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Abstract 

The development of a firm grasp of arithmetic principles follows a conceptual understanding 

of the concepts in question, which helps in simplifying computation and eliminating errors 

that may occur during calculation. The goal of this study was to expand on the understanding 

of the arithmetic principles of inversion (a + b - b), associativity (a + b - c), and equivalence 

(a + b + c = a + _). Participants were grade 2, 3, and 4 children from two elementary schools. 

Participants were presented with 12 three-term arithmetic problems, containing four from 

each category of concepts. Participants replied with their answers followed by a verbal report 

of steps employed for each question. Accuracy and strategy were immediately recorded after 

each question. Two 3 by 3 mixed-model ANOVAs and a correlational analysis on grade, 

accuracy, and shortcut-use were performed. The results showed an increase in the use and 

accuracy of the inversion and equivalence shortcut across grades, with the concept of 

inversion being the most used and the inversion problems having the highest overall 

accuracy. The associativity shortcut was the least likely to be used, and the equivalence 

problems had the lowest accuracy overall.  

Keywords: Arithmetic, shortcut, accuracy, inversion, associativity, equivalence 

  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  



ARITHMETIC CONCEPTS                                                                                                    6 

The Understanding of Arithmetic Concepts Across Grades 

Children’s basic arithmetic skills usually develop with the onset of formal education 

(Bartelet et al., 2014). Moreover, for children to have a firm grasp of arithmetic, they have to 

have a well-developed conceptual understanding of arithmetic principles. These principles 

can help them in developing strategies that simplify computation, thereby eliminating or 

reducing the need for calculation in some math problems (Gilmore & Bryant, 2006). For 

example, a child who understands the inverse relationship between addition and subtraction, 

if presented with a problem of the form a + b – b, will immediately respond with an accurate 

answer a, without performing any calculation because of their understanding of the inverse 

relationship between the two operation signs. Individuals who have an understanding of these 

arithmetic principles are said to possess conceptual knowledge.  

Conceptual and Procedural Knowledge 

“Conceptual knowledge is said to be a general and abstract knowledge of the core 

principles and their interrelations in a domain” (Schneider & Stern, 2010, p.179). In terms of 

arithmetic, it is understanding the principles behind the arithmetic concepts and 

understanding the connections between these concepts (Robinson et al., 2017). Conceptual 

knowledge does not have to be developed to fit a particular expertise, it can be changed to fit 

tasks and allows for the making of inferences (Semenza, 2002). Though conceptual 

knowledge is vital for the development of arithmetic among school-aged children (Canobi, 

2004), there have been conflicting findings on its development with regards to grade level. 

According to Canobi (2004), conceptual knowledge does not increase across grades as 

arithmetic advances. In their research, Canobi (2004) suggested that one of the reasons for 

this is the fact that problem-solving performance has greater emphasis in the classroom 

compared to the promotion of the understanding behind the problem-solving strategy. 

However, it is not enough to have an understanding of an arithmetic concept without 



ARITHMETIC CONCEPTS                                                                                                    7 

knowing the procedures that are related to it, and this is where procedural knowledge comes 

in. For an individual to demonstrate an understanding of conceptual knowledge, they have to 

do so by applying the necessary procedures. To find if children have conceptual knowledge, 

typically believed to be demonstrated through procedural knowledge or verbal report of 

solution procedures, researchers provide children with math problems that can be solved with 

the application of arithmetic concepts (Gilmore & Bryant, 2006; Robinson & Dubé, 2009; 

Robinson et al., 2017).  

Procedural knowledge is the set of rules or procedures used to arrive at solutions for 

mathematical problems (Star, 2005). Children typically have an understanding of how to 

apply the procedures (procedural knowledge) involved in arithmetic long before they learn of 

the reason behind these procedures (McNeil, 2007). Having procedural knowledge is what 

drives children to use steps in completing tasks. A child with poor procedural knowledge is 

expected to have difficulties in solving arithmetic problems, as they do not know how to 

apply the necessary steps to arrive at a solution.  

Though there is not yet a clear stated path of the relationship between conceptual and 

procedural knowledge, the Mathematical Advisory Panel (2008) stated in their report that 

procedural knowledge might affect conceptual knowledge and vice versa. Gaining knowledge 

in one may lead to gaining knowledge in the order, which in turn increases one’s knowledge 

of the first (Rittle-Johnson & Alibali, 1999). Nevertheless, it is essential to note that not 

everyone who has conceptual knowledge has procedural knowledge and vice versa. For 

instance, some individuals may understand the inverse relationship between addition and 

subtraction in that (a + b – b = a), but may not correctly apply it, while others may correctly 

apply the concept but not fully understand why the application followed such procedures 

(Schneider & Stern, 2010). This means that there are students who may use the necessary 

procedure to arithmetic problems but do not fully understand such procedures. This will, in 
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turn, mean they are also less likely to apply such a procedure to a similar question they 

encounter later on since they do not necessarily understand the conditions under which such 

procedures are to be employed. In the same manner, a child with conceptual but no 

procedural knowledge may verbally explain that with a question of the form (a + b – b) as the 

second and third numbers are identical, the answer should be the first number, but may be 

unable to apply the necessary steps to get to this. With the use of self-reports, one has to be 

consciously aware of the shortcut that was used and to be able to verbally describe the steps 

employed (Crooks & Alibali, 2014, as cited in Eaves et al., 2019). 

Arithmetic Concepts 

Arithmetic concepts (as determined via the application of conceptually-based 

shortcuts) that have been investigated are commutativity, negation, identity, inversion, 

associativity, and equivalence (Robinson et al., 2018). However, this study will only focus on 

the concepts of inversion, associativity and equivalence. Children who possess knowledge of 

these concepts will use conceptually-based shortcuts to solve them. The use of conceptually-

based shortcuts has been found to result in faster solution time and higher accuracy compared 

to when using a standard left-to-right strategy (Robinson & Dubé, 2009). The left-to-right 

strategy involves beginning calculation from the left side of an equation regardless of if it 

will be more effective starting from the right side. The application of a conceptual shortcut 

depends on the consideration of the entire problem rather than in parts (Robinson & Dubé, 

2009). Robinson and Dubé (2009) discovered in their study with grade 2 children (mean age 

= 7 years 5 months), 3 children (mean age = 8 years 4 months), and 4 children (mean age = 9 

years 6 months), that these conceptual shortcuts are more likely to be used with problems of 

large sizes, though they did not find a significant increase in shortcut use across grades. This 

may be because large problems may require more mental resources, which can sometimes be 

mentally exhausting, compelling participants to look for alternatives.  
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Most studies examining the understanding of conceptual knowledge of arithmetic 

have focused on inversion and associativity, while a few have focused on equivalence (Eaves 

et al., 2019; Gilmore & Bryant, 2006; McNeil, 2007; Robinson et al., 2018). This has led to a 

greater understanding of the inversion and associativity concepts and less of the equivalence 

concept. Moreover, to demonstrate conceptual understanding of these concepts, one has to 

automatically and rapidly generate both an understanding of such concepts and the steps 

required for its application (Robinson et al., 2018).  

As children age, their understanding of the inversion concept normally increases 

(Robinson et al., 2006). It is believed that even children as young as 3 years of age do 

understand and use the inversion concept (Sherman & Bisanz, 2008). For children to 

demonstrate an understanding of the inversion concept, they have to be able to interrupt their 

ongoing left-to-right strategy and apply their conceptual knowledge of addition and 

subtraction (Robinson & Dubé, 2013). According to Baroody and Lai (2007), understanding 

the concept of inversion also means knowing that subtracting the same numbers (second and 

third numbers) does not change the first number. A child with a firm grasp of inversion 

should know that a problem of the form (a + b – b) does not need computation to be 

successfully solved, as the answer will always be the first number. This approach is referred 

to as the inversion shortcut. 

Associativity is the understanding that addition and subtraction can be solved in any 

order, without a change to the final answer (Robinson et al., 2018). The associativity shortcut 

demonstrates a conceptual knowledge of the associative relationship between arithmetic 

concepts (Klein & Bisanz, 2000, as cited in Robinson & Dubé, 2013). It is a shortcut that can 

be used in cases where the order of the solution of three-term problems are not important 

(Robinson & LeFevre, 2012). Associativity problems are usually of the form (a + b – c). 

When an individual solves this problem by first dealing with (b – c), and then adding the 
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answer to (a), they are demonstrating conceptual knowledge of the associativity concept. 

Individuals with an understanding of associativity know that the order of operation does not 

matter in problems of the form (a + b – c), however, it will affect the results of a problem of 

the form (a - b – c) (Eaves et al., 2019). As with other conceptually-based shortcuts of 

arithmetic, when solvers use the associativity shortcut, the result is more efficient problem 

solving, leading to decreased solution times and increased accuracy (Robinson & Dubé, 

2013). However, in contrast to the inversion concept, the associativity strategy does require 

some calculation which may account for why solvers are less likely to use this shortcut 

(Robinson & Dubé, 2009).  

According to McNeil (2007), to solve an equivalence problem of the form (a + b + c 

= a + _), participants must realize three important principles. They must know first that the 

equal sign does not end the question. Second, they must understand that the equal sign 

represents an equivalence relationship between the two sides. And third, they must know that 

they have to make both sides of the equation equal (McNeil, 2007). The overall 

understanding of the equal sign affects understanding and learning of algebra (Knuth et al., 

2006), in that those who have a better understanding of equal signs perform better in algebra 

problems (Alibali et al., 2007). On the reported use of equivalence, Robinson et al. (2018) 

found that participants in grades 5 (mean age = 10 years 4 months), 6 (mean age = 11 years 5 

months), and 7 (mean age = 12 years 5 months) used the concept of equivalence 50.6% of the 

time. While the idea of a grade effect in conceptual knowledge of arithmetic has been 

debatable, Robinson et al. (2017) found in their study with grades 3 (mean age = 8 years 6 

months), 4 (mean age = 9 years 6 months), and 5 children (mean age = 10 years 4 months), 

that equivalence was higher in grade 5, showing a grade effect. However, in their study, 

McNeil (2007) saw a U-shape in the development of equivalence with their 7-11 years old 

participants. They witnessed an increase in the understanding of equivalence between the 
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ages of 7-9, and a decrease from 9-11 years old (McNeil, 2007). In solving equivalence 

problems, there must be an understanding of the concept before it can be solved accurately 

(Robinson et al., 2018). Similar to the above two shortcuts, the equivalence shortcuts also 

lead to a decrease in solution time and increased accuracy.  

The current study focuses solely on the additive versions of inversion, associativity 

and the equivalence arithmetic concepts. Inversion problems are usually of the form (a + b – 

b), allowing for the examination of the inverse relationship between addition and subtraction. 

While the use of conceptual shortcuts usually leads to increased accuracy for the arithmetic 

problems being examined, they seemed to be more accurate for inversion, followed by 

associativity, and lastly, equivalence (Robinson et al., 2017; Robinson et al., 2018). In 

addition, the accuracy of these concepts seems to increases across grades (Robinson et al., 

2017), however, this may also be attributed to the fact that as children age, they are less likely 

to have errors when solving certain arithmetic problems.  

Moreover, Robinson et al. (2006) discovered in their study with grade 6 and 8 

students that those who used the inversion shortcut on inversion problems were also more 

likely to use the associativity shortcut on associativity problems. Children are said to have a 

greater understanding of the inversion shortcut compared to associativity and equivalence 

(Robinson et al., 2018). Studies have shown that the understanding of the inversion shortcut 

seems to increase across age and grade (Bryant et al., 1999; Rasmussen et al., 2003; 

Robinson et al., 2017; Robinson et al., 2006). Though there seems to be a flattening effect of 

associativity in childhood (Robinson & Dubé, 2009; Robinson et al., 2006), it seems to 

increase in adulthood (Eaves, et al., 2019; Robinson & Beatch, 2016; Robinson & Ninowski, 

2003). Studies have shown inconsistency in the development of the equivalence concept. For 

instance, McNeil (2007) found in his study with 7-11 years old that performance on 

equivalence problems declined from age 7-9, but increased between the ages of 9 and 11, 
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while Alibali et al. (2007) and Robinson et al. (2017) found an increase in equivalence across 

grade. This study will further investigate the relationship between these three concepts and 

grade.  

Goals and Hypotheses  

Three goals and hypotheses were developed for the current study. The first goal and 

hypothesis were divided into three parts. The first part was to determine the differences in 

accuracy between the concepts of inversion, associativity, and equivalence. From previous 

findings, it is expected that inversion will have the highest accuracy, followed by 

associativity, and lastly, equivalence (Robinson et al., 2017; Robinson et al., 2018). The 

second part was to examine the differences in accuracy across grades.  It was also 

hypothesized that there would be an increase in accuracy across grades (Robinson et al., 

2017). The third part focused on the interaction between grade and concept accuracy. It was 

hypothesized that there would be an increase in the accuracy of inversion and equivalence 

concepts across grades (Bryant et al., 1999; McNeil, 2007; Rasmussen et al., 2003; Robinson 

et al., 2017; Robinson et al., 2006), but a flattening effect for associativity (Robinson, & 

Dubé, 2009; Robinson et al., 2017; Robinson et al., 2006).  

The second goal and hypothesis were also divided into three parts. The first part 

focused on examining the differences in shortcut use for the concepts of inversion, 

associativity, and equivalence.  It is expected that the inversion shortcut will be more likely 

used, followed by equivalence, and lastly, associativity (Robinson et al., 2017; Robinson et 

al., 2018). The second part examined the differences in shortcut use across grades. It was 

hypothesized that there would be an increase in shortcut use across grades (Robinson et al., 

2006). The third part of the second hypothesis looked at the interaction between grade and 

shortcut use. It was hypothesized that across all grades, there should be an increase in the use 

of the inversion and equivalence shortcuts (Bryant et al., 1999; McNeil, 2007; Rasmussen et 
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al., 2003; Robinson et al., 2017; Robinson et al., 2006), but a flattening effect for the use of 

the associativity shortcut (Robinson, & Dubé, 2009).  

Previous studies have found that participants who had initially solved inversion 

problems were more likely to use the associativity shortcut (Eaves et al., 2019; Robinson et 

al., 2006). Robinson et al. (2006) also found that children who used inversion shortcut on one 

type of inversion problem were more likely to use it in a second one. With these findings, the 

third goal of this study was to find the relationship between grade, accuracy, and the use of 

conceptual shortcuts. It was hypothesized that there would be a positive relationship between 

the three variables.  

Method 

Participants          

There were a total of 141 participants, 74 females and 67 males. There were 43 grade 

2 children (mean age = 6.93 years), 53 grade 3 children (mean age = 7.87 years), and 45 

grade 4 children (mean age = 8.91 years). Participants were recruited from two elementary 

schools located in a large Canadian city. Participants were predominantly Caucasian and of 

middle socioeconomic status. Recruitment was done by contacting and giving parental 

consent forms to the teachers of each potential grade. Signed parental consent forms were 

returned to the researcher to determine potential participants. Assent forms were given and 

explained by the researcher to children whose parents had given consent. The study took 

place during the first half of the school year between October and December and within the 

premises of the schools. 

Materials and procedure 

Participants were presented with arithmetic problems that could be solved with 

conceptual shortcuts (see Appendix A). These arithmetic problems were used to assess the 

child’s conceptual knowledge. Arithmetic problems were all three-term, and there were 12 in 
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total. Participants were presented with four problems for each arithmetic concept examined: 

inversion (a + b – b), associativity (a + b - c), and equivalence (a + b + c = a + _). 

Arithmetic problems assessing conceptual knowledge were administered using E-prime 

software on a laptop. No more than two problems of the same type were presented 

consecutively. After each problem, participants’ problem-solving accuracy and shortcut use 

were immediately coded followed by a verbal report from participants on how they arrived at 

their solution for each problem (e.g. How did you get your answer?). Participants had 30 

seconds to solve each arithmetic problem. If they were unable to meet this time limit, they 

were “cut off” by the researcher asking “how are you trying to get your answer?”, requiring 

them to provide a verbal report of what they intended to do. Solution times were not recorded 

for “cut-offs”. The math task took approximately 10 – 15 minutes to complete.  

Analyses 

Two analyses of variance (ANOVA) tests were conducted on the accuracy data and 

shortcut use, respectively. First, a 3 (Grade: 2, 3, or 4) by 3 (concept: inversion, associativity, 

and equivalence) mixed-model ANOVA was conducted on the accuracy data to determine if 

there were differences in problem-solving accuracy between concepts and also between 

grades. Second, to examine differences in shortcut use, another 3 (Grade: 2, 3, or 4) by 3 

(concept: inversion, associativity, and equivalence) mixed-model ANOVA was conducted to 

determine if there were differences in the use of shortcuts between each of the three concepts 

and also between each of the three grades. Pairwise comparisons were made to examine the 

main effects and interactions. Finally, a correlation analysis was conducted to assess the 

relationships between the three variables of grade, accuracy, and shortcut use. An alpha of P 

= .05 was set.  

Results 
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Two mixed-model ANOVAs were conducted on the accuracy of responses and 

shortcut use. A correlational analysis was also run to examine the relationship between grade, 

accuracy, and shortcut use.  

Accuracy of Responses 

A 3 (Concept) by 3 (Grade) mixed-model ANOVA was conducted on the accuracy of 

responses for each arithmetic problem. Due to the violation of Sphericity, the adjusted 

Greenhouse-Geisser analysis was used to test the null hypothesis. There were main effects for 

concepts and grades, and an interaction between the two. 

There was a main effect of concept, F (1.777, 245.285) = 191.411, p < .001, np2 = 

.581. A pairwise comparison was conducted to examine the main effect between the three 

concepts of inversion, associativity, and equivalence. The pairwise comparison showed that 

accuracy was significantly higher for inversion (M = .593) than equivalence (M = .110), and 

the difference in accuracy data between the two concepts was significant at (MD = .483, p < 

.001). Accuracy was significantly lower for equivalence than associativity (M = .561), and 

the difference in accuracy data between the two concepts was significant at (MD = .451, p < 

.001). However, due to the similarity in mean accuracy between inversion and associativity, 

the reported difference between the two concepts was not significant at (MD = .032, p = 

.152). Accuracy was highest on inversion problems, followed by associativity problems, and 

then equivalence problems (see Figure 1).  

There was a main effect of grade, F (2, 138) = 22.517, p < .001, np2 = .246. A 

pairwise comparison was conducted to examine the main effect of grade on accuracy. The 

pairwise comparison showed a significant difference between the accuracy of grade 2 (M = 

.234), grade 3 (M = .454), and grade 4 (M = .574). The difference in accuracy between grade 

2 and grade 4 was significant at (MD = .340, p < .001), the difference between grade 2 and 

grade 3 was significant at (MD = .220, p < .001), while the difference between grade 3 and 
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grade 4 was significant at (MD = .120, p = .015). Accuracy increased across grades, with 

grade 4 having the highest overall accuracy (see Figure 1).  

Figure 1 

Mean accuracy for the concepts of inversion, associativity and equivalence across the three 

grades. 

 

The main effect of concept and grade on accuracy was qualified by an interaction 

between them, F (3.555, 245.285) = 4.261, p = .004, np2 = .058. There was an increase in 

overall accuracy for each of the concepts across the grades. Grade 4 had the highest accuracy 

in inversion (M = .767), followed by grade 3 (M = .651), and then grade 2 (M = .360). A 

similar pattern was found for the concept of associativity with grade 4 having the highest 

accuracy at (M = .733), followed by grade 3 (M = .623), and then grade 2 (M = .326). This 

was also true for the concept of equivalence with grade 4 having the highest accuracy 

accuracy (M = .222), followed by grade 3 (M = .090), and lastly, grade 2 (M = .017). This 

shows that differences in accuracy based on grades can be accounted for by differences in 
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accuracy between concepts. The result of the interaction also follows the pattern of the result 

of the differences in accuracy across shortcut use and grade.  

Shortcut Use 

A second 3 (Concept) by 3 (Grade) mixed-model ANOVA was conducted on the use 

of conceptual shortcuts. Again, due to the violation of Sphericity, the adjusted Greenhouse-

Geisser analysis was used to test the null hypothesis. There were main effects of strategy and 

grade, but no interaction between the two. 

There was a main effect of concept, F (1.761, 243.016) = 16.959, p < .001, np2 = 

.109. A pairwise comparison was used to examine the main effect between the three concepts 

of inversion, associativity, and equivalence. The pairwise comparison showed that shortcut 

use was significantly higher for inversion (M = .260) than associativity (M = .095), and the 

difference in shortcut use between the two concepts was significant at (MD = .165, p < .001). 

Shortcut use for associativity was significantly lower than that for equivalence (M = .247), 

and the difference in shortcut use between the two was significant at (MD = .152, p < .001). 

However, due to the similarity in reported mean shortcut use between inversion and 

equivalence, the difference between the two was not significant at (MD = .013, p = .714). 

Shortcut use was highest for inversion, followed by equivalence, and lastly, associativity (se 

Figure 2).  

There was a main effect of grade, F (2, 138) = 6.793, p = .002, np2 = .090. Pairwise 

comparison was conducted to examine the effect of grade on the use of shortcuts. The 

comparison showed a significant difference in shortcut use between grade 2 (M = .132) and 

grade 4 (M = .298), and between grade 3 (M = .171) and grade 4. The difference in shortcut 

use between grade 2 and grade 4 was significant at (MD = .166, p = .001), while that between 

grade 3 and grade 4 was significant at (MD = .127, p = .006). There was no significant 
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difference in shortcut use between grade 2 and grade 3 at (MD = .040, p = .389). No 

significant increase or decrease for shortcut use existed across grades (see Figure 2). 

Figure 2 

Mean shortcut use for the concepts of inversion, associativity and equivalence across the 

three grades 

 

There was no interaction between the use of conceptual shortcuts and grade, F (3.522, 

243.016) = 1.253, p = .290, np2 = .018, showing that grade may not have a strong effect on 

the possible use of a shortcut.  

Correlational Analysis 

A correlational analysis was conducted to examine the relationship between concepts 

based only on accuracy, based only on shortcut use, accuracy and shortcut use combined, and 

grade and accuracy and shortcut use.  

Relationship between concepts based on accuracy 

The correlational analysis showed a positive correlation between all concepts based 

on accuracy in that an increase in the accuracy of one concept led to the possible increase of 
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another. A strong positive relationship existed between the accuracy of the inversion concept 

and the associativity concept in that an increase in the accuracy of one led to an increase in 

the accuracy of the other, r = .751, p < .001. There existed a weak positive relationship 

between the accuracy of inversion and equivalence, r = .378, p < .001, in that an increase in 

the accuracy of one only led to a slight increase in the accuracy of the other. There was also a 

weak positive relationship between the accuracy of associativity and that of equivalence, r = 

.352, p < .001, in that an increase in the accuracy of one of the concepts only led to a slight 

increase in the other.  

Relationship between concepts based on shortcut use 

            Based on the correlational analysis, there was a positive correlation in shortcut use 

between the concepts of inversion and associativity, and between inversion and equivalence 

in that, an increase in the use of any of these shortcuts led to an increase in the use of the 

shortcut it is correlated with. A medium positive relationship existed between the inversion 

shortcut and the associativity shortcut in that an increase in the use of one of the shortcuts 

only caused a medium increase in the use of the other, r = .523, p < .001. There was a weak 

positive relationship between the use of the inversion shortcut and the use of the equivalence 

shortcut in that an increase in the use of one of the shortcuts only led to a slight increase in 

the use of the other, r = .325, p < .001. There was no relationship between associativity 

shortcut use and equivalence shortcut use in that an increase in the use of one did not affect 

the use of the other, r = .140, p = .097.  

Relationship between accuracy and shortcut use 

            Based on the correlational analysis, the relationships between all accuracies and 

shortcuts use were positively correlated. There was a small to medium positive relationship 

between the use of the inversion shortcut and inversion accuracy, r = .434, p < .001, 

associativity accuracy, r = .249, p = .003, and equivalence accuracy, r = .391, p < .001, in 
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that an increase in inversion shortcut led to an increase in the accuracy of the three concepts. 

There was a small but positive relationship between the associativity shortcut and inversion 

accuracy, r = .242, p = .004, associativity accuracy, r = .178, p = .034, and equivalence 

accuracy, r = .199, p = .018, in that an increase in associativity shortcut use only led to a 

slight increase in their accuracies. There was also a positive relationship between the 

equivalence shortcut and all concept accuracies, though there was a much larger correlation 

between the equivalence shortcut and equivalence accuracy at, r = .607, p < .001, but a weak 

relationship with inversion accuracy, r = .308, p < .001, and associativity accuracy, r = .314, 

p < .001.  

Relationship between grade and accuracy and shortcut use 

First, the relationship between accuracy and grade was examined. The correlational 

analysis showed that there was a significant positive relationship between accuracy, and 

grade in that an increase in grade led to an increase in the accuracy of each of the concepts: 

inversion, r = .417, p < .001; associativity, r = .456, p < .001, and equivalence, r = .318, p < 

.001. This is similar to the ANOVA result on the main effect and interaction between grade 

and accuracy, which showed an increase in the overall accuracy of each of the concepts 

across grades. Secondly, the relationship between shortcut use and grade was assessed. There 

was a weak positive relationship between the use of the inversion and equivalence shortcut 

and grade in that an increase in grade led to a slight increase in the use of the two shortcuts: 

inversion, r = .177, p = .036; and equivalence, r = .284, p = .001. However, no relationship 

was found between the use of the associativity shortcut and grade in that an increase in grade 

did not affect the use of the associativity shortcut, r = .153, p = .070. The “no-relationship” 

between the use of associativity and grade seems to reflect the fact that within the ANOVA, 

the concept of associativity was less likely to be used compared to the other two concepts.  

Discussion 



ARITHMETIC CONCEPTS                                                                                                    21 

Three hypotheses were tested for the current study. The first hypothesis was divided 

into three parts and looked at accuracy with regards to the three concepts, grade, and 

interaction between grade and concepts.  

The first part of the first hypothesis looked at the differences in accuracy between 

each of the three examined concepts of inversion, associativity, and equivalence. The current 

study shows that accuracy was highest for the inversion problems, followed by associativity 

problems, and then, by the equivalence problems, which was similar to the results of other 

studies (Robinson & Dubé, 2009; Robinson et al., 2017), and also supports the present 

hypothesis. Using shortcuts usually leads to reduced errors, however, since associativity still 

requires some calculation, it is more prone to errors (Robinson & Dubé, 2009), which in turn 

decreases its accuracy even with the use of shortcuts. Compared to equivalence, accuracy was 

higher for associativity problems. This may be because the age group that was examined (7 - 

9), is the age where a decline in equivalence performance usually occurs (McNeil, 2007). 

McNeil (2007) found in his equivalence study that the older participants performed worse 

than the younger participants. As individuals get older, they are less likely to try new ways of 

solving arithmetic problems (McNeil, 2007) that might be different from what has been 

taught in the classroom.  

As expected, there was an increase in overall accuracy across the three grades that 

were studied, with grade 4 having the highest accuracy, followed by grade 3, and then grade 

2, supporting the second part of the first hypothesis. This is similar to the results of other 

studies that have found a significant increase in accuracy across several grades for arithmetic 

problems (Robinson et al., 2017; Robinson et al., 2006). This increase in accuracy may be 

attributed to the fact that individuals in higher grades have more experience solving 

arithmetic problems, even without the application of shortcuts. 
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The third part of the first hypothesis examined the accuracy of each of the concepts 

across grades. It was expected that the accuracy of inversion and equivalence would increase 

across grades (Bryant et al., 1999; McNeil, 2007; Rasmussen et al., 2003; Robinson et al., 

2017; Robinson et al., 2006), and associativity will have a flattened effect (Robinson, & 

Dubé, 2009; Robinson et al., 2017; Robinson et al., 2006). However, this part of the first 

hypothesis was not supported. Instead, all three concepts had an increase in accuracy across 

the three grades. The increase in the accuracy of associativity across grade shows that though 

there is less likely to be an increase in the use of the associativity shortcut as indicated by the 

results, it does not mean that children are also less likely to accurately solve such problems. 

As associativity problems are similar to problems that can be solved using the left-to-right 

strategies, participants are likely to use this strategy, that have an increased accuracy with 

development as the application of the left-to-right strategy usually increase with grade.  

The second hypothesis focused on examining the shortcut use of the three concepts. In 

terms of shortcut use, the concept of inversion was used more often among the three 

concepts, followed by equivalence, and then associativity, which supported the first part of 

the second hypothesis and previous findings (Robinson et al., 2017; Robinson et al., 2018). 

The use of the inversion shortcut may have been highest because, in comparison to the left-

to-right strategy, individuals usually prefer using the inversion shortcut (Robinson & Dubé, 

2009), which then leads to an increased accuracy (Robinson & Dubé, 2013). One of the 

reasons why children may have been less likely to use the equivalent shortcut compared to 

inversion may be because they do not understand what was being asked of them (Jacobs et 

al., 2007), and this was evident with a lot of participants asking why there was an equal sign 

separating the two equations in equivalent problems. In comparison to all other arithmetic 

concepts, associativity shortcuts are less likely to be used (Robinson et al., 2018), as 

demonstrated by the fact that associativity was used less than inversion and equivalence in 
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the present study. This may be due to the fact that when presented with associativity 

problems, it seems children prefer to use the left-to-right strategy (Robinson et al., 2016), as 

the presented problems are similar to what had been taught in class using left-to-right 

strategy. It may also be easier to activate the inversion shortcut as there are two similar 

numbers, but harder to activate the associativity shortcut (Robinson & Dubé, 2009) due to the 

two last numbers being different and the whole equation looking easier to be solved using the 

left-to-right strategy.  

While it was expected that there would be an increase in shortcut use across grades, 

the present result does not show that. There was a significant increase in shortcut use from 

grade 2 to grade 4, and from grade 3 to grade 4 in the three examined concepts. However, for 

all examined concepts, there was no significant difference in shortcut use between grade 2 

and grade 3. These results are similar to the findings of Robinson and Dubé (2009) who did 

not find any particular increase in shortcut use across grades for the concepts of inversion and 

associativity. It also shows that formal education may not be necessary for the development 

of conceptual knowledge of the examined concepts (Robinson & Dubé, 2009). Though there 

was an increase in accuracy across each of these grades, this was not reflected in shortcut use 

which did not show a similar continuous pattern. This demonstrates that although an increase 

in shortcut use may lead to increased accuracy, shortcuts are not necessary to be accurate.  

The third part of the second hypothesis examined the use of each of the shortcuts 

across grades. The hypothesis of the use of inversion and equivalence increasing across all 

grades was not supported. For both inversion and associativity, there is an almost flattening 

effect in shortcut use between the second and third grade. The only concept that seemed to be 

increasing across grades was that of equivalence, however, the difference between grade 2 

and grade 3 within this concept was very small. In their study, Robinson et al. (2017) did see 

an increase in accuracy from grade 3 to grade 4 in the concepts of inversion, associativity, 
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and equivalence, which supported that part of the result in the current study. The fact that 

there is usually a flattened effect in associativity between the investigated grades (Robinson 

& Dubé, 2009; Robinson et al., 2006) may have contributed to the lack of large difference in 

shortcut use across grades. 

The third hypothesis predicted that there would be a positive relationship between the 

variables of grade, accuracy, and shortcut use. This hypothesis was partially supported. The 

relationship between the three concepts based on accuracy showed that an increase in the 

accuracy of one of the concepts led to an increase in the accuracy of the other two concepts, 

supporting the hypothesis of a positive relationship occurring between accuracies of concepts. 

For instance, an increase in the accuracy of the inversion concept also led to an increase in 

the accuracy of the associativity and equivalence concept.  

For shortcut use, there was a positive relationship between the use of inversion and 

equivalence shortcut and the use of inversion and associativity shortcut, which did not fully 

support the hypothesis of a positive relationship occurring in shortcut use between all 

concepts. An increase in the use of the inversion shortcut led to an increase in the use of the 

equivalence shortcut. Similarly, an increase in the use of the inversion shortcut also led to an 

increase in the use of the associativity shortcut, which was supported by results from other 

studies (Eaves et al., 2019; Robinson & Dubé, 2009; Robinson et al., 2006). This can be 

attributed to the fact that for most children, the associativity concept develops after the 

inversion concept (Robinson & Dubé, 2009). However, no relationship between the use of the 

associativity shortcut and equivalence shortcut was found. The use of both of these concepts 

calls for first examining the whole equation, before beginning calculation (Robinson & 

LeFevre, 2012).  

There was a positive relationship between accuracy and shortcut use. The use of the 

inversion, associativity, and equivalence shortcut led to an increase in the accuracies of the 
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inversion, associativity, and equivalence problems, supporting the idea that there is a positive 

relationship between accuracy and shortcut use. This was expected as using any of the 

shortcuts usually leads to decreased error and increased accuracy (Robinson & Dubé, 2009).  

In comparing the relationship between grade and accuracy, an increase in grade led to 

an increase in the accuracies of the inversion, associativity, and equivalence problems, 

showing a possible increase in understanding of the presented problems across grades. While 

an increase in grade led to an increase in the use of the inversion and equivalence shortcut, it 

did not affect the use of the associativity shortcut, which did not fully support the current 

hypothesis. With associativity problems, there usually is no quick indicator (like two similar 

numbers in inversion) to indicate that a shortcut that is faster and less error-prone can be used 

compared to using the left-to-right strategy. However, if the children were shown a 

demonstration of the use of the associativity shortcut, there would have been an increase in its 

use (Robinson & Dubé, 2013). For equivalence, there is usually an increase in the 

understanding of the equal sign across development, which increases performance in 

equivalence problems (Alibali et al., 2007).  

            There was a positive relationship between the inversion and equivalence shortcut use 

and grade in that an increase in grade led to an increase in the use of these shortcuts. 

Generally, it is believed that as children get older, their understanding of inversion increases 

(Robinson et al., 2006), which was evident with the increase in inversion use across grades in 

the present study, which corresponded with the results of Robinson & Dubé (2009). A 

positive relationship was also found between the use of equivalence shortcut and grade, 

which deviates from the findings of McNeil (2007) who discovered that the understanding of 

inversion usually decreases with the age group that was examined. It may be the case that 

there is typically an increase in equivalence shortcut use across development (Alibali et al., 

2017), and it does not actually decrease within a certain age range (McNeil, 2007). However, 
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no relationship occurred between grade and the use of the associativity shortcut. A similar 

result for associativity was found in Robinson & Dubé (2009) study where they did not find 

an effect in the use of the associativity shortcut across grades. This may be because to use the 

associativity shortcut, one’s attention has to be drawn to the presence of a more efficient way 

of solving associativity problems (Robinson et al., 2016).  

This study contributes to a large body of research on arithmetic concepts, especially 

those of inversion, associativity and equivalence. It shows the need for an introduction of 

conceptual knowledge of arithmetic concepts into the school curriculum as it increases the 

efficiency of mathematical problem-solving. A significant contribution from this study was 

that increasing the accuracy of associativity also led to an increase in the accuracy of 

equivalence even though there was no relationship between the use of either shortcut. This is 

an area that needs further exploration. 

Limitation and future direction 

            A limitation to the current study was the fact that there were two different schools 

involved. Though results from both schools were not compared, and it is expected that they 

had similar curriculums, there were different teachers with varying methods of teaching. It is 

unclear if one of the schools encouraged outside-the-box thinking, encouraging students to 

look for new ways of solving problems compared to the other school. A future researcher 

may want to include a comparison of results from different schools if more than one school is 

involved in case it contributes to the final results. Though the present study does show a 

developmental increase in equivalence which is in line with other studies (Alibali et al., 2007; 

Robinson et al., 2017), the results from McNeil (2007) was not in support of the current 

results on equivalence which showed a developmental decrease in the current examined age 

group. With this, more research assessing the developmental pathway of the equivalence 

concept needs to be done. 
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Conclusion 

The results of this study demonstrate the relationship between the arithmetic concepts 

of inversion, associativity, and equivalence, and how they are affected by grade. Though each 

concept had a role to play in its relation to the other concepts, inversion seems to be a 

foundational concept for both associativity and equivalence. Within the study, the inversion 

strategy had a higher accuracy and shortcut use signifying that it is more easily used across 

grades (Robinson et al., 2006) compared to the other two strategies that required calculations. 

Because younger children may find it harder to use calculation for certain arithmetic 

problems compared to older children, they are expected to be more likely to seek and use 

shortcuts (Robinson & Dubé, 2009), however, this was not found in this study. It was also 

found that accuracy and shortcut use in one concept affects accuracy and shortcut used in the 

other two concepts. For instance, an increase in accuracy or shortcut use in the inversion or 

the other two concepts also led to an increase in accuracy or shortcut used in the other two 

concepts. This may show that a child with an understanding of one of the arithmetic concepts 

is also likely to develop an understanding of the other concepts. Though it is not clear if 

gaining a conceptual understanding of the inversion concept increases one’s chance of 

noticing the principles of associativity and equivalence, it seems inversion has a considerable 

role to play in gaining conceptual knowledge of arithmetic.  
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Table 

Table 1 

Relationship between the three variables of grade, accuracy, and shortcut use.            
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Appendix 

Appendix A. Arithmetic problem sets 

Inversion                                           Associativity                                           Equivalence                                                           

2 + 4 – 4                                              3 + 8 – 6                                           5 + 3 + 1 = 5 + _ 

5 + 7 – 7                                              4 + 3 – 2                                             3 + 8 + 2 = 3 + _ 

6 + 3 – 3                                              5 + 7 – 4                                             6 + 2 + 4 = 6 + _ 

3 + 8 – 8                                              2 + 4 – 3                                             2 + 4 + 3 = 2 + _ 

  

Appendix B. Algebra problems 

1.     If ☆ + ☆ = 4 then ☆ + ☆ + 6 =? Show your work. 

2.     John uses stickers to build the following pattern. What kind of ball would appear in the 

15th place? Explain how you got your answer. 

           

Start 

A.                          

B.                        

C.                          

D.                 

3.     At a table that has the shape of a trapezium, 5 children can be seated. If two tables are 

connected, then 8 children can be seated. 
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            Table 1                                                                     Table 2 

a)          How many children can be seated at 3 tables? Justify your answer. 

b)         How many children can be seated at 10 tables? Justify your answer.  

 


