑝𝑝𝐷𝐷(𝐱𝐱𝐷𝐷 , 𝑡𝑡𝐷𝐷) = � 𝐺𝐺(𝐱𝐱𝐷𝐷′ ,𝐱𝐱𝐷𝐷; 0,−𝑡𝑡𝐷𝐷, 0)𝑝𝑝𝐷𝐷(𝐱𝐱𝐷𝐷′ , 0)
Ω

𝑑𝑑Ω′ + 2𝜋𝜋𝜂𝜂𝐷𝐷 � � 𝑞𝑞�𝑤𝑤𝐷𝐷(𝐱𝐱𝐷𝐷′ , 𝜏𝜏𝐷𝐷)𝐺𝐺
Ω

𝑑𝑑Ω′𝑑𝑑𝜏𝜏𝐷𝐷
𝑡𝑡𝐷𝐷+𝜖𝜖

0

+ 𝜂𝜂𝐷𝐷 � � (𝐺𝐺∇𝑝𝑝𝐷𝐷 − 𝑝𝑝𝐷𝐷∇𝐺𝐺)
Γ

∙ 𝐧𝐧�𝑑𝑑Γ′
𝑡𝑡𝐷𝐷+𝜖𝜖

0
𝑑𝑑𝜏𝜏𝐷𝐷 

As 𝜖𝜖 → 0, then 
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𝑝𝑝𝐷𝐷(𝐱𝐱𝐷𝐷 , 𝑡𝑡𝐷𝐷) = � 𝐺𝐺(𝐱𝐱𝐷𝐷′ ,𝐱𝐱𝐷𝐷; 0,−𝑡𝑡𝐷𝐷, 0)𝑝𝑝𝐷𝐷(𝐱𝐱𝐷𝐷′ , 0)
Ω

𝑑𝑑Ω′ + 2𝜋𝜋𝜂𝜂𝐷𝐷 � � 𝑞𝑞�𝑤𝑤𝐷𝐷(𝐱𝐱𝐷𝐷′ , 𝜏𝜏𝐷𝐷)𝐺𝐺
Ω

𝑑𝑑Ω′𝑑𝑑𝜏𝜏𝐷𝐷
𝑡𝑡𝐷𝐷

0

+ 𝜂𝜂𝐷𝐷 � � (𝐺𝐺∇𝑝𝑝𝐷𝐷 − 𝑝𝑝𝐷𝐷∇𝐺𝐺)
Γ

∙ 𝐧𝐧�𝑑𝑑Γ′
𝑡𝑡𝐷𝐷

0
𝑑𝑑𝜏𝜏𝐷𝐷                                                          (𝐵𝐵. 12) 

Note that 𝐺𝐺(𝐱𝐱𝐷𝐷′ ,𝐱𝐱𝐷𝐷;−𝜏𝜏𝐷𝐷 ,−𝑡𝑡𝐷𝐷) = 𝐺𝐺(𝐱𝐱𝐷𝐷 ,𝐱𝐱𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 , 𝜏𝜏𝐷𝐷) and that 𝐧𝐧� is unit outward normal to the 

surface Γ.  Equation (A.12) then yields, 

𝑝𝑝𝐷𝐷(𝐱𝐱𝐷𝐷 , 𝑡𝑡𝐷𝐷) = � 𝐺𝐺(𝐱𝐱𝐷𝐷 ,𝐱𝐱𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 0)
Ω

𝑝𝑝𝐷𝐷(𝐱𝐱𝐷𝐷′ , 0)𝑑𝑑Ω′ 

                       +2𝜋𝜋𝜂𝜂𝐷𝐷 � � 𝑞𝑞�𝑤𝑤𝐷𝐷(𝐱𝐱𝐷𝐷′ , 𝜏𝜏𝐷𝐷)𝐺𝐺(𝐱𝐱𝐷𝐷 ,𝐱𝐱𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷)𝑑𝑑Ω′
Ω

𝑑𝑑𝜏𝜏𝐷𝐷
𝑡𝑡𝐷𝐷

0
  

+𝜂𝜂𝐷𝐷 � � [𝐺𝐺(𝐱𝐱𝐷𝐷 , 𝐱𝐱𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷)∇𝑝𝑝𝐷𝐷(𝐱𝐱𝐷𝐷′ , 𝜏𝜏𝐷𝐷) − 𝑝𝑝𝐷𝐷(𝐱𝐱𝐷𝐷′ , 𝜏𝜏𝐷𝐷)∇𝐺𝐺(𝐱𝐱𝐷𝐷 ,𝐱𝐱𝐷𝐷′ ; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷)]
Γ

𝑡𝑡𝐷𝐷

0
∙ 𝐧𝐧�𝑑𝑑Γ′𝑑𝑑𝜏𝜏𝐷𝐷 

… (𝐵𝐵. 13) 
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APPENDIX C 

  

DERIVATION OF THE GREEN’S FUNCTION FOR AN INFINITE PLANE 

SOURCE IN A THREE-REGION LINEAR COMPOSITE RESERVOIR 

 

For the flow problem addressed in Section 3.6 of Chapter 3, the corresponding arrangement 

for an infinite plane source in an infinite three-region linear composite reservoir is as shown 

in Figure C.1.   

The derivation of the source function for this system begins with writing the one-

dimensional Green’s function equivalent of the flow problem stated in Equations (3.31).  

Here the derivation is for the x-component of the flow; the procedure is also true for the y- 

and z-components.  The Green’s function formulation is 

 

𝜕𝜕2𝐺𝐺1𝑥𝑥
𝜕𝜕𝑥𝑥𝐷𝐷2

=
1
𝜂𝜂𝐷𝐷1

𝜕𝜕𝐺𝐺1𝑥𝑥
𝜕𝜕𝑡𝑡𝐷𝐷

                                                          (𝑥𝑥𝑎𝑎𝐷𝐷 < 𝑥𝑥𝐷𝐷 < 𝑥𝑥𝑏𝑏𝐷𝐷)                                    (𝐶𝐶. 1𝑎𝑎) 

𝜕𝜕2𝐺𝐺2𝑥𝑥
𝜕𝜕𝑥𝑥𝐷𝐷2

+ 𝛿𝛿(𝑥𝑥𝐷𝐷 − 𝑥𝑥𝑤𝑤𝐷𝐷)𝛿𝛿(𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) =
1
𝜂𝜂𝐷𝐷2

𝜕𝜕𝐺𝐺2𝑥𝑥
𝜕𝜕𝑡𝑡𝐷𝐷

        (𝑥𝑥𝑏𝑏𝐷𝐷 < 𝑥𝑥𝐷𝐷 < 𝑥𝑥𝑐𝑐𝐷𝐷)                                    (𝐶𝐶. 1𝑏𝑏) 

𝜕𝜕2𝐺𝐺3𝑥𝑥
𝜕𝜕𝑥𝑥𝐷𝐷2

=
1
𝜂𝜂𝐷𝐷3

𝜕𝜕𝐺𝐺3𝑥𝑥
𝜕𝜕𝑡𝑡𝐷𝐷

                                                           (𝑥𝑥𝑐𝑐𝐷𝐷 < 𝑥𝑥𝐷𝐷 < 𝑥𝑥𝑑𝑑𝐷𝐷)                                    (𝐶𝐶. 1𝑐𝑐) 

𝐺𝐺𝑗𝑗(𝑥𝑥𝐷𝐷 ∈ Ω; 𝑡𝑡𝐷𝐷 = 0) = 0                                                  ( 𝑗𝑗 = 1, 2, 3)                                              (𝐶𝐶. 1𝑑𝑑) 

𝐺𝐺𝑗𝑗 �𝑥𝑥𝐷𝐷𝑗𝑗+12, 𝑡𝑡𝐷𝐷� = 𝐺𝐺𝑗𝑗+1 �𝑥𝑥𝐷𝐷𝑗𝑗+12, 𝑡𝑡𝐷𝐷�                                ( 𝑗𝑗 = 1,2)                                                   (𝐶𝐶. 1𝑒𝑒) 
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Figure C.1 – An infinite plane source in an infinite three-region linear composite 

reservoir 

  

𝑥𝑥𝑎𝑎𝐷𝐷  𝑥𝑥𝑤𝑤𝐷𝐷  𝑥𝑥𝑐𝑐𝐷𝐷  

𝑗𝑗 = 1 𝑗𝑗 = 2 𝑗𝑗 = 3 

𝑥𝑥𝑏𝑏𝐷𝐷 𝑥𝑥𝑑𝑑𝐷𝐷 
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𝑞𝑞𝐷𝐷𝑥𝑥𝑗𝑗∗ �
𝑗𝑗+12

= 𝑞𝑞𝐷𝐷𝑥𝑥𝑗𝑗+1∗ �
𝑗𝑗+12

                                                     ( 𝑗𝑗 = 1,2)                                                   (𝐶𝐶. 1𝑓𝑓) 

𝜕𝜕𝐺𝐺1𝑥𝑥
𝜕𝜕𝑥𝑥𝐷𝐷

�
𝑥𝑥𝑎𝑎𝐷𝐷

=
𝜕𝜕𝐺𝐺3𝑥𝑥
𝜕𝜕𝑥𝑥𝐷𝐷

�
𝑥𝑥𝑑𝑑𝐷𝐷

= 0                                                                                                                   (𝐶𝐶. 1𝑔𝑔) 

Green’s function is the response in the reservoir due to an instantaneous unit fluid 

withdrawal rate at the source; so the flow rate in Equation (3.31b) has been replaced by an 

instantaneous unit withdrawal rate in Equation (C.1b).  Note that 𝜏𝜏𝐷𝐷 is the time when the 

withdrawal was initiated such that 𝜏𝜏𝐷𝐷 < 𝑡𝑡𝐷𝐷.  The flux in Equation (C.1f) is the flow rate 

across an interface due to the instantaneous unit fluid withdrawal rate at the source.  Taking 

the Laplace transform of Equation (C.1a) through (C.1g), excluding (C.1d), with respect to 

𝑡𝑡𝐷𝐷, 

𝑑𝑑2𝐺𝐺1𝑥𝑥
𝑑𝑑𝑥𝑥𝐷𝐷2

=
1
𝜂𝜂𝐷𝐷1

�𝑠𝑠 𝐺𝐺1𝑥𝑥 − 𝐺𝐺1𝑥𝑥(𝑥𝑥𝐷𝐷; 𝑡𝑡𝐷𝐷 = 0)� 

𝑑𝑑2𝐺𝐺2𝑥𝑥
𝑑𝑑𝑥𝑥𝐷𝐷2

+ 𝑒𝑒−𝑠𝑠𝜏𝜏𝐷𝐷𝛿𝛿(𝑥𝑥𝐷𝐷 − 𝑥𝑥𝑤𝑤𝐷𝐷) =
1
𝜂𝜂𝐷𝐷2

�𝑠𝑠 𝐺𝐺2𝑥𝑥 − 𝐺𝐺2𝑥𝑥(𝑥𝑥𝐷𝐷; 𝑡𝑡𝐷𝐷 = 0)� 

𝑑𝑑2𝐺𝐺3𝑥𝑥
𝑑𝑑𝑥𝑥𝐷𝐷2

=
1
𝜂𝜂𝐷𝐷3

�𝑠𝑠 𝐺𝐺3𝑥𝑥 − 𝐺𝐺3𝑥𝑥(𝑥𝑥𝐷𝐷; 𝑡𝑡𝐷𝐷 = 0)� 

𝐺𝐺𝑗𝑗 �𝑥𝑥𝐷𝐷𝑗𝑗+12, 𝑠𝑠� = 𝐺𝐺𝑗𝑗+1 �𝑥𝑥𝐷𝐷𝑗𝑗+12, 𝑠𝑠� 

𝑞𝑞𝐷𝐷𝑥𝑥𝑗𝑗
∗ �

𝑗𝑗+12
= 𝑞𝑞𝐷𝐷𝑥𝑥𝑗𝑗+1

∗ �
𝑗𝑗+12

 

𝑑𝑑𝐺𝐺1𝑥𝑥
𝑑𝑑𝑥𝑥𝐷𝐷

�
𝑥𝑥𝑎𝑎𝐷𝐷

=
𝑑𝑑𝐺𝐺3𝑥𝑥
𝑑𝑑𝑥𝑥𝐷𝐷

�
𝑥𝑥𝑑𝑑𝐷𝐷

= 0 

On substituting in Equation (C.1d), therefore 

159 
 



 

𝑑𝑑2𝐺𝐺1𝑥𝑥
𝑑𝑑𝑥𝑥𝐷𝐷2

− 𝜆𝜆12 𝐺𝐺1𝑥𝑥 = 0                                                          (𝑥𝑥𝑎𝑎𝐷𝐷 < 𝑥𝑥𝐷𝐷 < 𝑥𝑥𝑏𝑏𝐷𝐷)                                  (𝐶𝐶. 2𝑎𝑎) 

𝑑𝑑2𝐺𝐺2𝑥𝑥
𝑑𝑑𝑥𝑥𝐷𝐷2

− 𝜆𝜆22 𝐺𝐺2𝑥𝑥 = −𝑒𝑒−𝑠𝑠𝜏𝜏𝐷𝐷𝛿𝛿(𝑥𝑥𝐷𝐷 − 𝑥𝑥𝑤𝑤𝐷𝐷)                     (𝑥𝑥𝑏𝑏𝐷𝐷 < 𝑥𝑥𝐷𝐷 < 𝑥𝑥𝑐𝑐𝐷𝐷)                                   (𝐶𝐶. 2𝑏𝑏) 

𝑑𝑑2𝐺𝐺3𝑥𝑥
𝑑𝑑𝑥𝑥𝐷𝐷2

− 𝜆𝜆32 𝐺𝐺3𝑥𝑥 = 0                                                         (𝑥𝑥𝑐𝑐𝐷𝐷 < 𝑥𝑥𝐷𝐷 < 𝑥𝑥𝑑𝑑𝐷𝐷)                                   (𝐶𝐶. 2𝑐𝑐) 

𝐺𝐺𝑗𝑗 �𝑥𝑥𝐷𝐷𝑗𝑗+12, 𝑠𝑠� = 𝐺𝐺𝑗𝑗+1 �𝑥𝑥𝐷𝐷𝑗𝑗+12, 𝑠𝑠�                                     ( 𝑗𝑗 = 1,2)                                                   (𝐶𝐶. 2𝑒𝑒) 

𝑞𝑞𝐷𝐷𝑥𝑥𝑗𝑗
∗ �

𝑗𝑗+12
= 𝑞𝑞𝐷𝐷𝑥𝑥𝑗𝑗+1

∗ �
𝑗𝑗+12

                                                    ( 𝑗𝑗 = 1,2)                                                   (𝐶𝐶. 2𝑓𝑓) 

𝑑𝑑𝐺𝐺1𝑥𝑥
𝑑𝑑𝑥𝑥𝐷𝐷

�
𝑥𝑥𝑎𝑎𝐷𝐷

=
𝑑𝑑𝐺𝐺3𝑥𝑥
𝑑𝑑𝑥𝑥𝐷𝐷

�
𝑥𝑥𝑑𝑑𝐷𝐷

= 0                                                                                                                   (𝐶𝐶. 2𝑔𝑔) 

where 𝜆𝜆𝑗𝑗 = �𝑠𝑠/𝜂𝜂𝐷𝐷𝑗𝑗.  The Dirac delta function, in Equation (C.2b), is zero everywhere in 

the domain (𝑥𝑥𝑎𝑎𝐷𝐷 < 𝑥𝑥𝐷𝐷 < 𝑥𝑥𝑏𝑏𝐷𝐷) except at point 𝑥𝑥𝐷𝐷 = 𝑥𝑥𝑤𝑤𝐷𝐷 where it is singular.  To remove this 

singularity, Equation (C.2b) is split at 𝑥𝑥𝐷𝐷 = 𝑥𝑥𝑤𝑤𝐷𝐷 into two zones.  The set of differential 

equations thus becomes 

𝑑𝑑2𝐺𝐺1𝑥𝑥
𝑑𝑑𝑥𝑥𝐷𝐷2

− 𝜆𝜆12 𝐺𝐺1𝑥𝑥 = 0                                                          (𝑥𝑥𝑎𝑎𝐷𝐷 < 𝑥𝑥𝐷𝐷 < 𝑥𝑥𝑏𝑏𝐷𝐷)                                  (𝐶𝐶. 3𝑎𝑎) 

𝑑𝑑2𝐺𝐺2𝑎𝑎𝑥𝑥
𝑑𝑑𝑥𝑥𝐷𝐷2

− 𝜆𝜆22 𝐺𝐺2𝑎𝑎𝑥𝑥 = 0                                                     (𝑥𝑥𝑏𝑏𝐷𝐷 < 𝑥𝑥𝐷𝐷 < 𝑥𝑥𝑤𝑤𝐷𝐷)                                  (𝐶𝐶. 3𝑏𝑏) 

𝑑𝑑2𝐺𝐺2𝑏𝑏𝑥𝑥
𝑑𝑑𝑥𝑥𝐷𝐷2

− 𝜆𝜆22 𝐺𝐺2𝑏𝑏𝑥𝑥 = 0                                                      (𝑥𝑥𝑤𝑤𝐷𝐷 < 𝑥𝑥𝐷𝐷 < 𝑥𝑥𝑐𝑐𝐷𝐷)                                  (𝐶𝐶. 3𝑐𝑐) 

𝑑𝑑2𝐺𝐺3𝑥𝑥
𝑑𝑑𝑥𝑥𝐷𝐷2

− 𝜆𝜆32 𝐺𝐺3𝑥𝑥 = 0                                                          (𝑥𝑥𝑐𝑐𝐷𝐷 < 𝑥𝑥𝐷𝐷 < 𝑥𝑥𝑑𝑑𝐷𝐷)                                  (𝐶𝐶. 3𝑑𝑑) 

And the boundary conditions in Equation (C.2g) yields 
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𝑑𝑑𝐺𝐺𝑎𝑎
𝑑𝑑𝑥𝑥𝐷𝐷

�
𝑥𝑥𝑎𝑎𝐷𝐷

= 0                                                                                                                                            (𝐶𝐶. 3𝑒𝑒) 

𝑑𝑑𝐺𝐺𝑏𝑏
𝑑𝑑𝑥𝑥𝐷𝐷

�
𝑥𝑥𝑑𝑑𝐷𝐷

= 0                                                                                                                                            (𝐶𝐶. 3𝑓𝑓) 

Note that Equations (C.3a) through (C.3d) are second-order ordinary differential equations.  

Their solutions are respectively 

𝐺𝐺1𝑥𝑥 = 𝐴𝐴1𝑒𝑒𝜆𝜆1𝑥𝑥𝐷𝐷 + 𝐴𝐴2𝑒𝑒−𝜆𝜆1𝑥𝑥𝐷𝐷                                             (𝑥𝑥𝑎𝑎𝐷𝐷 < 𝑥𝑥𝐷𝐷 < 𝑥𝑥𝑏𝑏𝐷𝐷)                                  (𝐶𝐶. 4𝑎𝑎) 

𝐺𝐺2𝑎𝑎𝑥𝑥 = 𝐵𝐵1𝑒𝑒𝜆𝜆2𝑥𝑥𝐷𝐷 + 𝐵𝐵2𝑒𝑒−𝜆𝜆2𝑥𝑥𝐷𝐷                                           (𝑥𝑥𝑏𝑏𝐷𝐷 < 𝑥𝑥𝐷𝐷 < 𝑥𝑥𝑤𝑤𝐷𝐷)                                 (𝐶𝐶. 4𝑏𝑏) 

𝐺𝐺2𝑏𝑏𝑥𝑥 = 𝐶𝐶1𝑒𝑒𝜆𝜆2𝑥𝑥𝐷𝐷 + 𝐶𝐶2𝑒𝑒−𝜆𝜆2𝑥𝑥𝐷𝐷                                            (𝑥𝑥𝑤𝑤𝐷𝐷 < 𝑥𝑥𝐷𝐷 < 𝑥𝑥𝑐𝑐𝐷𝐷)                                 (𝐶𝐶. 4𝑐𝑐) 

𝐺𝐺3𝑥𝑥 = 𝐷𝐷1𝑒𝑒𝜆𝜆3𝑥𝑥𝐷𝐷 + 𝐷𝐷2𝑒𝑒−𝜆𝜆3𝑥𝑥𝐷𝐷                                             (𝑥𝑥𝑐𝑐𝐷𝐷 < 𝑥𝑥𝐷𝐷 < 𝑥𝑥𝑑𝑑𝐷𝐷)                                  (𝐶𝐶. 4𝑑𝑑) 

The coefficients 𝐴𝐴1,𝐴𝐴2,𝐵𝐵1,𝐵𝐵2,𝐶𝐶1,𝐶𝐶2,𝐷𝐷1 and 𝐷𝐷2 are determined using the prescribed 

boundary and interphase conditions. 

At 𝑥𝑥𝐷𝐷 = 𝑥𝑥𝑎𝑎𝐷𝐷 : Substituting Equation (C.4a) into (C.3e), 

𝐴𝐴1𝑒𝑒𝜆𝜆1𝑥𝑥𝑎𝑎𝐷𝐷 − 𝐴𝐴2𝑒𝑒−𝜆𝜆1𝑥𝑥𝑎𝑎𝐷𝐷 = 0                                                                                                                 (𝐶𝐶. 5𝑎𝑎) 

At 𝑥𝑥𝐷𝐷 = 𝑥𝑥𝑑𝑑𝐷𝐷 : Substituting Equation (C.4d) into (C.3f), 

𝐷𝐷1𝑒𝑒𝜆𝜆3𝑥𝑥𝑑𝑑𝐷𝐷 − 𝐷𝐷2𝑒𝑒−𝜆𝜆3𝑥𝑥𝑑𝑑𝐷𝐷 = 0                                                                                                                 (𝐶𝐶. 5𝑏𝑏) 

At 𝑥𝑥𝐷𝐷 = 𝑥𝑥𝑏𝑏𝐷𝐷, 𝐺𝐺1𝑥𝑥 and 𝐺𝐺2𝑎𝑎𝑥𝑥 are equal, implying that 

𝐺𝐺1𝑥𝑥�𝑥𝑥𝑏𝑏𝐷𝐷 = 𝐺𝐺2𝑎𝑎𝑥𝑥�𝑥𝑥𝑏𝑏𝐷𝐷 

Substituting in Equations (C.4a) and (C.4b),  

𝐴𝐴1𝑒𝑒𝜆𝜆1𝑥𝑥𝑏𝑏𝐷𝐷 + 𝐴𝐴2𝑒𝑒−𝜆𝜆1𝑥𝑥𝑏𝑏𝐷𝐷 − 𝐵𝐵1𝑒𝑒𝜆𝜆2𝑥𝑥𝑏𝑏𝐷𝐷 − 𝐵𝐵2𝑒𝑒−𝜆𝜆2𝑥𝑥𝑏𝑏𝐷𝐷 = 0                                                                  (𝐶𝐶. 5𝑐𝑐) 
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At 𝑥𝑥𝐷𝐷 = 𝑥𝑥𝑤𝑤𝐷𝐷 : 𝐺𝐺2𝑎𝑎𝑥𝑥 and 𝐺𝐺2𝑏𝑏𝑥𝑥 are equal, implying that 

𝐺𝐺2𝑎𝑎𝑥𝑥�𝑥𝑥𝑤𝑤𝐷𝐷 = 𝐺𝐺2𝑏𝑏𝑥𝑥�𝑥𝑥𝑤𝑤𝐷𝐷 

Substituting in Equations (C.4b) and (C.4c), 

𝐵𝐵1𝑒𝑒𝜆𝜆2𝑥𝑥𝑤𝑤𝐷𝐷 + 𝐵𝐵2𝑒𝑒−𝜆𝜆2𝑥𝑥𝑤𝑤𝐷𝐷 − 𝐶𝐶1𝑒𝑒𝜆𝜆2𝑥𝑥𝑤𝑤𝐷𝐷 − 𝐶𝐶2𝑒𝑒−𝜆𝜆2𝑥𝑥𝑤𝑤𝐷𝐷 = 0                                                                (𝐶𝐶. 5𝑑𝑑) 

At 𝑥𝑥𝐷𝐷 = 𝑥𝑥𝑐𝑐𝐷𝐷, 𝐺𝐺2𝑏𝑏𝑥𝑥 and 𝐺𝐺3𝑥𝑥 are equal, implying that 

𝐺𝐺2𝑏𝑏𝑥𝑥�𝑥𝑥𝑐𝑐𝐷𝐷 = 𝐺𝐺3𝑥𝑥�𝑥𝑥𝑐𝑐𝐷𝐷 

Substituting in Equations (C.4c) and (C.4d),  

𝐶𝐶1𝑒𝑒𝜆𝜆2𝑥𝑥𝑐𝑐𝐷𝐷 + 𝐶𝐶2𝑒𝑒−𝜆𝜆2𝑥𝑥𝑐𝑐𝐷𝐷 − 𝐷𝐷1𝑒𝑒𝜆𝜆3𝑥𝑥𝑐𝑐𝐷𝐷 − 𝐷𝐷2𝑒𝑒−𝜆𝜆3𝑥𝑥𝑐𝑐𝐷𝐷 = 0                                                                    (𝐶𝐶. 5𝑒𝑒) 

At 𝑥𝑥𝐷𝐷 = 𝑥𝑥𝑏𝑏𝐷𝐷, substituting Equations (C.4a) and (C.4b) into (C.2f), based on the definition 

given in Equation (3.26),  

𝑇𝑇𝐷𝐷𝑥𝑥1 �
𝜕𝜕𝐺𝐺1𝑥𝑥
𝜕𝜕𝑥𝑥𝐷𝐷

�
𝑥𝑥𝑏𝑏𝐷𝐷

= 𝑇𝑇𝐷𝐷𝑥𝑥2 �
𝜕𝜕𝐺𝐺2𝑎𝑎𝑥𝑥
𝜕𝜕𝑥𝑥𝐷𝐷

�
𝑥𝑥𝑏𝑏𝐷𝐷

 

𝐴𝐴1𝜆𝜆1𝑇𝑇𝐷𝐷𝑥𝑥1𝑒𝑒𝜆𝜆1𝑥𝑥𝑏𝑏𝐷𝐷 − 𝐴𝐴2𝜆𝜆1𝑇𝑇𝐷𝐷𝑥𝑥1𝑒𝑒−𝜆𝜆1𝑥𝑥𝑏𝑏𝐷𝐷 − 𝐵𝐵1𝜆𝜆2𝑇𝑇𝐷𝐷𝑥𝑥2𝑒𝑒𝜆𝜆2𝑥𝑥𝑏𝑏𝐷𝐷 + 𝐵𝐵2𝜆𝜆2𝑇𝑇𝐷𝐷𝑥𝑥2𝑒𝑒−𝜆𝜆2𝑥𝑥𝑏𝑏𝐷𝐷 = 0              (𝐶𝐶. 5𝑓𝑓) 

At 𝑥𝑥𝐷𝐷 = 𝑥𝑥𝑐𝑐𝐷𝐷, substituting Equations (C.4c) and (C.4d) into (C.2f),  

𝑇𝑇𝐷𝐷𝑥𝑥2 �
𝜕𝜕𝐺𝐺2𝑏𝑏𝑥𝑥
𝜕𝜕𝑥𝑥𝐷𝐷

�
𝑥𝑥𝑐𝑐𝐷𝐷

= 𝑇𝑇𝐷𝐷𝑥𝑥3 �
𝜕𝜕𝐺𝐺3𝑥𝑥
𝜕𝜕𝑥𝑥𝐷𝐷

�
𝑥𝑥𝑐𝑐𝐷𝐷

 

𝐶𝐶1𝜆𝜆2𝑇𝑇𝐷𝐷𝑥𝑥2𝑒𝑒𝜆𝜆2𝑥𝑥𝑐𝑐𝐷𝐷 − 𝐶𝐶2𝜆𝜆2𝑇𝑇𝐷𝐷𝑥𝑥2𝑒𝑒−𝜆𝜆2𝑥𝑥𝑐𝑐𝐷𝐷 − 𝐷𝐷1𝜆𝜆3𝑇𝑇𝐷𝐷𝑥𝑥3𝑒𝑒𝜆𝜆3𝑥𝑥𝑐𝑐𝐷𝐷 + 𝐷𝐷2𝜆𝜆3𝑇𝑇𝐷𝐷𝑥𝑥3𝑒𝑒−𝜆𝜆3𝑥𝑥𝑐𝑐𝐷𝐷 = 0               (𝐶𝐶. 5𝑔𝑔) 

At 𝑥𝑥𝐷𝐷 = 𝑥𝑥𝑤𝑤𝐷𝐷 : Integrating Equation (C.2b) from (𝑥𝑥𝑤𝑤𝐷𝐷 − 𝜖𝜖) to (𝑥𝑥𝑤𝑤𝐷𝐷 + 𝜖𝜖), where 𝜖𝜖 > 0 is 

some small distance, 
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�
𝑑𝑑2𝐺𝐺2𝑥𝑥
𝑑𝑑𝑥𝑥𝐷𝐷2

𝑥𝑥𝑤𝑤𝐷𝐷+𝜖𝜖

𝑥𝑥𝑤𝑤𝐷𝐷−𝜖𝜖
𝑑𝑑𝑥𝑥𝐷𝐷 − 𝜆𝜆22  � 𝐺𝐺2𝑥𝑥

𝑥𝑥𝑤𝑤𝐷𝐷+𝜖𝜖

𝑥𝑥𝑤𝑤𝐷𝐷−𝜖𝜖
𝑑𝑑𝑥𝑥𝐷𝐷 = −𝑒𝑒−𝑠𝑠𝜏𝜏𝐷𝐷  � 𝛿𝛿(𝑥𝑥𝐷𝐷 − 𝑥𝑥𝑤𝑤𝐷𝐷)

𝑥𝑥𝑤𝑤𝐷𝐷+𝜖𝜖

𝑥𝑥𝑤𝑤𝐷𝐷−𝜖𝜖
𝑑𝑑𝑥𝑥𝐷𝐷 

𝑑𝑑𝐺𝐺2𝑥𝑥
𝑑𝑑𝑥𝑥𝐷𝐷

�
𝑥𝑥𝑤𝑤𝐷𝐷−𝜖𝜖

𝑥𝑥𝑤𝑤𝐷𝐷+𝜖𝜖

− 𝜆𝜆22  � 𝐺𝐺2𝑥𝑥
𝑥𝑥𝑤𝑤𝐷𝐷+𝜖𝜖

𝑥𝑥𝑤𝑤𝐷𝐷−𝜖𝜖
𝑑𝑑𝑥𝑥𝐷𝐷 = −𝑒𝑒−𝑠𝑠𝜏𝜏𝐷𝐷 

𝑑𝑑𝐺𝐺2𝑏𝑏𝑥𝑥
𝑑𝑑𝑥𝑥𝐷𝐷

�
𝑥𝑥𝑤𝑤𝐷𝐷+𝜖𝜖

−
𝑑𝑑𝐺𝐺2𝑎𝑎𝑥𝑥
𝑑𝑑𝑥𝑥𝐷𝐷

�
𝑥𝑥𝑤𝑤𝐷𝐷−𝜖𝜖

− 𝜆𝜆22  � 𝐺𝐺2𝑥𝑥
𝑥𝑥𝑤𝑤𝐷𝐷+𝜖𝜖

𝑥𝑥𝑤𝑤𝐷𝐷−𝜖𝜖
𝑑𝑑𝑥𝑥𝐷𝐷 = −𝑒𝑒−𝑠𝑠𝜏𝜏𝐷𝐷  

Taking the limit 𝜖𝜖 → 0, the integral on the left-hand side vanishes.  Hence, 

𝑑𝑑𝐺𝐺2𝑏𝑏𝑥𝑥
𝑑𝑑𝑥𝑥𝐷𝐷

�
𝑥𝑥𝑤𝑤𝐷𝐷

−
𝑑𝑑𝐺𝐺2𝑎𝑎𝑥𝑥
𝑑𝑑𝑥𝑥𝐷𝐷

�
𝑥𝑥𝑤𝑤𝐷𝐷

= −𝑒𝑒−𝑠𝑠𝜏𝜏𝐷𝐷  

Substituting in Equations (C.4b) and (C.4c), 

𝐵𝐵1𝑒𝑒𝜆𝜆2𝑥𝑥𝑤𝑤𝐷𝐷 − 𝐵𝐵2𝑒𝑒−𝜆𝜆2𝑥𝑥𝑤𝑤𝐷𝐷 − 𝐶𝐶1𝑒𝑒𝜆𝜆2𝑥𝑥𝑤𝑤𝐷𝐷 + 𝐶𝐶2𝑒𝑒−𝜆𝜆2𝑥𝑥𝑤𝑤𝐷𝐷 =
𝑒𝑒−𝑠𝑠𝜏𝜏𝐷𝐷
𝜆𝜆2

                                                       (𝐶𝐶.5ℎ) 

Solving Equation (C.5a) through (C.5h) simultaneously, it is seen that 𝐺𝐺2𝑥𝑥(𝑥𝑥𝐷𝐷,𝑥𝑥𝑤𝑤𝐷𝐷; 𝑠𝑠) is 

given by 

 

𝐺𝐺2𝑥𝑥(𝑥𝑥𝐷𝐷,𝑥𝑥𝑤𝑤𝐷𝐷; 𝑠𝑠) =
𝑒𝑒−𝑠𝑠𝜏𝜏𝐷𝐷
2𝜆𝜆2

⎣
⎢
⎢
⎢
⎡ 𝑒𝑒−𝜆𝜆2|𝑥𝑥𝐷𝐷−𝑥𝑥𝑤𝑤𝐷𝐷| + 𝛾𝛾12𝑒𝑒−𝜆𝜆2(𝑥𝑥𝐷𝐷+𝑥𝑥𝑤𝑤𝐷𝐷−2𝑥𝑥𝑏𝑏𝐷𝐷)

+𝛾𝛾32𝑒𝑒−𝜆𝜆2{2𝑥𝑥𝑐𝑐𝐷𝐷−(𝑥𝑥𝐷𝐷+𝑥𝑥𝑤𝑤𝐷𝐷)} + 𝛾𝛾12𝛾𝛾32𝑒𝑒−𝜆𝜆2{2(𝑥𝑥𝑐𝑐𝐷𝐷−𝑥𝑥𝑏𝑏𝐷𝐷)−|𝑥𝑥𝐷𝐷−𝑥𝑥𝑤𝑤𝐷𝐷|}

1 − 𝛾𝛾12𝛾𝛾32𝑒𝑒−2𝜆𝜆2(𝑥𝑥𝑐𝑐𝐷𝐷−𝑥𝑥𝑏𝑏𝐷𝐷)

⎦
⎥
⎥
⎥
⎤
  

… (𝐶𝐶. 6) 

where  
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𝛾𝛾12 =
1 − tanh[𝜆𝜆1(𝑥𝑥𝑏𝑏𝐷𝐷 − 𝑥𝑥𝑎𝑎𝐷𝐷)]𝑇𝑇𝐷𝐷𝑥𝑥1𝑇𝑇𝐷𝐷𝑥𝑥2 �

𝜂𝜂𝐷𝐷2
𝜂𝜂𝐷𝐷1

1 + tanh[𝜆𝜆1(𝑥𝑥𝑏𝑏𝐷𝐷 − 𝑥𝑥𝑎𝑎𝐷𝐷)]𝑇𝑇𝐷𝐷𝑥𝑥1𝑇𝑇𝐷𝐷𝑥𝑥2 �
𝜂𝜂𝐷𝐷2
𝜂𝜂𝐷𝐷1

  

𝛾𝛾32 =
1 − tanh[𝜆𝜆3(𝑥𝑥𝑑𝑑𝐷𝐷 − 𝑥𝑥𝑐𝑐𝐷𝐷)]𝑇𝑇𝐷𝐷𝑥𝑥3𝑇𝑇𝐷𝐷𝑥𝑥2 �

𝜂𝜂𝐷𝐷2
𝜂𝜂𝐷𝐷3

1 + tanh[𝜆𝜆3(𝑥𝑥𝑑𝑑𝐷𝐷 − 𝑥𝑥𝑐𝑐𝐷𝐷)]𝑇𝑇𝐷𝐷𝑥𝑥3𝑇𝑇𝐷𝐷𝑥𝑥2 �
𝜂𝜂𝐷𝐷2
𝜂𝜂𝐷𝐷3

 

𝜆𝜆𝑗𝑗 = �𝑠𝑠/𝜂𝜂𝐷𝐷𝑗𝑗   
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APPENDIX D 

  

DERIVATION OF THE FUNDAMENTAL GREEN’S FUNCTION 

The fundamental Green’s function corresponds to a source in a reservoir that is unbounded 

in all directions.  This will be extracted from the linear composite model given in Equation 

(3.37).  If all three regions of the linear composite reservoir model (Figure 3.2) have 

identical properties (permeability, porosity and fluid properties), then their 

transmissibilities and diffusivities are equal, that is, 𝑇𝑇𝐷𝐷1 = 𝑇𝑇𝐷𝐷2 = 𝑇𝑇𝐷𝐷3 and 𝜂𝜂𝐷𝐷1 = 𝜂𝜂𝐷𝐷2 =

𝜂𝜂𝐷𝐷3 = 𝜂𝜂𝐷𝐷.  Fixing the reference for spatial measurement at the source location (𝜉𝜉𝑤𝑤𝐷𝐷) and 

extending 𝜉𝜉𝑎𝑎𝐷𝐷 and 𝜉𝜉𝑑𝑑𝐷𝐷 to negative and positive infinity respectively, that is, 𝜉𝜉𝑎𝑎𝐷𝐷 → −∞ and 

𝜉𝜉𝑑𝑑𝐷𝐷 → ∞, and also recognizing that lim
𝑢𝑢→∞

{tanh(𝑢𝑢)} = 1, it can be seen that the interface 

coefficients in Equation (3.33) become 

𝛾𝛾12 = 0       ,       𝛾𝛾32 = 0                                                                                                                          (𝐷𝐷. 1) 

Substituting the above interface coefficient values into Equation (3.37a) yields 

𝐺𝐺𝜉𝜉(𝜉𝜉𝐷𝐷 , 𝜉𝜉𝑤𝑤𝐷𝐷; 𝑠𝑠) =
𝑒𝑒−𝑠𝑠𝜏𝜏𝐷𝐷

2�𝑠𝑠 𝜂𝜂𝐷𝐷⁄
𝑒𝑒
−� 𝑠𝑠

𝜂𝜂𝐷𝐷
|𝜉𝜉𝐷𝐷−𝜉𝜉𝑤𝑤𝐷𝐷|

                                                                                           (𝐷𝐷. 2) 

The analytical Laplace inversion of Equation (D.2) is 

𝐺𝐺𝜉𝜉(𝜉𝜉𝐷𝐷 , 𝜉𝜉𝑤𝑤𝐷𝐷; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) =
1

2�𝜂𝜂𝐷𝐷(𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷)
𝑒𝑒
− (𝜉𝜉𝐷𝐷−𝜉𝜉𝑤𝑤𝐷𝐷)2
4𝜂𝜂𝐷𝐷(𝑡𝑡𝐷𝐷−𝜏𝜏𝐷𝐷)                                                                    (𝐷𝐷. 3) 

Equation (D.3) is the well-known real-time source function for an infinite plane source in 

an infinite reservoir while Equation (D.2) is its Laplace-domain equivalent.  This source 

165 
 



 

function has been reported by Carslaw and Jaegar (1959), Gringarten (1971) and later by 

many other researchers.   

An infinite vertical line source is best visualized as the intersection of the x and y one-

dimensional infinite plane sources in an infinite domain.  Using the Newman’s product 

method, the source function for an infinite vertical line source in an infinite reservoir is 

obtained as 

𝐺𝐺𝑥𝑥𝑥𝑥(𝐱𝐱𝐷𝐷 ,𝐱𝐱𝑤𝑤𝐷𝐷; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) = 𝐺𝐺𝑥𝑥(𝑥𝑥𝐷𝐷,𝑥𝑥𝑤𝑤𝐷𝐷; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) ∙ 𝐺𝐺𝑥𝑥(𝑦𝑦𝐷𝐷 ,𝑦𝑦𝑤𝑤𝐷𝐷; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) 

𝐺𝐺𝑥𝑥𝑥𝑥(𝐱𝐱𝐷𝐷 ,𝐱𝐱𝑤𝑤𝐷𝐷; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) =
1

4𝜂𝜂𝐷𝐷𝜋𝜋(𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷) 𝑒𝑒
− 𝑟𝑟𝐷𝐷

2

4𝜂𝜂𝐷𝐷(𝑡𝑡𝐷𝐷−𝜏𝜏𝐷𝐷)                                                                 (𝐷𝐷. 4) 

where 𝑟𝑟𝐷𝐷2 = (𝑥𝑥𝐷𝐷 − 𝑥𝑥𝑤𝑤𝐷𝐷)2 + (𝑦𝑦𝐷𝐷 − 𝑦𝑦𝑤𝑤𝐷𝐷)2.  The Laplace-domain equivalent of Equation (D.4) 

is 

𝐺𝐺𝑥𝑥𝑥𝑥(𝐱𝐱𝐷𝐷,𝐱𝐱𝑤𝑤𝐷𝐷; 𝑠𝑠) = ℒ�𝐺𝐺𝑥𝑥𝑥𝑥(𝐱𝐱𝐷𝐷,𝐱𝐱𝑤𝑤𝐷𝐷; 𝑡𝑡𝐷𝐷 − 𝜏𝜏𝐷𝐷)�(𝑠𝑠) 

𝐺𝐺𝑥𝑥𝑥𝑥(𝐱𝐱𝐷𝐷,𝐱𝐱𝑤𝑤𝐷𝐷; 𝑠𝑠) =
1

2𝜋𝜋𝜂𝜂𝐷𝐷
𝐾𝐾0 �𝑟𝑟𝐷𝐷�

𝑠𝑠
𝜂𝜂𝐷𝐷
�                                                                                               (𝐷𝐷. 5) 
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APPENDIX E 

  

EVALUATION OF BOUNDARY INTEGRALS 

Based on the linear boundary element approximation, the element Γ𝑗𝑗 (over which the 

integration is to be performed) is approximated linearly in terms of the nodal coordinate 

points as 

𝐱𝐱(𝜉𝜉) = �𝑁𝑁𝑛𝑛(𝜉𝜉) 𝐱𝐱𝑛𝑛

2

𝑛𝑛=1

                                                                                                                               (𝐸𝐸. 1) 

where 𝑁𝑁𝑛𝑛(𝜉𝜉) is a shape function given by 

𝑁𝑁𝑛𝑛(𝜉𝜉) =
1
2

(1 + 𝜉𝜉𝑛𝑛𝜉𝜉)                      ( 𝜉𝜉1 = −1    and   𝜉𝜉2 = +1)                                                       (𝐸𝐸. 2) 

Note that the global coordinate 𝐱𝐱 = (𝑥𝑥,𝑦𝑦) in Equation (E.1) is defined in terms of a local 

coordinate 𝜉𝜉 ∈ (−1, +1).  The local coordinate is attached to each element, and runs parallel 

to the element, as shown in Figure 4.4 in Chapter 4.  The Jacobian of transformation from 

the local to the global coordinate is given by 

𝐽𝐽(𝜉𝜉) = �
𝑑𝑑𝐱𝐱
𝑑𝑑𝜉𝜉�

= ��
𝜕𝜕𝑥𝑥
𝜕𝜕𝜉𝜉
�
2

+ �
𝜕𝜕𝑦𝑦
𝜕𝜕𝜉𝜉
�
2

                                                                                                          (𝐸𝐸. 3) 

In terms of this coordination transformation, the integral in Equation (4.13) is evaluated 

thus 
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𝐴𝐴𝑖𝑖𝑗𝑗𝑘𝑘 =
𝜃𝜃𝑖𝑖
2𝜋𝜋

𝛿𝛿𝑖𝑖𝑗𝑗 + 𝜂𝜂𝑘𝑘 � ∇𝐺𝐺
𝑘𝑘

Γ𝑗𝑗
∙ 𝐧𝐧�𝑑𝑑Γ′ =

𝜃𝜃𝑖𝑖
2𝜋𝜋

𝛿𝛿𝑖𝑖𝑗𝑗 + 𝜂𝜂𝑘𝑘 �
∂𝐺𝐺

𝑘𝑘

∂𝑛𝑛Γ𝑗𝑗
𝑑𝑑Γ′ 

𝐴𝐴𝑖𝑖𝑗𝑗𝑘𝑘 =
𝜃𝜃𝑖𝑖
2𝜋𝜋

𝛿𝛿𝑖𝑖𝑗𝑗 + 𝜂𝜂𝑘𝑘 �
𝜕𝜕𝐺𝐺

𝑘𝑘

𝜕𝜕𝑟𝑟
𝜕𝜕𝑟𝑟
𝜕𝜕𝑛𝑛

1

−1
𝐽𝐽𝑑𝑑𝜉𝜉                                                                                                        (𝐸𝐸. 4) 

In the same vein, the integral in Equation (4.14) is evaluated as 

𝐵𝐵𝑖𝑖𝑗𝑗𝑘𝑘 = −𝜂𝜂𝑘𝑘 � 𝐺𝐺
𝑘𝑘

Γ𝑗𝑗
𝑑𝑑Γ′ 

𝐵𝐵𝑖𝑖𝑗𝑗𝑘𝑘 = −𝜂𝜂𝑘𝑘 � 𝐺𝐺
𝑘𝑘1

−1
𝐽𝐽𝑑𝑑𝜉𝜉                                                                                                                              (𝐸𝐸. 5) 

The integration in Equations (E.4) and (E.5) is carried out using Gauss-Legendre 

quadrature.  The outward normal derivative 𝜕𝜕𝑟𝑟 𝜕𝜕𝑛𝑛⁄  in Equation (E.4) is the gradient of the 

position vector from the observation point 𝐱𝐱𝑖𝑖 to the load point 𝐱𝐱 on a boundary element, as 

shown in Figure 4.4.  It is evaluated as 

𝜕𝜕𝑟𝑟
𝜕𝜕𝑛𝑛

= ∇𝑟𝑟 ∙ 𝐧𝐧� 

𝜕𝜕𝑟𝑟
𝜕𝜕𝑛𝑛

= ∇𝑟𝑟 ∙

𝑑𝑑𝐱𝐱
𝑑𝑑𝜉𝜉 × 𝒌𝒌�

�𝑑𝑑𝐱𝐱𝑑𝑑𝜉𝜉 × 𝒌𝒌��
 

𝜕𝜕𝑟𝑟
𝜕𝜕𝑛𝑛

= �
𝑑𝑑𝑟𝑟
𝑑𝑑𝑥𝑥

�̂�𝒊 +
𝑑𝑑𝑟𝑟
𝑑𝑑𝑦𝑦

𝒋𝒋̂� ∙

𝑑𝑑
𝑑𝑑𝜉𝜉 (𝑥𝑥�̂�𝒊 + 𝑦𝑦𝒋𝒋̂) × 𝒌𝒌�

� 𝑑𝑑𝑑𝑑𝜉𝜉 (𝑥𝑥�̂�𝒊 + 𝑦𝑦𝒋𝒋̂) × 𝒌𝒌��
 

Note that  
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𝑟𝑟 = �(𝑥𝑥 − 𝑥𝑥𝑖𝑖)2 + (𝑦𝑦 − 𝑦𝑦𝑖𝑖)2                                                                                                                  (𝐸𝐸. 6)   

Therefore 𝜕𝜕𝑟𝑟 𝜕𝜕𝑛𝑛⁄  reduces to 

𝜕𝜕𝑟𝑟
𝜕𝜕𝑛𝑛

=
1
𝐽𝐽𝑟𝑟

[(𝑥𝑥 − 𝑥𝑥𝑖𝑖)�̂�𝒊 + (𝑦𝑦 − 𝑦𝑦𝑖𝑖)𝒋𝒋̂] ∙ �
𝑑𝑑𝑦𝑦
𝑑𝑑𝜉𝜉

�̂�𝒊 −
𝑑𝑑𝑥𝑥
𝑑𝑑𝜉𝜉

𝒋𝒋̂� 

𝜕𝜕𝑟𝑟
𝜕𝜕𝑛𝑛

=
1
𝐽𝐽𝑟𝑟 �

(𝑥𝑥 − 𝑥𝑥𝑖𝑖)
𝑑𝑑𝑦𝑦
𝑑𝑑𝜉𝜉

− (𝑦𝑦 − 𝑦𝑦𝑖𝑖)
𝑑𝑑𝑥𝑥
𝑑𝑑𝜉𝜉�

                                                                                                  (𝐸𝐸. 7) 

where  

𝑥𝑥(𝜉𝜉) = �𝑁𝑁𝑛𝑛(𝜉𝜉) 𝑥𝑥𝑛𝑛

2

𝑛𝑛=1

 𝑦𝑦(𝜉𝜉) = �𝑁𝑁𝑛𝑛(𝜉𝜉) 𝑦𝑦𝑛𝑛

2

𝑛𝑛=1

 

𝜕𝜕𝑁𝑁𝑛𝑛
𝜕𝜕𝜉𝜉

=
1
2
𝜉𝜉𝑛𝑛 

𝜕𝜕𝑥𝑥
𝜕𝜕𝜉𝜉

=
𝜕𝜕
𝜕𝜕𝜉𝜉
��𝑁𝑁𝑛𝑛𝑥𝑥𝑛𝑛

𝑛𝑛

� =
1
2
�𝜉𝜉𝑛𝑛𝑥𝑥𝑛𝑛
𝑛𝑛

 
𝜕𝜕𝑦𝑦
𝜕𝜕𝜉𝜉

=
𝜕𝜕
𝜕𝜕𝜉𝜉
��𝑁𝑁𝑛𝑛𝑦𝑦𝑛𝑛

𝑛𝑛

� =
1
2
�𝜉𝜉𝑛𝑛𝑦𝑦𝑛𝑛
𝑛𝑛

 

The free space Green’s function and its derivative with respect to 𝑟𝑟, in two-dimensional 

space, are 

𝐺𝐺(𝑟𝑟; 𝑠𝑠) =
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